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Abstract

Offline reinforcement learning is important in many settings with available obser-
vational data but the inability to deploy new policies online due to safety, cost, and
other concerns. Many recent advances in causal inference and machine learning tar-
get estimation of “causal contrast” functions such as CATE, which is sufficient for
optimizing decisions and can adapt to potentially smoother structure. We develop
a dynamic generalization of the R-learner [25} [19]] for estimating and optimizing
the difference of Q™-functions, Q™ (s, a) — Q™ (s, ag), for potential discrete-valued
actions a, ag, which can be used to optimize multiple-valued actions without loss
of generality. We leverage orthogonal estimation to improve convergence rates,
even if () and behavior policy (so-called nuisance functions) converge at slower
rates and prove consistency of policy optimization under a margin condition. The
method can leverage black-box estimators of the ()-function and behavior policy
to target estimation of a more structured @-function contrast, and comprises of
simple squared-loss minimization.

1 Introduction

Offline reinforcement learning shares deep connections with causal inference. An extensive literature
on causal inference and machine learning establishes methodologies for learning causal contrasts,
such as the conditional average treatment effect (CATE) [35, 9} [17, [15], the covariate-conditional
difference in outcomes under treatment and control, which is sufficient for making optimal decisions.
A key “inductive bias" motivation is that the causal contrast (i.e. the difference that actions make on
outcomes) may be smoother or more structured (e.g., sparser) than the main effects (what happens
under either action by itself, Q™). Methods that specifically estimate these contrast functions
could potentially adapt to this favorable structure when it is available. A classically-grounded
and rapidly growing line of work on double, orthogonal, or debiased machine learning [16) 4]
derives improved estimation procedures for these targets. Estimating the causal contrast can be
statistically favorable. In this work, building on recent advances in heterogeneous treatment effect
estimation, we focus on estimating analogous causal contrasts for offline reinforcement learning,
namely 777 (s;a, a0) = QT (s,a) — QF (s, ap), for possible actions a, ag in the action space A.

The sequential setting offers even more motivation to target estimation of the contrast: additional
structure can arise from sparsity patterns induced by the joint (in)dependence of rewards and transition
dynamics on the (decompositions of) the state variable. Recent works point out this additional
structure [38}137]]. For example a certain transition-reward factorization, first studied by [3]], admits
a sparse Q-function contrast [27]]. [42] proposes a variant of the underlying blockwise pattern that
also admits sparse optimal @) functions and policies. Figure [laland Section [I]illustrates how both
of these structures have very different conditional independence assumptions. Methods designed
assuming one model is correct may not perform well if it is not. However, both structures imply
that the difference-of-() functions is sparse in an “endogenous" state component. This illustrates
our broader motivation: directly estimating ()-contrasts rather than Q)-functions adapts to underlying
structure, such as sparsity or smoothness, even when the individual @)-functions are more complex.
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(a) Reward-relevant/irrelevant factored dynamics of (b) Exogenous-Endogenous MDP model of [5]. @ is
[42]]. The dotted line from a to s{5, means presence not sparse in s§ but Q(s, 1) — Q(s, 0) is.

or absence is permitted. Q) is sparse in sf (i.e. doesn’t

change if s§¢ changes).

Table 1: Comparison of Desiderata and Methods.

Features | DROPE [1)[I3] | Dyn-R [i8] | DAE [27|28] | FQE [6]34] | Diff-Q (Ours)
Difference of Q function X X v ~ v
Orthogonal estimation v v X X v
Avoids Multiplied IS R~ v v v v
Convex loss n/a v X v v

In this work, we extend the R-learner approach [26] [19] to sequential settings. We estimate and
optimize ()-function contrasts, bridging recent advances in causal inference with offline reinforcement
learning. Our main result is that under weaker conditions than usual, that the @-functions and
estimation of behavior policies are op(n’%) convergent in root-mean-squared error, and standard
structural assumptions of Bellman-complete (), well-specified difference-of-Q, and concentrability,
we obtain Op(n_%) rates of convergence for estimating the difference of @) functions and attaining
the optimal policy value.

Related Work Due to the short workshop format, we have most of the related work in the appendix.

2 Method

Problem Setup: We consider a finite-horizon Markov Decision Process, M = (S, A, r, P,v,T)
of state space S, discrete action space A, reward function r : S x A — R, transition probability
P: S x A— A(S), where A(S) is the set of distributions over (S), discount factor 0 < v < 1, and
time horizon of T steps. We let t = 1,...,T index timesteps. We let the state spaces S C R be
continuous, and assume the action space A is finite. Following causal conventions we denote w(a | s)
as the probability of taking action a in state s; at times we omit dependence on function arguments
referring to the policy function 7. Capital letters denote random variables (S, Ay, ... ), lower case
letters s, a denote evaluation at a generic value.

The value function is V7 (s) == E[>1_, v “*Ry | S; = s] where E, denotes expectation under the
joint distribution induced by the MDP M running policy 7. The QQ—function is the (s, a)-conditional
expectation of discounted future rewards, and satisfies the Bellman evaluation operator:

Q7 (s,a) = ]E,,[ZtT,:t ’YtLth’ | St = s, Ay = a] = E[R; + ’YVtTJrrl(StH) | S¢ = s, A = al

We focus on estimating the difference of @QQ-functions (each under the same policy), 77 (s) =
Q7 (s,1) — Q7 (s,0). We focus on the offline reinforcement learning setting with a historical dataset
of n offline trajectories, D = {(Sj, Ai, R}, Si,){_1}/, where actions were sampled under a
behavior policy 7°. Notationally: following convention in statistical papers on causal inference,
we denote the Lo(P)-norm || f(X)||2 := E[|f(X)|?]'/?; expectations and norms are under the
observational behavior distribution unless otherwise indicated.

Policy Evaluation (Identification):

Next we discuss identification and our estimator. For brevity, we denote (Q-functions under some
policy 7 from time ¢ + 1 onwards as ()7 . Our goal is to estimate the difference of Q functions:

7 (St) = QF (S, 1) — QF (S¢,0). )]



Algorithm 1 Dynamic Residualized Difference-of-Q-Evaluation

1: Given: 7°, evaluation policy; and for sample splitting, partition of D into K folds, {Dj }£_, .
2: On Dy, estimate Q™ **, behavior policy 7}? ’k, therefore 1™ ¥,
3: for timestept=1T,...,1do

X i AR, — i i AT — i i ~b,— i i
4 deagmin {3 5 (Ri+QIT (i Al — ml M (8 — 4§ = &R (SD}n(S))

k=1i€Dy
5: end for

See the appendix for full details on the derivation. We obtain the identifying moment condition,
satisfied by the true difference-of-Q function 777 (S;):

E[{R: + Q71 (Seq1, Aerr) — mf (Se)} — {A — 7 (ST (Se) | Se, A =0 2

The loss function. This identifying moment condition motivates our approach based on (potentially
penalized) empirical risk minimization. We minimize the following loss function for 7 over a
regression function class G. The loss function depends on () and behavior policy 7, functions. Since
they are not the final targets of analysis, the causal ML literature calls them “nuisance functions".
Notationally, they are denoted as the nuisance vector n = [{Q7 }X_,, {m7}L {2} ,].

7¢(-) € argmin £(7,n),
T€G

Lu(rn) =B [({B +1QF (Stor, Ara) = mf (S} = {A = mi(1] S} -7(50))"]

Policy optimization. The sequential loss minimization approach also admits an policy optimization
procedure. The policy is greedy with respect to the estimated 7, which is re-estimated at every
timestep. The algorithm statement is deferred to the appendix given the short workshop format. We
use a slightly different cross-fitting approach for policy optimization.

3 Analysis

We study the improved statistical rates of convergence from orthogonal estimation for policy eval-
uation (Theorem [3.1)) and show that this implies convergent policy optimization (Theorem [3.2)).
Theorem applies orthogonal statistical learning to our new estimand, for which we establish
Neyman-orthogonality. Policy optimization is more challenging; the novelty of Theorem [3.2]is that
estimation error from policy-dependent nuisance functions is of higher-order than the evaluation rates.
Now that we discuss estimation rather than identification, we denote the true population functions
with a o superscript, i.e. 7;°. Our analysis proceeds under the following assumptions.

Assumption 1 (Independent and identically distributed trajectories). We assume that the data was
collected under a stationary behavior policy, i.e. not adaptively collected from a policy learning over
time.

Assumption 2 (Boundedness). V;(s) < By,7(s) < B;,Vt, s

Assumption 3 (Sup-norm concentrability). Denote the marginal state-action distribution under a

policy 7 as d™ (s, a). There exists a constant C', such that for any policy 7 (including non-stationary

policies): VY, s,a : :”b((ijz)) < Cu.

Assumption 4 (Product error rates on nuisance function evaluation). Fix an evaluation policy 7°.
Suppose the propensities and Q™ functions are o, (n~ ) RMSE-consistent, i.e. E[||#l — 77°||5] =

_1 A e €0 _1
op(n=1), andE[||Qt+1 ) 2] = op(n™1).

We assume well-specification to simplify theorem statements, with general versions in the appendix.

Assumption 5 (Well-specification of 7). min,cg £(7,1°) = 0, V¢
Assumption 6 (Bellman completeness for Q™). There exists € > 0 such that, for all ¢t € [T'], where
T fr41(s,a) = E[ry + maxy fr41(Se41,a) | s,a], supy, e, infrer | fr — T*ft+1H; <e

2
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Figure 2: Adapting to structure. Interacted setting where E[M; — My] = 0.1 - 1.

Assumption 3] posits the function class for estimating 7 is well-specified. Meanwhile, Assumption 4]
requires consistent estimation of the ) function. Assumption[6| Bellman completeness, is a standard
structural restriction that is a primitive condition for the product-error rate assumption. Next we
establish convergence rates of 77, depending on convergence rates of the nuisance functions. Given
our high-level assumptions on product error rates, we state simplified results with “<" denoting
= O,(-) with high probability, omitting absolute multiplicative constants but for concentrability
(assumption 3).

Theorem 3.1 (Policy evaluation, MSE rates). Suppose {sup, , E[(A; — 7})(Ay —n}) | Sy = s]} <
C, Assumptions|l|to and EI and product RMSE error rates for my, Q) are o,(n~ z ) (Assumption EI)
Fix the evaluation policy 7. Then, for o > 0, |77 — 707 |2 <n™2.

For example, this states that estimation of 7, and Q™" needs to be only n"i convergent to guarantee
that the product error rate of Assumption holds with rate n~ 2. Methods for estimating ) would
require n= convergence.

Policy optimization. Convergence of 7, implies convergence in policy value. We quantify this with

the margin assumption, a low-noise condition that quantifies the gap between regions of different
optimal action [33]]. It is commonly used to relate plug-in estimation error to decision risk.

Assumption 7 (Margin on observational distribution). Let Q; (s, 7*) denote the optimal ) function
at the optimal action, and «’ denote the second-best option, a’ € A\ arg max, Q;(s,a). Assume
there exist some constants « (the margin exponent), and o > 0 such that

P(Q;(Se, ") — Q7 (Sp,a') <€) < (¢/bo)*,Vte1,....T

The above probability is over the observational data distribution, Sy ~ P

Next we study policy optimization.

Theorem 3.2 (Policy optimization bound). Suppose Assumptions|I|to[6|and Assumption[/|(margin
assumption holds with o). Suppose the product error rate conditions of Assumption | hold for each t
for ity , the data-optimal policies evaluated along the algorithm steps. Then for Ty, Theorem@
holds. And,

242
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I = s e E, BV (S1) = VT (S]] S Caon™

Experiments Due to space constraints, discussion of experiments is in the Appendix. We also have
a nonlinear extension with a deep network architecture and mutual information regularization. We
seek a simpler representation that retains information related to the loss, while discarding irrelevant
information unrelated to the proxy loss for the difference-of-Q functions. We use a mutual information
regularizer (MIR), L 1(9,0), to encourage decomposing the state .S into independent nonlinear
representations X¢, X?, parametrized respectively by ¢, . We also add a reconstruction loss function
ﬁrec(qﬁ, ) which ensures that these two representations jointly recover the state.
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Algorithm 2 Stationary Infinite-Horizon Dynamic Residualized Difference-of-Q Optimization

Given: Partition of D into 3 folds, {Dj }3_,.

Estimate 7% on D;.

Estimate Qﬁ/ on D; with offline policy optimization. Evaluate m?/.
Estimate 7" "on Dy (1) by minimizing the empirical loss:

b A

7)€ angming S5 (Ri+9Q7 (81, A7) — i (5]) — (4] — O (SD(5))
€Dy (1)

5: Policy optimization: For two actions, 7;(s) = I[7{ (s) > 0] . Else for multiple actions, 7;(s) €
arg maxX, e A\ a, 7 (s,a’) if MaXa e A\aq #'(s,a’) > 0, else ay.

Pan and Scholkopf [27] note the analogy of the advantage function with causal contrast estimation
and derive a Q-function independent estimator, but in the online setting. After preparing an initial
version of this paper, we became aware of the recent work of Pan and Schélkopf [28] in the offline
setting. While their method elegantly avoids estimating future @) functions, it requires a nonconvex
constraint on the action-average of advantages, which is computationally and statistically difficult.
The motivations are different; the methods are complementary. (See appendix for more discussion.)
Our identification is different and we focus on improved statistical guarantees.

A Related work and Additional discussion

There is a large body of work on offline policy evaluation and optimization in offline reinforcement
learning [[12} 40], including approaches that leverage importance sampling or introduce marginalized
versions [[11} 132,13} [20]]. For Markov decision processes, other papers study statistically semipara-
metrically efficient or doubly-robust estimation, but of the averaged policy value E[V;™ (S} )], rather
than MSE convergence of the difference-of-Q function as we do here [[13| 14, 39]]. The literature
on dynamic treatment regimes (DTRs) studies a method called advantage learning [30]], although
DTRs in general lack reward at every timestep, whereas we are particularly motivated by sparsity
implications that arise jointly from reward and transition structure. Beyond policy value estimation,
we seek the entire contrast function.

Advantage functions appear in RL and dynamic treatment regimes [24}, 23]. However, policy
optimization is hard because which contrast it evaluates is time-¢ policy dependent when optimizing at
time ¢. Our difference-of-() functions are independent of candidate time-¢ policies when optimizing
at time ¢.

Pan and Scholkopf [27, 28] estimate the advantage function without estimating ()-functions, but
introduces a more difficult nonconvex constraint on the action-average of advantages. The motivations
are different; the methods are complementary; we focus on improved statistical guarantees. Farias
et al. [7] develop an estimator called Differences-In-Q for the difference in average value under
all-treat or all-control. The estimator averages a difference of Q functions for variance reduction. Our
method can be used, although they target a different average policy value estimand.

Extension to stationary discounted infinite-horizon setting. The identification argument extends
to the stationary discounted infinite-horizon setting. For policy optimization, we make a small modifi-
cation: instead of iterative optimization and estimation, we first conduct offline policy optimization to
estimate the optimal policy and its ) function, 7" and Qﬁ/. We describe the algorithm in Algorithm
This can be done with a variety of methods that are common and popular in practice, such as DQN
[21], fitted-Q-iteration [3l], or other algorithms.



B Full statements of theorems

Remark 1 (Simplified theorems in main instantiate these general theorem statements). In the main
text, we present simplified theorem statements for readability and to convey the essential results. Here

we include the more general statements for completeness. Theorems [3.1]and [3.2] can be obtalned via
Assumptlon(well specification and exact solution so that € (7*,7}) = 0, and T’T " =17 ° below.
In the main text we assume that 7, Q™ are o, (n~ i) RMSE-consistent, whereas these are quantified

via the critical radius 63 /2 term below.

The analysis considers some generic candidate 7 with small excess risk relative to the projection
onto the function class, i.e. as might arise from an optimization algorithm with some approximation
error. For a fixed evaluation policy 7¢, define the projection of the true advantage function onto

e € e . €
2, and the error v = 77 — 7,”"" of some estimate 777 to

T°n . o,m®
AL = arginf,, cyy e — 77" |
projection onto the function class:

Theorem B.1 (Policy evaluation ). Suppose {sup, , [(At ) (Ay — 7)) | s]} < C and Assump-
tions[I|and2|and ??. Consider a ﬁxed evaluation pollcy w¢. Consider any estimation algorithm that
produces an estimate 7T = (Tl yee s TT ) with small plug-in excess risk at every t, with respect to

any generic candidate 7™, at some nuisance estimate 1), i.e.,
Lo 30) = Loa(F50) < e(7, ).
Let p; denote product error terms:

T /A A b,o ~ b,o\/ A 7€ €0
pi (1) = B2 (7 = 7%l + Br|(77 — %) (1 —mf M

(Bl () = 7Y (QF s = QE)  + 60 = mi *)(@QF = Q). @)
Then, foroc > 0,and u™" + 7! =1,
A ~ 2 €0 °.n LN
S 1B = ZI IR < e i) + = (1 =+ o @)?)

In the above theorem, €(77", 7)) is the excess risk of the empirically optimal solution. Note that in our
setting, this excess risk will be an approximation error incurred from the proxy loss issue described
in Lemma

The bias term is ||(77 ° — 777 *™)||2, which describes the model misspecification bias of the function
class parametrizing (Q—function contrasts, W.

The product error terms p7 (7)) highlight the reduced dependence on individual nuisance error rates.

We will instantiate the previous generic theorem for the projection onto ¥, 7, *", also accounting
for the sample splitting. We will state the results with local Rademacher complexzty, which we now
introduce. For generic 1-bounded functions f in a function space f € F, f € [—1,1], the local
Rademacher complexity is defined as follows:

Pn(F;0) = Eeyp X1 [Supfef:uf||2ga s el (Xi)}

The critical radius % more tightly quantifies the statistical complexity of a function class, and is any
solution to the so-called basic inequality, Z,,(F;5) < 62. The star hull of a generic function class F
is defined as star(F) = {cf : f € F,c € [0,1]}. Bounds on the critical radius of common function
classes like linear and polynomial models, deep neural networks, etc. can be found in standard
references on statistical learning theory, e.g. [36]. We can obtain mean-squared error rates for policy
evaluation via specializing Theorem [3.1]to the 2-norm and leveraging results from [9].

Assumption 8 (Product error rates on nuisance function evaluation). Fix an evaluation policy 7¢. Sup-

A b,o b,oN/ ~ 7€ w°,0 A
pose each of B[] (77 —m,")|13], E [||(7Tt m ) (g —my °)II3], [l\(ﬂf*ﬁ )(Qf+1 QLB
and E[[| (" —m{ ) (Qf}y — Qfy7)lI3] are of order O(67 /5 + [l " — 777 "[13).
Denote the leading order of the product-error rate as p, i.e. 0(5721/2 + ||7't7T ©— TZT "3) = O(n=").



Assumption (4 summarizes both the product-error estimation rates and the misspecification error for 7,
I o 7, ""||3, in the rate term p. Meanwhile, Assumptionrequires consistent estimation of the
@ function. Therefore we inherit potentially stringent structural restrictions for ()-function estimation
such as Bellman completeness or linear Bellman completeness [8]]. Our orthogonal estimation enjoys
the so-called “rate-double robustness” property, i.e. requiring only product-error n2 convergence of
@, mp, but not the “mixed-bias" property of double-robustness wherein only one of @ or 7, need to
be well-specified for unbiased estimation [29].

Theorem B.2 (MSE rates for policy evaluation). Suppose {sup, , E[(A; — 7})(A; — 7}) | s]} < C
and Assumptions|[I} 2| and[9and ??. Suppose Assumptiond] holds with rate p, i.e. Consider a fixed
policy 7°. Then

E[|l7 — 7 °

B1=0(82e+ I =7 IB)

Under stronger assumptions on the MDP, we can provide stronger sup-norm convergence guarantees
on the difference-of-Q. In the main text, we make a slightly weaker concentrability (Assumption [3))
for weaker convergence results in integrated risk.

Assumption 9 (Bounded transition density). Transitions have bounded density: P(s’ | s,a) < c.
Let d,(s) denote the marginal state distribution under policy 7. Assume that dﬂ.? s) < ¢, for
t=1,...,T.

Lemma 1 ( Advantage estimation error to policy value via margin.). Suppose ?? and assumption|7]
(margin assumption holds with o).

Suppose Assumption @ Suppose that with high probability > 1 — n™" for any finite k > 0, the
following sup-norm convergence holds with some rate b, > 0,

T T, 1,0 o
SUDses aca Ty T(s) =T, T (s)| < Kn bx

T—t

then [BIV(S) — Vi (8)]] < U520k 2n=b+040) 4 O(n0),

and [[Q; (Si.*) — Q} (St ) l2 < UL 20D 4 O(n ).
Else, assume sup-norm concentrability (Assumption and that ||7]'(s) — 72(s)||l2 < K ("), for

some rate b, > 0. Then

2+2a>

[V (8) = V7 (S0]]| $ S5 Coon™ (55, and Q1 (S1,7%) = Q1 (S1 752 § U552 Coon ™ (55

~ 1

Theorem B.3 (Policy optimization bound). Suppose Assumptions|l|[2land[9and ??. Further, suppose
that Q° satisfies Assumption[7](margin) with o > 0. Suppose the product error rate conditions of
Assumptionhold for each t for for T, , ,, the data-optimal policies evaluated along the algorithm
steps, with rates p; for each timestep. Suppose that then for w;, ?? holds. Denote the slowest such
product-error-rate over timesteps as py.p = ming{p;}. Then,

24+2a

177" =7 " o < O(nPrr), and (E[VYT (S1) = V{7 (S1)]| = O(n~ Perd55). - (5)

C Proofs

C.1 Preliminaries

Lemma 2 (Excess Variance ).

E[L(T,m)] — Li(m,m) = Var[m;}XQ (St1,0') | 77



Proof.
E[L:(r, m)]

= E[({B + QT2 (Sear, Aerr) — mi (S0} £ ERQEL | Somd] — (A 71| S0} -7(5) ]
= B{({R: +EIQF 1 | Semt) — m7(5)) — (A~ (L] 0} - 7(S) +9(QF1 (Sen, Avir) ~ BIQT | Semt)))

. 2
= E[({Re +7TQfp —mi} = {A—mb(1] S)}-7(S0)) ]
(squared loss of identifying moment)
]E[’y(Q;il(StH, A1) — ]E[Q;Zrl | St, 71'?])2} (residual variance of Q¢(s,a) — R(s,a))
+E[{ R+ vEIQL | Sent] = mi (S0) = {A = mb(1] S0} 7(80) } - QT2 (St Aver) — EIQEL | Si,7t))]
Note the last term = 0 by iterated expectations and the pull-out property of conditional expectation.

O

C.2 Orthogonality

Below we will omit the 7 superscript; the analysis below holds for any valid 7. Define v, =
7y — 1Y, vy = 71 — 77. We define for any functional L(f) the Frechet derivative as:

0
DyL(f)lv] = 5, L(f +tv)
t=0
Higher order derivatives are denoted as D, ¢ L(f, g)[p, v].
Lemma 3 (Universal Orthogonality).
D"];Tt‘ct(Ttn; Tt”'ﬂﬂ?*)[n -n", Vt] =0

Proof of Lemma[3] For brevity, for a generic f, let { f} denote f +¢€(f — f°). Then the first Frechet
derivatives are:

TS = 7 =07 = B [{Re QI — e (A= (b} (A= ()7 =)

.

didic (o) g —n®m=7|
=E [( - Wf O) (T —7)(Ar —er) ][+ E HR —i—vajl - mtf’O — (A — et)} (r—7)-—(es — e;)}
=0
deéiﬂ %Et (7:7 TIO) [77 B 7707 T %] e=0
= E[’Y(Q?L - Qt+1 )(As — 7Tt N — 7)]]
=0
d:mdeft(T ) =7 =71 _
= E[~(mi —mi °)(Ay =) (r — 7))

=0

Lemma 4 (Second order derivatives). For Q1, Q7. evaluated at some fixed policy 7°¢:
Doy Lelfle — ¢ 1 — ¢
=5 |12 (3t = nb°)"| + & (3 = a )t )] + B [~ 72 Qusa - @2a)

—E {(Tht —myg)y (QtJrl - Q§+1>}

10



Proof of Lemmald} Below, the evaluation policy 7€ is fixed and omitted for brevity. Note that

D.Lplée —e°] =E[(Ry +7Q11 — 7T Qt + (A — ) 1) (—7¢) (€ — €°)]
Dy, L[ — mg] = E[(Ry + 7Qus1 — 7' Q¢ + (A — m)7e) (—1) * (my — m®)]

By inspection, note that the nonzero terms of the second-order derivatives are as follows:
i 2

E |77 (frf - ﬂ'f’o) }

E [~ (i = m)y (Qusn = Q2 )|

E (& = 7p®)m(ii — m3)]

~b bo ~b b,o
Dwf,wfﬁt[ﬂ't -y =

Dmetﬂﬁt[Qt-‘rl - Q?—i—lv me — m(t)]

D,, L0 — 7 iy —m]

Mg,y

DQH_l,wat[ﬁ? - W?’OaQtH - Q] =E _(7}? - W?’O)Tt’Y(QtH - Q?+1)}

By the chain rule for Frechet differentiation, we have that

PN A ~b bo ~b b,
Dy, ne Lelite — 00 — m7] = Dwf,wfct[ﬂt — =
~b bo ~b b,o A A A
+ Dy, wt Lol] — 710 10 = mg ] + Do,y o Lol — 7%, Qi — Qia] + Dy @iy Le[Qri1 — Qr, e — my]

O

C.3 Proof of sample complexity bounds

Proof of ??. We begin with assuming the stronger assumption of Assumption[9] before discussing
the weaker assumption of Assumption [3]and corresponding integrated risk bounds.

First, we use the following decomposition regardless of which concentrability-type assumption we
use (Assumption[9or Assumption [3).

Vir(s) = Vi (s) = Vi'(s) = Vi () £ Q7 (s,72)
= Qi (s,77(5)) — QF (5. 72) + Qi (s.77) — V{7 ()
< B, [V - Vi | 8|+ Qs (5)) = Qi (5, 77)

Therefore for any ¢t and Markovian policy 7 inducing a marginal state distribution:

*

E[V; ()] — B[V, (3)] < 9E [Ba, [ViT) — Vi | ol] + EIQi (5,7) = Qi (s, 7)) (©)

Assuming bounded rewards and Assumption@implies that P(s¢11 | $,a) < ¢, which remains true
under the state-action distribution induced by any Markovian policy 7 (s, a), including the optimal
policy. Therefore the second term of the above satisfies:

B (07 (s0:7") = Qi )] < ¢ [ {Qi(5,7") — Qi(s,75) d, @
and fixing ¢t = 1, we obtain:

B[Qi(s1,7) ~ Qi(or, 7] < ¢ [ (Qi(s,7) ~ Qi e} .

Next we continue for generic ¢ and bound the right hand side term of eqn. (7).

First we suppose we have a high-probability bound on ¢, convergence of 7. Define the good event

: :{ sup fﬁt+1<s>—r“f+h°<s>|smb*}
s€S,ac A

11



A maximal inequality gives that P(€;) > 1 — n~". We have that

/ (Q; (5,7°(3)) — Q} (s,72)} ds = / (Qi (5,7°(5)) — QF (s, 72} T [E,] ds+ / (Q; (5.7°(3)) — Q} (s, 7)) T [€9] dis
®)

Assuming boundedness, the bad event occurs with vanishingly small probability n~", which bounds
the second term of eqn. (12).

For the first term of eqn. (12)), note that on the good event, if mistakes occur such that 7y (s) # 7. (s),
then the true contrast function is still bounded in magnitude by the good event ensuring closeness of

the estimate, so that ‘7’5 ”“’O(s)‘ < 2Kn~"+. And if no mistakes occur, at s the contribution to the

integral is 0. Denote the mistake region as
S = {s € S: ’Tftﬂ"’(s)] < 2Kn~b}
Therefore

J @it @) - @it }s < [ {Qi7(5) - Qo A} s € S, T(E] ds+O( ™)
’ ©)

Note also that (for two actions), if action mistakes occur on the good event &,, the difference of )
functions must be near the decision boundaries so that we have the following bound on the integrand:

Q*(s, ") — Q" (s, 7)| < |[T%i+2°] < 2Kn ™. (10)

Therefore,

/{Qt*(s, 7(5)) — Q; (s, 7:)} ds < O(n™") + Kn~b* /JI [s € Sin] ds
S O(’I’L_K) + (Kn—b*)(Kn—b*a)
_ O(n—n) + (K2n—b*(1+a)) (11)
where the first inequality follows from the above, and the second from assumption /| (margin).
Combining Egs. (6) and (TT), we obtain:

T
B (0]~ IV (0] < 3o { [ @i (s (9) — QF (o)
(1=2")

<
-1

CT{O(TL_H) + (K2n—b*(1+a))}
We also obtain analogous results for norm bounds:
1/u
{ [ @itsr o)~ Qitoinas}

1/u
= {/Sesm(Qt(svﬂ (8)) — Qi (s, 7)) I[s € Sm] I[&] ds} +0(n")
(="

<
=1,

cT{O(n™") + (K*n~0*(+))}

So far we have made the somewhat stronger Assumption 9] (bounded transition density). Now we
assume integrated risk convergence and the weaker sup-norm concetrability bound of Assumption
See [22] for more discussion on the relationship between them.

The results under an integrated risk bound assumption on convergence of 7 follow analogously
as [31]], which we also include for completeness. For a given € > 0, redefine the mistake region
parametrized by e:

Se = {mng*(s, a) — Q" (s,7(s)) < 5} .

12



Again we obtain the bound by conditioning on the mistake region, and the triangle inequality:

1QF (St 7*) = Q¢ (S, 72 )llp < INQ% (S, 7)) = Qf (St 2 L[S o +I[(Qf (Se, 77) — @ (Sfigf))ﬂ [SENll,
Using similar arguments as earlier, we can show by Assumption [7}

Q7 (Se,7) — QF (Se, 7)) LS Il < 1(Q7 (Se.7) — Q7 (Se, 72 LISy < eEp[[[Ser1 € Si]] = O (£179).
As previously argued, we can show mistakes 7} (s) # 7;(s) occur only when

max Q; (s, 0) — Q" (5, 7(s)) < 2

Fe (5) — 77 () a3

It follows that
1(QF (S, 7)) — QF (St 72))L[SEN|o < Q7 (St ™) — Qf (St, 72))L[S{]|,

4|7tfrt+1 (5) _ TTr;‘Jrl,O(S) 2 .
E_» IlscsS
< m? [|Q’{(877T*(8)) —Qi(s,7r)] [s € S¢]
< ZB[7 o) = i ()] = O (71T )

Combining this yields that
197 (Se,m*) = Qf (St 77)lly S €' + 7 HZ| 7

The result follows by choosing ¢ = n~2>+/(2+2) to balance the two terms.

For the norm bound, the first term is analogously bounded as O (e1+%):

1@ (Stam*) = Qf (St 7Sy = O (€17

For the second term,

. 2
4FTEH ()T ()2 .
< Qo () —Qr (5rs) ) Ifs € &¢]

}1/2

The result follows as previous by applying Assumption[3]to the sum decomposition of eqn. (). O

Q7 (St, 7)) = Qf (St 7)) LSl < {E

4 AT T, ,0 — —
Bl ) - ) = 0 ().

Proof of Theorem[3.1] In the following, at times we omit the fixed evaluation policy 7¢ from the
notation for brevity. That is, in this proof, 7, 7/* are equivalent to 77, 7™ . Further define

Vg :%t—Tgl,V: :’7A't—7'to
Strong convexity of the squared loss implies that:

DTt,TtE(Ttaﬁ) [Vt7yt} > A ”Vt”g

therefore

A JN n o n o
2 I4ll3 < £ ) — £o(57',1) = De L7, )l (14)

< 6(%&7?) - DTtED(Tf:n)nO)[Vt]
+D7’t‘CD(Ttn7770)[Vt] - DTt‘CD(Ttn’ﬁ)[Vt]

We bound each term in turn.

13



To bound | D, Lp(7]*,17°)[14]| , note that

rid Te41:
Dr Lp(r,0°) ] = E(R +7Qus1 = Vi ™ + (A =) m)) (A — 7)) vi]
and by the properties of the conditional moment at the true 7°,
b Te41: o
=E[(R+9Qur1 — V" " 4 (A=) 7)) (A —7f) ] = 0
Therefore,
D+, Lp(f",1°)[me] = =E[(r° = 7")(A = mp)(A = ) (7 — 77")]

Note that in general, for generic p, g, such that 1/p + 1/q +1/r = 1 we have that E[fgh] <
£l IRl < 11l rwherep’ = PLoor 5= 4+ torl= 15+ 1>

ptaq
Therefore,
Dy, Lp(7",n°) ] < [Dr, L(7",0°) (14
< E[(7° — 7E[(A¢ — 7)) (Ar — 1) | Se)(Fe — 7))

<1167 = Y allGr— ) {sngKAt — (A, — )| s}}

where u,u satisfy + + L = 1.

p/p’

Next we bound D, Lp(7/*,1n°)[vt] — D+, Lp(7{*,7)[v+] by universal orthogonality. By a second
order Taylor expansion, we have that, where 1. = n° + €(1) — 1°).

1
D (Ln(r7 ) = Lo i) 4] = 5 | Du sl =0 =)
We can deduce from Lemmas [3]and [ that the integrand is:
B |72 (3 = nt%) | + B [0 = 22t - mEdw] 4 B [(8E = w7 Qs - Qi
—-E [(mt - mo) (Qt+1 - Q§+1> Vt}
<B.2(70 = 72 ullvllw + Boll (5 = )i = m) vl + 7By 34 — 7Y Qe = @) el

+ 0l = m)(Qeer — Q7 lullve

Putting the bounds together, we obtain:

A n
*Hl/tllg < (@) + vellal (7° = 7)) [lu

2
N b,o A~ b,oy /A o A o
+ut||u(BT2||(wf;—m )+ Bl = 7Y e = )l + Y Br () = 77°)(Qes1 = Q1)

G =) Q11 = Qi) ) (15)
Let p7* (7)) denote the collected product error terms, e.g.
o7 (1) = B2 (70 = 72 N+ B — ) e — )

+ B (7) = 7)) (Qeer = Q) + (e = mP)(Qerr = Q21) )

Analogously we drop the 7° decoration from p; in this proof. The AM-GM inequality implies that
forz,y > 0, o > 0, we have that zy < 1(22? 4+ Sy?). Therefore

A 9 O .. 1 o n N2

5 Il = Z Il < €oi) + = (N° =7l + pe()) (16)
and since (z + y)? < 2(z? + 92),

A

5 lellz = *IIVtIIQ < (e, M) + (II( = 1)% + pe()?)

14



Proof of Theorem@ Let EAS,t, L 5.+ denote the empirical loss over the samples in .S and S’; analo-
gously 7g, 75/ are the nuisance functions trained on each sample split.

Define the loss function ¢; on observation O = {(S;, A, Ry, Se11) o q:

w . 2
(O3 7337) = ({Re + QT (Sevn, Avia) = ()} = {4 = 71| S} - 7u(S))
and the centered loss function A/, centered with respect to 7;:
AL(O;150) = (05 130) — 6(O; 73 7).
Assuming boundedness, ¢; is L—Lipschitz constant in 74:
|AL(O; 1e30) — Al(O;7430)| < Ll — 7|2

Note that £(O, 77, 7)) = 0. Define the centered average losses:

AﬁSt(Tt, ) ‘CS t(Ttv ) *CSt(Tt 777) 5/2[A£t(OvTT7ﬁ)]

ALsg, t(7e,1) = Ls, (76, 1) — Ls, (7 1) = [Aft(oyTT,ﬁ)]

Assume that ,, is an upper bound on the critical radius of the centered function class {W}; — 77,
with §,, = Q(%), and define d,, ¢ = J,, + co/ % for some cg, c1.

By Lemma [6] (Lemma 14 of [9] on local Rademacher complexity decompositions), with high
probability 1-&, for all ¢ € [T, and for ¢( a universal constant > 1.

|ALs ¢(Tt,Ms) — ALD +(T¢,Tsr)| = |ALs ¢ (Te,Nsr) — AL+ (7], M1s)) — (ALp ¢ (Te,Nsr) — AL +(7],11s7))|

<cp (Tm(sn/Q,E”%t — 713+ Tmai/z,g)

Assuming realizability of 7;, we have that % (Aﬁg,t(ﬁ, s ) + Aﬁggt(ﬁ, 775)) < 0. Then with
high probability > 1 — 2¢:

1 A A

5 (A/:D,t(Tty fs:) + AﬁD,t(Tta ns))
S§ |ALD (T4, 7s:) — AL, (T4, Ms) + ALp (T, 1s) — ALsr (T2, 7s)]
S§ |A£D,t(7t7775') - Aﬁs,t(ﬂ&ﬂ?S')\ + |A£D,t(7-t7775) - AﬁS',t(Tta 775)|

<co (rminaell e = 7 lla +rmo 0 )

The € excess risk term in Theorem [3.1]indeed corresponds to one of the loss differences defined here,
ie. ALp (7,7s) := €(7], 71, hg). Therefore, applying Theoremwith u=u=2ando = \
with the above bound, and averaging the sample-split estimators, we obtain

A 2 2 ~ 2 A \2
Sl < - Y w)
s€{S,5'}
We further decompose the excess risk of empirically-optimal 7, relative to the population minimizer
to instead bound by the error of 7; to the projection onto W, 77, since ||7; — 70||2 < |7 — 7[5 +

|77 — 7 ||2 , we obtain

5 (el is) + el ) +

Ao 8+ 2 .
21 < o (rmbnli - 70l +rmsdy ) + S e e 2 a2
se{S,S"}
Again using the AM-GM inequality zy < § (22% + 9y2) we bound
o (rmdacl = 70l + rma . 0) < e 2062+ Sl - 7013
< cor®m?(1+ )52/zg+ (17 = 72115 + Nl = 72113)
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Therefore,

A—e¢€ . o 8+A2 € ° ~
1 17 — 72115 < cor®m?(1 + )(52/254—(@\4—4) || _Tth2+X Z p(7)s)?

s€{s,5"}

Choose € < /8 so that

A 44\ a2 )
gl =72l < artmt 4 D e+ (- )W -+ X pl)?
s€{S,5'}

IN

8 )\ o] n o~
(145 +3) Crtmtae =3+ X pli)?

s€{5,5'}

and therefore

17 =775 <

A
7~ N
>| oo

+

oo

D) oty -1 Y wn?)
s€{S,5'}

Taking expectations:
. o 8 8
(| - 7 '3]<<A<1U>+4) (corm?S% o 17 =l + e, Elpu(i))

Therefore, if the product error rate terms are all of the same order as the estimation order terms:

A b,0 o ni2
E[l|77 — ¢ °lI3] = 0% jp + 77 — 7°15)
A b,O ~ [e] n 2
[[(7) — ") (1 — mt)”%] = O( nj2 T I = 7'115)
(

A 9 9
Qur1 = Q731 = 0% jp + 178 = 72'1I2)
. ) 9
Qi1 — Q7)ll2] = O( n/2 T 7 —7'1l5)

O
Proof of Theorem[3.2] Preliminaries We introduce some additional notation. For the analysis of
implications of policy optimization, we further introduce notation that parametrizes the time-t¢ loss

function with respect to the time-(¢ + 1) policy. In analyzing the policy optimization, this will be
used to decompose the policy error arising from time steps closer to the horizon. Define

2
Lp(r'm1:7) = {({Rt +7Qt+1 (St41, A1) — Vi, (S} —{A - (1] 50)}- T(St)) }
where 7, | (s) € argmax 7/, (s). That is, the second argument parameterizes the difference-of-Q
function that generates the policy that oracle nuisance functions are evaluated at.

Then, for example, the true optimal policy satisfies that 77} € arg max 77 (s). We define the oracle
loss function with nuisance functions evaluated with respect to the optimal policy 7*.

¥ 2
Lp(r',7%1) =E ({Rt +9Qu 4 (Stg1, A1) = m°(Sy)} — v {A— 7 (1] S)} - T(St)>

In contrast, the empirical policy optimizes with respect to a next-stage estimate of the empirical best
next-stage policy 7z, , . That is, noting the empirical loss function:

Eolrt i) = B | (R4 2QI (Sean Acn) = mP(89) =24 = a1 80} - (51) |

Step 1: Applying advantage estimation results. At every timestep, the first substep is to estimate

the Q-function contrast, 7, **". The assumptions on product error nuisance rates imply that for a fixed
7141 that we would obtain estimation error

2

2

B (I - 1) =0 (04 [

71' N
— Tt
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t+1

e stablishing policy consistenc in requires a convergence rate of 7, 0
Stp2 Establishing policy tency. Applying ?? req g t ft t
TZT “+1, The estimation error guarantees on the contrast function, however, are for the policy ;1. We

obtain the required bound via induction. At a high level, the estimation error arising from ;11 vs
¢, 1 too eventually is integrated; so when the margin exponent o > 0, these policy error terms are
higher-order and vanish at a faster rate.

Importantly, we suppose the product error rate conditions hold for each ¢ for data- optimal policies

evaluated along the algorithm, i.e. for each ¢, for each ¢, for #, , ;, each of E[|| (77 —m2)|I2], [|| (ﬁf
Wfo)(m:‘“ — my ) 8] LN (R — 7 ) (@i — Qi )IB], and B[ (e — mg) Q7
Q, *“2)|| ] are of order O(37 ), + ||7; ek _ g2y,

Step 2a: induction hypothesis.

Next we show the induction hypothesis.

First we consider the base case: When ¢t = T, 7 is independent of the forward policy so that
|75 — 722" || = ||[#7 — 72||. Then the base case follows by Theorem

Suppose it is true that for timesteps & > ¢ + 1, we have that

||7A_klk+1 _ T]:JIHIH _ O( n/2 + H I _ T;7£k+1 ||2) + K’I’L_Rk, (17)
where
. c 24+2a  (w) 242« (¢) (¥) 2+ 20T+
R = ( ) e ’ ’ : . 18
k min (pk+1 2+O{ ) pk+1 2+OL ’ {k’>k+1(pk pk )} 2 +a ( )

And therefore, applying ??, that

2420 (e) >} 24+2a

‘E[Vkﬂ* _ Vk‘fr-i—] — 0(717 mm{Pk 7Pk )} PRy ) + 0(%7 min{p, ’Pk 2Ta ) (19)

We will show that the induction hypothesis implies

[ = T < 0o+ 55 = 75 o)+ Ko

and
E[Vkﬂ'* o kfr+] — O(ni min{P( 7Pk )}2212:) 4 0(,”7 min{pgcc),pfc\l/)}%t%:)
First decompose the desired error ||7; Bevr _ 7. | as:
X . . X . .
e A e e ) e P (20)

The first term is the policy evaluation estimation error, and under the product error rate assumptions
, Theorem [3.1| and ?? give that E[||7; " — 7, "' ||2] = 067 5 +II7 Ty _ 7. 12). The
second term of the above depends on the convergence of the empirically optimal policy 7; we use
our analysis from ?? to bound the impact of future estimates of difference-of-() functions using the
induction hypothesis. The following analysis will essentially reveal that the margin assumption of
Assumption [/|implies that the error due to the empirically optimal policy is higher-order, and the first
term (time—t estimation error of 73) is the leading term.

As in eqn. (6)), we have that:
Vi (s) = Vi () < 9B, [V = Vi | o] + Qi) = Qi (s, 77).
Decompose:

0,7 s
I et — | < ZIIQ*’+1 (s, a)l

17



By definition of 7 and iV:’“’W“r2 for each a, we have that

1QF (5,0) = Q7 (s, a)

= [En Vi = Vi | Sl

T Tr ,Tr 7 7£f s
< Eg [V = VT2 | Sl g Vi = V| S
7 T N ; s
= B [QF1E (Str1 T 41) — Qi (Sean, ean) | SEll + 1B B, V5 — ViES* | SH

21

. 1/2 . .
< O { [ (@I (simt0) - QIR s ru)Pds | 2By B, I — VA 1 S
(22)
where the last inequality follows by Assumption[9]and the policy-convolved transition density.

Next we bound the first term using the margin analysis of ?? and the inductive hypothesis. Supposing
the product error rates are satisfied on the nuisance functions for estimation of 7,1, the induction
hypothesis gives that

E[||#1° — Tt+1t+2” ]=0 ( nse + 7 T =1l +n” R’“) .
The induction hypothesis gives the integrated risk rate assumption on 7;4; to apply ??,
B} 1/2
{J@ipesmt - Qe rias

1—9"

- Coo (T — t — 1){O(n=") + Kn~mn{rifiriil R} (14a)y,
-

<

Combining with the previous analysis, we obtain:

o . (e) (¥) o
H Foy _ 7t+1 ”2 < O((5t 2 n H O,y 41 _ Tt”aﬂurl ||§) + O(ﬂ_ IIlln{pt+27pt+27Rt+2} 224;% )}
o T—t—1 a
B2 e - - o) + KAt R By

(23)

from eqn. (21)) and Appendix[C.3]
Hence we obtain the inductive step and the result follows.

If we further assume that for ¢’ > ¢, we have that pg') < pg}), for () € {(¢), (¥)}, i.e. the estimation
error rate is nonincreasing over time, and that o > 0 (i.e. Assumption |/ the margin assumption,
holds with exponent o > 0, then we can see from the result that the integrated risk terms obtain faster
rates, hence are higher-order, and the leading term is the auxiliary estimation error of the )-function

contrast.

O
D Results used from other works
Here we collect technical lemmas from other works, stated without proof.
Lemma 5 (Lemma 18 of [19]]). Consider any sequence of non-negative numbers ay, . . . , G, satisfy-

ing the inequality:
ar < g+ ¢y m"zix aj
j=t+1
with iy, ¢y > 0. Let ¢ := maX¢g[y,) ¢ and p := MaXycm) ft- Then it must also hold that:
cm—tHl _q

@ < p c—1
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Lemma 6 (Lemma 14 of [9]], see also results on local Rademacher complexity [36]). Consider a
< 1, and pick any f* € F. Let §2 > 2dlos(llosQean)) 4, gy,

>~ camn

function class F, with sup e = | f] oo
solution to the inequalities:

vt e {1,...,d}: R(star (F|, — f),0) < &%

Moreover, assume that the loss { is L-Lipschitz in its first argument with respect to the {5 norm. Then
for some universal constants cs, cg, with probability 1 — c5 exp (cﬁndi),

[P (Ly = Lpe) =P (Ly = L) S I8LdO L[| f = f*lly +0n}, VfeEF.
Hence, the outcome f of constrained ERM satisfies that with the same probability,
P(c;- L) <1814, {Hf— . 0}

If the loss Ly is also linear in f, i.e. Ly = Ly + Ly and Loy = aLy, then the lower bound on
52 is not required.

E Experimental details

All experiments were ran either on a Macbook Pro M1 with 16gb RAM and 8 CPU cores or on a
computer cluster with 64 CPU cores of 8gb RAM each. Experiments were run in Python using native
Python, CVXPY, and scikit-learn. Each figure took approximately 3-10 minutes to generate.

E.1 Omitted details

1D validation. In a very small 1D toy example (Sec 5.1, [13]]) we validate our method. See
Appendix [E|of the appendix for more details.

Adapting to structure in 7(s). Recent research highlights implications of blockwise conditional
independence properties in RL, where some components are “exogenous” or irrelevant to rewards
and actions [37} 138} 5. These methods may be designed for a particular graphical structure, and
may be brittle under different substructures. Pretesting for the presence or absence of graphical
restrictions incurs poor statistical properties. We advocate a different approach: by estimating the
difference-of-Q functions, we can exploit statistical implications of underlying structure via sparse 7,
without vulnerability to assumptions on the underlying d.g.p.

We investigate the benefits of targeting estimation of the difference-of-Qs in two different graphical
substructures, replicated in Section E] and Figure El], proposed in Zhou [42], Dietterich et al. [Sl].
Orthogonal causal contrast estimation is robust under noisy nuisance functions, illustrating our theory,
and it can adapt to a variety of structures.

First we describe the modified Reward-Filtered DGP (left, Figure [2)) of [42]. In the DGP, |S| = 100
though the first 15 dimensions are the reward-relevant sparse component, where p is the indicator
vector of the sparse support, and A = {0, 1}. The reward and states evolve according to r+(s,a) =
BT oi(s,a) +a* 22:1 Sk/2 4 €r, St11(8,a) = Mys + e, satisfying the graphical restrictions
p—rp

of Figure(lal Therefore the transition matrices are M, = ]\]\445_’ e M£9_> pc} . We generate the
coefficient matrices My, M7 with independent normal random variables ~ N (0.2, 1). The nonzero
mean ensures the beta-min condition. We normalize M?7? to have spectral radius 1, then introduce
mild instability in the exogenous component by dividing M£<—?< by 0.8x the largest eigenvalue.
Therefore, recovering the sparse component is stable but including distracting dimensions destabilizes.
The noise terms are normally distributed with standard deviations o, = 0.3, 0, = 0.5. Features
o(s,a) = (s, sa, 1) are the interacted state-action space. The behavior policy is a mixture of logistic,
with coefficients ~ N(0,0.3), and 20% probability of uniform random sampling. The evaluation
policy is logistic, with coefficients ~ Unif[—0.5, 0.5]. (We fix the random seed).

In Figure 2| we compare against baselines. In blue is FQE-Ridge, i.e. naive fitted-Q-evaluation with
ridge regression. In dotted cyan is FQE-RF, the reward-filtered method of [42]. Next we have two
variants of our framework: in dotted green 7-TL which uses reward-based thresholding to estimate 7
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Table 2: Performance comparison on different sample numbers under the nonlinear setting.

Method (n) 100 200 400 600 800
FQE 2,367 £2.157 | 0.587 £0.772 | 1.157 +£2.219 | 1.793 £ 1.618 | 4.123 £ 3.901
DiffQ 221242376 | 0.415+£0.463 | 1.228 £1.831 | 1.929 £ 2.126 | 2.440 +1.912

DiffQ+MI | 2.104 £2.392 | 0.280+0.222 | 1.179 £1.840 | 1.286 £ 1.123 | 2.342 + 1.812

on the recovered support, and dotted-red 7-TL-7j., the same method with sample splitting with noisy
nuisances. With 7-TL-7)., we investigate semi-synthetic settings with noisy nuisance functions by
adding N (0, n~1/%) noise to nuisance function predictions. For comparison to illustrate a setting
with slow nuisance function convergence, we also include in dot-dashed purple FQE-TL-., which
adds n /% noise to the oracle difference-of-Q function (estimated with LASSO). For our methods,
we solve the loss function minimization exactly with CVXPY.

We describe the results left to right. We display the mean over 100 replications (fixing the coefficient
matrices and vectors, etc. with the same random seed); except for sample-splitting where we display
the median. (With small n, sample splitting suffers finite-sample issues of small data splits, though
this vanishes as n increases). The y-axis is the normalized MSE (we divide by the square of the
range of the true difference of (Js), and the x axis is the number of episodes, on a log scale. First on
the left, we consider the previously mentioned reward-filtered DGP. The tailored method of [41] is
well-specified. For the reward-filtered DGP, we compare against FQE ridge regression, which we
also use as a nuisance estimator for our approach. When compared to oracle-sparse difference-of-Q
estimation, naive ridge FQE even diverges. However, our methods with thresholded LASSO do well,
even if we plug-in the nuisance () function estimated with Ridge regression. Orthogonal estimation
is robust to the case of nuisance function estimation error, as indicated by the red-dotted line where
we plug-in quarter-root consistent estimates. (The additional sample splitting leads to transient
small-data issues but does not affect the rate of convergence.) Next we slightly modify the graphical
structure. Our methods adapt to the underlying sparsity in the difference-of-Q functions, even if
the exact graphical independences differ. In all the experiments, naive cross-validation does poorly.
This is expected since cross-validation for predictive error doesn’t ensure support recovery, unlike
thresholded LASSO, and suffers extra challenges of hyperparameters in offline RL.

In “Misaligned endo-exo", we follow the same data-generating process as the "Reward-Filtered
DGP" described earlier, but we change the blockwise conditional independences to follow the
exogeneous-endogenous model of [3]] (see Section[I)). We additionally added dense rewards to the
reward vector, adding B(Lnseqbt(s, a) where the entries of Sgense are 1 w.p. 0.9. Here, reward sparsity
of R(s,a),a € {0,1} alone does not recover the sparse component. Reward-filtered thresholded
LASSO is simply misspecified and does very poorly (off the graph limits). Likewise, in small samples,
vanilla thresholded LASSO FQE (FQE-TL, dark-blue) includes too many extra dimensions. But for
small-data regimes, imposing thresholded LASSO on the difference of ) functions remains stable.

The final DGP introduces “nonlinear main effects": again we generate a 50% dense vector Bgense and
we add 57 Bgense +3sin(msa9848) +0.5(549 —0.5)? +0.5(s45 — 0.5)2. (These nonlinear main effects
are disjoint from the sparse difference-of-Q terms). For small n, FQE wrongly includes extraneous
dimensions that destabilize estimation, and our methods estimating 7 with reward-thresholded-
LASSO outperform naive FQE with thresholded-LASSO for small data sizes.

Extending to nonlinear settings: mutual information regularization. Our experiments showcase
that support recovery is necessary. To illustrate how the loss function approach permits more
complex parametrizations, we now consider neural-nets and introduce a heuristic regularizer based
on mutual information regularization. We use a cartpole-with-distractors environment from Hao
et al. [10], which appends additional autoregressive noise to the state in CartPole [2]. Hao et al. [10]
focuses on off-policy evaluation with abstractions, so the methods are not comparable.Given this
environment, a long finite-horizon environment with time-homogenous transitions, we learn this as a
v = 0.99 discounted infinite-horizon problem and pool the data. In the appendix we discuss how the
identification argument extends to the stationary discounted infinite-horizon setting.

We explore the use of mutual information (MI) as a regularization term to optimize our loss func-
tion. We seek a simpler representation that retains information related to the loss, while discarding
irrelevant information unrelated to the proxy loss for the difference-of-Q functions. We use a mutual

information regularizer (MIR), L 1(9,0), to encourage decomposing the state .S into independent
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Figure 3: Heuristic neural network architecture diagram for nonlinear mutual information regulariza-
tion.

nonlinear representations X¢, X7, parametrized respectively by ¢, §. Mutual information quantifies
the dependency between two variables and it equals zero if and only if they are (marginally) indepen-
dent. We parametrize the difference-of-Q function as 7(X?), depending only on the confounding
information X g’ which is relevant to the difference-of-Q loss function, while the auxiliary information
XY is independent of the loss function. We also add a reconstruction loss function ﬁrec(qb, 6) which
ensures that these two representations jointly recover the state. These additional loss functions are
weighted by hyperparameters A, A

L7, m;6,0) = L(14,1) + AmLarr(9,0) + A Lree(6, ),
where L1 = [T(X2: XO)|, Lyee = E[(X? + X7 — 5)?]

Estimating mutual information is challenging. We use a recently developed mutual information
neural-networks based estimator, abbreviated MINE [1]]. (See Appendix [E]for more details). MINE
defines a neural information measure I (X,, X.) = sup,ca x,x.[»] — log(x, x.[e*]). Usually
MI requires functional form access to probability densities, though only samples from the joint
distribution in ML-based methods are available. MINE uses these samples.

We illustrate how our method can improve upon naive FQE (learned with neural nets) learned on
the full state space. We compare to an oracle difference-of-Q function obtained by differencing )
estimates from FQE from a large dataset, n = 2000, trained only on the original 4-dim state space
without distractors. We compare to our DiffQ estimation with neural nets, and a regularized version.
Model selection in offline RL is somewhat of an open problem, we leave this for future work.

1d validation example (??) Following the specification of [13} Sec 5.1], we consider a small MDP
of T' = 30, binary actions, univariate continuous state, initial state distribution p (sg) ~ N(0.5,0.2),
transition probabilities P; (s¢11 | 8¢, a¢) ~ N (s40.3a—0.15,0.2). The target and behavior policies
we consider are 7¢(a | s) ~ Bernoulli (p.) , pe = 0.2/(1+exp(—0.15))+0.2U,U ~ Uniform|0, 1]
and 7°(a | s) ~ Bernoulli (p),pp = 0.9/(1 + exp(—0.1s)) + 0.1U,U ~ Uniform [0, 1]. We
consider the interacted state-action basis, i.e. fit @ on s + s * a with an intercept. When (@ is
well-specified, we do nearly exactly recover the right contrast function; although in such a small and
well-specified example we do not see benefits of orthogonality.

Details on nonlinear mutual information extension
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