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Abstract

Large language models have the ability to generate text that mimics patterns in
their inputs. We introduce a simple Markov Chain (MC) sequence modeling task in
order to study how this in-context learning (ICL) capability emerges. Transformers
trained on this task (ICL-MC) form statistical induction heads which compute
accurate next-token probabilities given the bigram statistics of the context. During
the course of training, models pass through multiple phases: after an initial stage
in which predictions are uniform, they learn to sub-optimally predict using in-
context single-token statistics (unigrams); then, there is a rapid phase transition to
the correct in-context bigram solution. We conduct an empirical and theoretical
investigation of this multi-phase process, showing how successful learning results
from the interaction between the transformer’s layers, and uncovering evidence that
the presence of simpler solutions delays formation of the final optimal solutions.

1 Introduction

Large language models (LLMs) exhibit a remarkable ability to perform in-context learning (ICL)
from patterns in their input context [[10, [14]]. The ability of LLMs to adaptively learn from context is
profoundly useful, yet the underlying mechanisms of this emergent capability are not fully understood.

In an effort to better understand ICL, some recent works propose to study ICL in controlled synthetic
settings—in particular, training transformers on mathematically defined tasks which require learning
from the input context. For example, a recent line of works studies the ability of transformers to
perform ICL of standard supervised learning problems such as linear regression [2| [18, 23] [35].
Studying these well-understood synthetic learning tasks enables fine-grained control over the data
distribution, allows for comparisons with established supervised learning algorithms, and facilitates
the examination of the in-context “algorithm” implemented by the network.

The goal of this work is to propose and analyze a simple synthetic setting for studying ICL. To achieve
this, we consider n-gram models [9} [13 32]], one of the simplest and oldest methods for language
modeling. An n-gram language model predicts the probability of a token based on the preceding n — 1
tokens, using fixed-size chunks (n-grams) of text data to capture linguistic patterns. Our work studies
ICL of n-gram models, where the network needs to compute the conditional probability of the next
token based on the statistics of the tokens observed in the input context, rather than on the statistics
of the entire training data. We mainly focus on the simple case of n = 2; i.e., bigram models, which
can be represented as Markov chains. We therefore consider ICL of Markov chains (ICL-MC): we
train a two layer attention-only transformer on sequences of tokens, where each sequence is produced
by a different Markov chain, generated using a different transition matrix (see Figure [T] (left)).

We summarize our key findings:

Submitted to 38th Conference on Neural Information Processing Systems (NeurIPS 2024). Do not distribute.



35
36
37
38
39

40
41
42
43
44
45

46
47
48
49

50
51
52
53

54
55

56
57
58
59
60
61
62

63

64
65
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Figure 1: (left) We train small transformers to perform in-context learning of Markov chains (ICL-
MC). Each training sequence is generated by sampling a transition matrix from a prior distribution,
and then sampling a sequence from this Markov chain. (right) Distance of a transformer’s output
distribution to several well-defined strategies over the course of training. The model passes through
three stages: (1) predicting a uniform distribution (blue region), (2) predicting based on in-context
unigram statistics (orange region), (3) predicting based on in-context bigram statistics (green region).

(1) Transformers learn statistical induction heads to optimally solve ICL-MC. We show that in
order to solve ICL-MC, transformers learn statistical induction heads [16] that are able to compute
the correct conditional (posterior) probability of the next token given all previous occurrences of the
prior token (see attention patterns in Figure ). We show that these statistical induction heads lead to
the transformer achieving performance approaching that of the Bayes-optimal predictor.

(2) Transformers learn predictors of increasing complexity and undergo a phase transition
when increasing complexity. We observe that transformers display phase transitions when learning
Markov chains—learning appears to be separated into phases, with fast drops in loss between the
phases. We are able to show that different phases correspond to learning models of increased
complexity—unigrams, then bigrams (see Figure [I)—and characterize the transition between the
phases.

(3) Simplicity bias may slow down learning. We provide evidence that the model’s inherent bias
towards simpler solutions (in particular, in-context unigrams) causes learning of the optimal solution
to be delayed. Changing the distribution of the in-context examples to remove the usefulness of
in-context unigrams leads to faster convergence, even when evaluated on the original distribution.

(4) Alignment of layers is crucial. We show that the transition from a phase of learning the
simple-but-inadequate solution to the complex-and-correct solution happens due to an alignment
between the layers of the model: the learning signal for the first layer is tied to the extent to which
the second layer approaches its correct weights.

Finally, in Appendix [E| we provide experiments with higher order Markov Chains, where we also
observe a similar multi-stage learning process.

Concurrent work. In parallel to this work, there have been a number of papers devoted to the
study of similar questions regarding in-context learning of Markov chains [3} 19} 25]. Perhaps closest
to our work, [27] introduces a general family of in-context learning tasks with causal structure, a
special case of which is in-context Markov chains, and shows that simplified transformers (similar
to the ones we introduce in Section [B.2)) can learn to identify the causal relationships. The focus of
our work, instead, is on the different stages of training and how they relate to specific, well-defined,
strategies. See Section [A|for a detailed discussion on prior work.

2 Setup

ICL-MC Task. Our learning task consists of sequences generated from Markov Chains with
random transition matrices. The goal is to in-context estimate the transition probabilities from
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Figure 2: A two layer transformer (fop) and a minimal model (botfom) trained on our in-context
Markov Chain task. A comparison of the two layer attention-only transformer and minimal model
([@). The graphs on the left are test loss measured by KL-Divergence from the underlying truth. The
orange line shows the loss of the unigram strategy, and the green line shows the loss of the bigram
strategy. The middle graph shows the effective positional encoding (for the transformer, these are for
the first layer). The graph on the right shows the KL-divergence between the outputs of the models
and three strategy. The lower the KL-divergence, the more similar the model is to that strategy.

sampled sequences, in order to predict the next state. Formally, each sample sequence is generated
by a Markov Chain with state space S = {1, ..., k} and a transition matrix P sampled from a prior
distribution, with x; drawn from some other prior distribution (potentially dependent on P), and the
restof € = (z1,...,x;) drawn from the Markov Chain. We focus on the case where each row of the
matrix is sampled from the Dirichlet distribution with concentration parameter , i.e. P; . ~ Dir(a).
We want to learn a predictor that, given context z1, . . ., x4, predicts the next token, x4 1.

Strategies. We consider two particular strategies that can be employed to solve the above task: a
(suboptimal) unigram strategy which assumes tokens in each sequence are i.i.d. samples (and counts
the frequency of the states in the sequence so far), and the bigram strategy which correctly takes
into account dependencies among adjacent tokens (and counts frequency of pairs of tokens). See
Section [B]in the Appendix for a detailed description of our learning setup.

3 Empirical Findings and Theoretical Validation

In this section, we present our empirical findings on how transformers succeed in in-context learning
Markov Chains, we demonstrate the different learning stages during training and the sudden transitions
between them, and draw analytical and empirical insights from a minimal model that we believe
captures the behavior of transformers for this task.

3.1 Transformers In-Context Learn Markov Chains Hierarchically

We focus on attention-only transformers with 2 layers with causal masking and relative positional
encodings and train them with the Adam optimizer on ICL-MC. As can be seen in Figure[2} all the
models converge near the Bayes optimal solution, suggesting that they learn to implement the bigram
strategy. Curiously, however, the learning seems to be happening in stages; there is an initial rapid
drop and the model quickly finds a better than random solution. Afterwards, there is a long period of
only slight improvement before a second rapid drop brings the model close to the Bayes optimal loss.

Interestingly, as can be seen from the horizontal lines in Figure[2] the intermediate plateau corresponds
to a phase when the model reaches the unigram baseline. We provide evidence that this is not a
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coincidence, and that after the initial drop in loss, the model’s strategy is very similar to the unigram
strategy, before eventually being overtaken by the bigram strategy (see Figure[2). This final drop is
what has been associated to prior work with induction heads formation [28]]; special dedicated heads
inside a transformer are suddenly being formed to facilitate in-context learning.

Mechanistic evidence for solutions found by transformer. To confirm how the two layer attention-
only transformer solves ICL-MC, we inspected the attention in each layer throughout training. Figure
M) shows the attention for a particular input during different parts of training. We observe that, by the
end of training, each token in the first layer is attending to the previous token. In the second layer, the
last token, a “2”, is attending to tokens that followed “2”s, allowing bigram statistics to be calculated.
In Proposition[B.2] we show how this behavior can be implemented in the transformer architecture.

Varying the data distribution - Unigrams slow down learning. Given the previous findings, one
can ask the question: is the unigram solution helpful for the eventual convergence of the model, or
is it perhaps just a by-product of the learning procedure? To answer these questions, we define
distributions over Markov chains that are in between the distribution where unigrams is Bayes optimal,
and the distribution where unigrams is as good as uniform. As we see in Figure[3] the transformers
that are being trained on the distribution where there is no unigrams “signal" train much faster. It
appears that this simplicity bias towards the unigrams solution actually slows down learning. See also
Figure[I0]in the Appendix that displays how the models perform on different parts of the distribution
during training.

3.2 Theoretical Insights from the Minimal Model

We now provide theoretical insights on how training progresses stage by stage and how this is
achieved by the synergy between the two layers. For this, we analyze the training dynamics of a
minimal model which can be seen as a simplified 2-layer attention only transformer. Section D]
contains our main theoretical result. Here, we summarize our theoretical findings:

Learning occurs in two phases. Both in the theoretical and experimental models, training has
two phases that work at very different speeds. The first phase is fast in both cases; in the theoretical
setting, even a O (%) step size is sufficient for learning the second layer. In the second phase, a much
larger step size of O(1) is needed in order to learn the positional encodings.

Second layer is learned first. It has been observed before in a similar bigram learning setting with
a two-layer transformer that the model might be learning first the second layer [6]. We also make
similar observations in our experiments with the minimal model and the transformers (see Figure
). For the minimal model, the gradient calculations, clearly suggest that starting from a default
initialization, it is only the second layer that quickly “picks up" the right solution.

Even/odd pattern in positional encodings. We notice in the experiments that the positional
embeddings of the models displayed an intriguing even/odd oscillating pattern - see Figure 2 (top,
center), Figure 3] (right). We believe that a careful analysis the gradient of v in the second step will
recover this pattern, which is likely related to the moments of the eigenvalues of the transition matrix.

4 Conclusion

In this work, we have introduced a simple learning problem which serves as a controlled setting
for understanding in-context learning and the emergence of (statistical) induction heads. Through a
combination of empirical investigation and theoretical analysis, we identify different stages during
learning which we were able to precisely characterize. These validate similar observations from
training large-scale language models.

It would be worthwhile to understand similar stage-wise learning with natural language data, and use
insights from our minimal model to improve formation of induction heads. In particular, it would be
great to understand if better data curriculum could remove the undesirable simplicity bias we observe
from unigrams. Such simple but incomplete solutions may be commonplace in language modeling
and other rich learning settings; for any such solution, one can ask to what extent its presence speeds
up or slows down the formation of more complex circuits with higher accuracy.
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A Related Work

In-Context Learning. In [11], the authors discuss how properties of the data distribution promote
ICL. Xie et al. [36] suggest a Bayesian interpretation of ICL and studies how ICL emerges when the
training distribution comes from a Hidden Markov Model (HMM). Abernethy et al. [1]] study the
ability of transformers to segment the context into pairs of examples and labels and provide learning
guarantees when the labeling is of the form of a sparse function. Finally, the work of Bietti et al.
[6] studies the dynamics of training transformers on a task that is reminiscent of our Markov chain
setting but has additional complexities. Instead of drawing a fresh Markov chain for each sequence,
in their task all sequences are sampled from the same Markov chain; after certain ‘trigger’ tokens, the
following ‘output’ token is chosen deterministically within a sequence. Thus, successful prediction
requires incorporating both global bigram statistics and in-context deterministic bigram copying,
unlike in our setting where the patterns computed by statistical induction heads are necessary and
sufficient. As in our work, the authors identify multiple distinct stages of training and show how
multiple top-down gradient steps lead to a solution.

Induction Heads. Elhage et al. [16] relates ICL with the formation of induction heads, sub-
components of transformers that match previous occurrences of the current token, retrieving the
token that succeeds the most recent occurrence. Reddy [30] studies the formation of induction heads
and their role in ICL, showing empirically that a three layer network exhibits a sudden formation of
induction heads towards solving some ICL problem of interest. Bietti et al. [6] study the effect of
specific trigger tokens on the formation of induction heads.

Phase Transitions. It has been observed in different contexts that neural networks and language
models display a sudden drop in loss during their training process. This phase transition is often
related to emergence of new capabilities in the network. The work of Power et al. [29] observed the
“grokking” phenomena, where the test loss of neural networks sharply drops, long after the network
overfits the training data. Chen et al. [12] shows another example of a phase transition in language
model training, where the formation of specific attention mechanisms happen suddenly in training,
causing the loss to quickly drop. Barak et al. [S]] observe that neural networks trained on complex
learning problems display a phase transition when converging to the correct solution. Several works
[22] 24] attribute these phase transitions to rapid changes in the inductive bias of networks, while
Merrill et al. [26] argue that the models are sparser after the phase change. Schaeffer et al. [31]] warn
that phenomena in deep learning that seem to be discontinuous can actually be understood to evolve
continuously once seen through the right lens.

Concurrent works. In parallel to this work, there have been a number of papers devoted to the study
of similar questions regarding in-context learning or Markov chains: Akyiirek et al. [3] empirically
compare the ability of different architectures to perform in-context learning of regular languages.
Their experiments with synthetic languages motivate architectural changes which improve natural
language modeling in large scale datasets. Hoogland et al. [19] observe similar stage-wise learning
behaviors on transformers trained on language or synthetic linear regression tasks. Makkuva et al.
[25] study the loss landscape of transformers trained on sequences sampled from a single Markov
Chain. Perhaps closest to our work, Nichani et al. [27] introduces a general family of in-context
learning tasks with causal structure, a special case of which is in-context Markov chains. The authors
prove that a simplified transformer architecture (similar to the one we introduce in Section[B.2) can
learn to identify the causal relationships by training via gradient descent, and also characterize the
ability of the trained models to adapt to out-of-distribution data. The focus of our work, instead, is on
the different stages of training and how they relate to specific, well-defined, strategies.

B Setup

In this section, we provide further details on our learning problem and present the neural network
architectures that we consider.

Details on ICL-MC Task. We focus on the case of the flat Dirichlet distribution, with a =
(1,...,1)T, that corresponds to uniformly random transition probabilities between states. We draw
the initial state z; from the stationary distribution 7r of the chain (which exists almost surely). We
primarily consider the case where the number of states k is 2 or 3. In subsection [E] we consider the
generalization of this setting to n-grams for n > 2. Instead of Pr(x;) being determined by x;_1,
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Figure 3: (left) Unigrams slow down optimization: Comparison of two-layer attention only transform-
ers trained on two distributions; one with a uniformly random doubly stochastic transition matrix and
another with a mixture of the doubly stochastic and unigrams distribution. We see that in absence
of unigrams “signal” the model minimizes the loss (evaluated on the full distribution) much faster.
(center, right) Training of the minimal model on ICL-MC with k = 2 states: (center) The heatmap of
the second layer (W matrix) that learns to be close to diagonal. (right) The values of the positional
embeddings (1st layer) that display a curious even/odd pattern. This is before any softmax is applied
to the positional embeddings.

Attention Patterns

Second Layer

First Layer

012103 m/
Figure 4: Attention patterns that correspond to the last token of the sequence for a transformer trained
to perform ICL-MC. The intensity of each blue line signifies the strength of the corresponding atten-
tion value. As the model gets trained, we observe that the attention weights mimic the construction of
Proposition[B.2] Specifically, at the end of training (right), each token in the first layer is attending to

the previous token. In the second layer, the last token, a “2”, is attending to tokens that followed “2”’s,
allowing bigram statistics to be calculated. See Figure |Z| for full attention matrices

we let Pr(z;) be determined by x;—,,41, - . ., :—1, according to a conditional distribution P drawn
from some prior. In particular, for each tuple of n — 1 tokens, we sample the vector of conditional
probabilities for the next state from a flat Dirichlet distribution.

B.1 Potential Strategies for (Partially) Solving ICL-MC

1st strategy: Unigrams. Since we let the Markov chain reach its stationary distribution (which
exists a.s.), the optimal strategy across unigrams is just to count frequency of states and form a
posterior belief about the stationary distribution. Unfortunately, the stationary distribution of this
random Markov chain does not admit a simple analytical characterization when there is a finite
number of states, but it can be estimated approximately. At the limit of & — oo, the stationary
distribution converges to the uniform distribution [8].

2nd strategy: Bigrams. For any pair of states ¢ and j, let P;; be the probability of transition-
ing from ¢ to j. On each sample x, we can focus on the transitions from the i-th state, which
follow a categorical distribution with probabilities equal to (P;1, ..., Pik). If we observe the in-
context empirical counts {c;; };?:1 of the transitions, then P;; is given by: (Pi1,..., Pi) |x ~
Dir(k,c;1 + a1,...,cik + i), where aq, ..., ay are the Dirichlet concentration parameters of
the prior. Hence, each P;; has a (marginal) distribution that is actually a Beta distribution:

Pijlz ~ Beta (Cij + aj, Zj a; + N, — o — cl-j> , where NN is the total number of observed transi-
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tions from state i. As such, our best (point) estimate for each state j is given by: E [P;;|x]| = %
. .. T ey i+ 1

For the uniform Dirichlet, « = (1,...,1) ", itis E[P;;|x] = ?V-Z+k.

Remark B.1. The bigram strategy implicitly assumes that the first token x; is sampled uniformly,

as opposed to being sampled from the stationary distribution (which is used in our experiments and

theoretical results). As the context length grows, the bigram statistics approach the Bayes optimal

solution either way and this difference becomes negligible.

B.2 Architectures: Transformers and Simplifications

We are mainly interested in investigating how transformers [34] can succeed in in-context learning
this task. We focus on attention-only transformers with 2 layers with causal masking which is a
popular architecture for language modeling. Given an input sequence x, the output of an n-layer
attention-only transforme is:

TF(E) = Po (Attn, +1)---o (Attn, + 1) o E. (1

Where E € R**? is an embedding of &, P € R?** is a linear projection to the output logits, and
Attn(x) is masked self attention with relative position embeddings [33]], which is parameterized by
WQ7 Wk, Wy € RdXd, v € R¥¥4;
W, W i it1) |
Attn(z) = softmax(mask(A))zWy, Ay = (2:Wa)(2 Wi +vi-j+1) ) (2)
Vd

Transformers with more complicated components, such as MLPs, also display similar qualitative
behavior (see Figure[§). During training, we minimize this loss:

t

1

L(6) = m@P ;E LTF(x;0)p, xpt1) | » 3)
P~Dir(a)® L P=1

where 6 denotes the parameters of the model and [ is the cross entropy loss.

We now show how a two-layer transformer can represent the optimal bigrams solution.

Proposition B.2 (Transformer Construction). A single-head two layer attention-only transformer
can find the bigram statistics in the in-context learning Markov chain task.

Intuitively, the first layer of the transformer copies the previous token at each position, and in the
second layer each token sums the embeddings of all the tokens whose output from the first layer
matches itself. The full proof can be found in Appendix [D.T]

Simplified Transformer Architecture. As we see from the construction, there are two main
ingredients in the solution realized by the transformer; (1st layer) the ability to look one token back
and (2nd layer) the ability to attend to itself. For this reason, we define a minimal model that is
expressive enough to be able to represent such a solution, but also simple enough to be amenable to
analysis. Let e,,, denote the one-hot embedding that corresponds to the state at position ¢ € [T'], and
let E be the R(T+D** one-hot embedding matrix. Then the model is parameterized by W € RF*¥
and v € RT*! and defined as:

Vo —0o0 ... —00
U1 Vo ... —00
f(E) = mask(EW (Softmax(M)E) E, M= | . : .| e REFDX(THY,
vr VUr_—1 . Vo
4)
exp(M; ;)

where mask (-) is a causal mask, and Softmax(M); ; = ST e (Vi) Notice that the role of W is

to mimic the attention mechanism of the second layer and the role of v is that of the relative positional
embeddings. This model can be seen as a simplified version of a two-layer linear attention-only
transformer. See also Appendix [D.2]for a discussion.

"For simplicity of notation we assume embedding dimension equals the hidden dimension, but in general
they can be different.

10
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Figure 5: In distribution test loss for 10 two layer attention only transformers, with random seeds
0,1,...9 (randomness affects initialization and the training data). The training dynamics are consis-
tent for each model, though the exact position of the phase transitions changes.

Fact B.3. Both the bigrams strategy and the unigrams strategy can be expressed by the minimal
model with a simple choice of weights.

« Bigrams: v — (0,¢,0,...,0)" and W = Iixk, then f(E)r =
25:2 1{zy =s}l{zpy_1 =270} +0O (cfg(i))'

« Unigrams: For v = (0,0,0...,0)T, W =117, we have f(E)r. = > pr_y 1 {zy = s}.

C Experimental Details and Additional Experiments

Note on KL-divergence In our experiments, we used KL divergence to measure the difference
between the probabilities predicted by the model and other probability distributions. For test loss,
this other distribution was the appropriate rows of the transition matrices used to generate the test
examples.

Formally, let f(x1.7_1) be the softmax distribution of the transformer’s output, given the input
sequence x1.7—1. In our standard setting, we measured

dL(Por_, || f(21.7-1))

where P, is the true distribution of the next state 7 given the previous state, under the true
Markov chain P. Note that P varies from sequence to sequence (it is drawn from a prior over
transition matrices) and is not directly observable by the learner—this is what needs to be learned
in-context.

For measuring how close the model was to various strategies, we computed the predicted probabilities
given by said strategies, and used those as the base distribution. Note that the output of the bigrams
strategy (which is Bayes-optimal for our base setting) is different from the aforementioned ground-
truth Py,._, ). Instead, as described in Section B} it is a Bayesian posterior distribution of the next
state given the observed sequence, with the prior determined by the prior distribution of transition
matrices. Formally:

E[Par_ |210-1]
where the expectation is taken over the draw of Markov chain transition matrix.
Experimental details We train transformers of the form (I)) with the AdamW optimizer with
learning rate 3e — 5 (for 3-grams a learning rate of 3e — 2 was used), batch size 64, and hidden

dimension 16. The sequence length of the examples is 100 tokens. The minimal model was trained
with SGD, with batch size 64, and learning rate 3e — 4. We use PyTorch 2.1.2.

11
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Figure 6: ICL-MC with k£ = 8 states - KL-divergence between the transformer and the various
strategies over training. This required a sequence length greater than 100 (200 in this case) for the
difference between unigrams and bigrams to be large enough for the unigram phase to be visible (in
either case there was a plateau before the final drop in test loss).
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Figure 7: A two layer attention-only transformer trained with cross entropy loss on ICL-MC. The
heatmaps on the right represent part of the attention for the transformer at various time steps,
specifically the values of the matrix A from (2). The top row are showing A from the first layer, and
the bottom row from the second layer.
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Figure 8: A two layer relative position encoding transformer with MLPs trained on ICL-MC with
k=3 symbols. Notice while slightly noisier, the overall trend and observations made regarding the
attention only transformer still hold.

The data was generated in an online fashion, using numpy.random.dirichlet to generate each row
of the transition matrices. Both the model initialization (for the transformers) and the data were
randomized based on the seed (in a perfectly reproducible manner).

Some of the training and model code was based on minGPT [21]]. The experiments all measure the
outputs of the models at the last token.
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Figure 9: A comparison of the two layer attention only transformer and minimal model for k£ = 3
symbols.
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Figure 10: A two layer attention-only transformer (top) and minimal model (E[) (bottom), trained on
the main task with ICL-MC with cross entropy loss, test loss measured by KL-Divergence from the
underlying truth (labels based on transition probabilities, not samples). The distributions test loss is
measured in are (from left to right) in-distribution, a distribution where each token is sampled iid, and
a distribution over uniformly random doubly stochastic transition matrices (equivalently, stationary
distribution is identity, or unigram based guesses are as good as guessing uniform probability). For
both models, the in distribution test loss quickly drops to the level of the unigram algorithm.

All of the experiments were performed with a single NVIDIA GeForce GTX 1650 Ti GPU with 4
gigabytes of vram with 32 gigabytes of system memory. Each training run took under ten minutes.

D Proofs

In this section, we present our theoretical results on in-context learning Markov Chains of Section
B.2

13
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Figure 11: Graphs of test loss showing that a single layer transformer can not achieve good perfor-
mance on ICL-MC. This result holds for transformers with or without MLPs, and with absolute or
relative positional encodings. These graphs show that even trained 8 times longer, there is no notable
increase in performance beyond the unigrams strategy (orange line).

D.1 Transformer Construction

Proof of Proposition[B.2] Set the internal dimension d = 3k, and choose e, to be one-hot
embeddings—that is, e;, = J,, Where 0 is the Kronecker delta. We will call the parameters
of attention layer i, W, WI((Z), W‘(,’), v, Let
521} ) cI®™k 0 0 ) . 0 Ik 0
W=1 "o wy'=1 0o oo wl=0 w=|0 0o o
0 0 0 0 0 0 0
So,
(1), (1
AWM — (eiWQ )(%Qjﬂ)T
i,J Vd
Notice that Aglj) = cl[j =i —1]. So, softmax(mask(A)),E}j) ~ 1[j = i — 1] for large enough c.
So, forany 2 < i < T,1 < j < k, Attni(e)ij+r = ei—1,;. Effectively, the first layer appends
the embedding of the previous token after the embedding of the current token, so that the output at
position 7 is approximately (e;, e, , 0).
The second layer is defined as follows:
cI?*F 0 0 0 00 0 0 IFxk
vWW=0 wP={( 0o o0 o] wZ=[|"* 0o wP=|0o o0 o
0 0 0 0 0 0 0 0 0
Note that z = e + Atin(e), then
(2 (2)
A(,Q,) = (ZiWQ )(ZJWK )T — Cex"'(emjfl)T — i]l[$>1 = xz]
Vi Vi va
So, for all j < 4, softmax(mask(A)); ; ~ % for large enough c. For any 2 < i <
h=1 HTh—1=%T;
T,1<j<k,

3k

Attn2 (e)i,j+2k = Z

.]l[th = ;] (ZW‘(/Q))hj _ Sk Azpor = 2]z, = j].
h=1 22:1 1zg_1 = ;] ’ Elgzl Lzg_1 =z
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Which is exactly the empircal bigram statistics (that is, the number of times x; — j appears before
0

position ), so to make this the output, P = 0 2 O
Ik><k

D.2 ICL-MC with Minimal Model

To abstract away some of the many complicated components from the transformer architecture, we
focus our attention now to the minimal model of Section @ We train minimal models of eq. @,
starting from a deterministic constant initialization, by minimizing the cross entropy loss with SGD.
Full experimental details can be found in the Appendix. Figure [2] (bottom) displays the training
curves for the minimal model.

Lemma D.1. Let the model defined as in eq. @) and initialized with W = 0,v = 0. If the random
transition matrices are either

* uniformly random from 2 x 2 stochastic matrices
» With some constant probability 0 < o < 1, a uniformly random doubly stochastic matrices, and
otherwise 1T v where v is a uniformly random vector on the k-simplex.

after one step of full batch gradient descent with step size nn we have:
W =n(T+1) (Al +B171) + 7 O0(logT) and vV = 0,
where A, B € RT.
Assuming in the first step n = O (%), after the second step of gradient descent, it holds:

W= (n+nw)(T+1) (Al +B1"1) + (n+nw) O(logT)
where the step size on W' in the second step is nyy. Furthermore,
vy = n,Clog T, and v — v, = 1,QlogT) Vn # 1,

where 1, is the step size for v in the second step, and C' =~ 0.0114.

Ifn, = O(T), and nw = m then the output of the model will be a weighted sum of bigrams

and unigrams. Formally,
T

A B <&
f(E)r,s = A+ B ;]l [Tio1 = @, 25 = 5] + A+ B ;]l [x; = s8] + O(log T)

Note that in the first distribution (uniformly random 2 x 2) or the second distribution with k > 6,
A > B, so at the end of the two steps, the weight on bigrams is greater than that of the weight on
unigrams.

Proof Overview. The idea of the proof is that a first step of gradient descent with a small learning rate
can align the second layer, while a second step can learn to identify the correct relative positional
embedding. The identity bias of W in the second layer ensures there is a strong signal in the gradient
to look back one in the first layer. Without a bias in W, the gradient for the positional encodings, v,
turns out to be zero.

We get additional intuition from looking at the proof for just the second distribution: in the first step,
effectively all of the gradient comes from the examples where the unigram strategy is optimal, while
in the second step effectively all of the gradient comes from the examples where the bigram strategy
is optimal.

Remark D.2. It is worth noting that, while this is a simplified setting, the analysis goes beyond
NTK-based [20] analyses where the representations do not change much and it crucially involves
more than one step which has been a standard tool in the analysis of feature learning [4]].

Technically, the output of this construction is not the log probabilities as generally cross-entropy loss
b1'1
assumes. These can be approximated linearly by setting P = 0 to change the output from z to ax + b.
a[k’ Xk
In practice, this approximation can achieve close to Bayes optimal loss.
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Setup and notation Our data consists of sequences of length T + 1, = (xq, ..., 2zr), drawn
from a Markov Chain with state space S = {1,...,k} (i.e., z; € {1,...,k} forall j € [T]), and
a random transition matrix P. Each row of the matrix is sampled from a flat Dirichlet distribution,
i.e. P; ~ Dir(1), corresponding drawing the row from a uniform distribution over the simplex. Let
E € {0,1}(T+1*F be the one hot embedding matrix of =, that is, E; ,, = 1 and for all s # ;
E;s=0.

Model We define our model as a simplified sequence to sequence transformer f : RT** —
RTH+DxF with f(F) = mask(EW (Softmax(M)E)")E. The trained parameters are W € R¥*%

vg —00 ... —00
(%1} Vo .. —00
and v € RT*+1, We define M € RT+OX(T+D) 49 pf = | . . .|, thatis, for all
vT Vvr—1 e Vo
T>i>j>0,M;;=v_jandifi > j, M;,; = —oco. Furthermore, v = [vg, v2, ...,vp] € RITHL
Softmax is defined as follows:
exp (M;,;)

Softmax (M), ; =

T
> 1=y exp (M ;)

The logit for symbol s at position 7" for our model is:

k g

T
f(E)TVS = Z ZZ W:tT,u]l[IL'i_j =uNx; = s]ﬂ (5)

u=1i=0 j=0 > =0 exp(ve)

The model can represent the unigrams and bigrams solutions as following:

* Construction for bigrams: v = (0,¢,0,...,0)" and W = I;xyk, then f(E)rs
Z?:o Lz, =sAzi1 =x7]+ O (%) As c tends to infinity, this becomes bigrams.

* Construction for unigrams: v = 0 and W = 171, then f(E)7 , = ZZ;O 1[x; = s].

Proof of Fact[B.3

Proof. We will first prove the unigrams construction.

SN exp(v;)
Z Z WmT,u]l[xi—j =uNx;= S]ii
j > o—o €xp(ve)

=
=
=

w

I
™=

e
I
-
<
I
<}
<
ol
<

Il
M=
.MH -

<
Il
_
©
I
=
<
Il
o

1z, =uiz, =s]-
i

Il
]
=
8
|
L,
SO

s
I
<
<.
I
o

Which is exactly unigrams.
Now consider the bigrams construction. As ¢ grows, the softmax of v very quickly becomes one hot.
Formally, by lemma B.7 in [15]], for any ¢ > 0,

exp(v;)

o T
st == 140 (1)
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455  So,

E T
exp(v;)
f(E)T,s = W ,u]l[xi,j =uNxT;= S] -
UZ:; ; §=0 ’ 20— exp(ve)

d exp(v;)
= ZZH (i =7 N2y :s]#
=0 > o= €xp(ve)

<.

456 We will take out the term ¢ = 0,

exp(v;)
=1z =29 = §] +ZZ]lefo J/\xz—s]l_l_i_e}zp( )
i=1 j=0

457 Then apply the softmax approximation mentioned earlier,

zl[xT:xo:s}+§:iﬂ[m:fﬂm/\xi:s] <1U_1]+O<2T>>

== exp(c)
T T i oT
= ]l[.IT =g = S} + ;]1[1‘7“ =T 1 Nx; = S] + ;JXZ:O]I[LL’T = Tij—j Nx; = S]O <exp(c)>
T T T3
=3 tor ==+ 320 (05
=1 i=1
458 O

459 This simplified model was constructed by taking a two layer transformer with relative positional
460 encodings and simplifying it. Our construction for how transformers would form induction heads
461 (corroborated with experiments such as the viewing of attention patterns in figure ) implies that the
462 MLPs and the value matrices could just be identity functions, and the first layer query matrix, and the
463 second layer positional embeddings were zero matricies, so in the simplified model we froze these
464 parameters to there final states. We also remove the softmax on the attention in the first layer. Despite
465 these changes, the training dynamics, our main interest, stay remarkably similar.

s66 Training We analyze gradient descent with the cross entropy loss Lr(f, E,xry1) =
467 — Zle log Softmax (f(E)) PXT7

468 D.3 Gradient Calculations

469  For use in the proofs, here we show the calculations of the gradients of the model with respect to the
470 parameters, and the loss with respect to the model.

iiiﬂn@—@/\b—u] 1zi—j =uAz; =8 —""— exp(v;)
8Wab i—j i

u=1 =0 j=0 z@ Oexp( )
I exp(v;)
= Loy =all[z,j =bAw; = 8|
i=0 j=0 2 _e—o €xp(vr)
471
8f(E)T,a
v,
E T i
= Z Z WmT’u]l[xi,j =uAN xXr; = S] (]]_[j = a] 7iexp(va) - ]l[a S Z] iexp(vj) ieXp(’Ua) >
u=1i=0 j=0 20— €xp(ve) >0 exp(ve) D y_o exp(ve)

*In practice, one would often use the empircal value of x4 rather than its distribution Px s, but in full
batch gradient descent this is in fact equivalent in our setting. This is because conditional on zr and P, x741 is
independent of x1,...z7_1.
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exp(v;)

T
:ZZ exp Va) W (]l[aci_a:u/\xi:s]]l[jza]—]l[xi_j :u/\xizs]]l[agi]i>
:o Zezo exp(vy)

kT i
:ZZ exp Ya) ———— Wi ]l[mi,a:u/\:ri:s]]l[agi]—Z]l[xi,j:u/\xi:s]]l[agi}%
1 i=0 200 €xP(ve) j=0 > =0 exp(ve)

:ZZ exp(va) —————Wep | Lzica =u Az =5] — Z]lxl j=uAT; =8|l —/———————— exp(v;)
u=1 i=a Ze o exp(ve) Zz 0 €xp(vr)

k T %

Z Z eXP Ua WzT,u]]-[xi = S] ]l[xi—a = U] - Z ]l[xi—j = U]%

u=1 i=a Ze o exp(ve) §=0 2_e—o €xp(vr)

OLr

W)T,a = Softmax(f(E))r.s — Pey.s

D.4 Proof of lemma[D.1]

Proof. Recall that at initialization, v = 0 and W = 0, implying further that f(E) = 0.

First step.
First consider the gradient of the loss with respect to 1. By chain rule,
OL7(E i aLT Of (E)r.s
8VV(L b a T s aWa b
A exp(v;)
= Z (Softmax (f(E))r,s — Pays) Y > Aler = alfeij = bAz; = 8] 20
s=1 i=0 j=0 2 oo exp(ve)

Il
H M:r
A
z~z
?
-
=
B
~
Il
L,
]~
=
&8
4
I
o
>
&8
Il
L,
—_

a,s
=0 j=0

1
]l[]?i_j :b/\xizs]i—i—l

Il

| —

=

8

H

|

=3
10+

N

=

T k i
1 1
= E]l[xT = a] g 1[z; = b] — S§:1Pa,s]1[xT = ajg O]I[xi_j =bAz; = S]i+1

1=0
1 k i 1
:EZ ]l[mi:b/\xT:a]—ZP(w Uz;—j =bAx; =sANzp = al- T
i=0 s=1 j=0 Uas
1 k i 1
:EZ 1z =bAxr_; =a] — ZP‘I»S ]l[xozb/\a:j:s/\:cT_i+j:a],+1
1
i=0 s=1 j=0

Where the last line follows from the markov property.

Now we take the expectation over x, 71 conditioned on the transition matrix P,

[ ] < (P10, 3 Py (P73 (P)
x| 8Wa,b — k b,a g @8, 1 s,a = b,s
T k T—i
1, 1 . ,
- m’; 7 (P)0— ;P‘”Tﬂ'+1 (P),a 2 (P7),
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487
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490

=mma(T +1) <

% - ZPa,sﬂ-s

k

s=1

) + O(logT)

Where the last step follows from Lemma|[D.§] Then, by applying Lemma[D.3]or lemmas[D.5and [D.6]

(depending on the distribution assumption on P), there exist positive constants (potentially depending
on k, but not T') A, B such that for all a

and for all a # b,

0L

Ew\P |:8Wa .

HEm|P |:

]

0L
OWap

|

The updated W, ;, after the gradient step is just —nE,p {

—(A+B)T+O(logT)

= —BT + O(logT)

OLr

Choose n = © (%) , so that W will be O(1) with respect to T' after the first step.

For the gradient with respect to v, since W = 0,

k

Sy )

u=11i= aZZ Oexp( )

=0
So,

exp(vq)

8LT

Completing the first step calculations.

Second step.

[f(E)r.s| =

<nT|A+ B|

3F( )Ts

Z 8LT

T, U

.
n(AI+B1'1)

ov

1zi—j =uhz; = s

So, using the first order approximation of softmax,

OLr(E)
af(E)T,s

= Softmax(f(F))r s

s

—1[zps1 =]

19

=0

exp(v;)

Zzzo exp(w)

1
(A+B)1l[z;—j =uiz; =s]-

]

After the first step, W = n (A + B171). Now let us bound the output of the model,

1

’u]l[a:i,j =uAx; = s];

} (because W is initialized at 0).
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492
493

494

495

497
498

1, fBre Sumt ,j;(E) OB 1 [ — 5]
- % +0 <n§(,4 + B)) +OM*T*(A+ B)?) — 1 [wr41 = 5]
=10 (14 B)) + OOPT A+ B~ 1 =
:%_n[xﬂl =s]+o<;>

Where the last step follows since n = O (77 ).

Now we can begin to analyze the gradients with respect to the parameters. For W, the gradient is
Of(E)r,s

approximately the same as in the last step. Notice that W does not depend on W, and v is
unchanged, so % is unchanged. Furthermore,
OF(E)rs _ N~y exp(v,)
T:ZZ Loy = allfzi_; =bAx; = s ———
Wap s=1i=0 j=0 > o—o €xp(ve)
T i 1
:Z ]l[xTza}]l[xi_jzb]f
i=0 j=0 !
T i
<22 5
i=0 5=0

|
~

We will now show that the gradient is approximately the same as in the first gradient step:

OLr(E)
8Wa,b

OLr  Of(E)rs
f(E)Té aWa,b

0
B (E v v ()
<

11

s=1
ko1 B i 9
=3 (5 mzs}) e o (5) M
k
= myma(T + 1) (llﬂ - ; P,wm) +O(log T)

Where the last lines follows from the gradient calculations in the first step.

Now we will consider the gradient with respect to v. First, notice that the uniform component of W,
B1 71, has no affect on the gradient of v:

kT i
exp(vg) exp(vy)
Wirwe———1z; = s] | L[ri—q = u] — — 1z =]
ava ; ; s exp(ve) ; > 1o exp(ve)
kT i
_ T - ) — _ R
_ZZ (mI + B1 >mT7ui+1]l[$Z_s] 1[zi—q = u] Zi+1]l[aczﬂ = u]
u=1 i=a 7=0
kT 1 iy
(Alfzr =u] + B =S Mg =] =S —— [z, =
;; [z = u] + )z+1 [x; = §] [ u] j:O“Fl [z = u]
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kT ;
1 1
:A;;ﬂ['xT—u]z_i_l]l[xz 3] ]l[.rz a—u] ]:OZ+1]1[1‘i_]_u
ET i
B T 1 i—a = - 1 i— =
kT 1 i
:A;;IL[xT u]i+1]l[ml 5] 1[$i—a=u]—; +1]1[37z—3 U]
G k i K
+BZ—i+11[£z_s] Z]l[% o = U] . z—i—lzﬂ[m’_J_u]
r=a u=1 j=0 u=1
kT 1 i
:AZZIL[xT—u]Hl [z = s] | L0 = u] il =
u=1 i=a =0
T K3
1 1
B —1z; = 1—
- Zi+l i = ] Laj4+1
i1=a j=0
kT 1 i
:A;;]l[:r: s =5 | 1fria = u] ]:OZHH[;CH_U
499 By chain rule,
8LT:Zk: oLy Of(E)r.s
dva 2 0f(E)rs  Ova
b 1 1 kT 1 i 1
:sz_:l(k PxTS+O(T>)I;Zz—;]l[%_u]wlﬂ[x’_S] ]l[xka_U]_J:oiqLﬂl[xw—U]
k kT ;
1 1 1 logT
=3 (= e R ter =iyt = (e == 2ty =l | <0 (35
s00 Where the last step follows because
P& ‘1 kT 1
g; T +1 [,131:5} ]1[151 a*’UJ] j:02+1]1[l’7 ]7u] < ;;ﬂ[fou]z—i_l
B i:ai+1
<logT
501 In expectation over the values of x, conditioned on the choice of P:
k T i
0Lt 1 Tu T 1 . log T
E . | T 77Pus ; P v P — - p*J o)
] SR G S e (e T e o (%
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Where the last step follows from lemma[D.9] Then, by applying Lemma [D.4] or lemmas [D.35]and [D.6]
(depending on the distribution assumption on P),

8LT 8LT
IEav|P [31}1 :| < EI|P |:a’l)a:|

OLr
E 0
z|P |:(91)1 :| <

Therefore, after the step is taken,
v = O(n, logT)
U1 = Un = an(log T)
Finally, we can consider the state of the model after the second step. Assume that the step size for v

in the second step is O(T'), and the step size for W is m
kT i o)
:ZZZ TT,U xZ,j:U,/\in:S]#
u=1 =0 j=0 Zé—oexp(vf)
logT . o7
A+ B1'1 Ulps = o 10— 1 oo

A—i—B;;;)( + +O< T )>wru [Tij =uAwz; 8]( l ]+O(exp(log(T))>)

: ZET:Z AL+ B1T1+0 (<52 Lzioj=una;=s] (1[j=1+0 1
A+Bu 1= QJO T . i—j — i = j = T
A+BX:IZO (AI+B1"1) 1w =uAz;=s]+O0(logT)

u=11
a4 I

T
ZIL Tic1 =uNz; =38+ O(logT)

Mw

]l[ﬂl‘i_l =x7 A T, = S]

A +B =0 + u=1 i=0
T B L
2 S]JFA—i—B; [z; = s] +O(logT)
This completes the proof. O

D.5 Inequality lemmas for & = 2

Lemma D.3. If P is a uniformly random stochastic 2 X 2 matrix, and T is the stationary distribution

of P, then
k
1 5 2
E |72 ——EP — -2 ~ —0.04
[ﬂa<k 2 msm)] B 3og() 0.045

and for any b # a

[wrb ( ZPa 7r>] = ,g + glog(Q) ~ —0.011

Proof. We have:
[( (b—1) [1 Capb-1) (1—a)(a—1)”

k
1
2
T Pass o
”a<k Z =7T> atb—2)2

2 a+b-2 a+b—2
a(b—1)3 )2
// a+b 2 ——— 5 dadb — // ath 27 dadb—i—// a+b— — " dadb
5

2
(6)
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510 For the non-diagonal elements, it holds:

TaTb ( ZPa m) ]

(b—1)( —1)3
- // g [ [ D [ [

1112—1 1(1—1112) 1112—7 51n2—z
2 2 6 4 3 6
(N

511 O

Lemma D.4. If P is a uniformly random stochastic 2 X 2 matrix, and T is the stationary distribution

of P, then,
kK
ST

and for any n # 1

k k
E [Z > 2Py (ms = Pu)

s=1u=1

=—7/2+5log(2) ~ —0.034

<E

ko k

>3 sk (s (7))
s=1wu=1

sti2 Proof. We have:

lZZWQPuS Ts — us)

s=1u=1

12(x +y) (®)

1
y2(12m2 — 122 — 3) + log((z + y)6x2(4x2+2x71)(x + y)6y2(4y2+2y1)))]
0

ll/ﬁx‘l + (2 + y) (6zy(—4a? + 22 + 1) + 6y + 13(20 — 24z)

12(z +y)
= —7/2+ 5log(2)

513 For the inequality, we have an intuition that doesn’t depend on k, notice that:

Zk: zk: LA <7rs - (P”)u,é,,)

Z - § § s Pu s |Ts Pa) u.s
s=1u=1 s=1u=1
k k
2
S 9) ST
s=1u=1
k
— 2. n
= — E T,
u=1
<a"

514 As long as «v isn’t concentrated around 1, then this shows that the magnitude of the RHS is bounded
515 by a term that shrinks exponentially in n. For k£ = 2, we will find a similar bound, and then show
s16  separately that for all n for which the bound fails, the inequality still holds true.

ko k
Py oPy1(4Py 5Py 1 — P o — Py 1)
2 n 1,2421(41 2821 1,2 2,1 n
) EquuS(WS—P ): 202112020 — 1, 1 _p,—P
per ) ( )'u,,s (P1’2 +P2,1)3 ( 1,2 271)
517 We can show that for any choice of P; 3 and P> ; on the unit square,

Py 9Py 1(4P1oPs1 — Pio — Pa1) < 1
(Prg+ Ps1)3 4
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523
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526

527

To see why this is true, observe that,

(4P, 9Py 1 — Py o — Po)?

= 16P1272P22’1 + (Pio+ P21)? —8(Pia+ Po1)Pri2Psy

<16P,P5 ) + (Pro+ Pan)? —4(Pio+ P21)?PioPay since Py o + Py < 2
=16P7,P5 + (Pio+ Po1)® —4P1oPy1((Pio + Pa1)? — 4P1 5Py 1)

= (Pio+ Py1)? — 4Py 2Py 1 (P o — P2)?

< (Pi2+ 17)2,1)2

Using the above, we have

<P1,2P2,1(4P1,2P2,1 —Ps— 132,1))2 < P2oP3 (Pro+ Py )?
(Pro+ P21)3 (Pr2+ Py1)8

P?,P5
- (Pia+ Pop)?
P{,P5
= 16P1272P2271 using (Py o + Py 1) > 4Py 2Py
_ 1
- 16°
So,
k ok !
2 n n
Pus(s_P ) <*1—P —P
H;;% s (s = (P™) s ||_4| 12 — Pail
Now,
E 11|1 P, Pyq|" 1/1/1|1 |"
1211 — _ - _- —
1 1,2 2,1 1)y ), Y
1 2
4 (n+1)(n+2)
P CESCES)
Notice that this decreases in n, and at n = 3, 72(3“%(34_2) = 4% = 0.025 which is less in magnitude

than the value we proved atn = 1, | — 7/2 + 5log 2 & 0.034. So, solving for n = 2 (verified by a
symbolic algebra program)

E

60 15

PioPyy (—Pio— Poy +1)°- (2P oPoy + Pio (Pog — 1)+ Poy (Prp — 1)) 413 | 149log (2)
. = + 22080~ 0.002
(Pra+Psy)

Which is not only greater than —7/2 + 5log 2, but positive. Lastly, we simply need to show that the
inequality holds at n = 0, and we are done.

g | PrePas (“Pro— Poy +1)° - (2P1aPas + Pra(Poaa = 1) + Poy (P2 — 1))
(P12 -|-P2,1)‘3
__E PioPsy- (2P oPo1+Pio(Par— 1)+ Py (Pi2—1))
(P12 + P2,1)3
=—T7/64+5%x1log(2)/3 ~ —0.0114
Which is greater than —7/2 + 5log 2, completing our proof. O
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Lemma D.5. If P is a uniformly random doubly stochastic matrix, then,

k k
1 1
ﬂ'i (/{3 — E Pa,sﬂ's>‘| =E [Waﬂb <k - E P(1757r5>‘|
s=1 s=1

k k
Z Z 7T12,,Pu7s (775 - Pu,s)
s=1u=1

For all non-negative a # 1. and,

k k
E [Z > 2Py (ms — Pu)

s=1u=1

E

forall a,b and

E <E

i i 7Tipms (Ws - (Pa)u,s)]

<0

Proof. We will use the fact that for doubly stochastic matrices, the stationary distribution is the
uniform vector 1.

The first equality follows directly from 7, = % = m,. Now we will prove the inequality.

E ok k
a 1 1 a
E [Z Z 7TQ2LP7J,7S ('/Ts - (P )U7S) =K Z Z ﬁpu’s (ki - ( )u,s>‘|
s=1u=1 s=1u=1
1 TR
== m D E [Pu:s (P“)u,s}
s=1u=1
By Cauchy Schwartz,

1 1 “

=12~ BB P g
1 1 “

> 5 = SEIIPIFIPF)

We can make the above inequality strict because Cauchy Schwartz is only tight when the vectorizations
of P and P“ are linearly dependent, since both are still doubly stochastic, this can only happen when
P = P?, which occurs only when each row of P is identical, which happens with probability zero.
For now assume a > 0, then,

1 1 .
=2 ﬁ]E[HPHFHP | 7]

1 1 I
= 5~ =B [IPIFIPP ]

1 1 "
=z~ 2E [IPIFI Y aihi P m
1 1 a1
> 5= 73 2 B [ Pllr AP ]
1 1 a1
=25~ 72 2 GE[IP#l P F]

11 .
= 5 — BE[IPIrIP ]

The third step used the well known Birkhoff-Von Nuemann Theorem [[7] that any doubly stochastic
matrix P is the convex combination of permutation matrices, so P = > ; a;A; for some permutation
matrices A; and constants a; > 0 with >, a; = 1. The inequality step uses Jensen’s inequality.
Induction on positive a yields the desired inequality for positive a.
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Now consider the remaining case, a = 0,

11 g 0 1L 1y
M_WZZE[P“’S(P)%J:I#_I#Z;E[PS’S]

s=1u=1

Since cycling each row or column by 1 in a doubly stochastic matrix results in a doubly stochastic
matrix, by symmetry the marginal distributions of any two entries in P are identical, so,

k
1 1 1 1
B LRl =g e =0

s=1
While at ¢ = 1, we have
1 T
5 pZZE[P&S] <0
s=1u=1

Note that equality only occurs when P = 11", which occurs with probability 0, hence why the
inequality is strict.

O
Lemma D.6. If P is a uniformly random k by k stochastic matrix subject to each row being the same,
then,
1 & 1 <
2
E lwa (k - ;Pwmﬂ <E lwm (k — SZIP(LSWS)] <0
and
k
Bl (-t nn)] s
E [ﬂ—aﬂ-b (% - Z];:l Pa,s’frs):| B 5
forall a and b and
kE k
B33 % (r. - <pa>“)] o
s=1u=1
For all a.

Proof. The equality statement follows from the facts that for such transition matrices, P* = P for all
natural @ > 0, and that the stationary distribution matches the rows, that is, for any a, b, m, = P, 3,

kK k k k
Z Z ﬂ-ipms (7Ts - (Pa)uys) Z Z 7T12LPu,s (773 - Pu,s)
s=1u=1 s=1u=1

Now we will do the inequalities. We will also use the following facts derived from the moments of
the Dirichlet distribution,

E =F =FE

B (Inl] = o5
B 4(k+5)
Bl = e s oG9

So,

E

2 (,ﬁ prﬂ =" [”3 (llf Z”)l
= CE [||7r||§ (;1 - Iwé)]

26

kK
Z Z ﬂiP%S (ms —ms)| =0
s=1u=1



554

555

556

557

559

560
561
562
563

564
565

566

1 1
= E [I713] - ZE [(lIx]3)]
2 4(k +5)

k2(k+1) k(k+1)(k+2)(k+3)
Which is negative for all £ > 2. And,

1 & 1 &
_ 2
ToTh (k — ;Pays,n_s)] =E |7, m (k — lem)]

2| (- 1m8)]

1 1

E

:ﬁ - ?E [||7T||§]
_1 2
kS R2(k+1)

Which is also negative for all £ > 2. Finally, notice that

2 N 4(k+5)
k2(k+1)  k(k+1)(k+2)(k+3)
1 2
kS T E2(k+1)

For all &k > 2. O

D.6 Approximation Lemmas

The following lemma is a well known property of stochastic matricies, (see Lemma 3.3.2 Gallager
[L7] for example).

LemmaD.7. Let o = 1 — 2min; ; P; ;. Then, for any i, j

’(Pn)i,j —m|<at

Lemma and lemma both share similar intuitions and proofs. They largely rely on lemma
which shows that (P")2 ; approaches m; exponentially fast with respect to n, to show that over
the course of summations over n the stationary distribution dominates, allowing us to simplify the
expressions.

Lemma D.8. Let P be a stochastic matrix with all positive entries, and let a, b be states. Assume
that min; ; P; ; is positive and doesn’t dependend on T'. Then,

k —1

T
1, 1 ; _
M2\ P ™ 2 Py (P 2 (P

~

Il
=)

k
1
= mpma(T +1) (k — ZPMWS> + O(log T).
s=1

Proof. Let us bound the magnitude of the difference between the two expressions.

T 1 , k 1 , T—1 , 1 k
Wb; 7 (P —;Pa,sm (P 2 (P)y 5 | —moma(T +1) (k _;PWWS>
= |m T 1((pi) —7a) zkjp L () T_i(pf) —mem
k b,a a a,8 T—5+1 s,a b,s sta
=0 s=1 =0
T 1 k 1 T—i
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<7 a ST ‘ s~ TsTa
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:ﬂ-bz a +Z “sp —z+1 ‘ iS, _W“)_FW“((Pj)b,s_ﬂ-s)
1=0 7=0
T T—1
<7sz fa +Z a5 7 +1 ( )ﬂ—ﬂa + g (Pj)b’s—ﬂ's)
1=0
T 1 k T—i
<7sz az—&-z Z+1Z( a+7r aj)
i=0 s=1 =0
T 1 k T—i
Sﬂ'bz a’+2 z+1Z oz—l—a’

I /\

I/\
@" @‘ @‘
1= 1 I L

| /\

1 VIS S 1 1
ka of —2+11—a

n (o3

Ga +ZPas (0‘ +:Flz+111a)>
D

(

T
1 1 1
<7 —
= b; k:a ta't —z+11—a>
1—af™ log(T+1)+1
cm (14 L)l los@H DT
k 1-a 11—«
2 + = —I— log(T' + 1)

- l1-«a
< 2logT
T 1l-«a
~ logT

mini)j Pi7j
=O(logT)
The last step follows from our assumption, completing the proof. O

Lemma D.9. Ler P be a stochastic matrix with all positive entries, and let a, b be states. Assume
that min; ; P; ; is positive and doesn’t depend on T'. Then,

LA T 1 o
z_;;(k “#);T_M(P)S,u (P),S_T_HlJX_:(PJ)u,S

Proof. First notice that,
ko ko
3 (=P 7 (=) =

s=1u=1
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Figure 12: Three-headed transformer trained on In-Context Learning 3-grams (trigrams), with context
length 200. (left) Loss during training. The model hierarchically converges close to the Bayes
optimal solution. (right) KL divergence between the model and different strategies during training.
As we observe, there are 4 stages of learning, each of them corresponding to a different algorithm
implemented by the model.
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The last step follows from our assumption, and the fact that £ does not depend on 7. O

E Beyond Bigrams: n-gram Statistics

Finally, we investigate the performance of transformers on learning in-context n-grams for n > 2; in
particular, 3-grams. We train attention-only transformers with three heads in each layer by minimizing
the in-context cross entropy loss with the Adam optimizer. As can be seen in Figure[I2] (left), the
model eventually converges to the Bayes optimal solution. Interestingly, as in the case of Markov
Chains, the model displays a “hierarchical learning" behavior characterized by long plateaus and
sudden drops. In this setup, the different strategies correspond to unigrams, bigrams and trigrams,
respectively. This is presented clearly on the right of Figure[I2] where we plot the similarity of the
model with the different strategies and it exhibits the same clear pattern as in the case of n = 2.
Curiously, single attention headed models could not achieve better performance than bigrams. We
leave a more thorough investigation of n-grams for future work. This behaviour is much less stable
for different number of heads and tokens. With two heads or four heads, there is sometimes no bigram
phase and faster convergence.

NeurIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: All claims made in our paper are supported by theoretical proofs or rigorous
empirical evaluations.

Guidelines:

¢ The answer NA means that the abstract and introduction do not include the claims made
in the paper.
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629 how they scale with dataset size.

630 « If applicable, the authors should discuss possible limitations of their approach to address
631 problems of privacy and fairness.
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634 limitations that aren’t acknowledged in the paper. The authors should use their best
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639 Question: For each theoretical result, does the paper provide the full set of assumptions and a
640 complete (and correct) proof?

641 Answer: [Yes]

642 Justification: Our main paper may have some informal theorem statements for ease of read-
643 ability, we give formal versions of all the statements with full proofs in the appendix. We also
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646 » The answer NA means that the paper does not include theoretical results.
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* The proofs can either appear in the main paper or the supplemental material, but if they
appear in the supplemental material, the authors are encouraged to provide a short proof
sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide all training details in Appendix [C] and information on the data
generating process and architecture in Appendix B}

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of whether
the code and data are provided or not.

« If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

» While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there
should either be a way to access this model for reproducing the results or a way to
reproduce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions
to faithfully reproduce the main experimental results, as described in supplemental material?

Answer:

Justification: We plan to release the code prior to publication. However, we believe our
experiments are easy to reproduce with the provided information.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.
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* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
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* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparame-
ters, how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [Yes]
Justification: The details are available in Appendix [C]
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* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Our main results regard the multiphase nature of training, and we include Figure[5]
which shows that for the seeds 0, 1,...9 the model each time has the same patterns in the
training curve. The curves were shown individually instead of through error bars since the
main purpose of the loss curves is to show the shape, but because the phase transition doesn’t
occur at a consistent time, adding error bars smooths out the curve making the phase transition
look less sharp.
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* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula, call
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the mean.
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error rates).
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Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the
experiments?

Answer: [Yes]

Justification: The resources are described in Appendix [C] Only a single computer was used,
and none of the training runs took longer than ten minutes.
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* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than
the experiments reported in the paper (e.g., preliminary or failed experiments that didn’t
make it into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We read the code of ethics in its entirety and strongly believe that our research
abides by the stated code.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special considera-
tion due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [NA]

Justification: Our work focuses on understanding the internal mechanisms of Transformer
models on synthetic tasks. We do not foresee any direct societal impact of this work.
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* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
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* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
being used as intended but gives incorrect results, and harms following from (intentional
or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA|
Justification: Our work does not release any data or models that poses safety risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith
effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [Yes]
Justification: We cite the Github repository we use as the codebase for our Transformer models.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets| has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.
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« If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA|
Justification: We do not introduce any new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

¢ At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well
as details about compensation (if any)?

Answer: [NA]
Justification: Our work does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution)
were obtained?

Answer: [NA]
Justification: Our work does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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