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Abstract

We study finite-horizon weakly-coupled Markov decision processes (WCMDPs)
with N homogeneous agents, where each agent is modeled as an MDP. Prior
work has shown that linear-programming-based (LP-based) policies, derived from
the fluid approximation that captures the system’s mean dynamics, achieve an
O(1/v/N) optimality gap per agent. In this paper, we present instances where this
gap is in fact ©(1/+/N).> We further propose a novel stochastic-programming-
based (SP-based) policy that, under a mild uniqueness assumption, achieves an
O(1/N) optimality gap per agent. Our approach constructs a Gaussian stochastic
system centered around the fluid-optimal trajectory, capturing both the mean and the
variance of the WCMDP dynamics. This results in a more accurate approximation
than the fluid approximation. The policy is then obtained by solving a linear
Gaussian stochastic program for this system. To the best of our knowledge, this
is the first result to establish an O(1/N) optimality gap for WCMDPs under a
uniqueness assumption.

1 Introduction

WCMDPs model the control and decision-making of systems with N agents (each an MDP) under
global resource constraints. Agents evolve independently given their local states/actions, but the
actions are globally coupled due to resource constraints. WCMDPs arise in machine maintenance,
healthcare, target tracking, and ride-hailing empty-car routing [1, 2, 5-7, 9, 10, 12, 14, 15, 17, 19, 23].

A classical approach replaces the stochastic transition by its expectation, yielding a deterministic fluid
LP and a family of LP-based policies. These are asymptotically optimal per agent (o(1)) and have
been shown to achieve O(1/ VN ) gaps [3, 4, 8, 11, 20-22, 25]. Under additional non-degeneracy
assumptions (the exact definition of non-degeneracy varies by work [4, 6, 24]), the optimality gap
reduces to O(1/N).

The non-degeneracy assumptions are quite restrictive for many practical applications. In particular,
when the constraints of the WCMDPs are saturated, e.g., when the system is operating in a resource-
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3We adopt standard asymptotic notation throughout. Specifically, for functions f(N ) and g(N), we write
f(N) = O(g(N)) if there exist positive constants C' and Ny such that | f(N)| < C|g(N)| for all N > Np.
Similarly, f(N) = Q(g(N)) if g(N) = O(f(N)), and f(N) = ©(g(N)) if both f(N) = O(g(N)) and

f(N) = Q(g(N)) hold. We use O(-) and ©(-) to suppress logarithmic factors.
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Figure 1: Empty-car routing (WCMDP): SP vs. LP-based policies across N.

constrained scenario such that some resources have to be fully utilized to maximize the total reward,
the non-degeneracy assumption is unlikely to hold.

In this paper, we propose a second-order method based on stochastic-programming (SP-based), which
considers both mean and variance near the fluid optimum. Our contributions:

* We construct a Gaussian stochastic system centered at a fluid-optimal solution y*; optimizing
within its ©(1/v/N) neighborhood yields a policy implementable in the N-system via integer
rounding.

» Under a uniqueness assumption for the fluid LP, the SP-based policy attains an (5(1 /N) optimality
gap (Theorem 4.1). This result does not require the problem to be non-degenerate.

* We present a class of problems under which LP policies have ©(1/ VN ) optimality gap and
furthermore, the LP bound upper bound is ©(1/+/N) larger than the true optimum (Theorem 4.2).

Illustration. In an empty-car routing WCMDP, our SP-based policy is near-optimal while LP-based
policies exhibit clear gaps (Figure 1).

2 Model

We consider N statistically identical MDPs (agents) indexed by n € {1, ..., N'} with finite state space
S ={1,...,5} and action space A = {0,1,..., A —1}. Atstep h € {1, ..., H}, the joint state is
sh = (S1,n,---,5n.n) €SN and a feasible joint action is a, = (a1 4, ...,ans) € AN. Each agent
evolves independently given (s, ay,), so that Py, (sp11 | sp,ap) = HnN:1 Py(snh+1 | Snhs@n,h)-
The immediate reward 25:1 Th(Sn,n, Gn,p) 1s additive, and there are J resource types with per-
epoch budgets b; N. Let C;(s,a) > 0 denote the consumption of resource j by (s, a) and assume
C;(s,0) = 0. Feasibility at time / requires S~ | C;(sp.n,ann) < b;N, foreach 1 < j < J. The
objective is to find a policy 7 mapping sy, to a;, that maximizes the per-agent total reward:

N
> rh(sn,h,an,h)] :
n=1

Ao

N N E
h=1

Aggregated state-action representation. Let X;, € A® collect the fractions of agents in each
state and let Y, € A4 collect the fractions taking each (s, a). Write rj, = (7,(s,a))s.. and let C
be the J x S A matrix with columns C(s, a); denote the resource vector by b € R”. Feasibility and
the objective become

> Yu(s,a)C(s,a)T <b, > Yu(,a)=X,, 1<h<H, ()
H

Vope(Xini, 1) = max Y E[ra Y], Xy =xini @
h=1

This aggregated model is an equivalent representation of the WCMDP for homogeneous systems, but
greatly simplifies the notation.



3 Second-order Gaussian approximation and SP-based policy

Fluid LP (first order) as the baseline. Replacing the stochastic transition by its expectation yields
the fluid LP:

(Xh,¥n

H
Vip(Xini, 1) = max) Zrhy; 3)
h=1

s.t. z:yh(s,a)C(s,a)—r < b, th(-,a) =Xp, Xpt1 = th(s,a)Ph(-|s,a),

with X1 = Xipni, Yn > 0. Let (x*, y*) be an optimal solution. It is known that Volgt < Vip [4], and

LP-based policies derived from (x*,y*) are efficient yet may incur ©(1/v/N) gaps, see Theorem 4.2
below.

Gaussian surrogate (second order). To capture variance, we define a Gaussian system on A
with the same initial state x;,;. For action y,, consider

X1 = Projas (Z yn(s,a)Py(-|s,a) + Zh/\/ﬁ> ; 4

s,a

where Z;, is zero-mean with covariance matching the /N-system if applying action y; (action-
independent noise near y; keeps optimization tractable). Projection is rarely active (with probability
1 — O(N~'°8N)), This second-order correction is of scale 1/v/N (CLT regime) and is accurate in
an O(1/+/N)-neighborhood of y.

Neighborhood policy class and Gaussian SP. Let iy = 2log N/ VN, fix k > 0, a fallback policy
7+, and a sequence z;, independent of N. Define

s, (y*) = {7r ks h) — il < Kzndn if % — X5 o < 2ndn; else m = wi}. (5)

The (:)(1 /V/N) radius is tight: larger neighborhoods inflate second-order error; smaller ones risk
excluding the N-optimal policy.

We then optimize over I, (y*) on the following Gaussian stochastic system:

H

max Z E [rh ?; } (6)

m€llsy (y*) =1

s.t. Zi}h(s,a)C(S,a)T <b, Z?h(-,a) = X}, system transition follows (4).
s,a a

Let 7V € arg maXrer,, (y+) be an SP-optimal policy on the Gaussian system. The SP-based
policy applied to the N-system is described in Algorithm 1.

Implementation & complexity. Solving (6) amounts to a low-variance stochastic program re-
stricted to a small-radius neighborhood, with i.i.d. Gaussian noise; in practice one can construct in the
1/+/N scale an N-independent and projection-free SP from (6), and use well-established algorithm
such as SDDP [16, 18] and EDDP [13] to solve its sample-average approximation. In addition, we
round the action so that NY,, € N°4, as in Lines 6 and 8 of Algorithm 1.

4 Main results

Let V'V (resp. ‘N/WN ) denote the value of 7 in the N-system (resp. Gaussian system), and define the
Q-functions analogously.

Assumption 4.1 (Uniqueness). The fluid LP (3) has a unique optimal solution y*.



Algorithm 1 Stochastic-programming-based (SP-based) policy for the NV-system

1: Input: Fluid-optimal y* from (3); constants zj, &y, #; fallback policy
2: Solve (6) to obtain #V* € s, (y*)

3: for h =1to H do

4 Observe N-system state Xy,

5 if”Xh *X;‘L”oo S Zh(SN then

6: Y, + round (7V*(X,, b))

7: else

8: Y, < round (7 (Xy, h))

9 end if

0 Apply integer action Y}, (so NY}, has integer entries)
1: end for

Theorem 4.1 (SP-based policy is (5(1 /N)-optimal). Under the Uniqueness Assumption 4.1, the
SP-based policy in Algorithm 1 satisfies

VY (Xiniy 1) — VA (%ini, 1) = O(1/N).

Sketch. (i) An optimal policy for the N-system belongs to s, (y*) under the Uniqueness Assump-
tion 4.1; (ii) local second-order accuracy of the Gaussian surrogate in a ©(1/ VN ) neighborhood of
(x*,y*); (iii) rounding loss is O(1/N).

LP baselines are tightly ©(1/v/N). Consider the LP-based policies class
Mnia(y*) = {7 ¢ Im(xn, k) = ¥illoo < Klixn =X, VA . )

Theorem 4.2 (Tight lower bounds). There exist WCMDPs where every m € g,ia(y*) satisfies
VN (Xini; 1) = V. (Xini, 1) = ©(1/V/'N), and the LP bound is loose: Vi,p(Xini, 1) —Volgt (Xini, 1) =

opt

O(1/v/N).

Discussion & insights. The ©(1/v/N) neighborhood is not just a technical convenience: it is the
CLT scale at which random fluctuations of the N-system live. Optimizing the policy over a larger
neighborhood would increase second—order approximation error, which would become dominate
in the optimality gap analysis, while reducing the neighborhood may exclude the /NV-optimal policy.
This explains why our policy class IIs, (y*) is both necessary (to retain optimal policies under
uniqueness) and sufficient (to keep the approximation error small enough).

Role of uniqueness. When the fluid LP has a unique optimum, the value surface near (x*,y™) behaves

like a well-conditioned local summit: the /N-optimal policy concentrates within a (:3(1 /V/'N) tube
around y*. In that regime, variance-aware corrections are reliably beneficial and the global gap

contracts to O(1/N) (Theorem 4.1).

5 Conclusion

We developed a second-order SP-based policy for finite-horizon WCMDPs by optimizing a Gaussian
surrogate in a ©(1/+v/N) neighborhood of the fluid optimum. Under LP uniqueness, we established
that the policy achieved an O(1/N) optimality gap, and we showed that the fluid LP bound was

O(1/+/N) loose. Complete proofs and additional experiments are provided in the extended version
of this work.
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