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Abstract
Modern machine learning models increasingly operate on variable-size data, such as sets and
graphs, where the input dimension may differ between training and testing. Classical estimation
theory is largely tied to fixed domains, with guarantees that often deteriorate as dimension grows.
We ask whether invariant score matching obeys dimension-free scaling laws: can a score estima-
tor learned on one domain transfer reliably to another, possibly much larger, domain? We answer
this question by developing a general theory of invariant M -estimation across dimensions, with
score matching as a central instance. Our analysis introduces a new spectral complexity measure
that governs the scaling law of the estimator by quantifying how efficiently the target score is cap-
tured by low-complexity invariant components. For score matching on sets and graphs, we prove
dimension-uniform convergence guarantees and show that low-complexity invariant scores can be
estimated at fast, dimension-free rates, nearly matching the parametric rate. Our theory identifies
a sharp scaling transition: below an explicit spectral threshold, invariant score matching trans-
fers across dimensions with fast rates independent of ambient dimension; above this threshold, the
sample complexity can become exponentially larger, making dimension transfer statistically im-
possible without additional structure. Beyond score matching, our framework applies to general
invariant M -estimators under group actions, yielding dimension-free guarantees for a broad class
of statistical and machine learning procedures. These results provide, to our knowledge, the first
general theoretical framework for dimension-free scaling laws in invariant score matching, and
more broadly for invariant M -estimation on variable domains.

1. Introduction

In many geometric learning problems, the domain is not fixed once and for all. Sets vary in cardi-
nality, graphs vary in the number of nodes, and structured objects at test time may be larger than
those observed during training. The goal is therefore not only to generalize to new samples, but to
generalize across domain sizes. This phenomenon is central in geometric machine learning [6, 54]
and is often studied as size generalization for sets and graphs [3, 56].

Despite its empirical importance, the statistical scaling laws of size generalization remain poorly
understood. Classical estimation theory is usually formulated on a fixed domain, with rates that
often depend explicitly on dimension. It therefore does not explain when learning from small objects
can transfer to larger ones with stable sample complexity. This gap is especially important for
invariant data, such as sets and graphs, where permutation symmetries reduce effective complexity.
The key question is how this reduction changes the scaling law of estimation.

We study this question for invariant parameter estimation across dimensions, with score match-
ing [16] as the central application. Score matching is a fundamental method for estimating score
functions and a core tool in modern score-based generative modeling. For invariant distributions
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Table 1: Dimension-free score-matching rates from optimized bias–variance tradeoffs (Theorem 2).

Data type Source condition Rate Scaling regime

Sets in (Rr)d Exp(a, ν), ν > r
r+1 n−1+o(1) Nearly parametric

Sets in (Rr)d Exp(a, ν), ν = r
r+1 n−c Polynomial

Sets in (Rr)d Exp(a, ν), 0 < ν < r
r+1 exp

(
−c(logn)

ν(r+1)
r

)
Stretched logarithmic

Sets in (Rr)d Alg(τ) (log n)−
τ(r+1)

r Logarithmic

Graphs with edge attributes Exp(a, ν), ν > 1 n−1+o(1) Nearly parametric

Graphs with edge attributes Exp(a, ν), ν = 1 exp
(
−c logn

log logn

)
Subpolynomial

Graphs with edge attributes Exp(a, ν), 0 < ν < 1 exp
(
−c
(

logn
log logn

)ν)
Stretched logarithmic

Graphs with edge attributes Alg(τ)
(

logn
log logn

)−τ

Logarithmic

on sets or graphs, the score inherits the corresponding equivariance structure. Thus, the central
question becomes: when does invariant score matching obey dimension-free scaling laws, so that a
score learned at one size can transfer to larger sizes without rates deteriorating with dimension?

We answer this question by developing a general theory of invariant M-estimation across dimen-
sions. The framework applies beyond score matching to moment estimation, maximum likelihood-
type objectives, and other invariant estimation problems under group actions. It shows that statistical
rates can be governed by invariant complexity rather than ambient dimension.

For score matching on sets and graphs, we introduce a spectral complexity measure that quan-
tifies how efficiently the true score is approximated by low-degree invariant features. This measure
determines the optimized bias–variance scaling law. Low spectral complexity yields dimension-
free, nearly parametric rates, while slower invariant coefficient decay leads to polynomial, stretched-
logarithmic, or logarithmic regimes. In particular, we identify explicit source thresholds separating
fast and slow scaling regimes for sets and graphs; see Table 1.

Our work is also connected to the recent program of any-dimensional machine learning, which
studies architectures and guarantees that remain meaningful across changing domains. Building
on ideas from representation stability [13], this line of work has obtained general transfer guar-
antees for structured data across dimensions [25]. Our contribution is complementary: we derive
statistical scaling laws for such transfer, showing that representation stability must be paired with a
quantitative bias–variance analysis governed by spectral complexity.

In short, this paper makes the following contributions:

• We develop a framework for invariant M-estimation across dimensions, showing that sta-
tistical rates can be governed by invariant complexity rather than ambient dimension. This
gives dimension-free convergence guarantees for general invariant estimation problems under
group actions.

• We establish dimension-free scaling laws for invariant score matching on sets and graphs. A
new spectral complexity measure captures how efficiently the target score is approximated
by invariant components, and yields sharp source thresholds separating nearly parametric,
polynomial, stretched-logarithmic, and logarithmic regimes.

2



DIMENSION-FREE SCALING LAWS FOR INVARIANT SCORE MATCHING

2. Problem Statement

We study estimation problems indexed by a dimension or size parameter d ∈ N. For each d, let
Xd be a measurable space with data distribution µd, let Θd ⊆ Rpd be a parameter space, and let
ℓd : Xd ×Θd → R be a measurable loss. The population target is the M-estimation parameter

θ⋆d ∈ arg min
θ∈Θd

{Ld(θ) := EX∼µd
[ℓd(X, θ)]} .

Given i.i.d. samples X1, . . . , Xn ∼ µd, the empirical estimator is

θ̂n,d ∈ arg min
θ∈Θd

{
L̂n,d(θ) :=

1

n

n∑
i=1

ℓd(Xi, θ)

}
.

This framework includes mean, covariance, moment, maximum likelihood, empirical risk mini-
mization, and score-matching estimators as special cases. Our framework provides dimension-free
bounds for general invariant M -estimators, with score matching serving as the main application
throughout the paper. Additional definitions and examples are given in Appendix B and Appendix E.

Invariant estimation. For each d, let Gd be a group acting measurably on Xd and on Θd. We
assume that the data distribution is invariant, meaning g ·X ∼ µd for every g ∈ Gd and X ∼ µd,
and that the loss is compatible with the two actions, meaning ℓd(g ·x, g ·θ) = ℓd(x, θ) for all g ∈ Gd,
x ∈ Xd, and θ ∈ Θd. Consequently, the population risk is invariant: Ld(g · θ) = Ld(θ). We denote
the invariant parameter space by ΘGd

d := {θ ∈ Θd : g · θ = θ for all g ∈ Gd}. When the population
minimizer is unique, invariance of the risk implies θ⋆d ∈ ΘGd

d . Thus, under invariant data and losses,
the target lies in a lower-complexity invariant subspace.

Any-dimensional setting. Classical estimation asks whether θ̂n,d approximates θ⋆d for a fixed d.
We ask a stronger question: can an estimator learned from samples at one dimension be transferred
to larger dimensions with guarantees that do not deteriorate with the ambient size? For every pair
d ≤ D, suppose we are given a transfer map Φd→D : ΘGd

d → ΘGD
D , which embeds invariant

parameters at size d into invariant parameters at size D. Given samples from µd, we compute an
invariant estimator θ̂n,d ∈ ΘGd

d and evaluate its transferred version Φd→Dθ̂n,d against the target θ⋆D
at the larger dimension D.

Invariant any-dimensional estimation. Given samples X1, . . . , Xn ∼ µd, construct an
invariant estimator θ̂n,d ∈ ΘGd

d such that, after transfer to any larger dimension D ≥ d,

sup
D≥d

∥∥∥Φd→Dθ̂n,d − θ⋆D

∥∥∥ ≤ ε, with probability at least 1− δ.

using a sample size n = n(ε, δ) that is independent of d and D.

This formulation captures the central paper’s question: when do invariant estimators obey
dimension-free scaling laws? Our results show that the answer is governed by the spectral com-
plexity of the invariant components needed to approximate the target.
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Motivating examples: sets and graphs. The canonical examples are sets and graphs, where
Gd = Sd acts by relabeling elements or nodes. For set-valued data X = (x1, . . . , xd) ∈ (Rr)d,
the action of π ∈ Sd is π · X = (xπ−1(1), . . . , xπ−1(d)), so Sd-invariance means that the dis-
tribution is exchangeable. For graph-valued data represented by an attributed adjacency tensor
A ∈ Rd×d×r′ , node relabeling acts by (π · A)ij,b = Aπ−1(i),π−1(j),b. Thus, invariance means that
the graph distribution is independent of the node ordering. If µd admits an invariant density pd,
then the score s⋆d(x) = ∇x log pd(x) is equivariant under the same action. In the graph case, for
example, s⋆d(π ·A) = π ·s⋆d(A). Therefore, score matching on sets and graphs is naturally an invari-
ant M-estimation problem across changing dimensions. The rest of the paper develops convergence
guarantees for this setting and identifies when these rates become fast and dimension-free.

3. Main Results: Invariant M-Estimation

We first give a general statistical principle for invariant M-estimation. The key point is that the
relevant complexity is not the ambient parameter dimension pd, but the dimension of the invariant
model. Recall that ΘGd

d ⊆ Θd denotes the invariant parameter space. We define the invariant M -
estimator by θ̂Gn,d ∈ argmin

θ∈ΘGd
d

L̂n,d(θ). Let pGd denote the local dimension of ΘGd
d around θ⋆d.

The following informal statement summarizes our general result; the full theorem, including the
regularity assumptions, is given in Appendix C.

Theorem 1 (Invariant M-estimation, informal) Suppose that θ⋆d ∈ ΘGd
d , the loss is uniformly

strongly convex on the invariant model, and the empirical gradient at θ⋆d, restricted to ΘGd
d , is

uniformly sub-Gaussian. Then, with probability at least 1 − δ,
∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
≲ σ2

α2

pGd +log(1/δ)
n . In

particular, if pG := supd p
G
d < ∞, then the same bound holds with pGd replaced by pG, uniformly

over d. Moreover, if the transfer maps Φd→D preserve the targets and distances on the invariant
model, then with probability at least 1− δ

sup
D≥d

∥∥∥Φd→Dθ̂
G
n,d − θ⋆D

∥∥∥2
2
≲
σ2

α2

pG + log(1/δ)

n
.

Theorem 1 shows that invariant estimation can obey dimension-free scaling laws whenever the
invariant dimension pGd remains bounded with the ambient size d. Thus, invariance changes the
effective sample complexity from one controlled by the raw dimension pd to one controlled by the
intrinsic invariant dimension pGd .

Low-degree moments on sets and graphs. This principle is especially transparent for moment
estimation using low-degree invariant polynomial features. For sets, degree-k invariant features are
multisymmetric polynomials whose dimension stabilizes once d ≥ k; denote the stable dimension
by Nr(k). For graphs with node and edge attributes, degree-k invariant features are indexed by
unlabeled attributed multigraph patterns and stabilize once d ≥ 2k; denote the stable dimension by
Mr,r′(k). Applying Theorem 1 gives, with probability at least 1− δ,∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
≲
σ2

α2

Nr(k) + log(1/δ)

n
,
∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
≲
σ2

α2

Mr,r′(k) + log(1/δ)

n
.

Thus, for fixed degree k, invariant moment estimation on sets and graphs has sample complexity
independent of the number of elements or nodes. The growth of Nr(k) and Mr,r′(k) is recalled in
the score-matching section, where it determines the dimension-free scaling laws.
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4. Main Results: Invariant Score Matching

We now specialize the general invariant M-estimation framework to score matching on variable-size
sets and graphs. The main finding is that invariant score matching obeys dimension-free scaling
laws: once the invariant feature hierarchy stabilizes, the statistical rate no longer depends directly
on the number of elements or nodes; it is determined by the complexity of the invariant score itself.

Invariant score features. For set-valued data X = (x1, . . . , xd) ∈ (Rr)d and graph-valued data
with node attributes in Rr and edge attributes in Rr′ , assume that µd admits an invariant density
pd. Then the score s⋆d = ∇ log pd is equivariant under the corresponding Sd-action. We model s⋆d
using gradients of invariant Hermite features, s⋆d =

∑
j≥1 θ

⋆
d,jψd,j , ordered by degree. For cutoff k,

the number of equivariant score features stabilizes once d ≥ k for sets and d ≥ 2k for graphs, and
satisfies

Nr(k) = exp
(
Crk

r
r+1 + o

(
k

r
r+1

))
, Mr,r′(k) = exp

(
k log k +Or,r′(k log log k)

)
.

Here Nr(k) and Mr,r′(k) are the stable dimensions of the set and graph score-feature spaces, re-
spectively; the latter are indexed by unlabeled attributed graph patterns. Their different growth laws
determine the different scaling thresholds for sets and graphs.

Theorem 2 (Dimension-free scaling laws for invariant score matching, informal) Let ŝn,d be the
optimally truncated invariant score-matching estimator learned at size d, and let Φd→D transfer it
to any D ≥ d. An exponential source condition with exponent ν > 0 means that the invariant
coefficient tail decays as exp(−akν), while an algebraic source condition with exponent τ > 0
means decay as k−τ . Under the finite-dimensional invariant M-estimation conditions, the following
bounds hold with probability at least 1− δ, uniformly over source and target sizes. Full statements
are given in Appendix D.1 and Appendix D.2:

∥Φd→Dŝn,d−s⋆D∥2 ≲

Sets Graphs
n−1+o(1), Exp., ν > r

r+1 ,

n−c, Exp., ν = r
r+1 ,

e−c(logn)
ν(r+1)

r , Exp., 0 < ν < r
r+1 ,

(log n)−
τ(r+1)

r , Alg., τ,


n−1+o(1), Exp., ν > 1,

e
−c logn

log logn , Exp., ν = 1,

e
−c( logn

log logn
)ν
, Exp., 0 < ν < 1,

( logn
log logn)

−τ , Alg., τ.

The hidden constants depend on the source and feature-growth parameters, but not on d or D.

Theorem 2 gives the scaling laws for invariant score matching. For exponential source condi-
tions, there is a critical threshold: ν = r/(r+1) for sets and ν = 1 for graphs. Above the threshold,
the rate is nearly parametric; at or below it, the rate slows down, and under algebraic source condi-
tions, convergence is still dimension-free but only logarithmic, with different logarithmic exponents
for sets and graphs. Thus, the rate is controlled by invariant coefficient decay rather than by the
number of elements or nodes.

Conclusion. Invariant score matching admits dimension-free scaling laws, but the exponent
is governed by invariant complexity. The critical threshold is determined by the growth rate
of the invariant feature hierarchy: above this threshold, the rate is nearly parametric; below
it, achieving the same accuracy may require exponentially more samples.

5



DIMENSION-FREE SCALING LAWS FOR INVARIANT SCORE MATCHING

References

[1] Matan Atzmon, Koki Nagano, Sanja Fidler, Sameh Khamis, and Yaron Lipman. Frame av-
eraging for equivariant shape space learning. In IEEE Conference on Computer Vision and
Pattern Recognition (CVPR), 2022.

[2] Umberto Benedetto, Stuart J Head, Gianni D Angelini, and Eugene H Blackstone. Statistical
primer: propensity score matching and its alternatives. European Journal of Cardio-Thoracic
Surgery, 53(6):1112–1117, 2018.

[3] Beatrice Bevilacqua, Yangze Zhou, and Bruno Ribeiro. Size-invariant graph representations
for graph classification extrapolations. In Int. Conference on Machine Learning (ICML), 2021.

[4] Alexander Bogatskiy, Brandon Anderson, Jan Offermann, Marwah Roussi, David Miller, and
Risi Kondor. Lorentz group equivariant neural network for particle physics. In Int. Conference
on Machine Learning (ICML), 2020.

[5] Pietro Bongini, Monica Bianchini, and Franco Scarselli. Molecular generative graph neural
networks for drug discovery. Neurocomputing, 450:242–252, 2021.

[6] Michael M Bronstein, Joan Bruna, Taco Cohen, and Petar Veličković. Geometric deep learn-
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Appendix A. Related Work

Transferability and size generalization. Transferability across graph sizes has been studied ex-
tensively in the GNN literature, often through graph limits and graphon-based analysis [19, 21, 41].
Related work further develops transferability guarantees for graph neural networks and graph-based
learning methods using graphon and higher-order limit perspectives [7, 15, 33, 42]. These works
primarily study architectural transferability or stability of learned graph models. In contrast, we
study transferability as a statistical estimation problem, asking when an estimator learned on one
domain can achieve dimension-uniform convergence on another.

Representation stability and any-dimensional learning. Our work builds on representation sta-
bility [13], which describes how structured families of representations stabilize across dimensions.
Representation stability has recently been used in machine learning to design and analyze architec-
tures for learning under symmetries [24], optimization across dimensions [22], graph limits [23],
scientific computing and PDEs [38], and finite-dimensional kernel learning under invariances [10].
Most closely related is Levin et al. [25], which proves size-generalization bounds in a broad setting
that includes sets and graphs. While their framework establishes transfer across dimensions, their
rates still depend on dimension-dependent quantities, such as the covering numbers of the domains.
Our score-matching results instead identify regimes where the rates become fully independent of
dimension and characterize the spectral thresholds that separate fast, nearly parametric transfer from
regimes requiring exponentially larger sample complexity. To our knowledge, this sharp transition
has not appeared in prior work and is specific to the spectral complexity viewpoint developed in this
paper.

Learning under invariances. Symmetry and invariance are central principles in geometric ma-
chine learning. For sets, a classical architecture is Deep Sets [57]; for graphs, graph neural networks
and higher-order invariant/equivariant architectures provide widely used models for permutation-
equivariant learning [31, 43, 55]. Beyond architectures that hard-code invariance, several architecture-
agnostic approaches have been developed, including canonicalization [11, 18, 30, 45] and frame
averaging [1, 28, 39]. Applications of invariant learning span reinforcement learning [52], physics
[4, 36], drug discovery [5], and social networks [26]. Our work is complementary to these modeling
approaches: rather than proposing a new architecture, we study when invariant statistical estimation
can transfer across dimensions.

Generalization and sample complexity under symmetry. The statistical benefits of symmetry
have been widely studied in learning theory. Prior work has shown that invariance can reduce
sample complexity in supervised learning and related estimation problems [12, 37, 47, 49, 53],
with extensions to estimating probability divergences [9, 48]. Other work studies how such gains
can be made computationally efficient [46]. Generalization bounds for graph neural networks have
also been developed using tools such as Rademacher complexity [14], VC dimension [35, 44],
and PAC-Bayesian analysis [17, 27]. Further results on GNN generalization and transfer include
[20, 32, 34, 40, 50]; see also the survey of Vasileiou et al. [51]. Our contribution differs from these
works by focusing on invariant estimation across changing dimensions, with explicit dimension-
uniform rates and phase transitions for score matching.

Score matching. Score matching was introduced by Hyvärinen and Dayan [16] as a method for
estimating unnormalized statistical models through their score functions, and has since become a

10
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Figure 1: A learned score function maps any graph to a vector field on its nodes. The graphs can
have different numbers of nodes (variable-size), the model shares parameters across all
sizes.

foundational tool in modern score-based generative modeling. Classical estimation and statistical
properties of score matching have been studied in [2, 8, 16, 29]. Our work studies score matching
in a different regime: invariant data whose domain size may change between training and testing.
We show that transfer across dimensions is possible precisely in low spectral-complexity regimes,
while high-complexity scores may require exponentially larger sample complexity.

Appendix B. Detailed Problem Statement

This section gives a concise overview of the problem formulation. A detailed review of the defini-
tions, background, and preliminaries used throughout the paper is provided in Appendix E.

Preliminaries on M-estimators. We adopt the M-estimation framework to formalize the problem,
using d ∈ N as an index, allowing us to study collections of related problems jointly across different
settings (i.e., dimensions). For each d, let Xd be a measurable space (e.g., Rd) and let µd be a
probability distribution on Xd. Let Θd ⊆ Rpd denote the parameter space, pd ∈ N, and let ℓd :
Xd ×Θd → R be a measurable loss function. The target parameter is defined as

θ⋆d ∈ arg min
θ∈Θd

{
Ld(θ) := EX∼µd

[ℓd(X, θ)]
}
,

and represents the quantity of interest in the estimation problem considered in this paper.
In a classical estimation setting, the distribution µd is unknown, and only independent and

identically distributed samples X1, . . . , Xn ∼ µd are available. The corresponding M-estimator is
defined as

θ̂n,d ∈ arg min
θ∈Θd

{
L̂n,d(θ) :=

1

n

n∑
i=1

ℓd(Xi, θ)
}
.

Note that the parameter θ⋆d represents the population minimizer, while θ̂n,d is its empirical coun-
terpart. The main objective in this setting is to characterize the conditions and sample complexity
under which θ̂n,d converges to and accurately approximates θ⋆d.

The M-estimation framework recovers several classical estimators as special cases:

11
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• Mean estimation: Let Xd = Rd, Θd = Rd, and ℓd(x, θ) = ∥x− θ∥22. Then,

θ⋆d = EX∼µd
[X], θ̂n,d =

1

n

n∑
i=1

Xi.

• Covariance estimation: Let Xd = Rd, Θd = Rd×d, and ℓd(x, θ) = ∥xx⊤ − θ∥2F . Then

θ⋆d = E[XX⊤], θ̂n,d =
1

n

n∑
i=1

XiX
⊤
i .

• Higher-order moment (tensor) estimation: For a fixed order k ≥ 1, let Θd = (Rd)⊗k and
define ℓd(x, θ) = ∥x⊗k − θ∥2F . Then,

θ⋆d = E[X⊗k], θ̂n,d =
1

n

n∑
i=1

X⊗k
i .

• Maximum likelihood estimation. Let {pθ : θ ∈ Θd} be a parametric family of densities on
Xd, and define ℓd(x, θ) = − log pθ(x). Then,

θ⋆d ∈ argmin
θ

E[− log pθ(X)], θ̂n,d ∈ argmin
θ

1

n

n∑
i=1

− log pθ(Xi).

• Empirical risk minimization (ERM): Let Xd = Xd × Y denote input-output pairs. For
(x, y) ∈ Xd, define ℓd((x, y), θ) = ℓ (fθ(x), y). Then

θ⋆d ∈ argmin
θ

E[ℓ(fθ(X), Y )], θ̂n,d ∈ argmin
θ

1

n

n∑
i=1

ℓ(fθ(Xi), Yi).

• Score matching and denoising. Let Xd = Rd, and let Θd parameterize vector fields sθ :
Rd → Rd. Score estimation can be formulated within the M-estimation framework via suit-
able loss functions. In particular, score matching defines ℓd(x, θ) = 1

2∥sθ(x)∥
2
2 +∇ · sθ(x),

leading to θ⋆d ∈ argminθ E[ℓd(X, θ)]. Alternatively, denoising score matching introduces
noisy observations X̃ = X + σε, where ε ∼ N (0, I), and defines ℓd((x, x̃), θ) = ∥sθ(x̃) +
1
σ2 (x̃ − x)∥22, yielding θ⋆d ∈ argminθ E[ℓd((X, X̃), θ)]. Assuming µd admits a density
pd, these formulations estimate the score function ∇x log pd(x) and are central to modern
diffusion-based generative models.

Groups and symmetries. We next introduce the invariance structure used throughout the paper.
For each d ∈ N, letGd be a group acting on Xd. That is, each g ∈ Gd defines a measurable bijection
x 7→ g · x on Xd, satisfying e · x = x and g · (h · x) = (gh) · x for all g, h ∈ Gd, where e ∈ Gd

denotes the identity element of the group. We assume that the data distribution is invariant under
this action, meaning that g ·X ∼ µd whenever X ∼ µd, for every g ∈ Gd.

We further assume that Gd acts on the parameter space Θd, and that the loss is compatible with
the two actions in the sense that ℓd(g · x, g · θ) = ℓd(x, θ), for all g ∈ Gd, x ∈ Xd, θ ∈ Θd.

12
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Under this compatibility condition, the population risk is invariant: Ld(g · θ) = Ld(θ), for all
g ∈ Gd, θ ∈ Θd. Define the invariant parameter space ΘGd

d := {θ ∈ Θd : g · θ = θ for all g ∈ Gd}.
If the population minimizer θ⋆d is unique, then θ⋆d ∈ ΘGd

d . Indeed, since Ld(g · θ⋆d) = Ld(θ
⋆
d), the

parameter g · θ⋆d is also a minimizer of Ld, and uniqueness therefore implies g · θ⋆d = θ⋆d for all
g ∈ Gd.

Any-dimensional estimation. In classical estimation, the goal is to ensure that an empirical esti-
mator θ̂n,d accurately approximates the population target θ⋆d for a fixed problem indexed by d. In the
any-dimensional setting, we ask for a stronger guarantee: an estimator constructed from samples at
one dimension should remain meaningful after being transferred to larger dimensions.

We consider a family of invariant estimation problems indexed by d ∈ N. For each dimension d,
the parameter space Θd is equipped with a group action, and the target parameter θ⋆d is constrained
by the corresponding invariance structure. For every pair d ≤ D, suppose we are given a transfer
map

Φd→D : Θd → ΘD,

which embeds parameters from dimension d into the parameter space at dimension D in a way
that is compatible with the invariant structure. Given samples X1, . . . , Xn ∼ µd, we compute an
invariant estimator θ̂n,d ∈ ΘGd

d and then transfer it to ΘGD
D via Φd→Dθ̂n,d. The goal is to control its

error relative to the invariant target θ⋆D ∈ ΘGD
D uniformly over all larger dimensions D ≥ d.

Invariant any-dimensional estimation. Given samples X1, . . . , Xn ∼ µd, compute an
invariant estimator θ̂n,d and transfer it to any larger dimensionD ≥ d through a map Φd→D :
Θd → ΘD. The goal is to have a sample size n = n(ε, δ), independent of d and D, such that

sup
D≥d

∥∥∥Φd→Dθ̂n,d − θ⋆D

∥∥∥
2
≤ ε, with probability at least 1− δ.

Canonical examples: sets and graphs. We conclude with two motivating examples; a more
detailed discussion is provided in Appendix F. First, consider set-valued data with d elements in
Rr, represented as X = (x1, . . . , xd) ∈ (Rr)d, where the ordering is arbitrary. The symmetric
group Sd acts by permuting elements, π · X = (xπ−1(1), . . . , xπ−1(d)). The assumption that µd is
Sd-invariant means that the distribution does not depend on the chosen ordering, i.e., the represented
sequence is exchangeable. To see a nontrivial parameter action, let Θd = (Rr)d and consider the
loss

ℓd(X, θ) =
1

d

d∑
i=1

∥xi − θi∥22, θ = (θ1, . . . , θd).

The group acts on Θd by π · θ = (θπ−1(1), . . . , θπ−1(d)), and the loss satisfies ℓd(π · X,π · θ) =
ℓd(X, θ). Exchangeability implies that the population minimizer lies in the invariant subspace, so
θ⋆1 = · · · = θ⋆d, recovering the usual set mean as the invariant representative.

Second, consider graph-valued data represented by an edge-attributed adjacency tensor A ∈
Rd×d×r′ , where Aij,b denotes the b-th attribute of the edge from node i to node j. Node relabeling
acts as (π · A)ij,b = Aπ−1(i),π−1(j),b. In the scalar edge case r′ = 1, this reduces to the usual
action A 7→ PπAP

⊤
π , where Pπ is the permutation matrix associated with π ∈ Sd. Thus, Sd-

invariance of µd means that the graph distribution is independent of node labels. Classical graph

13
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statistics, including edge statistics, triangle counts, subgraph counts, and spectral moments in the
scalar edge case, are invariant under this action and fit the M-estimation framework through losses
ℓd(A, θ) = ∥φd(A)− θ∥22, where φd is node-relabeling invariant. If µd admits an invariant density
pd, then its score s⋆d(A) = ∇A log pd(A) is node-permutation equivariant:

s⋆d(π ·A) = π · s⋆d(A), (π · s⋆d(A))ij,b = s⋆d(A)π−1(i),π−1(j),b.

The same principle applies to attributed graphs (A,H), with node features H ∈ Rd×r, under the
diagonal action (A,H) 7→ (π ·A, π ·H), where (π ·H)i,a = Hπ−1(i),a.

Appendix C. Main Results: Invariant M-Estimation

We first provide a general statistical guarantee for invariant M-estimators and then instantiate it for
moment parameters on sets and graphs.

C.1. General invariant M-estimation

For each d, consider the invariant parameter space ΘGd
d ⊆ Θd introduced in Section B. We define

the invariant M-estimator by
θ̂Gn,d ∈ arg min

θ∈ΘGd
d

L̂n,d(θ).

To make the dimension precise, we assume that ΘGd
d is a smooth finite-dimensional model in a

neighborhood of θ⋆d, and denote its local dimension by pGd := dimθ⋆d
(ΘGd

d ). When the invariant
dimensions stabilize, we write pG := supd p

G
d <∞.

The following result gives the sharp parametric rate on the invariant model.

Theorem 3 (Invariant M-estimation) Assume that θ⋆d ∈ ΘGd
d for every d, and suppose that ΘGd

d

is a finite-dimensional invariant model as defined above. Assume that, for every x ∈ Xd, the loss
ℓd(x, ·) is α-strongly convex on ΘGd

d , uniformly over d. Suppose also that the empirical gradient at
θ⋆d, restricted to ΘGd

d , is sub-Gaussian with variance proxy at most σ2, uniformly over d. Then there
exists an absolute constant C > 0 such that, for every d and every δ ∈ (0, 1), with probability at
least 1− δ, ∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
≤ C

σ2

α2

pGd + log(1/δ)

n
.

In particular, if pG := supd p
G
d <∞, then, for every d, with probability at least 1− δ,∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
≤ C

σ2

α2

pG + log(1/δ)

n
.

Moreover, suppose that for every D ≥ d, the transfer maps Φd→D satisfy Φd→Dθ
⋆
d = θ⋆D and

are distance preserving on the invariant model, i.e.,∥∥Φd→Dθ − Φd→Dθ
′∥∥

2
=
∥∥θ − θ′

∥∥
2

∀θ, θ′ ∈ ΘGd
d .

Then, with probability 1− δ,

sup
D≥d

∥∥∥Φd→Dθ̂
G
n,d − θ⋆D

∥∥∥2
2
≤ C

σ2

α2

pG + log(1/δ)

n
.
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Theorem 3 shows that the statistical complexity of invariant estimation is controlled by the
quantity pGd , not by the raw parameter dimension pd. Therefore, if pGd remains bounded or grows
slowly with d, the sample complexity of estimating and transferring invariant parameters can be
independent of the ambient problem size. This is the mechanism behind any-dimensional estimation
in our framework.

C.2. Application: moment estimation on sets and graphs

Theorem 3 becomes particularly informative when the invariant dimension pGd stabilizes with the
size parameter d. This occurs naturally for moment parameters defined by low-degree invariant
polynomial features. In this case, θ⋆d is the expectation of a vector of invariant degree-k features,
and the corresponding squared loss is strongly convex in the coefficient parameter. Thus the theorem
gives a rate controlled by the number of invariant features rather than the raw number of degree-k
monomials.

For set-valued data X = (x1, . . . , xd) ∈ (Rr)d, with Sd acting by permuting elements, in-
variant homogeneous degree-k polynomial features are multisymmetric polynomials. As shown in
Appendix E.4, their dimension stabilizes once d ≥ k. Denoting this stable dimension by Nr(k), we
have, for fixed r,

Nr(k) = exp
(
Crk

r
r+1 + o

(
k

r
r+1

))
,

where Cr > 0 is a constant depending only on r. Applying Theorem 3 gives, with probability at
least 1− δ, ∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
≤ C

σ2

α2

Nr(k) + log(1/δ)

n
, d ≥ k.

Thus, for fixed r and k, low-degree invariant moment estimation on sets has sample complexity
independent of the number of set elements.

For graph-valued data, consider node attributes in Rr and edge attributes in Rr′ , with Sd acting
by node relabeling. Invariant homogeneous degree-k polynomial features are indexed by unlabeled
attributed multigraph patterns of total degree k. Let Mr,r′(k) denote this stable dimension. As
shown in Appendix E.6, pGd =Mr,r′(k) once d ≥ 2k. Consequently, Theorem 3 yields∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
≤ C

σ2

α2

Mr,r′(k) + log(1/δ)

n
, d ≥ 2k,

with probability at least 1− δ. If r′ ≥ 1, then

Mr,r′(k) = exp(k log k +O(k log log k)) .

Appendix D. Main Results: Score Matching

We now turn to convergence guarantees for score matching on data represented as sets and graphs.

D.1. Score matching on set-valued data

We next consider score matching on set-valued data. Let X = (x1, . . . , xd) ∈ (Rr)d, and assume
that µd admits an Sd-invariant density. Then the score s⋆d = ∇ log pd is permutation equivariant.
We model s⋆d using gradients of invariant Hermite features. Let {ψd,j}j≥1 be an ordered basis of
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permutation-equivariant score features, ordered by the degree of the underlying invariant Hermite
polynomial, and write

s⋆d =
∑
j≥1

θ⋆d,jψd,j .

We measure score estimation error in the coefficient norm

∥sd − s⋆d∥2L2(Rd;Rd)
:=
∑
j≥1

(θd,j − θ⋆d,j)
2.

For a degree cutoff k, let Id,k be the set of invariant score features of degree at most k, and define

mr(k) := |Id,k|.

For d ≥ k, this quantity is independent of d, and by Appendix E.4,

mr(k) = exp
(
Crk

r
r+1 + o

(
k

r
r+1

))
,

where Cr > 0 depends only on r.
We now define two source norms for scores. For a, ν > 0, define the exponential source norm

∥s⋆d∥2Exp(a,ν) := sup
k≥1

{
eak

ν
∑

j /∈Id,k

(θ⋆d,j)
2
}
.

For τ > 0, define the algebraic source norm

∥s⋆d∥2Alg(τ) := sup
k≥1

{
kτ

∑
j /∈Id,k

(θ⋆d,j)
2
}
.

These norms quantify how well the true score is approximated by low-degree score features.

Theorem 4 (Invariant score matching on sets) Assume the truncated score matching estimator
over Id,k satisfies the finite-dimensional invariant M-estimation conditions of Theorem 3, uniformly
over d and k, with constants α, σ > 0. Let ŝ(k)n,d be the score estimator using invariant score features
of degree at most k. Then there exists an absolute constant C > 0 such that, for every d ≥ k and
every δ ∈ (0, 1), with probability at least 1− δ,

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) ≤
∑

j /∈Id,k

(θ⋆d,j)
2 + C

σ2

α2

mr(k) + log(1/δ)

n
.

Consequently,

inf
k≥1

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) ≤ inf
k≥1

 ∑
j /∈Id,k

(θ⋆d,j)
2 + C

σ2

α2

mr(k) + log(1/δ)

n

 .

Moreover, the following optimized rates hold:
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(i) Exponential source condition. If supd ∥s⋆d∥Exp(a,ν) <∞, then

inf
k≥1

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) ≤


n−1+o(1), ν > r

r+1 ,

n−c1 , ν = r
r+1 ,

exp
(
−c2(logn)

ν(r+1)
r

)
, ν < r

r+1 ,

where c1, c2 > 0 are constants depending on the source condition and the invariant feature
growth. Indeed, c1 = a

a+Cr
∈ (0, 1).

(ii) Algebraic source condition. If supd ∥s⋆d∥Alg(τ) <∞, then

inf
k≥1

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) ≤ (logn)−
τ(r+1)

r .

Theorem 4 shows that score matching across set sizes is governed by a bias-variance tradeoff
over the degree cutoff k. The variance is controlled by the number of invariant score features, which
grows as exp(Crk

r/(r+1) + o(kr/(r+1))), while the bias is controlled by the source norm of the
score. The exponential source norm yields a sharp phase transition at ν = r/(r + 1). Above this
threshold, the estimator is nearly parametric; at the threshold, the rate is polynomial; below it, the
rate is stretched-logarithmic. By contrast, the algebraic source norm is much weaker and yields
only logarithmic convergence. Thus the source norm determines whether invariant score matching
admits fast sample complexity or only slow consistency.

D.2. Score matching on graph-valued data

We finally consider score matching on graph-valued data. Let the graph have node attributes H ∈
Rd×r and edge attributes A ∈ Rd×d×r′ , with r′ ≥ 1. The symmetric group Sd acts by node
relabeling:

(π ·H)i,a = Hπ−1(i),a, (π ·A)ij,b = Aπ−1(i),π−1(j),b.

If µd admits an Sd-invariant density, then its score is node-permutation equivariant. We model
this score using gradients of node-relabeling invariant Hermite features. Let {ψd,j}j≥1 denote an
ordered basis of equivariant graph score features, ordered by the degree of the underlying invariant
Hermite polynomial, and similar to the previous case write

s⋆d =
∑
j≥1

θ⋆d,jψd,j .

We measure score error in the norm

∥sd − s⋆d∥2L2(Rd;Rd)
:=
∑
j≥1

(θd,j − θ⋆d,j)
2.

For a degree cutoff k, let Jd,k be the set of equivariant graph score features of degree at most k,
and define

Mr,r′(k) := |Jd,k|.
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As shown in Appendix E.6, for d ≥ 2k, this quantity is independent of the number of nodes d, and
for r′ ≥ 1,

Mr,r′(k) = exp(k log k +O(k log log k)) .

We define graph score source norms analogously to the set case.

Theorem 5 (Invariant score matching on graphs) Assume r′ ≥ 1. Suppose the truncated graph
score matching estimator over Jd,k satisfies the finite-dimensional invariant M-estimation condi-
tions of Theorem 3, uniformly over d and k, with constants α, σ > 0. Let ŝ(k)n,d be the graph score
estimator using equivariant score features of degree at most k. Then there exists an absolute con-
stant C > 0 such that, for every d ≥ 2k and every δ ∈ (0, 1), with probability at least 1− δ,

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) ≤
∑

j /∈Jd,k

(θ⋆d,j)
2 + C

σ2

α2

Mr,r′(k) + log(1/δ)

n
.

Consequently, optimizing over deterministic cutoffs k gives the bias-variance tradeoff

inf
k≥1

 ∑
j /∈Jd,k

(θ⋆d,j)
2 + C

σ2

α2

Mr,r′(k) + log(1/δ)

n

 .

Moreover, the following optimized rates hold:

(i) Exponential source condition. If supd ∥s⋆d∥Exp(a,ν) <∞, then

inf
k≥1

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) ≤


n−1+o(1), ν > 1,

exp
(
−c1 logn

log logn

)
, ν = 1,

exp
(
−c2

(
logn

log logn

)ν)
, 0 < ν < 1,

where c1, c2 > 0 depend on the source condition and the graph feature growth.

(ii) Algebraic source condition. If supd ∥s⋆d∥Alg(τ) <∞, then

inf
k≥1

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) ≤
(

log n

log logn

)−τ

.

Theorem 5 is the graph analogue of Theorem 4. The main difference is the growth of the invari-
ant feature dimension. For sets, the number of invariant degree-k features grows like exp(Crk

r/(r+1)).
For graphs with edge attributes, it grows like exp(k log k+O(k log log k)). Consequently, the phase
transition for exponential source conditions occurs at ν = 1. If the graph score has coefficient tail
faster than exp(−ak), then graph score matching is nearly parametric. At the critical scale ν = 1,
the rate is subpolynomial but faster than any logarithmic power. For 0 < ν < 1, the rate becomes
stretched logarithmic in log n/ log logn. Algebraic source conditions yield consistency, but only at
logarithmic speed. Thus graph score matching remains dimension stable in the number of nodes,
but its degree complexity is substantially richer than in the set case.
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D.3. Discussion: the main conclusion for score matching

The score matching results above reveal a simple principle. Invariant score estimation can be made
dimension stable, in the sense that the number of elements or nodes does not directly determine
the statistical rate once the invariant feature spaces stabilize. However, dimension stability does
not mean that all scores are equally easy to estimate. The rate is governed by a bias and variance
tradeoff: low-degree invariant features reduce variance, while the approximation quality of these
features controls the bias.

Our source norms make this tradeoff explicit. Scores with rapidly decaying invariant coeffi-
cients can be estimated at nearly parametric rates, while scores with slower coefficient decay lead to
polynomial, stretched logarithmic, or logarithmic rates. Thus convergence is possible under broad
source conditions, but the speed of convergence depends on how efficiently the score can be ap-
proximated by stable invariant features.

The distinction between sets and graphs comes from the growth of their invariant feature spaces.
Sets have a smaller invariant degree complexity, while graphs with edge attributes have richer graph-
pattern complexity. As a result, the phase transition for fast score matching occurs at a different
source scale in the two cases. In short, symmetry removes the dependence on raw size, but the
approximation structure of the invariant score determines the statistical difficulty.

Invariant score matching across dimensions is possible when the true score admits a low-
degree invariant approximation. Fast rates occur when the score coefficients decay faster than
the growth of the invariant feature dimension. For sets, the critical threshold is ν = r/(r+1);
for graphs with edge attributes, the critical threshold is ν = 1. Above the threshold, the
optimized rate is nearly parametric; at or below the threshold, the rates become substantially
slower, even requiring exponentially more samples in extreme cases.

Appendix E. Preliminaries on Symmetries and Invariant Polynomial Spaces

This section collects all background and notation used throughout the paper. We review group
actions, invariant distributions, compatible losses, any-dimensional models, and the invariant poly-
nomial spaces that arise for set-valued and graph-valued data. We also briefly discuss dimension
formulas for these spaces and the stabilization as the size parameter d grows.

E.1. Group actions and invariant estimation

A group G is a set equipped with an associative binary operation G×G→ G, denoted by (g, h) 7→
gh, an identity element e ∈ G satisfying eg = ge = g for all g ∈ G, and an inverse g−1 ∈ G
for every g ∈ G. A left action of G on a measurable space X is a map G × X → X , denoted by
(g, x) 7→ g · x, such that

e · x = x, g · (h · x) = (gh) · x,

for all g, h ∈ G and x ∈ X . Similarly, an action of G on a parameter space Θ is a map G×Θ → Θ,
denoted by (g, θ) 7→ g · θ, satisfying

e · θ = θ, g · (h · θ) = (gh) · θ,

for all g, h ∈ G and θ ∈ Θ.
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A probability distribution µ on X is G-invariant if

g ·X ∼ µ whenever X ∼ µ, g ∈ G.

Equivalently, µ(g−1A) = µ(A) for all measurable sets A ⊆ X .
A loss ℓ : X ×Θ → R is compatible with the two actions if

ℓ(g · x, g · θ) = ℓ(x, θ), ∀g ∈ G, x ∈ X , θ ∈ Θ.

If µ is G-invariant, then the population risk L(θ) = EX∼µ[ℓ(X, θ)] satisfies

L(g · θ) = L(θ), ∀g ∈ G, θ ∈ Θ.

Indeed, by compatibility of the loss,

L(g · θ) = EX∼µ[ℓ(X, g · θ)] = EX∼µ[ℓ(g
−1 ·X, θ)].

Since µ is G-invariant, g−1 ·X ∼ µ, and therefore

EX∼µ[ℓ(g
−1 ·X, θ)] = EX∼µ[ℓ(X, θ)] = L(θ).

Thus the population objective is invariant under the induced action on parameters.
The invariant parameter space is

ΘG := {θ ∈ Θ : g · θ = θ for all g ∈ G}.

If L has a unique minimizer θ⋆, then θ⋆ ∈ ΘG. Indeed, for every g ∈ G, g · θ⋆ is also a minimizer
by invariance of L, and uniqueness implies g · θ⋆ = θ⋆.

If the minimizer is not unique, invariant minimizers still exist under standard convexity assump-
tions. Suppose Θ is convex, the action of G on Θ is linear, G is finite or compact, and L is convex
and G-invariant. If θ⋆ is any minimizer, then the group average

θ̄⋆ := Eg∈G[g · θ⋆]

is invariant and also minimizes L, since

L(θ̄⋆) ≤ Eg∈GL(g · θ⋆) = L(θ⋆).

For finite groups, the expectation over G denotes the uniform average while for compact groups, it
is the left Haar probability measure.

E.2. Any-dimensional models

The paper considers families of estimation problems indexed by d ∈ N. For each d, we have a data
space Xd, distribution µd, parameter space Θd, loss ℓd, and population target θ⋆d. The index d may
represent dimension, sequence length, number of nodes, or another size parameter.

An any-dimensional estimation problem additionally specifies transfer maps between parameter
spaces. For d ≤ D, let

Φd→D : Θd → ΘD
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be a parameter transfer map. The goal is to estimate θ⋆d from samples at size d, transfer the estimator
to size D, and compare it to θ⋆D. A typical dimension-uniform guarantee takes the form

Pr

(
sup
D≥d

∥∥∥Φd→Dθ̂n,d − θ⋆D

∥∥∥ ≤ ε

)
≥ 1− δ,

with a sample size n = n(ε, δ) that does not depend on d or D.
When each problem has a symmetry group Gd, the transfer maps should be compatible with the

invariant structure. Informally, invariant parameters at size d should transfer to invariant parameters
at size D:

Φd→D(Θ
Gd
d ) ⊆ ΘGD

D .

This compatibility is what makes dimension-stable estimation possible: if the effective dimension
of ΘGd

d stabilizes or grows slowly with d, then the sample size required for estimation can be inde-
pendent of the dimension.

E.3. Invariant polynomial parameters

A central class of examples in the paper arises when the parameter θ consists of coefficients of a
polynomial. Let Vd be a finite-dimensional vector space on whichGd acts linearly (i.e., via invertible
matrices). Let Pd,k denote the space of homogeneous degree k polynomial functions on Vd. The
action of Gd on Vd induces an action on polynomials by

(g · f)(x) := f(g−1 · x).

The invariant homogeneous polynomial space is

PGd
d,k := {f ∈ Pd,k : g · f = f for all g ∈ Gd}.

When θ denotes the coefficient vector of a polynomial fθ ∈ Pd,k, the invariant parameter space ΘGd
d

is naturally identified with PGd
d,k .

For finite groups, the dimension of the invariant subspace can be expressed using characters. If
ρd,k is the representation of Gd on Pd,k (i.e., the collection of matrices corresponding to the action)
and χd,k(g) = tr(ρd,k(g)) is its character, then

dimPGd
d,k =

1

|Gd|
∑
g∈Gd

χd,k(g).

Equivalently, if PGd
denotes the group-averaging projection

PGd
f =

1

|Gd|
∑
g∈Gd

g · f,

then
dimPGd

d,k = tr(PGd
).

For compact groups, the finite average is replaced by Haar integration.
These formulas make explicit that invariant estimation reduces the number of effective parame-

ters from dimPd,k to dimPGd
d,k . Representation stability refers to the phenomenon that, for natural

sequences of groups and representations, these invariant dimensions stabilize as d grows. This
stabilization is the algebraic mechanism behind dimension-uniform estimation in our setting.
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E.4. Set-valued data and multisymmetric polynomials

Consider set-valued data with d elements in Rr. We represent the set as

X = (x1, . . . , xd) ∈ (Rr)d, xi = (xi,1, . . . , xi,r) ∈ Rr.

The symmetric group Sd acts by permuting the d elements:

π ·X = (xπ−1(1), . . . , xπ−1(d)).

The corresponding invariant polynomials are called multisymmetric polynomials: they are polyno-
mials in the dr variables xi,a that are invariant under permutations of the block index i.

Let PSd
d,r,k denote the space of homogeneous degree kmultisymmetric polynomials. A monomial

is described by a collection of multi-indices

αi = (αi,1, . . . , αi,r) ∈ Nr, 1 ≤ i ≤ d,

with total degree
∑

i |αi| = k. The group Sd permutes the multi-indices αi. Therefore an invariant
monomial orbit is determined by a multiset of nonzero multi-indices

{α(1), . . . , α(q)}, α(j) ∈ Nr \ {0},
q∑

j=1

|α(j)| = k.

For d ≥ k, every such multiset can be realized using at most k nonzero blocks, so the dimension
stabilizes in d.

For each m ≥ 1, the number of nonzero block types of degree m is

ar(m) = #{α ∈ Nr : |α| = m} =

(
r +m− 1

m

)
.

Hence the stable dimension of homogeneous degree k invariants is

Nr(k) := dimPSd
d,r,k = [tk]

∏
m≥1

(1− tm)−ar(m) for d ≥ k,

where [tk]F (t) denotes the coefficient of tk in the formal power series F (t). Equivalently,

Nr(k) = [tk]
∏
m≥1

(1− tm)−(
r+m−1

m ).

For r = 1, this reduces to the ordinary partition number:

N1(k) = p(k).

Thus the invariant degree-k dimension is independent of d once d ≥ k, whereas the full homoge-
neous degree-k polynomial space in dr variables has dimension(

dr + k − 1

k

)
,
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which grows polynomially in d of order dk for fixed k.
The asymptotic behavior of Nr(k) for fixed r and large k is subexponential:

logNr(k) ∼ Crk
r

r+1 ,

where
Cr =

r + 1

r

(
rζ(r + 1)

) 1
r+1 ,

and ζ(s) :=
∑∞

n=1 n
−s denotes the Riemann zeta function. Thus

Nr(k) = exp
(
Crk

r
r+1 + o

(
k

r
r+1

))
.

For example, r = 1 recovers the Hardy–Ramanujan exponent

log p(k) ∼ π

√
2k

3
.

For r = 2,

logN2(k) ∼
3

2
(2ζ(3))1/3k2/3,

and for r = 3,

logN3(k) ∼
4

3
(3ζ(4))1/4k3/4.

These formulas show that for fixed element dimension r and polynomial degree k, the invari-
ant polynomial parameter dimension stabilizes as the set size d grows. This is the representation-
stability mechanism underlying the dimension-independent rates for set-valued data.

E.5. Hermite features for set-valued data

For data on (Rr)d, a natural basis is given by multivariate Hermite polynomials relative to a Gaus-
sian reference measure. Let Hα denote an orthonormal Hermite polynomial indexed by α ∈ Ndr.
For block-structured data, we may write

Hα1,...,αd
(X) =

d∏
i=1

Hαi(xi), αi ∈ Nr.

The group Sd permutes the block indices αi. Therefore invariant Hermite features are obtained
by symmetrizing Hermite monomials over Sd. The dimension count for homogeneous degree k
invariant Hermite features is the same as for multisymmetric polynomials:

dimHSd
d,r,k = Nr(k) for d ≥ k.

This basis is useful for score matching. If pd is a density relative to a Gaussian reference γd,
write

log
pd
γd

(X) =
∑
j

θ⋆jϕj(X),
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where ϕj are invariant Hermite features. The score has the form

∇X log pd(X) = −X +
∑
j

θ⋆j∇Xϕj(X).

Gradients of invariant scalar features are equivariant vector fields:

∇Xϕj(π ·X) = π · ∇Xϕj(X).

Thus truncating the Hermite expansion at degree k gives a finite-dimensional equivariant score class
whose dimension is Nr(≤ k) =

∑k
q=1Nr(q), independent of d for d ≥ k.

If the parameter sequence has a controlled tail, e.g.∑
j>m

(θ⋆j )
2 ≤ b2m,

then truncating to m invariant Hermite features incurs coefficient bias at most bm. In score norm,
a weighted tail appears because taking gradients increases the effective degree and for Hermite
features, the corresponding weight is proportional to the polynomial degree.

E.6. Attributed graphs

For attributed graphs, the data consist of node attributes and edge attributes:

H ∈ Rd×r, A ∈ Rd×d×r′ .

Here Hi,a denotes the a-th attribute of node i, and Aij,b denotes the b-th attribute of the edge from
node i to node j. The symmetric group Sd acts diagonally by relabeling nodes:

(π ·H)i,a = Hπ−1(i),a, (π ·A)ij,b = Aπ−1(i),π−1(j),b.

For example, in the scalar edge case r′ = 1, this action is

(A,H) 7→ (PπAP
⊤
π , PπH).

A homogeneous degree k polynomial in the entries of (A,H) is a linear combination of mono-
mials ∏

i,a

H
αi,a

i,a

∏
i,j,b

A
mij,b

ij,b ,
∑
i,a

αi,a +
∑
i,j,b

mij,b = k.

Under the action of Sd, such a monomial is identified with all monomials obtained by relabeling
node indices. Hence invariant homogeneous degree k polynomials are indexed by orbits of these
monomials, equivalently by unlabeled attributed multigraph patterns of total degree k. In this in-
terpretation, factors of Hi,a are vertex decorations, while factors of Aij,b are edge decorations, both
with multiplicity.

Let RSd
d,r,r′,k denote the space of homogeneous degree k invariant polynomials in the entries of

(A,H). Then, we have

dimRSd
d,r,r′,k = #{unlabeled attributed multigraph patterns of total degree k realizable on d nodes}.
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Any degree k monomial can involve at most 2k distinct nodes through edge variables and at most
k distinct nodes through node variables. Therefore this count stabilizes once d ≥ 2k. Thus, for
d ≥ 2k,

dimRSd
d,r,r′,k =Mr,r′(k),

where Mr,r′(k) denotes the number of unlabeled attributed multigraph patterns of total degree k.
The stable dimension depends on k, the node-attribute dimension r, the edge-attribute dimension
r′, and graph conventions, but not on the number of nodes d.

Equivalently, this dimension can be computed by character theory. Let

Wd := Rd×r ⊕ Rd×d×r′

denote the vector space of attributed graph variables, with the diagonal Sd-action above. The ho-
mogeneous degree k polynomial space is Symk(W ∗

d ), and

RSd
d,r,r′,k =

(
Symk(W ∗

d )
)Sd

.

Thus
dimRSd

d,r,r′,k =
1

d!

∑
π∈Sd

χSymk(W ∗
d )
(π).

Equivalently, the generating function is given by the Molien series∑
k≥0

dimRSd
d,r,r′,kt

k =
1

d!

∑
π∈Sd

1

det(I − t ρd(π))
,

where ρd is the representation of Sd on W ∗
d .

The asymptotic dependence on k separates two regimes. If r′ = 0, so that only node attributes
are present, then the stable dimension reduces to the multisymmetric count

Nr(k) = [tk]
∏
m≥1

(1− tm)−(
r+m−1

m ),

and therefore
Nr(k) = exp

(
Crk

r
r+1 + o

(
k

r
r+1

))
.

In contrast, if r′ ≥ 1, edge variables generate graph-pattern complexity and

Mr,r′(k) = exp(k log k +O(k log log k)) , k → ∞.

Thus attributed graph invariant spaces remain stable in the number of nodes d, but their degree
complexity is larger than that of set-valued data.

Appendix F. Additional Details on Sets and Graphs

In this appendix, we provide further details for the two canonical examples discussed in the main
text: set-valued data and graph-valued data. These examples illustrate how the abstract invari-
ance assumptions specialize to common variable-size data structures, and how both classical M-
estimators and score matching fit naturally into the same framework.
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Set-valued data. Consider a collection of d elements, each belonging to Rr. We represent such
an object as

X = (x1, . . . , xd) ∈ (Rr)d, xi ∈ Rr.

The ordering of the elements is arbitrary. The symmetric group Sd acts by permuting the elements:

π ·X = (xπ−1(1), . . . , xπ−1(d)), π ∈ Sd.

A distribution µd on (Rr)d is invariant under this action if π ·X ∼ µd whenever X ∼ µd. This is
precisely the finite-dimensional exchangeability assumption: the joint distribution of the represented
sequence x1, . . . , xd is unchanged by any permutation of the indices.

To illustrate the parameter action, consider the parameter space Θd = (Rr)d, whose elements
are θ = (θ1, . . . , θd) with θi ∈ Rr. The group Sd acts on Θd by

π · θ = (θπ−1(1), . . . , θπ−1(d)).

Consider the squared loss

ℓd(X, θ) =
1

d

d∑
i=1

∥xi − θi∥22.

This loss is compatible with the two actions:

ℓd(π ·X,π · θ) = ℓd(X, θ), ∀π ∈ Sd.

By the general invariance argument in the main text, since the population minimizer is unique, it
must belong to the invariant parameter subspace

ΘSd
d = {θ ∈ (Rr)d : π · θ = θ for all π ∈ Sd}.

This subspace consists exactly of parameters with identical components,

θ1 = θ2 = · · · = θd.

Thus, exchangeability forces the population minimizer to have the form θ⋆ = (md, . . . ,md), where

md = EX∼µd

[
1

d

d∑
i=1

xi

]
.

Thus, the usual set mean arises as the invariant representative of an equivariant estimation problem.
More general invariant estimators can be constructed from permutation-invariant features of X .

Examples include symmetric polynomial features, invariant Hermite features, averages of single-
element features, pairwise interactions, and higher-order symmetric interactions. Such features
form natural finite-dimensional truncation classes for invariant estimation on sets.

The same symmetry is also natural for score matching. Suppose µd admits a density pd with
respect to a reference measure on (Rr)d, and suppose pd is permutation invariant:

pd(π ·X) = pd(X), π ∈ Sd.
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Then the score
s⋆d(X) = ∇X log pd(X)

is permutation equivariant:
s⋆d(π ·X) = π · s⋆d(X).

Therefore, when estimating the score, it is natural to restrict to permutation-equivariant vector fields.
One way to construct such fields is to take gradients of permutation-invariant scalar features. In
particular, gradients of invariant Hermite or polynomial features produce equivariant vector fields,
giving a symmetry-compatible finite-dimensional class for score matching.

Graph-valued data. We next consider graph-valued data with edge attributes. Let

A ∈ Rd×d×r′

denote the edge-attributed adjacency tensor of a graph on d nodes, where Aij,b is the b-th attribute
of the edge from node i to node j. The case r′ = 1 recovers ordinary weighted adjacency matrices.
The symmetric group Sd acts by relabeling nodes:

(π ·A)ij,b = Aπ−1(i),π−1(j),b, π ∈ Sd.

Equivalently, when r′ = 1, this action is A 7→ PπAP
⊤
π , where Pπ is the permutation matrix

associated with π. A distribution µd over such graphs is invariant under node relabeling if

π ·A ∼ µd whenever A ∼ µd.

This formalizes the usual idea that graph distributions should not depend on arbitrary node labels.
Many graph-level statistics are invariant under this action. Examples include total edge at-

tributes, triangle and subgraph counts with edge labels or weights, and spectral moments such as
tr(Ak) in the scalar edge case r′ = 1. Let φd(A) be any such node-relabeling invariant statistic,
and consider the target parameter

θ⋆d = EA∼µd
[φd(A)].

Then the squared loss
ℓd(A, θ) = ∥φd(A)− θ∥22

defines an M-estimator compatible with the graph permutation symmetry.
The same principle applies to score estimation on edge-attributed graphs. If µd admits a density

pd over Rd×d×r′ and pd is invariant under node relabeling, then

pd(π ·A) = pd(A).

Consequently, the score
s⋆d(A) = ∇A log pd(A)

is equivariant under node relabeling:

s⋆d(π ·A) = π · s⋆d(A),

where the action on the score tensor is given by

(π · s⋆d(A))ij,b = s⋆d(A)π−1(i),π−1(j),b.
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Thus, score matching for graph-valued data naturally leads to node-permutation equivariant vector
fields on edge-attributed adjacency tensors.

Finally, the same formulation extends to graphs with both node and edge attributes. Let

H ∈ Rd×r, A ∈ Rd×d×r′

denote node and edge attributes, respectively. The graph is represented as (A,H), and node rela-
beling acts diagonally:

(A,H) 7→ (π ·A, π ·H),

where
(π ·H)i,a = Hπ−1(i),a, (π ·A)ij,b = Aπ−1(i),π−1(j),b.

If µd admits an invariant density pd(A,H), the score decomposes as

s⋆d(A,H) =
(
s⋆A,d(A,H), s⋆H,d(A,H)

)
,

where
s⋆A,d(A,H) = ∇A log pd(A,H), s⋆H,d(A,H) = ∇H log pd(A,H).

These components transform equivariantly:

s⋆d(π ·A, π ·H) =
(
π · s⋆A,d(A,H), π · s⋆H,d(A,H)

)
,

where we have

(π · s⋆A,d(A,H))ij,b = s⋆A,d(A,H)π−1(i),π−1(j),b, (π · s⋆H,d(A,H))i,a = s⋆H,d(A,H)π−1(i),a.

Invariant estimators depend only on the isomorphism class of the attributed graph, while score
estimators are equivariant under this diagonal action. This provides a unified symmetry model for
sets, graphs, and attributed graphs.

Appendix G. Proof of Theorem 3

We prove the invariant M-estimation guarantee stated in Theorem 3. Under the strong convexity
assumption on the loss, the proof follows: empirical optimality and strong convexity reduce the pa-
rameter error to the size of the empirical gradient at the population target, and the latter is controlled
by sub-Gaussian concentration on the invariant parameter space.

G.1. Restricted gradients on the invariant model

Fix d ∈ N. Let ΘGd
d be the invariant parameter space and suppose θ⋆d ∈ ΘGd

d . We write

pGd = dim(ΘGd
d ).

For simplicity of notation, we identify ΘGd
d locally with a Euclidean space of dimension pGd . Equiv-

alently, if ΘGd
d is a smooth model, the gradient below is understood in any normalized local coordi-

nate chart around θ⋆d. Thus, ∇GL̂n,d(θ
⋆
d) denotes the gradient of the empirical risk restricted to the

invariant model.
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The assumption that ℓd(x, ·) is α-strongly convex on ΘGd
d for every x ∈ Xd implies that the

empirical risk

L̂n,d(θ) =
1

n

n∑
i=1

ℓd(Xi, θ)

is also α-strongly convex on ΘGd
d . Indeed, an average of α-strongly convex functions is again

α-strongly convex.
We will use the following standard concentration bound for the restricted empirical gradient.

Lemma 6 (Restricted gradient concentration) Suppose the restricted empirical gradient at θ⋆d is
sub-Gaussian with variance proxy at most σ2. That is, writing

Yi := ∇Gℓd(Xi, θ
⋆
d) ∈ RpGd ,

we have EYi = 0 and, for every unit vector v ∈ RpGd ,

E exp(λ⟨v, Yi⟩) ≤ exp

(
λ2σ2

2

)
∀λ ∈ R.

Then there exists an absolute constant C0 > 0 such that, for every δ ∈ (0, 1), with probability at
least 1− δ, ∥∥∥∇GL̂n,d(θ

⋆
d)
∥∥∥2
2
=

∥∥∥∥∥ 1n
n∑

i=1

Yi

∥∥∥∥∥
2

2

≤ C0σ
2 p

G
d + log(1/δ)

n
.

Proof Let p = pGd and define

Ȳn :=
1

n

n∑
i=1

Yi.

Since the Yi’s are independent, mean-zero, and σ2-sub-Gaussian, the average Ȳn is sub-Gaussian
with variance proxy σ2/n. Hence for every unit vector v ∈ Rp,

E exp(λ⟨v, Ȳn⟩) ≤ exp

(
λ2σ2

2n

)
.

Let N be a 1/2-net of the unit sphere Sp−1 with |N | ≤ 5p. For every u ∈ Rp,

∥u∥2 ≤ 2max
v∈N

⟨v, u⟩.

Therefore, for any t > 0,

Pr(∥Ȳn∥2 ≥ 2t) ≤ Pr

(
max
v∈N

⟨v, Ȳn⟩ ≥ t

)
.

By a union bound and the one-dimensional sub-Gaussian tail bound,

Pr

(
max
v∈N

⟨v, Ȳn⟩ ≥ t

)
≤ |N | exp

(
− nt2

2σ2

)
≤ exp

(
p log 5− nt2

2σ2

)
.
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Taking

t = σ

√
2(p log 5 + log(1/δ))

n
,

we obtain, with probability at least 1− δ,

∥Ȳn∥2 ≤ 2σ

√
2(p log 5 + log(1/δ))

n
.

Squaring both sides yields

∥Ȳn∥22 ≤ 8σ2
p log 5 + log(1/δ)

n
.

Thus the claim holds with an absolute constant C0.

G.2. Proof of the estimation bound

Let
θ̂Gn,d ∈ arg min

θ∈ΘGd
d

L̂n,d(θ).

Since θ⋆d ∈ ΘGd
d , empirical optimality gives

L̂n,d(θ̂
G
n,d) ≤ L̂n,d(θ

⋆
d).

Because L̂n,d is α-strongly convex on ΘGd
d , we have

L̂n,d(θ̂
G
n,d) ≥ L̂n,d(θ

⋆
d) +

〈
∇GL̂n,d(θ

⋆
d), θ̂

G
n,d − θ⋆d

〉
+
α

2

∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
.

Combining the previous two displays gives

0 ≥
〈
∇GL̂n,d(θ

⋆
d), θ̂

G
n,d − θ⋆d

〉
+
α

2

∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
.

By Cauchy–Schwarz,

0 ≥ −
∥∥∥∇GL̂n,d(θ

⋆
d)
∥∥∥
2

∥∥∥θ̂Gn,d − θ⋆d

∥∥∥
2
+
α

2

∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
.

If θ̂Gn,d = θ⋆d, the desired bound is immediate. Otherwise, dividing by ∥θ̂Gn,d − θ⋆d∥2 gives∥∥∥θ̂Gn,d − θ⋆d

∥∥∥
2
≤ 2

α

∥∥∥∇GL̂n,d(θ
⋆
d)
∥∥∥
2
.

Squaring and applying Lemma 6, we obtain that with probability at least 1− δ,∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
≤ 4

α2

∥∥∥∇GL̂n,d(θ
⋆
d)
∥∥∥2
2
≤ C

σ2

α2

pGd + log(1/δ)

n
,

for an absolute constant C > 0. This proves the first claim of Theorem 3.
If

pG := sup
d
pGd <∞,

then pGd ≤ pG for every d, and therefore∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
≤ C

σ2

α2

pG + log(1/δ)

n
.
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G.3. Proof of the transfer bound

Fix a source dimension d. Suppose that for every D ≥ d,

Φd→Dθ
⋆
d = θ⋆D,

and that Φd→D is distance preserving on the invariant model:∥∥Φd→Dθ − Φd→Dθ
′∥∥

2
=
∥∥θ − θ′

∥∥
2

∀θ, θ′ ∈ ΘGd
d .

Then, for every D ≥ d, ∥∥∥Φd→Dθ̂
G
n,d − θ⋆D

∥∥∥
2
=
∥∥∥Φd→Dθ̂

G
n,d − Φd→Dθ

⋆
d

∥∥∥
2

=
∥∥∥θ̂Gn,d − θ⋆d

∥∥∥
2
.

Taking the supremum over D ≥ d, we get

sup
D≥d

∥∥∥Φd→Dθ̂
G
n,d − θ⋆D

∥∥∥2
2
=
∥∥∥θ̂Gn,d − θ⋆d

∥∥∥2
2
.

Combining this identity with the estimation bound above yields

sup
D≥d

∥∥∥Φd→Dθ̂
G
n,d − θ⋆D

∥∥∥2
2
≤ C

σ2

α2

pGd + log(1/δ)

n

with probability at least 1− δ. If pG = supd p
G
d <∞, the right-hand side is bounded by

C
σ2

α2

pG + log(1/δ)

n
.

This proves the transfer statement and completes the proof of Theorem 3.

Appendix H. Proof of Theorem 4

We prove the score matching result for set-valued data. The proof consists of a bias-variance de-
composition in coefficient space and an optimization over the degree cutoff.

H.1. Coefficient representation and source norms

Let {ψd,j}j≥1 be the ordered basis of permutation-equivariant score features used in the main text.
We write the target score as

s⋆d =
∑
j≥1

θ⋆d,jψd,j , θ⋆d = (θ⋆d,1, θ
⋆
d,2, . . .) ∈ ℓ2(N).

For an estimator
ŝd =

∑
j≥1

θ̂d,jψd,j ,
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we measure error in the coefficient norm

∥ŝd − s⋆d∥2L2(Rd;Rd) =
∑
j≥1

(θ̂d,j − θ⋆d,j)
2.

For a degree cutoff k, let Id,k denote the set of invariant score features of degree at most k, and
let

mr(k) = |Id,k|.

For d ≥ k, this dimension is independent of d, and satisfies

mr(k) = exp
(
Crk

r
r+1 + o

(
k

r
r+1

))
.

Let θ⋆d,k be the truncation of θ⋆d to the coordinates in Id,k:

(θ⋆d,k)j =

{
θ⋆d,j , j ∈ Id,k,
0, j /∈ Id,k.

The truncation bias is
Bd(k) := ∥θ⋆d − θ⋆d,k∥2ℓ2 =

∑
j /∈Id,k

(θ⋆d,j)
2.

The exponential source norm is

∥s⋆d∥2Exp(a,ν) = sup
k≥1

eak
ν
Bd(k),

so that
Bd(k) ≤ ∥s⋆d∥2Exp(a,ν)e

−akν .

Similarly, the algebraic source norm is

∥s⋆d∥2Alg(τ) = sup
k≥1

kτBd(k),

so that
Bd(k) ≤ ∥s⋆d∥2Alg(τ)k

−τ .

H.2. Bias-variance decomposition

Let ŝ(k)n,d be the score matching estimator restricted to Id,k, and write its coefficient vector as θ̂(k)n,d,

extended by zero outside Id,k. Since θ̂(k)n,d − θ⋆d,k is supported on Id,k, while θ⋆d − θ⋆d,k is supported
on the complement, the two components are orthogonal in ℓ2. Therefore,

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) = ∥θ̂(k)n,d − θ⋆d,k∥2ℓ2 +Bd(k).

The finite-dimensional score matching problem over Id,k is an invariant M-estimation problem with
parameter dimension mr(k). By Theorem 3, with probability at least 1− δ,

∥θ̂(k)n,d − θ⋆d,k∥2ℓ2 ≤ C
σ2

α2

mr(k) + log(1/δ)

n
.

32



DIMENSION-FREE SCALING LAWS FOR INVARIANT SCORE MATCHING

Thus

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) ≤ Bd(k) + C
σ2

α2

mr(k) + log(1/δ)

n
.

Taking the infimum over k gives

inf
k≥1

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) ≤ inf
k≥1

{
Bd(k) + C

σ2

α2

mr(k) + log(1/δ)

n

}
.

H.3. Exponential source condition

Assume
sup
d

∥s⋆d∥Exp(a,ν) <∞.

Then, uniformly over d,
Bd(k) ≤ R2e−akν

for some R <∞. Also, for every fixed ϵ > 0 and all sufficiently large k,

mr(k) ≤ exp
(
(Cr + ϵ)k

r
r+1

)
.

Thus, up to constants and lower-order confidence terms, it suffices to optimize

Rn(k) = e−akν +
1

n
exp

(
bk

r
r+1

)
,

where b > Cr is fixed. The optimal cutoff balances the two exponents:

akν + bk
r

r+1 ≍ logn.

Case ν > r
r+1 . Here akν dominates bkr/(r+1), so the balancing cutoff satisfies

kn ≍
(
logn

a

)1/ν

.

Then
bk

r
r+1
n = O

(
(logn)

r
ν(r+1)

)
= o(logn).

Therefore,
Rn(kn) = n−1+o(1).

Case ν = r
r+1 . The two exponents have the same order. The balancing equation becomes

(a+ b)k
r

r+1 ≍ logn.

Thus,

kn ≍
(
log n

a+ b

) r+1
r

.

The optimized rate is polynomial:
Rn(kn) = n−c

for constant c = a/(a+ b) ∈ (0, 1).
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Case ν < r
r+1 . Here bkr/(r+1) dominates the variance exponent. The balancing cutoff satisfies

kn ≍
(
log n

b

) r+1
r

.

Then the bias term gives
e−akνn = exp

(
−c(logn)

ν(r+1)
r

)
for some c > 0. Therefore,

Rn(kn) = exp
(
−c(logn)

ν(r+1)
r

)
.

This proves the three exponential-source regimes.

H.4. Algebraic source condition

Assume
sup
d

∥s⋆d∥Alg(τ) <∞.

Then
Bd(k) ≤ R2k−τ

uniformly over d. We optimize

Rn(k) = k−τ +
1

n
exp

(
bk

r
r+1

)
.

Choose

kn ≍
(
log n

b

) r+1
r

.

Then
k−τ
n ≍ (logn)−

τ(r+1)
r .

Hence,
inf
k
Rn(k) ≤ (logn)−

τ(r+1)
r .

This proves the algebraic-source rate and completes the proof of Theorem 4.

Appendix I. Proof of Theorem 5

We prove the graph score matching result. The proof parallels the set-valued case, with the graph
invariant dimension Mr,r′(k) replacing the set invariant dimension Nr(k).
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I.1. Coefficient representation and graph source norms

Let {ψd,j}j≥1 be the ordered basis of node-permutation equivariant graph score features. We write
the target graph score as

s⋆d =
∑
j≥1

θ⋆d,jψd,j , θ⋆d = (θ⋆d,1, θ
⋆
d,2, . . .) ∈ ℓ2(N).

For an estimator
ŝd =

∑
j≥1

θ̂d,jψd,j ,

we measure error in the coefficient norm

∥ŝd − s⋆d∥2L2(Rd;Rd) =
∑
j≥1

(θ̂d,j − θ⋆d,j)
2.

For a degree cutoff k, let Jd,k be the set of equivariant graph score features of degree at most k,
and let

Mr,r′(k) = |Jd,k|.

For d ≥ 2k, this dimension is independent of d, and for r′ ≥ 1,

Mr,r′(k) = exp(k log k +O(k log log k)) .

Let θ⋆d,k be the truncation of θ⋆d to the coordinates in Jd,k:

(θ⋆d,k)j =

{
θ⋆d,j , j ∈ Jd,k,

0, j /∈ Jd,k.

The truncation bias is
Bgraph

d (k) := ∥θ⋆d − θ⋆d,k∥2ℓ2 =
∑

j /∈Jd,k

(θ⋆d,j)
2.

The graph exponential source norm is

∥s⋆d∥2Exp(a,ν) = sup
k≥1

eak
ν
Bgraph

d (k),

so that
Bgraph

d (k) ≤ ∥s⋆d∥2Exp(a,ν)e
−akν .

Similarly, the graph algebraic source norm is

∥s⋆d∥2Alg(τ) = sup
k≥1

kτBgraph
d (k),

so that
Bgraph

d (k) ≤ ∥s⋆d∥2Alg(τ)k
−τ .
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I.2. Bias-variance decomposition

Let ŝ(k)n,d be the score matching estimator restricted to Jd,k, and write its coefficient vector as θ̂(k)n,d,

extended by zero outside Jd,k. Since θ̂(k)n,d − θ⋆d,k is supported on Jd,k, while θ⋆d − θ⋆d,k is supported
on the complement, the two components are orthogonal in ℓ2. Therefore,

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) = ∥θ̂(k)n,d − θ⋆d,k∥2ℓ2 +Bgraph
d (k).

The finite-dimensional graph score matching problem over Jd,k is an invariant M-estimation prob-
lem with parameter dimension Mr,r′(k). By Theorem 3, with probability at least 1− δ,

∥θ̂(k)n,d − θ⋆d,k∥2ℓ2 ≤ C
σ2

α2

Mr,r′(k) + log(1/δ)

n
.

Thus

∥ŝ(k)n,d − s⋆d∥2L2(Rd;Rd) ≤ Bgraph
d (k) + C

σ2

α2

Mr,r′(k) + log(1/δ)

n
.

This proves the bias-variance bound.

I.3. Rates under exponential graph source conditions

Assume
sup
d

∥s⋆d∥Exp(a,ν) <∞.

Then, uniformly over d,
Bgraph

d (k) ≤ R2e−akν

for some R <∞. Since

Mr,r′(k) = exp(k log k +O(k log log k)),

for every fixed ϵ > 0 and all sufficiently large k,

Mr,r′(k) ≤ exp ((1 + ϵ)k log k) .

Up to constants and lower-order confidence terms, it is enough to optimize

Rn(k) = e−akν +
1

n
exp ((1 + ϵ)k log k) .

Case ν > 1. The bias exponent akν grows faster than k log k. Choose

kn ≍
(
logn

a

)1/ν

.

Then
kn log kn = o(logn),

and hence
1

n
exp ((1 + ϵ)kn log kn) = n−1+o(1).

The bias term is also n−1+o(1). Therefore the optimized rate is

n−1+o(1).
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Case ν = 1. The variance exponent k log k dominates the linear bias exponent ak. Choose

kn ≍ log n

log logn
.

Then
kn log kn ≍ logn,

so the variance term is controlled, and the bias term gives

e−akn = exp

(
−a log n

log log n

)
.

Thus the optimized rate is bounded by

exp

(
−c1

log n

log logn

)
for some c1 > 0.

Case 0 < ν < 1. Again choose

kn ≍ log n

log logn
.

The variance term is controlled as above, while the bias term becomes

e−akνn = exp

(
−a
(

log n

log log n

)ν)
.

Therefore, the optimized rate is

exp

(
−c2

(
log n

log logn

)ν)
for some c2 > 0. This proves the exponential-source regimes.

I.4. Rates under algebraic graph source conditions

Assume
sup
d

∥s⋆d∥Alg(τ) <∞.

Then
Bgraph

d (k) ≤ R2k−τ

uniformly over d. We optimize

Rn(k) = k−τ +
1

n
exp (k log k) .

Choose
kn ≍ log n

log logn
.
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Then

k−τ
n =

(
log n

log log n

)−τ

.

Therefore,

inf
k
Rn(k) ≤

(
log n

log log n

)−τ

.

This proves the algebraic-source rate and completes the proof of Theorem 5.

Appendix J. Experiments

J.1. Subgraph counting

We include a small synthetic experiment illustrating the role of invariant low-degree structure in
transfer across graph sizes. The purpose of the experiment is not to benchmark a new architec-
ture, but to visualize the basic mechanism behind our theory: a low-degree invariant statistic has
a stable meaning across graph sizes, while a non-invariant coordinate polynomial does not transfer
canonically.

We generate graphs from an Erdős–Rényi model with a graph-dependent edge probability. For
each sample, we draw

p ∼ Unif(0.15, 0.85), A ∼ G(d, p),

where A ∈ {0, 1}d×d is the adjacency matrix of an undirected graph with no self-loops. The
response is the population triangle density y ≈ p3. Thus, the target is a low-degree graph moment,
but the learner observes only the sampled graph A, not the latent parameter p. We train all models
only on graphs with d = 10 nodes and evaluate them on larger graphs with

D ∈ {25, 30, 35, 40, 50, 60, 75, 100, 125, 150, 175, 200}.

We compare two predictors. The first is an invariant polynomial model using normalized graph
statistics

ϕinv,d(A) =
(
Ed(A),Wd(A), Td(A)

)
,

where Ed(A) is the edge density, Wd(A) is the normalized wedge density, and Td(A) is the nor-
malized triangle density. A linear model is fit on these features at d = 10, and transfer to size D is
performed by evaluating the same normalized invariant statistics on the larger graph:

f̂inv,D(A) = β̂0 + β̂1ED(A) + β̂2WD(A) + β̂3TD(A).

This gives a direct size-transfer rule because the features are invariant graph moments whose inter-
pretation is stable across graph sizes.

The second predictor is a non-invariant degree-three polynomial baseline. At the training size
d = 10, we use the raw triangle indicators

AijAikAjk, 1 ≤ i < j < k ≤ 10,

as features and fit a linear model. Such a model assigns separate coefficients to labeled triangles
and therefore has no canonical extension to graphs with more than ten nodes. To give this baseline a
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Transfer from 10-node graphs to larger ER graphs
Invariant polynomial
Subgraph-averaged raw polynomial

Figure 2: Transfer from 10-node graphs to larger Erdős–Rényi graphs. Both methods are trained
only at size d = 10. The invariant polynomial model transfers by evaluating the same
normalized graph moments at the larger size. The raw polynomial model is trained on
labeled triangle indicators and is made transferable by averaging over random 10-node
induced subgraphs. The results illustrate that stable size transfer comes from invariant
low-degree structure; the raw baseline improves only after an explicit symmetrization
step.

favorable transfer rule, we average it over random induced subgraphs: for a test graph on D nodes,
we sample subsets S1, . . . , SM ⊆ [D] of size ten and define

f̂avgraw,D(A) =
1

M

M∑
m=1

f̂raw,10(ASm×Sm).

This is a Monte Carlo symmetrization of the raw non-invariant predictor.
Figure 2 shows the test mean-squared error as the test graph size increases. The invariant poly-

nomial model transfers directly and improves with graph size, since the normalized graph moments
are computed using all available nodes and become more accurate estimates of the underlying popu-
lation quantities. The subgraph-averaged raw model also benefits from averaging, but this improve-
ment comes from an explicit symmetrization step at test time. The experiment therefore illustrates
the main message of our theory: dimension transfer is enabled not merely by low degree, but by
low-degree features whose invariant meaning is stable across sizes.

J.2. Score transfer on weighted graphs

We next include a small synthetic experiment illustrating the score-estimation mechanism behind
the theory. The goal is to isolate the effect of invariant spectral complexity in a setting where the
true score is known analytically. We consider continuous weighted graphs represented by symmetric
matrices

A ∈ Rd×d,
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Figure 3: Toy score transfer on weighted graphs. A degree-three equivariant score model is trained
on 10-node graphs and evaluated on larger graphs. Fast coefficient decay yields accurate
transfer, while slow decay leaves a larger high-degree tail and leads to higher error.

with zero diagonal. The entries Aij , i < j, are sampled independently from a standard Gaussian
distribution. We define graph distributions through invariant potentials of the form

pd(A) ∝ exp(−Ud(A))γd(A),

where γd is the standard Gaussian reference measure on the edge variables. The corresponding
score is

s⋆d(A) = ∇A log pd(A) = −A−∇AUd(A).

Since the potentials Ud used below are invariant under node relabeling, the score s⋆d is permutation-
equivariant.

We use invariant spectral potentials

Ud(A) =
K∑
q=2

bqd
−q tr(Aq),

for which the score is available in closed form:

s⋆d(A) = −A−
K∑
q=2

bqqd
−qAq−1.

This construction lets us control the invariant complexity of the score through the decay of the
coefficients bq. We compare two regimes. In the first regime, the coefficients decay rapidly,

bq = 2 exp(−0.45q2),
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so the score is well approximated by low-degree spectral components. In the second regime, the
coefficients decay slowly,

bq = 2q−1/2,

so higher-degree components remain important.
For both regimes, we train a linear equivariant score model using only graphs with d = 10

nodes. The model has the form

ŝd(A) = θ̂01+ θ̂1A+ θ̂2A
2 + θ̂3A

3,

where the diagonal entries are ignored and the loss is the mean squared error over off-diagonal
edge scores. We then transfer the same learned coefficients to larger graphs by evaluating the same
equivariant features on graphs of size

D ∈ {15, 20, 25, 30, 40, 50, 75, 100}.

The test error is
1(
D
2

)∑
i<j

(ŝD(A)ij − s⋆D(A)ij)
2 ,

averaged over test graphs.
Figure 3 shows the resulting score-estimation error. The fast-decay regime transfers accurately

across graph sizes, since the score is well captured by low-degree equivariant spectral features. In
contrast, slow decay leaves a larger high-degree tail, leading to higher error. This supports the main
message that score transfer is governed by low-complexity invariant approximability, not by graph
size alone.
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