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ABSTRACT

Transformers are deep architectures that define “in-context maps” which enable
predicting new tokens based on a given set of tokens (such as a prompt in NLP ap-
plications or a set of patches for a vision transformer). Previous work has studied
the ability of these architectures to handle an arbitrarily large number of context
tokens. To mathematically, uniformly analyze their expressivity, previous work
considered the case that the mappings are conditioned on a context represented by
a probability distribution which becomes discrete for a finite number of tokens.
Modeling neural networks as maps on probability measures has multiple applica-
tions, such as studying Wasserstein regularity, proving generalization bounds and
doing a mean-field limit analysis of the dynamics of interacting particles as they
go through the network. In this work, we study the question what kind of maps
between measures are transformers. We fully characterize the properties of maps
between measures that enable these to be represented in terms of in-context maps
via a push forward. On the one hand, these include transformers; on the other
hand, transformers universally approximate representations with any continuous
in-context map. These properties are preserving the cardinality of support and that
the regular part of their Fréchet derivative is uniformly continuous. Moreover, we
show that the solution map of the Vlasov equation, which is of nonlocal transport
type, for interacting particle systems in the mean-field regime for the Cauchy prob-
lem satisfies the conditions on the one hand and, hence, can be approximated by a
transformer; on the other hand, we prove that the measure-theoretic self-attention
has the properties that ensure that the infinite depth, mean-field measure-theoretic
transformer can be identified with a Vlasov flow.

1 INTRODUCTION

Transformers have revolutionized the field of machine learning with their powerful attention mech-
anisms as introduced by [Vaswani et al.| (2017). The exceptional performance and expressivity of
large-scale transformers have been empirically well established for both NLP (Brown et al.| (2020))
and vision applications (Dosovitskiy et al.|(2020)). One key property of these architectures is their
ability to leverage contexts of arbitrary length, which enables the parameterization of “in-context”
mappings with an arbitrarily large complexity. The previous work (Furuya et al.| (2024)) studied
this by analyzing the expressivity of mappings that are conditioned on a context represented by a
probability distribution of tokens which becomes discrete for a finite number of these. By implica-
tion, transformers are viewed as maps between measures. Here, we present a full characterization of
maps between measures that can be represented by these measure-theoretic transformers, that is, we
address the question which class of mappings between measures can be identified with transformers.

Mathematical modeling of transformers. It is now customary to describe transformers as per-
forming “in context” prediction, which means that it maps token to token, while this map depends
on a set of previously seen tokens. The size of this context might be very long, possibly arbitrarily
long, which has been addressed in [Furuya et al.| (2024) that concerns the transformers as universal
in-context learners. The ability of trained transformers to effectively perform in-context computa-
tion has been supported by both empirical studies (von Oswald et al.|(2023)) and theoretical ones
(Ahn et al.[ (2024); Mahankali et al.|(2023)); |Sander et al.| (2024); Zhang et al.|(2023))) on simplified
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architectures (typically with linear attention) and specific data generation processes. The connection
between transformers and graph neural networks is exposed in|Miiller et al.| (2023)).

It has been noted that in order to make a comprehensive analysis of arbitrarily long token lengths,
and to describe a “mean-field” limit of an infinite number of tokens, it is natural to view attention
as operating over probability distributions of tokens (Vuckovic et al.| (2020); |Sander et al.| (2022)).
The regularity (Lipschitz continuity) of the resulting attention layers was analyzed in |Castin et al.
(2024).

Deep transformers (with residual or skip connections) have been described by a coupled system of
particles evolving across the layers. Such systems are fundamental in modeling phenomena across
physics, biology, and engineering. This connection has been exploited by |Geshkovski et al.| (2024
who studied measure-to-measure interpolation using transformers. The analysis of the clustering
properties of such an evolution was studied in |Geshkovski et al.| (2023ab). Biswal et al.| (2024)
further investigate the use of transformers to approximate the mean-field dynamics of interacting
particle systems exhibiting collective behavior. They establish theoretical bounds on the distance
between the true mean-field dynamics and those obtained using a transformer, by lifting it from a
sequence-to-sequence map to a map on measures upon taking the expectation of a finite-dimensional
transformer with respect to a product measure. From a different viewpoint, this connection will
be further developed here, in general for mappings between measures satisfying the conditions to
be representable by measure-theoretic transformers. The structure of the interacting particle sys-
tem enables concrete connections to established mathematical topics, including nonlinear, nonlocal
transport equations, Wasserstein gradient flows, and collective behavior models.

Universality of transformers. |Yun et al.|(2019) provides, to the best of our knowledge, the most
detailed account of the universality of transformers. The authors rely on shallow transformers with
only two heads and require that the transformers operate over an embedding dimension which grows
with the number of tokens. This result is refined in Nath et al.|(2024)) and emphasizes the difficulty
of attention mechanisms to capture smooth functions.

‘We note that there exist variations of the original transformer’s architecture which enjoy universality
results, for instance, the Sumformer (Alberti et al| (2023))) and stochastic deep network (De Bie
et al.[(2019)); these also require an embedding dimension that grows with the number of tokens. We
furthermore mention the introduction of probabilistic transformers (Kratsios et al.| (2023)) which
can approximate embeddings of metric spaces. The work of |Agrachev and Letrouit| (2024) provides
an abstract universal interpolation result for equivariant architectures under genericity conditions;
however, it is not known whether there exist generic attention maps.

While this is not directly related to the analysis presented here, some works study the expressivity
of transformers when operating on a discrete set of tokens as formal systems (Chiang et al.| (2023);
Merrill and Sabharwal| (2023)); [Strobl et al.| (2024); Elhage et al.| (2021))). Another line of work
studies the impact of positional encoding on their expressivity (Luo et al.|(2022)).

Furuya et al.|(2024) provide a rigorous formalization of transformer expressivity and continuity
as operating over the space of probability distributions through its in-context mapping. The main
mathematical result is the universal approximation of in-context mappings for the unmasked and the
masked settings, considering deep transformers with a fixed embedding dimension, but which are
universal for an arbitrary number of tokens. A more constructive approach, although applicable to a
narrower class of functions, is proposed by Wang et al.|(2024). |[Sander and Peyré|(2024) introduce a
framework to analyze the expressivity of deep transformers in next-token prediction, while exploring
how successive attention layers solve a causal kernel least squares regression problem to predict the
next token accurately.

1.1 OUR CONTRIBUTIONS

The central question posed here, is whether a support-preserving map between measures can be
characterized as the push forward with an in-context map or not. We answer this question in the
affirmative by introducing a “certain” smoothness condition, which roughly entails that a “certain”
derivative of the map is uniformly continuous. We provide a counterexample, showing that this
condition is essential. Our proof is essentially constructive.
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Applying this result and the underlying analysis, we prove that measure-theoretic transformers ap-
proximate such support-preserving maps, using the results of [Furuya et al.| (2024)). This settles the
full characterization of measure-theoretic transformers.

Finally, we show that the solution operator of the Vlasov equation, which is of nonlocal transport
type, for the Cauchy problem satisfies the above mentioned condition(s) as a map between initial
and final measures. This provides a bridge between interacting particle systems, in the mean-field
regime, in the general context of measure-theoretic transformers. (A second-order generalization of
measure-theoretic transformers yields a similar result for the solution operator of the kinetic Cucker-
Smale equation (Biswal et al.|(2024)).)

We first present the analysis relating support-preserving maps between measures with in-context
maps that define measure-theoretic transformers. We later show, in an appendix, that “classical”
transformers arise as a limiting case through (sub)sequences of discrete measures determined by
tokens. The correspondence with Vlasov flows is established in the mean-field sense and is based
on an infinite-depth limit.

1.2 NOTATION

Let  C R? be a compact set. We denote by P(€2) the space of probability measures on 2. Below,
all measures y on subset  of R? are defined on the o-algebra of the Borel sets of 2. We denote by
() the space of continuous functions from €2 to R, and the dual coupling between ¢ € C(£2) and
€ P(R2) by

(o, p) = /Qw(x)du(x)-

We use the notations of Wasserstein distance as W, for 1 < p < co. We extend P((2), that is, the
set of all probability measures to the set of all strictly positive, finite measures

MT(Q) = {su: peP(Q),s>0}
We also extend the W distance to M™(Q) by defining for 1, o € P(Q) and 51,82 > 0
Wi(sip, sap2) = Wi(p1, p2) + [s1 — s2l,
see [Lombardini and Rossi| (2022)). We write

M () 1= {Zaiam eEMT(Q): 2 € X, ai > o} :

i=1

M}rm(Q) = U M]Tm,(n)(Q) = {Z a0y, EMT(Q): 2, €Q,a;,>0,n€ N} .
n=1 i=1

Finally, we denote by M]Tm dif,(ny(§2) the measures of the form ;1 = o1 ile, € My (n)(Q),

where a; > 0 and for all non-empty subsets .JJ, K C {1,2,...,n} satisfying JN K = () it holds that

S0 Yo
jed kEK
We set M7, 5:0(Q) = UpZ, M;{m’dif’(n)(ﬂ). For a continuous map g : {2 — €2 and a measure y

the push-forward measure of  in the map g is the measure gz (A) := p(g~(A)), where A C Q2
is an open set. For further details pertaining to these notions, we refer to Appendix [A.T]

We state the following lemma, which is proved in Appendix
Lemma 1. M;{mdif (Q) is dense in M™(Q) in the 1-Wasserstein topology.

2 DEFINITIONS AND PROPERTIES OF THE RELEVANT MAPS

2.1 SUPPORT-PRESERVING MAPS AND IN-CONTEXT MAPS

Definition 1. We say that f : Mt (Q) — MT(RY) is a support-preserving map if for all finitely
supported measures of the form,

p=> a6, € M}, (Q), (1)

i=1
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where a; = -, c € Ry, and x; € (), there exist y1, ..., yn € R4 such that

F) =" aid,, € Mf,,(RT) )
=1

and satisfy the condition
ifr; = x; theny; = y;. 3

The consideration of support-preserving maps to study transformers is natural; see Section .1 and
formula in Appendix and [A.4]for a detailed discussion. Let (z1, zo, ..., 2z,) € Q" be the
sequences of n tokens in & C R?, and let the union of all these be X; = Uf;l Q™. A sequence
(z1,2,...,3,) can be identified with the probability measure p = Y_"" | 15,,. We denote the
corresponding identification map by ¢ : Xg — Prin (),

n

1
v:(x1, @, ... Ty) — =0, - 4)

i1 "
Thenamap F' : X; — X that for any n maps a sequence (1, z2, . . ., <, ) of d-dimensional tokens
to a sequence (Y1, Y2, - - ., Yn) Of d’-dimensional tokens so that the condition (3) is satisfied, defines

a support-preserving map [ : M}“m(Q) — M;Em (R?') that is the zero-homogeneous extension of
themap f =10 F ot Ppin() — Prin(RY). This map satisfies f(31_, 26,,) = S0, 14,,.

i=1 n"%i
We consider the Wasserstein distance, which is a generalization of the permutation invariant distance
of sequences of tokens. We recall that the 1-Wasserstein distance of the measures 1 = Z?zl %5%
1

and p/ =" | -8, is given by

) 1 n
Wl(,u,/i/) = m;nﬁ Z |.TZ - Jj;_(z)|7
i=1

where the minimum is taken over the permutations, o : {1,2,...,n} — {1,2,...,n}. For back-
ground material on basic transformers, we refer the reader to Appendix[A.4} The convergence of the
point measures toward continuous measures as n — 00, is discussed in Appendix [A.3]

Lemma 2. Let f : M*T(Q) — MT(R?) be a support-preserving map that is continuous in the
1-Wasserstein metric. Then, for any measure of the form (1)) with a; > 0 we have that f () is of the
Jorm @) and satisfies condition (3).

Lemma |2 can be proved by using sequences of points x; of which several are equal and simply
approximating a; by rational numbers. The details of the proof Lemma[2]are given in Appendix[B.2]

Definition 2. We say that f : MT(Q) — M*(Rd/) is a support-preserving map given by an
in-context map, G : MT(Q) x Q — R, if there exists such a map such that

f(w) = G(p)gn,
where G(1) is regarded as the map © — G(u)(x) = G(p, ). We sometimes write | = fq.

Note that for a measure 1 = Y, 24, it holds that fo(u) = >0, 16,,, where y; = G (i, z;).

i=1 i=1
A particularly interesting exampﬁe of such a map is fr : p — F(/;)# ,17, where the function I' is a
multi-head self attention; see Section|4.1

In Corollary [T} we revisit the connection between the maps in this definition and transformers. Our
goal is to show that a support-preserving map f under a “certain” smoothness condition can be
written in the form, fg, with an in-context map, GG. In the following subsection, we specify this
“certain” smoothness in detail.

2.2 REGULAR PART OF THE DERIVATIVE

Definition 3. Let n, p > 0. We consider triplets (p, x,) € X, with
X = Xopy = {1 € MY(Q): u(Q) < p} x Q x {1 € G3(R?) : Lip(¥) < n},
which is endowed with the distance function
DX((thhwl)v (M2,$27¢2)) = Wi(p1, p2) + w1 — @2 + |91 — ¢2||Loo(Rd’)- o)
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We observe that (X', Dy) is not a complete metric space (i.e., the Cauchy sequences may not con-
verge in X), as the functions 1 are assumed to be in the space C} (Rdl), but we consider their
convergence in L°°(R%).

Definition 4. Let f : MT(Q) — M (RY), and (y, z, 1) € X. We define the L>°-regular part of
the Fréchet derivative of f at (u,x, ) by the limit

(Vr, f (o + €62) — fp))

Dol w)i= i, 1y e ©
forall iy, € CLHRY) and pj, € M () such that
Yy, is constant in an open neighborhood of supp (f () @)

and
Jim Wi(pg, p) =0, B {[ = Y| poo (gary = 0.

We note that the existence of the limit D # (1, z, 1) means that for all ;¢ and ¢, the limits in (6] exist
independently of the chosen sequences i, and .

2.2.1. Motivational observations. Let fo be a support-preserving map given by in-context map
G MT(Q) x Q@ — RY, where (i, ) — G(u, ) is continuous. We observe that for u € M*(Q),
z € Qand ) € CH(RY),

(W, fo(p+ e6z) — fa(u)) :w(G(MH%x»+/w(G(u+eéz,y)) — (G (ky))

€ €

dp(y).

Thus the limit as ¢ — +0 can be written as a sum of two terms

i (W, fa(pu + €dz) — fa(u)) _ D;Zg(ﬂawi) + D}Tcreg(u,x,d)),
e—+0 €

where
Dy (@, ¢) = 65%0¢(G<“ + €6z, 1)) = Y(G(p, x))

and (if the limit exists)

D}rreg<u z w) — lim ¢(G(M + €6wa y)) B ’L/)(G(:U/v y))

e——+0 €

dp(y)-

We call D% (u,x,1) the L*-regular part of the Fréchet derivative of fg and D;Zeg(mx, )
the L°°-irregular part of the Fréchet derivative. This terminology reflects the fact that v —

irreg

D;Zg (4, x,1) is continuous in the L>°-topology whereas ¢ — D"/ (1, %)) is not. The lemma

below states that D s, (11, 2, 1) is an extension of the regular part of the derivative D9 (u, x, 1)) for
functions G.

In what follows, we refer to the L°°-regular part of the Fréchet derivative as the regular part of the
derivative. The following lemma is proved in Appendix

Lemma 3. Let Q C RY be a compact set and let a support-preserving map be given by the in-context
map G : MT(Q) x Q — R¥, where (1, x) — G(u, ) is continuous. Then, for (p,z,7) € X,

Dy (py ;) = Dy (p, ,90) = (G, )

and the map X 3 (u, z, ) — 51"@ (1, x, 1) € R is uniformly continuous with respect to the metric
Dy defined in equation ().

As we see in Lemma 3] for map f¢ defined with a uniformly continuous in-context function G, the
regular part of derivative D s, (4, , ¥) coincides with the above defined object, D7 (11, 2, ¢)) on X'
So we consider D;Zg (1, x, 1)) as a new object that is different from the classical Fréchet derivative,
and show that the definition of D;gg (1, x, 1)) can be extended as a generalized regular part of the

derivative, D ¥ (, x, 1)), for a class of functions f, for which we do not assume that the classical

Fréchet derivative is well-defined. For further remarks on the regular part of derivative D #p,z,7),
see Appendix D]
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3 MAIN RESULT

Our goal is to prove

Theorem 1. Ler Q C R be a compact set. Let  : MT(Q) = M+ (R be a continuous map in
the 1-Wasserstein topology. Then,

(Al) f is a map given by some in-context map G in the sense of Definition[2} i.e., f = fa with
some function G : M*(Q) x Q — R and

(A2) the function (u,x) — G(p, x) is continuous,
if and only if
(B1) f is a support-preserving map in the sense of Definition[I} and

(B2) the regular part of the derivative of f, Dy(u,x,%), exists for all (p,x,1) € X, and the

map X > (p, z,v) — 5f (1, x, 1) € R is uniformly continuous with respect to the metric
Dy given by Definition

Moreover, the map (n,x) — G(u,x) is Lipschitz if and only if the map X > (u,x,¢) —
Dy(p, x, ) € Ris a Lipschitz map with respect to the metric D x.

Theorem [I| provides the characterization of support-preserving maps that can be represented by in-
context maps through a push forward. Condition (B2) can be roughly described as the uniform
continuity of a “certain” derivative of f, derived from Definition f] The continuity of f is not
sufficient for the theorem to hold as shown in the following proposition, that is proved in Appendix[F

Proposition 1. Let d = 1 and Q = [-3,3] C R and consider the set P(§)) endowed with the
1-Wasserstein topology. There exists a continuous, support-preserving map [ : P(2) — P(Q) such
that there does not exist a continuous map G : P() x Q — Q for which f = fa.

3.1 SKETCH OF THE PROOF OF THEOREM[I} (A1)-(A2) IMPLY (B1)-(B2)

In this section, we give a sketch of the main ideas of proof: Assume that (A1) and (A2) hold
true. Then, let fo : MT(Q) — MT(R?) be the map, fo(u) = G(u)pu, with G :
M Q) x Q — RY . Tt is straightforward to prove (B1) and, hence, we will focus on proving

that (B2) holds. We assume that ¢, v € CH(R?) and g, pp € M4 (Q), k = 1,2,... are se-
quences with vy, is constant in an open neighborhood of supp (f (ur)) and limg s 0o W1 (g, ) = 0,
and limy, o0 [|[Y% — wHLOO(]Rd/) = 0. Let

Mi,x = pr + 661-

Then, by a simple computation,

o)) = [ (G0t ar)diely) + (Gl ).

As the set Q C R is compact,
My (Q) :={p e MF(Q): p() < p},
is also compact by the Prokhorov’s theorem. Then the map G : M} (Q) x Q — R? is uniformly

continuous. As G(uj, ., ) = G(pg, -) uniformly in © C R? as € — 0, we see that

sup |Gy 0, y) — G(ur,y)| — 0 ase— 0.
yEsupp(pr)

Thus, we find that for sufficiently small € € (0, 1)

V(G (0 ) = Ur(G (1, )
for all y € supp (ug), and

ol ) = [ 00l )i (5) + (Gl )
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This implies that

(fa(ug ) i) — (fa(pmr)s Yr)

Dy (g, x,U5) = 61_1)120 - = (G (g, y))-

Upon taking the limit k& — co, we obtain
Diq (s ,9) = (G, y))-

From the uniform (Lipschitz) continuity of v and G, we can show that the regular part 5&; is
uniformly (Lipschitz) continuous with respect to the metric Dy. For the details of the proof, see

Appendix [C.T]
3.2 SKETCH OF THE PROOF OF THEOREM[I} (B1)-(B2) IMPLY (A1)-(A2)

Again, here, we give a sketch of the main ideas of the proof. Assume that (B1) and (B2) hold true.
Since f is a support-preserving map, f : M™(Q) — MT(R?), there are (possibly non-continuous)
functions,

yi : Q" x (0,00)" — Rd/, (z,a) = yi(x;a), i=1,2,...,n,
where * = (z1,...,2,) and a = (a1,...,a,), such that the following holds: Let u =
St aibs, € Myin(Q), a; > 0; then the functions y;(x; a) satisfy

f(u) = Zaifsyi(m;a)-
=1

When p € M}"m dif.(n) () (which is a refinement of the property that if j # ¢ then a; # a;), the
functions (x; @) — y;(«; a) must have the property that if x; = z; then y;(x; a) = y;(x; a).

We have the following lemma, which is proved in Appendix

Lemma 4. Let yig = >;_; ald,0 € M;{mdiﬁ(n)(Q) and p, = Y1 aldp € M}rm(”)(Q).
Assume that for all i = 1,2,...,n, it holds that ¥ — 29 and a¥ — a% as p — oo. Then it holds

forall j € [n], that

i (P aP) = 1. (29 a0
plggcyj(m ’a) y](w 70‘)'

We now return to the proof of Theorem |1} Let € M*(Q) and x € Q, and o € C§°(R?) be a
cutoff function such that a(z) = 1 for all x € Q and Lip(a(z) - ) < n. We define

5f(/u‘7 xZ, a’/Tl)
G(/L,Z‘) = ’
D (n,z,ams)

where 7, : R? — R is the projection 7y(x) = z; onto the /-th component. By (B2), the map
(1, ) — G(p, x) is continuous, which proves (A2). In what follows, we will prove (Al).

When p € M;{m dif,(n)(§2)- using Lemma@ we can prove that for each j € [n],

G(p, ) = yj(x; a),

which is equivalent to
f(n) = (Gu)gn  forpe M;17L7dif7(7L)(Q)-

For the case 1 € M (), we choose the sequence (fig)men C M}rm 4if(§2) such that fix. — p
as k —_oo, where the limit is considered in the 1-Wasserstein topology (which is possible by
Lemma . We have already shown that for fi;, € M}Tm aif (),

f(ik) = (G )% (i)
Hence, by the uniform continuity of (i, ) — G(u, ), the limit k& — oo converges,

fp) = lim (Gp)x(in) = (Gugn  forp € MT(Q).

For the details of the proof, see Appendix
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4 VLASOV FLOWS

Here, we present the close connections between support-preserving maps satisfying (B1) and (B2)
in Theorem[I] Vlasov flows and measure-theoretic transformers.

4.1 INFINITELY DEEP MEASURE-THEORETIC TRANSFORMERS: UNIVERSAL APPROXIMATION
AND THE VLASOV EQUATION

An in-context map as it appears in a single-layer “measure-theoretic” transformer [Furuya et al.
(2024); |Castin et al.| (2024) based on multi-head self attention, is of the form,

exp (@', K'y))
* Jraexp (ﬁ@hx, K h2>>du(z)

see Appendix |A.4| for corresponding functions operating to discrete measures and sequences of
tokens. Here, K™ and Q" are the multi-head key and query matrices in R**%, V" are the multi-head
value matrices in R%eeaX4 and " are the multi-head weight matrices in R?X%read  respectively.
By abuse of notation, I'(z)(z) = I'(u, z) defines a map R? — R?. For two in-context maps, I'; and
T'5, the composition I'; ¢ I'y is defined as

(:uvx) = (FQ <>F1)(,u,x) = FQ(”) Fl(:u‘vx))v vi= Fl(:u‘))iﬂ' 3

With this composition, the in-context map, Gy say, for a multi-layer measure-theoretic trans-
former is obtained. To be precise, the composition should alternate between in-context maps and
context-free MLPs, F'(u,2) = F(z) say. When restricted to finite discrete empirical measures of
the form % S Oass foran 1= fGran (cf. Deﬁnition reduces to a classical transformer acting on
a sequence of tokens, (z1, ..., ;) rather than on a measure ;. For more details, see (Furuya et al.,
2024 Section 2). Being based on multi-head self attention, G4,y is (locally) Lipschitz Castin et al.
(2024), and, hence, satisfies (A2) in Theorem

As a consequence of Theorem (1| fi.., satisfies (B1) and (B2), while using (Furuya et al.l 2024,
Theorem 1), we obtain the following universal approximation result that is prove in Appendix

Corollary 1. Let f : M (Q) — MT(R?) satisfy (B1) and (B2) in Theorem|l} Then, for any
e € (0,1), there exists a sufficiently deep measure-theoretic transformer, fivan, (that is, a deep
composition of multi-head self attention maps and MLPs), such that

sup Wl(ftran(u)’f(u)) <e
HEP()

H
I:PRY xR - R T(p,z) := erZ Wh/ Vhydu(y),
h=1 R

Next, we consider a MLP F,, : R? — RY, see in Appendix and the attention function

H exp (- (Q"x, Ky)
Atte : P(RY)xR? — RY,  Atte(p,7) = > Wh/ (;/; )
i R Lo (p(Qbe, K2) )du(z)

where 1 and ¢ are sets of parameter matrices for MLPs and the attention, respectively. Let us write
the MLP F,, as F;, = Id, + H,, and define V = Atte + H, o (Id, + Att¢), so that F,(I'¢(p, x)) =
x + V(u,x), see formulas (59) and (60) in Appendix [E| for detailed formulas. Again, by abuse
of notation, V(u1)(z) = V(u,x) defines a map or vector field, RY — RY. We consider layers,
xi(t+1) = F, (Te, (pi(7), xi(7))), where the sets 1), and &, of parameter matrices depend on 7.
Then, we find that

zi(T+1) — 2i(1) = Vr () (wi(7)),  where pr(.) = 237" 16, ()and7 =0,1,2,...,T.

Taking the continuum limit, scaling V, with 1/T, where T signifies the number of layers, and
identifying the layer index, 7, with ¢ € [0, 1] that corresponds to the limit of values 7/T as T' — oo,
the tokens that evolve according to an infinitely deep transformer satisfy

2i(t) = Vi(pe) (@i (t)) ©)

Viydu(y).
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forall i € [n], where 11,(.) = 2 3" | 6,,1)(.), and t € [0, 1]; see alsoZhong et al[(2022). This is
extended to positive measures by the partial differential, nonlocal transport equation,

O g + div(Vy (pae ) o) 0 onl0,1] x RY, (10)

fitli—o = po onR? (1m)
in the sense of distributions, replacing the (neural) ODE in (9); see Renardy and Rogers| (2004). It
basically follows from

d d 1<
! Rd¢(t7x)dut(w) = aﬁgw(t,xi(t))

= [ (@lta) + (Vapltn) Vi) @) duela) (12

for all ¢ € C2°([0,1] x RY), and integrating by parts. Thus, an infinitely deep measure-theoretic
transformer without MLPs, with p; := f&5,..(1o), t € (0, 1], is argued to satisfy the Vlasov equa-
tion; see |Piccoli et al.| (2015) and [Paul and Trélat (2024). Some prior work [Sander et al.| (2022);
Geshkovski et al.| (2025)); (Castin et al.| (2025)) already discussed that the mean-field (with respect
to tokens) and deep transformers are associated with nonlocal transport PDEs. Moreover, the in-
finitely deep in-context map, Gy, ., satisfies an evolution equation in spacetime that generalizes
the equation (9) for the point measures,

8thc>fan;t(u0’ ZC) =W (Mt)(Gtofan;t(u(J? .CL')), Gtoroango (:U’07 1‘) = .

4.2 THE SOLUTION MAP OF THE VLASOV EQUATION SATISFIES (B1) AND (B2) OF
THEOREMI]

Piccoli et al.[(2015) studied the well-posedness of nonlocal transport PDEs having the form,

Oppe + div(V (t, ) pe) = 0, pitfe=0 = po, (13)
where p1 = p; = p(t) is a time-depending probability measure on R and V (., 1) : R x R? — R?
is a C'' —smooth vector field that depends on (¢, ) € R x R? — R? and the measure p. The vector
field V() is called the velocity field.

Under the assumptions on V' required by (Piccoli et al., 2015, Theorem 2.3), there exists a unique
solution of (@]) Moreover, the solution at time ¢, ;; can be written as

pe = Gi(po)z o,
where G is defined as the unique solution of the following Cauchy problem,

8th(,u07m) = V(tvﬂt)(Gt(Mva))a GO(:U’Oax) = .
Thus, we can define the solution map fr : P(Q2) — P(IR?) (the solution at time ¢ = T') by

fr(po) = pr. (14)

The map, fr, is a support-preserving map given by the in-context map, Gr. The following proposi-
tion is proved Appendix [B.6]

Proposition 2. Under the assumptions for V' required by (Piccoli et al.| 2015, Theorem 2.3), the
solution map, fr, defined by satisfies (B1) and (B2). That is, the solution map fr of the Vlasov
flow can be represented as a map fa, : p — Gr(p)xp with a continuous in-context map Gr.

5 CONCLUSION AND DISCUSSION

In this work, we fully characterize mappings between measures that can be universally approximated
by measure-theoretic transformers. To this end, we introduce a “certain” smoothness condition,
which roughly entails that a “certain” derivative of the mapping is uniformly continuous. A limi-
tation of our method is that it is not quantitative. We make rigorous a connection between particle
systems and mappings between measures through measure-theoretic transformers in the mean-field
regime, which connection has been discussed in various works before. This has implications in the
framing of LLMs. Beyond the Vlasov equation, it will be interesting to study the BBGKY hierarchy
describing the dynamics of a system of a large number of interacting particles (see, for example,
Golsel (2016)) with measure-theoretic transformers.
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A NOTATION AND A SUMMARY OF RESULTS OF MEASURE THEORY

A.1 NOTATIONS

Let  C R? be a compact set. We denote by P(€2) the space of probability measures on 2. Below,
all measures 1 on subset  of R? are defined on the o-algebra of the Borel sets of 2. We denote by
C () the space of continuous functions from 2 to R, and the dual coupling between ¢ € C'(£2) and
€ P(2) by

(o, 1) = / o(@)du(x).

With the weak™ topology on P(£2), we have the convergence of sequences of measures,

pr =" & (Vso € Co(2), (¢, k) — (o, u>)~

In the case when 2 is compact, the weak * topology is equivalent to the topology of the Wasserstein
distance W), (1 < p < 00), meaning that

pe =" e Wy, p) — 0,

see e.g., (Santambrogio, 2015, Theorem 5.10). By the duality theorem of Kantorovich and Rubin-
stein, when i, v € P(€)), where Q is compact, we have that

W (s, v) = sup { | e

¢ : © — R continuous, Lip(yp) < 1} ,

where [o(@) — ¢(v)
. pr) — ey
Lip(p) := sup ————
T#Y lz =yl
denotes the Lipschitz constant for ¢ : 2 — R.
We extend P(€), that is, the set of all probability measures to the set of all strictly positive, finite
measures
MT(Q) = {spu: pueP(Q), s>0}.
We also extend the W distance to M™(Q) by defining for 1, o € P(Q) and 51,82 > 0
Wi(s1p, sap2) = Walpa, p2) + |51 — s2f,

see Lombardini and Rossi|(2022). Using this extension, we can extend the map f : P(€2) — P(R?)
to a map between positive measures invoking m-homogeneity (m € Nj) according to

f(sp) =s"f(pu) forallseRy.
We write

M?zn<Q) = {Zaidﬂ S M+(Q) cx;, €Q,a; >0, n€ N},
=1

and
MJfrzm(n)(Q) = {Zazégg1 S M+(Q) cx € X, a; > 0}
i=1

Finally, we denote by Mj{m dif.(n) (€2) the measures of the form

B = Zazé‘wl S Mfzn,(n)(Q>7

i=1
where a; > 0 and for all non-empty subsets .J, K C {1,2,...,n} satisfying JN K = () it holds that

Zaj # Zak.

jeJ keK
We set M}"—in,dif Q) =U>, M}—m,dif,(n)(g)' For i € M—f"—in,di}",(n)(ﬂ) we define the minimal
gap
gap(u) = min Zaj — Z ag| . (15)
JKC{1,2,...n},JNK=0, J#0 =y heK
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A.2 PUSH FORWARDS OF MEASURES

We will consider push forwards of measures in various maps. When v is a general Borel measure

onset 2 C RYand F : Q — R? is a continuous map, the push-forward measure of v in the map F/,

denoted by Fxv, is the measure that for an open (or Borel measurable) set A is defined to be
Fuv(A) =v(F~1(A)).

When p = Z?Zl a;d., is a discrete measure supported at points z1, . . ., Z,, we have

n
Fyp=> a0y, y; = F(x).

Jj=1

When v = p(x)dx is a continuous measure where p : R? — [0, oc) is a continuous function and dz
is the Lebesgue measure on R? and F : RY — R? is a differentiable map which inverse function
F~1:R? 5 R4 s differentiable, then

Fyu(p(x)dx) = 7(x)dx, where () = p(F~'(z)) - ‘det <21;(F_1(x))>

)

where det(%—i(F’l(x))) is the determinant of the Jacobian matrix of the function F evaluated at
the point F~1(z).

When F : R — R% is a smooth injective map and d’ > d, the push forward of the measures p
on R? to the d-dimensional image manifold M = F(RY) of F are discussed e.g. in Kothari et al.
(2021).

A.3 CONVERGENCE OF POINT MEASURES TO A GENERAL MEASURE

Let us consider the convergence of discrete measures f,, = 2?21 Qn,j0q, ; 1O continuous measures.

Let Q C R? be a compact set, x,, ; € €2, and a,, ; > 0 are such that 37, a,, ; = 1. If for all
relatively open subsets U C ) there exists limits

m(U) = lim p,(U),  where 1, (U) = z;Uan,j, (16)

then the limits m(U) define a (Borel) probability measure in m € P(f2) and the measures f,
converge in the 1-Wasserstein topology to the measure m.

By the Portmanteau theorem, see [Klenke|(2020), Theorem 13.16 (see also Remark 13.14), the exis-
tence of limits (T6) is equivalent to following conditions:
(C1) There is a probability measure m € P() such that m(U) > liminf, o pun,(U) for all
relatively open sets U C €2
(C2) There is a probability measure m € P(£2) such that for all Lipschitz functions ¢ : 2 — R

/ odp, = Zan,j¢(mn,j) — / ¢dm, asn — oo, (17)
Q = Q

that is, the existence of limits m(U) in (I6) and the conditions (C1) and (C2) are all equivalent to
that p,, converge weakly to m that is further equivalent to that y,, converge to m in the 1-Wasserstein
topology.

In particular, consider the case when x,, ; = x; are independent of n and a,, ; = 1 /mn. Also, let us
consider the Lipschitz functions ¢ : 2 — R as feature functions. That is the measures, (., are the

point measures
n
=2
j=1

that correspond to prompts X,, = (21, 2,...,%,), that is, sequences of n tokens. Then, if the
the prompt length n goes to infinity, if follows from Prokhorov’s theorem (Klenke, 2020, Theorem

5u,

S|
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13.29 and Corollary 13.30), that there is at least one sub-sequence X,,, of prompts, where n, — 0o
as k — oo such that for all feature functions ¢ € C%*(2) the averages of the features

| éaun, = 3 otes

converge to some limit

tim | 6, = [ o
Q

k—oo Jq

These limits define a probability measure ;1 € P(€2) such that
lim W1 (pn,,, p) = 0. (18)
k—o0

Moreover, by (Reed and Simon, 1980, Theorems I.13 and 1.14), the measure yp can be written as a
sum of three measures,

pw=vi+ve+uvs, v = Zajéyj, vy = p(x)dx, wvs L dx (19)

where 14 is a pure point measure supported at the points y; € Q with N € NU {oo} and a; > 0, 15
is an absolutely continuous measure having the density p(x) with respect to the Lebesgue measure
dx of R?, and v is a singular continuous measure, that is, there is a set S C € which the Lebesgue
measure is zero such that v3(2\ S) = 0 and v3({p}) = 0 for all singleton sets with p € Q.

A.4 ATTENTION AND TRANSFORMERS

Finally we recall notations related to attention functions. The multi-head self attention is the function
I':PRY) xR — RY,
] oxp (510", K)
_ h vk
B3 W /. -

Viydu(y) — 0)
Jga €xp (ﬂ<Q’Lw, K’Lz>)d,u(z)

=z + Att(u,x).

We recall that here K" and Q" are the multi-head key and query matrices in R**4, V" are the
multi-head value matrices in R%<«¢*4 and W are the multi-head weight matrices in R%*@read
respectively. When

Oz, 2L

i

S|

n
n=2
i=1

is a discrete measure corresponding to a sequence 1, T3, . . . , Z,, of points in Q C R?, it holds that

s Sy [ 0P ((@ K1)
e J. Jraexp (J2(Que, K72) ) du(2)

(@@h )T (K" )
— h
+;W zzlz] vexp (L2 QM) (K"ay) )

where v denotes the transpose of a column vector v € R¥.

Vi du(y)

Vi, (22)

For the measure 4 given in (ZI)) it holds that

(Zi )-Pu, #u=2%5y” (23)

where y; = T'(u, ;).

15



Under review as a conference paper at ICLR 2026

n the case tha € measures Uy, = .. =04, CONVer, e in 1-Wasserstein topolo 0 a measure
In th that th Ly Loy, ge in 1-W; tein topology t U

as k — oo, we have pointwise limits
lim T(un,,x) =Ty, z), (24)
k—o00 )

where I'(pn, , ) and I'(p, z) are given in formulas (22) and 20, respectively. Moreover, it holds
that the push forwards of the measures satisfy the limit

i Tpngs )t = Tlps - (25)
in the 1-Wasserstein topology.

Let us next consider the prompts (z1, 2, ..., 2,) and the corresponding discrete measures j,, =
Z?:l %5%.. As seen above, then there exists at least one sub-sequence u,, that converge to a
general probability measure . € P(€), that is a sum of a point measure, a continuous measure, and
a measure that are singular with respect to the standard measure of RY, see formula (I9). Thus, to
understand properties of transformers it is useful to consider mappings between general probability

measures that have the same properties of the transformers.

B PROOFS FOR TECHNICAL PARTS

B.1 PRrRoOOF oF LEMMA[I

Proof. Let p € M*(Q) and let € € (0,1). Since M, (Q) is dense in M*(€2) in 1-Wasserstein

fin
topology, there is jix € M, 4 () with pu, = 37| @i, a; > 0 such that
Wi(p, 1) < e
We can choose a1, . ..,a, > 0 such that |@; — a;| < €/n and, for any non-empty disjoint subsets

J,K C {1,...,n}, it holds that
Sai# > a
icJ i€k
Indeed, setting a; = a; + n;, the equality

Zdi = Zdi’

i€ i€K
is equivalent to
2771:—2 771':2 ai_gai-
ieJ i€K i€K ieJ

=:Aj K

Since the set Uy e {n € R™ : > . ;1 — > ;i M = Ay} of affine hyperplanes are measure-zero
set, we can choose small |7;| < ¢/n so that

¢ U{HGR":Zni—Zni=AJ,K}.
JK i€ i€k
Thus, defining by fi, = > @i0z, € M, 4i£(), we see that

Wi (,U/k:a ,an) <€
We have proved Lemmal[T] O

B.2 PROOF OF LEMMA[2

Proof. Whenz; € Q,a; > 0,5 =1,2,...,nare of the form a; = cm; where ¢ > O and m; € Z,
we can can write the measure

p=7 a0, (26)
j=1
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in the form
— ()
= — 0, 27
p ;711 27)
where n = Z?:l my, and x1, T2 . .., Ty is a sequence where each point Z; appears m; times. As f
is a support preserving map, there are y; € R%,i=1,2,...,n, such that
— ()
= —=0y,. 28
) = (8)

Moreover, y;, = v, if x;, = x;,. Hence, we can write f (1) in the form

= (X 1),

J=1 i xy=2;
" em;
_ j
= Z . 85, (29)
j=1
where ¢ = p(2) and the set {¢1, ..., ¥r} contains the same points as the set {y1, ...,y . Below,
we denote X = (£1,...,25) and Y; (X, 1) := ¢;. The above shows that the claim is valid when the
a; are of the form a; = emj;, m; € Z.
We now consider general values, a; > 0, and points, z; € 2,7 =1,... ,nandletc = 2?21 a;. We

let Ny, my; € Zy,i=1,...,n, k € Z, be such that
Mg

li =q; foralli=1,2,...,n.
Jim N, a; foralld ,2,...,m
Also, we let ¢;, = ¢/Ny; and
n
=D Ok il (30)
i=1
We write X = (21,...,2,). Then, as we have already shown that the claim is valid for measures
x of the form (30), we can write f(uy) as
- - mp,i +
Flu) =Y eumiidy, (x ) = N, Ovim) € My ) () @D
i=1 i=1

As f is a continuous map in the 1-Wasserstein topology and the set /\/l;fm (n) () is a closed subset

of M™(Q) in the same topology and M™(2) is a complete space, we conclude that there exists a
limit

Flu) = Jim fu) € M, ) (9). (32)

Thus we can write f(u) in the form,

Flu) = b, (33)
j=1

with some n’ < n, z; € Qand b; > 0. We choose
p= HliIl{|Zj:1 - Zj2| : jlan € [77,/}, jl # 32} >0
and let A = min; a; > 0. Moreover, as f(ur) — f(u) in the 1-Wasserstein metric as k — oo,

we observe that for each k there is a partition of the set {1,2,...,n} to a union of disjoint sets,
It k..., In i, such that when £ is sufficiently large,
ié min dist(Y; (X, 1) z-)+1§: 3 BRE) bl < WA (), F(R)
4 ety I R E )Ty Ne ) | = e T

j=1 j=1 i€l
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As Wi (f(uk), f(n)) — 0as k — oo, we find that by replacing p, by its suitable subsequence, we

can assume that the partition Iy j, ..., I,/ 1 is equal to a partition I, ..., I,, that is independent of
k, and

Yi(X, pi) = 2z, ask — oo. (34)
Moreover,

. Mg
a; = lim — =b; 35
_Z ’ 4 k—o0 Nk J ( )
’LGI]’ ’LGI]‘

forj=1,2,...,n. Thenb; = Zielj a;, and

’
n

HOEDY <Z a) 5., = éaiéyi, (36)

J=1 Viel;
where y1,...,y, is a sequence of the points z1,...,z, where each z; appears |I;| times. This
proves the claim for general weights a; > 0. O

B.3 PROOF OF LEMMA[3]

Proof. Let fg : M*T(Q) — MH(R?) be the map, fo(u) = G(u)4u. with a continuous map

G : MHT(Q) x Q — RY. We assume that ¢y, 1p € CL(RY) and i, p € M4 (Q), k=1,2,... are
sequences with
1)y, is constant in an open neighborhood of supp (f (u))

and
Hm Wi (e, ) = 0, lim [y = 9| oo gary = 0-

Let
Mz,w = pr + 661}'
Then, by the simple computation,

(i) ) = [ 0n(Gl1har)diely) + (Gl ).

As the set Q € R% is compact,
M (Q) = {p e MT(Q): u(Q) < p}

p

is also compact by the Prokhorov’s theorem. Then, the map G : M} (Q) x Q — R? is uniformly
continuous. As G(uj, ., ) = G(px, -) uniformly in © C R? as € — 0, we see that

sup |G(H’i,rﬂ y) - G(H:k, y)‘ —0 ase—0.
yEsupp(ik)

Thus, we find that for sufficiently small € € (0,1)

V(G (kg2 Y) = V(G )
for all y € supp (ux), and

ol ) = | (Gl )dinly) + et (Glin)

This implies that

(fa (b5 0)s Yr) — (fe(pn), Yr)

Dy (pns , Yx) = GE}EO - = (G (pk, y))-

Upon taking the limit k& — co, we obtain

Dy. (p, 2, 0) = (G, y)).-

18
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Next, we prove that the map (11, y,%) — Dy, (1, y, %) is uniformly continuous. Let ; > 0. By
the uniform continuity of G, there is a 61 = d1(e1) € (0, €1) such that if W7 (1, p2) < 91(€1) and

|1 — 2| < d01(er) then |G (p1, y1) — G(p2,y2)| < €1/2. Let (pa,y1,¥1), (2, y2,12) € X so that
Lip(¢;) < nfor j = 1,2. Also, assume that |[1); — 2|z < d1(€1). We then see that

D (11, y1,%1) — Die (b2, Y2, 1h2)| [9V1(G(p1,y1)) — ¥2(G(p2,y2))|

< [1(G(u1,y1)) — 1(Guz, y2))|
+1(G (p2,y2)) — 2(G k2, y2))|
< Lip(¥1)|G(p1,91) — (M2>y2)\ + [lth1 — 2|l
< Lip(¢1)e1 + 61(er)
< (n+De.

We observe that if Dax((p1,41,%1), (12,y2,%2)) < d1(€1) then Wi(pa, p2) < di(er) and
|y1 — ya| < d1(e1), and moreover that |91 — 9allL= < d1(€1). We conclude that (p1,y,1) —

Dy (1, y, 9) is uniformly continuous. O

B.4 PROOF OF LEMMA[]

Proof. The assumptions imply that Wy (u,, o) — 0 as p — oco. Hence, as f is continuous in
the 1-Wasserstein distance, it holds that W1 (f(up), f(po)) — 0 as p — oo. If the claim is not

valid, there are k and («?, a) such that (?,a”) — (2% a°) asp — oo and pg = Y7 afd,0 €

M in. dif,n)(§2), and the sequence yi(x”;a?), p € Z,, does not converge to the value yy, (z%; ao)
as p — oo. By replacing (P;aP) by its suitable subsequence, we can assume that there exists
z € R? such that

lim yi(x”;a”) = z # yp(x”; a”). (37)

p—o0

As all a? are strictly positive and a? — a?, there are b > 0 and py such that we have o} > b for all
D> Do and i. As flpp) =20, akéyk(mp,ap — f(uo) in 1-Wasserstein distance, we see that

lim sup dist(y, supp (f(mo)) = 0.
P90 yesupp(f (14p))

This and (37) imply that there is ko # k such that
llm yr(@?; aP) = yi, (2% a%) # yi(2"; a”). (38)
Then, as (38) holds, we find that
Jim [yi(@¥;a”) — yi(@’;a”)] 2 min{ly = y'| : v,y € supp (f(o)), y # '} > 0

and that the measures p, = > ., al'd, e and pp = Dy a?égco and their images under f, that is,

i=1""

f Za 6yl(mp ;ap) and f ,u,() Za 5 i (€0;a0) 5

i=1

satisfy the inequality
Jim Wi(f (), f(po)) = gap(uo) min{ly =4/ = y,y" € supp (f(uo)), y # 4} > 0,

where gap(f10) is defined in (I5). This is not possible in view of the 1-Wasserstein continuity of f.
Thus, the claim follows. O

B.5 PROOF OF COROLLARYI

Proof. Using Theorem 1| there is an in-context map G such that f(u) = G(u)yu. Since the map
G is continuous, by using (Furuya et al., 2024, Theorem 1), for any € € (0, 1), there is a measure-
theoretic transformer-style in-context mapping Giyan := F¢, ©L'g, ¢ ... 0 F¢, o 'g, such that

sSup |Gtran(/147x) - G(,quf)‘ <'e,
(1,2)EP(Q)XQ
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which implies that, by the duality theorem of Kantorovich and Rubinstein,

WA Feran(12), £ (1) = wpt/ﬂﬁmwwﬂ—wam@MM@

Lip(¢)<1
S/Wmd%@*GWJWM@Se

We have proved Corollary O

B.6 PROOF OF PROPOSITION[2]

Proof. By (Piccoli et al., 2015, Theorem 2.3), there exists G : P(£2) x Q — R? such that

pe = Gie(po)gpo,
where G, is defined by the unique solution of the following Cauchy problem

G (po,z) = Vp@®)|(t, Ge(po, x)),  Go(po,z) = . (39)

This is a push forward, thus the solution map, f, satisfies (B1). Moreover, if the map (u,z) —

Gr(u, z) is Lipschitz continuous, by Lemma (3| the map (1, z,v) — Dy, (p,x,1)) is Lipschitz
continuous with respect to the metric D y. This implies (B2). In what follows, we will prove that
the map (u, z) — Gr(u, x) is Lipschitz continuous.

We estimate, for o, vo € P(2) and z,y € (2,

2 C0,2) — Gl )l
< [5G0, 2) — 5 Gl )|, = IVIH(O]E Galpio, 7)) — VROt Gulon, )l
< V@]t Giluo, ) = VIu(®)](t, Givo, )]l
+ [V ()]t Galr,2)) = VD]t Gilv0, )]l
< L(OGilpo, 7) — Galw, ) + K (W1 ((t), (1)
< L(6)[|Gi(po, @) — Gilvo, ) |2 + K ()" Wi (0, 1),

for some K,L € L (R) and some Cr > 0. Here, we have used the assumption of Lipschitz
continuity required in (Piccoli et al., 2015, Theorem 2.3), and the stability estimate (Piccoli et al.

2015} (2.3)). By Gronwall’s inequality, we find that
1Gt(po, x) — Ge(vo, )]|2

t
< e ||Go(po, ) — Go(vo, @)||2 + (/ eA(t)A(S)K(S)‘iCTSdS) Wi (o, v0),
0

=llz—yll2

where A(t) = ft

o L(s)ds. Thus, substituting ¢ = T', there exists C7 > 0 such that

IG1(po, ) — Gr(vo,@)|l2 < C7(Wi(po, v0) + Iz — yll2),
which implies that the map (u, ) — Gr(u, x) is Lipschitz continuous. O

C PROOF OF THEOREMI]
C.1 PART1: (A1)-(A2) IMPLY (B1)-(B2)

Assume that (A1) and (A2) hold true. Then, let fo : MT () = MT(R?) be the map, fg (1) =
G(1) p1, with G = M (Q) x Q — R It is straightforward to prove (B1) and, hence, we will focus

on proving that (B2) holds. We assume that ¥y, 1) € C}(R?) and pug, p € M4 (Q), k =1,2,...
are sequences with

1)y, is constant in an open neighborhood of supp (f (u))
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and
e Wi (g, p) = 0, Lim [ = 9] poe
Let
Wi o 2= Mk + €0
Then

<fG(:U“Z,$)’ 77ZJ> = <(G(Nz,x))##z,x7 wk>
<:U’€k:7w7 ’L/)k o G(/J/elaw? )>
/R UGk o y)) bty 2 (y)

[ G a0 ) + (G

By (A2), (u, ) — G(u, ) is a continuous function. As the set Q C R? is compact, for any p > 0
the set
MG (Q) == {ne MF(Q): u(®) <p},

consists of measures that are uniformly bounded and supported in the same compact set 2. There-
fore, the set M;(Q) is tight (see (Billingsleyl [1999, Chapter 1, Section 1)). The set ./\/lj(Q) is
also closed in the weak™ topology of measures as it is closed in the 1-Wasserstein topology. By
Prokhorov’s theorem (see (Billingsley, |1999, Chapter 5, Theorem 5.1)), the set M;(Q) is com-
pact in the 1-Wasserstein topology. As a continuous map defined in a compact metric space is

uniformly continuous, the map G : M} (Q2) x Q — R is uniformly continuous. Moreover, by

our assumptions, the derivative of vy, is zero in some neighborhood, V' C ]Rd,, of the finite set
{G(ur,x) - x € supp (ux)}. As G(uf, ,,-) = G(px, -) uniformly in @ € R% as e — 0, we see that

sup  |G(pg 0 y) — Gk, y)| =0 ase— 0. (40)
yesupp(pr)

Thus, we find that for sufficiently small € € (0, 1), forall y € supp (us) the point Gy, ., y) belongs

to the set V/, and, hence,
V(G 2 Y)) = Yr(G (g, v))
for all y € supp (ux), and

Uoli) ) = [ (Gl )i (w) + e (Glue ).

This implies that

A et v = 04 9@k ) = 0 Gom ) @)

Thus, -
Dyq (rey Y1) = Vi (G (g, ).
We see that

[ (G (g, @) = i (Gpw, 2))| < 1 [y = | oo (rary = 0,
e el n—oo
and as pt — G(u, x) is continuous, we have

Jim (G, )) = (G, ).

But then
Jim (Gl @) = (G, 2)).

As the above holds for all /15, and )y, that converge to p and v in the way stated in Definition[I] we
conclude that the regular part of the derivative D, (1, y, %) exists and is equal to

Dy (s w,9) = (G, y)). 42)
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This proves the existence of the regular part of the derivative. Moreover, these arguments prove
Lemma[3

Next, we prove that the map (i, y, %) — Dy, (i, y, 1) is uniformly continuous when (A1) and (A2)
are valid. To this end, lete; > 0. By (A2), thereisa d; = d1(e1) € (0, €1) such that if Wy (u1, p2) <
d1(e1) and [y1 —y2| < d1(e1) then |G(u1, y1) — G(p2, y2)| < e1/2. Let (1, y1, ¥1), (2, y2,¥2) €
X so that Lip(y);) < n for j = 1,2. Also, assume that |[¢); — 92|~ < d1(e1). Equation (@2)
implies that

Dy (1, y1,¥1) = Do (p2,y2,¥2)] = |[¥1(Gr, y1)) — ¥2(Gp2, y2))|
< |(Gu1,y1) — ¢ (G(M27y2))|
H1(Glpz, y2)) — ¥2(Glp2, y2))|
< Lip(¢1)|G(p1,y1) — G2, y2)| + |91 — o[
< Lip(¢1)er + d1(er)
< (n+1De

We observe that if Dx((p1,y1,%1), (Mg,ggﬂ/]g)) < 41(e1) then Wiy(py,pe) < 61(e1) and
ly1 — y2| < d1(€1), and moreover that ||t)1 — 2|l < d1(€1). We conclude that (u,y,v) —

Dy, (1, y, ) is uniformly continuous. This proves (B2).

We continue with proving one direction of the final statement of the theorem. Let G(u,y) be a
Lipschitz map. Equation (2)) implies that for all (u1, y1,v1), (e, y2, ) € X,

Do (1, y1,901) — Do (pa, y2, o)l = |[91(Gpr, y1)) — ¥2(Gpa, y2))|

< ei(Gpa,y1)) — 1(Gpz, y2))|
+11(G (p2,y2)) — Y2(G (k25 y2))
< Lip(¢1)|G(p1,y1) — G2, y2)| + |1 — o[
< (Lip(¢1)Lip(G) + 1) Dx ((p1, y1,%1), (B2, y2,12))
< (qLip(G) + 1) Da((p1,y1, 1), (2, Y2, ¥2)).

Hence, (1, y,1) — Dy, (1, y,) is a Lipschitz map.

C.2 PART2: (B1)-(B2) IMPLY (A1)-(A2)

Assume that (B1) and (B2) hold true. Since f is a support-preserving map, f : MT(Q) —
MT(RY), there are (possibly non-continuous) functions,
yi + Q" x (0,00)" —>Rd/, (xz,a) = yi(x;a), i=1,2,...,n,
where
= (x1,...,2,) and a=(a,...,an),
such that the following holds: Let

= Zaiézi € Myin(R), a; > 0;
i=1
then the functions y;(x; a) satisfy

n

F) = aiby, (@ia)-

i=1
When p € MT Finodif,(n) ( ) (which is a refinement of the property that if j # ¢ then a; # a;), the
functions (x; @) — y;(x; @) must have the following property,
ifx; = z; theny;(x; a) = y;(x; a). (43)
Let u € M*(Q) and x € Q, and o € C5°(R?) be a cutoff function such that a(x) = 1 for all
x € Qand Lip(a(z) - ) < n. We define
5f (/U'a €, aﬂl)
G(p, ) = : ) (44)

Df (M? T, Om—d’)
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where 7, : R? — R is the projection 7¢(x) = z; onto the /-th component. By (B2), the map
(1, x) — G(u, x) is continuous, which proves (A2). In what follows, we will prove (A1).

The case when p € M}rm,dif,(n) (©). Welet

n
w= Z azézi S Mfin,diﬁ(”) (Q)
=1
and

f(u) = Zai(syi(w;a)-
i=1
We define the measures,
n
e = €05 + Zaiézi.
i=1
We observe that when € > 0 is small enough, it holds that u; € M

fin,dif,
{z1,...,zn},0r s € M}Fin,diﬁ(nﬂ)(Q) ifed{z,....zn}

(n)(ﬂ) if x €

With the notation, (x,x) = (21,...,2Zn, ), (a,€) = (a1,...,a,, ) and sometimes indicating the
number, n say, of variables in the function y; as yfn) we find that

) = 35 0y S ey @

i=1

We consider the case when x = x;. Then,
= > @b +(a;+ )8, € MT,, ) (R). (46)

n
(Z aiéa;,i + 65.1,)
i=1 T=Ti o de{l,.,n\ {5}

Thus, when we write x = x,,11 = x;, it holds that

yi{_ﬁl)(w, x;a,e) = yff_fgl)(:c, Tpt1; @, €) = y](-n)(:n; a + eej), 47
T=x; Tn4+1=2Tj
where e; = (0,0,...,0,1,0,...,0) = (4;;)7—,, whence
a + €e; = (ah cees@5-1,05 + € Q541 - ,an).
By Lemmaf4] and using equations [@6)-([@7), we arrive at
; (n+1) (L)
GLH& Ypi1 (T, T;0,¢€) =y, (z;a). (48)

Let ¢ € [d']. We choose 1/1,&4) € C}(RY) such that

w,(f) is constant in an open neighborhood of supp (f(x))

and
(e - ¢
Lip( ,i )) < 7 together with nlglgo ||¢15 ) _ am| o gary = 0.

Thus, by using equation (@8], we obtain

= 4 = 14
Df(ﬂvxv ]E,‘)) = Df(;“’vanrlvwl(g))

Tn4+1=Tj

. 1))
- lim @96
6—)0+<wk ’ ygﬁl)(m@nﬂ;a,eﬁ S
n+1=2;

e (D) (nt1) .
= i o0 @ i)

Tn41=2Tj

- T @, .. .
= 613&% (yj (x;a + eej))

= " (@a) = 0 (y; (2 a)).
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By the definition of D s (u, x, am,) and that 1/1,(66) — amgin L (RY) as n — oo, we observe that for
xr =Ty,

7e(Glu,z;)) = Dylu,ag,ame) = lim Dy(u,;,4,”)
= lim o7 (y (@) = (am) (y; (23 @) = mly;).
This proves that, for each j € [n],
Gp,zj) = yj(x; a), (49)
which is equivalent to

f(M) = (G,U«)#/J’ for I3 Mfzn dif,(n) (Q)

The case when ;1 € M™(Q). Let u be a (possibly not-discretely supported) measure p €
MT(Q). By Lemma , we choose the sequence (fix)ren C J\/ljfm,dif(ﬂ) such that i — p as
k — oo, where the limit is considered in the 1-Wasserstein topology. We have already shown that
for fix, € M?in,dif(ﬂ)’

Hence, taking the limit,

f(p) = Tim (Gp)p (k). (50)
That is, for all ¢ € C§ (R,
(W, f(w)) = Tim (b, (G )y (), (51)
where
(0 Gra) i) = (00 Gufs) = [ (G ) da(a).
But then
i (65, (G ) in)) = Jim [ (G (@) dia @)

= lim [ (G (k. ) — (G, x))) dfn / WG (7)) dji (). (52)

k—oo Jp
By condition (B2), (1, ) — G(p, x) is uniformly continuous so that, using the compactness of €2,
(G, ) = (Gl =) < e |G, ) = Gl |y — 0 as k= oo,
Hence, equations (31)) and (52)) imply that

W) = 0+ Jim [ 0(G(p.2) din(a)
= ]}LH;OQZJ(G(M’ : ))7ﬂk> = <¢(G(Ma : ))>M> = <¢7 (Gu)#u> (53)

for all ¢» € CL(R?), Lip(1)) < 1. As both sides of (33) are linear in ), we see that (53] holds for
all 1 € CL(R?") and, therefore, for all ) € Co(R? ). Thus,

f(w) = (Gugn  forpe M*(Q).
This implies (Al).

Finally, we observe that if (1,y,1) — Dy, (1, y, %) is a Lipschitz map then (1, y) — G(u,y) =
(Dy(p,y, o)), is also Lipschitz.
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D THE REGULAR PART OF THE DERIVATIVE

We provide some perspectives on the regular part of the derivative introduced in the main text, in the
following remarks.

Remark 1. A similar situation occurs when one defines the generalization of a derivative for a
Lipschitz function h : R? — R. By the Rademacher theorem, the classical derivative of h exists
outside a zero-measurable set; to overcome this, one defines a weak derivative that is a function
in L} _(RY) and is defined almost everywhere. We recall that the weak derivative is defined, in the

loc
sense of distributions, by the formula

Ouih) = = [ W@)ono(@)dd, for v € CFF (R,

In the case when h is a C'-function, the classical derivative coincides with the weak derivative and
the distributional duality coincides with the L?-inner product

(Be.h, ) = / Or b)),

In this setting, the weak derivative is defined for a larger class of functions as a “new” generalized
function.

Our definition of the regular part of the derivative is defined as a new generalized function using
duality (or, in the weak sense). This definition is formally quite different from the classical one of
Fréchet derivative. However, as we see in Lemma |3} for map fq defined with a smooth in-context
function G, the regular part of derivative Dy, (1, z,1)) coincides with the above defined object,
D;Zg (u, z,%). So, we consider D;Zg (11, 2,%) as a new object that is different from the classical

Fréchet derivative, and show that the definition of D;Zg (1, x, 1) can be extended as a generalized
regular part of the derivative, ff (w, x, 1)), for a class of functions f for which we do not assume
that the classical Fréchet derivative is well-defined.

Remark 2. We point out that for any support preserving map f : Mt (Q) — MHTRY), u €
MT(Q), and ¢ € CL(RY), we can find a sequence of finitely supported measures, [ € MJTM(Q),
that converges in the 1-Wasserstein topology to p as n — oo. Then also supp (f(ux)) is finitely
supported, and we can denote supp (f(pr)) = {Y1.ns Y2,ns - - « s Ymo, . - We can modify the function
Y in a small neighborhood of each point, y;,, so that we obtain a function 1y, € C} (Rdl) that
satisfies (7)) and 1y, converges in the L topology to 1) as n — oo. Thus, we see that for all measures
w € MH(Q) and o € C} (Rci), we can find sequences |, and Vy, that satisfy the conditions in
Definition |4} The existence of Dy(u, x,v) thus means that for all pi, z, and 1, the limits (@) exist
and are independent of the chosen sequences p, and vy,

Remark 3. We can come up with an alternative version of the definition for the regular part of the
Fréchet derivative of f and of Definition 4| Let us consider the triplets of measures p, points x and
test functions 1) having the property that the test functions are locally constant in the support of
f(u). We denote this set by

Pre = Prel(f, Qs pim) = {1 2,4) € MT(Q) x Q x C5(RY) :
w(Q) < p, 4 is constant in an open neighborhood of f (1), ||¢|lcr < n}.

Let
Ef(lh%@ = <vaMf(/‘)[6mD>a

be the duality of the Fréchet derivative D, f ()[0,] and the test function ). Then the restriction of
Ly to the set Py, that is,
‘Cf|7310 : Plc — R,

coincides with the regular part of the derivative 5f (1,2, ) of f. When the regular part of the
derivative of [ exists, this map has a continuous extension to the set X,

LF: X >R,

in the topology determined by the metric, Dx. This extension is the map (ji,x,%) — D¢(u, z,v).

Hence, 5f (1, 1) given in Deﬁnition can also be defined as the extension of the usual Fréchet
derivative from the set P, to the completion of this set in the appropriate topology.
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E MLPS WITH SKIP CONNECTIONS AND COMPOSITION FORMING AN
IN-CONTEXT MAP

We consider MLPs with possible skip connections, denoted by F,, that are given by the function
Fy:RT 5 RY Fy=c¢, - Idy+00 (AL +bl)o--~0o00 (A} +b)), (54)

where ¢, € R, A% € R%*di-1 are the weight matrices, b}, € R% are bias vectors, o is an activation
function, for example the sigmoid function, and dy = dy = d. This defines a map for measures,
fr, = (Fy)s : MT(R?) — MT(R?) that for discrete measure v = Y_"" | L4, is given by

fF,,(V) = (Fn)#<z 7115%) = Z %6& (55

i=1
where
2 = Fn(yz) (56)

The composition fr, © fr, : MH(Q) = MT(R?) of the maps fr, and fr,, see (8), maps the
discrete measure p, given in (21)), to

n 1 n 1
(fF,,OfF5)<Zn5m> :Zﬁézw Zi:Fn(Fﬁ(Mami))' (57)
1=1 =1

We write
Hy(x) = Fy(z) — .
We note that as I'¢ (i1, ) = x + Atte (1, ) and F,(x) = x + H,(x), we can write

Ey(Te(p, x)) = &+ V(p, o) (58)
and
fr, o fro = 1d: + fv, (59
where V : MT(Q) x R? — R? is the map V = Atte + H,, o I'¢, that is,
V(o) = Atte(p, ) + Hy (Tl ) = At (1, 2) + Hy o (I, + Attg(p, ) (2).  (60)

F A COUNTEREXAMPLE FOR THE CHARACTERIZATION OF
SUPPORT-PRESERVING MAPS USING ONLY CONTINUITY

In this section, we construct a map f : P(2) — P(Q) that is support preserving and continuous
in the 1-Wasserstein topology, but which cannot be represented as f using a continuous in-context
map, G. Such a map, f, is given in formulas (63)-(63)) below. This shows the importance of the
assumptions on the derivative of the map f in the main theorem.

Let us next prove Proposition[I] We recall the statement:

Proposition 3. Ler d = 1 and Q = [-3,3] C R and consider the set P()) endowed with the
1-Wasserstein topology. There exists a continuous, support preserving map [ : P(2) — P () such
that there does not exist a continuous map G : P(2) x Q — Q for which f = fa.

Proof. For 0 < a <1, we define

Ra : [_373] — [_373]7 (61)
Ru(z) = x, forx < —lorx >1,
@+ 15 cos?(3ma) cos(ax), for —1 <z < 1.

We note that the derivative of R, is given by
R :[-3,3] = R, (62)
R:;():{laﬂ 1 - o . forx < —lorax >1,
— 15 cos(zmx) sin(5mx) cos(ax) — {5 cos?(5mx)sin(ax), for -1 <z <1
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and that R, : [-3,3] — [~3,3] is a C" function that maps R, : [—3,3] — [—3, 3]. Moreover, we
point out that when @ — 0, Ro(z) = .
Next, we consider the map
f(/i) = (Ra(,u))#/iv (63)
where
L if >0,
() ={ om0 (64)
0 ifr(p)=0
and
-1 1 2
<= [ @l + [ dut)+ [ @ o)dnto). ©9
—2 —1 1

The function p — x(p) is a continuous map P ([—3,3]) — R but  — a(u) is not continuous.
By|Vallender (1974), the 1-Wasserstein distance satisfies,

Wi (i, iz) = /[ Fi(z) - Fy(a)] dr, (66)
-3

)

where Fi(x) = p1([—3,2]) and Fa(x) = pe([—3,z]) are the cumulative distribution functions of
1 and o, respectively. Thus, as R, (z) is the identity map for z € [-3,3] \ [~ and R,

maps the interval [—32, 2] to itself, we find that

< ([ l[3 3w ([-2mn
B (e B

Lemma 5. The map, f : P([—3,3]) — P(|—3,3]), is continuous in the 1-Wasserstein topology
and is a support-preserving map.

2’2]

Wi (f(p), f(p2))

IA

A

Proof. Whenv = 3" | 15, we have by the definition of f (cf. (63)) that
fw) = (Rag) v,

where ag = a(v). As R, is a C*-map, we see that

Oyir  Yi = Rag (i) (68)

n
i=1

This shows that f is a support-preserving map.

Let pur, p € P([—3, 3]) satisfy

lim Wi (g, pu) = 0. (69)
k—oo
‘We will next show that
i Wi (f (), f (1)) = 0. (70)

First, we consider the case when x(u) > 0. In this case, also k(u) > 0 when n is large enough.
Then, we can use the fact that (z, a) — R4 (z) is Cl—smooth in the domain (z,a) € [—3, 3] x (0, 1],
i.e., when a is strictly positive. This implies that the limit (70} is valid when r(p) > 0.

Second, we consider the case when r(p) = 0. Then, p([—3 — 5,3 + L]) = 0 and f (1) = p. For

all € > 0 there is n. > 0 such that for n > n. it holds that W1 (i, pt) < € and i, ([—3, 2]) < €.
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We see that R, (z) is the identity map for z € [—3,3] \ [-2, 2] and R,(,) maps the interval
[—2, 2] to itself. Thus, n > n., we have by (67),

W), f() < 3(uk([—§,§])+u([—‘;’,ﬂ))+w1<uk,u>
< 3e+ Waluw, p)

< e (71)
These show that the limit (70) is valid also when «(x) > 0. This proves that the limit is valid.
Hence, f is continuous in 1-Wassestein metric. This proves the claim. O

In the following, we use the 1-Wasserstein topology in the set P ([—3, 3]).
Lemma 6. There are no continuous maps G : P(|—3,3]) x [—3,3] — [—3, 3|, such that

f(p) = fa(p). (72)

Proof. Fore > 0, let
pre = (1 =€)z, + €0 /5,
Ve = (1 — 6)5;50 + 66R1/€(ﬁ)a

where xy = 2. We see that as ¢ — 0, we have

lim W1 (pte, 0y ) = 0, (73)
e—0
ll_% W1 (Ve, 0z,) = 0. (74)
We have k() = € so that a(e) = 1/e and thus we see that
flpe) = ve. (75)
Moreover,
Ra(/te)(\ﬁ) = Rl/e(ﬁ) (76)
1 1 1
= e+ — cos? (ﬂ\ﬁ) cos (ﬁ) a7
10 2 €
= Vet = cos? (/e ) cos - 78)
= Vet g0t | 5mVe | cos 7 )

Let us assume that there is a continuous map G : P([—3, 3]) x [-3,3] — [—3, 3], where in the set
P([—3, 3]) we use the 1-Wasserstein topology such that

fw) = fa(p) = (G()#p. (79)
We observe that
fpe) = ve (80)
implies that when 0 < € < 3 we have i, € M;Fmdif([—?), 3]) and
G(Ve, T)|z=2 = 2, (81)
G Ve, )| ye = Rije(Ve). (82)

Thus,

lim sup G (pe, )
e—0+

1 1 1 1
g L2t -1 83
g e et () () =g

1 1 1 1
e = 1i€§él+1fﬁ+ 0 cos? (27rﬁ) cos (\ﬁ) =10 (84)

Formulas (83)), (84), and are in contradiction with the assumption that the map G : P([—3, 3]) x
[—3,3] — [—3, 3] is continuous. This proves the claim. O

lim inf G (e, z)
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The above lemmas yield Proposition I} O

To discuss the connection of the above counterexample with LLMs, we consider a sequence of
tokens (1, Z2, ..., T,) € Q", where 2 C RY, that are identified with discrete measures % Z;;l O,
via the map ¢ given in formula (@). Below, as an interesting counterexample, we will construct a map
[ M5, ([=3,3]) = M3, ([=3,3]) for which the corresponding map F = ¢~ o f o+ maps a
sequence of tokens X = (21, 22,...,%,) € [—3,3]" C R™ to a sequence

F(X> = (yl(X7x1)7y1(X7$2)?' B ayn(Xy xn)) S [_373]71/ C R”™.

Let us consider an example where d = 1 and let 2 = [—3, 3] be the space where we consider the
tokes and By = [—1, 1] and By = [—2, 2] be balls (i.e. intervals) centered at zero.

This map has the following property: Let n > 1 be very large and consider a sequence X,, =
(z1,22,...,2,) where

$1,$2,$3€Bl, x47x57m67x77'°'7xn€Q\B2

that is, the first three tokens are in the smaller neighborhood of the point 0 and all other tokens are
outside the larger neighborhood of the point 0. Denote the image of this sequence of tokens in the
map F by

F(Xn) = F(‘Tl’x% cee ,$n> = (yl(Xn,wl);?h(X; 372), v ayn(vaTL))'

When n is large, the measure px (Bs), of the set By with respect to the measure px = % Z?:l Oy
is small. More precisely, px (B2) = % Then, when f is the map constructed below in formulas

(63)-(63) below, the function
r1 = (Y1(Xn, 1), Y2(Xn, 22), y3(Xn, 73))

converges to a discontinuous function as n — oco. This means that when the prompt becomes
sufficiently long, then the map F' transforms some of the tokens in a possible unstable way. As a
possible playful example, two long, almost similar prompts, coded with map which assigns tokens
in R? for words, so that the names ‘Alice’ and ‘Elise’ are mapped to tokens that are very close to
each others, that is, |c(Alice) — ¢(Elise)| is small. We consider to very long prompts which are the
same except their first words (in this example, we use a long ‘Lorem ipsum’ text that is commonly
used in graphic design and publishing as a dummy or placeholder text). The promts

X, = (Alice, is, studying, the, text, Lorem, ipsum, dolor, sit,amet, . .. ,nibh),
X! = (Elise,is, studying, the, text, Lorem, ipsum, dolor, sit,amet, . .., nibh),

could possibly be mapped in the composition of F' and a permutation .S (that changes the 1st and
the 3rd words)

(S o F)(X,) = (The,reader, LOV ES, the,text, Lorem,ipsum, dolor, sit,amet, . .. ,nibh),
(So F)(X]) = (The,reader, HATES, the, text, Lorem, ipsum, dolor, sit,amet, . .., nibh).
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