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Abstract001

Large Language Models (LLMs) consistently002
benefit from scaled Chain-of-Thought (CoT)003
reasoning, but also suffer from heavy compu-004
tational overhead. To address this issue, ef-005
ficient reasoning aims to incentivize short yet006
accurate thinking trajectories, typically through007
reward shaping with Reinforcement Learning008
(RL). In this paper, we systematically investi-009
gate the mechanics of efficient reasoning for010
LLMs. For comprehensive evaluation, we ad-011
vocate for more fine-grained metrics, including012
length distribution conditioned on correctness013
and performance across a wide spectrum of to-014
ken budgets ranging from 2k to 32k. First, we015
reveal that the training process follows a two-016
stage paradigm: length adaptation and reason-017
ing refinement. After that, we conduct exten-018
sive experiments (about 0.2 million GPU hours)019
in a unified protocol, deconstructing training020
prompts and rollouts, reward shaping, and opti-021
mization strategies. In particular, a key finding022
is to train on relatively easier prompts. We023
distill all findings into valuable insights and024
practical guidelines, and further validate them025
across multiple LLMs, demonstrating their ro-026
bustness and generalization.027

1 Introduction028

Large language models (LLMs), such as029

Qwen3 (Yang et al., 2025) and DeepSeek-R1 (Guo030

et al., 2025), have revolutionized the field of031

natural language processing (NLP) due to their032

superior reasoning capabilities. One key insight033

for such success is the consistently scaled Chain-034

of-thought (CoT) thinking during inference (Snell035

et al., 2024). Despite the advancement, longer036

CoT also introduces significant trade-offs, such as037

high latency for real-world deployments (Sui et al.,038

2025; Wu et al., 2025a).039

To address this issue, one mainstream method040

is to incentivize efficient reasoning via Reinforce-041

ment Learning (RL) with reward shaping (Ma et al.,042
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Figure 1: General pipeline for efficient reasoning via
RL. The key is to promote short and accurate thinking
trajectories via reward design. In this paper, we provide
systematic insights ( ) considering data, reward, and
optimization.

2024; Kimi et al., 2025; Liu et al., 2025). As shown 043

in Figure 1, the core idea is to incentivize efficient 044

reasoning by allocating the rewards based on roll- 045

out length and correctness. For instance, one impor- 046

tant principle is that shorter correct CoTs should re- 047

ceive higher rewards than longer correct CoTs (Yeo 048

et al., 2025). However, previous methods are al- 049

most exclusively focused on reward design (Hou 050

et al., 2025; Liu et al., 2025), while overlooking the 051

broader training recipe, including data composition 052

and optimization strategy. 053

In this paper, we propose to systematically in- 054

vestigate the mechanics of efficient reasoning in 055

a unified experimental protocol. Our analysis re- 056

veals that the training dynamics follow a two-stage 057

paradigm, i.e., 1) length adaptation, where the 058

model rapidly adapts to token constraints; and 2) 059

reasoning refinement, where it optimizes perfor- 060

mance within the length scope. For comprehensive 061

observations, we advocate for more fine-grained 062

metrics. Specifically, we propose to compare the 063

length distribution conditioned on correctness for 064

the training prompts. Meanwhile, for the down- 065

stream benchmarks, we argue to record the perfor- 066

mance across a wide spectrum of token budgets 067

ranging from 2k to 32k. The effectiveness of dif- 068

ferent strategies is budget-dependent, exhibiting 069
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distinct or even contradictory behaviors.070

Through extensive ablation studies, we further071

deconstruct the impact of data difficulty, rollout072

number, reward, and optimization strategies. No-073

tably, we find that training on relatively easier074

prompts provides a denser positive reward signal,075

which is essential for stable reasoning distillation.076

More rollouts contribute to better performance, but077

also bring heavier training costs. For the reward078

assignment, we compare the strategy to assign a079

negative reward or mask corresponding rollouts.080

Moreover, we further explore the off-policy strat-081

egy with different staleness to speed up the rea-082

soning refinement stage. We distill all the findings083

into valuable insights and practical guidelines, and084

evaluate them on more LLMs for robustness and085

generalization. In summary, our contributions are086

as follows:087

• We identify and characterize the two-stage088

paradigm for efficient reasoning, i.e., length089

adaptation followed by reasoning refinement.090

• We introduce fine-grained metrics, providing091

a more comprehensive understanding of train-092

ing dynamics.093

• We provide a systematic exploration of the094

training recipe, offering practical insights into095

data, reward, and optimization that signifi-096

cantly improve the efficiency of CoT models.097

2 Preliminary098

2.1 Experimental Setup099

Prompts. RL methods have been demonstrated100

as an effective way for reasoning. Given an input101

prompt x from a dataset D, the LLM policy πθ gen-102

erates a set of N reasoning trajectories (rollouts)103

{y1, y2, . . . , yN}. The objective is to update πθ us-104

ing policy gradients derived from reward signals105

upon rollouts. Data quality is critical for efficient106

reasoning distillation (Guo et al., 2025). Therefore,107

we employ the popular DeepScaleR benchmark 1.108

Reward Engineering. In standard outcome-109

supervised RL, the reward function focuses solely110

on correctness. Let I(⋅) denote the indicator func-111

tion which returns 1 if the condition holds and 0112

otherwise. The vanilla reward is defined as:113

Rvanilla(x, yi) = I(yi is correct). (1)114

1Dataset link

To enforce efficient reasoning, we employ reward 115

shaping to incentivize conciseness without sacrific- 116

ing accuracy. In this work, we focus on the Trunca- 117

tion Strategy as a strong baseline, which applies a 118

hard constraint on the trajectory length: 119

RT (x, yi) = I(yi is correct) ⋅ I(L(yi) ≤ LT ),
(2) 120

where L(yi) denotes the token length of the i-th 121

rollout, and LT represents the target length budget. 122

We compare this approach against recent methods 123

such as Kimi-1.5 (Kimi et al., 2025) and Laser (Liu 124

et al., 2025). Further details on reward configura- 125

tions are provided in Appendix A. 126

Evaluation Protocol. To capture the nuances of 127

efficient reasoning, we introduce fine-grained eval- 128

uation metrics beyond simple accuracy. 129

• Training dynamics: We monitor the length 130

distribution conditioned on correctness to vi- 131

sualize how the model trades off verbosity for 132

precision. 133

• Budget-aware benchmarking: For down- 134

stream tasks, we report performance across 135

a wide spectrum of inference token budgets 136

(B ∈ {2k, 4k, 8k, 16k, 32k}). 137

We report Pass@8 and Mean@8 metrics across 138

standard mathematical reasoning benchmarks: 139

AIME’25 (AIME, 2025), AMC (AMC, 2025), 140

MATH-500 (Hendrycks et al., 2021), Minerva 141

Math (Lewkowycz et al., 2022), and Olympiad 142

Bench (He et al., 2024). Additionally, we assess 143

code generation capabilities using LiveCodeBench 144

(LCB) (Jain et al., 2024). 145

Training Implementation. We use DeepSeek- 146

R1-Distill-Qwen-1.5B as the backbone model. RL 147

training is performed using Group Relative Policy 148

Optimization (GRPO) (Shao et al., 2024) on 64 149

NVIDIA H200 GPUs. The learning rate is set to 150

1 × 10
−6 with a clip-high ratio of 0.28, following 151

Yu et al. (2025). During the rollout phase, we use a 152

batch size of 128 and sample N = 8 trajectories per 153

prompt with a maximum length of 16k (LR = 16k). 154

The target length LT is 4k. 155

2.2 Two-stage Paradigm 156

As illustrated in Figure 2, the training dynamics 157

exhibit a distinct chronological structure, which we 158

characterize as a two-stage paradigm: 159
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Figure 2: Training dynamics of various reward shaping methods on DeepSeek-R1-Distill-Qwen-1.5B. All of them
follow the two-stage paradigm. The behaviors are distinct when evaluated under different token budgets.

Stage I: Length Adaptation. The initial phase160

is dominated by the optimization of constraint sat-161

isfaction. Driven by the length penalty, the model162

rapidly adjusts its output distribution to avoid zero-163

reward truncation. As shown in the Rollout Length164

curves, the average token consumption undergoes a165

precipitous decline (e.g., from ∼6k to ∼2k), exhibit-166

ing an exponential decay pattern. Simultaneously,167

the Policy Entropy decreases significantly, indicat-168

ing that the model is converging towards a subspace169

of shorter, valid trajectories. In this stage, the pri-170

mary learning signal encourages the model to meet171

the length constraint.172

Stage II: Reasoning Refinement. Once the roll-173

out length stabilizes within the target budget, the174

training enters a stationary phase regarding length,175

shifting focus to logic optimization. In this stage,176

the length curves plateau, demonstrating that the177

model has successfully adapted to the hard con-178

straints. Crucially, the performance metrics (e.g.,179

Mean@8) continue to evolve or recover. This in-180

dicates that the model is learning to compress the181

Chain-of-Thought (CoT) and increase the infor-182

mation density of each token to improve accuracy 183

without violating the length budget. 184

2.3 Distinct Behaviors across Token Budgets 185

Contrary to previous single-budget evaluations, Fig- 186

ure 2 also reveals that model behaviors are highly 187

sensitive to the token constraints, exhibiting dis- 188

tinct and often contradictory trends. 189

Under a strict budget (2k), performance is dom- 190

inated by length adaptation. Aggressive penalties 191

(e.g., Kimi) excel here by forcing the model to 192

fit the narrow context window. However, under a 193

generous budget (32k), these same methods often 194

suffer from Reasoning Collapse, permanently sacri- 195

ficing reasoning depth for brevity. In contrast, more 196

balanced strategies (e.g., Laser) exhibit a U-shaped 197

trajectory at 32k, which initially drops due to com- 198

pression, but subsequently recovers through reason- 199

ing refinement. This decoupling phenomenon high- 200

lights a critical trade-off: over-optimizing for strict 201

efficiency can severely harm the model’s upper- 202

bound reasoning capability, necessitating the multi- 203

budget evaluation protocol. 204
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Figure 3: Performance training on all prompts and easy/hard counterparts (rollout LR = 16k, target LT = 4k).

3 Experiments and Guidelines205

In this section, we systematically investigate the206

impact of training data, reward assignment, and207

optimization strategies. We select truncation as a208

minimalist proxy to isolate the effects of data and209

optimization dynamics, avoiding the confounding210

factors introduced by complex reward shaping.211

3.1 Data: Prompt and Rollout212

Impact of Prompt Difficulty. Efficient reason-213

ing optimization is primarily a post-training align-214

ment phase, aimed at distilling existing reasoning215

capabilities into concise formats rather than acquir-216

ing novel knowledge. Consequently, the difficulty217

of training prompts plays a pivotal role in determin-218

ing the density of positive reward signals To inves-219

tigate this, we classify DeepScaleR prompts based220

on the backbone model’s pass rate over N = 8221

rollouts: DeepScaleR-Easy (pass rate > 0.5) and222

DeepScaleR-Hard (pass rate ≤ 0.5).223

As illustrated in Figure 3, the training dynamics224

exhibit stark differences depending on data com-225

position. Training exclusively on Hard prompts226

results in catastrophic failure. The policy en-227

tropy spikes drastically, and the rollout length col-228

lapses prematurely. Consequently, downstream 229

performance metrics (e.g., AMC and Olympiad 230

Mean@8) degrade significantly. This suggests that 231

when the model struggles to generate correct an- 232

swers, the RL signal becomes dominated by the 233

length penalty on incorrect rollouts, leading to rea- 234

soning collapse. 235

Conversely, training on Easy prompts yields the 236

most stable trajectory. The policy entropy remains 237

low and stable, indicating consistent positive rein- 238

forcement. The rollout length adapts smoothly to 239

the target budget. Crucially, despite using only a 240

subset of the available data, the Easy split achieves 241

asymptotic performance comparable to (or even 242

slightly exceeding) the Full dataset. Please refer 243

to Appendix B for results and analysis under more 244

settings. Qualitative analysis in Appendix D shows 245

that the model does not merely truncate tokens but 246

transitions to a more symbolic and expert-like rea- 247

soning style, even when trained on easier instances. 248

Impact of Rollout Number N . Given that the 249

density of valid reward signals is crucial, we further 250

investigate the impact of the rollout number N . 251

Fixing the training data to the stable DeepScaleR- 252

Easy split, we vary N ∈ {8, 12, 16, 24} with a 253
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Figure 4: Performance with various rollouts N using
DeepScaleR-Easy.

rollout limit LR = 16k and a target length LT = 4k254

trained on DeepScaleR-Easy.255

As shown in Figure 4, increasing N yields ob-256

servable benefits. Larger N significantly speeds up257

the Length Adaptation phase. With more attempts,258

the policy discovers high-reward (short and correct)259

trajectories earlier, causing the length curve (e.g.,260

N = 24, red line) to decay faster than the baseline261

(N = 8, blue line), although all settings converge262

to a similar length floor. Meanwhile, larger N leads263

to a more robust Reasoning Refinement stage. In264

mathematical benchmarks (Minerva, Olympiad),265

the model recovers its reasoning capabilities faster266

and achieves a higher asymptotic Mean@8.267

However, this advantage is task-dependent. On268

the LiveCodeBench (LCB) coding task, the perfor-269

mance gap between N = 8 and N = 24 is marginal,270

suggesting that the complexity of code generation271

may require distinct exploration strategies beyond272

simply scaling N . It is worth noting that while273

increasing N improves performance, it introduces274

a linear increase in computational overhead during275

the rollout phase. Please refer to Appendix C for276

results under more settings.277

Insights towards Training Data: The key
is to ensure sufficient and effective rewards.
Training on easier prompts allows LLMs
to focus on length reduction without com-
promising performance. Larger rollout N
would be better if computational resource
allows.

278

3.2 Reward on Negative Rollouts 279

Strategy Correct Incorrect

Short Long Short Long

Vanilla 1 0 0 0
-I 1 0 - -
-L&C 1 - 0 0
-L&C-S&I 1 - - 0
-L&C-L&I 1 - 0 -

Table 1: Reward for different strategies on negative
rollouts by Correctness and Length.

The art of RLHF often lies in the design of 280

negative signals. In the standard truncation strat- 281

egy (Vanilla), the penalty is uniform: both incor- 282

rect responses and overlong correct responses are 283

treated as negative samples (R = 0). An intuitive 284

idea is to mask the overlong correct rollouts rather 285

than as negative samples. To investigate this, we 286

conduct a fine-grained ablation study by masking 287

specific subsets of negative rollouts, as detailed in 288

Table 1. 289

As illustrated in Figure 5, the training dynam- 290

ics reveal that different masking strategies exhibit 291

distinct behaviors. Improper strategies will lead to 292

unintended consequences, categorized into three 293

distinct failure modes: 294

1) The trap that short is correct (-I, -L&C-S&I). 295

When we mask penalties for incorrect answers 296

based on length, the model will be misled by incor- 297

rect causal relationships. 298

For masking all incorrect (-I), we only penalize 299

overlong and correct rollouts. The training signal 300

only contains a) short and correct rollouts with pos- 301

itive reward and b) overlong and correct rollouts 302

with negative reward. In this way, the model would 303

hack this length bias to generate short output. As 304

shown by the orange line, the policy entropy ex- 305

plodes after 400 steps and rollout length collapses 306

precipitously. The model abandons reasoning en- 307

tirely to satisfy the length constraint. 308
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Figure 5: Performance for various reward strategies on negative rollouts (rollout LR = 16k, target LT = 4k,
N = 24). We also visualize LR = 4k, LT = 4k for comparison.

For masking overlong correct and short incor-309

rect rollouts (-L&C-S&I), the dynamics are similar.310

The training signal only contains a) short and cor-311

rect rollouts with positive reward and b) overlong312

and incorrect rollouts with negative reward. In this313

case, the LLMs will hack the length bias regardless314

of the correctness of negative overlong rollouts.315

2) Short rollouts only (-L). A particularly inter-316

esting phenomenon occurs in the strategy -L&C-317

L&I (red line), where we remove the penalty for318

all overlong trajectories. It means that the LLMs319

are optimized with short correct and short incor-320

rect rollouts. Meanwhile, the overlong outputs are321

masked, without either positive or negative rewards.322

After 200 steps (reasoning refinement stage), the323

LLMs hack this and begin to generate overlong324

outputs (no penalty). Consequently, the outputs on325

the benchmark turn out to be much longer. Inter-326

estingly, these outputs are almost incorrect, but the327

models do not collapse.328

3) Do not penalize overlong but correct rollouts329

(-L&C). The -L&C strategy (green line) masks330

overlong but correct rollouts instead of penalizing331

them. On the downstream benchmarks, the LLMs332

will generate longer outputs than baselines and out- 333

perform the vanilla baseline. It is a trade-off for 334

length control and performance. 335

Finally, we compare these complex shaping 336

strategies against a simple baseline: sampling 337

at target length (i.e., LR = LT ). The Vanilla 338

(LR = 4k → LT = 4k) setting (brown line) re- 339

stricts the exploration space to the target budget 340

from the outset. Unlike the masking strategies, 341

which struggle to balance signals, this hard con- 342

straint forces the model to learn efficiency within a 343

valid search space. We can observe that it achieves 344

the optimal Pareto frontier: matching the high ac- 345

curacy of lenience strategies while maintaining the 346

minimal token consumption of aggressive strate- 347

gies. 348

Insights towards Reward on Negative
Rollouts: Do not penalize correct but over-
long rollouts leads to higher performance,
but also slightly longer outputs. Sampling
at target length (LR = LT ) achieves a bet-
ter trade-off.

349
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Figure 6: Performance for off-policy strategy with various staleness (i.e., 2,4,8,16).

3.3 Off-policy Optimization350

In traditional RL training, off-policy updates (uti-351

lizing stale data) can significantly accelerate the352

training process but often introduce instability or353

divergence (Zheng et al., 2025; Huang et al., 2025).354

Meanwhile, we can observe that the performance355

keeps growing at the reasoning refinement stage.356

To investigate this, we conduct experiments with357

varying staleness degrees S ∈ {2, 4, 8, 16} using358

the robust setting derived from our previous guide-359

lines (LR = LT = 4k,N = 24).360

As illustrated in Figure 6, the results reveal a361

nuanced trade-off. Increasing staleness acts as a362

powerful accelerator for the entire optimization363

stage. The Length Adaptation stage is significantly364

shortened. As staleness increases, the rollout length365

decays more rapidly (shifting towards the bottom-366

left), allowing the model to satisfy the token budget367

earlier. Consequently, the model enters the Reason-368

ing Refinement stage sooner. Downstream metrics369

show that high-staleness models (e.g., S = 16, pur-370

ple line) achieve higher accuracy faster than the371

on-policy baseline (blue line).372

However, larger staleness also introduces latent373

instability risks. Contrary to findings that excessive374

off-policy updates lead to catastrophic model col-375

lapse, our experiments maintain high performance. 376

We attribute this robustness to our optimized setup 377

(easy prompts and high N ), which ensures suffi- 378

cient and effective reward signals. However, signs 379

of instability emerge in the training statistics: 380

• Entropy explosion: As shown in the Pol- 381

icy Entropy subplot, high staleness (e.g., 16) 382

causes a dramatic surge in entropy after 400 383

steps. 384

• Length rebound: Correlated with the entropy 385

spike, the training rollout length for high stale- 386

ness begins to drift upwards again, indicating 387

that the policy model is struggling to maintain 388

the strict efficiency constraint. 389

Insights towards Off-policy Optimiza-
tion: Appropriate staleness can accelerate
convergence without harming accuracy (be-
fore 800 steps), but also introduces latent
instability, manifested as rising entropy and
uncontrolled length drift. A moderate stal-
eness is recommended (e.g., 4) to balance
training efficiency with policy stability.

390
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4 Extensive Analysis391

4.1 Evaluated on More LLMs392

Method Mean@8 Pass@8 Length

Qwen3-0.6B

Vanilla 13.33 26.67 14.9k
Ours 21.25 46.67 10.8k
∆ 7.92↑ 20.00↑ 4.1k↓

Qwen3-4B-Instruct-2507

Vanilla 43.75 66.67 9.3k
Ours 49.58 73.33 8.2k
∆ 5.83↑ 6.66↑ 1.1k↓

Table 2: Performance comparison on Qwen3 Models.

To verify the universality of our derived393

guidelines, we extend our evaluation to the394

Qwen3 family, including Qwen3-0.6B and395

Qwen3-4B-Instruct-2507. Based on the insights,396

we strictly align the rollout limit with the target397

budget: setting LR = LT = 8k for the 0.6B model398

and LR = LT = 16k for the 4B model. Crucially,399

we maintain a high reward density by sampling400

N = 24 trajectories for each prompt.401

As shown in Table 2, the experimental results402

demonstrate the robustness of our strategy across403

different model scales. For Qwen3-0.6B, our404

method achieves a dramatic performance boost.405

The Pass@8 surges by +20.00% and Mean@8 by406

+7.92%, all while reducing the average response407

length by 4.1k tokens. This suggests that efficient408

reasoning is particularly critical for smaller models409

to navigate the solution space effectively. For the410

stronger Qwen3-4B-Instruct, we observe a con-411

sistent trend. The method yields a +5.83% increase412

in Mean@8 and a +6.66% increase in Pass@8, ac-413

companied by a 1.1k reduction in token consump-414

tion.415

4.2 Case Study416

To qualitatively validate the impact of our strategy,417

we compare the reasoning trajectories of the vanilla418

and optimized models. Please refer to Appendix D419

for detailed examples and analysis. In short, our420

method does not merely truncate output, but ac-421

tively incentivizes the model to reorganize its CoTs422

into a more streamlined and expert-like format.423

5 Related Work 424

5.1 Efficient Reasoning 425

Efficient reasoning methods aim to mitigate the 426

overthinking phenomenon (Wu et al., 2025b; Sui 427

et al., 2025) and reduce the prohibitive inference 428

costs associated with long-form CoT (Wu et al., 429

2025a; Cui et al., 2024). One prominent approach 430

trains long CoTs to be short using SFT (Xia et al., 431

2025; Ma et al., 2025) or RL (Hou et al., 2025; 432

Shen et al., 2025; Liu et al., 2025). Parallel research 433

directions explore architectural innovations, such 434

as reasoning within latent spaces (Hao et al., 2024; 435

Su et al., 2025) or more efficient decoding (Sun 436

et al., 2024; Xu et al., 2025). We refer the readers 437

to Feng et al. (2025) for more details. Unlike works 438

that propose novel architectures, we focus on the 439

mechanics of RL-based efficiency optimization. 440

5.2 Reward Shaping Methods 441

The philosophy for reward shaping is to incentivize 442

short yet accurate rollouts via allocating training 443

rewards (Weng, 2025). The first principle is to 444

promote shorter responses and penalize longer re- 445

sponses among correct ones (Kimi et al., 2025; Hou 446

et al., 2025; Aggarwal and Welleck, 2025). Mean- 447

while, we can also penalize longer for incorrect 448

answers (Kimi et al., 2025). Contrary to that, Liu 449

et al. (2025); Yeo et al. (2025) argue to promote 450

longer incorrect rollouts to encourage exploration. 451

Despite these advancements, existing studies often 452

evaluate reward functions in isolation. In this pa- 453

per, we select the simplest truncation strategy after 454

comparison and conduct extensive experiments in 455

a unified protocol. 456

6 Conclusion 457

In this work, we first reveal that the training dy- 458

namics of efficient reasoning follow a two-stage 459

paradigm, i.e., the length adaptation and reason- 460

ing refinement. Meanwhile, we advocate for more 461

fine-grained metrics. Based on these, we further 462

deconstruct the impact of data difficulty, rollout 463

number, reward on negative rollouts, and optimiza- 464

tion strategies. Moreover, we distill all findings 465

into valuable insights and practical guidelines. A 466

key finding is to train on relatively easier prompts, 467

which contribute to sufficient and effective rewards 468

for optimization. Evaluation of more LLMs fur- 469

ther demonstrates the robustness and generaliza- 470

tion. For future work, finding an optimal target 471

length is a valuable topic. 472
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Limitation473

In this work, we systematically investigate the me-474

chanics of efficient reasoning. However, there475

are several limitations that point towards future476

research directions.477

Domain diversity of training prompts. Our478

training experiments primarily rely on the Deep-479

ScaleR benchmark, which is concentrated on math-480

ematical reasoning. Consequently, the impact of481

utilizing other data domains (e.g., code genera-482

tion, common sense reasoning) for training re-483

mains underexplored. However, we argue that484

this does not undermine the validity of our con-485

clusions. As demonstrated in our extensive evalua-486

tions, the efficient reasoning patterns distilled from487

mathematics (e.g., length adaptation and reason-488

ing refinement) successfully generalize to out-of-489

domain tasks like LiveCodeBench. This suggests490

that the underlying capability of eliminating re-491

dundancy and optimizing thinking trajectories is492

transferable across domains. Nevertheless, incorpo-493

rating domain-specific training data (e.g., training494

directly on code repositories) remains a promising495

avenue to further maximize efficiency in specific496

verticals.497

Fixed vs. adaptive target length. In our cur-498

rent protocol, we employ a fixed target length (LT )499

to incentivize conciseness. While this serves as500

an effective and controlled baseline for revealing501

the two-stage paradigm, it may not be the optimal502

strategy for all queries. Complex problems may503

inherently require longer reasoning budgets, while504

simpler ones can be compressed further. Future505

work could explore adaptive length thresholds that506

dynamically adjust the budget conditioned on the507

input difficulty, thereby achieving a more flexible508

trade-off between efficiency and performance.509
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Appendix 662

A Detailed Results on Reward Engineering 663

For Kimi-1.5 (Kimi et al., 2025), they first define a normalized length term: 664

L̃(yi) =
L(yi) − Lmin

Lmax − Lmin
. (3) 665

The reward function can be rewritten as the sum of the correct reward and the incorrect penalty: 666

RKimi(x, yi) = I(yi is correct) ⋅ (1.5 − L̃(yi)) + I(yi is incorrect) ⋅min (0, 0.5 − L̃(yi)) . (4) 667

For Laser (Liu et al., 2025), it can be elegantly compressed by viewing it as a base reward for correctness, 668

plus a bonus if the length condition is met: 669

RLaser(x, yi) = I(yi is correct) ⋅ (1 + α ⋅ I(L(yi) < LT )) . (5) 670

They also propose a variant to encourage exploration. This variant adds a term to incentivize long 671

incorrect trajectories (exploration). It is the sum of the standard Laser reward and the exploration bonus: 672

RLaser-D(x, yi) = I(yi is correct) ⋅ (1 + α ⋅ I(L(yi) < LT ))& + I(yi is incorrect) ⋅ (α ⋅ I(L(yi) ≥ LT )) .
(6) 673

Figures 7 and 8 present the training dynamics on additional benchmarks, including AIME’25, MATH- 674

500, AMC (Figure 7) and Minerva Math, Olympiad Bench, LiveCodeBench (Figure 8). 675

Consistent with our main analysis, we observe the following patterns: 676

• Universal two-stage paradigm: Across all benchmarks, the training process strictly follows the 677

length adaptation phase followed by the reasoning refinement phase. The rollout length (top row) 678

consistently decays exponentially before stabilizing. 679

• Budget sensitivity: The performance decoupling phenomenon remains pervasive. For instance, on 680

challenging tasks like Olympiad Bench, aggressive strategies (e.g., Kimi) often show rapid gains at 681

stricter budgets (2k) but suffer from stagnation or collapse at generous budgets (32k), whereas the 682

Truncation baseline maintains a more balanced recovery. 683

These extensive results reinforce the necessity of our proposed fine-grained evaluation protocol: relying 684

on a single token budget or a single dataset is insufficient to capture the true efficacy of efficient reasoning 685

strategies. 686

B Detailed Results for Data Selection 687

In the main text, we demonstrated that training on easier prompts leads to more stable optimization. Here, 688

we extend this analysis to our full evaluation suite, comprising AIME’25, MATH-500, AMC, Minerva 689

Math, Olympiad Bench, and LiveCodeBench. 690

As illustrated in Figures 9 and 10, the results consistently validate our hypothesis regarding reward 691

density. Across almost all benchmarks, the model trained exclusively on DeepScaleR-Hard (green line) 692

exhibits significant instability. For instance, on AIME’25 and Olympiad Bench, the performance often 693

fluctuates violently or collapses entirely after the initial adaptation phase. This confirms that sparse reward 694

signals from difficult prompts impede effective reasoning distillation. 695

Meanwhile, the model trained on DeepScaleR-Easy (orange line) consistently matches or rivals the 696

performance of the model trained on the Full dataset (blue line). Notably, on LiveCodeBench (LCB), the 697

Easy split achieves a competitive pass rate with significantly lower variance than the Hard split. 698

The fact that relatively easier prompts suffice for high performance even on difficult test sets (like 699

Olympiad Bench) suggests that the core mechanism of efficient reasoning via RL is a transferable skill 700

that does not strictly require training on the hardest problem instances. 701
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C Detailed Results for More Rollouts702

Figures 11 and 12 indicate the results on more rollouts under two different settings (LR = 16k, LT = 4k703

and LR = 4k, LT = 4k). We observe three key phenomena:704

1) Consistent benefits across settings. Regardless of the rollout length constraint (LR), the advantage of705

scaling N remains consistent. Whether allowing for long-context exploration (16k) or strictly constraining706

the search space (4k), increasing N yields a strictly positive effect on the convergence speed and707

asymptotic performance of the Mean@8 metric. This confirms that increasing the density of the reward708

signal is a robust strategy for stabilizing efficient reasoning, independent of the exploration horizon.709

2) Task-dependent sensitivity. The magnitude of improvement varies significantly across datasets. On710

highly difficult benchmarks such as AIME’25 and LiveCodeBench (LCB), the performance gap between711

N = 8 and N = 32 is relatively narrow. This suggests that for problems requiring complex multi-step712

reasoning or code synthesis, simply increasing the number of rollouts is insufficient to break through the713

reasoning barrier if the base model lacks the fundamental capability to solve the problem. Conversely, on714

relatively easier or intermediate tasks like AMC and MATH-500, larger N leads to substantial performance715

separation. In these regimes, the model likely knows how to solve the problem, and higher N helps it716

learn to do so more reliably within the length constraint.717

3) Stability vs. peak capability (Mean@8 vs. Pass@8). A critical observation is the divergence718

between Mean@8 and Pass@8 metrics. While Mean@8 shows significant improvement with larger N ,719

the Pass@8 metric often remains stagnant or improves only marginally. Pass@8 measures the model’s720

ability to generate at least one correct solution (peak capability). The lack of improvement here implies that721

scaling N does not necessarily enable the model to solve new problems that were previously unsolvable.722

Mean@8 measures the expected correctness across samples (consistency). The rise in Mean@8 indicates723

that scaling N effectively reduces the variance of the policy.724

Conclusion: Increasing N primarily acts as a stabilizer, reducing the likelihood of reasoning errors on725

solvable problems rather than expanding the model’s upper-bound intelligence.726

D Detailed Cases727

Tables 3 and 4 indicate two examples from the training prompts. As observed in the vanilla response, the728

model exhibits typical conversational redundancy: it frequently uses filler phrases (e.g., "Hmm," "Let me729

think"), re-states the problem premise unnecessarily, and performs verbose arithmetic decomposition. In730

stark contrast, the model trained with our efficient reasoning strategy undergoes a fundamental stylistic731

shift. It eliminates conversational fluff and directly adopts a dense and mathematically formal structure.732

The reasoning transitions from a hesitant narrative to a precise, symbolic derivation (e.g., integrating733

formulas like V =
1
3
Bh directly into the calculation flow). This demonstrates that our method does not734

merely truncate output, but actively incentivizes the model to reorganize its CoTs into a more streamlined735

and expert-like format.736
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Figure 8: Training dynamics of various reward shaping methods on Minerva Math, Olympiad Bench, and Live-
CodeBench.
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Figure 9: Performance training on various training prompts (rollout LR = 16k, target LT = 8k).
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Figure 10: Performance training on various training prompts (rollout LR = 16k, target LT = 4k).
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Figure 11: Performance training on various rollouts N (LR = 16k, LT = 4k).
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Figure 12: Performance training on various rollouts N (LR = 4k, LT = 4k).
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Question Compute (3128). Let’s think step by step and output the final answer within \boxed{}

Vanilla Okay, so I need to compute the binomial coefficient ((3128)). Hmm, binomial coefficients are those

numbers that come up in combinations, right? They represent the number of ways to choose a subset
of items from a larger set, disregarding the order. First, I remember that the formula for a binomial

coefficient is ((nk) =
n!

k!(n−k)! ). So, in this case, (n = 31) and (k = 28). Let me write down the formula

with these values: (3128) =
31!

28!(31−28)! Simplifying the denominator: 31 - 28 = 3, so it becomes 31!

28!3!

Hmm, but calculating factorials for such large numbers seems tedious. Maybe there’s a way to simplify
this without computing the entire factorials. I remember that sometimes, in binomial coefficients, you
can simplify by canceling out terms in the numerator and denominator. Let me think about how to do
that. Since (31! = 31 × 30 × 29 × 28!), I can rewrite the numerator as: 31! = 31 × 30 × 29 × 28!

So substituting back into the equation: (3128) =
31×30×29×28!

28!×3!
Oh, I see! The (28!) terms cancel out in

numerator and denominator: = 31×30×29
3!

Now, (3! = 3×2×1 = 6), so substituting that in: = 31×30×29
6

Alright, now I need to compute this. Let me compute the numerator first: 31 multiplied by 30 is 930,
and 930 multiplied by 29. Hmm, 930 times 29. Let me do that step by step: - 930 x 20 = 18,600 -
930 x 9 = 8,370 Adding them together: 18,600 + 8,370 = 26,970 So the numerator is 26,970. The
denominator is 6. So now, 26,970 divided by 6. Let’s do that: 26,970 ÷ 6. Dividing step by step: -
6 goes into 26 four times (4x6=24), remainder 2. - Bring down the 9: 29. 6 goes into 29 four times
(4x6=24), remainder 5. - Bring down the 7: 57. 6 goes into 57 nine times (9x6=54), remainder 3. -
Bring down the 0: 30. 6 goes into 30 five times. So putting it all together: 4, 4, 9, 5. So it’s 4,495.
Wait, let me double-check that division because I might have messed up the steps. Alternatively, I
can write 26,970 ÷ 6 as (26,000 + 970) ÷ 6. 26,000/6 = 4,333.333... 970/6≈161.666... Adding them
together: 4,333.333...+161.666... = 4,495.

Yep, that matches. So the result is 4,495. Therefore, ((3128) = 4, 495). Final Answer The value of

((3128)) is \boxed4495. To compute the binomial coefficient ((3128)), we use the formula: (nk) =
n!

k!(n−k)!

Substituting (n = 31) and (k = 28): (3128) =
31!

28!(31−28)! =
31!

28!3!
We simplify the factorials by recognizing

that (31! = 31 × 30 × 29 × 28!): (3128) =
31×30×29×28!

28!×3!
=

31×30×29
3!

Since (3! = 6), we have: = 31×30×29
6

Calculating the numerator: 31 × 30 = 930][930 × 29 = 26970

Dividing by the denominator: 26970

6
= 4495

Thus, the value of ((3128)) is ( 4495 ).

Ours To compute the binomial coefficient ((3128)), I’ll start by recalling that the binomial coefficient formula

is given by: (nk) =
n!

k!⋅(n−k)! Here, (n = 31) and (k = 28). Alternatively, since ((nk) = ( n
n − k)),

perhaps I can simplify the expression by choosing the smaller (k) value to make calculation easier.

Calculating (31 - 28 = 3), which means: (3128) = (313 )

Now compute ((313 )): Using the formula: (313 ) =
31!

3!⋅(31−3)! =
31!

3!⋅28!
Simplifying, since (31! =

31 × 30 × 29 × 28!): 31×30×29×28!
3!×28!

=
31×30×29

3!
Calculate the denominator (3! = 6): Therefore,

31×30×29
6

Computing numerator: 31 × 30 = 930; 930 × 29 = ? Compute: 930 × 29: Breakdown: = 930
× (30 - 1) = 930 × 30 - 930 × 1 = 27900 - 930 = 26970 Then divide by 6: 26970 ÷ 6 = ? Calculate:
26970 ÷ 6 = 4495 Wait perhaps: 6 × 4495 = 26970, yes. Therefore, the value becomes 4495. Thus,

4495 To compute ((3128)), we use the property ((nk) = ( n
n − k)): (3128) = (313 ) Compute ((313 )):

Using the formula, (313 ) =
31!

3!⋅(31−3)! =
31×30×29
3×2×1

Calculating: 31 × 30 × 29 = 26970 Divide by (6) :

26970/6 = 4495 Thus, 4495

Table 3: One case for vanilla and our trained LLM
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Question The volume of a cone is given by the formula V =
1

3
Bh, where B is the area of the base and h is the

height. The area of the base of a cone is 30 square units, and its height is 6.5 units. What is the number
of cubic units in its volume? Let’s think step by step and output the final answer within \boxed

Vanilla Okay, so I need to find the volume of a cone. The formula given is V = (1/3)Bh, where B is the area of
the base and h is the height. Hmm, let’s break this down step by step.
First, I know the area of the base is 30 square units. That’s B. Then, the height is 6.5 units, so h is 6.5.
The formula is straightforward, but I should make sure I plug the values correctly.
So, I can write it out as V = (1/3) * B * h. Substituting the given values, that becomes V = (1/3) * 30 *
6.5. Let me compute this step by step.
First, let me calculate 1/3 of 30. Hmm, 30 divided by 3 is 10. So, 1/3 * 30 = 10. Now, I need to multiply
that result by 6.5. So, 10 * 6.5. Let me think, 10 * 6 is 60, and 10 * 0.5 is 5, so 60 + 5 is 65. Therefore,
10 * 6.5 is 65.
So, putting it all together, V = 65 cubic units. That should be the volume of the cone.
Wait, let me double-check to make sure I didn’t make any calculation errors. 1/3 of 30 is indeed
10, correct. Then, 10 multiplied by 6.5. Yes, 6.5 is the same as 13/2, so 10(13/2) is (10/1)(13/2) =
(10*13)/2 = 130/2 = 65. Yep, that’s right.
So, I think I did that correctly. The volume is 65 cubic units.
Final Answer The volume of the cone is 65 cubic units.
The volume of a cone is given by the formula V =

1

3
Bh, where (B) is the area of the base and (h) is

the height.
Given: - The area of the base (B = 30) square units. - The height (h = 6.5) units.
We substitute these values into the formula:
V =

1

3
× 30 × 6.5

First, calculate 1

3
× 30:

1

3
× 30 = 10

Next, multiply the result by 6.5:
10 × 6.5 = 65
Thus, the volume of the cone is ( 65 ) cubic units.

Ours To find the volume of the cone, I’ll use the formula (V =
1

3
Bh). Given that the base area (B) is 30

square units and the height (h) is 6.5 units. First, multiply these values together: (30 × 6.5 = 195)
Then, take one-third of that product: ( 1

3
× 195 = 65) Therefore, the volume of the cone is 65 cubic

units. Given: - Area of the base ((B)) = 30 square units - Height ((h)) = 6.5 units The formula for the
volume (V) of a cone is: V =

1

3
Bh Plugging in the given values: V =

1

3
× 30 × 6.5

Calculate: 30 × 6.5 = 195 Then, V =
195

3
= 65 Answer: ( 65 ) cubic units.

Table 4: One case for vanilla and our trained LLM
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