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Relevance. Our work on online sequential decision-making with unknown delays is highly relevant to the topic of "ML for personalized
search and recommendations” in the "User Modeling and Recommendation” track at WWW24 conference. The advent of large-scale
applications, including but not limited to portfolio selection, online recommendation system, proactive resource allocation, online web
ranking, and online shortest path planning, has generated substantial interest in the field of online sequential decision-making and convex
optimization. In personalized search and recommendations, the goal is to provide users with tailored and relevant content based on their
preferences and behavior. However, real-world systems often face challenges in dealing with dynamic and uncertain environments, such as
unknown delays in feedback. Our work addresses this challenge by focusing on online sequential decision-making, where decisions need
to be made in a sequential manner with limited information and unknown delays in the feedback loop. Based on the types of feedback
information, we have designed three specific algorithms to handle function information, gradient information, and value information,
respectively. These algorithms have been evaluated using universal norms and applied to various examples. The decision-making process of
our online algorithms is guided by an approximate minimizer rather than an exact minimizer of the optimization problem. This approach is
commonly employed in iterative optimization problems, as attaining infinite precision solutions for such problems is often unattainable. By
developing algorithms and methodologies specifically designed for handling unknown delays, our research contributes to improving the
effectiveness and efficiency of personalized search and recommendations. By considering the impact of unknown delays, our work enables
more accurate and timely decision-making, which can lead to improved user satisfaction and engagement. It offers insights into how to
adapt and optimize recommendation systems in real-time, taking into account delays that exist in online environments.
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Online Sequential Decision-Making with Unknown Delays
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ABSTRACT

In the field of online sequential decision-making, we address the
problem with delays utilizing the framework of online convex opti-
mization (OCO), where the feedback of a decision can arrive with
an unknown delay. Unlike previous research that is limited to Eu-
clidean norm and gradient information, we propose three families
of delayed algorithms based on approximate solutions to handle
different types of received feedback. Our proposed algorithms are
versatile and applicable to universal norms. Specifically, we intro-
duce a family of Follow the Delayed Regularized Leader algorithms
for feedback with full information on the loss function, a family
of Delayed Mirror Descent algorithms for feedback with gradient
information on the loss function and a family of Simplified Delayed
Mirror Descent algorithms for feedback with the value information
of the loss function’s gradients at corresponding decision points.
For each type of algorithm, we provide corresponding regret bounds
under cases of general convexity and relative strong convexity, re-
spectively. We also demonstrate the efficiency of each algorithm
under different norms through concrete examples. Furthermore,
our theoretical results are consistent with the current best bounds
when degenerated to standard settings.

CCS CONCEPTS

« Computing methodologies — Online learning settings.

KEYWORDS

Sequential decision-making, Online convex optimization, Unknown
delays, Approximate solution

ACM Reference Format:

Anonymous Author(s). 2023. Online Sequential Decision-Making with Un-
known Delays. In Proceedings of (International World Wide Web Confer-
ence). ACM, New York, NY, USA, 25 pages. https://doi.org/10.1145/nnnnnnn.
nnnnnnn

1 INTRODUCTION

In modern society, a plethora of dynamic data has been generated
in multiple domains, including Internet records, financial markets,
consumer behaviors, and more. These data are revealed in a se-
quential manner and require rapid comprehension and updating.
Correspondingly, online learning systems [3, 7] need real-time
decision-making due to the continuous influx of new observational
data. The advent of large-scale applications, including but not lim-
ited to portfolio selection [13], online recommendation system [25],
proactive resource allocation [12], online web ranking [17], and
online shortest path planning [18], has generated substantial in-
terest in the field of online learning. Over the past few years, the
integration of convex optimization techniques [6, 8] has brought
about a transformation in the design of online learning algorithms,
resulting in more efficient solutions and reliable theoretical analysis.
Therefore, online convex optimization (OCO) [29, 30] has emerged
as a powerful framework for modeling the problem of sequential
decision-making. For instance, in the context of portfolio selection,

the strategy of an online investment aims to maximize returns by
allocating the current wealth, without relying on any preconceived
statistical assumptions. OCO is performed in a sequence of consec-
utive iterations. At each iteration ¢, the agent (investor) selects a
decision x; from a closed convex set (optional investment strate-
gies) X C R™. After submitting the decision, the agent receives
information from the adversary regarding the loss function (market
behavior) f; : X — R and suffers an instantaneous loss (invest-
ment return) f; (x;). Due to the difficulty of attempting to maximize
absolute wealth in an adversarial market, our algorithm can only
maximize our wealth by comparing it to the returns achieved by
a relatively advanced investment strategy and optimizing accord-
ingly. The goal of the agent is to choose a sequence of decisions
xr7] = (x1,. .., xr) that minimizes the regret:

T T
Regr = Y filxe) = ) filx"),
t=1 t=1

where T is the time horizon, and x* = argmin, ¢ x Zthl fi(x) is
the optimal decision in hindsight. In other words, regret is the gap
between the cumulative loss of the agent and that incurred by a
given sequence of comparators.

The standard framework of OCO assumes that the agent has
immediate access to the information of the loss function f; before
making the subsequent decision at iteration ¢ + 1. In many practical
scenarios, there exists a temporal gap between the decision-making
process of the agent and the reception of the corresponding feed-
back. As an example of portfolio scenarios, it is typical to encounter
unknown delays between making an investment and receiving re-
turns, and the return cycles for different investments could also be
asynchronous. Two variants of standard Online Gradient Descent
(OGD) algorithm [14, 19], namely Delayed Online Gradient Descent
(DOGD) algorithm [28] and Delayed Online Gradient Descent for
Strongly Convex functions (DOGD-SC) [31], have been specifically
designed to address the challenge of unknown delays in general
convex and strongly convex functions, respectively.

However, these existing algorithms [28, 31] that solely rely on
gradient feedback and Euclidean norm are not well-equipped to
handle more universal scenarios competently. Firstly, in the online
setting, adversaries who provide feedback to the agent typically
withhold prior disclosure of the information type. Consequently,
these gradient-based algorithms become ineffective once the feed-
back provided is not in the form of gradients.

Secondly, gradient descent-based algorithms may face challenges
when computing projections efficiently for certain objective func-
tions and constraint domain sets. As an example, let’s consider
the constant-rebalanced portfolio (CRP) consisting of n stocks, the
portfolio decision is represented by a probability distribution over
the set of n stocks. Computing the Euclidean projection onto the
probability simplex could be computationally expensive.

Last but not least, theoretical analysis typically involves decom-
posing regret into a normal term caused by optimization steps and
a delayed term caused by delayed feedback. The delayed term we
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have established encompasses the dual norm of gradients, which ac-
tually live in the dual space, that is a distinct space from the primal
space of decisions. The reason why these gradient-based delayed
algorithms work effectively is that, in the specific case, the dual
space coincides with the primal space. But, it is a very particular
case that arises when the Euclidean norm is utilized. Instead, in
universal cases, decisions and gradients exist in separate spaces.

Given the limitations of existing algorithms, in this paper, we
propose three families of approximate algorithms based on types
of the received feedback information. Particularly, in the universal
space, we have specifically designed diverse regularization func-
tions for different norms. These regularization functions quantify
the divergence between variables in the primal and dual spaces and
enable the mapping between these two spaces. Furthermore, we con-
duct an approximate solution in the optimization step, wherein the
decision-making process in each iteration is guided by an approxi-
mate minimizer rather than an exact minimizer of the optimization
problem. This approach is commonly utilized in iterative optimiza-
tion problems because it is often impractical to achieve solutions
with infinite precision.

Our contributions are summarized as follows:

o Firstly, we propose three types of online algorithms to han-
dle delayed feedback. Our theoretical analysis differs from
gradient descent-based algorithms as it involves addressing
universal norms and approximate solutions, which poses a
challenge.

o For the full information feedback of loss functions, we pro-
pose a family of follow the delayed regularized leader algo-
rithms to handle the general convex functions and relative
strongly convex functions, respectively. Notably, we replace
the conventional concept of strong convexity with the more
general notion of relative strong convexity.

o For the gradient information feedback, we introduce a fam-
ily of delayed mirror descent algorithms. Moreover, we
showcase the versatility and superiority of our proposed
algorithms by applying them to examples with various
norms.

o When feedback is limited to the value information of loss
functions’ gradients, we introduce a family of simplified
delayed mirror descent algorithms. we demonstrate that
despite the reduced amount of information obtained, it can
achieve regret bounds comparable to those obtained with
full information or gradient information.

Organization. We mention the existing work related to our paper
in Section 2. In Section 3, we introduce the formal definitions, as-
sumptions and examples. In Section 4, we present a family of follow
the delayed regularized leader algorithms based on full information
feedback for both general and relative strongly convex cases, and
also provide examples to illustrate their performance. In Section 5,
we utilize the delayed gradient information to design a family of
delayed mirror descent algorithms. In Section 6, we develop a fam-
ily of simplified delayed mirror descent algorithms that can handle
situations where feedback is reduced to the value information of
loss functions’ gradients. We end off the paper with the conclusion
and future work in Section 7. Additionally, we provide a detailed
theoretical analysis in the appendix.
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2 RELATED WORK

2.1 The Standard OCO

When d; = 1 for each t € [T], our problem is degenerated to the
standard framework of OCO [9, 30]. In the context of OCO, the type
of feedback received by the agent is a crucial aspect in the devel-
opment of online learning algorithms. When the feedback consists
of the full information of loss functions, a natural approach is to
select the decision that optimizes the loss history for all previous
iterations, i.e., x;41 = argmin, ¢ y 2., fr(x), commonly known as
the Follow the Leader (FTL) algorithm [1, 30]. Furthermore, to en-
sure stability and prevent oscillations between decisions, the Follow
the Regularized Leader (FTRL) algorithm [23, 27] selected the deci-
sion that minimizes the sum of previous losses and an additional
regularization term i with a learning rate n; as follows:

t
Xp4l = arfen;(in {; fr(x) + %lp(x)}, )

When the revealed feedback is in the form of gradient informa-
tion of the loss function, a helpful way to understand the algorithm’s
performance is to perceive it as minimizing a local estimate of the
original loss function. By the definition of convexity, a linear bound
for the function f; around x; could be constructed by

Vx € X, fi(x) = fr(xr) + (Vi (x2), x — x¢).

Unfortunately, the direct minimization of a linear function may not
lead to an effective online algorithm since the minimum of a linear
function can approach negative infinity over unbounded domains.
This issue could be addressed by confining the minimization of the
lower bound within a specific neighborhood of x;. Online Mirror
Descent (OMD) algorithm [5, 15] achieved this by utilizing the
Bregman divergence, as illustrated below:

Xt4] = arg min {(Vﬁ (3c1), x) + leﬁ(xi xt)} . (2)
xeX Nt

Both FTRL and OMD have been shown to obtain regret bounds
of O(VT) and O(InT) for general convex and strongly convex
functions, respectively. Notably, when the regularization term is
specified as ¢ = %H - ||2, OMD is equivalent to the well-studied
projection-based OGD [4, 34], which employed the following update
rule: xp41 = My (xr — : Vi (x:)), where I1x(-) is the Euclidean
projection onto the closed convex set X.

Despite the extensive research on standard OCO algorithms,
the practical issue of delayed feedback has not been adequately
addressed.

2.2 The Delayed OCO

For the scenario where all delays are fixed and known, i.e., d; = d
for each t € [T], the seminal work of [32] addressed this issue
by dividing the total T iterations into d subsets and maintaining a
base algorithm on each subset. By utilizing the standard OGD algo-
rithm as the base, [32] achieved an O (\/ﬁ) regret bound for gen-
eral convex functions. [35] investigated the same delayed case and
demonstrated that incorporating delayed gradients during each gra-
dient descent step in the standard OGD algorithm also yields regret
bounds of O(\/ﬁ) and O(d1nT) for convex losses and strongly
convex functions, respectively.
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Moreover, [22] extended the approach proposed in [32] to handle
a more challenging scenario where delays are arbitrary but time-
stamped and achieved a regret bound of O( VdT), where d denotes
the maximum delay. In a similar vein, [21] employed the one-point
gradient estimator [16] to introduce a comparable approach for the
bandit setting.

In the most general delayed case, where each feedback could
be delayed arbitrarily and the time stamp of each feedback could
also be unknown. [26] presented a data-dependent regret bound
for the delayed setting, assuming the decision set is unbounded.
The celebrated work [28] proposed an effective method named
DOGD and obtained a regret bound of O(+/D7), where Dr is the
cumulative delays. DOGD, given by

e =TIx [xe = e ), V()|
keF;

needs to query the gradient at each iteration t and update the deci-
sion with the sum of those gradients queried at the set of iterations
Ft. [24] proposed DBGD, which employed an (n+1)-point gradient
estimator [2] to approximate gradients in the bandit setting. [10]
expanded [28] to the decentralized optimization over a network.
[31] adopted a time-varying learning rate connected with the total
number of observable feedback to address the delayed optimiza-
tion problem with strongly convex loss functions and obtained an
O(dInT) regret bound.

To date, most studies on delayed OCO have relied on the Eu-
clidean norm to measure the distance between the decision points.
However, it is unclear whether these algorithms can be extended to
accommodate other types of norms. This paper gives an affirmative
answer by proposing three families of FTDRL, DMD and SDMD
algorithms.

Compared to the previous delayed gradient descent-based al-
gorithms, our proposed algorithms exhibit advancements in the
following aspects. Firstly, we introduce three targeted algorithms
that address different types of feedback related to function infor-
mation, gradient information, and value information, respectively.
Secondly, our algorithms are grounded on universal norms, in-
stead of a specific Euclidean norm, and demonstrate superiority
across diverse examples. Thirdly, we employ an approximate so-
lution approach for each optimization problem. Besides, we adopt
a theoretical analysis method that is entirely different from previ-
ous works, specifically analyzing the regret bounds when the loss
function is either general convex or more flexible relative strongly
convex.

3 FORMAL NOTATIONS

First, to provide a more concrete definition of the delayed setting,
we introduce the following notation. Let d; € Z* denote a non-
negative integral delay at iteration ¢. At the end of iteration t+d; — 1,
the feedback queried at iteration ¢ is received and can be used
in iteration t + d;. In the standard setting, where there are no
delays, d; = 1 for all t. We denote the set of iterations that receive
feedback at the end of iteration t as ;. The maximum delay and
the total delay (up to iteration T) are denoted by d = max;c(T] d¢

and Dt = Zthl d;, respectively.

Anon.

In this paper, we denote the n-dimensional real vector space
equipped with an inner product (-, -) and a norm || - || by R". The
dual norm of || - || is defined as ||x||x = SupyER”:HyHgl(x’ y) for
each x € R"™. We use the notation X C R" to denote a closed
convex set and {f; : X = R};>1 to denote a sequence of convex
loss functions. Moreover, let i/ : © — R be a convex function such
that it is differentiable in its non-empty interior D° := int D and
such that we have X C D°.

DEFINITION 1. For a convex function f : X - Randx € X, a
vector Vf(x) € R™ is the gradient of f at x, then V f(x) satisfies the
inequality

Vye X, f(y) 2 f(x) +(Vf(x),y - x).

DEFINITION 2. The Bregman divergence with respect to function
Y is given by

Vx € D,y € D° By(x;y) = ¥(x) — Y (y) — (Vi (y). x — y).

AssuMPTION 1. The primal norm of the decision is bounded by R
and the dual norm of the gradient is bounded by Gy, i.e.,

Vx € X,t € [T], |lx]| < R [|Vfi(x)[lx < Gx.

AssUMPTION 2. The regularization function  has Gy -Lipschitz
gradients on the set X, i.e.,

Vx,y € O, ||V (x) - VY (@)llx < Gyllx —yll.
For convenience, we make G‘/, = EGy.

AssuMPTION 3. The regularization function \ is o-strongly con-
vex over D with respect to a norm || - ||, i.e.,

o c
Vx € D,y € D°,By(x;y) = Ellx—y||2‘

AssuMPTION 4. (Relative strong convexity) If the loss function
ft is y-strongly convex over X with respect to a convex and differen-
tiable function i, then,

Vx,y € Xt € [T], fi (%) - fi(y) = (Vfi(y).x —y) = yBy(x;y).

A noteworthy instance of relative strong convexity occurs when
we select /(x) = %||x||2, and the classical strong convexity defini-
tion with respect to the Euclidean norm is recovered.

To showcase the effectiveness of our algorithms when applied to
different norms, we provide the following examples, each of which
corresponds to a distinct domain and regularizer. The choice of the
regularizer is primarily determined by its strong convexity with
respect to a particular norm.

EXAMPLE 1. In the Euclidean space, we consider X € R" and
Y(x) = %||x||%. Note that the dual norm of || - ||2 is itself, and
By(x;y) = %Hx - y||%. Moreover, Y/(-) is 1-strongly convex with
respect to norm || - ||2 over X. We assume that ||V f;(x)||2 < G2 and
[[x||2 < Ry forany x € X, t € [T].

EXAMPLE 2. In the probabilistic simplex, we consider X = {x €
R%? : |lx]l1 = 1}. and ¢ (x) = ZZ:I x Inx ) +1n n. The dual norm
of | - l1 is || - llco. Note that y/(-) is 1-strongly convex with || - ||;. We
assume that ||V f;(x)||cc £ Geo foranyx € X, t € [T].
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Algorithm 1 Follow the Delayed Regularized Leader for General
Convexity

1: Input: both n and x; depend on the choice of example
2. fort=1,...,T do

3 Query f; and receive feedback {f : k € 7}

4 if |F¢| > 0 then

5: Make an approximate solution xy41:

t ‘ .
2, 2, )+ l//(xTM) <> 2 flyi)+ '¢(yr;+l‘) + P

r=1ke¥; r=1ke¥;

where y;l = arg min {Z;zl YkeF fi(x) + %tﬁ(x)}
xeX

else
Xi+1 = Xt
end if
end for

Y P N

Algorithm 2 Follow the Delayed Leader for Relative Strong Con-
vexity

1: Input: make an arbitrary decision x; € X

2. fort=1,...,T do

3 Query f; and receive feedback {f; : k € 7}
4. if |F¢| > 0 then

5: Make an approximate solution x41:

t t
D2 S < 30D felyh) + o

=1ke%; =1ke%;
where y; , = arg r;in (. Sker fi(0)}
xXe

else
Xt+1 = Xt
end if
end for

ExXAMPLE 3. In the case of p-norm, we consider /(x) = %||x||12,

1
over X € R", where ||x||p = (ZZ:l () |p)p and1 < p < 2. Note

. is || - 1,1 _ Do
that the dual norm of || - |lp is || - llg, where >t g 1L y() is

(p — 1)-strongly convex with respect to the norm || - ||. We assume
llxllp < Rp and ||Vfi(x)|lq < Gq foranyx € X, t € [T].

4 FOLLOW THE DELAYED REGULARIZED
LEADER

When an agent has access to the full information of loss functions
at each iteration, the FTRL algorithm is a commonly used approach.
Motivated by the standard FTRL algorithm presented in Eq. (1),
which does not incorporate delays, we replace the standard history
from beginning to iteration t with the outdated history of revealed
loss functions in the iteration set {7 : 7 € [t]}.

4.1 Sublinear Regret for General Convexity

When the loss function is general convex, we propose a Follow
the Delayed Regularized Leader for General Convexity (FTDRL-
GC) algorithm. The detailed update procedures are summarized in
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Algorithm 1. The optimization problem arising in our algorithm
is only required to be solved approximately (up to an additive
error p;). This is commonly observed in iterative optimization
problems, since in general they cannot be solved exactly. Moreover,
approximating the optimization problem induces a sequence of
errors that complicates the regret analysis of the algorithm.

By setting a constant learning rate, the regret bound is formally
stated in the following theorem.

THEOREM 1. Under Assumptions 1 and 3, let the maximum ap-

. G3 . .
proximate error p; = '78—0*,Vt € [T], Algorithm 1 satisfies

3 nG2 (T +4Dr) LYE) Y

R
egr o 7

Proor. For convenience, we set ®;;, (x) = Z;;} ZseF, fs(x) +

Toesiy Jo(x)+ fk(x)+%¢(x) and @y (x) = %1//(x).At each iteration
t in FTDRL-GC, for each k € ¥;, we view the update process as
|F¢| segments as

¢t,ik (xt,ik+1) < q>t,ik (y:,ik+1) + Prig> yzl‘k.,.l = arg n)l(inq)t,ik (x)’
xe

where iy = [ il, Fr e = {s € Fr : s < k}. Additionally, we make
Xt0 = X, Xts1 = Xp| ;s and pro = pr, pr+1 = Py ;|- The total
regret bound can be divided into two parts.

T T
Regr = ) [fix0) = fi(x")] = ) D [fieloww) = fie(x")]
t=1

t=1keF;

T T
=20 2 Ui = e+ ) D Uficlorr) = fielenin)]

t=1 ke, t=1keF;

normal term delayed term

®)

For the normal term of Eq. (3), we have the following lemma.

LEMMA 1. Under Assumptions 1 and 3, the normal term of Eq. (3)
is bounded by

T
D 2 Ukleea) = filx)] < 2TGE + ~[y(x) = g (9)

1
=1 Kes, n

Next, we discuss the delayed term of Eq. (3), we have

T T
D07 i) = filxei)] < D0 Gallage = x|

=1ke¥; =1ke¥;
T t—1

<D Gl D0 D Mrirt = xeill+ D lxnien = x|
t=1keF; =k s€eF, SEF1 ik

®)
The crucial factor impacting the bound of the delayed term is
the gap between x;_ and xz; +1.

LEMMA 2. Under Assumptions 1 and 3, for eacht € [T],k € ¥,
our FTDRL-GC algorithm ensures that
ZI]G*

Iz ip+1 = x|l < pt (6)
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Substituting Eq. (6) into Eq. (5) gives

G D
S5 eto) — fa)] < T "

=1 keF,

The last inequality is derived from the following lemma.
LEmMMA 3 ([28]). The summation terms of the delay satisfy

i > (timum,u

t=1keF; \r=k

< 2Dr.

Combining with Eq. (4) and Eq. (7) gives the result of Theorem 1.
0

Intuitively, the regret bound in Theorem 1 is likely to be influ-
enced by the specific characteristics of different examples (i.e., the
choice of learning rate 1 and initial decision x based on the nature
of specific regularization function). To illustrate this point, we give
the following corollary.

CoroLLARY 1. Applying FTDRL-GC to Example 1 withx; =0 € X

andn = 5—221 /m yields Regr < G2Ra2T + 8D7.

Applying FTDRL-GC to Example 2 with x1 = [% R %] e R}

andn = 5/ Tﬁ'[’) yields Regy < 2Geo+/(T +4D7) Inn.
Applylng FTIDRL-GC to Example 3 with x; = 0 € X andn =

R , -1 . [2T+8D:
G—‘: ZTgFT% ylelds RegT < Rqu TIT

We can naturally employ the doubling trick [11] to address the
scenarios where the values of Dt and T are unknown. This tech-
nique also guarantees that the maximum permissible errors in the
approximate solution continuously decrease from their initially
larger values.

Remark. When utilizing the Euclidean norm with regularizer ¢(x) =
%||x||2, the results achieved are comparable to those obtained in
the DOGD algorithm [28]. However, in the case of the probabil-
ity simplex, we can achieve a regret bound of O(Geo/Dr Inn). In
contrast to the DODG algorithm applied in this scenario, which
yielded a regret of O(G2vDr), for the worst-case scenario (i.e.,
Gy = YnGeo). We transforming the dimension dependency from
v to Vin n. Additionally, our regrets match the regime of standard
FTRL [23] when considering d; = 1,Vt € [T].

4.2 Logarithmic Regret for Relative Strong
Convexity

[20, 33] have shown that the non-delayed FTL algorithm without
any regularization function achieves logarithmic regret in the case
of relative strong convexity. Inspired by these works, we propose a
Follow the Delayed Leader for Relative Strong Convexity (FTDL-
RSC) algorithm in the presence of delays and formally outline the
update procedures in Algorithm 2. At each iteration ¢, we directly
minimize the outdated history over the iteration set {7 : 7 € [t]}.
Compared with previous delayed algorithm [31], our FTDL-RSC
algorithm possesses several advantages in three aspects. Firstly, we
are capable of computing an approximate solution for each decision.
Secondly, we can handle universal norms. Thirdly, we do not need
prior knowledge of the modules of relative strong convexity.

Anon.

We establish the following theorem and corollary regarding the
regret bound of Algorithm 2.

THEOREM 2. Under Assumptions 1, 3 and 4, let the maximum

Wi’ Vt € [T], Algorithm 2 satisfies
82 |Frlyo
2

3dG2
< (1+InT).
Y

approximate error py =

RegT

ProoF. In the case of relative strong convexity, the regret of
FTDL-RSC is divided by

T T
Regr = > [filxr) = e+ Y " [fieler) = fie(xo)] -

t=1ke7, t=1 keF;

normal term delayed term

®)

For the normal term of Eq. (8), we have the following lemma.

LEmMMA 4. Under Assumptions 1,3 and 4, the normal term of Eq. (8)
is bounded by

dGz(l +lnT)
Z D7 i) = fillx)] < )

t=1ke¥F;

Next, we analyze the delayed term of Eq. (8).

T T
DT el = filan)]l < D0 D (T fielxie), x = xe)

t=1keF; t=1keF;
D lltess = xell

NN

t=1keF,

(10)
< dGy Z lxes1 = .

The last inequality holds because d is the maximum delay.
Here, we discuss the difference between x; and x;41.

LEmMMA 5. Under Assumptions 1,3 and 4, for each t € [T], our
FTDL-RSC algorithm ensures that
3 |%Gx 1 |Fi-1lCa
230, [Feloy 23} Feloy
Substituting Eq. (11) into Eq. (10) gives the delayed term.

2dG2(1+lnT)
ZZ [felxi) = filxe)] < ———= (12)

t=1keF;
Combining with Eq. (9) and Eq. (12), we obtain Theorem 2. O

lr41 — 2| <

(11)

CoROLLARY 2. Applying FIDL-RSC to Example 1 gives Regy <
3‘162 (1+InT).

2
A lying FTDL-RSC to Example 2 gives Regy < 3dCe, (1+InT).
pplying ple 2 g er Y

3dG?
Applying FIDL-RSC to Example 3 gives Regy < Wj) (1+InT).
Remark. Above reveals that when applying the Euclidean norm
with the regularization function ¢/ (x) = %||x||2, our FTDL-RSC
achieves regret bounds that match those of the DOGD-SC algo-
rithm [31]. However, in comparison to directly applying DOGD-SC
to the probability simplex scenario, our approach, which utilizes
an entropic regularization function, leads to an improved depen-
dency of the regret bound from Gz to Geo. Furthermore, assuming
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Algorithm 3 Delayed Mirror Descent for General Convexity

Algorithm 4 Delayed Mirror Descent for Relative Strong Convexity

1: Input: both 7 and x; depend on the choice of example
2: fort=1,...,T do
3 Query Vf; and receive feedback {Vf; : k € 7}

4 if |F;| > 0 then
5: Xt0 = Xt
6: for k € #; do
7: Make an approximate solution x; j, +1:
1
(Vi (i), Xpiga1 ) + EBw(xt,ikH;xt,ik)
1
< (VACerii) Y )+ B Wi <) * P
where y: i1 = T8 min {(ka (i), x) + %Bw (x; xt,ik)}
’ xeX
8: end for
9: Xt+1 = Xt | 77|
10: else
11: Xt+1 = Xt
122 endif
13: end for

d; = 1,Vt € [T], our findings align with the regret bound of the
non-delayed FTL algorithm [33] for relative strong convexity.

5 DELAYED MIRROR DESCENT

When the feedback available is the gradient information of the
loss functions, we develop a family of delayed mirror descent for
the general convexity and relative strong convexity, respectively.
Motivated by the standard OMD formulation given in Eq. (2), we
replace the gradient {V f; } with the gradient set {Vf; : k € 7} at
each iteration t for updates.

5.1 Sublinear Regret for General Convexity

Here we propose a Delayed Mirror Descent for General Convexity
(DMD-GC) algorithm. The detailed procedure is summarized in
Algorithm 3. The update process is divided into | ;| segments and
a fixed learning rate 7 is utilized. The index iy = |} x| denotes
the position of iteration k in set ¥; where 7 = {s € ¥ : s < k}.
Similarly, each decision is made based on an approximate solution.

We establish the following theorem regarding the regret bound.

THEOREM 3. Under Assumptions 1, 2 and 3, let the maximum

3
approximate error py j, = g—a,\/k € F, t € [T], Algorithm 3 satisfies
B 1(G2T + 8ERG4T + 21G4 T + 4G2 Dt + 81Gx D)
- 20
2n*EG2Dy By (x™;x1)
+ n“¢GyDr + v ‘

o? n

Regr

ProorF. The total regret bound is divided by

T T
Regr =) > i) = i)+ 20 > ) = ficlberig)]

t=1ke¥; t=1 ke,

normal term delayed term

(13)

1: Input: n; = , make an arbitrary decision x; € X

-1
¥ -t |77
2: fort=1,...,T do

3= Query Vf; and receive feedback {Vf; : k € 7}
4 if |Fz| > 0 then

5: Make an approximate solution x;41:

1
Z (Vi (xt), xt41) + — By (xe415x1)
keF; Nt

* 1 *
< D (VA i) + — By (Y %) + prs
keF: it

wherey;, | = argr;in {<Zke7—', ka(xt),x> + ”%Bw(x; xt)}
xe

else
Xt+1 = Xt
end if
end for

For the normal term of Eq. (13), we have the following lemma.

LEmMA 6. The normal term of Eq. (13) is bounded by

T
D0 Mlrni) = filx)] <

=g 20 n

(14)

Next, we discuss the delayed term of Eq. (13).

T T
D Ualr) = fielxei)] < D7 " (Y fielxie)s 3k = xt,i8)

=1 ke, =1 ke,
T -1

<TGk [ D0 D it = xei M+ Y i = x|
t=1ke¥F; =k seF, S€EFrk

(15)
According to the above result, the challenge lies in the gap between
xzi, and Xz 41.

LEMMA 7. For each t € [T],k € %3, our DMD-GC algorithm
ensures that

G +20°  n?EG
Iint — p || < T TG (16)
[oa (o2
Substituting Eq. (16) into Eq. (15) gives
T 2 2
Gy +2 G

S S (Vfexidx — x0) < 207Gy [1ETHL L TEG )
t=1keF; o o

(17)
Combining Eq. (14) and Eq. (17) yields the result of Theorem 3. O

The regret bound specified in Theorem 3 depends on the distinc-
tive properties of the regularization function ¢ and its domain. For
instance, we provide the following examples with different norms.

CoRrOLLARY 3. Applying DMD-GC to Example 1 withx; =0 € X
andn = %"Wll)r gives Regr < GoRoVT +4Dt + 4§R§\/T +

2, SR}
2§R2 + G

NT(G2 +8ERGy +21Gy) By (x*;x1)
+
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Applylng DMD-GC to Example 2 with x1 = [ e n] € R} and
n= T2+14nDn givesRegr < Goo/2(T +4D7) Inn+4&V2T Inn +
4¢ ln n+ == 10 Inn
Applylng DMD GC to Example 3 with x; = 0 € X andn =

L2 Rl 5R2
gp ‘,T+4DT givesRegr < Rqu,/THDT +4£R ‘/ sr

Remark. With access to gradient feedback, the regret of DMD-GC
aligns with our FTDRL-GC which utilizes the full information of
loss functions. If we assume d; = 1, VYt € [T], our results match the
ones achieved in the standard non-delayed OMD algorithm [15].

5.2 Logarithmic Regret for Relative Strong
Convexity

When dealing with functions that exhibit relative strong convexity,
we introduce a new algorithm called Delayed Mirror Descent for
Relative Strong Convexity (DMD-RSC) and outline its steps in Al-
gorithm 4. There are two key differences between this algorithm
and the one used for general convexity. Firstly, we perform a sin-
gle mirror descent operation on the sum of gradients in the set
{Vfx : k € F;}. Secondly, since a constant learning rate cannot
take advantage of the relative strong convexity of loss functions, we
use a decreasing learning rate n; = % that is determined

by the total number of observable feedback.
We establish the following theorem regarding the regret bound.

THEOREM 4. Under Assumptions 1, 2, 3 and 4, let n; = W
=1 T

3
and maximum error p; = g—(’;, Vt € [T], Algorithm 4 satisfies

2dEGE
=,

(3dG2 + 8ERGx)(1+InT)  6dGy
+

RegT < 2

20y oy o?y

Proor. Here, the total regret is divided by

T T
Regr = > filxe) = fie+ Y. " [fielx) = fie(xeo)]

t=1ke7; t=1 ke,

normal term delayed term

(18)

For the normal term of Eq. (18), we have the following lemma.

LEMMA 8. The normal term of Rq. (18) is bounded by

T 2
. (dG3 +8ERGx)(1+InT)  2dGy
;kzct [ie(ee) = ficlx")] < 2oy e

(19)

Next, we discuss the delayed term of Eq. (18).

T T t—1
DU ) = il £ 30T 3 [ fiele) = filxesn)]

t=1keF; =1 ke‘F, =k
T k+di—1

< G*nxf—xmn<dZG*||xt—xm||
=1ke¥, 1=k

(20)
The crucial step is to compute the gap between x; and x;41.

Anon.

LEMMA 9. For eacht € [T], our DMD-RSC algorithm ensures that

2 2 2
Nl FelGu +1p + 1154 . 'it_lffG*‘ 1)
o o?

lxz — xp41ll <

Substituting Eq. (21) into Eq. (20) and making n; = m
7=1 T

gives

4 dGZ(1+InT) 4dG, 2d¢G?
D07 Uielxie) = fie(x)] < il i >+ f *
=1 ke, oy oy ay

(22)

Considering Eq. (19) and Eq. (22) together yields Theorem 4.

[m]

To discuss the performance on the different norms, we give the
following examples.

COROLLARY 4. If we apply DMD-RSC to Example 1, we get Regy <
6dG, = 2dEGE (3dGZ+8§RZGz)(1+1nT)
— + T + D)
Y 4 14
If we apply DMD-RSC to Example 2, we get Regy <
2dEG (3dG2 +8§Gw)(1+lnT)
v 2y
If we apply DMD-RSC to Example 3, we get Regy < (fjl—s)qyz +
2dEGY (3dG%+8£R,Gg) (14In T)
a=p2 * 2y(1-p)
Remark. With the feedback of gradient information, DMD-RSC
algorithm produces matchable results to those of our FTDL-RSC.
Furthermore, assuming d; = 1,Vt € [T], our findings align with
the regret bound achieved in the non-delayed OMD algorithm [33]
for relative strong convexity.

6dGes
V2

+

6 SIMPLIFIED DELAYED MIRROR DESCENT

In this section, the observable feedback reduces to the value infor-
mation of the loss function’s gradient at the corresponding decision
point. In contrast to our proposed delayed mirror descent type al-
gorithms utilizing the feedback of the gradient information, here
we replace the gradient set {V f}. : k € 7} with the set of gradients’
values {V fi (xx) : k € F;}. Additionally, the regret analysis follows
a similar way as the previous section, and for brevity, we include it
in the appendix.

6.1 Sublinear Regret for General Convexity
We propose a Simplified Delayed Mirror Descent for General Con-
vexity (SDMD-GC) algorithm and outline its process in Algorithm 5.
Similar to Algorithm 3, for each iteration t, we divide the update
process into |F;| segments of approximate solution and utilize a
fixed learning rate.

We establish the following theorem to curve the regret bound.

THEOREM 5. Under Assumptlons 1, 2 and 3, let the maximum

approximate error py i, = 5=,k € ¥, t € [T], Algorithm 5 satisfies

20’
N(GET + 8ERG4T + 2nGxT + 4G D1 + 871Gy D)
20
2n28G2Dr By (x*;x
. n*¢G4Dr . i ( 1).
o n

RegT <
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Algorithm 5 Simplified Delayed Mirror Descent for General Con-
vexity

Algorithm 6 Simplified Delayed Mirror Descent for Relative
Strongly Convexity

1: Input: both n and x; depend on the choice of example
2. fort=1,...,T do
3 Query Vfi(x;) and receive feedback {Vfi(xy) : k € F;}

4 if |F¢| > 0 then
5: Xt,0 = Xt
6: for k € F; do
7: Make an approximate solution x; ;, +1:
1
(Ve (xie)s xt,ipe41) + ;Bw(xt,ikH;xt,ik)
1
< <V.ﬁ( (Xk), y;ik+1> + ;Bl// (yzik+1 5 xt,ik) + Pt,ik,
where yzik+1 = arg min {(ka (x), x) + %Bw (x; xt,,-k)}
xeX
8: end for
9: Xt+1 = Xt | F |
10: else
11: Xt+1 = Xt
122 endif
13: end for

Note that the performance delineated in Theorem 5 is affected
by the nature of the regularizer. In light of this, we provide the
following examples.

CoROLLARY 5. Applying SDMD-GC to Example 1 withx; =0 € X,

n= 2 \|7ip- givesRegy < GoRoT +4D7 +4ERANT+2£R3+
Applying SDMD-GC to Example 2 with x1 = [ yeens n] e R} and

n= & TZJED”T givesRegy < Goo/2(T +4D7) Inn+4&V2T Inn +

4fInn+ wGl%,
Apply SDMD-GC to Example 3 with x; = 0 € X andn =

R -1 . T+4D ZER SRZ
G—‘;,lTi}—DTgwesRegTstGq,/ UL 4R ‘/

Remark. Despite having access to only the value information of
gradient feedback at corresponding decision points instead of the
full or gradient information of loss functions, we can still attain
results consistent with those of FTDRL-GC and DMD-GC.

6.2 Logarithmic Regret for Relative Strong
Convexity

In the case of relative strong convexity, we introduce an algo-
rithm called Simplified Delayed Mirror Descent for Relative Strong
Convexity (SDMD-RSC) and present its steps in Algorithm 6. Similar
to Algorithm 4, we conduct a single approximate mirror descent op-
eration on the joint sum of gradients in the set {Vfi.(x) : k € F;}.
However, there is a difference with Algorithm 4 in that the de-
creasing learning rate is not related to the amount of information
observed but to the total number of decisions completed.

We establish the following theorem and corollary regarding the
regret bound.

1: Input: n; = Yt’ make an arbitrary decision x; € X

2: fort=1,...,T do

3 Query Vft(xt) and receive feedback {Vfi (xx) : k € 77}
4 if |Fz| > 0 then

5: Make an approximate solution x;41:

< Z ka(xk))xt+1> + %Bx//(xtﬂixt)

keF:
1 *
< < Z Vﬁc(xk)’y;+1> + _B¢(yt+1§xt) + Pt
ke Nt
wherey;, | = argriin {<Zke$‘-’, ka(xk),x) + %Bl/,(x; xt)}
xe

else

end if

6
7: Xt+1 = Xt
8
9: end for

THEOREM 6. Under Assumptlons 1,2, 3and 4, letn; = t and the

maximum error py = 5=,Vt € [T], Algorithm 6 satisfies

20"

(3dG2 + 8£RGy) (1 +1InT)
20y oy

, 6dGx _ 2diGy

2 gyt

RegT =

COROLLARY 6. If'we apply SDMD-RSC to Example 1, we getRegy <
6dG, zdgcz (3dGE+8ER,Gy) (1+1n T)
2 + 2 2
Y ¥ 13

If we apply SDMD-RSC to Example 2, we get Regr < % +
246G, | (3dGL+8Gey) (14InT)

v 2y

If we apply SDMD-RSC to Example 3, we get Regr < Z(IG';>

2dEG,
y(1-p)?

(3dG%+8£R,Gg) (14InT)
2y(1-p)

Remark. Considering relative strong convexity, even when only
the values of the loss function’s gradient at certain decision points
are available, SDMD-RSC can achieve comparable results to our
FTDL-RSC and DMD-RSC.

7 CONCLUSION

In the field of online sequential decision-making with unknown
delays, we propose a range of learning algorithms, namely FTDRL,
DMD and SDMD, to handle delayed full function information, full
gradient information and value information of gradient at the deci-
sion point, respectively. Notably, our algorithms only necessitate
an approximate solution for the optimization step and are applied
to several cases, including general convexity and relative strong
convexity, as well as specific examples utilizing different norms.
Our next step is to explore more adaptable algorithms capable of
simultaneously handling multiple types of loss functions and ac-
commodating the flexibility of switching feedback types during the
learning process.
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A PREPARATION
A.1 Proof of Lemma 3

Consider a specific term Z; ;Ii |Fz| + |5 x| within the sum. This term calculates the count of feedback instances, denoted by Ej, that are
withheld while other feedback is applied during iterations k to t > k. Let’s fix two iterations, k and t, and consider an intermediate iteration
tedk,...,t}.Ifr <t wefixs € F7,and if r = t, we fix s € F; ;.. The feedback from iteration s is applied during an iteration r between k
and t. We divide our analysis into two scenarios: when s < k and when s > k. In the second scenario, s > k, there are at most di. instances

since s must lie between k + 1 and t. We can assign the first case to d;. In the first scenario, the feedback from iteration s appears only after k.

We observe that for a fixed s, the number of indices k such that s < k < ds +s < di + k is at most d;. In other words, all instances of the
second case for a fixed s can be attributed to ds. Between the two cases, we have

Z Z (Z |F2| + |7:zk|) < gzdt < 2Dr.

t=1keF; \r=k

B PROOF OF THEOREM 1
B.1 Proof of Lemma 1

Call back the definition ®¢,;, (x) = 272} Tse, fs(x) + Tser, . f6(3) + fi(x) + 9/(x) and @o(x) = 19/(x).
For the normal term of Eq. (3), we have

T

T
Z D Ui = e = D) D (e (xrig) = Pi—1Geeai)] = Y D i), (23)

t=1ke7; t=1ke¥, t=1keF,

Due to the fact that y, (ie, y;‘. o ‘) is the minimizer of ®7 |#.|_1(x) over x € X, thus

O 77 1-1(Yrs1) < Z PRACHE t//(x ). (24)

=1kes,
Combining with Eq. (23) and Eq. (24) gives
L 1
Z D eleri) = il < D0 Y (@i (i) = Prig—1(x,i)] = 1771 -1 (Y ) + —P(x)
=1 ke s, =1 ke s, "
L 1
=D D 10w ) = Pri-1Y; )] = O 1 () + Y (")
t=1keF; n
T
+ Z [Drif (x1,ig) = Prip—1(x2,i) = Prig (Yy ;) + Prig—1(yy ;)]
t=1 ke¥F;
L 1
=3 D (@i 5) = Pri—1(Y5 )] = @1 77 -1 (Y + ~ P (x7) (25)
=1 kes, "

T
03 Uelxnin) = fielwy )]
t:
L 1
< @i (Yr,) — Prit (Y 0] + PUCORICN

3 Gallxei — gyl
t=1keF;
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For the first term on the R.H.S of the above formula, we have
Prip (Yr i) = P (Yrie1) =Prin-1Uz ) = Pein—1(Yr i 00) + ieWrs) = fi(Wii 1)
(V1Y i) Yriy — Yriprr) — %”y;ik ~ Yl
+ (ka(y:,ik)» y:,ik - y;,ik+1> (26)
<5 V@l I + 519, = el = 5197~ Wi
< %Gi.
The first inequality is due to the fact that i is o-strongly convex with respect to a norm || - ||. The second inequality is due to the optimality

condition of the update rule (i.e, x* = argminy,¢ x f(x) iff (Vf(x*),y —x*) > 0,Vy € X) and (u,0) < % + O‘T"z for any u,0 € X,a > 0.
Considering the last term of Eq. (25) which means the error incurred by the approximate solution, we have

P iy (xig+1) < Priy (Ys 1 41) + P (27)

Meanwhile, we utilize the fact that ®; ;, is %—strongly convex with respect to norm || - || to obtain

o 2

Diy (xig+1) = i (Y 4, 41) 2V iy (Yp g 1) Xtig+1 — Yy jrn) + 2 lxticr1 =Yg gl
o * 2 (28)

ZE llozict1 = Yy g I

The last inequality is due to the optimality condition.

2
Consider pyj, = UCH combining with Eq. (27) and Eq. (28) yields

8o
/ 2npe ir UG*
* s
||xt,ik+1 - yt’ik+1” < —0' = _20 . (29)

Substituting Eq. (26) and Eq. (29) into Eq. (25) yields the result of Lemma 1.

B.2 Proof of Lemma 2

Due to the fact that f; is convex and i is o-strongly convex with respect to norm || - ||, we have

g 2
cbtsik (yzik) - q>tsik (yzik+1) Z<Vq)t’ik (yzik+1)’ yt,l‘k - yzik+1> + 5 “y;‘,ik - y;(,ik+l ”

30
25 17 = Yl 0
The last inequality is due to the fact that yzik +1 1s the minimizer of &; ;, (x) over x € X.
Meanwhile, the L.H.S of the above formula is upper bounded by
Dp iy (y?,,»k) = iy (y?,ikﬂ) =Dy -1 (y?,,-k) = Qi1 (y?,iku) + fk (y’;,ik) - fk(yzikﬂ)
UVPri-1(Y24) Yri ~ Yrige1) — %Ilyi‘,ik ~ Yl o
31

+ G*Ilyf,,-k - yzikﬂ I
* * o * * 2
SG*”yt,ik - yt,ik+1|| - E”yt’ik - yt,ik+1” .
The last inequality is due to the fact that y} i, 1s the minimizer of @7 ;, 1 (x) over x € X.
Combining Eq. (30) and Eq. (31) gives

NGx
197 g1 = 9t < 225
Then, utilizing the result of Eq. (29), we have

122,541 = x2,i, || 5||y:,ik+1 - y?,ikll + ||l %241 — yzik+1|l + |xsi — y?,ikll
2nG
< Ao*

o
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B.3 Proof of Corollary 1

Example 1 of FTDRL-GC. In the Euclidean space, we first preset x; = 0" and make /(x) = %||x||§ Note that the dual norm of || - ||2 is itself
and By (x;y) = %Hx - y||§. Additionally, we assume that |V f;(x)||2 < G2 and ||x|| < Ry for any x € X, t € [T].
Based on the result of Theorem 1, we can get the following regret

2
Regy < "TGZ + —’7D 1G5+ 22
2
:r]TGg + 417DTG§ 2
The last equality is because /(x) = %||x||2 is l-strongly convex with respect to norm || - [|2.

To minimize above, we make 5 = G / TT8D- +8DT thus
Regr < GoRy/2T +8Dr.

Example 2 of FIDRL-GC. In the probabilistic simplex, the convex set X = {x € R} : ||x||; = 1}. We set ¢/(x) = Z" 1 W Inx® +1nn

1

and the initial decision x1 = [7,..., n] € R. The dual norm of || - [|1 is || - ||co- Note that ¢/(x) is 1-strongly convex Wlth respect to norm

Il - |l1. Additionally, we assume that ||Vft(x)||oo < Gu forany x € X, t € [T].
Considering ¢(x*) < Inn and ¢/(x;) = 0, we have

4n lnn

Reg sgrcgo G2+

Inn
=nTG?, + 4nD1G2, + —.
n
The last equality is due to the fact that {/(x) is 1-strongly convex with respect to norm || - ||1, i.e., 0 = 1.
To minimize above, we set n = G—lm, l%, then

Regr < 2GeV/(T +4D7) Inn.

1
Example 3 of FTDRL-GC. Consider the regularization function ¢/ (x) = %||x||12,, where ||x||, = (ZZ:I |x(”) |P)P and1 < p < 2overX € R™.

We preset x1 = 0". The dual norm of || - ||, is || - || 4, where %.,.é = 1. We assume that ||V f; (x)|lq < G4 and ||x||, < Rp forany x € X, ¢ € [T].
Here the regret bound is

n 4n Ry
2 2
RegT S;ch + ;DTGq + %
}22
=1 162+ —”D G2+ L.
p-1 p- 2n

The last equality is due to the fact that 1/(x) is (p — 1)-strongly convex with respect to norm || - [|p, i.e., 0 =p — 1.
R
To minimize the regret, we make n = 2= ,/ 2T1-)+—8 Dy thus

27‘+—81)T

C PROOF OF THEOREM 2

C.1 Proof of Lemma 4
In the FTDL-RSC algorithm, the decision is updated by

t

Y —argmm Z Z fr(x)

=1ke¥,

and the approximate solution x4 satisfies

t t
Z Z fie(xe41) < Z Z fie(yiey) + pe.
=1keF,

=1keF,
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For convenience, we make F;(x) = 25:1 2ke7, fi(x) and Fo(x) = 0, due to the strong convexity assumption of the loss function, F(x) is
Z;zl |Fz|y-strongly convex relative to function .
For the normal term of Eq. (8), we have

Z > filx) —Z > felx) —Z[Ft(xg = Fre1(x)] = Fr(x").

t=1ke¥; t=1 keF;

Due to the fact that g}, , is the minimizer of Fr(x), then Fr(y}.,,) < Fr(x"), substituting it into the above formula, we have

Z > filx) —Z > el <Z [Fe(xt) = Fr1(x)] = Pr(gip,,)

=1 ker; =1 ke,

[Fe(y;) = Fr-1(y;)] = Fry7,,)

~
I
—_

T
+ > [Fe(xt) — Fr—1(xt) — Fe(y) + Fr-1(y})] (32)
=

M I

T
[Fe(y}) = Fr (g, )] = Fo(yp) + > > Ufi(xe) = fielyi)]
t=1keF;
T

[Fe(y5) = Fe(ys,)] + D 1F21Gullx: =yl
t=1

~
1l
—

Considering the optimality condition of the update rule and the relative strong convexity of loss functions, we have

Fe(yp) = Fe(Win) =Femr () — et () + ) L (@) — fi ()]

keF:
-1
S(VE-1 () = Yia) = ) VITelBy (40 97)
7=1
+ 151G - ly; = yypll = vIF2By ()15 ;)
t
(33)
<TG - Iy; = Yraall = D IFelBy (y7sis )
=1
oyl
<IFtGx - llys —yypqll - Z =llyy - yt+1||2
=1
__I7ilG}
T Xio, 20vI97
The third inequality is due to the fact that By (y,,;y}) = Zlly; — yi,, |l if ¥ is o-strongly convex with respect to norm || - ||. The last
2
inequality is because (u,v) < ‘u” + % for any u,v € X,a > 0.
Considering the approxlmate solution gives
Fr(xr41) < Fr(y)yq) + pr (34)
Due to F; is 3;X_, |F7|y-strongly convex relative to 1, we obtain
t
Fr(xr41) = Fr(y501) 2(VF (Y} 1), Xea1 — Yjyp) + Z |FzlyBy (x1+15Y741)
=1
(35)
S |Felyo 2
= [EEh
=1
The above inequality is due to the optimality condition and ¥ is o-strongly convex with respect to norm || - ||.
Combining with Eq. (34) and Eq. (35) gives
Zpt
lxts1 = ypnll <\ | o7 e (36)
TN EL Felyve
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Considering |¥;| < d,Vt € [T] and substituting Eq. (33) and Eq. (36) into Eq. (32) yields

d|7’-t|Gz 2p¢
d * —_— .
Z 2 fixo) - Z 2, = < T 2oy7l IO T, Fove

=1 keF, =1 keF,

|F:1°G3
83 | Felyo

Note that Zt 1 %L < 14InT and make pr =

ST . Then we get the result of Lemma 4 by combining Eq. (32) and Eq. (33).

T

L drlc: & dIiFIGE
Z Z [fie(x2) = fie(x)] 52 _ 20y|%] +;Z 1 20y|F7|

t=1kef; (37)
dGy
<—=(1+InT).
oy
C.2 Proof of Lemma 5
Combining with the relative strong convexity and the optimality condition of the update rule, we obtain
t
Fe(y}) = Fe (Y1) 2(VF(40), 7 = Yian) + ) |F2lyBy (475 4)
=1
t
> > 1FelyBy (y5:9740) (38)
=1
t
|'77 |}’f7 * * 2
2 ) ol —wial
=1
Meanwhile, we have
Fe(y}) = Fe(yl ) =Femr(y)) = For () + > Ui (i) = fi ()]
keF;
LVE1 )45 —yiad + ) (VAW 45 —yia)
keF;
t (39)
= > VIFelBy (Y57
7=1
t
<|Ft|Gxlly; _yt+1|| - Z idi4s lly; _yt+1||2-

=1
The first inequality is due to the relative strong convexity of loss functions. The last inequality is derived from the strong convexity of / and
Lipschitz continuity of loss functions.
Combining with Eq. (38) and Eq. (39) gives
|F|Gx

lyi il < 57—
2 [Frlyo

Utilizing the result of Eq. (36), we obtain

lerer = xell <lypoq = gzl + leeen = gyl + e = 2l
_é |7:t|G* l |7:t71|G*
230 |Felyo 23501 [ Felyo

C.3 Proof of Corollary 2

Example 1 of FTIDL-RSC. In the Euclidean space, we first preset x; = 0" and make /(x) = %||x||% Note that the dual norm of || - ||2 is
itself and By (x;y) = %Hx - y||§. Additionally, we assume that ||V f;(x)||2 < G2 for any x € X, t € [T]. Specially, (x) = %||x||§ is 1-strongly
convex with respect to norm || - ||2, i.e., 0 = 1.

Thus, we have

RegT <
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Example 2 of FTDL-RSC. In the probabilistic simplex, the convex set X = {x € RY : ||x||; = 1}. We set ¢(x) = ZZ:I x Inx" +1Inn and

the initial decision x1 = [% C %] € R}. The dual norm of || - ||1 is || - ||co. Note that /() is 1-strongly convex with respect to norm || - |1,
ie, o = 1. Additionally, we assume that |V f;(x)||co < Geo for any x € X, t € [T].
The regret is bounded by
3dG?
Regr < = (1+InT).
Y
The last inequality is due to the fact that /(x) is 1-strongly convex with respect to norm || - ||1,ie, 0 = 1.

1
Example 3 of FTDL-RSC. Consider the regularization function ¢/(x) = %||x||f, where ||x||, = (ZZ:I |x(”) |P)p and1 < p < 2over X € R™.

We preset x1 = 0™. The dual norm of || - || is || - ||, where %+$ = 1. We assume that | Vf; (x)|lq < Gq and ||x||, < Rp forany x € X,t € [T].
The crucial ingredient [29] is the fact that /(x) is (p — 1) strongly convex with respect to norm || - ||, i.e., o = p — 1. Then, we have the
result as follows:
2

3dGg
y(p-1)
The proof of the corollary in the subsequent section is analogous to the process outlined in this section, therefore, we omit the proof of
the subsequent corollary.

Regr < (1+InT).

D PROOF OF THEOREM 3

D.1 Proof of Lemma 6
The decision y; i+1 0 DMD-GC algorithm is updated by

. 1
yzik*'l = argmin {(Vﬁc (xt,ik): x> + _sz(xi xt,ik)} .
xeX n
According to the optimality condition of the update rule, for any x* € X, we have

(1Y Geti) + VYW ) = VYt 5 = ) 20
Under Assumptions 1 and 2, rearranging the terms above yields
<ka(xt,ik)a Xt,ip — x*>
<V¢(yzik+1) - Vw(xt,ik)a x* - y:’ik+1>
n
Vi) xe i — Xeigr1) + (Vi (enig ), Xt it = Y gy 41)
N (Vi (xtip+1) = VY (x1i ), X° = Xt541) . VYUY 40) — VY (xrigr1). X" =47 )
n n (40)
(VY (xtiper1) = VY (i) Xt = Yy g 41
+
n
Vi) X i — Xeigr1) + Gallxeiger =Ygy iql
N (Vi (xrie+1) = V(Xz i), x5 = X1 41) . 4ERGx ||t 41 = Yy 44
n n ’

An interesting and useful identity regarding Bregman divergence, sometimes called three-point identity [9], is

S<V.ﬁc (xt,ik): xt,ik - yz,-kH) +

(V¥ (xtigr1) = VI (xri) ™ = Xpigr1) = By (x5 31,5,.) = By (x™3 X1,5341) — By (Xt,i41: X )-
For the first term on the RH.S of Eq.(40), we have

(Vi (X0, ) xtip — Xtig+1) <Gxllxei, — xpip+1ll

n 2,0 2
S—Gy + —|lxti, —x¢i
2% * 2?] ” t,ig tir+1 ” (41)
B (xt,' +15Xt,i )
<2y IS
20 n

The last inequality is due to the regularization function ¢/(-) is o-strongly convex with respect to norm || - ||.
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1826
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1828
1829
1830
1831
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1834
1835
1836
1837
1838
1839
1840
1841
1842
1843
1844
1845
1846
1847
1848
1849
1850
1851
1852
1853
1854
1855
1856



1861
1862
1863
1864
1865
1866
1867
1868
1869
1870
1871
1872
1873
1874
1875
1876
1877
1878
1879
1880
1881
1882
1883
1884
1885
1886
1887
1888
1889
1890
1891
1892
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Substituting Eq.(41) into Eq. (40) and summing it over all iterations yields

T T
DU Uari) = e <D0 D (Vfilerig) xi = x7)
t=1 keF;

t=1ke¥F;
By (x*;x1)
<LTGE + it Al (42)
o 4ERG
*
I (5% 4 ) It = vl
=1keF,
The approximate solution xy ;, +1 is given by
1 * 1 *
(Vi (i) Xtipa1) + EBI//(xt,ikHSxt,ik) < <ka(xt,ik),yt,ik+1> + EBI/,(yt,ikH;xt,ik) + Ptig-
Meanwhile, we define Ay, (x) = <ka (i) x> + %B‘/, (x; x¢,5,) and Ay j, (x) is ‘—r;-strongly convex with respect to norm || - ||, that is
At (erig+1) = Avip g 1) 2 (VAwip (Ug 1) Xeigr1 =Yg ji1) * o ”xt i+l — Y, 1k+1||2
Combining with the above, we obtain
* 2’7pt,ik (43)
”xt,ik+1 - yt’ik+1” = p .
3
By making py;, = g—a and considering Eq. (42) together gives the result of Lemma 6
D.2 Proof of Lemma 7
Due to the fact that /(x) is o-strongly convex with respect to norm || - ||. Thus
* * * * * 2
B¢ (yt,ik+l;yzik) + Bw(yt,ik ; yt,ik+1) 2 U||yt,ik - yt,ik+1 ” . (44)

Meanwhile, based on the definition of Bregman divergence, the L.H.S of Eq. (44) can be rewritten as

B¢ (y::,ik+1;yzik) + Bl//(y;,ik;y?,ik+1) = <VI//(y::,lk) - le(y;k,ik+1)’ yzik - y;ik+1> .

Recall back the optimality condition for the update rule, for any y; i € X, we have

<'7Vﬁc (xt,5) + Vlﬁ(yi,-kﬂ) = Vi (xip ), y;ik - yzik+1> 2 0.

Rearranging the terms of the above equality yields

(Y00 = VW i) Vi~ i)
SOV fieCeti) Yr iy = Yrjsn) + <V¢(y’;,ik) - V(i) Y, — y;‘,,-kH) (45)
<G + EGullxriy =y, ) - gy = Y ipaa
Considering Eq. (44) and Eq. (45), we obtain

NGy + EGucllxt,ip = y?,ik l

o

lYzi — Yl <
Combining with Eq. (43) gives the the result of Lemma 7.

i1 = xe il <NYy i1 = Yra l+ leeie = yr s I+ i1 — 47540l

NG« +20° | n*EGx
< iy
o [oa
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1933
1934
1935
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1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
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1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
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E PROOF OF THEOREM 4
E.1 Proof of Lemma 8

Due to the relative strong convexity, for the normal term of Eq. (18), we have

T T
DU el = e <7 DT UV filoxe), xe = x7) = yBy (x5 x1)]
t=1keF; t=1keF;
(46)
T T
=30 D Vil x = x%) = ) FalyBy (x*s xi).
t=1 keF; t=1
At each iteration t, the decision yj, ; is updated by

s . 1
Yio =argmind > (Vfil(xr), 1) + — By (x:x1)
xeX Kes; Nt

Due to the optimality condition of the update rule, for any x* € X, we have

e > Vhielxe) + Vi(yhs,) = V(x), x° —yf, ) 2 0. (47)
keF,;

Rearranging the terms of Eq. (47) gives
<V¢(y:+l) - Vw(xt)’ x* — y:+1>
Nt

DUVl x =27y < Y (Vi) = yjyg) +

keF; keF;
< > (Vfielxe) x = xma) + ) (Vfielxe) %een =Yy
keF; keF;
+ <V¢(y:+1) = Vi (x), x* — y;+1>
ne '

For the last term above, we have
(VW) = W (xe)x™ = ypp0) = (VW (ypp) = VY () x” = yp)
+ (VY (1) = Vi (xp), x* = x141)
+ <Vl//(xt+1) = Vi (xs), X441 — y?“)
< (Vi (xre1) = V() x* = x141)
+ 4ERGoe|| %441 — y:+1 Il

The last inequality is due to i has éG,-Lipschitz gradients.
Applying the three-point identity of Bregman divergence to the above formula gives

D (Vi) xe - x7)

keF:

< > (Vfilxe), e = xea) +

keF; Nt
4ERGy
Nt

22
nt|F|*G o
S———— 4 —|lxs - x|® +

B‘/,(x*;xt) - Bw(x*; xp+1) — By (xre15x¢)

+ (|7:t|G* + ) lxper — yiﬂll
(48)

By (x*;) = By (x*;%141) — By (xr41;%1)

20 2nt ne
4ERG
+ (|7:t|G* + = '7t *) Maxrer - yiﬂll
nelFel2G2 By (x™;5x¢) = By (x*; x41) 4¢RG .
= 2 * . 4 +||F21Gx + ERGx )| llocre1 = yyiqll-
o Nt n
Tlt|'7’-t|zGi

The second inequality is due to Yxc g, (Vi (x1), Xt — Xt41) < |Ft|Guellxs — xp41]| <

o + Z%t lxs = x741]1. The last inequality is due
to By (xrr1;%:) 2 §llxr — x4
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Now we discuss the error incurred by the approximate solution, given by
5 1 5
Z (Vfi(xt), xt41) + _By//(xt+1,xt) Z (Vfi(xe),yppq ) + — By (Yyp15%t) + pr.
Ke7s Ke7s 1
t t

Meanwhile, we make By (x) = Yres, (Vfi(xr), x) + %Bl/, (x; x¢) and note that By is r%—strongly with respect to norm || - ||, that is
o *
Bi(xt41) = Be(yy41) 2(VB: (Y1), Xe01 — Yypq) + 2—m||xt+1 Y /|2

o 2
>—|lxre1 — y) 1%
2 r+1

The last inequality is due to the optimality condition.

3
By combining above results with p; = g—(’r, we obtain

2

2nepr My
Xt11 — Yyl S/ ——— = —=.
llcre1 =yl < 4/ . -

Note that n; = %‘Fly’ summing Eq. (48) over all iterations and substituting it into Eq. (46), we have
7=1 T
T
D0 ) = filx)]
t=1keF;
T
ritl?'zl Gy 1 , HRGx(1+InT)  2dG
= (49)
T T [t-1
d|F:|G2 4ERG4(1+InT) 2dGyx
< |FelyBy (x"50) = ) |FrlyBy (x™5 x041) | + +
Zzoyzf_lm Zl Z o Z e oy oy’
B (dG2 +8&RGx)(1+1InT)  2dG,
+ .
- 20y oy?
E.2 Proof of Lemma 9
Due to the fact that /(-) is o-strongly convex with respect to norm || - ||, we have
By (y11:97) + By (Y73 9741) = olly; —yr > (50)
Meanwhile, the upper bound of the L.H.S of Eq. (50) can be rewritten as
By (Yrs1391) + By (s Yry1) = (VY (;) = VY (Y1) Uy — Ypyy)-
Due to the optimality condition of the update rule, for any y; € X, we have
Me Y VG + VYY) = V(). 45 —yih ) 2 0.
keF
Rearranging the terms gives
(Vl//(y?) - Vl//(ytﬂ)’ y? - yt+1>
<Nt Z <ka(xt),y;ﬁ - y;ﬁ+1> + <V‘//(y;ﬁ) - V‘//(xt),y;ﬁ - y;+1> (51)

keF;
<(7e|Fe|Gx + EGaeller = 1D - lly; = ypas -
Combining with Eq. (50) and Eq. (51) gives

Nt Ft1Gx + EGuellxr — yi |

* *
||yt+1 _yt” < =

Then we get the result of Lemma 9 as follows.
lerer = xell <lypoq = gzl + leeen =yl + Nl = 2l

_MelFelGa + n+ni, . n?_ Gy

o a?
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2205
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F PROOF OF THEOREM 5

Anon.

When the received feedback is the value of the loss function’s gradient in the corresponding decision point. In the case of general convexity,

the regret format is

T
Regy :Z[ﬁ(m ~ fi(x")]

Z [fe(xe) = fie(x)]
7.'

(V fie (xpe), xp — x*)

AM” Abmﬂﬂ HM“‘ “

2, 2,
77
T
Z (Vi) 2o =2+ 3 D (Y fieltg), 2 — ez -
77

t=1ke¥F;

normal term delayed term

We first analyze the normal term of Eq. (52).

LEMMA 10. The normal term of Eq. (52) is bounded by

T 2 £
T(G 8¢RG 2nG. B ;
E § (Vi (), xpz — x*) < NT(Gy + 8ERGy + 27 *)+ y(x xl).

Sker 20 n
Next, we discuss the delayed term of Eq. (52).
T
D D Vi), i = xei)
=1 ke7;
T
<D Gl — xell
=1 keF,
T t—1
<6k D) D i —xeill+ D i — x|
t=1keF; =k s€eF; N

From the above formula, the crucial key impacting the bound of the delayed term is the gap between x;;_ and x;; +1.

LEMMA 11. Foreacht € [T,k € F;, our SDMD-GC algorithm ensures that
nGx+21°  1°¢Gx

c o?

lxs i1 — X231l <

Substituting Eq. (55) into Eq. (54) gives

nGx +2n°  n*EGy
+
o 2

T
Z Z (Vfic(xpe)s xx = X1,y ) < 2D7Gx

=1 kes, o

Combining with Eq. (53) and Eq. (56), we get the result of Theorem 5.

F.1 Proof of Lemma 10
Note that at each iteration ¢, the decision y; i1 1S updated by

* . 1
Yy i1 = argmin {(ka (x), x) + -By (25 x4, )} .
xeX n
From the optimality condition for the update of SDMD-GC, for any x* € X, we have

(19 i) + V9] 1) = VU)o = 1) 2 0.

20

(52)

(53)

(54)

(55)

(56)

2263
2264
2265
2266
2267
2268
2269
2270
2271
2272
2273
2274
2275
2276
2277
2278
2279
2280
2281
2282
2283
2284
2285
2286
2287
2288
2289
2290
2291
2292
2293
2294
2295
2296
2297
2298
2299
2300
2301
2302
2303
2304
2305
2306
2307
2308
2309
2310
2311
2312
2313
2314
2315
2316
2317
2318
2319

2320



2321
2322
2323
2324
2325
2326
2327
2328
2329
2330
2331
2332
2333
2334
2335
2336
2337
2338
2339
2340
2341
2342
2343
2344
2345
2346
2347
2348
2349
2350
2351
2352
2353
2354
2355
2356
2357
2358
2359
2360
2361
2362
2363
2364
2365
2366
2367
2368
2369
2370
2371
2372
2373
2374
2375
2376
2377
2378
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Rearranging the terms above yields

(Vi (xp)s e, — x*)
<Vl//(yj,ik+1) = Vi (xt,ip), x* = y:,ik+l>
n
Vi), Xty = Xtigert) + Gl it =Yg gy 4l
. VY (Y; ) — VY (xri). X" —yp )
n

Vi (k) X = Yy jsn) +

For the last term above, we have

VU 1) = VY (xi). X =455 0) =V (i) — VY (i), X7 = xe i)
+ (VU (Y; 01) = VY Xrige1), X = Yf 5 40)
+ (VY (i) = VY (Xt ), Xt = Yp g 1)

V(1) = V(X150 ), X = Xp 1)
+ 4ERGoe|| Xt i 41 — y?,ik+1 II
The three-point identity regarding Bregman divergence is
(VY (xt,igs1) = VI (xri ), X = Xpir1) = By (x™5x1,5,.) = By (X" x1,5341) = By (Xt,ip+1: X1.ir)-
Applying the three-point identity to Eq.(57) gives
(Vi G, xeie = x7) <AV fie (), Xy, = Xei+1) + Gullxniper — Y g4l
. By (x5 x¢3) = By (x™; xt,3001) — By (Xt,+15 Xt3;.)

U
4§RG*”xt,ik+l - y:’ik_'_l ”

U

+

For the first term on the R.H.S of Eq.(58), we have

(Vi (xp), X5 — Xtig+1) <Guellxtip — Xt ip+1ll

M2, O 2
<—Gy + —|lxti, — xti .
2% * 21 ” L ti+1 ”
Additionally, we assume the regularization function ¥/(-) is o-strongly convex with respect to norm || - ||. Then we get

g 2
By (xt i +15 X1,i) 2 Ellxz,ik = xti+1ll°

Substituting Eq.(59) and Eq.(60) into Eq. (58) and summing it over all iterations yields

T T *, _ *,
Z Z <ka(xk):xt,ik —x*) SZ Z %Gi+31//(x ;x1) Bl//(x 3 XT41)

=1 ke, =1 ke s, "
T
4FRGy
+ Z Z (T +G*) ||xt,ik+1 - y?,,-kﬂll
t=1keF;
By (x*;x1)
SlTGi i Al did
20
T
4ERG,
30 3 (B s G s - gl
=1 ke,

The last inequality above is due to By (x™;x7+1) > 0 for any convex regularization function y.
Call back the approximate solution of x; ;, +1, that is

1 1
(Vi) Xrig+1) + EBI//(xt,ikH;xt,ik) < <ka(xk)>y;ik+1> + EBI//(yiikH;xt,ik) + Pri-

21
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(57)

(58)

(59)

(60)

(61)

2379
2380
2381
2382
2383
2384
2385
2386
2387
2388
2389
2390
2391
2392
2393
2394
2395
2396
2397
2398
2399
2400
2401
2402
2403
2404
2405
2406
2407
2408
2409
2410
2411
2412
2413
2414
2415
2416
2417
2418
2419
2420
2421
2422
2423
2424
2425
2426
2427
2428
2429
2430
2431
2432
2433
2434
2435

2436



2437
2438
2439
2440
2441
2442
2443
2444
2445
2446
2447
2448
2449
2450
2451
2452
2453
2454
2455
2456
2457
2458
2459
2460
2461
2462
2463
2464
2465
2466
2467
2468
2469
2470
2471
2472
2473
2474
2475
2476
2477
2478
2479
2480
2481
2482
2483
2484
2485
2486
2487
2488
2489
2490
2491
2492
2493
2494
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We make Cyj, (x) = (Vfi(xx), x) + %Bl/, (x5 %45, ). Utilizing its strong convexity, we have
o *
Crix (xt,igr1) = Crig (U 4y 41) 2(VCi (Y 4y 41)s Xt g1 =Yg jpq) + 2 %t,ir1 = Yy i1 [

o * 2
25||xt,ik+1 “ Yl

[21P¢i
||xt,ik+1 - y;ik_‘_l ” < Tk (62)

3
Substituting Eq. (62) into Eq. (61) and making p;;, = g—o gives the result of Lemma 10.

Considering the above together, we obtain

F.2 Proof of Lemma 11
Due to the fact that /() is o-strongly convex with respect to norm || - ||. Thus

By (s ir3Yri) + By Wi ¥iien) 2 ollysy, — y?,ik+1||2' (63)
Meanwhile, based on the definition of Bregman divergence, the L.H.S of Eq. (63) can be rewritten as
B¢ (y::,ik+1;y;,ik) + Bw(yzik ; y::,ik+1) = <v¢(y;‘,lk) - le(y;k,ik+l)’ yzik - y;k,ik+l> .
Recall back the optimality condition for the update rule, for any y; i € X we have

(1 i) + V9 1 00) = VUi Y~ W) 2 0

Rearranging the terms of the above equality yields
(YW Wi) = VW) Ui~ i) SOV, 97— Wi i)

(VW) = V(0. i, =Yg )
S'IG*IIyZik - y;‘,ikﬂ I
+ Eullxti — - 195, — el
Considering Eq. (63) and Eq. (64), we obtain
NGx + EGy||xtif — y:,ik l

o

* *
“y[,ik - yt,ik+1|| <
Combining with Eq. (62) gives
||xt,ik+l = Xt,ix ” S||y;‘k,ik+1 - y:’ik ” + ||xt,ik+1 - yzik+1 ” + ”xt,ik - y:,,'k ”

NGk +2"  PEGy
T o o2

G PROOF OF THEOREM 6

In the case of relative strong convexity, the regret format is

T
Regy = Z[ﬁ(x:) — fixM)]

t=1

Z (Vfie(xie), % = %) = Zy%(x ;1)

t=1ke¥F; (65)
T
= D (il xe = %) - Zywx x:>+ZZ<ka<xk> X = xt).
t=1keF; t=1ke¥F;
normal term delayed term

The bound of the normal term in Eq. (65) is as follows.

LEMMA 12. The normal term of Eq. (65) is bounded by

dGx (dG% +8¢RGx)(1+InT
t};kez?m(xk) xi =) - ZyBW R (66)

22
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2579
2580
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2582
2583
2584
2585
2586
2587
2588
2589
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Next, we discuss the delayed term of Eq. (65).

T T
D0 il xi = xe) <> IV fiel) s - Nl = el
1=1keF; t=1keF;
T k+di—1
<000 G D) lxen x| (67)
t=1ke¥; 7=k
T
<dGx ) lxr1 — xe]|.
t=1

The key is the difference between x; and x741.

LEMMA 13. For eacht € [T], our SDMD-RSC algorithm ensures that

Ne|Fe|Ga +n? +17_, . n?_ EGx

llocren — x|l < 3 (68)
o o
Note that we make 19 = n1. Considering n; = % and substituting Eq. (68) into Eq. (67) gives
T 2
dG{(1+InT) 4dG, 2d¢G
O3 Vil < A MO 200 (69)
t=1 ke¥F; Y oy oy

Combining with Eq. (66) and Eq. (69), we get the result of Theorem 6.

G.1 Proof of Lemma 12
At each iteration ¢, the decision y, ; is updated by

® . 1
Yr =argming > (Vfilxp),x) + — By (x;x7)
xeX ke Nt

From the optimality condition for the update rule, for any x* € X, we have

e Y Vi) + V() - Ve, x" = yp,y ) 2 0.
keF:

Rearranging the terms above yields

(VW) = Vo0, x" —y7y)

D (Vi) e =x") < 3 (Vi) ke — gy ) +

ke, keF nt
< Z (Vfie(xp), Xt = xt41) + | Fe|Goe - | %241 = Yy
keF:
(V) = .2 )
Nt '

For the last term above, we have
(V¥ (yr1) = VP (xn).x™ = yiq) <(VY(yre) = Vi () x° = yfyy)
+ (VY (xr41) = Vi (x0), X" = x441)
+ (VY (xre1) = Vi (xr), X241 — Yy )
(VY (xra1) = Vi (x0), x* = x141)
+4ERGuc||xr41 — Yy 4 Il
Applying the three-point identity of Bregman divergence gives
(Vl//(xt+1) = VY (xr), xp41 — y}‘“) < B]//(x*ixt) - Bw(x*;xtﬂ) - B¢(xt+1;xt)- (70)
For the first term on the RH.S of Eq. (70), we have
25 (Vlext =1} < |FilGulles = xuvall < GIT G + 5l = 1)

keF;
23
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2631
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2634
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2636
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2650
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2660
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2663
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2688
2689
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2695
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2699
2700
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2703
2704
2705
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2709
2710
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Additionally, we assume the regularization function ¥/(-) is o-strongly convex with respect to norm || - ||. Then we have
g 2
By (xtsr:xt) 2 S llxe — x|l (72)

Combining with Eq. (70), Eq. (71) and Eq. (72) yields

Z Z V fie(xg), x0 = x) Zm |~7—'|G2 Z By (x*;x¢) — By (x*; x¢41)

=1 ke, Mt 3)
C ERGy .
3 (IﬁIG* + ) et — gl
Subtracting Zt 1 YBy (x*;x¢) from Eq. (73) and substituting n; = Yt’ we obtain
Z Z V fie (xg), x¢ = x*) = ZYBI//(X 3 %t)
=1 ke,
T 22 T
|F:]“Gy,
< ; Tyt + 2, (t - l)yB,r/,(x 3Xt) — tyBlﬁ(x xt+1)]
4 £RG
N O [t 74
t=1
T 2 T
d|Ft|Gy ( 4§RG,,)
F:|G Xt41 — Y
<2 oy st i7" 2|10+ = e =gt
dG:(1+InT) & 4FRGy .
S*ZT + Z (|7—~t|G* + v ) lxre1 =yl

t=1

Consider the approximate solution of x;41, we have

1 * 1 %
Z (Vi (xg), xt41) + — By (xr415%1) < Z (VSie(xi): Yypy) + —By (yy3 %) + pr.
ke ’“ Ker nt
t t

We make D¢ (x) = Yreq, (Vfi(xi), x) + ,%Btp (x; x¢). It is fact that Dy is %—strongly convex with respect to norm || - ||, then
D¢(xt+1) = De(yr41) 2(VDi (Y1), Xes1 = yt+1)+ 20 T lxper Yrall’®

o
2 —|lxr1 — yr I
2 t+1

2
2
lxrer — iyl < o/ ’7;’” - %’ (75)

Substituting Eq. (75) into Eq. (74), we obtain the result of Lemma 12.

3
Combining above and p; = ;7—; gives

G.2 Proof of Lemma 13
Due to the fact that /(-) is o-strongly convex with respect to norm || - ||. Thus

By (yy,1397) + By (y739541) = olly; — i 1% (76)
Meanwhile, based on the definition of Bregman divergence, the L.H.S of Eq. (76) can be rewritten as
By (a3 yi) + By (05974) = (V9 (07) = V(Y1) U7 — 8701) -
Recall back the optimality condition for the update rule, for any y; we have

ne Y Vi) + Vi(yh,) = Vi (xe),y; —yhy | 2 0.
keF:
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Rearranging the terms of the above equality yields
(VYD) = VYW1 Y5 = Y1) <0 D, (Vi) b7~ ya)
keF:
+ (VY (y;) = VI (x0), y; —yjyy) (77)
<ne|FlGully; = gyl
+EGullxr = yill - lly; = ypll-
Considering Eq. (76) and Eq. (77) gives
Nt|Ft|Gx + EGellx — yi ||
o

ly; - y;ﬂ+1 I <
Then combining with Eq. (75), we have the result of Lemma 13
llxeer = xell <llyyq = yill + llxeen =y L+ llxe — gzl

el |G+ . n?_ G

o o?
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