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Abstract

Large language models based on the Transformer
architecture have demonstrated impressive capa-
bilities to learn in context. However, existing the-
oretical studies on how this phenomenon arises
are limited to the dynamics of a single layer of
attention trained on linear regression tasks. In this
paper, we study the optimization of a Transformer
consisting of a fully connected layer followed by a
linear attention layer. The MLP acts as a common
nonlinear representation or feature map, greatly
enhancing the power of in-context learning. We
prove in the mean-field and two-timescale limit
that the infinite-dimensional loss landscape for
the distribution of parameters, while highly non-
convex, becomes quite benign. We also analyze
the second-order stability of mean-field dynamics
and show that Wasserstein gradient flow almost
always avoids saddle points. Furthermore, we
establish novel methods for obtaining concrete
improvement rates both away from and near crit-
ical points. This represents the first saddle point
analysis of mean-field dynamics in general and
the techniques are of independent interest.

1. Introduction

Attention-based neural architectures such as Transformers
have revolutionized modern machine learning, from tasks
in natural language and computer vision to multi-modal
learning and beyond. Recently, interest has surged in the
remarkable ability of such large language models to learn
in context, leading to a major paradigm shift in how in-
telligence arises in artificial systems. In-context learning
(ICL) refers to the capacity of a pretrained model to solve
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previously unseen tasks based on demonstrative example
prompts without further tuning its parameters.

A vigorous line of research initiated by Garg et al. (2022)
has sought to understand the mechanism behind ICL from a
theoretical perspective, where prompts are real-valued input-
output pairs (x;, f(z;))i, generated from some function
class 7. Studies have shown that Transformers are capable
of implementing various statistical learning algorithms such
as gradient descent (GD) in context (von Oswald et al., 2023;
Akytirek et al., 2023; Bai et al., 2023). In particular, Guo
et al. (2023) consider the realistic setting of learning with
representations where MLP layers act as transformations on
top of which ICL is performed, and show that such models
consistently achieve near-optimal performance.

While promising, these results are based on specific con-
structions which may not accurately reflect ICL in real mod-
els (Shen et al., 2023). Other works have analyzed how
ICL emerges from the training dynamics of Transformers
(Zhang et al., 2023a; Huang et al., 2023; Ahn et al., 2023a).
However, they are limited to models consisting of only a
single attention layer due to the dynamical complexity and
thus can only explain ICL of linear functions. Hence the
following central question at the intersection of the two
approaches remains unsolved:

How does in-context learning with nonlinear
representations (features) arise in Transformers with
MLP layers, optimized via gradient descent?

In this paper, we investigate the optimization dynamics of a
Transformer model consisting of a two-layer MLP followed
by a linear attention layer, pretrained on linear transfor-
mations of feature representations. Contrary to existing
approaches which attempt to solve for exact dynamics of
the attention matrices, we factor out the attention layer via a
two-timescale argument and study the geometric properties
of the loss landscape faced by an overparametrized MLP.
Our contributions are highlighted as follows.

* We show that the MLP layer greatly increases the flexi-
bility of ICL by extending the class of learnable func-
tions to the Barron space and plays an essential role by
encoding task-common features during pretraining.
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» Lifting to the mean-field regime, we show that this
infinite-dimensional ‘attention landscape’ is benign
(strictly saddle) via directional analysis: all critical
points are either global minima or saddle points. !

* We formally prove that mean-field dynamics ‘almost
always’ avoids saddles, explaining how the MLP learns
globally optimal representations. We develop a novel
local stability analysis of Wasserstein gradient flow on
the space of measures using tools from Otto calculus,
optimal transport and functional analysis.

* We further derive concrete improvement rates in three
regions under slightly modified dynamics: away from
saddle points, near global minima and near saddle
points. For the last case, we discuss how perturbed
dynamics may help ensure global convergence rates.

While the benignity of the attention landscape (Section 3)
is our central insight into ICL, Sections 4 and 5 constitute
the first qualitative and quantitative convergence analyses
of nonconvex mean-field dynamics around saddles and is
also of significant independent interest from a technical
standpoint.> We present many novel results for general
functionals and outline another application to three-layer
neural networks. Finally, we conduct numerical experiments
complementing our theory.

Theoretical preliminaries are provided in Appendix A, and
proofs of all results in Sections 2-5 are given throughout
Appendices B-E.

1.1. Related Works

In-context learning. A wide literature has developed
around the various aspects of ICL; we only mention those
most relevant to our setup. Akyiirek et al. (2023); von
Oswald et al. (2023); Mahankali et al. (2023) give a con-
struction where a single linear attention layer is equivalent
to one step of GD or ridge regression. Transformers are
also capable of implementing statistical (Bai et al., 2023)
and reinforcement learning algorithms (Lin et al., 2023)
and model averaging (Zhang et al., 2023b). The attention-
over-representation viewpoint has been studied by Guo et al.
(2023) and also Tsai et al. (2019); Han et al. (2023) from a
kernel regression perspective. Zhang et al. (2023a) analyze
the optimization of a linear attention-only Transformer and
show global convergence; a relationship to preconditioned
GD is established in Ahn et al. (2023a). Also, Huang et al.
(2023) give a stage-wise analysis for the softmax attention-
only model. Finally, a joint dynamic framework for MLP

'We also include local maxima as saddle points for brevity. A
rigorous definition is given in Section 4.2.

*Boufadéne & Vialard (2024) study a certain energy functional
and prove benignity via flow interchange techniques. However,
they do not discuss its implications for general gradient flow.

and attention has been proposed in Tian et al. (2023).

Mean-field dynamics (MFD). Let hy denote a single
neuron with parameter § € Q C R™ and £ (1) the space
of probability measures over §2.> Consider a width N two-
layer neural network with % scaling,

hv(w) = % 301 oo ().
In the infinite-width limit N — oo, the output can be seen as
an expectation h,(x) := Eg~,[he(x)] over a distribution
u € P(£2). The corresponding mean-field limit of gradient
flow (GF) w.r.t. an objective functional F' : Z(Q) — R
is known to be equivalent to the Wasserstein gradient flow
(Jordan et al., 1998) and is given by the continuity equation

Oppuy =V - (ﬂtv%(#t)) ;

see Section 2.4. Networks in this regime are capable of
dynamic feature learning, compared to the NTK regime
where the underlying kernel is essentially frozen. Works
such as Chizat & Bach (2018); Mei et al. (2018); Nitanda
et al. (2022) exploit the linearity in 4 and the convexity of
the loss to lift to a convex optimization problem on &(£2)
and obtain convergence results. In contrast, the ICL loss is
inherently nonconvex due to the additional attention layer.

t>0, ey

Landscape analyses. Certain nonconvex objectives such
as matrix completion, sensing and factorization have been
proved to be benign via directional analysis (Ge et al., 2016;
2017; Li et al., 2019). Recently, Gaussian k-index models
have been shown to possess benign landscapes w.r.t. the pro-
jection matrix after factoring out the link function via a sim-
ilar two-timescale limit (Bietti et al., 2023). However, our
work focuses on the optimization of the infinite-dimensional
variable y € £2(0), and the ICL objective (3) has a novel,
more complex structure compared to these problems.

1.2. Concurrent Works

Since the initial draft of this paper was made public, a
couple of other works extending the ICL literature have
been released. Li et al. (2024) study the optimization of a
Transformer consisting of a softmax attention layer followed
by a ReLU layer for classification problems, where the MLP
learns to distinguish labels. Chen et al. (2024) study the
training of a multi-head softmax attention model for ICL of
multi-task linear regression. Zhang et al. (2024) consider
a linear attention layer followed by a linear layer which
learns to encode a mean signal vector, but their model does
not include any nonlinearities. Our paper remains the first
to analyze the full expressive power and feature learning
capabilities of the MLP layer.

*We will also consider the space Z22(Q) of the space of proba-
bility measures on © with bounded second moment that vanish on
the boundary of ©, equipped with the 2-Wasserstein metric.



Transformers Learn Nonlinear Features In Context

2. In-Context Feature Learning

Notation. We denote both the L2-norm of vectors and
spectral norm of matrices by ||-|| and the nuclear norm by
[[|l«. The unit ball in R is written as D¥ = {z € R" :
|z]| < 1}. The unit ball in R*** with respect to spectral
norm is written as B, (k) = {R € R*** : |R|| < 1}. The
orthogonal group in dimension & is denoted by O(k). The
L?-norm of functions is explicitly written as ||| 2.

2.1. Setup: In-Context Learning

The basic theoretical framework for studying ICL was first
proposed by Garg et al. (2022) and has since been widely
embraced (Bai et al., 2023; Zhang et al., 2023a; Ahn et al.,
2023a; Huang et al., 2023; Lin et al., 2023; Wu et al., 2024).
Let D 4 be a distribution over the input space 2~ C Rd, and
let .7 be a class of functions 2~ — R with a distribution
D 7 over functions. For each prompt, we generate a new
task f ~ Dz and a batch of n example input-output pairs
(z;,y;)", where &; ~ Dg arei.id. and y; = f(x;). We
also independently generate a query token g ~ D 4. The
prompt is gathered into an embedding matrix

Ew T Ty
E: =
EIEl -

Lqr c R(d+1)(n+1) '

0

In-context learning of a pretrained model M refers to the
ability to form predictions gy, = M(E) for yo, = f(xg)
without knowledge of the current task f and without updat-
ing its parameters.

2.2. MLP-Attention Transformer

We now formally define our Transformer model, which
consists of a feedforward two-layer neural network (MLP)
followed by a single linear self-attention (LSA) layer. This
serves as a proxy of the original Transformer which consists
of alternating feedforward and attention layers. As in Guo
et al. (2023), we switch the conventional ordering of the
two networks to view attention as a mechanism to exchange
feature information encoded into the MLP layer (we may
also consider the initial embedding as the first MLP layer).

MLP layer. A vector-valued neuron with parameter § =
(@,w)T € © C R*xR? and activation o : R — R
is defined as hg(x) = ao(w'x). While the original
Transformer takes £k = d, we allow any & < d repre-
senting the number of distinct features. The mean-field
network corresponding to a measure u € Z(0) is de-
fined as h,(x) = [ he(z)u(dd). We will also denote
2,0 = Epupy [hu(x)h, () 7] € R¥*. As we wish to
extract features from the input tokens, the MLP is applied
to only the covariates x; and x4 so that the prompt E is

transformed into

MLP(E) = hy(x1) hu(n)  hu(Tgr)
Y1 e Yn 0
LSA layer. Linear attention is widely used to accelerate

the quadratic complexity of standard attention (Katharopou-
los et al., 2020; Yang et al., 2023) and can capture various
aspects of softmax attention (Ahn et al., 2023b) while still
being theoretically amenable. For query, key and value
matrices W@, WE WV € RFFDEHD gefine

LSA(E) = WVE . L(WKE)T(WCE).
We impose a specific form, shown to achieve the global
optimum in Zhang et al. (2023a); Mahankali et al. (2023),
where the query and key matrices are consolidated into
W e R*** and WV is reduced to a scalar multiplier v:

v * * K\T Q _ W Od
W=l o) ovorwe =i
We further absorb v into W and fix v = 1 in order to
focus on the more complex dynamics of the MLP layer.
Corresponding to the position of y, the (k + 1,n + 1)th
element of the output LSA o MLP(E) is read out as the

model prediction. Multiplying out the matrices yields

PO I
Yar = n Zyihu(mi)TWhu(mqr)-
i=1

Hence 7, can be interpreted as a linear smoother with the
kernel k(x, @) = Lh,(z)"Wh,(z4) encoded by the
MLP layer (cf. Tsai et al. (2019) for softmax attention).

Regression over features. In this paper, we study ICL
of linear regression tasks over a common nonlinear trans-
formation or feature map f° € C(2°,R¥), thatis .7 =
{v7 f°|v € R*} with covariance X,, = E,[vv]. By re-
placing f° by 211,/2]”0, we may assume X, = I;. We also
take the n — oo (infinite prompt length) limit to disregard
sampling error and let §y, = Eg[f(x)h,(x) " |Wh,,(zq)
for any task f € .7; but see Appendix C.4 for a discussion
on how to incorporate finite samples. Hence our Trans-
former is pretrained with the following mean squared risk,

1 —~
Lre(p, W) = §qur7'v [(Yar — ar)?] @)
1

= §qur [Hfo(wqr) - Ew[fo(x)hu(w)T]Whu(mqr)HZ} .

Our goal is to show that gradient dynamics converges to a
global minimum such that L1z = 0. Then the MLP layer
has successfully learned the true representations f°, and
even for a new or ‘unseen’ task vpew € R¥ the Transformer
is able to return the correct regression output yq:

gqr =Eq ['UT fo(m)hu(m)T]Whu(xqr) = Ve fo(a:qr).

new new

We call this behavior in-context feature learning (ICFL).
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2.3. Expressivity of Representations

Before delving into the training dynamics of our Trans-
former, we show by extending classical analyses of two-
layer neural networks that adding even a shallow MLP re-
sults in greatly increased in-context learning capabilities,
justifying our feature-based approach.

Multivariate Barron class. Barron-type spaces have been
well established as the natural function classes for analyz-
ing approximation and generalization of shallow neural
networks (Barron, 1994; Weinan et al., 2020; Weinan &
Wojtowytsch, 2022). Here, we extend the theory to our
vector-valued setting. We focus on the ReLU case for ease
of presentation, but many results extend to more general
activations (Klusowski & Barron, 2016; Li et al., 2020).

Set © = R* x R?, 0(2) = max{0, z} and suppose Mo =
Ex~p, [||Z]|?] < co. The Barron space %, of order p €
[1, 0] is defined as the set of functions f = h,, p € Z(0O)
with finite Barron norm

1/p
nfwwz_mf(/lupwwmwﬁ .
pf=hy

This turns out to not depend on p (Lemma B.1), so we refer
to the Barron space and norm as (4, ||-||«). This space
contains a rich variety of functions. The following is an
application of the classical Fourier analysis (Barron, 1993).

Proposition 2.1. Suppose h,, includes a bias term, i.e.
A - %()X{l}. Iff = (fj)_ly?:l S C(%O,Rk) such
that each f; satisfies inf?j fRd_1|\wa|fj(w)| < oo for E

the Fourier transform of an extension of f; to R, then
f € . In particular, the Sobolev space H*( 2 o)* C %
for s > %.

Furthermore, 4 is exactly the class of representations that
can be learned in context, demonstrating the expressive
power gained by incorporating the MLP layer:

Lemma 2.2. Lrp(p, W) = 0 has a solution such that
esssup,, |lall||w| < oo if and only if f° € .

In contrast, Mahankali et al. (2023) show that the optimal
LSA-only Transformer implements one step of GD for the
linear regression problem (x;,y;)" ; even when y;|x; is
nonlinear; thus we establish a clear gap in learning ability.

Generalization to unseen tasks. If the Transformer has
successfully learned f°, it will achieve perfect accuracy
on any new linear task v, f° as discussed. On the other
hand, if the test task is an arbitrary function g € C(Z"), we
cannot hope to do better than the projection to the linear
span of learned features f7,-- -, f7 since (2) is a regression
loss. We show this lower bound is optimal:

Proposition 2.3. Suppose Ltg(p, W) < ¢ for f° € % and
lhpll e, | W < 1. Then for any new task g € C(Z") with
l9llL2(p .,y S 1, the ICL test error satisfies

Eay |[|9(@ar) — Ealg(@)h, (@) TWhy (24|

: T ro|12
Set inf lg =" S,

This extends the LSA-only case where the optimal output
was shown to be the near-optimal linear model in Zhang
et al. (2023a). This also raises an important question: if the
task g depends nonlinearly on h,,., is it still beneficial to
have learned the relevant features ;1°? Clearly this depends
on both g and the initialization po; however, we present
experiments supporting this intuition in Section 6.

2.4. From Finite to Infinite Width

Continuing the above discussion, elements of the Barron
space are effectively approximated by finite-width networks,
which can be seen as an adaptive kernel method. The proof
of the following is essentially due to Weinan et al. (2022).

Proposition 2.4. For any integer N and f° € %, there

exists a width N network hy given by the discrete mea-

sure iy = %Z;il dpy with path norm ||hy|lp =
N ; ; o

x Ljeila?wD] < 3]0l and

- -~ L= o2 Mol f°1%
inf Lre(in, W) < Sl = follzep,) < —H—

Using the low Rademacher complexity of Barron spaces,
we can also simultaneously bound the generalization gap
for a finite number of tasks 7" as O(7~'/2) which is nearly
minimax optimal (Weinan et al., 2019, Theorem 4.1).

Moreover from a dynamical perspective, a propagation of
chaos argument (Sznitman, 1991) shows that gradient de-
scent indeed converges to (1) in the infinite-width limit.
Let F : Z5(Q) — R be any C' functional such that
IVSE| < Ly, V5 (1,0) is Lo-Lipschitz w.rt. 6 and
Ls-Lipschitz w.r.t. g in the W; metric. Denote the ini-
tial measure as pg € P5(N), let 0(()1)7 . ,9(()N) be i.i.d.
samples from 1y and consider the empirical GF trajectories

d ¢ OF . ;
&Gt(]) = —Vm(ﬂt,meg]))v

| X
W, N = N Z 59§.7>.
7j=1
Proposition 2.5. For any T > 0, the N-particle empirical
measure [iy n converges to fi; as EWq(fien, pr)] — 0
uniformly for allt € [0,T] as N — oo.

See Remark B.4 for the case of the ICFL objective. Hence
it is natural to analyze optimization in the mean-field or
extremely overparametrized regime.
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3. Benign Attention Landscape

In this Section, we characterize the infinite-dimensional
landscape of the ICFL objective. We will see that while
highly nonconvex, Ltg possesses various desirable proper-
ties that make global optimization feasible via first-order
methods. We first state two mild assumptions.

Assumption 1. The nonlinearity is C? and bounded as
lo| < Ry, |0’| < Ry, |0”| < Rs. The parameter space is
O = D¥ x R% The input distribution D 2 has finite 4th
moment, Eqp, [[|2]’] = M; < oo for j = 2,4.

The smoothness of o (which rules out ReLLU activation)
and restriction of the second layer to D* are technicalities
to easily ensure regularity bounds. Alternatively, we may
take the parameter space to be © = R* x R? without no-
flux constraints and rely on the second moment bound of
a; see Lemma E.2 and the preceding comments. Only
the assumption |o| < R; is needed in this Section, which
implies that hg, h,, lie within the ball of radius R in R*.

Next, from the solvability condition of Lemma 2.2 we are
naturally led to take f° = h,o for some ‘true’ distribution
1°, which allows for a rich class of feature representations.
We only require nondegeneracy of f°:

Assumption 2. f° = h,0 forsome ;i° € F5(0) satisfying
rI; < Euo7uo <7l forr >1r > 0.4

In particular, we do not assume any Gaussianity as in von
Oswald et al. (2023); Akytirek et al. (2023); Zhang et al.
(2023a) nor orthonormality as in Huang et al. (2023). Note

r < % automatically since R} > trX,0 ,o > kr, and
also X, , < R31,, for all u, v. We will subsequently take

T = @( ) to extract the dependency on k.

One implicit assumption is that the number of true features
dim A0 is known and equal to k. When the dimensions do
not match, attention can perform the regulatory function of
selecting important features (Yasuda et al., 2023); we leave
a dynamical characterization to future work. Experiments
on a misspecified model are also conducted in Section 6.

3.1. Fast Convergence of Attention

In order to isolate the more nuanced dynamics of u, we
first notice that minimizing Ltr over W is a least-squares
regression problem. In particular, L is convex with respect
to W (strongly convex unless 3,0 , or 3, ,, are singular)
and thus is optimized potentially much more quickly.

A possibility is that the MLP & — h,(x) degenerates to
completely lie within a low-dimensional linear subspace of
R*. As the regression (2) is ill-conditioned in this case, we

“Before task rescaling, this is equivalent to assuming X, is
also invertible and f° is in a rescaled Barron class due to the
pushforward argument in Section 3.2.

set 29(0) 1= { € P5(0) : rank X, , < k} and restrict
our attention to 223 (0) = £2,(0) \ £5(0).° Similarly
to the asymptotic convergence of W to Var(z)~! for the
LSA-only model (Zhang et al., 2023a), we then have:

Lemma 3.1. For any fixed i € 25 (©) and any initial-
ization W € R¥*¥ the flow %Wt = —Vw Lrr(p, Wy)
converges linearly to some W, € arg minyy Lrg(p, W)
which satisfies 3,0 W, = X0, 51
Therefore it is reasonable to suppose that W is updated
sufficiently quickly and has already converged to W, for
each p — formally by modeling as two-timescale dynamics
(Berglund & Gentz, 2006) — leading us to study the objective
L(p) = inf Lre(1, W) = SEq (G u(@)[7] - 3)
where we denote (o . () = hye () — Bpo ;0 hy ().
Note the constant bound 0 < L(u) < L (,u, kak) Ly

3.2. No Spurious Local Minima

For an orthogonal matrix R € O(k), define Ry as the
pushforward of p along the rotation map R : (a,w) —
(Ra,w) so that hry,(x) = [o Rhe(x)du(f) = Rhy(z).
Since the convex hull of O(k) ¢ R¥** is equal to By (k),
this can be extended to any R € B4 (k) by decomposing
R = 7', a;R; and defining Rfp = 77", a;R;tp.
See Lemma C.6 for details of the construction. Achieving
zero loss implies that we have learned the true representation
hye up to a linear transformation:

Lemma 3.2. The pushforwards Riu° for any invertible
R € By (k) are global minima of L. Conversely, any global
minimum (. of L satisfies hy,(x) = Rhyo(x), Ve € 2 for
some invertible matrix R.

The following theorem is the main result of this Section.
It states that for any p that is not a global minimum, it is
either (1) possible to move in a direction where L is strictly
decreasing, or (2) £ possesses an unstable direction. In
particular, all local minima must also be global minima.

Theorem 3.3 (no spurious local minima). For any p €
P7(©) that is not a global minimum the following hold:

(i) There exists R € By (k) depending on v such that
along the linear homotopy fis = (1 — s)p + sR{u°
we have %‘t:o L(fs) <0.

(i) If & oo L(fis) = 0 for all R € Bi(k) above, then
Llp) > 5 and §limo L(B) <~ L()? for
some R € By (k).

>We show the singular set &23(©) is sparse in a strong sense
in Proposition C.5, justifying subsequent calculations. Jiang et al.
(2022) suggest that adaptive optimization methods can outperform
SGD by biasing trajectories away from ill-conditioned regions.
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The proof, deferred to Appendix C.2, exploits the linearity
of the MLP output in 4 to analyze linearized perturbations.

As a corollary of (ii), critical points cannot exist in the band
0< L < % The threshold, controlled by r, corresponds
to the minimum loss when the features h,, are uninforma-
tive in the sense that the regression coefficient 33,0 HE;’}L
against the true features is singular. This observation can be
improved to the following quantitative guarantee:

Proposition 3.4 (accelerated convergence phase). Let § €
2

[0, £==]. For any u € 25 (©) such that
‘1

_ 2 _ 2 2 _ 2
r—/r 4R15<£(M)Sz+\/z 4R26

4 - 4 ’

there exists R € By (k) such that along fis = (1 — s)u +
sR{u® we have %L:o L(fs) < =94

See Appendix C.3 for the proof. In other words, once in
the band (0, %) we are guaranteed a non-vanishing gradient
which moreover becomes steeper closer to the center of the
band, proportional to £(1)(5 — £(x)). We prove that for
MED this results in an acceleration-deceleration phase when

converging to global minima in Theorem 5.3.

4. Mean-field Dynamics Avoids Saddle Points

4.1. Local Geometry of Wasserstein Space

Strict saddle properties such as Theorem 3.3 have powerful
implications for nonconvex optimization. In finite dimen-
sions, a central result states that GD almost always avoids
saddle points and converges to global optima (Lee et al.,
2019); see Appendix D.1 for a recap. We develop the analo-
gous general result for Wasserstein gradient flows (WGF)
(1) by combining tools from functional analysis, optimal
transport and metric geometry.

Let F : 25(Q) — R a general C? functional with domain
Q C R™. We use the elegant formalism of Otto calculus
(Otto, 2001) to analyze local behavior of distributional flows.
The reader is referred to Appendix D as well as Ambrosio
et al. (2005); Villani (2009) for expository details. There
is a one-to-one equivalence between absolutely continuous
curves (p¢) in #2(Q) and time-dependent gradient vector
fields (v;) on Q2 solving Oy iy = V - (v i;). This motivates
the formal definition of the tangent space to &25(€2) at p as

L2(9,u)

Tan,, Z2(Q) :={v =V : ¢ € C*(Q)} 4

with the inherited inner product. We can view nearby mea-
sures as slight pushforwards of 1 along the optimal transport
map idg +€ewv, € > 0 analogously to the exponential map.

4.2. Stability of Wasserstein Gradient Flow

With the above framework in mind, we derive a local trans-
port characterization of MFD by lifting to the tangent space.

Lemma 4.1. The WGF (1) in a neighborhood of a critical
point ' of F can be written as p; = (idg +ev;)iu' where
the velocity field v; changes as

v (0) = —/Hm(&e’)vt(e’)M(dH’) +o(1). (5

Here, H,, : (Q x Q, u ® p) — R™*™ denotes the matrix-
valued kernel H,,(0,0") := Vng/gj—fg(u, ,0").

The tangent field V%(ut) satisfies a similar dynamics
(Lemma 5.4); we posit H,, is the fundamental quantity
governing second-order behavior of WGF. This facilitates
stability analysis via the spectral theory of linear operators,

Lemma 4.2. Suppose the kernel H,, is Hilbert-Schmidt for
p € Po(Q), that is [[||H,||*du ® du < oc. Then the
corresponding integral operator on L*(§), pi; R™),

Hy: [ o> Hof(6) = / H,,(0,0)£(0)u(d0')  (6)

is compact self-adjoint, hence there exists an orthonormal
basis {1;}jez for L*(S2, u; R™) of eigenfunctions of H,,.

We are thus motivated to define the set of strict saddle points
as 91 = {p € P5(Q) : V(1) = 0, Amin(H,,) < 0}
Near such points, we now apply the center-stable manifold
theorem for Banach spaces (Theorem D.3). This tells us
that Tan,,+ &72(2) can be decomposed into a direct sum of
H ,+-invariant subspaces & @ & such that all flows (5)
converging to ;' must be eventually contained in the graph
ofaClmaph : & — & defined near the origin. Denoting
the reversed WGF for time ¢ as w; whenever it is defined
— which forms a bi-Lipschitz inverse for the forward flow
(Ambrosio et al., 2005, Theorem 11.1.4) — we conclude:

Theorem 4.3. For any C? functional F : 25(Q) — R
with Hilbert-Schmidt kernel H,, the set gg = {po €
Po(Q) 1 imy o0 pie € 9T} of initializations which con-
verge to strictly saddle points is contained in the countable
union Upen Ujen wy (¥;) of images of submanifolds V.
Remark 4.4. We point out that Otto calculus is only formal
in the sense that existence and regularity issues are ignored,
so it is difficult to rigorously turn the above into a mean-
ingful measure-theoretic statement. This is compounded by
the fact that there is no well-behaved canonical measure on
P45(Q). A possible justification is to restrict to the subspace
of measures with smooth positive Lebesgue density whose
geometry is well-behaved (Lott, 2008; Villani, 2009), but
this is outside of the scope of our paper.

For the ICFL objective (3), Proposition E.6 together with
Theorem 3.3(ii) will show that all critical points that are
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not global optima are strictly saddle in . Hence Theorem
4.3 applies to £ with the domain of interest replaced by
27 (0), and thus ‘almost all’ convergent flows in &5 (©)
must converge to global minima.

Application to three-layer networks. The problem (3)
can also be motivated by the training dynamics of a certain
three-layer neural network in a teacher-student setting. We
construct the first two layers identically to our MLP layer
h,, and add a linear third layer given by the transformation
T € R***. Then the L? loss with respect to a teacher
network @ — T*h,«(x) can be written as

Lxn(p T) = B[ T by () — Th ()],

By setting ;° = T*fu* and taking the two-timescale limit
where the last layer updates infinitely quickly, we see that
T must converge to Eu",uzﬁi and we end up with the
regression objective (3), hence Sections 3-5 also directly
apply to this problem. We remark that the two-timescale
regime has been leveraged to show convergence of SGD for
two-layer networks in Marion & Berthier (2023).

5. Convergence Rates for ICFL

Theorem 4.3 is encouraging but only qualitative. In this
Section, we develop brand-new approaches to obtain quan-
titative improvement results for mean-field dynamics, in
particular for the ICFL objective, (1) away from critical
points; (2) near global minima; and (3) near saddle points.

5.1. MFD with Birth-Death
Consider the WGF (1) for F' = L, where we have

5L _
@(“’9) = —Eg [Cuou(®) " Bpo 2, L ho ()] -

To preserve the benign landscape, we do not add entropic
regularization typically required in mean-field analyses.
However, a different modification will be beneficial in ob-
taining concrete rates. For a fixed distribution 7 € £25(0),
if at any time ¢ > 0 the density ratio infg % is no larger
then a small threshold ~, we perform the discrete update
e (1—~) s+ Forcing pu; slightly towards 7 ensures
sufficient mass to decrease the objective at all times. This
can be implemented by a birth-death process where a frac-
tion vy of all neurons are randomly deleted and replaced with
samples from 7 whenever £ does not sufficiently decrease;
see Algorithm 1 in the Appendix. For 7, we require:

Assumption 3. 7 is spherically symmetric in the a compo-
nent, that is 7(a, w) = 7(a’,w) if ||a|| = ||a’||. Also, x°

o

has finite density w.r.t. 7 as || % lloo < Ry.

Remark 5.1. The continuous-time version of birth-death can

be written as a PDE with discontinuous forcing,

Orpe =V - (Htv%(ﬂt)) F Liinge %9}7(7 — He),

which also ensures an () lower bound. A similar per-
turbation has been studied before for convex MFD in Wei
et al. (2019). Birth-death mechanisms can also accelerate
convergence of mean-field networks (Rotskoff et al., 2019).

5.2. First-order Improvement

We first give a result which translates nonzero gradients
along a direction of improvement into a first-order rate of
decrease for the gradient flow. Unlike convex mean-field
Langevin dynamics which relies on a log-Sobolev inequality
to control dissipation (Nitanda et al., 2022), our idea is to
exploit the mobility of the second layer mass. The argument
works for any objective built on top of the MLP layer h,,;
see Proposition E.1 in the Appendix for the general result.

Proposition 5.2. Suppose MFD with birth-death on L at
time t satisfies Theorem 3.3(i) with %’szo L(fs) < —0.
Then % L) < —Ry 62

Since a steep gradient is guaranteed in the accelerated con-
vergence phase by Proposition 3.4, we further establish the
following convergence rate.

Theorem 5.3 (accelerated convergence rate). Once
L(ue) < 0.49r is satisfied, MFD with birth-death will con-

.2 .
verge in loss with L(p4-) < € in at most T = O(%) time.

The rate is quadratic in the feature dimension k and inde-
pendent of d = dim 2. Hereafter, big O notation hides at
most polynomial dependency on constants R;, M;, while
dependency on k, d,y is made explicit and r,7 = O(3).

5.3. Second-order Improvement

We now arrive at the main difficulty of our analysis: the
behavior of mean-field dynamics near critical points. In the
finite-dimensional case, local stability is determined by the
Hessian matrix. We show that the mean-field analogue is

Lemma 5.4. For a smooth functional F : &74(0) — R,
the velocity field V% of (1) satisfies the evolution equation

[ oF oF
¢

V(SM(M)} =—Hu, {VM(M)} : @)

This is the non-perturbative or tangent curve version of
Lemma 4.1. For the specific objective £, we show that
‘H,, is Hilbert-Schmidt and derive regularity properties in
Lemma E.3 and E.5. Next, the following lemma translates
second-order instability into a spectral bound for H,,.

Proposition 5.5. Suppose MFD with birth-death at time t
2

satisfies Theorem 3.3(ii) with % ’5:0 L(fis) < —A. Then

the smallest eigenvalue \o of H,,, satisfies Ao < —R;lfyA.
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Therefore we expect that even if the dynamics is close to a
saddle point and Proposition 5.2 is not useful, as long as the
L?-component along the eigenfunction 1y corresponding to
Ao is not exactly zero, it will blow up exponentially in time
until s escapes and makes progress. In detail,

Theorem 5.6. Suppose MFD with birth-death on L satisfies
Theorem 3.3(1) with %L:O L(jis) > —O(k™ L(p)?) at
time t. Further suppose g satisfies

>«

5L
‘/%TV(;H(M)dm

for some o« > 0. Then for the time interval

MFD in the region {ys € P2(0) :
decreases L as

Llsr) < L) — (70‘;2‘”)) .

Simply put, we make () progress in O(log L) time. The
proof idea is to find a WWs-ball where if 1, does not escape
in time 7, the exponential blowup guarantees improvement
of L; if u; does escape, £ must have decreased enough
to warrant such displacement (via the Benamou-Brenier
formula). Again, we present general versions of Proposition
5.5 and Theorem 5.6 as Proposition E.6 and Theorem E.7.

Dimensional dependency. The rate is polynomial in the
number of features k but only linear in d, mitigating the
curse of dimensionality. Initially £ decreases by Q(k=5d~1)
in time O(k) when £ = ©(1). As training progresses,
the rate worsens to Q(k~2d~1) in time O(k3) when £ =
©(4) due to the smaller curvature of £, until we enter the
accelerated convergence phase and Theorem 5.3 takes over.

Remark 5.7. Since £ becomes ill-conditioned if A, (x) is
nearly constrained on a subspace, we have assumed that
Amin(Z,.) is locally bounded below (on the same order
as the upper bound Rg) to obtain regularity estimates. We
expect this to not be a problem in practice since W will not
diverge without timescale separation. In our experiments,
Amin (2 , /L) never changed by over 25% during each training
phase.

5.4. Escaping from Saddle Points Efficiently

Theorem 5.6 on its own cannot ensure convergence rates.
The flow might be initialized at or pass near multiple saddle
points with very small « values, taking longer to escape.
This is an unavoidable problem of nonconvex gradient de-
scent even in finite dimensions (Du et al., 2017). In contrast,

it has been shown that simply adding uniform noise allows
GD to escape saddle points efficiently (Ge et al., 2015; Jin
et al., 2017). Here, we suggest without proof an adaptation
to the Wasserstein gradient flow.

The main problem is how to apply ‘random’ perturbations
in the infinite-dimensional space &72({2). Motivated by
the characterization of the tangent space (4), we propose
the following scheme which constructs perturbations in the
velocity space using vector-valued Gaussian processes. See
Definition E.8 and Algorithm 1 for details.

1. Generate a random velocity field € : Q — R™ from a
stationary Gaussian process GP (0, K) with bounded
kernel K : Q x Q — R™*™,

2. Run the pushforward dynamics Oy = V - (€p¢) from
po = pt for fixed time At.

This can bypass the dimensional dependency in Ge et al.
(2015) and ensure a nonzero y-component for V‘;—i (at),
which is approximately normally distributed with variance
O(At) (Lemma E.9). Unfortunately this naive approach is
not enough to ensure large «, at least in polynomial time,
since the eigenfunction 1)y and base measure also change
along the perturbation. Jin et al. (2017) bypass this issue in
finite dimensions via a geometric argument; we conjecture
that our method also guarantees polynomial escape time.
If this is true, we may combine Proposition 5.2 with § =
O(k=' L(u1)?), yielding O(v]‘i’%) convergence away from
saddle points, and Theorem 5.6 to conclude that perturbed
WGF enjoys polynomial convergence to global minima.

6. Numerical Experiments

Complementing our theoretical analyses, we now explore
some empirical aspects of in-context feature learning of a
toy Transformer. We compare three models: the attention
Transformer is constructed as in Section 2.2 and jointly
optimizes the loss L1g(u, W), while the static and modi-
fied Transformers directly minimize £(u) without passing
through the LSA layer. All models are pretrained using
SGD on 10K prompts each containing 1K token pairs. For
the MLP we set d = 20, k = 5 with 500 sigmoid neurons
and Dg ~ N(0,1;). The modified model additionally
implements the birth-death and perturbation dynamics of
Section 5 if £ has not decreased by 1% every 100 epochs.

Figure 1(a) shows that the attention and static Transform-
ers exhibit similar dynamics and successfully converge to
global optima, justifying the two-timescale approach. This
is repeated for the more difficult problem of learning de-
generate features (rank 3,0 ,o < k) in Figure 1(b), where
the modified model shows significantly better performance,
lending support to our perturbative scheme. Next, Figure
1(c) plots the training curve for a misspecified model where
the true features h o are 7-dimensional. While zero loss
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(a) training error

(b) degenerate

(c) misspecified (d) norm test task
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Figure 1. (a) Training error of the attention, static and modified Transformers. (b) Learning degenerate features with rank 33,0 ,0 < k.
(c) Training a misspecified model containing two extra features. (d) Test error for the nonlinear norm task || ,0 ()]

is not achievable due to the increased task complexity, all
models still converge to a well-behaved minimum. Finally,
we compute the test loss w.r.t. the nonlinear feature-based
task @ — ||h,o ()| in Figure 1(d). Accuracy still sharply
improves when the relevant features are learned, confirm-
ing that ICFL can generalize beyond linear regression even
in one-layer Transformers and further demonstrating the
importance of feature learning during pretraining.

7. Conclusion

In this paper, we explored the training dynamics of a Trans-
former with one MLP and one attention layer, enabling
in-context feature learning of regression tasks on a rich
class of representations. We showed that the loss landscape
becomes benign in the two-timescale and mean-field limit
and developed instability and improvement guarantees for
the Wasserstein gradient flow. To our knowledge, this repre-
sents both the first work to theoretically study how features
are learned in context, and the first analysis of nonconvex
mean-field dynamics for strict saddle objectives. We hope
our insights may be extended to more complex in-context
learning behavior in deeper MLP-attention models.

Impact Statement

This paper aims to deepen our perception of how in-context
learning ability arises in Transformer architectures, which
is intimately connected to ethical issues such as Al privacy,
fairness and accountability. We hope that our study will
lead to a better understanding of the reasoning capabilities
of large language models and facilitate the development of
more transparent and socially beneficial Al systems.
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A. Preliminaries

We begin by providing some necessary background for mean-field dynamics. Let @ C R™ be a Euclidean domain with
smooth boundary 0. For p > 1, let &2,,(2) be the p-Wasserstein space of probability measures on €2 vanishing on 02
with finite pth moment. We will mostly be concerned with the space £25(12).

Definition A.1 (functional derivative). The functional derivative ‘;—i of a functional F' : &,(2) — R is defined (if one

exists) as a functional % 1 Z5(Q) x Q — Rsatisfying for all v € Z2,(),

OF 1.0)(v — )(do).

d
— F _ -
del . (b +e(v —p) m

Note that the functional derivative is defined up to additive constants. We say a functional F' is C! if V%(u, 0) is

well-defined and continuous, and C? if VoV gf—f; (1,0, 6") is well-defined and continuous. Furthermore, the functional F’
is convex if for all v € &2,,(£2) it holds that

F(v) > F(u) + /Q %(uﬁ)(v ~ u)(dh).

Definition A.2 (p-Wasserstein metric). The p-Wasserstein distance between p, v € 2,(2) is defined as
1
W, (u,v) = inf / x — yl|? dy(x, )
=t [ ol arte

where II(u, v) denotes the set of joint distributions on €2 x 2 whose first and second factors have marginal laws p and v,
respectively.

We consider &7,,(12) as a metric space with respect to W,,, which metrizes weak convergence on 27,,(12) (Villani, 2009,
Theorem 6.9). By Holder’s inequality it always holds that 25(Q2) C &21(92) and Wy (i, v) < Wa(u, v). The Wi metric is
also characterized via Kantorovich-Rubinstein duality as

Wilnv) = sup /Qfduf/ﬂfdv,

lflleip<1
where the supremum runs over all 1-Lipschitz functions f : {2 — R, which makes it well-suited for perturbation analyses.

We develop more advanced theory concerning the local metric geometry and characterization of flows on 25(£2) in
Appendix D. As a consequence, one can show the following variational formulation of the W, metric:

Proposition A.3 (Benamou-Brenier formula). For u,v € Z25(Q) it holds that

1
W2(,U/ay)2 = inf {/0 ||vt||%2(ﬂ,ut;Rm) dt : 8#14 +V. ('vt,ut) =0, Mo = Wy U1 = V} s

where the infimum runs over all unit time flows (11t ).e[0,1] from p to v.
Proof. See e.g. Ambrosio et al. (2005), Chapter 8 or Santambrogio (2015), Section 6.1. O

The formula can be used to bound the movement of Wasserstein flows in relation to the magnitude of the gradient field. For
convenience, we will use the following time-rescaled version which is easily checked:

WZ(M’”)z = inf {TA ”vt”%Q(Q,#t;]Rm) dt: 8tﬂt +V. (Utﬂt) =0, Ho = Wy by =V, T > 0} .

When the velocity field v; = —V‘;—i (14¢) s given as the functional derivative of a given functional F', the dynamics can be
interpreted as the continuous-time limit of a discrete gradient descent process on F' w.r.t. the YW, metric via the celebrated
JKO scheme (Jordan et al., 1998). Specifically, the implicit Euler scheme

1
pdY = argmin = Wa(p, p®)? + nF(p), p = pg
/Jze(@Q(Q)

14
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Algorithm 1 Mean-field dynamics with birth-death and perturbation
} ’9(()N )

Require: i.i.d. samples 9(()1), .
while L(fi) > e do
Update all particles as 0,(3_31 = 9,?) - nv%(ﬁk, 9,(5)), Jj € [N]
if £(fx) — L(fik+1) < 0p then
Randomly replace |V | neurons with i.i.d. samples from 7
end if
if £(ix) — L(lk41) < 6p and k — ky, > 7 then
kp <k
Generate a Gaussian process £ ~ GP(0, K)
Update all particles as 912]421 = 9,(93) - anS(G,(f)),j € [N]
end if
k+—k+1
end while

~ Ho

converges weakly in the limit  — 0 to the solution of the continuity or Fokker-Planck equation Ospiy = V - (/,Ltvéi(,ut)>

op
in the sense that ,u,L,t/ o uy for all time ¢ > 0. Hence we refer to this process as the Wasserstein gradient flow on &2(Q2)

with respect to F.

Implementation. We provide a simple summary of the proposed modified mean-field dynamics in Algorithm 1. Here
71
gence error and dy, 0, are improvement thresholds for applying the birth-death and perturbation procedures, respectively.
We also set learning rate 7), perturbation step size 7, and a waiting time 7 for escaping saddle points. More generally,

dp, dp could be decreased and 7 could be increased depending on the current objective value as suggested in Theorem 5.6.

In addition, the density ratio % could be estimated at certain steps to directly check for the birth-death condition; see

Sugiyama et al. (2018) for an overview of applicable methods, especially in high dimensions.

9,(;), ceey GI(CN) denote the values of the N particles at step k with empirical distribution iy, = % > (), € is the conver-
k

B. Proofs for Section 2

B.1. Barron Class Analysis of Representations

Lemma B.1. For any p > 1 it holds that || f||, = | f||2, = || f|| 2., where

[fllz. == inf esssup|laf|w].
mf=hy (g,aw)~p

Proof. Note || f|lz, < ||fllz, < |fl=.. trivially by Holder’s inequality. For f € %, choose a measure x such that
f =hy and [|a|/||w|/x(df) < ||f||z, + € and define the nonnegative measure p on S¥~1 x S9~1 as

w

a
WA, B) = / lalllwlu(da, dw), a= -2, w=-
£ e hwes lal ]

for Borel sets A C S*~1, B C S?~1. Then we can rewrite f via the ‘projected’ measure 1 as

f= [ ho@ntat) = [Jalw]- aotw @)u(da,dw) = [ as(w e)u(da, dw).

Factoring out the total mass of j to form a probability distribution on P (SF=1 x S971), we obtain a representation of f
such that the oo-Barron norm becomes bounded as

Il < p(S* 1,877 esssupllallw] < [|f]|z, +e.

(@.w)~p

Taking € — 0 shows the reverse inequality. O
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Proof of Proposition 2.1. If f; € C(2",R) satisfies inf Jga-1 lwl|2|f;(w)| < oo for some transform f;, it admits a
representation

fi(x) = /aja(me)uj(daj, dw)
for a probability distribution y; on R x R? (Barron, 1993; Weinan et al., 2022). Consider the scaled inclusion map
) d k d —
Lj :RxR* - R* xR s Lj(dj,’ll))—(kdj(ij,’lﬂ),

where e; is the unit vector with all zeros except for a single 1 at the jth coordinate. Then for the averaged pushforward
measure /i = 1 Z?Zl ity € 2(O) it holds that

??'M—‘

k k
Z/ o(w'x);tu(da;, dw) :Z/aje] w' z)pj(da;, dw) = Ze]fj (x),
j=1 j=1

and therefore f € A. O

Proof of Lemma 2.2. Let AT denote the pseudoinverse of a matrix A. If f> = h,. for some distribution ;1° € Z(0)
with || f°]| < oo, then setting W*° = ELO)MO =Eg[fo(z)f°(x) "],

1
Lrp(p®, W) = SEq, [

|fo(@gr) = Bpo, o WO O (@gr)| }
1

tr X0 po — tr (Do o WBpo o) + 5 tr (Bpie e WOE o o WX o o)

T2
1 —
"2 2
=0.

Conversely, Lrg(i, W) = 0 implies that f°(z4) = Eg[f(z)h,(x) T [Wh,(xy) or f© = Ah,, for some A € R¥**¥,
Then the pushforward measure Ay of o along the map (a, w) — (Aa, w) satisfies

hag(® /AaU w'z)p(df) = Ahy(x) = f°(x), esssup|al|w]| < [|A] esssupall|w] < oo,
©w

Atp

thus fOZhAmLEf@. O

Proof of Proposition 2.3. Since the minimization problem is standard linear regression, we can explicitly set
v =Eq[f°(2)f°(x) ['Ealg(x) f°(@)], vl < |Exlf(@) @) 171 1120 9l 2 (0)-

Writing go = g — v ' f°, we can bound

%qur [ ’g(xqr) —Eg [g(w)hu(w)T]Whu(mqr)HQ}
< |[0l*Ea, [[1£°(@a) ~ Ealf* @)y (@) IWhy (@) | + Ea, [[l90 (@) — Ealgo(@)hy (@) TTWh, (24|

< 2||v|®e + 2llgol1Z2(p ) + 209001720 oy 1Pill 120D oy WP
The statement follows by noting that

1/2

1/2
Ihullzzoay < ( / Ewnhemwde)) < ( / |a|2||w|2Ew[:c|2m<de>) = MY2||h

from the limiting argument in Lemma B.1. O
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B.2. Finite-width Approximation and Optimization
Proof of Proposition 2.4. For any network 11, we may take W = E,[f°(z)h,(z) ]T so that

inf Lrp(p, W) < %]Ez |7 () — Bl fo(w)h#(m)T]Wh#(mqr)Hz}
= LB @)1~ tr (Buls* (@b () I WE [ (0) () )
% (WTEalh, (2) (@) T [Eelf* (2)hy () TWSE,,.)
1

IN

SEIP @]t (Ealf°@hu) ) + 5 tr Sy

SB[l () — hyu ()]

Now let 1° € 2(©) be a distribution such that f© = hy,c and [||al?|jw]||>1°(d0) < (1 + €)||f°]|%- Let 0D - 0 be
an i.i.d. sample from y°. Then from Eg~ 0 [ho(x)] = hye (), it holds on average that

EnyEolllhn(z) — £°()|]
1 N
N;hem(w) - fo(w)

2

N
= 2 D EeEay (g (@) — he (@)]7] + 577 3 EaBr [(hoo () — (@) (e () — By ()]
j=1 J#L
1 N 2
< 32 2 EaEoo el (@)1
< [lalPEa((w ) @)
< 0O oy,

Moreover, the path norm is bounded on average as Ej [||h ~Nlp] < (14 €)||f°||. Then by Markov’s inequality, the event

HhN —f° ||L2(D%) > % has probability at most 1<, and the event ||hN||p > 3| f°|| 2 has probability at most <.

Hence the stated bounds hold with positive probability as ¢ — 0, thus for some size N network [iy. O

For the propagation of chaos result, we require the following bounds.

2L2

Lemma B.2. The second moment ms (1) = [|0]1?11+(d6) satisfies ma (1) < €*Lima(po).

Proof. The assertion follows immediately from

d oF
Gmalin) = [10120(a6) = =2 [ 67V 5 (e, 0 (0) < 2L5ma )
O
Lemma B.3. Let i € P5(Q) and 0V, - - 0W) be an i.i.d. sample from ju with corresponding empirical distribution

AN = % Z;N:1 o). Then for dimension m > 3 it holds that E)W1 (i1, lin)] < Crn - ma(p)/2N=Y™. The rate is
replaced by N=/21og N if m = 2 and N~/? if m = 1.

Proof. See e.g. Fournier & Guillin (2015) for the case m > 2 and Bobkov & Ledoux (2019) for m = 1. O
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Proof of Proposition 2.5. Consider the coupled process
d 50) OF 50y g _ g
—0,) = -V—(u,0,”), 0 =6, €N
dt t 5# (Mt ) 0 0 J [ ]
and write the corresponding empirical distribution as fi; y = % Zjvzl 95 - For any finite time horizon T" > 0, it holds that

N

1
5 207 — 62 =

SF
uuv,@() Véu(ut,ﬁ ) dt

T6F

Ly () _ () m
g/o W;”@ =01 + Ls Wafin, v, ) dt.

Then applying Gronwall’s inequality and taking the expectation over random initialization, we have for all ¢ € [0, T]

t
SLSeLQT/ E[Wl(ﬁs,Naﬂs)] ds.
0

N
=N B 1 . ~
E[W1 (e, firv)] < E [N >l 67|
j=1

Since each trajectory 9~,§] ) of the coupled process is an independent sample from the true distribution y;, by Lemma B.2 and
B.3 it moreover holds that

EW1 (fte,n 5 )] < EV (e, w5 fie,N)] + EDVL(fie, w5 1))

t .
< Lo [ B, )]s + ConcHima) N7
0

with the appropriate modification when m = 1, 2. Hence another application of Gronwall’s inequality yields
EW1 (Fie,x, )] < Cramiz (o) VN~ exp(LE + LsTeT) — 0

as N — oo. The convergence is uniform for any finite horizon 7. O
Remark B.4. When F' = L, we rely on the Lipschitz constants obtained in Lemma E.4 to obtain the same statement, with
the caveat that the flow must not reach the singular set 93(@) in order to ensure existence and regularity of the flow; this
will be a recurring issue. The result is clearly still valid for mean-field dynamics incorporating birth-death by the ordinary
law of large numbers, assuming the update happens at the same instant for ji; and 1. See also Rotskoff et al. (2019) for a
more involved study of birth-death dynamics.

Remark B.5. The above bounds are not optimized; compare for example Berthier et al. (2023). Explicit uniform-in-time
propagation of chaos bounds have recently been proved for convex mean-field Langevin dynamics (Chen et al., 2022; Suzuki
et al., 2023) and convex-concave descent-ascent dynamics (Kim et al., 2024). It remains an open problem to prove such
results for general nonconvex mean-field dynamics, with or without the entropic regularization framework.

C. Proofs for Section 3
C.1. Auxiliary Results

We will use the following elementary results from linear algebra without proof.

A A
Az Asp

s

Lemma C.1. The spectral norm of a block matrix A = { } is bounded as ||A| < Z?,j:l | A; ;]I

Lemma C.2. The spectral and nuclear norms are dual: || A ||, = max)g|<1(A,B) and ||A|| = max|g|, <1 (A, B) for
any A € R™*™, m > 1. In particular, tr(ATB) < ||A|||B||. for any A,B € R™*™,

Lemma C.3. For a positive semi-definite matrix A € R*** it holds that F(trA)? <trA? < (trA)%

The neural network output is continuous and well-behaved in the following sense:

Lemma C.4. The map 0 — hy(x) on © is (R? + R3||z||?)'/2-Lipschitz for each x € Z . Also, the map p + h,,(x) on
P5(0) is (kR? + kR3||x||?)'/2-Lipschitz w.r.t. 1-Wasserstein distance for each x € % .

18
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Proof. For 01 = (a1, w;),02 = (az, ws) we have

T T
e, () — ho, (z)|| = [[ar0(w; ®) — azo(w, )|
T T T
<llai — az|| - |o(w; )| + [laz] - [o(w; x) — o(w, )|
< Ril|a; — az| + Raf|w; — wal| - [|z||

< (B} + Rill=|*)"/2[161 — 02|

The difference of each coordinate |hg, (x); — he, ()| satisfies the same bound for 1 < j < k, implying that

tuda); = el = | [ hole)ulan) - [ natwwtan)| < (1 + el W)
(C] (C]
and hence ||h,(x) — h, ()| < (kR? + kR3||=||*)/2 W1 (11, v). O

Proof of Lemma 3.1. The gradient flow equation for W is given as

d 1
awt = _§VW|Wt tr (_2EN°,NWEN7MO + ENOMWEIMHWTEIMMO)

= =X pe EMO,M(WtEIMM - Ik)~

Denote the singular value decomposition of ¥, ;o as U;D;V/ and the spectral decomposition of ¥, , as UsDo Uy
where Uy, Us, V; € O(k) and D; = diag(d;1,--- ,d;x). Since we assume X, ,, = Eg[h,(x)h,(x)"] is positive
definite, we also have by ; > 0 for all 7. Further defining the auxiliary matrix Z; = UlTWtUQ, the dynamics for Z; is
expressed as

d
gl = -U; (U;D,V])(V,D,U])(U,Z,D,U; —1;,)U,
= —-D?Z,D, + D?U| U,.
Writing U{ Us = (u; ;)1<i,j<k, for each entry z; ;(t) := (Z;); ; we obtain that z () = —d3 ;(da,j2,(t) — us ;) and
therefore )
d; -Uq 7 d1 i # 0
lim z; ;(t) = g ' =144, . dil»ui-—i—ll,: zii(0).
Jim z;5(1) {zi}j(o) =0 {dr,i0} o Ui + 1ia, =0} 2,5(0)

This can be recast in matrix form as lim;_,.Z; = DJ{DlUIUng1 + (I — DJ{Dl)ZO, and the convergence rate is
exponential. We conclude for the limit W, := lim;_,, W that

2.0, W, = (VDU )U; (DD, U{ U;D; ' + (I — D{D1)Zo) Uy = (VDU )(U;D; U7 ) = 0,5,

O

Proposition C.5. Forany i € P4(0), v € 25 (0), there are at most k values t € [0, 1] such that (1 —t)pu+tv € P9(0).
Consequently, 23 (©) is dense in P5(0).

Note in particular that Rfu® € 223 (0) for any invertible R € Bi(k) as Zryue riue = rRRT. This justifies the
computations which appear in the statement and proof of Theorem 3.3.

Proof. Suppose there exist k + 1 distinct ¢; € [0,1], j = 0,1,--- ,k such that (1 — t;)u + t;v € P3(O); note that
t; # 1 since v € 225 (O). Then there exist nonzero vectors z; such that (1 — t;)z] hy(x) +t;z] h,(x) = 0, and which
must be linearly dependent. Without loss of generality, let {z;}%_, be a minimally dependent subset of {z;}%_ so that
Zﬁ:o bjz; = 0 for constants b; not all zero. Suppose by # 0. Then the equality

¢ ¢
_ T tiby T _ tibi T
O:jgobjzj hy(x) + 1*tjzj hy(x) = Z?tjzj hy(x)

=0
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implies that
¢

)4
t; te t;b; 122
].—t] 1_te> ]zJ Zl—tJ27 1_tZ§ Jz] ’

=

Jj=

=0
which contradicts the minimality of {z; }§:O since the coefficient of z( is nonzero. This proves the first claim. Denseness of

27 (0) immediately follows: for any 1 € 25(0), all but finitely many mixture distributions (1 — #)u + tx° lie in &3 (9),
so there exists a subsequence weakly converging to x in 225 (©). O

Lemma C.6. Any element R € By (k) can be expressed as a convex combination of finitely many elements Ry, - -+ , R, of
O(k). In particular, the pushforward can be defined for any R € By (k).

Proof. Denote the singular value decomposition of R as UDV " and denote by D1, - - - , D, all diagonal matrices with
every diagonal element equal to 1. Since every diagonal element of D has absolute value at most 1, D is contained in the
convex hull of Dy, - - - , Dy« and hence R can be written a convex combination of UD; VT, ... UD. V' € O(k).

Furthermore, writing R = 7" | ;R for a; € (0,1), 37" | ovj = 1 we may define for all 1 € &5(0O) the pushforward
measure Ry := 370, a;R;fu so that

(@) = [ ho@)dRau(6) = 30 [ hol) dRyzu(6) = 30y [ Ryhol@)du(6) = R (o).

We remark that simply defining Rfy as the pushforward along the map R : (a, w) — (Ra, w) would not preserve the
bounded density condition (Assumption 3) for pushforwards of .°. O

Proof of Lemma 3.2. It is straightforward to check that
o 1 —_
L(Rfp°) = iEm [Hhuo (z) - <2u°,M°RT)(REM°,M°RT) 1Rhu° (w)HZ} =0.

Conversely, £(u) = 0 implies that ho () = X0 , 3, by, () ace. Since & — hy,(x) is always continuous, equality holds
forall x € 2. Finally, X, ME;}A cannot be singular since the image of h - is not constrained on a lower-dimensional
subspace by Assumption 2. O

C.2. Proof of Theorem 3.3

We study the first- and second-order properties of the optimization landscape for the functional £. Let us denote

1 1 1 _
L,= §Ew [Cu",u(w)cuc’,u(w)w = §Eu°7u° - §Eu°,u2u,bzu,u°
so that L, is positive semi-definite and trL,, = L(u). Let R € By (k) and iy = (1 — s)p + sRiu° for s € [0,1]. By
linearity of the mean-field mapping p — h,,,

d d
&hﬂs (:B) = Rh#o ($) — hu(aﬁ), gzuo,ﬂs = E;LO,;LORT — 2#0’“,

d
&Eﬂs,ﬂs = 2530 o + (1- 25)(R2u°,u + Xy e RT) —2(1 - S)EN,N'

Then the time derivative of L£(fis) for s € [0, 1] is obtained as

d _ d _
— L(fis) = —Eqg Cuo i (‘E)T& (2N07ﬂ5 Epips hg, (:B))

ds
= —Eq [Cuo i (@) "By 5. 20" 1 (Rhyo () — ()]
where we have used that

Ee [ha, (2)Cuo i, () ] = Eg [hy, (@) (hye (@) T = hy, (2) 25" 5 Ba, pue)] = 0.
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In particular, the derivative at s = 0 is equal to

d

s » L(ps) = —Eqg [Cuo,u(m)Tzﬂo#E;L(Rh#o (x) — h#(m))]

= —Eq [CM(’,u(a’)TEu"wz;ﬁtRCﬂ‘%u(w)]

=—2tr (RL, 2,0, %) .
We may choose the pushforward R so that this quantity is minimized over R € B (k). Via duality of the spectral and
nuclear norms, this yields

d
—|  Las) = min —2tr (RL,Zy0 . 2,)) = —2[L,Epe S5 <0, 8
ds s=0 () Hglllnﬁll 1"( RERTH l‘v#) | B, p,#H S (8

proving the first claim.

Now if the above first order analysis does not yield a direction of improvement (strict decrease) for £, it must be the case
that Luzu",uzﬁ,h = 0. If p is not a global minimum then L, # 0 and hence rank 2#0_’#2;L < k, so that the linear

regression predictions 2,0 , 37! h,(x) are contained in a lower-dimensional subspace {z}+ for some z € S¥~1. This
T S VN VA

further implies that

1
L) > 5Ba [(2 e ()] = 527 By o2 >

confirming the critical point lower bound.

r,

N -
N

We proceed to analyze the second-order stability of critical points. The second derivative along any pushforward R € B (k)
is computed as

d2 _ d _
as2 L(ps) = s E, [C/LO.,/ES (m)Tzlto,ﬁszﬁsl,ﬁs (Rhye(x) — hu(m))]
s=0 s=0
d _ T _
e {ds 0 (Eﬂoaﬂszﬂiﬁshﬂs (x)) Eu°7ﬂszﬁsl,ﬁs (Rhye () — h”(x))}
Td -1
~Ex (G @7 | e Bk, (R @) - a(2)].
s=0

The first term can be expanded as

Es [(Rhm () = hy (@) T35, B oo Do w2 (R () — b ()

M o

= Eq [(Rhye (@) + by (@) T2} By Dy 1,35 L (R (@) = by (@)
—hu(®) T2 (RE e 203 0 + 20 e RTE S, 10 )80 130 (RAye () — hy ()
(@) S L (R e — S0 ) S By Ry () — ()|
=tr (2,80 B0 w0 LR o o RT) — t1 (B 1,2 3 40 )
+tr (REpe 0 — REpe 15,08, 0 — Bppe — B o RTE S, 08,0 200 (RE 0,50 — 1)
=tr (2,080 2o w20 RS o o RT) — 61 80 0 + 211 L,
+2tr (RL, 0,20 L (RE 0,200 — 1)) — tr (Zpe e — 2L ) (RTE0 8, 0 + 1) (Bpe 2, LR — 1))
=2tr (Ly(Bpe w B, R+ RIS LS, o — )80 2 R)
where we have taken advantage of the symmetry of L, to cancel out various terms. The second term can be expanded as

E, [ — o (@) (B o RT = Do )S7 L (Rhye () — by ()
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+ G (@) Do I (RS o+ By o R — 28, )80 L (Rhye () — hu(x))}
=2tr (L (=20 o RT = Doy + Do 1 B R ey + e 8,18, RTE L R)
=—4tr (LLR'Z I R) 4+ 2tr (Ly(Zpe w2, L R - L) 2,0 2L R)

s Ky p Ky p

Combining the above, we obtain

d2

_ Te— — Te— —
7| L) =4t (L:R'ER) 4+ 2tr (L,(2%,0 2, LR+ R'E, 18, 0 — 21,0, 2 R) . (9)

s=0

When L, 3,. , .1 = 0, we may take R € O(k) such that £, ., 1 R is symmetric, i.e. R = VU where

Ky p s p

UDV ' is the singular value decomposition of 3,0 13,1, Then the second trace term vanishes since 3,0 , 37 RL,, =
(L, E 0 R)T = (2,0 2L R) T = 0 and we have that

d? _ 2 Tx—1 4 2 4 2
@ - ‘C(/’L.s) = —4+tr (LMR EH:HR) S _7R% tI‘LH S _T;R% L:(/.L) ,
which moreover implies the constant bound %‘ o L(fs) < — ]f—;z This concludes the second claim. O
s= 1

C.3. Proof of Proposition 3.4

Observe that the term L, 33,0, MZ;}L lower bounding the first order decrease of L in the proof of Theorem 3.3 also appears
in the expansion

s

1 1
2 -1
LIL - iLNE/LOy,U'O — iL/"E/LOMU/E Ell'vlf'o'

Supposing || L, X0 20 |l < g then allows us to construct the following inequality,

L(n)? = (trL,)* > tr L}
1 1 _
=3 tr (L X0 pe) — B tr (Luzu"vﬂzmhzﬂ»l“’)
r 1 _
> ;ﬁ(ﬂ) - §||Lu2#°1#2u,h||*”2“»“° I
r R{s
> 5 ﬁ(ﬂ) - Ta

which implies either 4 £(p) < r — \/r? — 4R3§ or 4 L(p) > r + /r? — 4R%4. The bounds are non-vacuous only when
0 < % and are strictly tighter for larger §. Taking the contrapositive yields the desired statement. O
1

C.4. Finite Prompt and Task Length

In this subsection, we give a brief indication as to how to incorporate finite prompt length into our setting. That is, instead of
(2) we consider the n-sample in-context prediction loss

n 2

£ (@) = 3 P @) Wy ()

i=1

n 1
‘CTF(/’[‘aW) = §Em1,--- [T - |

By treating the sampling process as stochastic noise, we can bound the perturbation magnitude using concentration as
follows (ignoring constants).

“C'TI‘LF(/’% W) - ETF(M) W)‘

<

]Emlw- s T, Tgr

| —
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|

by an application of the matrix Bernstein inequality (Tropp, 2015, Section 1.6.3). Moreover, the joint objective is still
convex in W so that £ (p1) := infw L7p(1, W) also satisfies

S Eayr oy H| (; > @) - B [f°(w)hu(fc)T]> Wi ()

log k
< o8l for large enough n,
n

log k
n

£ () = L(w)] S (10)

uniformly over all p of interest, assuming Eﬁ,}» is uniformly bounded as in Theorem 5.6. With some more work, the
additional stochastic error due to a finite number 7" of tasks may also be bounded with high probability as O(T‘l/ 2).

The main issue is that even with this guarantee, the landscape £™ may no longer be benign so that our results on mean-field
dynamics in the subsequent sections do not directly apply. For an illustration, consider the e-perturbed quadratic function
—x? — eexp(—(%)?) on R with a bump at the origin; the point z = 0 becomes a local minimum for all € > 0. Nevertheless,
it is easily shown that such attraction basins must still be small with radius at most O(+/€). Similarly, combining the strict
curvature bound Theorem 3.3(ii) and (10) with regularity estimates for £" as in Lemma E.4 yields an n-1/4 upper bound
for the W, radius of potential local attraction basins. Hence it is plausible that the dynamics still mostly manages to avoid

being trapped in local minima.

Finally, we note that complexity bounds for finite task and prompt lengths have been established for the single LSA layer
model in Wu et al. (2024). We could also consider noisy data y; = f(x;) + &;, &; ~ N (0, 0?), which only leads to Ltg
being shifted by a constant %0’3.

D. Proofs for Section 4
D.1. Recap: Finite-dimensional Dynamics

To help gain intuition, we draw parallels with the ordinary GF for a C? nonconvex function f : R™ — R,
dzt = szf(zt) dt.

A strict saddle point 2 is defined as a critical point such that Ay, (Hess f (21)) < 0, where Hess t is the local curvature or
Hessian matrix of f. Lee et al. (2019) show that the set of initial values 2z for which lim;_,., z; converges to a strict saddle
point has measure zero.® If every saddle point of f is strict and all local minima are also global minima, z; converges to
global minima for almost all initializations. The result follows easily from the center-stable manifold theorem (Shub, 2013,
Theorem II1.7), which states that all stable local orbits must be contained in a local embedded disk tangent to the stable
eigenspace of Hess at 2.

D.2. Local Geometry of Wasserstein Space

We present some background theory on the metric geometry of Wasserstein spaces. The following result characterizes
absolutely continuous curves in Z5(2).

Theorem D.1 (Ambrosio et al. (2005), Theorem 8.3.1 and Proposition 8.4.5). Let I C R be an open interval and
wi 2 I — P5(Q) an absolutely continuous curve with metric derivative || € L'(I). Then among all Borel vector fields
v, € L2(, ) satisfying the continuity equation Oyjiy + V - (vipr) = 0, there exists an L' (I)-a.e. unique minimal norm
velocity field (v;) such that

vtll 2@ < 101 (E).

The field (v;) is also uniquely characterized by the condition that v, is L' (I)-a.e. contained in the L?(S2, ju)-closure of
the subspace {NVv : ¢ € C°(Q)}. Conversely, a narrowly continuous curve given by the continuity equation for some
square-integrable Borel velocity field vy with ||v¢||2(q,,,) € L*(I) satisfies /] (t) < ||ve]| 2 (a,p,) a-e.

More precisely, this is shown for iterates of discrete gradient descent, but the proof is easily adapted to the continuous-time flow.
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This motivates the formal definition of the tangent space (4). The space can also be retrieved by the following variational
principle: a vector field v € L?(Q, 1) belongs to Tan, #5() if and only if [|v + w120, > [|v|12(q,,) for all
divergence-free fields w € L2(€2, ) such that V - (wp) = 0. Moreover, for every v € L?(Q, i) there exists a unique
representative ITv € Tan,, &»(§2) equivalent to v modulo divergence-free fields. Geometrically, this allows us to describe
infinitesimal transport along curves u; via their tangent vectors.

Proposition D.2 (Ambrosio et al. (2005), Theorem 8.3.1 and Proposition 8.4.6). Let y; : I — ZP9(Q2) be an absolutely
continuous curve with velocity field v; € Tan,, Z2(Q) determined as in Theorem D.1. Then for a.e. t € I we have

Wa(tiete, (ido +evi)pe) = o(e).

In light of Proposition D.2, the tangent space can alternatively be defined using optimal transport plans. Denote by
To(p,v) C Po(Q x Q) the set of optimal transport plans from g to v with cost function the 2-norm and let

Tan, Z2(Q) = {\(r —idg) : (ido xr)fu € To(p, rip), A > O} @ #) (11)

this construction is equivalent to (4) (Ambrosio et al., 2005, Theorem 8.5.1).

D.3. Stability of Wasserstein Gradient Flow

We now proceed with the proofs.

Proof of Lemma 4.1. Let ' be a critical point of F, that is &£ (/ﬂ) = 0. From the description (11) for the tangent space

at uf, we write a local WGF () as p; = (idg +evy)ful for a VCIOCIty field v; € Tan,+ &5(Q2). The evolution of v; is
derived as follows: for any smooth integrable function g : 2 — R, the identity [ gdu; = [ g o (idq +ev;) dpt implies that

oF ) . _
/Vg V(s () dpy = /gd(@tut) = —e/Vgo (idg +evy) - Opvy dut = —e/Vg~8tvt o (idg +ev,) ~t duy,

and hence J,v; = —eflv%(ut) o (idg +ev;). On the other hand, by Proposition D.2 we can locally approximate the
pushforward displacement by the absolutely continuous curve defined by dsfis + V - (vsps) = 0 initialized at fig = u':

€

oF oF oF
~ _ T —
Vf;u (e, 0) VTSM (w',0) V5 (s, 0)

2
_Vg/ /5F fis,0,0")0sjis(d0") ds

- W/ / Vo (2,0, y0u () (08) s
0 op

- /OE/HM (6,8")0,(6") " (20') + O(Wa(fis, 1)) ds
=eH,1 v: +o(e)

so that
1 oF oF oF oF oF oF oF
- _ i i v il (0 il IR v AN | bl
Orvn =~ (V5 ) o (i -+ev) = V) + V) = 5 ()47 5 () = () + V1) )
—_———

= —H,1 v +o(1).

Here, we see that the o(1) perturbation term is more precisely of order O(Wa (i, p11)) and vanishes when the L2-norm of
the velocity field v; goes to zero. O

24



Transformers Learn Nonlinear Features In Context

Proof of Lemma 4.2. It will suffice to show H,, is symmetric in the sense that H,(6,60")" = H,,(¢', ) forall 6,0’ € Q.
We appeal directly to Definition A.1: for any p, v1, ve,

d? d

oF
de; des Fatal—prabe-—u)=g7] [ 5wt elz =m0 —uid)

2
— [ 500,001 = a2~ o),

. . . . . . . 2 . . .
and comparing with the same computation with the 1ndlces swapped yields that 275 is symmetric in 6, 6’. Therefore the

Hessian matrix satisfies VoV g%(u, 0,6") = V9/V9 (u, 6’,0) 7. Then for any functions f,g € L?(Q, u; R™) it holds
that

€1=€e5=0

)2y = | [ 10T HLO0)9(0a0)a0)
/ [ 908,00 10 )

= Mul'9) 12 pmmy »

thus H,, is self-adjoint. Since the kernel is Hilbert-Schmidt by assumption, #, is also compact, and we can invoke the
spectral theorem to conclude the statement. O

Theorem D.3 (Gallay (1993), Theorem 1.1). Let & be a Banach space, A a linear operator on &, and f : & — & a C*
perturbation with f(0) =0, D f(0) = 0, where k > 1. Consider the differential equation

dtzt Azt + f(zt) t> 0. (12)

Assume that & is the direct sum of two closed, A-invariant subspaces &°,&". The corresponding restrictions A°* = A
AY = A|gu generate strongly continuous semigroups et ¢

0 <A <Y,

&S
e~ A" for t > 0 which moreover satisfy for real numbers

sup,solle® tle™" < 0o, sup;solle”A Mt < oo

Further assume there exists a spectral gap of \* > k\* and that &° has the C* extension property. Let B,., B, BY denote
the balls of radius r around the origin in &,&°, &, respectively. Then for sufficiently small v > 0, there exists a C*
map h : B) — B with h(0) = 0, Dh(0) = 0 whose graph ¥ C B, (the local center-stable manifold) has the following
properties.

(i) (Invariance) For all initial values zy € ¥ there exists a C curve z; R>o — & such that as long as z: € B, then
z; € V and (12) holds.

(ii) (Uniqueness) If z; is any solution of (12) such that z; € B, for allt > 0, then z, € ¥V forallt > 0.

Proof of Theorem 4.3. Let uf € &1 be a strict saddle point. We apply the local center-stable manifold theorem to
the system (5) on L2(€2, u'; R™). By the spectral theorem, the operator H i has a complete set of eigenvalues \; and
corresponding eigenfunctions v; for j € Z, ordered such that

M A >0, Ag=c = Aoy <A, <o <0

Since the spectrum may possess a limit point at 0, we cannot separate #,; into absolutely convergent and divergent
components. Instead, we set the cutoff at the largest negative eigenvalue Ao = Amin(#,,+), taking all possibly multiple
eigenvalues, and defining the subspace & as the span of the corresponding v, - - - ,1_(,_1). Then we are guaranteed a
jump A_(,_1) < A_, since the spectrum is discrete, and we choose A; = —A_,, A" = —Xgand k € (1,|A\o/A_p|) so that
the spectral gap condition is satisfied — we only need continuity (i.e. & > 0) for our argument. Moreover, the C* extension
property for &° holds automatically as L?(€2, uf; R™) is a Hilbert space. Therefore, any convergent local flow (v;) defined
in an open neighborhood B,,+ must be contained in a graph ¥, C B,,+ containing ut.

The rest of the proof is similar to Lee et al. (2019). Since the collection {B,,; : ! € ¥} forms an open cover of ¢ and
P5(Q) is separable with respect to 2-Wasserstein distance (Ambrosio et al., 2005, Proposition 7.1.5), we can extract a
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countable subcover {B; : j € N} containing ¢ t. If the WGF (pe¢)e>0 converges to a strict saddle point, there exists an
index j and an integer threshold ¢ such that y, € B; for ¢t > £. In particular, 1, must be contained in the corresponding
center-stable manifold ¥ for ¢ > £.

Let w; (v) denote the result of running the reversed gradient flow dv_; = —V- (V_tVf;—I; (v—_t)), vp = v for time ¢ whenever
it exists; time inversion ¢ — —t shows that w; () = o for the forward flow (1;);>0. Since pp € ¥; for some integer time

¢ and 7}, it holds that
g5 | Jwr %)

jEN£EN

hence %T must be contained in the countable union of images of graphs. [

E. Proofs for Section 5
E.1. First-order Improvement

Proposition E.1. Let F' be a functional depending on p only through the MLP layer h,. Suppose MFD (1) at time t
admits a distribution i € P5(0) with x*(fi, p1e) < X? such that along the linear homotopy jis = (1 — 8)us + sji we have
i’S:OF(ﬂS) < —0 <0. Then %F(ut) < —x7252.

Proof. We may express F as F(u) = J(h,,) for an auxiliary functional h + J(h) defined on C'(2",R%), which implies
that

oF oJ

—(p,0) = The(z) dz.

5 (0.0) = [ 5 (o) ho(a) do
In particular, since the dependency on the second layer a is linear, it holds that a " V, ‘;IZ = ‘;—5. We can then directly lower
bound the decrease rate of the objective under (1) by isolating the gradient provided by a:

d OF
&F(Mt) Z/E(Mtﬁ)atut(da)
2

i
p¢(d0)

< —/ (aTVag(ut,H)fut(dG)

-/ <§i(ut,9)>2ut(d9)-

Starting from the first-order condition, by the Cauchy-Schwarz inequality we can also bound

2

oF
Vef(#tﬁ) pe(dO)

Ntv

) = ([ - n@) < [ (Epn) wa

(d
dS s=0

Joining the two inequalities gives the desired bound. O

Proof of Proposition 5.2. The functional derivative is computed as

oL
5 (100) = B [Guo (@) Do 12 ho ()] (13)
where we have normalized the additive constant such that the integral with respect to the current measure ( is zero, i.e.

J %(M) dyp = 0. This can be seen from

oL
@(uﬁ)ﬂ(d@) = —/Em (G e (®) "B 13y, Lo ()] 11(d0) = ~Eap o u(2) T Spse B b ()] = 0,
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as in the proof of Theorem 3.3. We remark that this differs from the usual normalization such that f G;L(,u, 0)de = 0.
Due to the spherical symmetry of 7 in the first component, it is also immediate that
oL
5 ) 47 = B [Guo (@) By By e ()] = 0.

The chi-square divergence between i = R#u® and p; can be bounded as

dji
() <5
dpu dp || o
where the birth-death mechanism prevents the density ratio ‘(ii"‘ from falling below the threshold ~y at any point. Writing the
convex decomposition of R in the sense of Lemma C.6 as Z;”:l a;R; with R; € O(k), the density of fi relative to 7 is

further bounded as

by the spherical symmetry of 7. Hence we may apply Proposition E.1 with x?> = 4! Ry, showing that the objective
decreases along MFD by a rate of at least - £(p1,) < —Ry '76%.

—l<'y_1

dm

(oo}

m

<2

o —

dp

dm

dRﬁu

< Ry

Moreover, whenever the discrete linear update is performed, along the homotopy fis := (1 — s7v)u: + sym we have

d oL
— L(fis s, 0)(m — df) =0
3o L) =7 [ 50 )7 = ) (06)
Hence ¢ — L(u.) is unaffected by the discrete updates, justifying the inequality for all time ¢ > 0. O

‘We note that if the forcing term is applied continuously as in Remark 5.1, almost the exact same proof for Proposition E. 1
applies by bounding

2

S == [ HVG (0| w(00) 4 [ 5500 = ) (a0) <~ [ (((iﬁwt,e))zut(de).

As we mentioned briefly, the proof can also be easily modified to handle unbounded second layer a by invoking the
Cauchy-Schwarz inequality to lower bound the gradient

/Hvaﬁ(“t’e) e(d9) </”“” pue(d0 )1/<aTVa§ﬁ(ut,9)>2ut(do)

and bounding the second moment uniformly in time with the following result,

Lemma E.2. Denote the second moment of n € P5(0) along the a component as mq (1) = [||a||?1(d6). Then the
mean-field dynamics p; for all time t > 0 satisfies mq (pt) < ma (o) V me ().

Proof. In fact, m (-) remains unchanged by gradient flow:

d
Gymatin) = [ al?aum(a6)

= / (a odfve%wt,emt(dm

oL
) / aT Va5 (. 6)p(d6)

—2/%(%9)%((19) = 0.

Also if the discrete update is performed, the output satisfies mq ((1 — )t +ym) = (1 — v)ma(pe) + yme () by linearity
of the moment functional p — mg (1). Hence mq (+) always interpolates between mg, (p10) and mg (7). O
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Proof of Theorem 5.3. Shifting the time index, suppose L(p) < 0.49r. Then L(p;) < 0.49r for all ¢ > 0 and by
Proposition 3.4 we are guaranteed a direction of improvement fis = (1 — s)u; + si with i = Rfu for some R € By (k)

such that q A
r

- 17 < —— = _ .

ds |, SV < —qg L) CRE)

Proposition 5.2 then ensures the objective decreases along the Wasserstein flow as

d 16y 0 (T 2 T
L) < = £0)* (5 = L)) s 0= L(wa) < 5.
a (1) < RIR, (1t) B (11e) < L) < 2
We now divide the band into two halves.
(i) § < £ < 5 (acceleration band). By substituting L(p)? > Z above and solving the differential inequality, we obtain
r 100 r24t >_
e < - (M- F
(,ut) 2 r Rzll R,
r 96 R} Ry

and hence £(;) decreases below = after time ¢; <

4 T3y

(i) 0 < £ < 3 (deceleration band). By substituting (5 — £(4))? > Z—Z. we likewise obtain
4 2yt — t1)>1

< | Z
ﬁ(lit) = (r + R%RAL

4
and hence L(1;) achieves loss < e after time 1 + }}2’} L

<
Finally, note that the second term dominates the first since € = O(r). O

E.2. Second-order Improvement

Proof of Lemma 5.4. 1t is straightforward to show that

oF °r ,
00 VS5 (10)| = Vi [ 55 0,0.0) 0o )

5°F oF
= *Ve/VH' e (14,0,0') - Vor o (e, 0")pe (d0)

oF ,
[ B 0.0)%0 5 (0000,

Each term is well-defined as soon as the kernel is assumed to be Hilbert-Schmidt, or due to Lemma E.3 for the case

F=_L O
Lemma E.3. The kernel Hu for the functional L is Hilbert-Schmidt for all i € 27 (©). Moreover, the corresponding
integral operator H,, f(0) = [H,,(0,0')f(0")u(d0’) is compact self-adjoint, hence there exists an orthonormal basis

{¢;}jen for L*(©, u; Rk+d) consisting of eigenfunctions of H,,.

Proof. We extend our notation to write for example £, 9 = Ezp., [h,(x)ho(x) T]. From (13) the second order functional
derivative can be derived as

2
S 0.0) =5
= —tr (Euo,e/zﬁize,u")
+ 1 (B 1 2,0 (B + o) S 1 o)
e (e B w2, D000
—tr (2;7}»(29’41 + Euﬁ’)zmuzﬂ’“" EI‘O”‘E;LEQ’“)

Ee [(hu" (z) — Eu‘),uz;:,bhu(w))TEM(’,uE;Lhé’(“’)] (6
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—+ tr (2 29/ 1° 2/1'0 I,,E 29,/1,)

Hott Haft
+1ir (EIMMEIMMO EMO)QIEIMMEG)U)

— b1 (B, e Do 1 B0 (B 4 Bpo) B0 0 ) -

It is tedious but straightforward to check that this expression is symmetric in 6, 6’ (which would otherwise follow directly if
we had a priori second order regularity estimates for £). We then have that

%L %L
[Hﬂ(ea 9/)]1' 89 69' ﬁ(/’(‘a 9/) = 89; 891‘ W(IJ@ 9/7 9) = [Hﬂ(elv 9)]j7i

which implies H , is self-adjoint as before. For the proof of the first claim, we refer to the uniform spectral bound for H,
obtained in Lemma E.5; this also shows that #, is compact. O

In Lemma E.4 and E.5, we derive various regularity bounds of the ICFL objective L. The constants C1, - - - , C'5, numbered
as to be consistent with Theorem E.7, are explicitly defined during the proofs and have at most polynomial dependency on
all problem constants.

Lemma E4. The gradlents of the functional derivative of L at any u E Kz 2+ (©) such that Awin(3,,,,) > X uniformly satisfy
IVas i £l € Ca |[VwE i £ < Cy and ||V5L|| < Cy. Moreover, V is Cy-Lipschitz on ©, where Cq,Cy = O(

and Cy,,C1 = O(m)'

)

Proof. The gradient with respect to each component is given by

5L -

T oL
vam(ﬂve) = _]Em [Cu",u(m)—rzuo,uzu L (w .’IJ)]

) vw@(:u)e) =K, [Cu",u(m)—rzuo,uzu Laa ('wTa:)zc] :

Hence we can bound

2

oL _
vam,m < Ea (G (@) B, Zpho (w0 @)
<R2 [Cu n(@ ) iy, Eu u°<ﬂ°,u(m)]
S )\ tr(L 2“07”2 ,uzu,u")
TR? 2R2 9
< - = _ =
k?zRf )
< =:
) Ca;
and also
5L 2
905 00)| < B 1 (0) 0,3 b (w2}
< R2 ‘Egp [”Cu",u(w)T u‘%u _1 HQHIBHQ}
R2
< g [l nle) By B2 a2
RIM 1/2 . 21\ /2
< f (trEw [(Eu°7u2u,u2u,u°CMO,u(x)<u°7;t(w) ) D
FR2M)? 1/2
< %(tﬂ[ﬂm [CIJOHU«( x)Cpo (T ) w2y, E# u"CMO,u(w)Cu"yu(m)T])
2R2M,/* 1/2
f(trLuEm [Cm,u(x)@",u(w) Yo udy, Eu MOCMO,M(‘E)CM°7M(‘B)T])
7R2M1/2 . 2 27\ 1/2
<2 (rtr]Em [(Cﬂ",u(w)@",#(w)—r) } —2trL,Ey {(Cﬁt°7ﬂ(m)cﬂ°,u($)—r) })
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732 R2 /2
< % SUPg [ Cue (@) || (2 tr Lu)l/z

ok 1/ 27 5/2R3R2 1/2
< \2

L2
=:C5,,

where for the last line we have used the coarser bounds ||(,0 . (2)|] < Ry + R3A "1 and X < % tr X0 0 < RT? Combining
the two bounds yields

5L 7R} e
HVM(H’Q)H < < % L(Ry + 4kY*7 2 RIM 1/2)> = ().

Furthermore, for 6; = (a1, w1), 02 = (as, w2) we have

oL oL
vam, 01) = VaSE009)| = [Ea [Gre () B (] ) — ota0] )]

Hok

< Ry Eq [”Cﬂ"”,u(w)—rzu"’#zﬁ,h” ’ ||w1rf’f' - w;wH]

2\ /2
< RyM,"? (ﬂ) lwy = ws,

and also

oL oL

g~ _ i T
5# (M791> vw 5# (/1/7 02)

— HIE:,: [Cﬂo’u(w)TEHoMEHL(alU (w IIB) — a0’ (wy )] H

< [[Ea [Guo (@) "Bpe 12,0}, (@1 — az)o’ (w] @)a] |
+ HEE [Cﬂt’,ﬂ(w)—rzu(’,uzu,#a?(g (wirw) -0 (w;w))w] H
1/2 AN
<ra (1)l - al
+ Ry - Eg [[|Gue () T Spio B L - 1w — wwalf]?]

g2\ 2 2\ 2
S R2M21/2 (%) ||a1 - a2|| + R3M41/2 <2>\> ||w1 - w2||

[°-

Combining the two yields that

oL oL

5/14 (:u791) VE(IMHZ)

_ 1/2
kT
< (e ) 10— 0a] = Ca 0y 0.

I

O

Lemma E.5. For any p € 25 (0) such that Amin(2,,.,,) > X it holds that |H,,(6,0") H,,(0,0") is uniformly
Cy-Lipschitz w.rt. 0 and ¢, and H,, is Cs-Lipschitz w.r.t. p in 1-Wasserstein distance, where C5,Cy = O(A\~2) and
Cs = O(dX\73).

Proof. To derive regularity estimates of H,,, we start from the expansion in Lemma E.3 and perform explicit computations
for only the first trace term ¢(u, 0,6’) = tr (Eltoﬂ/zu }nghu ) VoV t(u,0,0") consists of block matrices

VaVart(1,0,0") =Eq [o(w' @)hye ()] Ep [o(w' @)hye ()] 270,
VaVurt(p,0,0) = 5,1 a'Eq [o(w ' @)hye (z) ] Eg [ T2)hye ()],
VuwVat(p,0,0) =Eq [o'(w' @)zhue (@) | Ee [o(w' T )hye ()] a2,

Vo Vart(11,0,0") = Eg [0 (w @)zhue (x) "] Eg [0/ (W' @)hyo ()2 | 0TS ) a

It follows from Lemma C.1 that ||VoVet(p, 0,0")| < (R} + 2R%R2k1/2?1/2M21/2 + R3kT M)A~ = O(A71). Each
term of H,, is likewise uniformly bounded so that H, is a valid kernel.
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The Lipschitz constant of VgV t(u,d,0") w.r.t. 6 can also be controlled by separately bounding

IVaVart(p,01,0") = VaVart(, 02,0
< Eq [Jo(w] ®) - o(wy 2)| - [|hue (®)]] Eg [Jo(w )] - [[hue (@)]] 12,
< Ry Ry My ? kA~ wy — ws,
IVaVwt(1,01,0') = VaVart(p, 02,6)||
<20 (|- B [lo(w] @) — o(wy @)| - | hye (@)]|] g [lo"(w'T2)] - [|hye ()2 |]
< REMLEFA ™Y ||wy — wy,
[V Vart(p, 01,0') =V Vart(p, 02,6)||
< By (|0 (w] ®) — o' (wy )| - |[@hye (2) " ||| Eg [|o(w' T @)| - [[hye (@)]] [la] ;)|
+Eq (|0 (wg @)| - |2hpe (@) T[] Eg [Jo(w' @) [|he (2)]] (@1 — a2) "E;, |
< Ry RsM}? kA~ lwy — wa + RiRo My *kPA~ |y — as),
Vo Vit (1, 01,0") = Vo Vawr t(p1, 02, 0)|
< Eq (|0 (w] ®) — o' (w; )| - [[&hye ()| By [|o" (w' T @)| - e (@)2 ][] [l 2, a1
+Eq (|0 (wg @)| - |2hye (@) T[] Eg [Jo"(wT2)] - [[hye ()2 [] @', ), (a1 — o)
< RyRs My M2 kiX = Jwy — wol| + R2MokTA " |ay — as).

ull
©w

Therefore, VoV t(i,0,0") is uniformly O(A\~1)-Lipschitz w.r.t. both # and §’ by symmetry. All the remaining terms can
also be bounded with at most an O(A~?2) Lipschitz constant; in particular, the terms including three factors of E;L can be

—1/2

controlled by removing a factor of A twice and isolating E;L/ > pouo and X0 Z;L/ % asin the proof of Lemma E.4.

Finally, the third-order functional derivative V (; H,(0,0)(0 ) can be bounded in a similar manner with spectral norm at
most O(A~3), yielding via Kantorovich-Rubinstem duality that

mAam—HM@wwzw/QHaﬁmﬂwwawmm—mxﬂw5@+@x@mumw»

The additional % 4 d factor arises from bounding each entry of H,,, — H,,, separately. We omit the details. O

Proposition E.6. Let I be a functional depending on . only through the MLP layer h,,. Suppose MFD (1) at time t admits
a distribution [i € P5(0) with x*(fi, i) < X° such that % |S=0F([LS) < —A. Then the smallest eigenvalue \o of H,,
satisfies \g < —¥ 2A.

Proof. The second derivative along the linear homotopy jis can be expanded as

d2
ds?

d

F(ps) =

s=0

0= a0

2
//5Fﬁm99 (i — 1) (A6) (7 — ) (d6)).

Now similarly to the proof of Proposition 5.2, denoting = (a, w), 8’ = (a’, w’) we can exploit the fact that 2275 (1,0,0")
is bilinear in a, @’ to relate it to the kernel H,,

°r 5°F 5°F
W(u,@,@’) = [V Va/6 5 (1,0, 9')] a =(a 04" [V9V9/5 5 (1,0,0")| (a’ 04)

= (a 04)"HL(0,0)(a’ 04).

Writing the eigenfunction decomposition of H,,, as (omitting the dependency on ¢ for brevity)

0')=> XN (0)e; ()", /ijHQdut:l Vi€Z, M>A>--2>0, Ag<Ag <o <0,
JEZ
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we may thus bound

d?

—-A>
d52

F (i) / / @ 04)THL(0,0') (@’ 04)(ji — 1)(A0) (i — 1,)(d0))
DL (/a 0a) wj(9)(u—ut)(d9))2

JEZ

— Aol -y </(a 0a) "5 (8) (2 — ut)(d9)>2

JEZ

- X ([ (§2-1) (a odmw)ut(de))z

JEZ

bl f (52 - 1) e (d0)

—X |>‘0|a

v

v

where we have made use of Parseval’s identity. Hence the largest negative eigenvalue is bounded as Ay < —y 2A. O

Theorem E.7. Assume F : 25(Q) — R, Q C R™ satisfies ||V5F|| Cy, V is Cy-Lipschitz, H,, is Hilbert-
Schmidt, |H,|| < Cs, H,(0,0) is Cy-Lipschitz w.rt. 0,0" and C5 Llpschltz wrt w in Wy. Further suppose that
Ao := Amin(H 1) < 0 and the corresponding eigenfunction 1y satisfies | [ g VM (ue) dpt| > a for some o > 0. Then

WGF initialized at jio = j1' decreases F by at least F(p,) < F(ug) — Q (%) intimet =0 (W log \L%"L)

Unlike before, F' can be completely general and does not need to depend on p through an MLP layer.

Proof. First note that the function ¢’ +— H,+(6,0")V (ut, ") is uniformly Lipschitz: for any 6/, 65,

oF oF
HHM, OV L 1, 00) = 0 0.05)9 5 ()

oF

oF oF
< 68,0 0.6)) = F 0.05)] [ 957G 00 '

I (0. 605)]] vamt,el) -5 )

< C1C4)|07 — 05| + C2C5167 — 65]].
We re-expand the evolution equation (7) for the dynamics (1 );>0 around ' as

oF
o [ve(w(ut,e)] - [1.0.0)%,

- / H,:(0,0))Ve

OF

(S,U (:uh 9/)Mt(d9/)
OF
op

oF
H,:(0,0)Vy
+H/ i (0,0)% op

(pe, 0" )t (") + e(t, 0),

where the difference or error function e(t, ) can be bounded as

(0] < | [ F1,60.8) = B0 0,050 G 000 (10, 8') (e — 11)(09)
(0105 + (0104 + Cgog)ml/Q) Wl(,ut, ,uT).

=: O W1 (ue, p1).

IN

For the second term we have used the Lipschitz constant derived above to bound each entry separately. Then the v)g-
component ag () := [ Vg V- ‘SF () dut of the gradient evolves according to

7040 //1/10 0) " H,; ee)vg,‘; (pae, 0t (A0t (dB) + /qpo 17 (d6)
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1)
— X / wo(efveg(ut, 1(do) + / o(6 (o),

and hence
/2

|ao )+ doaolt ] (/1/)0||2du> sup (1, )] < C Wi . )
Oe

Without loss of generality, assume initially «g(0) is positive so that ap(0) > «. We consider a 1-Wasserstein ball centered
at u1' with radius small enough so that the error term is negligible compared to the exponential growth,

Bw(A) = {u € 22(0) : Wi p) < A = ';C'a}

Then for a set time interval 7 > 0 to be determined, either of the following must happen:

(i) (pe)eeo,r] € Bw(A). In this case, ap(t) grows exponentially during the entire interval ¢ € [0, 7] as

d a
:00(t) = [dolao(t) — CeA = [Ao] (O‘O(t) B 5) >0,

showing that
ao(t) = el (ag(0) - 5) + 5

Then the decrease of F after time 7 can be bounded below by retrieving the )g-component as

F(po) — F(pr) //H (10,0
[ HV‘EFWM
/ (/ voll utﬁ)que))th_gclchT

:/ () dt—20102A7'
0

o? 1 2
> _ - 2|)\0|T _ 1 _ |)\0|T _ 1
> (g g T

ut(dﬁ) dt

2
p1(d6) dt — 201 Co Wi (jur, MT))

(i) pr, ¢ Bw(A) for some 7. < 7. If the mean-field flow has managed to escape the ball Byy(A) in time 7., the
Benamou-Brenier formula (Proposition A.3) immediately guarantees that

? WQ(N’TMH’T)Q > A72

Te oF
Fluo) — Flur) > Fluo) — Flps,) = / / Hvémt,e) jue(d6) dt > .
0 1 Te T
Thus we have proved that:
a? 1 2 A2a?
Fug) — Fpy) > [ — | == (2Pl —1) 4 Z_(elPolm 1 — o . 14
(o) = Flir) 2 (5 (g (@ = 0 4 el = 1) 47 o) ngle a9

Due to the exponential terms, we see 7 < log é is enough to ensure that the two terms become roughly equal so that the
guarantee is close to optimal. For the remainder of the proof, we derive the exact formula. Choose

1 Cr

S T 4
Dol e

for some C7 > «. The first term in the right-hand side of (14) can be bounded as

a? 1 9 2
= (2ol 1) 4 2 (plrolT _q
(g =0+ g =1 +7)
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2 2 2 2
_ o <@—1)+ 5 <C7—1)+ L PV ) L B i

8ol \ a2 2l La ol Ba T G a
C? 50&2 ) ( C? 0102 O7> C? C70é a2 07
> - + - alog— | + + + log —
(24|)\0| 8ol ) " \24] T Cs e ) T 24l T 2Pl T APl B e
> C? _ 5042 C? _ 010207 C?
- 24|)\0| 8|/\0| 24|>\0| Cse 24|>\0‘7

where we have used the fact that the function x — x log % has maximum g Then the first term of (14) will dominate the
second as long as
C? > 50&2 v 610207 |)\0|3042
24| X0 ~ 8| Ao] Cse 4Cg log%'

Manipulating terms shows that

24C102|>\0‘ 12 )\%CM
Cr; =V1ba Vv \% — 15
7 “ Coe log 15 Cq (15
is sufficient. For the purposes of the general statement, we focus on asymptotic behavior w.r.t. o and hide all regularity
constants C1, - - - , Cs, yielding Cs = O(m'/?) and C7 = O(|\g|m~"/2) as the second term in (15) dominates. O

Proof of Theorem 5.6. Let us fix the lower bound Apin(2,,, .,) = A = O(3). (The bound only needs to hold either
locally for the Ws-ball of radius A in the proof of Theorem E.7, or along the dynamics x; until escape.) We first need a

robust version of Theorem 3.3(ii) since y; cannot be exactly on a critical point. If % =0 L(fis) > —¢ it must hold that

(L9 PR Sl M g by (8). Then from (9), again choosing R € O(k) such that 3,0 , 3} R is symmetric,

d? _
ds2 o E(Ms)

—4tr (LZRTE, I R) +2tr (L2840 3, LR+ RTE, L8, 0 — 21) 8,0, 5 R)

—4tr (LRSI R) 4 2tr (280,38, R+ R'2, 1%, o — 2I) 'L, 2,0 .3, R)

s

4 _ _ _
= _TRQ E(“t)Q +2 HLMEHOMENjLH*||22NOMEM7}LR + RTEMLEW‘(’ a 21k||
1
4 _ _
< g L) + (3% B2 IR+ 2)
1
4
< L) + (372N 4 2)6.

_TR%

. 2 _ .. .
Hence if § < m L(pe)? then | L(jas) < —ﬁ L(p1)?, and by Proposition E.6 it holds that

2y 2
— A < -1 .
Ao = Amin(Hp,) < T L)

Then Theorem E.7 applies to F' = L by virtue of Lemma E.3 and the regularity constants derived in Lemma E.4 and E.5.
One can check that

d
Cs = C1C5 + (C1Cy + C2C3) (k + d)1/2 =0 (W)

and
A3/2 L AZ3201/2 s 5
C’7O<a\/k3/2d£(uf,) del/zﬁ(“t)>0(0‘+k4d);

the third term is dominated by the geometric mean of the first two, and £(u¢) = O(1). Hence the time interval of interest is

k Y
T=9 (vﬁ(ut)z (Og k4da> Y > ’

and the guaranteed decrease of the objective is

2 4 _1
£l ~ Lusr) 2 522 > 0 (” @ LU (10g 1 v1) ) |
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E.3. Escaping from Saddle Points

The usual theory of Gaussian processes can be readily extended to multivariable outputs.

Definition E.8 (vector-valued Gaussian process). The random function £ : Q — R™ is said to follow a Gaussian process if
any finite collection of variables £(61), - - - , £(6;) are jointly normally distributed. The process is determined by the mean
function m : Q — R™, m(0) = E[£(0)] and matrix-valued covariance function

K:QxQ—=R™™  K(0,0') = E[(£(0) — m(0))(£(0') —m(0))"].

We denote this process as & ~ GP(m, K). See Alvarez et al. (2012) for further details.

Lemma E.9. For any u € 25(RQ), square-integrable test function 1 € L*(Q, u;R™) and covariance function K :
Q x Q — R™ "™ satisfying [||K(6,0)||p(d0) < oo the inner product (), &) 2, urmy for & ~ GP(0,K) is normally
distributed.

Proof. Note that the inner product is defined almost surely since

Be (16120 p0mm]| = [ EllE@I7)uta6) = [ rK(0.0)u(a6) < .

We denote by & the closed linear span of the set of square-integrable random variables {)(6) T£€(6) : 6 € Q}. For any
Z € &t itholds that E¢[Z(0) T€(0)] = 0, so that by Fubini’s theorem

Be [206.€)2(0,um] = e | [ 200)e@n(an)] ~o.
Hence (¢, €) 12(q urm) € () = &, and so is normally distributed. O

For the proposed perturbation process, the change in the gradient field along the flow of £ can be quantified as

oF oF At oF
el R vl | — il
\% 5 (,uAt,H) \Y% 5 (,u 76’) —/0 Oy [V 5 (ut,H)} dt

At (SQF
- / / VoV o (e O, 60600 (08
0
At
= HHt [5] dt.

0

The resulting 1)g-component is

o) = [ ¢0(9)TV%(MAt,9)MT(d9)

-/ %(9)T(V?;(MT79) -

— Xt [ 60(6)TE@)u1 () + a + O,

At

At
_ T
[ e+ /0 (M, Hm[s]dt)u(ow)

and first term is normally distributed by Lemma E.O.
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