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ABSTRACT

In the past several years, the last-iterate convergence of the Stochastic Gradient
Descent (SGD) algorithm has triggered people’s interest due to its good perfor-
mance in practice but lack of theoretical understanding. For Lipschitz convex
functions, different works have established the optimal O (log(1/9) log T/v/T) or

O(+/log(1/6)/T) high-probability convergence rates for the final iterate, where
T is the time horizon and 9§ is the failure probability. However, to prove these
bounds, all the existing works are either limited to compact domains or require
almost surely bounded noises. It is natural to ask whether the last iterate of SGD
can still guarantee the optimal convergence rate but without these two restrictive
assumptions. Besides this important question, there are still lots of theoretical
problems lacking an answer. For example, compared with the last-iterate conver-
gence of SGD for non-smooth problems, only few results for smooth optimization
have yet been developed. Additionally, the existing results are all limited to a
non-composite objective and the standard Euclidean norm. It still remains unclear
whether the last-iterate convergence can be provably extended to wider compos-
ite optimization and non-Euclidean norms. In this work, to address the issues
mentioned above, we revisit the last-iterate convergence of stochastic gradient
methods and provide the first unified way to prove the convergence rates both in
expectation and in high probability to accommodate general domains, composite
objectives, non-Euclidean norms, Lipschitz conditions, smoothness, and (strong)
convexity simultaneously.

1 INTRODUCTION

In this paper, we consider the constrained composite optimization problem min, ¢y F(z) == f(z)+
h(zx) where both f(z) and h(x) are convex (but possibly satisfying additional conditions such as
strong convexity, smoothness, etc.) and X C R? is a nonempty closed convex set. Since a true
gradient is computationally prohibitive to obtain (e.g., large-scale machine learning tasks) or even
infeasible to access (e.g., streaming data), the classic Stochastic Gradient Descent (SGD) (Robbins
& Monro, 1951)) algorithm has emerged to be the gold standard for a light-weight yet effective
computational procedure commonly adopted in production for the majority /pf machine learning
tasks: SGD only requires a stochastic first-order oracle f(x) satisfying E[0f(z) | z] € Of(z)
where 0 f () denotes the set of subgradients at 2 and guarantees provable convergence under certain
conditions (e.g., Lipschitz condition for f(x) and finite variance on the stochastic oracle).

A particularly important problem in this area is to understand the last-iterate convergence of SGD,
which has been motivated by experimental studies suggesting that returning the final iterate of SGD
(or sometimes the average of the last few iterates) — rather than a running average — often yields a so-
lution that works well in practice (e.g., Shalev-Shwartz et al.|(2007)). As such, a fruitful line of liter-
ature (Rakhlin et al., 2011} |Shamir & Zhang] [2013; Harvey et al.|[2019a}|Orabona, [2020; [Jain et al.,
2021) developed an extensive theoretical understanding of the non-asymptotic last-iterate conver-

gence rate. Loosely speaking, two optimal upper bounds, 5(1 / VT ) for Lipschitz convex functions

*An extended version including more results is available at https://arxiv.org/abs/2312.08531.
fCorresponding author.
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and O(1/T) for Lipschitz strongly convex functions, have been established for both expected and
high-probability convergence when h(x) = 0 (see Subsection for a detailed discussion). How-
ever, to prove the high-probability rates, the existing works rely on restrictive assumptions: compact
domains or almost surely bounded noises (or both), which can simplify the analysis but are unreal-
istic in lots of problems. Until today, whether these two assumptions can be relaxed simultaneously
or not still remains unclear. Naturally, we want to ask the following question:

Q1I: Is it possible to prove the high-probability last-iterate convergence of SGD for Lipschitz
(strongly) convex functions without the compact domain assumption and beyond bounded noises?

Compared with the fast development of non-smooth problems, the understanding of the last-iterate
convergence of SGD for smooth problems (i.e., the gradients of f(x) are Lipschitz) is much slower.
The best expected bound for smooth convex optimization under X = R until now is still O(1/+/T)
due to Moulines & Bach| (2011), which is far from the optimal rate O(1/+/T) of the averaging
output (Theorem 4.2 in |Lan| (2020)). However, temporarily suppose the domain is compact, one
can immediately improve the rate from O(1/+/T) to O(1/+/T) by noticing that we can reduce the
smooth problem to the Lipschitz probleni'| and use the known bounds from non-smooth convex
optimization. Hence, one may expect the last-iterate convergence rate of SGD for smooth convex
optimization should still be O(1/+/T) for any kind of domain. If one further considers smooth and
strongly convex problems, as far as we know, no formal result has been established for the final
iterate of SGD in a general domain except for the expected O(1/7') rate when X = R? under the
PL-condition (which is known as a relaxation for strong convexity) (Gower et al.| 2021} |Khaled &
Richtarik} 2023). The above discussion thereby leads us to the second main question:

Q2: Does the last iterate of SGD provably converge in the rate of O(1/ VT ) for smooth and convex
Sunctions and O(1/T) for smooth and strongly convex functions in a general domain?

Besides the two aforementioned questions, there are still several important missing parts. First,
recalling that our original goal is to optimize the composite objective F'(z) = f(x) + h(z), it is
still unclear whether — and if so, how — the last-iterate convergence of this harder problem can be
proved. Moreover, the previous works are limited to the standard Euclidean norm. Whereas, in
lots of specialized tasks, it may be beneficial to employ a general norm instead of the /5 norm to
capture the non-Euclidean structure. However, whether this extension can be done remains open.
Additionally, the proof techniques in the existing works vary in different settings, which builds a
barrier for researchers to better understand the convergence of the last iterate of SGD. Motivated by
these challenges, we would like to ask the final question:

Q3: Is there a unified way to analyze the last-iterate convergence of stochastic gradient methods
both in expectation and in high probability to accommodate general domains, composite
objectives, non-Euclidean norms, Lipschitz conditions, smoothness, and (strong) convexity at once?

1.1 OUR CONTRIBUTIONS

We provide affirmative answers to the above three questions and establish several new results by
revisiting a simple algorithm, Composite Stochastic Mirror Descent (CSMD) (Duchi et al.| 2010),
which is based on the famous Mirror Descent (MD) algorithm (Nemirovski & Yudin, 1983} Beck &
Teboulle, [2003) and includes SGD as a special case. Specifically, our contributions are as follows.

* We establish the first high-probability convergence result for the last iterate of CSMD in
general domains under sub-Gaussian noises to answer Q1 affirmatively.
« We prove the last iterate of CSMD can converge in the rate of O(1/+/T) for smooth convex

optimization and O(1/T') for smooth strongly convex problems both in expectation and in
high probability for any general domain X', hence resolving Q2.

* We present a simple unified analysis that differs from the prior works and can be directly
applied to various scenarios simultaneously, thus leading to a positive answer to Q3.

'To see why gradients are bounded in this case, we first fix a point 2 in the domain. Then by smoothness,
there is |V f(z) — V f(x0)||2 = O(||z — xo||2) for any other point z, which immediately implies |V f(z)||> =
O(llxz — zo|l2 + |V f(zo0)||2) = O(D + ||V f(x0)||2) where D is the domain diameter.
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1.2 RELATED WORK

We review the literature related to the last-iterate convergence of plain stochastic gradient meth-
odﬂ measured by the function value gap (see Subsection for why we use this criterion) for both
Lipschitz and smooth (strongly) convex optimization. We only focus on the algorithms without
momentum or averaging since it is already known that, without further special assumptions, both
operations cannot help to improve the lower order term O(1/ VT ) for general convex functions and
O(1/T) for strongly convex functions. For the last iterate of accelerated or averaging based stochas-
tic gradient methods, we refer the reader to Nesterov & Shikhman|(2015)); |Lan| (2020); |Orabona &
Pal| (2021)) for in-expectation rates and |Davis & Drusvyatskiy| (2020); Gorbunov et al.| (2020); Liu
et al.| (2023)); [Sadiev et al|(2023) for high-probability bounds. As for the last iterate of stochastic
gradient methods for structured problems (e.g., linear regression), the reader can refer to|Lei & Zhou
(2017);|Ge et al.| (2019); |Varre et al.| (2021)); [Pan et al.| (2022); Wu et al.|(2022) for recent progress.

Last iterate for Lipschitz (strongly) convex functions: Rakhlin et al.|(2011) is the first to show
an expected O(1/T) convergence for strongly convex functions. But such a bound is obtained
under the additional assumption, smoothness with respect to optimu meaning their result does
not hold in general. Later on, Shamir & Zhang| (2013)) proves the first expected last-iterate rates
O(log T/+/T) and O(log T/T) for convex and strongly convex objectives, respectively. The high-
probability bounds turn out to be much harder than the expected rates. After several years, [Harvey
et al. (2019a) is the first to establish a high-probability bound in the rate of O(log(1/8)log T//v/T)
and O(log(1/6)logT/T) for convex and strongly convex problems where ¢ is the probability of
failure. Afterward, Jain et al(2021) improves the previous two rates to O(y/log(1/0)/T) and
O(log(1/6)/T) but with a non-standard step size schedule. They also prove the expected rates

O(1/+/T) and O(1/T) under the new step size.

However, a main drawback for the general convex case in all the above papers is requiring a compact
domain. To our best knowledge, |Orabonal(2020) is the first and the only work showing how to shave
off this restriction, and thereby obtains an expected O(log T'/+/T') rate for general domains yet it is
unclear whether his proof can be extended to the high-probability case or not. Until recently, [Zamani
& Glineur (2023) exhibits a new proof on how to obtain the convergence rate for the last iterate but
only for the deterministic case. Lastly, we would like to mention that all of these prior results are
built for a non-composite objective f(x) with the standard Euclidean norm.

Last iterate for smooth (strongly) convex functions: Compared with Lipschitz problems, much
less work is done for smooth optimization. As far as we know, the only result showing a non-
asymptotic rate for smooth convex functions dates back to Moulines & Bach| (2011), in which the
authors prove that the last iterate of SGD on R? enjoys the expected rate O(1/ VT ) under addi-
tional restrictive assumptions (e.g., mean squared smoothness). As for the strongly convex case, the
expected rate O(1/T') under the PL-condition (which is known as a relaxation for strong convex-
ity) has been established but only for non-composite optimization under the Euclidean norm on the
domain X = R? (Gower et al.| [2021} Khaled & Richtarik, [2023).

Lower bounds for last iterate: Under the requirement d = T where d is the dimension of the
problem, Harvey et al.| (2019a) is the first to provide lower bounds Q(log T'/+/T) under the step
size ©(1/+/t) for non-smooth convex functions and 2(log 7'//T) under the step size ©(1/t) when
strong convexity is additionally assumed. Note that these two rates are both proved for deterministic
optimization meaning that they can be also applied to the expected lower bounds. Subsequently,
when d < T holds, Liu & Lu| (2021) extends the above two lower bounds to Q(log d/+/T) (this
bound is also true for the step size ©(1/+/T)) and Q(log d/T) under the same step size in Harvey
et al.[(2019a). As a consequence, lower bounds Q(log(d AT)/T) and Q(log(d AT)/+/T) have been
established for both convex and strongly convex problems under the Lipschitz condition. For the
high-probability bounds, |[Harvey et al|(2019a) shows their two deterministic bounds will incur an
extra multiplicative factor Q(log(1/6)), namely, Q(log(1/6) log T/v/T) and Q(log(1/6)log T/T).
However, under more sophisticated designed step sizes, better upper bounds without the 2(logT')
factor are possible, for example, see|Jain et al.|(2021)) as mentioned above.

2To clarify, we mean the algorithm does not contain momentum or averaging operations.
3This means 3L > 0 such that f(z) — f(2*) < £|lz — 2*||?, Vo € X where 2* € argmin,  y f(2).
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Another highly related work is|Liu et al.| (2023)), which presents a generic approach to establish the
high-probability convergence of the average iterate under sub-Gaussian noises. We will show that
their idea can be further used to prove the high-probability convergence for the last iterate.

2 PRELIMINARIES

Notations: N is the set of natural numbers (excluding 0). [d] := {1,2,--- ,d} foranyd € N. a V b
and a Ab are defined as max {a, b} and min {a, b}, respectively. (-, -) is the standard Euclidean inner
product on RY. || - || represents a general norm on R? and || - ||, is its dual norm. Given a set A C R9,
int(A) stands for its interior points. For a function f, 0 f(x) denotes the set of subgradients at .

We focus on the following optimization problem in this work
mi)r(l F(z) = f(z) + h(x),
S

where f and h are both convex. X C int(dom(f)) C R? is a closed convex set. The requirement
of X C int(dom(f)) is only to guarantee the existence of df(z) for every point x in X with no
special reason. We emphasize that there is no compactness requirement on X'. Additionally, given
1 being a differentiable and 1-strongly convex function with respect to || - || on X (i.e., ¥(z) >
U(y) + (Vo(y),z —y) + 3llz — y|* Vao,y € Xﬂ), the Bregman divergence with respect to v is
defined as Dy (x,y) = ¥(x) — ¥(y) — (V¢(y),z — y). Throughout this paper, we assume that

argmin, ¢ yh(z) + (9,7 — y) + Dy(z.y)

.~ can be solved efficiently for any g € R,y € X,n>0.

Next, we list the assumptions used in our analysis:
1. Existence of a local minimizer: Jz* € arg min,cx F'(z) satisfying F'(z*) > —oc.

2. (pg, pn)-strongly convex: For k = f and k = h, i, > 0 such that Dy (z,y) < k(z) —
k(y) — (g, —y),Vz,y € X, g € Ok(y). Moreover, we assume at least one of (yy, u,) is zero.

3. General (L, M)-smooth: 3L > 0, M > 0 such that f(z) — f(y) — (g, —y) < Lz —y|* +
M|z —y|,Vo,y € X,g € 0f(y).

4. Unbiased gradient estimator: For a given 2! € X in the t-th iterate, we can access an unbiased
gradient estimator g', i.e., E [g° | F'~1] € Of (2'), where F' := o(g*, s € [t]) is the o-algebra.

5A. Finite variance: 30 > 0 such that E [[|¢7]|2 | F'~!] < 02 where ¢ := 3" — E [g* | '],
5B. Sub-Gaussian noises: 3o > 0 such that E [exp(A[|€']|2) | F'7!] < exp(Ao?),VA € [0,072].

We briefly discuss the assumptions here. Assumptions 1, 4, and 5A are standard in the stochastic
optimization literature. Assumption 2 is known as relative strong convexity appeared in previous
works (Hazan & Kalel 2014; |Lu et al., 2018). We use it here since the last-iterate convergence rate
will be derived for the CSMD algorithm, which employs Bregman divergence to exploit the non-
Euclidean geometry. In particular, when | - || is the standard £ norm, we can take 1(z) = %||z|?
to recover the common definition of strong convexity. Assumption 3 is borrowed from Section 4.2
in [Lan| (2020). Note that both L-smooth functions (by taking M = 0) and G-Lipschitz functions
(by taking L = 0 and M = 2(@) are subclasses of Assumption 3. Additionally, we remark that

Assumption 3 can be further relaxed to the following inequality

f(@) = fy) = (9,2 —y) < LDy(z,y) + My/2Dy(z,y),Vz,y € X, g € 0f(y),

but without changing the convergence results proved in this paper (see and (§) in the proof of
Lemma[4.T). Lastly, Assumption 5B is used for the high-probability convergence bound.

Our proofs for the high-probability convergence rely on the following simple fact for the centered
sub-Gaussian random vector. Similar results have been proved in prior works (Vershynin, 2018} |Liu
et al.|[2023). For completeness, we include the proof in Appendix [A]

Lemma 2.1. Given a o-algebra F and a random vector Z € RY that is F-measurable, if ¢ € R?
is a random vector satisfying E[¢ | F] = 0 and E [exp(A[[£]|?) | F] < exp(Ac?),VA € [0,072],
then

E [exp (¢, Z)) | F] < exp (%] Z]%) .

*Rigorously speaking, 3 should be in int(X’). But one can think X’ C int(dom(z)) to avoid this issue.




Published as a conference paper at ICLR 2024

2.1 CONVERGENCE CRITERION

We always measure the convergence via the function value gap, i.e., F'(z) — F(z*). There are
several reasons to stick to this criterion. First, for the general convex case, the function value gap is
the standard metric. Next, for strongly convex functions, the function value gap is always a stronger
measurement than the squared distance to the optimal solution since ||z —z*||? = O(F (z) — F(z*))
holds by strong convexity. Even if F'(x) is additionally assumed to be (L, 0)-smooth (e.g., f(x)
is (L, 0)-smooth and h(z) = 0), the bound on ||z — x*||? cannot be converted to the bound on
F(z) — F(a*) since F(z) — F(z*) < (VF(z*),2 — 2*) + § o — %[> = O(|VF(a") || —
x*|| + |l& — 2*||?), which is probably worse than O(||x — x*||?) as z* is only a local minimizer
meaning |V F (z*)]|. possibly to be non-zero. Moreover, the function value gap is important in both
the theoretical and practical sides of modern machine learning (e.g., the generalization error).

3 LAST-ITERATE CONVERGENCE OF STOCHASTIC GRADIENT METHODS

Algorithm 1 Composite Stochastic Mirror Descent (CSMD)
Input: z' € X, n, > 0,Vt € [T).
fort =1to 7T do

' = argmin, v h(z) + (G, 2 — 2') +
Return 27!

Dy (x,z%)
Nt

The algorithm, Composite Stochastic Mirror Descent, is presented in Algorithml 1] When h(z) =0,

Algorithm|[T|degenerates to the standard Stochastic Mirror Descent algorithm. If we further con51der
the case || || = [|-]|2, Algorlthmcan recover the standard projected SGD by taking ¢ (z) = 3 ||z[|3.

We assume 7' > 2 throughout the following paper to avoid some algebraic issues in the proof. The
full version of every following theorem with its proof is deferred into the appendix.

3.1 GENERAL CONVEX FUNCTIONS

In this section, we focus on the last-iterate convergence of Algorithm [I|for general convex functions
(i.e., piy = pp = 0). First, the in-expectation convergence rates are shown in Theorem

Theorem 3.1. Under Assumptions 1-4 and 5A with |1y = uy = 0:

Vte [T ]wzthn—@(ﬂ%),thereis

%
E [F(a+) - ( ) (Mm)@loﬂ)

If T is unknown, by taking n; = %

If T is known, by taking n, = 5= N %,Vt € [T)withn =0 ( %), there is

N . LDy(z*,2Y) (M +0)\/Dy(z*, ') logT
E[F(zT*") — F(z )]gO( ¢T + s >

Before moving on to the high-probability bounds, we would like to talk more about these in-
expectation convergence results. First, the constant 7 here is optimized to obtain the best dependence
on the parameters M, o and Dy(z*, z'). Indeed, the last iterate provably converges for arbitrary
n > 0 but with a worse dependence on M, o and Dy, (z*, ). We refer the reader to Theorem
in the appendix for a full version of Theorem [3.1| with any 7 > 0.

Next, by taking L = 0, we immediately get the (nearly) optimal 6( 1/+/T) convergence rate of
the last iterate for non-smooth functions. Note that our bounds are better than |Shamir & Zhang
(2013) since it only works for bounded domains and non-composite optimization. Besides, when

considering smooth problems (taking M = 0), to our best knowledge, our O(L/T + ¢ /+/T) bound
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is the first improvement since the O(1/+/T') rate by Moulines & Bach|(2011). Moreover, compared
toMoulines & Bach|(2011)), Theorem@]does not rely on some restrictive assumptions like bounded
stochastic gradients or z* being a global optimal point but is able to be used for the more general
composite problems. Additionally, it is worth remarking that the O(L/T + o //T) rate matches the

optimal O(L/T + o //T) rate for the averaged output altl = (ZtT:; xt)/T (Lan,[2020) up to an
extra logarithmic factor. Notably, our bounds are also adaptive to the noise ¢ in this case. In other
words, we can recover the well-known O(L/T) rate for the last iterate of the GD algorithm in the
noiseless case. Last but most importantly, our proof is unified and thus can be applied to different
settings (e.g., general domains, (L, M )-smoothness, non-Euclidean norms, etc.) simultaneously.

Remark 3.2. |Orabonal(2020) exhibited a circuitous method based on comparing the last iterate with
the averaged output to show the expected last-iterate convergence for non-composite non-smooth
convex optimization in general domains. However, it did not explicitly generalize to the broader
problems considered in this paper. Moreover, our method is done in a direct manner (see Section ).

Theorem 3.3. Under Assumptions 1-4 and 5B with jiy = pp, = 0 and let § € (0,1):

z*,xl .
If T is unknown, by taking 1, = ﬁ A %,Vt € [T) withn = © (1/#2’10;%), then with
probability at least 1 — 0, there is

LDy (", a") | (M +0y/log ) VD o) logT

Fa™) - F@E*) <0 T Nex

If T is known, by taking 1, = 57 A %,Vt € [T) withn = © (\/%), then with
probability at least 1 — 0, there is
LDy (a*, 2" . (M + o/log )\/Dy(z*, 21) log T

F™Y - F(z*) < O - o=

In Theorem we present the high-probability bounds for (L, M )-smooth functions. Again, the
constant 7 is picked to get the best dependence on the parameters M, o, Dy, (z*, 2') and log(1/9).
The full version of Theorem [3.3| with arbitrary 1, Theorem [C.2] is deferred into the appendix. Com-
pared with Theorem the high-probability rates only incur an extra O(/log(1/4§)) factor (or
O(log(1/6)) for arbitrary n, which is known to be optimal for L = 0 (Harvey et al., 2019a)).

In contrast to the previous bounds (Harvey et al.,|2019a} Jain et al.,[2021) that only work for Lipschitz
functions in a compact domain, our results are the first to describe the high-probability behavior of
Algorithm for the wider (L, M )-smooth function class in a general domain even with sub-Gaussian
noises, not to mention composite objectives and non-Euclidean norms. Even in the special smooth
case (setting M = 0), as far as we know, this is also the first last-iterate high-probability bound
being adaptive to the noise o at the same time for plain stochastic gradient methods. Unlike the
previous proofs employing some new probability tools (e.g., the generalized Freedman’s inequality
in Harvey et al.| (2019a)), our high-probability argument is simple and only based on the basic
property of sub-Gaussian random vectors (see Lemma [2.I). Therefore, we believe our work can
bring some new insights to researchers to gain a better understanding of the convergence for the last
iterate of stochastic gradient methods.

3.2 STRONGLY CONVEX FUNCTIONS

Now we turn our attention to strongly convex functions. Due to the space limitation, we only provide
the results for the case of uy > 0 and j, = 0. The other case, uy = 0 and pj, > 0, will be delivered
in Appendix

Theorem 3.4. Under Assumptions 1-4 and 5A with piy > 0 and py, = 0, let kg = #—Lf > 0:

If T is unknown, by taking either 1, = m,w eT]orn = m, Vt € [T, there is
LDy (z*,z") (M?*+02%) logT> _ 1
E [F(:ET"'l) - F(JC*)] < © T + py(T+ry) e = Mf(t+2”f)7Vt e [T]
R GG T BT TTL R RS
T(T—‘rK,f) ,uf(T—‘rKf) nt /l,f(t+1+4.‘-{f)7
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1 _
wy(14265) t=1
If T is known, by taking n; = m 2<t<7 . ,Vte[T|withn:=15andT = (%-‘,
2 t>17+1

py(t—7+2+4k5)
there is

LDy(z*,2Y)  (M?+0%)logT
exp (3152;) pp(T + ky)

E[F(z"™") - Fz")] <0

The in-expectation rates are stated in Theorem [3.4] where the constant = 1.5 is chosen without any

special reason. Generally speaking, it can be any non-negative number satisfying  + x5 > 1. The

interested reader could refer to Theorem [D.T]in the appendix for a completed version of Theorem

We would like to remind that xy > 1 is not necessary as we are considering the general
L, M)-smooth functions. Hence, it can be zero.

As before, we first take L = 0 to consider the special Lipschitz case. Due to xy = 0 now, all bounds
will degenerate to O(log T'/T"), which is known to be optimal for the step size 1/u;¢ (Harvey et al.,
2019a)) and only incurs an extra O(log T') factor compared with the best O(1/7T") bound when T is
known (Jain et al., 2021). We would also like to mention that Theorem @] is the first to give the
in-expectation last-iterate bound for the step size 2/u;(¢+1). Interestingly, the extra O(log T') factor
appears again compared to the known O(1/7") bound on the function value gap for the non-uniform
averaging strategy under this step size (Lacoste-Julien et al., 2012). Besides, |Lacoste-Julien et al.
(2012) also shows E [[|lz7+! — 2*||3] = O(1/T). Whereas, it is currently unknown whether our

E [F(2T+!) — F(2*)] = O(log T/T) bound can be improved to match the O(1/T’) rate or not.

For the general (L, M )-smooth case (even for (L, 0)-smoothness), our bounds are the first conver-
gence results for the last iterate of stochastic gradient methods with respect to the function value
ga;ﬂ Remarkably, all of these rates do not require prior knowledge of M or o to set the step size. In
particular, the bound for known T is adaptive to o when M = 0, i.e., it can recover the well-known
linear convergence rate O(exp(—1/ks)) when o = 0.

Theorem 3.5. Under Assumptions 1-4 and 5B with py > 0 and pp, = 0, let Ky = % > 0 and
d € (0,1):
If T is unknown, by taking either n, = m,w €T orn = W,Vt € [T, then
with probability at least 1 — 0, there is
pr(1+rg)Dy (z*,zt) (M? 402 logl)logT) o 1
F("™)—F(z*) < 0 ( T * #f(T+ﬁ5f) = ﬂf(t+2“f)7Vt € [T]
“lo pr(1+rk)%Dy(z*,2h) + (M?+02 log $) log T' _ 2 Vit € [T] .
T(T+ry) s (T+ry) Mt = ritang)
1 —

ny(14267) t=1

IfT is known, by taking 1y = < 373y 2<t<r Vte [T\ withy=15andr = [L],
. t>7+1

pg(t—T+2+4K5)
then with probability at least 1 — 0, there is

pr(l+ kg)Dy(z*, xt) N (M? + o*log ) log T

F(z™™) -~ F(z*) <O
€xp (ﬁ) ps (T + i)

To finish this section, we provide the high-probability convergence results in Theorem [3.5] Again,
the constant = 1.5 is set without any particular reason. The full statement with general 7, Theorem
can be found in the appendix. Besides, r  is possible to be zero as mentioned above. Compared
with Theorem [3.4] only an additional O(log(1/6)) factor appears. Such extra loss is known to be
inevitable for L = 0 due to Harvey et al.[(2019a).

>Note that the rates under the PL-condition (e.g., |Gower et al.| (2021); [Khaled & Richtérik| (2023)) are
incompatible with our settings since they can be only applied to non-constrained, non-composite and (L, 0)-
smooth optimization problems with the Euclidean norm.
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For the Lipschitz case (i.e., L = k; = 0), by noticing Dy, (z*,2') = O(MQ/M?)ﬂ all of these
bounds will degenerate to O(log(1/6)log T'/T') matching the best-known last-iterate bound proved
by Harvey et al.|(2019a) for the step size 1/ ;¢. For the step size 2/u;(¢t+1),[Harvey et al. (2019b) has
proved the high-probability bound O(log(1/6)/T") for the non-uniform averaging output instead of
the last iterate. Hence, as far as we know, our high-probability rate for the step size 2/u (t+1) is new.
However, we would like to mention that our bound for known 7' is worse by a logarithmic factor
than |Jain et al.| (2021), though, which assumes bounded noises.

Finally, let us go back to the general (L, M )-smooth case. To our best knowledge, our results are first
to prove the last iterate of plain stochastic gradient methods enjoying the provable high-probability
convergence even for the smooth case (M = 0). Hence, we believe our work closes the gap between
the lack of theoretical understanding and good performance of the last iterate of SGD for smooth and
strongly convex functions. Lastly, the same as the in-expectation bound for known 7" in Theorem
[3.4] our high-probability bound is also adaptive to ¢ when M = 0.

4 UNIFIED THEORETICAL ANALYSIS

In this section, we introduce the ideas in our analysis and present three important lemmas, all the
missing proofs of which are deferred into Appendix

The key insight in our proofs is to utilize the convexity of F'(z), which is highly inspired by the
recent work (Zamani & Glineur, |[2023). To be more precise, using the classic convergence analysis
for non-composite Lipschitz convex problems as an example, people always consider to upper bound
the function value gap f(z') — f(z*) (probably with some weight before it) then sum them over
time to obtain the ergodic rate. Whereas, in such an argument, convexity is not necessary in fact
(except if one wants to bound the average iterate in the last step). Hence, if the convexity of f
can be utilized somewhere, it is reasonable to expect a last-iterate convergence guarantee. Actually,
this thought is possible as shown by [Zamani & Glineur (2023)), in which the authors upper bound
the quantity f(z') — f(z!) where 2 is a carefully chosen convex combination of other points and
finally obtain the last-iterate rate by lower bounding — f(2?) via convexity. More precisely, suppose

2t = afr* 4+ 3L, ala® where ol > 0,Vs € {0} U [t],Vt € [T] satisfy >\, al = 1,Vt € [T,
then there is — f(2') > —al f(z*) — Y.\ _, al f(z") by the convexity of f. By properly picking o,
one can finally bound f(x7) — f(z*) as proved by |Zamani & Glineur (2023).

Though Zamani & Glineur (2023)) only shows how to prove the last-iterate convergence for deter-
ministic non-composite Lipschitz convex optimization under the Euclidean norm, we can catch the
most important message conveyed by their paper and apply it to our settings. Formally speaking,
we will upper bound the term F'(x!*1) — F(2%) for a well-designed z* rather than directly bound
the function value gap F'(z!*!) — F(z*). This idea can finally help us construct a unified proof and
obtain several novel results without prior restrictive assumptions. By careful calculations, the new
analysis leads us to the following most important and unified result, Lemma4.1

Lemma 4.1. Under Assumptions 1-3, suppose m; < ﬁ,w € [T] and let v =
M Hi:z %,Vt € [T), if wg > 0,Vt € [T)] is a non-increasing sequence and vy > 0 is
defined as vy = ;"Tifgv,w € [T) and vy := vy, then we have

s=t WsTs

wryrvr (F(@™) — F(z%))

T
<wn(1 = ppm)voDy(@®,a") + Y 2weemeod(M> + [[€']]2)
t=1
T T
+ > wmoa (€2 —at) £ (w—we)n(ny = v Dy (2 2,
t=1 t=2

where £ :=g' —E [g" | F*~'] Yt € [T] and 2" = La* + S s e=tas vt € {0} U [T].

v

Let us discuss Lemma [.T| more here. The requirement of the step size 7; having an upper bound
L/ar vy is common in the optimization literature. ; is used to ensure we can telescope sum some

SThis holds now due to pif||z* — z'||2/2 < s Dy (z*,2') < M|jz* — .
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terms. For the special case iy = pj, = 0, it degenerates to 7;. &' naturally shows up as we are
considering stochastic optimization. The most important sequences are w;, v; and zt. As mentioned
above, the appearance of z! is to make sure to get the last-iterate convergence. For how to find such
a sequence, we refer the reader to our proofs in Appendix [B|for details.

We would like to say more about the sequence w; before moving on. Suppose we are in the de-
terministic case temporarily, i.e., £&& = 0, then a natural choice is to set w; = 1,Vt € [T] to
remove the last residual summation. It turns out this is the correct choice even for the following
in-expectation bound in Lemma[4.2] So why do we still need this redundant w;? The reason is that
setting w; to be one is not enough for the high-probability bound. More precisely, if we still choose
wy = 1,Vt € [T, then there will be some extra positive terms after the concentration argument
in the R.H.S. of the inequality in Lemma To deal with this issue, we borrow the idea recently
developed by |Liu et al|(2023), in which the authors employ an extra sequence w; to give a clear
proof for the high-probability bound for stochastic gradient methods. We refer the reader to |[Liu

et al.| (2023) for a detailed explanation of this technique.
Lemma 4.2. Under Assumptions 1-4 and 5A, suppose n; < WVt € [T] and let v =

Mt Hi:z % Yt € [T, then we have

2LV/1,f

1— D 1 d
E [F(xT'H) —F(l‘*)] < ( Nf771) ¢($ z ) +2(M2 +O‘2) ’;157775 _
Zt 17t =1 et Vs

Suppose Lemma holds, Lemma is immediately obtained by setting w; = 1,V¢ € [T] and
using Assumptions 4 and 5A. This unified result for the expected last-iterate convergence can be
applied to many different settings like composite optimization and non-Euclidean norms without
any restrictive assumptions.

Lemma 4.3. Under Assumptions 1-4 and 5B, suppose 1y < spo— L\/u Vit € [T] and let v¢ =

ne [Ty H{”Z# Vit € [T), then for any 6 € (0, 1), with probability at least 1 — 8, we have

1
F(2T) — F(z*) <2 <1 + max )
2<¢<T 1 — pgmy

Dy (a*, 2t 21\ —
x [w($7x)+(M2+02 <1—|—2log)> 7’?% 1
D1 N 0 =1 Ds=t Vs

To get Lemma[4.3] we need some extra effort to find the correct w; and invoke a simple property
of sub-Gaussian random vectors (Lemma [2.T). The details can be found in Appendix [B] Compared
with prior works, this unified high-probability bound can be applied to various scenarios including
general domains and sub-Gaussian noises.

Equipped with Lemma [#.2] and Lemma we can prove all theorems provided in Section [3| by
plugging in different step sizes for different cases.

5 CONCLUSION

In this work, we present a unified analysis for the last-iterate convergence of stochastic gradient
methods and obtain several new results. More specifically, we establish the (nearly) optimal con-
vergence of the last iterate of the CSMD algorithm both in expectation and in high probability. Our
proofs can not only handle different function classes simultaneously but also be applied to com-
posite problems with non-Euclidean norms on general domains. We believe our work develops a
deeper understanding of stochastic gradient methods. However, there still remain many directions
worth exploring. For example, it could be interesting to see whether our proof can be extended to
adaptive gradient methods like AdaGrad (McMahan & Streeter, 2010; |Duchi et al.} 2011). We leave
this important question as future work and expect it to be addressed.
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A PROOF OF LEMMA 2.1

Before giving the proof of Lemma 2.1 we need the following property of sub-Gaussian vectors.
This result is already known before (see [Vershynin|(2018))). We provide a proof here to make the
paper self-consistent.

Lemma A.1. Given a -algebra F, if ¢ € R is a random vector satisfying E [exp(A||€]|2) | F] <
exp(Ao?),VA € [0,072], then for any integer k > 1 we have

2 k=1
E 2 | 7l < 17 .
[”5”* | } — {e(k‘!)O'Qk k Z 2

Proof. For the case k = 1, given any A € [0, 072, there is

exp (E [A€]fZ | F]) < Efexp (A€]fZ) | F] < exp(Aa®) = E[[¢]3 | F] < 0.
For k > 2, we have

E[|¢2 | 7] =E [ | el > g f} = [T o E el > )] Fa
0 0

o -2 2 (a) o
g/ ope2h- 1 | PO IENL) | F|dt g/ 2ekt?* L exp(—o2t2)dt
0 exp(o—2t2) 0

® / eka?t sk~ exp(—s)ds = eka® T'(k) = e(k!)o*
0

where (a) is by E [exp(02||¢]|2) | F] < exp(c~20?) = e and (b) is by the change of variable
t = 04/s. O

Now we are ready to prove Lemma [2.1]

Proof of Lemma[2.1] Note that
Elexp((§,2)) | /]

k
B[+ 2+ AT f]<E[<§z>|f1+E

k
1+Z IetEIZ1" 4

L k=2
@ ||£||2’“HZH2’“ o 3 a1
YE |1 NNz z| )+t
! Z (2k +1)! |7
Y ||€||2k\\Z\\2k - NN ZIPF + ]2 21222 /4
<E |1 * * F
< +Z > s |

—E 1+2”§”3”Z” +Z£IIZkIIle2’“( 12k 1 1)!+(22)!+(2kil)!) 'f]

3 (2k)!

© 202172 X K| Z||**F e(14+k/2+1/(2k+1

SHUIL\))HJr GIIL'II .e(+/4;k/( +1))
k=2 ’ (k)

() 22 L N o121

<1+ 27| +27

I3l A Ea——" 1+k/24+1/(2k+1
g |1+ 2L | S e 7o L R/2 4 S >|f]

=exp (0] Z]%),

where (a) is by E [(¢, Z) | ]-"] = (E[¢| F],Z) =0, (b) holds due to AM-GM inequality, (c) is by
applying LemmalA.1|to E [[|¢[|2%||Z||?* | F| = || Z||**E [||¢]|?* | F] and (d) is by 2/3 < 1 and
e(1+k/2+1/(2k+1)) e(1+1+1/5) <1

kznzl,k-eN (2]5) 6

13



Published as a conference paper at ICLR 2024

B MISSING PROOFS IN SECTION [4]

In this section, we provide the missing proofs of the most important three lemmas.

B.1 PROOF OF LEMMA 4. 1]

Proof of Lemmad.1] Inspired by [Zamani & Glineur] (2023)), we first introduce the following auxil-
iary sequence

T* t=0

17W;1>tvt1t1tT ts_s
zti:{( Ve TR €l N anc*‘f'zv z®, vt € {0} U [T7,

where we recall that v; = ZqTUTiZUTV > 0,Vt € [T] and vg = v; are non-decreasing. Note that 2
s=t WsTs
1 DY

always falls in the domain X because it is a convex combination of x*, x, ,x! that are in X.

Now, we start the proof from the (L, M )-smoothness of f,

L
F@) = fa') <(g' e —af) + Sl =P+ Ml — ot
=(¢, 2" — ) + (¢, 2" — ) + (g 2t - 2T)
I I

L
§th+1 _ .Z't||2 —i—MH.Z‘H_l _ .’L‘tH, (1)

+ <gt,zt _ xt>_|_
m

v

where g' := E [g"|F'~!] € 0f (2') and &' := §" — g". Next, we bound these four terms respectively.

* For term I, by applying Cauchy-Schwarz inequality, the 1-strong convexity of ¢ and AM-
GM inequality, we can get the following upper bound

Dy (z'1, 2t)

L[| ella® = 2 < fl€" [l /2D (xt 1, at) < 20 I€°1% + T

2

* For term II, we recall that the update rule is z'™! = argmin,vh(z) + (G', 2 — 2%) +

M Hence, by the optimality condition of #'*?, there exists h**! € Oh(z'*!) such
that for anyy € X
Vip(z'th) — Vi(ah) t+1

(R 4 gt + m T —y) <0,

which implies

L) gt
G2 —y) < (Vp(a*) — Vw; ), @ y) 4 (R — gt
t
D'l/)(yvxt) — D¢(y7xt+1) — Dw(xt+1a xt)

IN

; + h(y) — h(wes1) — pn Dy (y, 2
t

where the last inequality holds due to (V¢)(z?) — Vop(zt+1), 2 — y) = Dy(y,2?) —
Dy (y,a"*1) — Dy (2", 2") and (B y — 2*1) < h(y) — h(zes1) — paDy(y, 2™41)
by the p7,-strong convexity of h. We substitute 3 with z* to obtain

Dy(z',2') — Dy (2", a"*!) — Dy(a'*!, ")

o< + h(z) — h(wi11) — pn Dy (24, 2.
Mt 3)

* For term III, we simply use the /i f-strong convexity of f to get
I < f(2") = f(a") = pyDy (2", 2"). )

14
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¢ For term IV, we have

IV < LDy (2" ) + My /2D, (211, 2t)

D t—Q—l7 t
< LDy(a", 2) + 29, M2 + w(zn 7 5)
t

where the first inequality holds by the 1-strong convexity of ¢/ again and the second one is
due to AM-GM inequality.

By plugging the bounds (@), (3), @) and () into (I), we obtain

fah) = fah)
Do (gt ot
<(el 2t - at) 4 a2 + Do)
47]t
Dy (2t at) — Dy (2t 2tt1) — Dy (21, 2t
4 ¢( ) ¢( , ) w( )+h(zt)_h(xt—i-l)_,uth(Ztathl)
¢

D ) t+1 t
A = £0) = g Dol at) 4 LDy 0) 4 2?4 DA,
t

Rearranging the terms to get

F(atth) = F(2)
(€2 = a) + Ot = ) Dl at) = (0 4 ) D21, a+)

1
+ (L B 277t> Dz, at) + 2 (M2 + ||€1)12)

O+t =)Dy at) = (7t pn) Dy (21, 2 + 200 (M2 4 |1€°]12)

T (€27 =)+ (" = pp) Dy (24 at) — (7t 4 pn) Dy (25, 210 + 2 (M2 + [1€1)12)
(OF _ _ Vi
<= AT ) (- )

v Dy (71, a") = (7" + pn) Dy (2", 1) + 20 (M2 + |[€"]3),
t
(6)

where (a) is by 1, < 57— < L

stvi < ap € [T] = L — 37 < 0, (b) holds due to the definition of
2t = (1- ”’v—;l) ot 4+ 21 implying 2P — 2t = 2L (271 —a?), (¢) is by noticing 7, <
1 < L

—1
stvig < oVt e [Tl =mn " —pp = 0and

(d) _ - -
Dw(zt7xt) < (1_'Ut 1)Dw<xt,xt)+vt 1Dw(2t—17xt) Vt—1
V¢ V¢ Ut

where (d) is by the convexity of the first argument in Dy (-, )
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Multiplying both sides of (6] by w;~y:v; (all of these three terms are non-negative) and summing up
from ¢t = 1to 7', we obtain

Z WYVt (F(l’tﬂ) - F(Zt))
=1

T

wiyvs_1 (€8, 2871 — 2t + Z 2wy (M2 + [|€°])3)
=1

I\M’ﬂ

+ Zwm(n{l — pp)ve—1 Dy (2" 2t —wieye (.t 4 pn)ve Dy (24, 21

T
=wiy1(ny " — pp)voDy (2%, 2") — wryr(npt + pn)orDy (27, ™)+ 2weymen (M + [|€112)
t=1
T
+ > wiypa (€2 Y+ Y (weniOn = pp) = weaya (s + ) v Dy (21 2f)
= t=2
(©) -
=wi(1 = pym)voDy(x™, &) — wryr(ng' + pn)or Dy (27,27 ) + ) 2weymeon (M2 + |1€1)]2)
t=1
T T
+ Z w1 (€' 2" )+ Z —wi 1)y (ny " = pp)vi Dy (21 2, (N
t=2

where (e) holds due to vy (1, — uf) =t =) =1 —ppm, 20 = 2" and y(n; ' — pp) =

— t 1 0 Ms— t—1 1 U] -
(b = i) Tame 282t = () + pn)me—r TToms 2t = yema (g + ), VE > 2.

By the convexity of F' and the definition of 2" = 72x*+ Sof_ | Ye=Vemi g (which means 2! is a con-

vex combination of z*, 2!, - - - , z! by noticing that the weights are summed up to 1 and nonnegative
since vy, Vt € {0} U [T'] is non-decreasing), we have

t

t Us — Us—1 s *
< —F —F
) < 3 B 4 R
which implies

T
Zwt%vt (F(xtﬂ) - F(Zt))

t

T
> Z [wt%vtF(:ﬂt“) — Wy (Z(vs —vs_1)F(2°) + voF(:E*)ﬂ

t=1

t

[wmvt (F(@™) = F(a") —wye ) (vs = ve1) (F(a*) = F(a"))

M=

s=1

Il
—

t

T
=wWpyrvT (F(J;TH) — F(z*)) — (Z wt%> (v1 — o) (F(z') — F(z*))
t=1

T T
+ Z We—1Yt—1Vt—1 — <Z ws%> (Ut — V1)
s=t

t=2

(F(xt) — F(ac*)) .

Now by the definition of v; = %, Vt € [T] and vg = v1, we observe that

T
<Z wt%) (v1 —wo) =0,
t=1
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and for2 <t < T,

T
We—1Ye-10—1 — <Z ws%> (v — ve—1)

s=t

<Szt:1wsvs> v — <Z wsvs> v
(o) g (Fen)

1 s=t—1 WsTs s= twﬁs

=0.

These two equations immediately imply
Z weyvy (F(2'th) = F(2Y) > wrypor (B2 — F(2*)) . (8)

Plugging (8) into (7), we finally get
wryrvr (F(z') — F(z*))

T
<wi(1 = pym)voDy(a*,a') —wryr(np' + un)orDy (27,2 + Y 2wy (M2 + 1€1][2)

t=1
T T
+ Zwt%%—1<ft7 27—t + Z(wt — w1y (g = )i Dy (2 )
=1 t=2
T
<wy (1= pgm)voDy(z*,2") + ) 2wpyemo (M2 + [[€12)
t=1
T
+ Y w1 (€62 —at) ) (we —we)v(ny = pp)vea Dy (2 2).
= t=2

B.2  PROOF OF LEMMA [£2]
Proof of Lemmad.2] We invoke Lemma[d. 1| with wy = 1,Vt € [T to get

yrop (F(a™*) — F(z"))
T T

<(1 = ppm)voDy (2%, ') + Z 2yemeve (M + [|E417) + Z'}’tvt71<£t, 2 —ah).
t=1 t=1

Taking expectations on both sides to obtain

yrorE [F(xT'H) — F(z")]

<(1 = pym)voDy (a*,2") + D 2yimevy (M + B [||€°]12] +Z%Ut 1E [( —a")]
t=1

T
<(1— pym)voDy(a*,2") + D 2y (M? + 0%,
=1
where the last line is due to E [[|¢']|2] = E[E[||¢"]|2 | F'~']] < o? (Assumption 5A) and
E [<§t,zt_1 — xt>] = [( [§t|.7-'t_1] t=1 _ )] =0t -t e Ft-1 = a(g s E [t —1))

and Assumption 4). Finally, we divide both sides by yrvr and plug in v; = ﬁ =
s=t sls

-Vt € [T] and vy = v; to finish the proof. O

5= t

17
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B.3 PROOF OF LEMMA[4.3]

Proof of Lemma We invoke Lemma[d.1]to get

wWrYTUT (F(xT+1) - F(z*))
T

<wi(1— pym)eoDy (e, 2") + 3 2w (M2 + €2)
t=1

T T
+ Y weyvea (€ 2T =) ) (= w7 = pp)vea Dy (2t ()
t=1 t=2

1

Let wy, V¢ € [T] be defined as follows (note that w; is also well-defined as w; = W)
s=1 sNsVsO

1
Wt = 0 2yanaa0? T — vt e [T], (10)

Dema BT 4 Y1 29a76050°
where

. r o

Ut = ——, Vt € [T] and v1 = . (11

Zs:t Vs
Note that w; > 0,Vt € [T is non-increasing, from the definition of v; := %,Vt € [T] and
s=t S I8

Vg = vy, there are always

wryT < T

T = T
Zs:t wS’yS Zs:t ’yS

Now we consider the following non-negative sequence with Uj := 1 and

=, Vit € [T} and vy < 7g. (12)

Ve =

Us == exp (Z 2wmmvt||£t||3 - 2wt%77tvt02> € F*,Vs e [T].

t=1
We claim U, is a supermartingale by observing that
E [Ut | ]-'tfl} =U;_1E [exp (2wt'ymtvt|\§t||i — 2wt%ntvt02) | ftfl]

(a) 9 5
< Up—r exp (2wiyeneveo® — 2wpyenevo?) = Up_y,

where (a) holds due to Assumption 5B by noticing

29N v vy @ 1
2wt%Tltvt@ - 2%%5502%777: tT — < f2 < =
2e=2 =pme T D s—1 29sMsVs0 R o
Hence, we know E [Ur| < Uy = 1. Thus, there is
21 @) § )
Pr|\Upr>-=| < =E|Ur| <=
r[ T 5} =3 [Ur] < 5
T T ) 5
)2 2
= Pr Lz; 2wy || € |5 < ;2%%%%0 + log 51 >1- 2 (13)

where we use Markov’s inequality in (b).

Next, we consider another non-negative sequence with Ry := 1 and

S
R, = exp <Z wiyeve_1 (€4, 21 — 2t —wiyul 0?2 — It||2> € F,Vse[T].
t=1

We prove that R; is also a supermartingale by
E[Re | F'7'] = ReaE [exp (weyver (61,2771 = a®) — wirivi 10?71 —a!||?) | 7]

()
< Rioyexp (wihpod 1022 — ' — wiy?e? ,o?l|= ! — '[?) = Re,

18
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where (c) is by applying Lemma[2.1](note that z*~! — 2t € F*~1 = ¢(g%, s € [t — 1])). Hence, we
have E [Rr] < Ry = 1, which immediately implies

Pr |Rr > ;] (%) gIE [Rr] < g
S to =1t - 2.2,2 2y _t—1 _ &2 2 g
= Pr ;wt’ytvt,ﬂé 2 —ahy < ;wtytvtﬂg |21 — 2] +10g51 >1-— 3
< to =1t - 2.2,2 2 t—1 ¢ 2 0
= Pr tz::lwt'ytvt,ﬂg 2 —ahy < ;21%%@#10 Dy (27" 2") + log 51 >1-— 2 (14)

where (d) is by Markov’s inequality and the last line is due to |2/~ — zt||? < 2D, (2'7!, 2*) from
the 1-strong convexity of ).

Combining (9), (13) and (T4), with probability at least 1 — §, there is

wYTUT (F(a:T”Ll) - F(x*))

T
" 2
<wi (1 = pgm)voDy(z*, x') + 2log 51 Z 2weyenve(M? + 0°)
t=1
T

T
+ ) 2wiviv; 0P Dy (2 at) + ) (w = we)ve(ny T — pp)ve1 Dy (2 2)
t=1 t=2
T

" 2
= [wi(1 = ppm)vo + 2wirivgo?] Dy(a*, x') + 2log 5T Z 2weyeeve(M? + 0°)
=1

T

) [(wr = wen) (" = pp) + 2w pve—10%] pve_1 Dy (27 2.
t=2

Observing that for ¢t > 2

(we — we—1) (" = piy) + 2wy vp—10”

2 2
=2W; YV Vr—10

1 1

-1
t=1 2v,ns0502 T — Tt 27.ms0s02 T _ (e~ — wy)
Sy Bt STy ntao? S, BB 4 T 99n,0,07
27N Vo _
=20 w107 — wpwy_y X S« (= )
L—pugme

— 2
:2wt('wtvt71 - wtflvt)'YtU <0,

where the last line holds due to w; < w;_1 and v¢_1 < v; < v;. So we know

wryrvT (F($T+1) - F(l’*))

T
. 2
< [wi (1 = pym)vo + 2wirivgo?] Dy (a*, x') + 2log 5T Z 2weyenive(M? + 0°)
=1
(©) d

. 2
<wq (1 =+ 2w1ﬁv002) voDy (z*, z") + 2log 5 +w Z 2veneve(M? + 0%),
t=1

19
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where (e) is by w; < wy, Vt € [T]. Dividing both sides by wryrvr, we get
F(a") = F(z")

w
<L

Vo x 1 2 TNVt 2
1-— + 2wiy2vgo?) —— Dy (z*, zb) + lo +2§ (M?* 4o
wr ( 12! 171 %0 ),YT,UT u( ) g < )

w1yTvT 1 TvT

o) 1 2 — puym) Dy (", 2! 2\ y-
20+ ) [ ) 5 2
2<t<T 1 — puymy i e 0) ) = Yot s

1 Dy (z*, 2! 2\ ) v
o) [0 (o ) ]
2<t<T 1—pgme PO =1 Ds—t Vs

where (f) holds due to the following calculations

T — 2 T 2v.1ms0s0°
w1 Es:l 279sMsVs0° + ZS:Z 1—pyns
— = : <1+ max

o 23:1 275150502 2<t<T 1 — Nfﬁt
273 vgo? Dy 1 2
2w1712v002 = — Y1 7 _ T’71771 1 - <1,
2521 2’78775,050’2 Zs:l 2"/57757}50'2
Yo Uy 1

yror = yror Z? L

2 2 v d
log = = — 45210 og = Z%ﬁt t_ 210g e

wiyrvr 0 01 yrvr 0 Zs t%
T
Z YT (M2 4+ 62) < 2(M? + 0 Z T _ o2 4 07) S
t=1 1TVT t=1 1TVT =1 Dot Vs
Hence, the proof is completed. O

C GENERAL CONVEX FUNCTIONS

In this section, we present the full version of theorems for general convex functions (i.e., jif = pp, =
0) with their proofs.

Theorem C.1. Under Assumptions 1-4 and 5A with py = pup = 0:
If T is unknown, by taking n; = 5+ v -Vt € [T, there is

E [F($T+1> —F<.’L‘*)] <0 (LDw(J; 7q;l) n L |:Dw(l'*’xl)

T VT n

In particular, by choosing n = © ( IM) there is

+n(M? + o?)log TD .

E [F(xT'H) —F(JJ*)] <0 (LD¢($*71'1) " (M+U)\/ Dj%x*,xl)logT> .

T
If T is known, by taking 1, = 57 A %,Vt € [T), there is

E[FT) - F(z*)] <0 LDy(*al) = 1 {Dw(fv*’l’l)

+
T VT n

In particular, by choosing n = © ( %) there is

n(M? + 02)logT]> .

1 y LDy(z*,2Y) (M +0)\/Dy(z*, ') logT
IE[F(:CT+)F(;1:)]§O< wT + 7 >

20
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Proof. From Lemma L if gy < Vt € [T, there is
1— D * 1
B[P - Fn)] < LMD T) oz o) Z a3
Dim1 t=1 Zs t Vs

where v = Hz 9 %7”]’1 Vt € [T). Note that puy = pj, = 0 now, so both g, = 5= A %,Vt €

[T] and 1y = 57 A },Vt € [T satisfy n, < ﬁ = 5=Vt € [T]. Besides, v, will degenerate to
1. Therefore, @ can be simplified into

Dy(a*, ') ~
E[F@™) - F")] < =22 +2(M* +0%) Y —t—. (16)
Zt 1M =1 2as—t s
Before proving convergence rates for these two different step sizes, we first recall some standard
results.

T
1
L s vt ey i %>\/f; 17
tzzl\/i tzzl 7 Z =12 (17)
T T+l
272/ s =2VT 1 - Vi), v € [7]; (18)
s=t t
1 T
Z¥§1+/ ;dt:l—l—logT. (19)
1

t=1

Ifne = 55 A =, Vt € [T1, we consider the following three cases:

-

* 0 < 5 Inthis case, we have n; = 7%,V € [T] and

T

2T _ p(e* M 24 52 v
E [F(a™*) = F( )]Snzlel/x/i+2n(M + );tzf:tl/ﬁ
@ Dy (x*, ') 2 o .
S e D D e sy
(2) Dy(z*, 2t) . an(M? + o?)(1 +1ogT)
- WT VT
_ % [W +an(M? + o) (1 + logT)] . (0
where (a) is by
T 1 VT VE -~ VT T
;m:;t(T—i—l—ﬂ ;tT-i—l—t
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e N> L : In this case, we have 1y = 2L,Vt € [T] and
Dy (x* xl) M2—l—a2
]E F T+1 _F * < P ?
[P - F@7)] < T/2L ;T—Hl

_ 2LDy(z*,x')  M?+o?

T
T +LZZ

t=1
2, 2
@ Dy (z* )+(M +0°)(1+1logT)
- T L
(b) * 2 2
S LDy(z*, %) n 2n(M? +0°)(1 JrlogT)’ 21
T VT
i 1 - 21
where (b) is by + < T
e n €[5, 2—‘/?) In this case, we define 7 = |4n?L?| where || is the floor function. Note

that
dn?L? € [1,T) = 7 = [49°L?| € [T - 1].
By observing % > L <t € [1, 7], we can calculate

T
E[F(z"+) — F(z")] < Dgx ;”1) +2(M? +a2)zz;7t2 -

(© Dy(z* 1) o 1 U L 2
< 2L s et | S Y
1 =1 et Tl t=7+1 D=t Ns

1I 1T

t=
I
where (c) is by T2 < (ZtT:1 nt) (Zt 17 ) Now we bound terms I, IT and III as follows

T T T
VT tdt
IZE 2L\/ﬁ§§ 2L+J§2LT+L\/
=1 n n

t=1 n
T+ 2(T3 -1 T3
:2LT+\F+3( )<2LT+5—,
n n
i 2 i 1/(4L?)
H:Z Ui /(
—1 Zs ﬂ?mLZS 7-+1778 t=1 T_t+]‘/2L+Zs—‘r+ln/\[
RS 1
~or T
2Lt:1 —t+1+Zs:T+12nL/x/§
@ 1 < 1
< I
< 2LZ

Hr—t+ 1+ L(VT+1 -7 +1)

(d)
1 T 1 _ l1+logT n(1+log T)
< QLZt 17— t+1§7(1+f dt) 2Lg < \/;g
= (e)
L 1 — T U]
2 Limt I TV — ATV S STV
1 1
:>II<n(1—|—logT)( )
VATV e B oy
< 2n(1 +logT) (2) 2n(1+1logT)
TVTH2WTHTI—TH1) N

22
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where (d) is due to 7 < T and /7 < 2nL, (e) holds by 7 < 4n*L? and (f) is by, for
Te[l—1andT > 2,

VT+2VT+1-Vr+ 1) > VT —1+2VT +1-2VT > VT.
1
Hl_nt;MZs tl/\[<nt;12th+ _\/E)
L VTHI1+ VA L JT+I
=12 Qt(T+1—t)§’7Z T+1—t

t=7+1 t=7+1 (

a 1 1 1 M =1

= E— 7+ -

"t;p/TH(t T+1t>_ T+1Zt
(1 +log T)
vT

A

ING

Thus, we have
E [F(z"t") — F(2*)]

.D * 1 2
< w(z*,zh) <2LT+ 5T2> oM+ o?) [2n(1+10gT) N 2n(1+10gT)]

I A 3n VT VT
2LDy(z*, z') 1 [(5Dy(z*,zt) 5 o

<ZZF o )y o (2 0 ) g (M 1+1ogT) ). 22

< T +\/T 3 +8n(M= +0%)(1+1logT) (22)

Combining (20), (ZI) and (22), we know
1 D * 1
B[P - Pt <o | 2 a0 4 o1+ e

n
y [QLDw(I*,QS ) N 2n(M? +02%1 +logT)}
Dy (

T

[PLDu) | (S0t a4 )|
2LDy(z*, z') 1 (5Dy(z*, z')
_u}+ﬁ(gn+%wuam+Mﬂ>
o (LRelenal) | L [Duleel)

T VT

By plugging inn = © <, / W) , we get the desired bound.

Ifn, =57 A % Vt € [T'], we will obtain

*

Vv

n(M? + %) log TD . (23)

@W<2LVT>+2(;L })(Mm)amgn

S— 7 T

% 1 * 1
O(LDw(Tx,a:)JrlT [IW#C)M(M?M?)logTD. (24)
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By plugging inn = © ( %) , we get the desired bound. O

Theorem C.2. Under Assumptions 1-4 and 5B with gy = pp = 0andlet § € (0,1):
If T is unknown, by taking n, = \[7 Yt € [T, then with probability at least 1 — 6, there is

F™™h - F@E*) <0 (W + % [D“’(a;:”l) +n (M2 + 0% log 5) 1ogTD

In particular, by choosing n = © (, / %), there is
B

LDy(z*,zt) (M“‘U\/@)\/WlogT
+
r VT

F™) - F@E*) <0

If T is known, by taking 1, = 5+ A %7 Yt € [T, then with probability at least 1 — 6, there is

F™™h - F@E*) <0 <LD¢(TM + % [Dw(”;xl) +n (M2 + 0% log 5) 1ogTD

Dy (z*,x!)
(M?+02log ) log T

In particular, by choosing n = © (\/ ), there is

LDy (", a1) | (M +0y/log ) VD ) lo6T
T T

F(zT) - F(z*) < 0

Proof. From Lemma ifn, < 5 Lvu ,Vt € [T, with probability at least 1 — ¢, there is

1
F(2™) — F(z*) <2 (1 + max >
2<t<T 1 — pgmy

1 T
% [le(x,x)+<M2+az (1+2log§>> me], (25)

T
Doi—1 =1 D5t Vs
where 7, =1, [['_, ﬂ# Vt € [T). Note that p1y = pj, = 0 now, so both 1, = 5~ AR ANAS
[T] and 1y = 57 A =Vt € [T] satisfy 7, < ﬁ = 5-,Vt € [T]. Besides, v, will degenerate to
n¢. Then we can simplify (23)) into
4D L 2\\ — 72
F(zTH) — F(z*) < M +4 (M2 + o2 <1 +2log 5)) S e
Zt 1" =1 2=t s
Ifn, =57 A % Vt € [T, similar to , we will have
LDy(z*, zb) 1 [Dy(z*, zt)
F(zTt) — F(z* <O<¢’—|—[w’+ M? +o%lo logT
(z77) = F(a") < T Nis ; g 5 ) o8

By plugging inn = © ( %), we get the desired bound.

If 1y = 37 A .Vt € [T], similar to , we will get

F™™h - F@E*) <0 (W b [D“’(a;x) +n (M2 + 0% log 5) 1ogTD

T Nix
By plugging in n = (\/ ( MQf;g(fog’il))log T) we get the desired bound. O
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D STRONGLY CONVEX FUNCTIONS

In this section, we present the full version of theorems for strongly convex functions with their
proofs.

D.1 THE CASE OF py >0
Theorem D.1. Under Assumptions 1-4 and 5A with py > 0 and py, = 0, let Ky = ui >0:

If T is unknown, by taking either 1; = W,Vt e[T)orn = m,w € [T), there is

LDy (z*,z") (M?+0%)logT o

E[F(z"™") — F(z%)] < o T T TRy ) "= #f(t+2“f)’we[ ]

)= O (L0tr)Dya) | (M?+0%) logT _ vie T

T(T+rs) i@y ) = ey € (7]
1
py(14267) t=1
If T is known, by taking n; = m 2<t<7,Vt € [T) where n > 0 can be any
t>7+1

pyg(t—T+2+4K5)
number satisfying n+ Ky > land 7 == (%W there is

LDy(z*,2Y)  (M?+0%)logT
T
exp (ﬁ) pf (T + k)

E[F(z"") - F(z*)] <0

Proof. When 1y > 0 and pj, = 0, suppose the condition of 7; < 57— Lvu ,Vt € [T] in Lemma
holds, we have

_ 1 T
E[Fa™) — F(e)] <« LAMDWELT) oy g2y 3™ D o)
Et 17t t=1 Zs:t Vs

Now observing that for any ¢ € [T]

t |
1+ pnns—1 1 t—tol >
= = — =0y = Hf ,
Ve = 7lt|| ntlll—ums el P

L= pgns e m
where T'; := Hi 0 T=u um ,Vt € [T)]. Hence, li can be rewritten as
E [F(z™!) — F(z*)]
T
(L= pym)Dy (2", 2t) 2 o 1y
< +202 10 + X
P v ( Mot FT D B o [ wryy
Now let us check the condition of n; < 57— L\/u ,Vt € [T for our three choices respectively:
1 1 1
= < < WVt e [T];
M+ 2hy) = iy + 2L = 2LV g .
2 1 1
= < < ,Vt e [T];
1t pr(t+14+4kp) = pp+2L — 2LV puy 7]
1 _ 1 1 _
Mf(lTZ’”Vf) T oppt2L < 2LV g t=1
Mt = hr(n+2ney) < ps(2rgV(ntrg)) = 2LVpy ST
2 1 L >7+1

pyg(t—T4+2+4K5) S we+2L S 2LV g =

Therefore, (28) holds for all cases.
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First, we consider 7, 3, vt € [T]. We can calculate 7, =

ty (HQH

t t
1 5+ 2Ky t—|—2/$f
ro=]1 =11 Ve [T].
Szzl—ufné S:23—1—|—2/ij 1—|—2/£f
Hence, using (28), we have
E [F(asT+1) — F(z")]
1
(1 — 37 ) Dy (™, 2t) mAFSTRE T
< L o+ 2(M? + 0?) i f)FT - +Z T e
e TS Py e — Tr/Te-1 — )( -
2LDy(z*, x') 2(M? + o?) 1

1
ny(14265)

and

1
n3(t+2ry)2

:(1+2Iif)FT—2I{f W

|:(1 + 2I€f)((1 + 2K)f)FT — 2/<Lf)

d 1
+; (Cr/Tos — 1) — 1+ 2r,)(t + 2r7)
:2LD1/,(JU*,$1) n 2(M? + 0?) Z
T Ly (1+2/$f — ( —t+1 )(t+2ky)
_2LDw(x*,x1) M2—|—0 ZT:
T —~ 7t+1 )(t+2k5)
_2LD¢(33*,:U1) (M2 +0?) d ( 1 N 1 )
T t:1T+1+2nf T—t+1  t+2ny
2LDy(z*,2')  2(M?+ 02) L+logT + 1+2f@f + log CSI;:;
- T oy T+ 1+ 2Ky
2LDy(z*,z')  4(M? +0%)(1+1logT)
- T pp (T + 2k)
_(LDy(z*,2") (M?+0%)logT
- ( T pup (T + Ky) )
Next, for the case of 17, = m,w € [T, there are n; = m and

t

(t+4xp)(t+ 1+ 4ky)

Ft:H !

Hs+1—|—4/£f
s:21_uf,’75 s=

23—1—1—4/{f

26

(1+4kp) (2 + 4ry)

WVt e [T].

I
tre Mf(t+2f€f))

(29)



Published as a conference paper at ICLR 2024

Thus, we have
E [F(xT“) — F(z")]

4
(1- pry )Dy (z* yat) 2(1 12,-; 2 r T2 (142
< 1+2 Dp—1 +2(M?* + 0?) l;f( - f)PT—1 +Z (T'z/T ) 2
Nf(1+2ﬁf) T Bt py(14255) T nf t= (T7/Te—y — 1)(1 — R Mf(t+1+4”f))
_ 2LDy(z*,zt) 2(M? + o?) [ 1
(L4 26T — 2655 pr (1+267)((1+26¢)07 — 265)

d 4
+tz:; (Tp/Ti—1 — )t —1+4kp)(t+ 1+ 4/@:)]

414 4kf)LDy(z*, 2")
B T(T+ 1+ 8ky)

L 200+ 0%) 2(1 + 4ry) +§T: A(t + 4ry)
pf (14 2k4)T(T + 1+ 8ky) - (TH+1-t)(T+t+8ks)(t+1+4ky)
4(1+4kp)LDy(a*, 2t) | 2(M? + o2 )ET: At + 4k )
T(T + 1+ 8ky) oy — (TH+1-)(TH+t+8ks)(t+1+4ky)
_AQ 4 4rg) LDy (" x") | 2(M + 0?) i 4 L, 1
- T(T—i—l—l-SHf) 1y t=12T+1+8/'€f T+1-—t¢ T+t+8/€f
2T+8k
_A(+4rp)LDy(a" 2Y) | 2(M? +0”) 4(1+1og T + log 5. t)
—  T(T+1+8ky) oy 2T + 1+ 8ky
<4(1+4/@f)LDw(x*,x1) 8(M? + o?)(1 + log 2T")
~  T(T+1+8ky) pr(2T + 1+ 8ky)
0 (L(lJr/if)Dw(:c*,xl) (M2+02)logT) 30)
(T + ry) pp(T + k)
Finally, if T" is known, recall that we choose for any ¢ € [T
1
Nf(lﬁleﬁf) 1
e = s 07F255) StsT

py(t—T+2+4ky) t =T+ 1

Note that we have 1; = m and for any ¢ € [T
t—1
+2
r *li[ L _ ("ikfil) tsT
t = CEEY -1 .
1-— s n+2k (t—7+14+4k5)(t—T+2+4K )
=2t (n+2mi1) Granrig) - (27

So we know
E [F(z"") — F(2*)]

T
_a —ufm)Dw(x @) 2, o pyny
< +2(M* + o +
ot T ( U FT D DY VT ey
_ 2LDy(z*,zt) 2(M? + o?) 1
(14 2k4)D7 — 2k wr (1+265)((1 + 264)T — 25y)
2 - 2 - 77152
+ 20 (M? 4 02) +
! tz; (T /T — 1)(1 — £ e) tzl (T /Ty = 1)(1 = pgne)

I 1
(31
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Note that we can bound

1
(1 + 2/»€f)FT — 2/6]0
_ 1
- T—1
n+2k (T—74+144k ) (T—7+244K )
n+2~f£1) 2(1f+4~f) - 2k
(a) 1 1

IN
~— —

n+2k T—1 12 T—1 n+2 T—1
77+2Kf£1) (1 + 2}€f) - 2/€f 2"{f |:(7712/1ff1) -1 + (len:il)

(? ) 1 T_1< T—1 -7 n 1
— ex — = eX
o T]+2/$f - P 7’}+2/€f P 7]+2/€f 7]+2/<.3f

(ge ( r + 1) (32)
X a5/ a_ N b)
= OXp 2(77+2/€f)

T—1
where (a) holds due to T — 7 > 0, (b) is by x5 > 0 and (nj_;j:il) > 1, (c)isfrom7 > L

N+ ks > 1and Ky > 0. We can also bound

1

1+ 2I€f)((1 + 2Hf)FT — 2lif)
1

T—1
(1 +2:‘if) |:( n+2ky ) (T—7+1+4k ) (T—7+2+4Ky) . 2:‘6fj|

n+2kp—1 2(1+4kK5)
1

T—7174+1+4k ) (T —7+24+4K
(1+2xy) [( 2(1f425m,-) 2 2“4

_ 2(1—|—4Hf)
(4 26) (T —7+1)(T — 7+ 2+ 8ky)
) 2(1 + 4ry)
T (14 26p)(T — B+ 1) (T — T + 2+ 8ky)
_ 8(1 + 4ky) <2> 8
(14 26p)(T+1)(T+ 3+ 16k5) — T+ 3+ 16k5’

<

(33)

where (d) is by 7 < £ and (e) is by T’ > 1. Besides, there is

T

-1

1= 1 > :
Wi (n+ 265)(n+ 265 — 1) & ( n+2n )T’t“ (T—7+1+4r)(T—7+2+4r5f)
’ n+2r5—1 (14+4K5)(2+4K5)
@ 1 a 1
— 92 o n+2ky (T—T+1+4/€f)(T—T+2+4Kf)
My (77+2Kf)(7]+2/€j 1)77_’_2,_{],_1 t=2 (1+4rf)(2+4k7) —1

T

Z 1+4/€f (2+4/€f) (1+4I{f)(2+4l<6f) . T—1
+2/-$f )2 T—7+3+8k5)  p3(n+2k5) (T —7)(T — 7+ 3+ 8kKy¢)
(2)(1+4nf)(2+4nf) . H g
13 (n + 2k )2 (T — T (T — T + 3 + 8ky)
:(1+4nf)(2+4/-;f) . 2 (@ 32
(15 (n + 2k 5)? T+5+165; ~ p3(T+5+16ry)’

(34)
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where (f) isby 7—t > 0 (w.Lo.g., we can assume 7 > 2, otherwise, there is I= 0 < m)

and 2% > 1 (g) is due to 7 < THL and (h) is by 17 + #; > 1. We also have

n+2Kkyp—
d 1
Z T—71+14+4k T—714+24+4kK
uf t=7+1 [( (t—j-_+1_nf{()t(_r+1+4nf)f) - 1] (t—7+2+4rp)(t — 7+ 4Ky)
R 1
2 (T—74+1+4Kk¢)(T—7+244Kf)
Fr =1 [ (Hn ) (14 any) 1} (t+244rp)(t +4ry)

;
]

1+ dry
(T—7+1+46p) (T —7+24+4k5) — (t +465)(t + 14+ 46p)] (t + 2 + 4ky)

(]

(SRS
1l
3 —-

1
(T —7+14+46)(T —7+24+4rf) — (t +4K¢)(t + 1+ 4Ky)

(]

N o~
1l
s‘)—‘

1
T—17+1-t)(T—7+2+8ks+1)

N o~
1l
\‘l—‘

|
= wa\»» Sol = Sl Sl

1 1 1
2T — 27 + 3+ 8k <T—T+1—t+T—T+2+8I{f+t>

_,,_.

2T —274248k
og(T —7) +log W) - 41 +logT)

, 35
- ,uf(QT—27'+3—|—8/£f) - ufc(T+2+8/€f) (35)
where we use % <7< T“ in the last inequality.
Plugging (32), (33), (34) and (33) into (31)), we have
E [F(z™t!) — F(z*)]
T 2(M? + 0?) 8
<2LDy(z*, a' - +1 :
= w(x’m)CXp( 2(n+2mp) >+ 1y T+ 3+ 16x;
32 4(1 +1logT)
+2pp (M? + 02
s ) pH(T+54+16r)  p7(T + 2+ 8ky)
LDy (z*, 2! M? ) logT
—o [ LPutne) ZEF:)KOSg . (36)
exp (72n+4w) Hf f
O

Theorem D.2. Under Assumptions 1-4 and 5B with jiy > 0 and py, = 0, let Ky = HL—f > 0 and
0 €(0,1):

If T is unknown, by taking either n; = m,w e [T)orn = m,w € [T), then
with probability at least 1 — 6, there is

pr(+rg)Dy(a*,a) | (M?40%log 1) logT) _
F(z"™)~F(z*) < O( T + #f(T+H5f) e = #f(t+2'<f vt € [T]
z )= 0 pr(1+rp)%Dy (z*,2h) + (M?+o2 log %) log T' _ Vit € [ ] .
T(T+ry) s (T+ry) M= T
1 _

py(14265) t=1

If T is known, by taking n; = m 2<t< 7 ,Vt € [T] where n > 0 can be any
2
pwy(t—T+2+4K5) t>71+1

number satisfying n + Ky > land 7 = [%], then with probability at least 1 — 0, there is

1 ) pi(l+ k) Dy(a*,2t)  (M?+40?log3)log T
n+ 26 —1 exp (rﬂﬁf) pp(T +kg)

Fz"™™~F(z*) <0 (1 Vv
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Proof. When py > 0 and pp, = 0, suppose the condition of 7, < Vt € [T] in Lemma
holds, we will have with probability at least 1 — §

1
F(aT+Y) — F(z*) <2 (1 + max )
2<t<T 1 — pgpmy

Dy(z*, 2! 2\ —

x [W+(M2+02 (1+2log5>) VT”%] (37)
D1 =1 2as—t Vs

Now observing that for any ¢ € [T]

t Ty —T:_
I I 1+ HhTls—1 t—t=1l ¢ >2
e _— = F = Ky s
Ve =N I_I ﬂ s =Ml t=1

s=2 A m
where T, == []'_, W’ Vt € [T]. Hence, can be rewritten as
1
F(x™™) -~ F(z*) <2 (14 max ———
2<t<T 1 — ppmy

D * .1 9 T
x M+(M2+02 (1+2log>) ) 38
mt 0) ) = Yt

Now let us check the condition of n; < Vt € [T for our three choices respectively:

2LVM ?
1 1 1
= < < VYt e |T];
Mt 2mp) T gt 2L T 2LV pig I
2 1
= < < WVt e [T];
n (+1+4nf)*uf+2L*2Lvuf 7]
1 1 _
,u,f(l—‘rZRf) ,uf—‘rQL 1§ 2L\/Mf t=1
e = uf(71+2f~”~f) S RV S Vi =T
2 L L T+1

g (t—T+2+4K5) < ne+2L < 2LV s =

Therefore, (38) holds for all cases.

First, we consider n; = W,Vt € [T]. We can find 1+ maxa<i<p lfifm =1+ 17;”2 <3,

_ 1
= ey ad

FtZH 1 _ﬁ 542Ky t—|—2/€f e []
5:21—ﬂfv7S = 23—1+2/$f 1+2k¢’

Hence, using (38), we have

Dy(z*,zt) 2 a Ve
Fa™) - F(a*) <6 | == + <M2 +0? <1 + 21log 5)) — |-

m+ = =1 D et Vs

Following similar steps in the proof of (29), we can get

« 1 2 27,01
PG — Fa*) <0 (1 + k) Dy(x*, zt) N (M? +0%log 5)log T .
T pp(T + rf)

L <
1—pygn2 —

Next, for the case of ; = Vt € [T}, there are 1 + maxa<;<r #fﬂt =1+

2
py (F1F4Rg)

L = iy and
t
1 8+1+4/€f (t—|—4,‘<&f)(t+1+4/€f)
;= ,Vte [T].
K gl—ufns H28—1+4I€f 21+ 4kp)(1 4+ 2ky) 7]
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Thus, we have
Dy(z*, 2! 2\ —
F™) - F(z*) <8 7¢(xp,x_1) + (M2 +0%(1+42log= 77;% .
n + =1 ) — Z _
wy t=1 s=t Vs
Following similar steps in the proof of (30), we can get
pr(l 4 k¢)2Dy(z*, 2t) (M2+U2log(1;)logT> '
T(T+Hf) ,Uf(T-‘rlif)

Fa™) - F@*) <0 <

Finally, if T" is known, we recall the current choice is for any ¢ € [T

1 -
M(lfﬂf) t=1
Nt = FIOT2E) 2<t<rT,
iRy 12T
wheren > land 7 = (%w Note that we have
1+ ! 1+ ! 2+ !
max ———— = =
2<t<T 1 — ppmy L—pr(m2Vnrs) NALS+2kp —1
=2+ ! \Y !
T T 26— 1 0.5+ 2ky
1
<d 4+ ——F,
n+ 2/€f -1
m = m and for any ¢ € [T]
t—1
n+2k,
rt=li[71 = (s#5%) ] T
1-— B n42rr \T T (t—m4144rp)(E—TH2+4Ks) ’
5=2 B (n+2mf—1) (It4dr ) (2+4r ) t>7+1

Thus, we have
F(xT+1) — F(z")

2 Dy (z*, 2t 2\ —
< (8 + ) "’(xr’:fl) + (M2 + o2 (1 + 2log >> .
n+2kp—1 m + 73"” ) e s

Following similar steps in the proof of (36), we can get
F(a™) - F(a")

pf(1+ Kp)Dy(a*, zt) N (M? + o%log 3)log T

<0 (1\/ )
- 267 — 1 T T
N+ 2Ky exp(2n+4nf> pr(T + Ky)

D.2 THE CASE OF up > 0

Theorem D.3. Under Assumptions 1-4 and 5A with py = 0 and py, > 0, let kp, = u% >0

If T is unknown, by taking n; = m, Vit € [T, there is
T+1 x pn(1+ #p)* Dy (a*,a)  (M? +0?)logT
ElFE) —Fan] <0 ( T(T + k) pn(T+kn) )
t<r

1
If T is known, by taking n, = { ”h(’”g“”') ,Vt € [T| where n > 0 can be any number
pn (b= +4rkn)

satisfying n + kp, > 0 and T = [%1 there is

Dy (x*, z! 1 M? NlogT
E[F($T+1)—F(.’E*)] SO Hh ngiﬁ , L ) + (1\/ - ) ( ?/A‘TU—F) O;g
exp (m) -1 n Kh 1225 Kh

t>17+1
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Proof. When iy = 0 and up > 0, suppose the condition of 7; <

2 holds, we will have
E [F(z™") — F(z*)]

1— D >s<7 1
( ufmT) (@ $)+2(
Zt:1'Yt

+2(M? + %)

<
_ Dy(a*, 2"

T
Zt:1 Tt

Observing that
t t
1+ ppns—1
Yt =M T E—
11 L= puyns

s=2

s=2

where Ty == []%_, (1 + pnns), V¢ € {0} U [T7]. So (39) can be rewritten as
T
+2un(M? +0%) Y

< ,LLth(x*,l'l)
I'r—1

E [F(z") — F(2")]

1 1

We can check that
2

Nt

.

Therefore, @0) is true for all cases.
Vt € [T], we have

1
hHh
1

L
L

L <
uh(n+22f~”~h) = 2K
pr(t—T4+4KR) — 2KppR

2

_ 2
If = wn(t+4rn)

t

1
— 2LV,uf

=1 H(1 + pnns—1) = nle—1 =

1

(t + 1+ 4lih)(t + 2+ 4Iih)

= 5Vt € [T] in Lemma

— 20

YT

M? + %)
T
=1 Demt Vs

(39)

YNt

T .
t=1 Zs:t Vs

Iy —Ty_
Q,VtE[T],

Hh

2

Ty /Ty — 1

= < = —,Vt e [T];
uh(t+4lih) T 2Rpln 2L [ ]

t<rT

Lot>r+1°

Vvt e {0} U [T].

Iy = H(1 + pnns) =

s=1
Hence, by (#0),
E [F(2") — F(2")]
8(M? + o?) d

Dy (x*, 2t
pn Dy ( ) n

t=1

(1 + 4I€h)(2 + 4:‘{}1)

1
(t+4rp)2

(T+1+4kp) (TH24+4K1n) 1
(t+4rp) (t+1+4kp)

1

S (T+1+4I€h)(T+2+4Hh) o 1 ,U'h

(1+4kn)(2+4kn)

8(M? + 0?)
+
Hh

t+1+4 4k
t+ 4k,

>

t=1

(T+1—t)(T+2+8kn +1)
1

_ (14 4k5)(2 + 4kp) p Dy (2%, 2
- T(T +3 + 8rp)

16(M? + o2
Hh

)

+

1
t:12T+3+8:‘$h (T-i—l—t T+248kp +t
2T +2+48ks

)il

(1 +4k1)(2 + 4kp) up Dy (%, 27)
T(T + 3+ 8kp)

16(M? + o
Hh

2 . 1 +1og T +log F7575,,
2T+3+8I€h

(1 +4k4)(2 + 4kn ) pn Dy (a*, z*)
T(T + 3 + 8/€h)
(14 4k1) (2 4 465 ) pp Dy (x*, 1)

pn (2T

16(M? + 02)(1 + log 2T)

+ 3+ 8kp)
(41)

T(T + 3 + 8kyp,)
pn (1 + kp)*Dy (2", 2) n

(M? +02)1logT

)

wn(T + Kp)

=0 ( T(T + kn)

t<T
t>7+1°

- (1+

1
If 1y = {W*gﬁh) vt € [T], we
pn(t—T+4Kkp)
1
n+2Kn

t

y

know for any ¢t € {0} U [T

t<rT

(t=74144rp)(t—T+2+4kKn) t>7+1 '

Ft = H(l + Nhns)

s=1

1
(1 + nN+2kp

&

(1+4kn)(2+4Kn)
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So we can obtain

E [F(2") — F(2")]
<,uth(l’*,$1) +2/14h(M2+0'2)§T: 771%

- Ir-1 = Tp/Ty 1 —1
pnDyla”, o) _ ’

= 2 M .

14 1 T (P41 (T—r+2+4kn) _ 4 +2pun(M” +o )Z /T — 1

n+2Kn (144K )(2+4kK8) t=1
@ pnDy(a*, ") 2, 2 - i
< 77—+ 2un(M +J)Zm
=1

1
(1 + n+26p, —1
®  pnDy(a*, ")

- T
exXp (2(1+n+2m)) -1

T
+ 2 M2+U
ta ng/rt 1

* T T
Do (") 2

) 2
, ’I]t T/t

+ 2up (M? + o2 T . 1 Z Tr/Ty 1 —1

S o ( ) ;FT/IE 1—1 Pp/Tp1—1

oxp (W) -1 t=rt1

1 11

where (a)isbyT — 7> 0and 7 > %, (b) is due to

1+ L v e Tlo 1+ 1 >e r
=exp | — xp [ ————
n+ 2rn Plg e n+2mn ) ) = P\ 0+ 20m)

Now we bound

T

1
=2 2 T—t+1
i (n + 2Kp)?% £ 1 (T=74+1+4rp) (T—7+244r4)
h t=1 (1 + 7]+2/<,h> (1+4.‘£Z)(2+4.‘£h) -1
© 1 . 1
= (T—7+1+4rn) (T—7+2+4rp)
15, (1 + 2k, ) (1 * n+2m) t=1 (1+4::)(2+4m) = -1
_ il 1 +4,‘{h (2+4/€h)
B yi(n+2/<;h)(77+1+2/<;h pot T — 7+ 8kp +3)
_ (1 —|-4I$h)(2+4l€h) . T
pa(n+26p)(n+1+4+2ky) (T —7)(T —7+8kp+3)
i 2(1 +4kp) 2(T+1)
= 2+ 2kn) (T —1)(T +5+ 16kp)
© ( n%h) 6 2 (2 + n+zﬁh>
- e T+5+16k,)  p2(T 45+ 16kp)’
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where (c) isby 7 —t > 0and1+n+#2m >1. Weusen > 0,7 < Tt in (d) and T > 2 in (e).
Next, there is

4 £l 1
= /1’7% Z ¢ 4 o [ (T—7+14+4kp) (T —74+2+4Kp) 1
t=rt1 (t =7+ 4dmn) (—r+drn)(t—r+1+drn)

B 4 T—71 1
-2 (T—74+144kp) (T —7+2+4Kp)

Fn = (t+4’{h)2< ETCEEE T R
_ 4 Ti t+ 1+ 4r),
g = (o AR) (T — 7+ 1+ 4k (T — 7+ 2+ dkp) — (t+ 4kp) (E+ 1+ 45p))
B M%L t=1 (T_T+1+4K’L)(T_T+2+4Kh) - (t+4’€h)(t+1+4ﬁlh)
Y

P (T—7+1=6)(T —7+2+8kp +1)
B iTiT 1 1 N 1
T 2T —2r+3+ 8k, \T—7+1—t T—7+2+8k+1

8 2T — 27 + 2 + 8k,

< 1+ log(T — 1
T Wi (2T — 27 + 3 + 8kp) ( log(T' =) +log T —7+2+8kp )

_S(1+logT) ”
= w2 (T+2+ 8kp)’

where we use % <7< % in the last inequality.

Plugging {@3)) and (@4) into (@2) to get

E [F(z") — F(z*)]

1

pn Dy (x*, zh) 2(M? + o?) 12 (2 + 7]+21<ah> n 8(1+1logT)

+
- T T+5+16 T+2+8
eXp (2(1+n+2m)) -1 Hn o tbrn MR
0 pnDy(x*, zh) N (1\/ 1 ) (M2 + %) log T 43)
2 T
exXp (2(1—&-7;1:1-25;;)) -1 S 'uh( " Kh)

O

Theorem D.4. Under Assumptions 1-4 and 5B with jiy = 0 and pp > 0, let Ky = #Lh > 0and
d€(0,1):
If T is unknown, by taking n; = m, Yt € [T, then with probability at least 1 — 6, there is

F™) - F(*) < 0 (“h(l +rf'Dylat,al) | (M40 log ;) logT) |

T(T+ Hh) ,uh(T—&-mh)
—1l_  t<7
If T is known, by taking n, = ’“1(7”2”’1) ,Vt € [T| where nn > 0 can be any number
pn(t—T+4Kp) t Z T+1

satisfying n + kp, > 0 and 7 = f%}, then with probability at least 1 — 6, there is

Dy (z*, x! 1 M? +o2log 1) log T
F(xTJrl) —F(:L'*) <0 HKh w(m ) L ) + (1 ) ( +o0°log 5) og
1

\Y
T 2 T
exp (72(1+n+2m)) — n+2kp pn(T + kn)
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= 5Vt € [T] in Lemma

Proof. When iy = 0 and up > 0, suppose the condition of 7; < ﬁ =51,

3] holds, we will have with probability at least 1 — &
T

|

F(2™) — F(z*)
1 D * .1
<2(1+ mas > ¢(f’x)+(M2+az <1+210g i
2<t<T 1 — psmy S ) s
ADy(z*, 2! 2\ —
‘M+4(M2+a2 <1+210g6>) e (46)
D=1t 21 Dosmt Vs
Observing that
t t
1+ 5— Iy — Ty
Ve = Mt H #?7751 =Tt S:H2(1 + uhns—1) =nly_1 = == Mht ! ,Vt € [T] s

s=2

where Ty == ['_, (1 + pnns), V¢ € {0} U [T7]. So (46) can be rewritten as

T

4Hth(l’*7931) 2 2 2 Un
< —T—"44 M 1+ 2log — . (47
+4pp, +o + og(S ;FT/I‘t,l—l ()]

F T+1 —F(z*
e = I'r—1
We can check that
" ,uh(t+4lih) - QHth 2L, [ ]
U {”h(wgm) < 2rnpn 2L ) i<t .
pn (t—T+4Kp) < 2Kp h = 3L t>7+1

Therefore, @7) is true for all cases.
Vt € [T, following the similar steps in the proof of lb we can finally get
2 * 01 M2 21 1 1 T
F(xTJrl) ~F(z*) <0 </~Lh(1+nh) Dy(z*,2") + ( + o“ log 5) og ) .
T(T + kn) prn(T + Kp)

,Vt € [T, following the similar steps in the proof of , we

pnDy (2, zt) n (1 Y 1 ) (M? + o*log ) log T
1 N+ 2Kp wn(T + kn)

T
eXp (2(1+7I+2Hh)) -

_ 2
If e = wn (t+4rn)

t<rT

1
Ifn, = {uh(n-s-z%h)
a2 T+ 1

can finally get

Fa™) = F(z*) < 0
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