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Abstract

Social networks have a small number of large
hubs, and a large number of small dense com-
munities. We propose a generative model
that captures both hub and dense structures.
Based on recent results about graphons on
line graphs, our model is a graphon mixture,
enabling us to generate sequences of graphs
where each graph is a combination of sparse
and dense graphs. We propose a new condi-
tion on sparse graphs (the max-degree), which
enables us to identify hubs. We show theo-
retically that we can estimate the normalized
degree of the hubs, as well as estimate the
graphon corresponding to sparse components
of graph mixtures. We illustrate our approach
on synthetic data and real-world networks,
showing the benefits of explicitly modeling
sparse graphs.

1 INTRODUCTION

Edge density is a graph attribute that helps to char-
acterize graph sequences into dense or sparse graphs.
A graph sequence is called dense if the edges grow
quadratically with the nodes, and it is called sparse if
the edges grow sub-quadratically with the nodes. A
characteristic of dense graphs is that nodes are more
connected to each other. A characteristic of sparse
graphs is that they are less connected. Simple exam-
ples of sparse graphs include stars, paths and rings.

Observed sparse graphs such as social networks exhibit
two contrasting types of behavior: a small number of
high degree nodes called hubs inducing sparsity and a
large number of small, dense communities (Zang et al.,
2018; [Zhao et al., |2021). Such hubs and communities
are also observed in complex multi-functional networks
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such as neurological networks (Van den Heuvel and
Sporns, [2013; |[Schwarz et al.; |2008). A hub, viewed
in isolation can be thought of as a star graph and
a community by itself can be thought of as a dense
graph. The prevalence of these two components in both
biological and social networks is evidence that they are
fundamental structures in evolving graphs.

Motivated by these considerations we consider graph
mixtures — a combination of two graphs, one sparse and
one dense generated from two different types of graph
generators: graphons. A graphon is a symmetric and
measurable function W : [0,1]2 — [0,1]. Graphons are
used to learn the underlying structure or representation
of graphs (Xu et al.l |2021]) and recently graphons are
used in neural operators and graph neural networks
(Levie, [2023; Tieu et al.l [2024; |Cheng and Peng, 2023]).
A graphon can be thought of as a graph blueprint and
can be used to generate graphs of an arbitrarily large
size. As a consequence of the Aldous-Hoover theorem
(Aldous|, [1981)), graphs generated from a graphon W
are dense. Thus, while it straightforward to generate
dense graphs from a graphon W, generating sparse
graphs from a graphon is not quite that simple.

There have been several extensions to graphons to
model sparse graphs. |Caron et al.| (2023) model graphs
as exchangeable point processes and extend the clas-
sical graphon framework to the sparse regime. Their
graphons are defined on Rf_ instead of on the unit
square [0,1]2. Research led by Borgs and Chayes tackle
sparsity in different ways. For example, Borgs et al.
(2018) consider ‘stretched’ and ‘rescaled’ graphons that
can represent sparse graphs. [Veitch and Roy| (2015)
introduce graphexes, a triple describing isolated edges,
infinite stars and a graphon defined on Ri. Kan+
danaarachchi and Ong| (2024)) model sparse graphs
by considering graphons of line graphs. We use results
from [Kandanaarachchi and Ong| (2024) and |Janson
(2016) to define graphon mixtures, which can generate
sparse and dense graphs depending on the mixture
properties.

Our approach for sparse graph generation considers line
graphs. Line graphs, also known as non-backtracking
graphs (Krzakala et al.,[2013)) are obtained by mapping
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edges to vertices. A line graph of a graph G,, denoted
by L(G,) maps edges of G,, to vertices of L(G,,) and
connects vertices in L(G,,) if the corresponding edges
in G,, share a vertex (Figure. Kandanaarachchi and
Ong (2024) showed that for a subset of sparse graphs,
which they called square-degree, the line graphs are
dense. Hence, for square-degree graphs, by taking line
graphs, we are back in the space of dense graphs which
we know how to model using the standard graphon.
However, this hardly tells us anything about the struc-
ture of the line graph graphon. [Janson| (2016|) showed
that line graph limits are disjoint clique graphs and
further showed that disjoint clique graphs can be mod-
elled by a sequence of positive numbers, which he called
a mass-partition. This result combined with the in-
verse line graph operation enable us to define graphon
mixtures.

The contributions of this paper are: (1) we propose
graphon mixtures — a novel approach that explicitly
models sparsity and thereby generates graph mixtures;
(2) given a graph mixture, we estimate the degree of
hubs of unseen graphs and the graphon corresponding
to the sparse components, and we provide theoretical
guarantees on our estimates that have exponential or
polynomial convergence; (3) we show empirically that
our approach is useful on synthetic and real data. All
proofs are presented in the Appendix.

2 LINE GRAPH LIMITS AND
SPARSITY

We review the setting of graphons, in particular with
respect to the recent results on graphons on line
graphs (Kandanaarachchi and Ong, [2024)).

Definition 2.1 (Dense and sparse graph se-
quences). A sequence of graphs {Gp}, is dense if the
number of edges m grow quadratically with the number
of nodes n, i.e., liminf, , 75 = ¢ > 0. A sequence
of graphs {Gpn}n is sparse if the number of edges m
grow sub-quadratically with the number of nodes n, i.e.,

H mo__
hmn*)OO nZ — 0.

A graphon is a symmetric and measurable function W :
[0,1]> — [0,1]. Graphs and graphons are linked by the
adjacency matrix. The empirical graphon (Definition
of a graph is obtained by scaling the adjacency
matrix to the unit square and coloring smaller squares
of size 1/n x 1/n black if the corresponding entry in
the adjacency matrix is 1 and coloring it white if the
entry is 0. Given a graphon W, a graph with n nodes
for any n € N can be generated as follows:

Definition 2.2. Uniformly pick x1,x2,...x, from
[0,1]. A W-random graph G(n,W) has the vertex
set 1,2,...n and vertices © and j are connected with

probability W (z;, x;).

Given a sequence of graphs {G,},, convergence is de-
fined using the cut norm (Definition and the cut
metric (Definition [A.4). |Borgs et al.| (2008]) showed
that every convergent graph sequence converges to a
graphon W. Therefore, graphons are graph limits. The
problem is that all sparse graph sequences converge
to W = 0. Hence, the standard graphon is not rep-
resentative of sparse graphs, in the sense that graphs
generated from W = 0 are isolated nodes without any
edges.

2.1 Sparse graphs are stars in the limit
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Figure 1: (a) A graph G and its line graph L(G).
Vertices in L(G) are edges of G. Vertices of L(G)
are connected if the corresponding edges in G share a
vertex. (b) Line graphs of disjoint stars are disjoint
cliques. Thus, the inverse line graph of disjoint cliques
are disjoint stars.

To address this problem, more mathematically intri-
cate constructions and convergences have been de-
fined (Borgs et all [2018} (Caron et all 2023)). Kan4
danaarachchi and Ong| (2024)) showed that if sparse
graphs satisfy a certain condition, then their line graphs
(Definition Figure are dense. They called
this condition the square-degree property (Definition
A.9). The set of graph sequences satisfying the square-
degree property is denoted by S;. They showed that
it {Gy}n € Sy and the line graphs {L(G,,)},, converge,
then they converge to a graphon U # 0. Here, we
elucidate the structure of U, based on an earlier result
by [Janson| (2016]).

Theorem 2.3. (Janson| (2016) Thm 8.3) A graph
limit is a line graph limit if and only if it is a disjoint
clique graph limit.

A clique is a subset of nodes in the graph that are con-
nected to each other. This result is important because
as shown in Figure the inverse line graph of a dis-
joint clique graph is a disjoint star graph, and stars are
the most sparse of the graphs that exhibit power-law
degrees. Therefore, the line graph limit explains spar-
sity in a fundamental way via the inverse line graph
operation. It is worth noting that if a graph is a line
graph, then its inverse exists and is unique (Whitney,
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1932) with the only exception when the line graph is
a triangle. |Janson| (2016|) represented disjoint clique
graph limits by a sequence of proportions called the
mass-partition (Definition where the jth element
of the mass-partition gives the proportion of nodes in
the jth disjoint clique. A mass-partition p = {p;}32,
uniquely defines a disjoint clique graphon Wz{"‘ (Defi-
nition [A.6]) resembling a block-diagonal matrix (see U
in Figure [2). We combine disjoint clique graph limits
of \Janson| (2016)) with converging sparse square-degree
graphs S, (Definition of [Kandanaarachchi and
Ong (2024) in the following lemma. Furthermore, we
provide a new definition (so called max-degree) which
is equivalent to square-degree property.

Lemma 2.4. Let {Gyn}, € Sy (Definition[A.9) and let
H,, = L(G,,) where L denotes the line graph operation.
If {H,,}m converges to U then U is a disjoint clique
graphon and there exists a unique mass-partition p that
describes U. That is, U = Wzﬁ\” (see Definition
for some mass-partition p.

Proof. Immediate from Theorem and (Janson)
2016). O

Definition 2.5. (Max-degree condition) Let
{Gn}n be a sequence of graphs where G,, has n nodes
and m edges. Let the mazimum degree of G,, be denoted
by dwax,n- We say the {Gy}, satisfies the maz-degree
condition if there exists ¢ > 0

d
liminf /=" — ¢ > 0.
n,m— 00 m
Let S, denote the set of graph sequences satisfying the
maz-degree condition.

We show that for graph sequences with converging line
graphs, the square-degree property is equivalent to the
max-degree condition

Lemma 2.6. Let {G,}, be a graph sequence with
H,, = L(G,). Suppose {H,}m converges to U. Then

{Gr}n € Sq={Gn}n € Ss.

2.2 Related work

Sparse graphs including scale-free and power-law net-
works have been widely studied. In the Barabasi—Albert
model (Barabasi and Albert} [1999), the degree distri-
bution satisfies P(d) o< d~7, where v & 3, and [Bollobds
et al| (2001) showed the maximum degree grows as
O(y/n), where n is the number of nodes. Kronecker
graphs (Leskovec et al. 2010) provide another genera-
tive mechanism, producing heavy-tailed degree distri-
butions through deterministic or stochastic Kronecker
products.

Classical graphons were used to describe dense graphs.
Over time the original definitions, constructions and
convergences were extended to incorporate sparse
graphs (Borgs et all [2021). |Caron and Fox]| (2017)
and (Caron et al.| (2023) modeled graphs as exchange-
able point processes where the graphon W is defined
on Ri. These were also known as graphex processes.
They used Kallenberg exchangeability in their theoret-
ical framework and sparsity was achieved by extending
the support of the graphon from a finite subset to the
whole positive quadrant. In machine learning, recent
work used graphon interpolation in a dense setting aid-
ing graph augmentation and classification (Han et al.|
2022; |Azizpour et al.l 2025). Their graphons represent
dense graphs and do not generalize to sparse graphs.

Our approach is different to the above as we use in-
verse line graphs of disjoint clique graphs to generate
the sparse component. As both graphons in our mix-
ture are defined on the unit square, norms are well
behaved making it easier to estimate these graphons in
practice, especially the sparse component. By varying
mixture properties we can generate both dense and
sparse graphs.

3 MIXTURES OF SPARSE AND
DENSE GRAPHS

We generate a graph mixture by picking a graphon W
and a disjoint clique graphon U (see Figure. First we
generate two graph sequences using U and W, noting
that both graph sequences are dense, but the graph
sequence generated by U lives in the line graph space.
The sparse graph sequence is obtained by taking the
inverse line graphs of the graphs generated by U. Then
we join the ith graph generated by W with the ith
inverse line graph generated by U according to a set of
simple joining rules and obtain the graph mixture. The
results in Sections and [6] do not have any terms
pertaining to the join. They hold if we consider the
disjoint union of the two graph sequences. However,
the real graphs in Table 2 are not disjoint unions. As
such, we consider a simple way to join nodes randomly
without adding a lot of extra edges. We ensure the
main structural parts are contributed by U and W, but
not the join.

A key component in the mixing process is the ratio
of the number of nodes in the sparse graph to that of
the dense graph. If this ratio goes to infinity along the
sequence, then the mixture sequence is sparse. If the
ratio is bounded, then the mixture sequence is dense.
Thus, for a given W and U by changing the mixture
ratio function, we can generate graph sequences ranging
from dense to sparse.
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Figure 2: The overview of (U, W)-mixture graphs. A disjoint clique graph H,, is sampled from graphon U. The
inverse line graph G = L™1(H,,) is a disjoint set of stars. A graph Gy is sampled from graphon W. Then, G,
and G4 are joined according to graph joining rules resulting in the mixture graph G,,.

3.1 The graph mixture model

A disjoint clique graphon U is defined by a sequence of
proportions (the mass-partition) p = {p;}22,. [Janson
(2016)) considered ", p; < 1. In our work we consider
a rescaled version of the original mass-partition and
let the elements of the mass-partition add up to 1. We
explore the inverse line graphs of graphs generated by

U when ) . p; <1in Appendix

Definition 3.1. (Mass-partition) We define a mass-
partition to be a sequence p = {p;}32, of non-negative
real numbers such that

> >

and ipi =1.
i=1

We refer to the number of non-zero elements in p as
partitions. Thus U corresponding to p can have finite
or infinite partitions.

Definition 3.2. Given a graphon W, a disjoint
clique graphon U, and positive, integer valued se-
quences {ng, }; and {mg, }; increasing with i, a (U, W)-
mixzture graph sequence G, ~ G (U, W, ng,,ms,) is
constructed as follows:

1. Let G4, ~ G(ng,, W) and Hy, ~ G(ms,,U), i.e.,
Ga, is a W-random graph (Definition and
H,, is a U-random graph. Sequences {Ggq,}; and
{Hs,}i consist of dense graphs.

2. As U is a disjoint clique graphon, the inverse line
graph of Hs, exists and is a disjoint union of stars.
Suppose G, = L=Y(H,,) has ns, nodes where L~!
denotes the inverse line graph operation. Thus,
{Gs, }i is a sparse graph sequence.

3. Join {Gq,}; and {Gg,}; satisfying graph joining
rules in Definition [3.5 Let {Gy,}; denote the
resulting graph sequence.

We say Gp, ~ G (U, W, ng,,ms,) is a (U,W)-mizture
graph. We call G4, the dense part and G, the sparse
part of G,,.

Given two graph sequences — one dense and one sparse
— we consider a simple way to randomly join a dense
graph and a sparse graph with a given number of edges,
making sure the main structural parts are contributed
by the two graphs but not the join. We formally define
the joining rules below.

Definition 3.3. (Graph Joining Rules) Let {G, };
and {Ggq,}i be two graph sequences. We are interested
in joining G, and Ggq, for everyi. Let G,, denote the
joined graph. We consider graph joins that satisfy the
following conditions.

1. No new nodes: no new nodes are added as part
of the joining process.

2. No deletion: No nodes or edges are deleted as
part of the joining process.

3. Random edges: if edges are added, they are added
randomly in the sense that nodes within a graph
are equally likely to be selected to form edges.

4. New edges: if edges are added, the number of
new edges added Mpew, Satisfies Mpew, = My,
for small c € R, where mgy, denotes the number of
edges in Gg,.
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In defining these rules our motivation is to keep the
joining process as simple as possible. As such, we have
employed a random join. These rules can be further
explored and modified to suit different needs that result
in more targeted mixtures.

3.2 Expectations and edge density

In graphon mixtures, randomness arise in two ways: (1)
when the graphs are generated from U and W and (2)
when the graphs are joined according to graph joining
rules. We compute expectations of hub nodes and
nodes in the dense part with respect to both sources
of randomness in Lemmas and Depending on
the mixing ratio nl the (U, W) mixture graphs can be

i

sparse or dense as shown in Lemma |3.4]

Lemma 3.4. Let {G,,}; be a sequence of (U, W)-
mizture graphs (Definition with Gy, ~
G (U,W,ng,,ms,). Let Gg, be the dense part of Gy,
and let G, be the sparse part. Let ng, and ng, be the
number of nodes in G4, and G, respectively. Then

nd

Msy

1. If there exists ¢ € RT such that limsup;_, . =

ndi
¢ then {Gy,}; is dense.

ns, o
s = 00 then {Gp,}: is sparse.

Lemma, shows that (U, W)-mixture graphs are a
general construction that allows us to generate sparse
or dense graphs. While our focus is on sparse graphs,
dense graphs that cannot be fully explained by a sin-
gle graphon W can be generated by a (U, W) mixture
(see Appendix [B.2). Thus, (U, W)-mixture graphs can
model a richer set of dense graphs compared to a sin-
gle graphon W. We give examples of (U, W)-mixture
graphs in Appendix [B| and show that by changing mix-
ture properties we get graph sequences ranging from
dense to sparse using the same (U, W) combination.

4 TOP-k DEGREES OF SPARSE
(U, W) MIXTURE GRAPHS

In a network the highest-degree nodes (the hubs) often
represent the most influential or central entities of the
network. In social networks they maybe key individ-
uals, in transportation networks they can represent
critical infrastructure and in a neurological context
hub overload and failure can explain neurological dis-
orders (Stam), [2014). Thus modeling high-degree nodes
is important. By observing a mixture graph without
knowing U, W or the mixture ratio function, we predict
the high-degrees of an unseen graph, by knowing only
the number of nodes in that graph.

For a sparse (U, W) mixture sequence, we show that the
high-degree nodes are contributed by U (Lemma [C.3))).

Recall that graphon U is in the line graph space, and
by Theorem [2.3]is formed by disjoint cliques. Hence the
inverse line graphs are disjoint stars. As U is described
by a mass-partition p = (p1,pa,...), if p; > pi the
degree of the star corresponding to p; is larger than
that of p even after joining the sparse and dense parts
(Lemma . Furthermore, the joining process does
not change the order of the highest degrees as stated
below.

Proposition 4.1. (Order Preserving Property) Let
{Ghn,}i be a sequence of sparse (U, W)-mixture graphs
(Deﬁm'tion with dense and sparse parts Gq, and
Gs, respectively. Let p = (p1,p2,...) be the mass-
partition (Definition associated with U which has
at least k partitions. Let G;,; be the degree of the star in
G, corresponding to p; # 0. Let q;; denote the degree
of the corresponding vertex in G,,. Let deg G, V(r)

denote the rth highest degree in G,,,. Then
k o \F
1
r q <Qj,i - d@g Gn; UU)) = (1 B m&‘)
J:

m?
(1 — exp <02 21> — exp (03m5i)>
ng,

That is, with high probability the order of the stars in
the sparse part are preserved by joining.

The Order Preserving Property helps us to estimate
the top-k degrees of graphs when mass-partitions have
at least k non-zero entries.

Lemma 4.2. Suppose G,, and Gy, are two graphs
from a sparse (U, W)-mizture graph sequence (Defini-
tion . We treat G, as the training graph and G,
as the test graph. Suppose G, and G, have n; and
n; nodes respectively. Let p = (p1,pa,...) be the mass-
partition (Deﬁm’tz’on associated with U, which has
at least k partitions. Let deg G, V() denote the Lth
largest degree in G, where { < k. Then we estimate
the Lth largest degree in G, as

. n;
deg G, Doy = deg Gy, U(8) X n—] , (1)

which satisfies
deg g, O(e) — E(Qe,j)‘

m;

1— n;ms,

(2)

< cpe

nimsj

with high probability, where q¢; denotes the degree of
the hub vertex corresponding to pe # 0 in G, and ms,
and ms, denote the number of edges in the sparse parts

Gs, and Gg,.

We use equation to predict degrees and thus model
highest-degree nodes. Equation gives an error
bound.
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5 ESTIMATING FINITE
PARTITION U

Graphon U describes the relative strength (or vulner-
ability) of the hubs in a mixture. In a social media
network, hubs act as superspreaders of information and
reach; U shows the relative power of the big players
in the network. In an energy/telecommunications net-
work, it can show the vulnerability /resilience in the
event of an attack. Consider two energy networks A
and B with Uy = (0.5,0.3,0.2) and Ug = (0.1,...,0.1).
Then mixture A is far more vulnerable from a resilience
viewpoint compared to mixture B if attacked. By at-
tacking one node (the hub corresponding to 0.5), ap-
proximately 50% of the network can be crippled in an
energy /telecommunications network scenario.

Graphon U can have finite or infinite partitions. By ob-
serving mixture graphs, we estimate the mass-partition
p (Definition , both when p has finite and infinite
partitions. In this section we consider finite partitions.
For both cases, we consider a class of well-behaved
W in our mixture model. We do not need W to be
well-behaved to estimate the topmost degrees of Gy, .
However, we need some conditions on W so that we
can estimate U.

Definition 5.1. (Degree Function) As in|Delmas
et al.| (2021]) we define the degree function

D(z) :/O W(z,y)dy,

where D(z) is defined on z € [0,1].

Assumption 5.2. We assume W to have a continuous

degree function D(x) (Definition[5.1)).

When W satisfies Assumption the degrees in the
dense part G4, are closely packed, i.e., given a degree
value, there is another degree value quite close in Gy,
(see Lemma[D.4). Using Assumption we estimate
k, the number of partitions.

Proposition 5.3. Let {G,,}; be a sequence of sparse
(U, W)-mizture graphs (Deﬁmtion with dense and
sparse parts Gq, and Gs, having nodes ng, and ns,
respectively. Suppose W satisfies Assumption[5.4 and
W # 1. Let p = (p1,p2,...) be the mass-partition
(Definition associated with U which has only k
partitions. Let deg G, V(D) denote the (th largest degree
in Gp,. Then there exists Iy such that for i > Iy we
have

k= max <log deg G, V(0 — log deg G, v(“_l)) , (3)

where we exclude small degrees. That is, in the log
scale the difference between successive top k degrees is
largest at k.

Remark 5.4. FEquation can be used to estimate k
when k is finite and i is large. Procedure [6.1] extends k
estimation for infinite k, which also works when k is
finite and on small graphs.

Remark 5.5. If Assumption is not met, then
we can still estimate the number of partitions k using
Proposition [5.3. The difference is that if the degree
function D(x) is discontinuous, the ratio of successive
degrees in the dense part converge to a constant ¢ > 1,
whereas when it is continuous it converges to c = 1. In
contrast, the ratios of the top k successive degrees in
the sparse part keeps increasing.

Once we have found the partitions k, we can estimate
the mass-partition p = (p1,...,p0x,0,0,...).

Proposition 5.6. Let {G,,}; be a sequence of sparse
(U, W)-mizture graphs (Definition with dense
and sparse parts Gq, and G, respectively. Let p =
(p1,p2,...) be the mass-partition (Deﬁm'tion as-
sociated with U with only k partitions. Let q;,; denote
the degree of the hub vertex corresponding to p; # 0 in
Gn,. Then using the second order approximation of the
Taylor expansion for the expectation and the first order
approxzimation for the variance, with Qy ; = 25:1 Qe,i
and for some constants ¢y and co we have

dj,i ) €1 ( qj,i ) C2
El=2-)—pj| <—,Var| 22 ) < )
‘ (Qk,i ! ms, Qk’,i ms;

Therefore, when U has finite partitions, first we es-
timate k using equation . Then we estimate the
mass-partition p = (p1,pa2,...,Pk,0,...) by

deg ¢, v()

Dj

= i ) (4)
> e—1deg ¢, v

where deg G V(D) denotes the observed fth highest
degree in G,,. From the Order Preserving Prop-
erty (Proposition we know that for large i,
deg . vy = qui, and thus the bounds in Proposi-
tion b6l are satisfied.

6 ESTIMATING INFINITE
PARTITION U

When U has infinite partitions, Proposition does
not hold. In the finite partition case, there is a widening
gap between the hub degrees generated by U and the
degrees generated by W. But in the infinite partition
case, there are always smaller values p; that fill this
gap. However, we show that the degrees generated
by U are different to those generated by W. Let k;
denote the number of hub nodes in G,,, generated by U
with degrees higher than those generated by W. Our
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Figure 3: Unique log degree values of a (U, W)
mixture graph Gj,. The line fitted to points
{(j,log(deg ¢, v(j)))}fi:l is shown in red and the line
fitted to degrees generated from W is shown in green.
The line fitted to points {(7,log %) j=1 is shown in
blue.
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goal is to estimate k;. Thus, we focus on the larger
degrees of G,,, and consider the unique degree values
of G, greater than some percentile C. We consider
the ordered, unique log degree values log(deg ., V(5))s
where deg G V() is the jth highest degree in G,,,. To
the points (j,log(deg ¢, v(;y)), we fit two lines using
the OLS estimator. We show that the line fitted to the
first k; points {(j,log(deg G, v(j)))}?"zl has a steeper
slope compared to the line fitted to the rest of the
points, which are generated by W. In Figure [3| these
two lines are shown in red and green respectively. We
do this by comparing with the line fitted to points on
the curve y = log(ms, /x), which is shown in blue in

Figure [3]

We do this in two parts. First we show that the red
line has a steeper slope than the blue line. The key
observation is that the series > j % diverges to infinity,
and as such cannot represent a mass-partition, implying
that a mass-partition {p;}22, has to converge to zero
more steeply (or faster) than {1/5}32,. This is shown
in Lemma [E] Next we show that the green line
is much less steep than the blue line. As W has a
continuous degree function D(z) (Assumption the
sorted, unique degree values are close to each other,
and for large i, they are mostly consecutive integers.
Using this we show that the green line has a less steep
slope than the blue line. This is shown in Lemma [E:2]

Procedure 6.1. Let G, be a graph from a sparse
(U, W)-mizture graph sequence with U having infi-
nite partitions. Let k; denote the number of hub
nodes in Gy, generated by U with degrees higher
than those generated by W. We consider the points
(4, log(deg Gniv(j))) € R? for unique degree values
greater than some percentile C'. Suppose there are N
such points. For different cutoff points r we fit two
lines — one for {(j,log(deg ¢, v(;)))}j—1 and another
Jor {(j,log(deg ¢, v}y using OLS regression.
Suppose the Lo loss functions for the first and second

fitted lines are given by L1(r) and Lo(N — r) respec-
tively. Then we estimate k; as

ki = arg:nin (L1(r) + Lo(N —71)) . (5)

That is, k; is the number of points on the first fitted
line segment when the sum of the loss functions is
minimaized.

Lemma shows that the sequence {k;}; tends to
infinity with high probability. This allows us to show
that given k; the ratio

converges to p; in expectation. The proof is similar to
that of Proposition |5.6

Proposition 6.2. Let {G,,;}; be a sequence of sparse
(U, W)-mizture graphs (Deﬁm'tion with dense and
sparse parts Gq, and G, respectively. Suppose U has
infinite partitions and let p = (p1,pa,...) be the asso-
ciated mass-partition (Definition[3.1)). Let q;; denote
the degree of the hub vertex corresponding to p; in Gy,
and k; be estimated using Procedure . Then using
the second order approximation of the Taylor expansion
for the expectation and the first order approzimation
for the variance, with le = Z?i:l qe,i and for some
constants ¢1 and co we have

E (L1 —pj| < a , Var Lt ) < 2
ch,i Ms; ch,i Mms;

We use equation to compute l%i and equation @
to compute p; for j € {1,...,k;}, which estimates the

first k; elements of the mass-partition p describing
U. Additionally, if we know the rate at which the
elements in the mass-partition {p;}; go to zero, then
we can estimate Z;’;k pj, the sum of the unestimated
elements in the partition. This is shown in Lemma[E.4]

Time complexity of estimating p

For a graph G,, with n nodes, the degree computation
using the adjacency matrix representation is O(n?) as
an n X n matrix needs to be summed. However, current
programs compute the degree distributions much faster.
Procedure[6.1] takes the logarithm of unique degrees and
fits two lines to the top half of them (say r points). This
can be completed in O(r) time. When line fitting is
iterated over r points, the time complexity increases to
O(r?). But r << n as the number of nodes with small
degrees is large. This process estimates the number
of partitions k. Once k is computed, estimating the
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mass-partition involves sorting the degrees and dividing
by their sum as shown in equation @, which can be
achieved in O(n) time. Thus, the worst case time
complexity is O(n?). Figure [4] shows the time taken
to estimate p for different values of n illustrating the
algorithm generally takes O(n) time.

Run Time (seconds)

0.15

10000 20000 40000

30000
Number of Nodes

Figure 4: Time taken to estimate p.

7 EXPERIMENTS

We conduct experiments with synthetic and real data
on a standard laptop. As the evaluation metric we use
the Mean Absolute Percentage Error (MAPE) given
by 100 x % Zfil w For degree prediction, y;
denotes the top-k degree values and for estimating U,
y; denotes the mass-partition elements p;. More details
of the experiments are given in Appendix [F]

7.1 Illustration with synthetic data

With synthetic data experiments we focus on 3 tasks:
(1) predict the top-k degrees, (2) estimate U when p
has finite partitions and (3) estimate U when p has
infinite partitions. To predict the top-k degrees we use
training graphs with n; nodes and test graphs with
n; nodes. Using equation we predict the top-k
degrees for graphs in the test set. To estimate U we
only use training graphs. When U has finite partitions
we use equation and for infinite partitions we use
equation @ For each task we conduct 4 experiments.
For degree prediction we consider Wy = exp(—(z + ¥)),
Wy = 0.1 and U; with mass-partition p; oc {1/5'2}52,
and Uy with mass-partition py oc {1/1.27}52,. The
mass-partitions are normalized so that they add up to
1. A baseline comparison is conducted using scale-free
graph properties (Bollobas et all 2001)). Table [1| gives
the results of the experiments.

7.2 Sensitivity to method of joining

The graph joining rules (Definition randomly joins
nodes in the dense and sparse parts. However, in
social networks nodes might connect to “more famous’
nodes. To test this, we join nodes with a probability
proportional to the degree of nodes in the sparse part.

)

This makes nodes in the dense part connect with highly
connected or famous nodes. We call this the Pro-join.

In addition, we test the inverse scenario where nodes
in the dense part connect with nodes in the sparse
part with a probability inversely proportional to their
degree. To purposely skew the p estimation, we exclude
degree-1 nodes from the joining process, making nodes
prefer “less famous” hubs more. We note that this join
is unintuitive. It is intended as a “bad join” that can
break the estimation of p. We call this the Inv-join.

Table |2| gives the results with Pro-join and Inv-join on
estimating p . We conducted the same experiments as
in Table [I] for p estimation. The only difference was
that either Pro-join or Inv-join was used to connect the
dense and the sparse parts instead of the random join
given in the joining rules. We see that Pro-join results
are similar or better than the random-join, especially
for the infinite U task. The Inv-join produces worse
results as expected.

7.3 Real-world networks

For observed real world graphs, we do not have a ground
truth model for U, hence we only compute MAPE
for predicted degrees. We use Facebook (FB) links
(Viswanath et all 2009), Hep-PH Physics citations
(Leskovec et al., [2005; |Gehrke et al.l 2003]), MOOC in-
teractions (Kumar et al.| [2019), SMS (Wu et al., |2010)),
UCT Messages (Panzarasa et al., 2009) and Yahoo mes-
sages (Rossi and Ahmed| |2015) datasets. Each dataset
is given as an edgelist with timestamped edges. We
use daily graphs for Facebook links, MOOC interac-
tions, SMS, and UCI messages datasets. For Yahoo
messages we use 2-hourly graphs and for Hep-PH ci-
tations monthly graphs. Each dataset consists of a
sequence of growing graphs {G,,}; and we consider
G, for i € {20,...,24} as training graphs. We se-
lect the test graphs G, such that j = ming{|G,,| :
|Gy, | = |Gy > 500}, i.e., Gy, is the first graph that
has more than 500 nodes compared to G,,. We predict
the top-10 degrees of G,,, using |Bollobas et al.| (2001)),
Caron and Fox] (2017) and 3 variations of Kronecker
graphs (Leskovec et al.l |2010). Furthermore, we test
for statistical significance between the top 2 methods.
Table[3| gives the results with blanks denoting timed out
instances. The (U, W)-mixture estimate is significantly
better for 5 out of 6 datasets.

7.4 A downstream task

We present a toy example illustrating how (U, W)-
mixture properties can support downstream tasks in
instances where sparsity is important. The estimated
sparse component p, which corresponds to the graphon
U can be used as a feature for downstream tasks such
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Table 1: Proposed method is an order of magnitude better than baseline on synthetic data. MAPE (smaller is

better) reported with standard deviation in parenthesis.

Task Description  Experiment 1 ~ Experiment 2 ~ Experiment 3  Experiment 4
Top-k deg Proposed 0.386 (0.337) 0.225 (0.178) 0.394 (0.288) 0.341 (0.391)
' Baseline 9.078 (0.436) 9.098 (0.238) 9.185 (0.336) 9.074 (0.488)

Finite U Proposed 1.800 (1.571) 0.602 (0.428) 0.845 (0.644) 1.621 (1.448)
Baseline 98.709 (0.030) 98.702 (0.012) 97.952 (0.024) 97.766 (0.025)

Infinite U7 Proposed  10.917 (0.098)  1.559 (0.069) 6.351 (0.051) 0.339 (0.171)
Baseline 97.238 (0.002)  95.233 (0.003 ) 95.070 (0.003) 98.245 (0.003)

Table 2: Sensitivity analysis using Pro-join and Inv-join in the joining process. MAPE (smaller is better) reported

with standard deviation in parenthesis.

Task Join Experiment 1 Experiment 2 Experiment 3 Experiment 4

Finite U Pro-join  0.738 (0.428) 0.894 (0.364) 1.333 (0.358) 1.388 (0.225 )

Inv-join  13.635 (0.456) 0.734 (0.329) 0.973 (0.253) 0.964 (0.250)

Infinite U7 Pro-join  0.376 (0.037) 0.805 (0.093) 0.441 (0.040) 0.231 (0.106)
Inv-join  74.233 (0.049) 191.228 (9.381) 167.116 (0.073) 4887.076 (16.587)

Table 3: Comparison of proposed method with Bollobés et al.| (2001)), |Caron and Fox| (2017) and 3 versions of

Kronecker graphs (Leskovec et al., 2010) on 6 datasets.

Average MAPE reported with standard deviation in

parenthesis. Best results in bold. Sig. denotes statistical significance with a = 0.1.

Dataset Bollobas Caron-Fox Kronfitl Kronfit2 Kronfit3 UW-Mixture Sig.
FB 0.130 (0.041) 0.175 (0.103) 0.289 (0.068 111.0 (14.9) 0.518 (0.047) 0.101 (0.044) v
HEP-PH 0.177 (0.105) 0.435 (0.066) 0.351 (0.165 20.20 (4.01) 0.294 (0.115) 0.061 (0.046)
MOOC  0.015 (0.012) 0.854 (0.014) 0.772 (0.068) 0.797 (0.022) 0.835 (0.031) 0.005 (0.005)
SMS 0.051 (0.033) 0.426 (0.051) 0.702 (0.032) - 0.747 (0.024) 0.029 (0.020) v
UCI 0.201 (0.106) 0.757 (0.044) 0.404 (0.098) 2.19 (0.409) 0.908 (0.011) 0.185 (0.090) X
Yahoo  0.030 (0.037) 0.446 (0.046) 0.356 (0.080) - 0.834 (0.014) 0.021 (0.011) v

as graph classification as shown below.

Using (U, W)-mixtures we generate graphs of 2 classes.
We let U for graphs belonging to class A have a mass
partition p = (0.5,0.3,0.2) and for graphs belonging
to class B have a mass partition p = (0.34,0.33,0.33).
For both mixtures we let W(x,y) = exp(—(z+y)). We
generate 100 graphs of each class. Then, we extract the
mass-partition for each graph as detailed in Procedure
and equation (6)). This gives us a feature matrix P
where each row gives the estimated p for each graph.
Using 10-fold cross validation we train and test a logistic
regression classifier on P. We obtain an average cross-
validated accuracy of 98.5% with a standard deviation
of 2.5% showing that p is a discerning feature. A
clustering experiment can be done similarly.

8 CONCLUSIONS

We present graphon mixtures, an approach that explic-
itly models sparse and dense components, and gener-

ates graph mixtures using two graphons. The graphon
W is used to generate dense graphs and the disjoint
clique graphon U is used to generate sparse graphs via
the inverse line graph operation. Then the sparse and
the dense sequences are joined resulting in a mixture
sequence.

Our focus has been on U, the new piece in the puzzle.
We have modeled the highest degrees of sparse (U, W)
mixtures and estimated U. We can estimate U with
high accuracy when U has finite disjoint cliques. When
U has infinitely many disjoint cliques, the accuracy
depends on the rate at which the clique proportions go
to zero. We have focused on sparse (U, W) mixtures.
While we briefly touch on dense (U, W) mixtures in
Appendix this topic can be explored further. Ex-
ploring sparsity resulting from other types of graphs
such as paths and rings is an avenue for future work.
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A Background: Limits of sparse graphs and line graphs

First we define line graphs.

Definition A.1. (Line graph) Let G denote a graph with at least one edge. Then its line graph denoted by
L(G) is the graph whose vertices are the edges of G, with two vertices being adjacent if the corresponding edges
are adjacent in G (Beineke and Baggd, |2021)).

The empirical graphon maps a graph to a function defined on a unit square.

Definition A.2. (empirical graphon) Given a graph G with n vertices labeled {1, ..., n}, we define its empirical
graphon Wg : [0,1]2 — [0,1] as follows: We split the interval [0,1] into n equal intervals {J1, Ja, ..., Jn} (first
one closed, all others half open) and for x € J;,y € J; define

1 if ijeEG)

0 otherwise,

WG(.T,:[/) = {
where E(G) denotes the edges of G. The empirical graphon replaces the the adjacency matriz with a unit square
and the (i,7)th entry of the adjacency matriz is replaced with a square of size (1/n) x (1/n).

Graph convergence is defined using the cut-norm and the cut-metric.
Definition A.3. The cut norm of graphon W (Frieze and Kannan, |1999; |Borgs et al., |2008) is defined as

Wio =sup’/ W(x,y)dzdy| ,
A,B AxB

where the supremum is taken over all measurable sets A and B of [0, 1].

Definition A.4. (cut metric) Given two graphons Wi and W the cut metric (Borgs et all, |2008) is defined as

oo(Wi, Ws) = ingWl WSl »

where the infimum is taken over all measure preserving bijections ¢ : [0,1] — [0, 1].

The cut metric is a pseudo-metric because dg(Wp, Wa) = 0 does not imply Wy = Wy, i.e., og(Wy, Wa) > 0 for
Wy % W,

Next we give some definitions from |Janson| (2016)).

Definition A.5. (Janson’s mass-partition) We define a mass-partition to be a sequence p = {p;}2, of
non-negative real numbers such that

oo
pr1=py>-->0 and » pi<l1.
i=1
Let M be the set of all mass-partitions.

For every mass-partition we can define a graphon as follows:

Definition A.6. Given a mass-partition p (Deﬁm'tion we define a graphon le\’t by taking disjoint subsets
{A;}32, of a probability space (S, ) such that ju(A;) = p; and defining W' =372 14, x4,

We can define a mass-partition for any graph. To do that we use component sizes.



Graphon Mixtures

Definition A.7. For any graph G, we denote the component sizes by C1(G) > C2(G) > - -, ordered such that
when k is larger than the number of components Ci(G) = 0.

Each graph G defines a mass-partition {C;(G)/|G|}32, where |G| denotes the number of nodes in |G|.

The next theorem links mass partitions, graphons and disjoint clique graphs.

Theorem A.8. (Janson| (2016) Thm 7.5) If {G,}. is a sequence of disjoint clique graphs with |G, | — oo
and W is a graphon, then G, — W if an only if W = Wé\" for some p € M and {(C;(G,)/|Gnl);} — p-

Theorem tells us that a mass-partition p can be used to describe a disjoint clique graphon, i.e., there is a
one-to-one correspondence between disjoint clique graphons and mass-partitions.

Theorem and Theorem (Janson, [2016) tells us that graphons of line graphs are disjoint clique graphons
and as such they can be described by mass-partitions.

A.1 Square-degree property and max-degree condition

Definition A.9 (Square-degree property). Let {G,}, denote a sequence of graphs. Then {G)},, exhibits the
square-degree property if there exists some ¢1 > 0 and Ng € N such that for all n > Ny

Z deg v?’n > (Z deg ”i,n)2 )

The set of graph sequences satisfying the square-degree property is denoted by Sy.
Lemma 2.6. Let {G}, be a graph sequence with H,, = L(Gy). Suppose {H,,}m converges to U. Then

{Gpn}n €S, ={Gn}n € S..
Proof. See Lemmas [A.10] and [AT1] O
Lemma A.10. Let {G,}, be a graph sequence with H,, = L(Gy). Suppose {H,}m converges to U. Then
{Gn}n €S; = {Gn}n €95,

where S, denotes the set of graph sequences satisfying the max-degree condition (Deﬁm’tion and S, denotes
the set of graph sequences satisfying the square-degree property (Definition .

Proof. We compute the ratio of the sum of degree squares to the number of edges squared as this quantity
determines the square-degree property (Definition [A.9). For {G,}, € S,

2 2
Zdeg Ui,n > dma>2(,n Z 02

> >0,

m m

we obtain the result. O

Lemma A.11. Let {G,}, be a graph sequence with H,, = L(G,,). Suppose {H,}m converges to U. Then
{Gn}n €Sy = {Guln € Ss,

where S, denotes the set of graph sequences satisfying the maz-degree condition (Deﬁmtion and S, denotes
the set of graph sequences satisfying the square-degree property (Definition .

Proof. For {Gy}., € Sq as H,, converges to U

deg v?
lim inf Zigzm = c>0
n—oo

- ydegvf,
lim =———— =

n—00 m

Let us denote the ordered degrees by d(1),d(2), and so on where dy,q2,n = d(1)- Then for any n

o de) 5 5 4w

m - m m
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U w

Figure 5: Graphons U and W used in Example 1.

and
Z deg vfn = d%l) + d%Q) +oo+ d%n) .

. . deg v7,, . o - g
Noting the series Z# is absolutely convergent and the individual terms are positive (7:12 > 0) we have
deg v?, dz d? d?
lim @: lim ﬂ—l— lim ﬂ—|—-~-—|— lim — — .
n—o00 m2 n—oo M n—oo m2 n—o0 m2

If each individual limit on the right hand side of the above equation were zero, then we would get a contradiction.
As such, at least some limits need to be positive. As d(1y/m is the largest, there exists a constant c; > 0 such that

dty  d;

max,n

@ _ =
m2 m2 ’

which completes the proof. O

Lemmas and show that if we consider sparse graph sequences that have converging line graphs, then
the square-degree property is equivalent to the max-degree property.

B Mixtures of sparse and dense graphs

B.1 (U,W) mixture examples

We give two examples of (U, W)-mixture graphs in this section.

B.1.1 Example 1

We consider U and W shown in Figure [5| where U is given by the mass-partition p = (0.5,0.3,0.2) and W is given
by a stochastic block model graphon. Graphon W has 4 equally sized communities where the edge probability of
two nodes 4 and j within the same community is given by p;; = 0.6 and the edge probability of two nodes ¢ and k
in two different communities is given by p;i = 0.025.

Figures @] and [7| show examples of mixture graphs from this U and W. In Figure @ the dense part G4, has 100
nodes and the sparse part G, has 600 nodes. As G, has a larger number of nodes, the resulting mixture graph
G, has large hubs, resembling a graph from a sparse sequence. In contrast, in Figure [7] the dense part Gy, has
100 nodes and the sparse part G, has 50 nodes making the mixture graph G,,, resemble a graph from a dense
sequence.

From this U and W we construct a sparse (U, W)-mixture sequence with n,, = [ng, x v/5i] for i € {1,...20}.
For each mixture graph G,,,, we compute the global clustering coefficient, the mean distance of the graph and
its spectral radius. Table [4] gives the results. We see that the clustering coefficient does not go to zero in this
example.
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Table 4: The global clustering coefficient, mean distance and spectral radius of the sparse (U, W) mixture graphs
sequence discussed in Example 1

N4, N, Clustering Coefficient Mean Distance Spectral Radius
100 224 0.32 4.06 17.08
200 633 0.31 3.83 33.60
300 1162 0.33 3.67 50.50
400 1789 0.33 3.75 67.46
500 2500 0.33 3.66 84.18
600 3287 0.33 3.57 101.17
700 4142 0.33 3.54 117.99
800 5060 0.33 3.42 134.99
900 6038 0.33 3.48 151.80
1000 7072 0.33 3.48 168.85
1100 8158 0.33 3.47 186.21
1200 9296 0.33 3.41 203.01
1300 10481 0.33 3.46 219.61
1400 11714 0.33 3.37 236.22
1500 12991 0.33 3.32 252.36
1600 14311 0.33 3.28 270.54
1700 15674 0.33 3.27 287.00
1800 17077 0.33 3.25 303.76
1900 18519 0.33 3.29 320.70
2000 20000 0.33 3.26 337.55

B.1.2 Example 2

Next we consider U having the mass-partition p o (%, %7 ceey 1—10) such that ). p; = 1. Let W be given by
(—y% — (z —1)?) (—(y —1)%2 —2?) (sin (37 /4) z + cos (37 /4) )
W =0.9exp ( 0,052 4+ 0.9exp 0.052 +09exp | — 0.052 ,

as in [Xia et al.| (2023). Graphon W produces dense ring-type graphs. The two graphons are shown in Figure
Figure |§| shows the dense part G4, sampled from W with ng, = 100, the sparse part G5, with ng, = 100 and the
mixture graph G,,. Figure [10| shows the dense part G4, with ng, = 100, the sparse part G, with ns, = 600 and
the mixture graph G,,,. We see that the hub structure is stronger in Figure [10]as ng, > ng;.

Again we construct a sparse mixture sequence from this U and W. Similar to Example 1, we let ny, = [ng, x v/5i]
for i € {1,...20}. For each mixture graph G, we compute the global clustering coefficient, the mean distance of
the graph and its spectral radius. Table [5| gives the results. Similar to Example 1, we see a robust clustering
coeflicient as ng, increases.

We see that the mixture graphs G, shown in Figures |§| and |Z| are quite different from those in Figures |§| and
The main reason is that graphon W stipulates the dense part of the mixture and as such, different W produces
different mixture graphs.

B.2 An example where the cut metric cannot explain the anomalous node

Consider the following example: Let {G}, be a sequence of graphs such that originally G,, ~ G(n,p) where
G(n,p) denotes a graph generated from the Erdés—Rényi model where G,, has n nodes and the edge probability
is p. Then we modify each graph in the sequence such that a randomly selected node in G, is connected to
all other nodes in G,,. Figure [11| shows the empirical graphons for n € {50, 100, 200,400} with p = 0.1 for this
construction.

The empirical graphons in this example converge to W = 0.1 in the cut metric (Definition [A.4]). However if we
inspect the degree distribution, we see a persistent anomalous node with high degree as shown in Figure [I2]
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Gs

Figure 6: A (U, W)-mixture graph with ng, = 100 and n,, = 600 where U and W are shown in Figure [5| The
mixture graph G,,, resembles a graph from a sparse sequence.

Gy

G, Gn

Figure 7: A (U, W)-mixture graph with ng, = 100 and ns, = 50 where U and W are shown in Figure |5, The
mixture graph G,,, resembles a graph from a dense sequence.

U

Figure 8: Graphons U and W used in Example 2.

The empirical graphons (Definition [A.2) converge to W = 0.1 in the cut-metric (Definition [A.4). While the graph
sequence is dense, it has a sparse component that a single graphon W does not fully explain. That is, graphs
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Table 5: The global clustering coefficient, mean distance and spectral radius of the sparse (U, W) mixture graphs
sequence discussed in Example 2

nd, N, Clustering Coefficient Mean Distance Spectral Radius
100 224 0.27 6.06 10.62
200 633 0.29 4.51 21.84
300 1162 0.31 4.28 33.22
400 1789 0.31 4.23 44.12
500 2500 0.32 4.06 55.80
600 3287 0.32 4.14 66.76
700 4142 0.31 4.08 77.61
800 5060 0.32 4.09 89.42
900 6038 0.32 3.98 100.76
1000 7072 0.32 4.03 111.96
1100 8158 0.32 4.04 123.18
1200 9296 0.32 4.03 133.78
1300 10481 0.32 4.02 145.67
1400 11714 0.32 3.88 156.22
1500 12991 0.32 3.97 167.71
1600 14311 0.32 3.96 178.63
1700 15674 0.32 3.96 190.49
1800 17077 0.32 3.92 201.24
1900 18519 0.32 3.86 212.29
2000 20000 0.32 3.91 223.61

generated from W = 0.1, would not have the persistent anomalous node shown in Figure This shows that
W = 0.1 does not fully capture the observed graphs. Modeling these graphs as a mixture gives the flexibility to
account for the persisting high degree node.

B.3 Generating dense and sparse graph sequences with a (U, W) mixture

In this section we consider (U, W)-mixture graph sequences {Gy, }: generated with W = exp(—(z +y)) and U
with mass-partition (3, 3) The graphons U and W are shown in Figure We consider graph generation for

different rates of evolution of it e

1

Dense {G,,};, when Z L 3 ceR: When “. — ¢ € R the graph sequence {Gy, }; is dense (Lemma |3. , ie.,

the edge density of Gy, does not go to zero. Flgure [[4] shows an example of the dense part Gg,, the sparse part
G, and the mixture graph G,,; for ng, = ng, = 100. Figure [15|shows the degree distributions for different values
of ng, and ns, when the ratlo de = 1. When the ratio de converges to ¢ < 1, depending on W and U, the

largest degree may be contributed by the dense part. In Fignre the largest degree is actually produced by U,
however, it is so close to the degrees generated by W that we cannot distinguish the effect of U in this example.

Figure [16| shows the dense part G4, and the sparse part G5, when ng, = 100 and ng, = 300. Figure [17] shows
the degree distribution when :dl = 3. When the ratio ;@ converges to ¢ > 1, for large enough ¢ the sparse part

contributes to highest-degree nodes which are anomalous. In Figure [17] two anomalous nodes are contributed by
U for each pair of n,, and ng,.

Sparse {G,, };, when :—Z — oo: If {Gy,}; is sparse, then n,, grows faster than ng, Inaklng L go to infinity

(Lemma . We used n,, = [V/5i x ng,] for this experiment and Figure [19|shows the degree dlstrlbutlons Two
anomalous nodes contributed by U can be seen in 3 of the 4 subplots. Figure [18| shows the dense part Gy, the
sparse part G, and the mixture graph G,, when ng, = 300 and n,, = 1162. We see that the effect of the stars is
higher in this mixture.
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Gy, Gs

Figure 9: A (U, W)-mixture graph with ngy, = 100 and ns, = 100 where U and W are shown in Figure
Gy

G, Gy,

Figure 11: FEmpirical graphons of G,, ~ G(n,p) with one node connected to all other nodes for n €
{50,100, 200, 400}.

Different ng,/ng, ratios: Figure shows the edge density along the graph sequence for six functions of
ns, /ng,. The first experiment (Exp 1 in Figure considers ng, /ng, = 1 and experiment 2 considers ng, /ng, = 2.
For experiment 3 we consider n,, /ng, ~ 1/Vi. As ng, /ng, are bounded from above for the first 3 experiments
we get dense graphs. For experiment 4, we considered ng, /ng, = Vi making the mixture sequence sparse. For
experiments 5 and 6 we considered ng, /ng, =i and ng, /ng, = i2 respectively. Experiments 4, 5 and 6 produced
sparse sequences. For sparse sequences {ns, /ng, }; determines the rate at which the mixture becomes sparse.
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50 100 200 400
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Figure 12: Degree histograms of the graphs corresponding to empirical graphons in Figure

B.4 Expectations

Lemma B.1. Let {G,,}; be a sequence of (U, W)-mizture graphs (Deﬁm’tz’on with Gy, ~ G (U, W,ng4,,ms,)
with dense and sparse parts G4, and G, respectively. Let ng, and ns, be the number of nodes in Gg4, and G,
respectively. Suppose Mpew, edges are added as part of the joining process. Suppose vy is originally a vertex in
the dense part G4,. We denote its degree in Gg, by deg g, ve and its degree in Gy, by deg o wve. Then taking
expectations over the joining process we have ' '

Mpew,
E (deg anvg) = deg ¢, ve + 0 —
7 T ndl
C1 C1
Var(de V) = Mpew,— |1 — — |,
( q Gn, Z) newln ] < ndi>

where ¢1 > 0 depend on the joining process. Similarly, suppose v; is originally a vertex in the sparse part G, .
We denote its degree in G, by deg , v; and its degree in Gy, by deg ¢, v;. Then, taking expectations over the
joining process, /

Mpews
E(degG 'Uj):degG"Uj“FCQﬂ,
’Vli 87’ n

Sq

C2 C2
Var(deg ¢, vj) = Mpew, — (1 - > ,
‘ N, Sd;

where cg > 0.

Proof. The Random edges condition (Deﬁnition Condition stipulates that nodes within a graph are equally
likely to be selected. That is, the probability of selecting a node is inversely proportional to the number of nodes
in the graph. For a new edge, the probability of selecting a node in Gy, is -~ and the probability of selecting

nd,

a node in G, is ;-*. This gives rise to a binomial distribution. Thus, the e)zpected number of new edges for

Mnpew c1

T) For node v; in G, the expected number of

i

node vy in Gg, is ¢; L and its variance is Mpeq, —+ (1 -

nd; d;

. m w. . . .
new edges is co —=+ and its variance is Mpeqw, 2= (1 — =2 ).
s, newi n_- 54,

O

Lemma B.2. Let {G,,}; be a sequence of (U,W)-miszture graphs (Definition[3.9) with Gy, ~ G (U, W,ng,, ms,)
with sparse part Gs. Let p = (p1,p2,...) be the mass-partition (Deﬁnition corresponding to U. Let G;,; be the
degree of the star in G, corresponding to p; # 0 and let q;; denote the degree of the corresponding node in G, .
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Figure 13: Graphons U and W in the (U, W) mixture with W = exp(—(z + y)) and U having the mass-partition
(2/3,1/3). Graphon U lives in the line graph space and is used to generate sparse graphs via the inverse line

graph operation. Graphon W is the limit of the dense part.
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Figure 14: The dense part Gg,, sparse part G, and the mixture graph G,,, Both dense part G, and sparse part
G, have 100 nodes each.
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Figure 15: Degree distribution when Z—d’ =1
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Figure 16: The dense part Gg,, sparse part G, and the mixture graph G,,, with ng, = 100 and n,, = 300.
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degree

Figure 17: When “t =3

i

Figure 18: The dense part Gg,, sparse part G, and the mixture graph G,,, with ng, = 300 and n,, = 1162.
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Figure 19: When :—;L — 00
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Figure 20: Sparse and dense (U, W) sequences for different functions of ng, /ng,.

Then taking expectations over graph generation and the joining process

cm .
E(Qj,i) = Mg, Pj + L )

Si

c c
Var(g;.i) = ms,p; (1 —pj) + mnewini (1 - ) .

Si Ng,;

Proof. The Random edges condition in Definition [3.3] specifies that edges are added randomly. From Lemma [B.4]
we know that

E(qji) = ms,p; and  Var(qj) = ms,p;(1—p;).
Combining with Lemma [B:I] we obtain

CMpew;

E(gj.i) = E(qj¢) + o
CMpew;
E(gji) = ms,;pj + ———.

Si
Similarly the variance satisfies
Var(g;,;) = Var(g;,;) + Var(new edges for this vertex),

C C
Var(Qj,i) = msipj(l _pj) + mnewini (1 - ) .

Sq 7lsi

B.5 Edge density of (U, W)-mixture graphs

Lemma 3.4. Let {G,,}; be a sequence of (U,W)-mizture graphs (Definition[3.2) with G, ~ G (U, W, ng,,ms,).
Let G4, be the dense part of Gy, and let G, be the sparse part. Let ng, and ns, be the number of nodes in Gy,
and G, respectively. Then

1. If there exists ¢ € R such that limsup,_, ., == = ¢ then {Gy,}i is dense.

n

2. If lim; o Zd = 00, then {G,,}; is sparse.

Proof. Suppose G4,, G5, and G, have ng,, ns, and n; nodes and mq,, ms, and m; edges respectively. Then
mq, +ms, <m; and n; = ng, + ns,.
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1. Then the edge density of G, satisfies

2(mdi + msi)
(ndi + nsi)Q ’
Z(mdi + msi)
B (nfl + 2ng,ns, +n2.)’

msl

density(Gp,) >

d;

:2—d i
1+2n71

mél ’I’sz

> Pd; ’
“14+2c+c2

where pg, is the edge density of the dense part G4,. As Gy, is sampled from W, the edge density pq, is
bounded away from zero as ¢ goes to infinity. This makes the edge density of G,,, strictly positive as ¢ goes
to infinity, making {G,,}; dense.

2. Suppose lim; ., Zdl = oo. Equivalently, lim; o Z‘“ =0. As m; = mg, + ms, + ¢'mg, where the new edges
Mpew; = ¢ Mg, depend on the joining process, the edge density of Gy, is given by
. Q(md, +mg, + c’md,)
density(G,,) = : : A
_2((L+)mg, +my,)
o n3 +2na,ne, +n2,

(1+c) i m‘”

)

1+2 z+1

’I’L
d; mgl

(1 +c’)7:d‘ nZ

:2 2 L
z+2 z_j’_l

m5L

(1+c) =

=2

1 + 2 nd; + 1
lim density(G,,) =0,

1—00

. . nd,
as {Gs, }; is sparse and as lim;_, s =0.
K3

O

Lemma B.3. Let {G,,}; be a sequence of sparse (U, W)-mizture graphs (Deﬁm’tion with dense and sparse
parts of Gy, being Gq, and G, respectively. Let p = (p1,pa,...) be the mass-partition (Deﬁm‘tion associated
with U and suppose p has k non-zero elements. Recall G, is a union of disjoint stars and isolated edges. Let §;;
be the degree of the star in G, corresponding to p; # 0. Then, if we consider Gy, to be the disjoint union of Gg,
and G, the top k degrees denoted by deg v(1. ) satisfies

k
lim P =1.
Jim PA U s € dey v
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Proof. From Lemma we know if {Gp,,}; is sparse, then ny,/ng, — oo as i tends to infinity. Furthermore,
n; = ng, + Ns,. In the dense part Gg,, vertices have degree less than or equal to ng, .

From Lemma the degree of the star in Gy, corresponding to p; satisfies E(§;) = mg,p;. Then using Chernoff

bounds

2
~ ms,;pf
P (i < (1 map) < exp <2) .

The sparse part G, has ng, nodes and my, edges and is the inverse line graph of H,, ~ G(U,ms,). As the
inverse line graph of a clique is a star and the inverse line graph of an isolated node is an isolated edge, we have
ms, € O(ns,). This gives

Mg, Dj = C1PjNs; > N, -

for large enough i as ng, /ng, — co. Thus, by letting ng, < (1 — €)mg,p; we get

2
s M, Dj nd,
PG <ng)< - 1—
(4 < na) < exp ( 2 ( ms,;pj) > ’

which goes to zero fast as ng, /(ms,p;) goes to zero and as mg, goes to infinity. For j € {1,...,k} if all §;; > ng,

then U?:l ;i C deg v(y. ) for large i. Then

k
P U @i Cdegva. k| = P (G > na,) N (Gai > na,) - (Gri > na,))
j=1

k
>1—% P(gi<na),

j=1

k 2
>1 —Zexp (_m;pj (1 - mndi ) ) ;
j:]- S,‘p]

giving the result.

B.6 When )  p; <1

If we focus on U in the (U, W)-mixture graphs, we see that U — H,, — G, = L~!(H,,). The graphon U is used
to generate a disjoint clique graph H,,, of which the inverse line graph is computed to obtain G, the sparse part.
Suppose p is the mass-partition corresponding to U. If Zj pj = 1, then H,, consists of disjoint cliques and G
consists of disjoint stars. If Y ;i <1, then H,, consists of disjoint cliques including isolated vertices, which are
technically cliques of size 1. The inverse line graph of isolated vertices are isolated edges, which are technically
stars of 2 vertices, K. This is illustrated in Figure

Lemma B.4. Let {G,,}; be a sequence of (U, W)-mizture graphs (Definition with Gy, ~ G (U, W,ng4,,ms,)
with sparse part Gs. Let p = (p1,pa,...) be the mass-partition (Definition corresponding to U. Then every
non-zero p;j results in a star Ky g, in Gs with degree of the hub-node q;; satisfying

E(Gji) = ms,p; and  Var(G:) = ms,p;(1 —pj).

If Zj pj <1 then G has isolated edges in addition to disjoint stars. Let I; denote the number of isolated edges
in Gg. Then

IE(L) =mg, |1— ij and Var(fi) = ms, ij 1— ij
J J J

Proof. For a (U, W)-mixture graph G,,, the sparse part is given by Gg,. For the sparse part, we draw mg points
X1,T2,...,Tm, uniformly from [0, 1] (see Definition [3.2)). The vertices k and ¢ are connected with probability
U(zy,x¢). This graph is called H,. As U is a disjoint clique graphon it can be represented by a mass-partition
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Figure 21: A disjoint clique graphon U on the left, graph H,, ~ G(U,m) in the middle and G,, = L=*(H,,) on
the right. Graph H,, has a large clique and some isolated nodes. Graph G,, is the inverse line graph of H,, and
has a star and isolated edges. The star is the inverse line graph of the large clique and isolated edges are the
inverse of isolated vertices.

p = (p1,p2,...). Thus, Hy is a collection of disjoint cliques. As in Definition let C; denote the component
size or the number of nodes in the jth largest component. As x1,xs,..., %y, are uniformly drawn, for non-zero
pj, the component size C;(H,) has a binomial distribution with parameters m, and p;. Thus for non-zero p;

E(Cj(Hs)) = ms,pj

and
Var(C;(Hs)) = ms,p;(1 — pj)

where expectation is computed with respect to different randomizations. When we compute the inverse line graph
of L™ (H,), each clique corresponding to non-zero p; is converted to a star K g, such that the degree of the hub
node is equal to the number of nodes in the clique, i.e., §;; = C;(Hs), giving us

E(q;i) = ms,p; and Var(q;;) = mspj(1 —pj).

When ;P <1, this results in isolated nodes in H,. The number of isolated nodes H, is equal to I;, the number
of isolated edges in G as G is the inverse line graph of Hs. As x1,22,..., %y, are uniformly drawn from [0,1],

I; has a binomial distribution with parameters ms, and pg =1 — 3" i Pj making

E( ~i) = Mg, Po = M, 1- ij and Var(jl) = msipO(]- _pO) =Ms; ij 1- ij
J J J

C Predicting top-k degrees

Lemma C.1. Let {G,,}; be a sequence of sparse (U,W)-migzture graphs (Definition[3.9) with dense and sparse
parts Gq, and G, respectively. Let p = (p1,Dp2,...) be the mass-partition (Definition associated with U
and suppose p; > pr # 0. Let §;; and Gi; denote the degree of star vertices in G, corresponding to p; and py
respectively. Let q;,; and q; denote their degrees in G,,. Then

P (qr,i > qji) < -

That is, with high probability the graph mizture does not change the order of the degree of star vertices.
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Proof. Let Gq4,,Gs, and G, have n;, ng, and ns, number of nodes and m;, mg, and ms, number of edges
respectively. Let mpe,; denote the number of edges added as part of the joining process. From Lemma we
know that
CMpew,
E(gji) = ms,pj + ——,
N,

i

c [
Var(gji) = ms,pi(1 = pj) + mnewini (1 - ) .

Si nsi

We define X; = qx,; — g5, where ¢i; and g;; are the degrees of the hubs in G, corresponding to p; and p;
respectively. Then

E(X:) = ms, (pk = p5) »

C C
Var(X,) =, (g1~ )+ 1= ) + 2 (1)

C &
=, (1= )+ L= )+ 2 (1= )

Si

As mg, € O(ns,), mqg;, € O(n?) and ng, /ns, — 0 for sparse graphs we obtain

i

VarX; C
< 7
EX)7 S, g
. . VarXi
making Zliglom =0,

As p; > pi, we have E(X;) < 0. Furthermore, the probability

P(X; >0) = P(X; - E(X;) > —E(X;)),
= P(X; - E(X;) > [E(X;)]) as —E(X;) = [E(X;)],
< P(IX; - E(X5)| = [E(X)]),
Var(Xi)

= E(X;)?

where we have used Chebyshev’s inequality in the last step and the fact that P(|X| > a) > P(X > a) as the set
X > ais a subset of the set | X| > a. Combining with equation we get

C

P(ar; > q5,) < —
making

lim P(Qk,i > qj,i) =0.

71— 00

O

Lemma C.2. Let {G,,}: be a sequence of sparse (U, W)-mizture graphs (Definition with dense and sparse
parts G4, and Gy, respectively. Let p = (p1,pa2,...) be the mass-partition (Definition associated with U and

suppose pi, # 0. Let vy be a vertex originally from the dense part Gq, and let us denote the degree of vy in Gg, by
deg g, ve and its degree in G, by deg g ve. Then

m2
P (deg g, ve= (1= hmo,pp) < exp | —C
71,” n
d;
where € > 0 and ms, denotes the number of edges in the sparse part. That is, the probability of a node in the
dense part having a larger degree than the expected degree of a star node Gy, goes to zero.
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Proof. Recall the joining process (Definition [3.3) does not delete or add vertices. Hence each vertex in G,,, comes
either from the dense part or from the sparse part. Suppose vertex v, comes from the dense part Gg4,. Let us
denote the degree of v in G4, by deg g, v, and denote its degree in G, by deg ¢, v. Then from Lemmalzfl

we know that
Myew;

Mg,
< deg g, ve + o =di

E(deg G, vg) = deg Gq Vet o~ o

Rewriting pp; = E(deg ¢, v¢) for § > 0 we have the following Chernoff bound

;67
P (deg @, ve = (14 5)#@,1‘) <exp (- W’?) ) :

From Lemma we know E(§y ;) = ms, pr where i ; denotes the degree of the hub vertex corresponding to py,
in G,,. Then as ny, /ng, goes to infinity for sparse graphs, for a fixed € > 0 we have (1 — €)mg,pr >> (1 + ) e
for increasing i. Hence, the probability of deg o wve > (1 — €)my,pr decreases for a fixed e > 0. Thus, for
0 < (1 —€)ms,pi/ 1, — 1 we obtain '

2
i (1= s,
P (deg g, ve > (1~ mapi ) < exp <_M§ <<6>mpk - 1) )

Hei

2
As pp; € O(ng,), ms;, € xX(ns,) and ng, /ng, goes to infinity for sparse graphs the expression ((172# - 1)

goes to infinity. Therefore, the probability P (deg G, ve>(1— e)msipk) goes to zero satisfying

m2
P (deg G, ve > (1— e)msipk) <exp|-C—*|.

O

Lemma C.3. Let {G,,}; be a sequence of sparse (U, W)-mizture graphs (Definition with dense and sparse
parts Gq, and G, respectively. Let p = (p1,Dp2,...) be the mass-partition (Deﬁniti associated with U.
Let G;; be the degree of the star in G, corresponding to p; # 0. Let q;; denote the degree of the corresponding
vertex in Gy,. Let vy be a vertex originally from the dense part Gg, and let us denote the degree of vy in Gg, by
deg Ga, Ve and its degree in Gy, by deg G, Ve Then

2

msi /
P(deg g, ve>qji) <exp | —c—* | +exp(—c'my,)
ng ndi

That is, the probability of a node originally in the dense part having a larger degree than that of a star node in
G, goes to zero.

Proof. Let Gq4,,Gs, and G, have n;, ng, and ns, number of nodes and m;, mg, and m,, number of edges
respectively. Then for € > 0

P (deg G, V2 %’,i) =P (deg @, v 2 Gilge = (1— G)msipj) P(gji = (1 —€)ms,pj)
+P (deg @, v 2 Gl < (1— G)msipj) P(qj: < (1 —e)mg,pj) ,
<P (deg G, Ut >(1- e)msipj) P (gji > (1 —€)ms,p;)
+P (deg @, v 2 gilgje < (1— G)msipj> P (g < (1—€)ms,p;) ,

<r (deg G, ve>(1— E)ms,v,pj) + P(gji < (1= €)my,pj) (8)

From Lemma we know that

m2
P (deg G, e > (1= e)msmj) < exp <02’> :
i ndi
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From Lemma [B.2] we know
CMpew;
E(gj,i) = ms,pj + ——.
N,

i

Using Chernoff bounds we get

2
Ms,Dj€
P (gji < (1 —€)mg,p;j) <exp (_23 ) .

Substituting in equation we get
2

msi /
P (deg G, Ve 2 qj,z') < exp (—C > ) +exp (—c'my,) .
n; ndi

O

Proposition 4.1. (Order Preserving Property) Let {G,,}; be a sequence of sparse (U, W)-mizture graphs
(Definition with dense and sparse parts G4, and G, respectively. Let p = (p1,p2,...) be the mass-partition
(Definition associated with U which has at least k partitions. Let G;; be the degree of the star in G,
corresponding to p; # 0. Let q;; denote the degree of the corresponding vertex in Gy, . Let deg G, V(r) denote the
rth highest degree in G,,. Then '

k k 2
Cl msi
P q (qM = deg G, v(j)) > (1 — m8i> (1 — exp (—02 " ) — exp (—@,msi))
-7:

d;

That is, with high probability the order of the stars in the sparse part are preserved by joining.

Proof. Let us explore the condition ¢; ; = deg & v(; for j € [k]. This can only happen when q1; > q2; > - -+ > qx.i
and when all other nodes have degrees lower than ¢ ;. Let us denote the maximum degree of the other nodes by
deg ¢, vy. The probability

k
P ﬂ g =deg g, vy | =P (qui > qi > > qui) X P (deg G, Vu < Qk,i) ;
j=1
k—1
=[P (gi>gr1a) x P (deg G, Vu < Qk,i) . (9)
=1
From Lemma we know that o
P(gj41,i > ¢j) < me’
making
C

P(qji > qj+1,4) =1 — (10)

ms,

Let vy be a vertex originally from the dense part G4, and let us denote the degree of vy in Gy, by deg ¢, v and
its degree in G, by deg , ve. From Lemma we know that for vertices in the dense part '

m?2
P (deg G v > qji) < exp (—C o= | +exp (—c'my,) .
n; 3 ndl
making
m?2
P (deg . v < qj’i) >1—exp <—C; —exp (—c'ms,) . (11)
ng n?,

Suppose U has k partitions. Then the maximum degree of the “other” nodes is obtained by a vertex in the dense
part. In addition to the vertices in the dense part, there are degree-1 vertices in the sparse part. These are the
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leaf or non-hub nodes in every star. Their degrees are much smaller than the rest. Thus, equation holds for
all “other” vertices including the vertex which has the maximum degree of these vertices. Combining equations

and with equation (9) we obtain

k k—1 2
~ c ms.
P (qj,l - deg G'rbi 'U(])) Z (1 B ml' ) <1 - exp <_02 n2 : > - exp (_C3mSi)> 7

j=1 d;

k 2
ms.

> (1 — ) <1 — exp (—Cz 25> —eXP(—03ms1)> )
M, ng,

where ¢; denotes the largest C' in equation for different j < k — 1.

Suppose U has either infinite partitions or ¢ finite partitions with £ > k. Then the probability

k
P g =deg g vy | = P(qui > qei > > qui) X P <qk,i > -e{rilff( }%’,i) x P (deg G, Vu < Qk,z) ,
. K J yeen i
Jj=1

where max;cx11,...} ¢j,; denotes the maximum degree of other hub nodes contributed by U. Similar to equation

the probability
C

Mg,

P (Qk,i > max qg‘,z') >1-
Jje{k+1,...}

making

d;

k k 2
C1 m ”
r Q (CIj,i = deg Gniv(j)) > (1 - mw) (1 — exp <—62 n; ) — exp (—c;;msi)) .
j=

O

Lemma 4.2. Suppose G, and G, are two graphs from a sparse (U, W)-mizture graph sequence (Definition
. We treat Gy, as the training graph and Gy, as the test graph. Suppose G, and G, have n; and n; nodes
respectively. Let p = (p1,pa,...) be the mass-partition (Deﬁm'tz'on associated with U, which has at least k
partitions. Let deg G V(D) denote the Cth largest degree in G,, where { < k. Then we estimate the (th largest
degree in Gy, as

deg G, U(gy = deg G, V() X % , (1)

7

which satisfies
deg , V(o) — E(qe,j)‘

msj

1— n;ms,

< cpe

(2)

nimsj

with high probability, where g, ; denotes the degree of the hub vertex corresponding to pe # 0 in G, and ms, and
ms; denote the number of edges in the sparse parts G5, and Gs;.

Proof. For large ¢ and j with high probability the expression

deg ¢, U(e) — E(‘H,j)‘ 1

)
Mg
Sj

mn; cm P
deg g, Vi) - = <ms,~pe + n”““)
1

Sj
n; cm. .
j new
Qoi— — (msjpe + ]>
n; n

(3 Sj

ms;
1

M,

b

where we have used equation and Lemma for E(ge,;) in the first line and the Order Preserving Property
to say deg g v = qe; in the second line for large i. From Lemma we can see that

lim Y2x(@e:)

=0
imoo Ege)?*
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implying that the observed values of gy ; lie close to its expected value for increasing i. Therefore,

deg G, V) — E(Qé,j) 1 CMpew,; \ 1j CMipew,
) ms;Pe + — = m5jp€ + 5
mSj sj N, i nsj
_ony (msipg N cmnewi> (msjpg N cmnewj)
- - 9
my, n; Ng, M n; N, Nj
n; |ms, M. e
<e j s; Pt s ’
msj n; Uz
NiPe | Mg, ury
== | = - (12)
msj n; Uz
niMg,
=cpe |l — L=
nimsj
CMinew,

where we have used goes to zero. This is because myeyw,; € ®(n3) as a result of the joining process

(Definition (3.3)) and ns/lnl goes to 1 as ng, /ns, goes to zero for sparse graphs.

The number of nodes and edges in the sparse part are linked by
mSi + kl = nSi

where k; denotes the number of stars in the sparse part G, and ng, denote the number of nodes. If U has finite
partitions, then k; is bounded for all large 7. However, if U has infinite partitions then the number of stars
observed k; will increase with increasing i. Nevertheless, k;/ns, goes to zero. This is because the number of nodes
in a collection of stars grows much faster than the number of stars when we uniformly sample from the disjoint
clique graphon U. Thus we have

lim % = 1. (13)

1—00 nSi

Let ng4, denote the number of nodes in the dense part. Then

nsi + ndi = ni )
Ng, N,
si 4 d; 1.
T; n;
As ng, /ng, goes to infinity for sparse graphs we have ng, /n; going to zero making ng, /n; tending to one. Combining

with we get

. My,
lim t=1.
71— 00 ’I’LZ‘

Substituting this in equation , we get

[deg ¢, 50) — Elae.s)
lim 2 =0

1,j—00 msi

D Estimating U for finite partitions

Using the Taylor series expansion, we derive the second order approximation of the expectation of a ratio of
random variables and the first order approximation for the variance.

Lemma D.1. (Stuart and Ord (2010)) Let X and Y be two random variables where Y has no mass at zero.
Then the second order Taylor series approzimation of E(X/Y) is given by

. (X) CE(X)  Coo(X.Y)  E(X)Var(Y)

Y ) E®Y) E(Y)2 E(Y)S
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and the first order Taylor approxzimation of Var(X/Y) is given by

" X\  E(X)? [ Var(X) Covu(X,Y)  Var(Y)
(Y) T E(Y)? (EW T PE(XE(Y) EW)-

Proof. For any f(z,y), the second order Taylor expansion about a = (a,,a,) is given by
flz.y) = fa) + fila)(@ — az) + fy(a)(y — ay)
1 1
+ 5 fa(@)(r —a)? + f(a) (@ — ax)(y — ay) + S fj, (@) (y — ay)* + R,

Let E(X) = pe, E(Y) = py, f(X,Y) = X/Y and @ = (iz, pty). Then the expectation of the second order
approximation is given by

E(f(X.Y)) = E (f(a) + f1(@)(X —a,) + fj(@)(Y —a,) ,
8 (I ) + I @)X = @)Y — )+ 3 @Y ~a)?)
— f(@) + FLU@)E(X — ) + fL(@)E(Y — 1)
+ %f;’mVar(X) + fuy(@)Cov(X,Y) + %f;’y\/ar(Y) ,
= (@) + 5 £ (@)Var(X) + 2, (@)Cov(X,Y) + 1 fl (a)Var(¥) (14)

as B(X — pg) = E(X — ) =0. As i), =0, fi, = ,yiz and f = 22 we obtain

yy — y3

g (XY _EX)  Cov(X,Y) E(X)Var(Y)
<Y>E(Y) E(Y)? EY)®

The variance is defined as
Var(f(X,Y)) = E ([f(X,Y) - E(/(X, V)
From equation we let
E(f(X,Y)) = f(a)
and get
Var(f(X,)) ~ E ([f(X,Y) - f(a)]*) .

Then we use the first order Taylor expansion for f(X,Y") around a inside the expectation term
Var(£(X,Y)) ~ E ([f(a) + fi(a)(z — @) + fy(a)y — ay) - f(@)]°) |
=B ([f1(a)(X ~ ax) + (@)Y —a,)]") |
=E (f(a)(X - az)* +2f,(a)(X = az) fy(a)(Y — ay) + [ (@)(Y —a,)?) ,
= f*(a)Var(X) + 2f,(a) f,(a)Cov(X,Y) + f;*(a) Var(Y).
For f(X,Y) = X/Y we have f/(X) = 1/Y, [((Y) = —3%, f2(a) = /42, [*(a) = % and f}(a)f}(a) = —L4.

wy w
Substituting these we obtain

Var(fF(X,Y)) ~ %Var(X) - Q%COV(X,Y) + %Var(Y) ,
_ 43 (Var(X) _Cov(X,Y) = Var(Y)
_M%Z( 2 e, 2 )

_ E(X)? (Var(X) Cov(X,Y) Var(Y)

~ E(Y)? (E(X)2 - TE(X)E(Y) | E(Y)? )
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D.1 Estimating p;

Proposition 5.6. Let {G,,}; be a sequence of sparse (U, W)-mizture graphs (Definition with dense and
sparse parts Gq, and G, respectively. Let p = (p1,pa,...) be the mass-partition (Deﬁm’tion associated with
U with only k partitions. Let q;; denote the degree of the hub vertex corresponding to p; # 0 in Gy,. Then using
the second order approximation of the Taylor expansion for the expectation and the first order approximation for
the variance, with Q. ; = Zif:l ge,i and for some constants c; and cy we have

'E (qﬂ > —pj| < T and Var <qj’i ) < 2
Qi m

S ki o ms; ’
Proof. As ¢;; is the degree of the star in G, corresponding to p; # 0 and as g;; denotes the degree of the
corresponding vertex in G,,, we have

dj,i = qjﬂ' + My new;
where m;j new, denotes the number of edges added to that vertex as part of the joining process. Then

k k k

Z qei = (q@,i + m@,newi) = Mg, + Zmﬁ,newi 3

=1 =1 =1
as the sum of the edges in the k stars equal ms,. This is because of two reasons: First we consider a mass-partition
p with k£ non-zero entries with 25:1 pe = 1. That is G, has only k stars. The second reason comes from the
construction of (U, W)-mixture graphs (Definition [3.2). Recall we sample m,, nodes from U and construct a
graph, which is a disjoint clique graph. Then we find its inverse line graph, which we call G,. Consequently G,
has ms, edges, which are spread across k stars.

The number of edges mys,, Mpew, and the number of nodes ng, are not random variables. They are parameters of
the (U, W)-mixture graph process. The degree of each node is a random variable as sampling from the graphons
are involved in determining the degree. Let X; = ¢;; and Y; = Z§=1 qe,i-

Then from Lemma [B.2

cm )
E(X;) = ms,pj + ——*,
Ng,;
k 0;
E(}fz) = m,, n CMpew; ,
Ng.

i

Var(X;) = msipj(l - pj) + mnewinL (1 - C) )

k
Var(Yi) = Var <Z mj,new;,) )
=1

l
W

Var (mj new, )

C C
= KMnpew; — 1- .
N, N,

k
Cov(X;,Y;) = Cov <Qj,i7 Z(M,i) ;

o~
Il
—

x5

The covariance

=1
k

= Cov | gjir @i+ Y _aei | »
=1
LF#]

= Var(‘]j,i) )

c c
= msipj(]' _pj) + mnewiF (1 - ) .
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From Lemma using the second order Taylor series approximation we have

X;\  E(X;) Cov(X;,Y;) E(X;)Var(Y;)
E(n)‘Em>_ EY,)? | EY)P 19)

We compute each term separately and let ¢ go to infinity. The first term

]E(X,L) - ms,p; + nv;iwi
E(Y) ~ m,, 4 Fome
o T
e
. E(X3)
OBy P (16)
as Mpew, € O(ng,), ms, € O(ny,) and ng, € o(ns,) the ratio Mpew, /(ns,ms,) = 0. The second term
N2 o 2 )
E(Y;) (msi Lk n)
Mepi (1= p3) + w55 (1= 75
- kcmnewI kemapew, 2
i+ 2m, B ()
)+ s (1= 2)
= > ,
14 280mes . (Leinews )
COV(Xi7 }/1)
lim ———=—+ = 1
e AP (17)
as both mpew, /(ns,ms,) — 0 and Mmypew, /m2, — 0.
The third term
CMpew; c c
B0t Var(ry) _ (mans + ) (bmew 2 (12 7))
A o 3 ’
E(¥) (s, + Emmens )
(o sme) (s (- 2)
— i i i s 37 i ’
(1 )
_ E(X;)Var(Yi)
lim —o0 YARE) 1
i E(Y;)3 0 (18)

as p; < 1, pj/mg, goes to zero in addition to the terms mnew /(ns,ms,) and Mpew, /m Therefore using the
second order Taylor series approximation in equation (25)) and equations (16| . ) and (| we obtain

X iy
hmE():hmE i) =y,
1—00 Y i—00 Zezl Qe

Furthermore from the above computations we have
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and
E(X;)Var(Y;) c

E(Y;)?  — m2’

where each ¢ denotes a different constant. Thus we have

qj,i
E{——— ]| —p;

k Jj
<Zg_1qe,i>

X E(X)? [ Var(X) Cov(X,Y) Var(Y)
Vm(Y>EWP<E@VMXEW) EWP)

We consider the three terms inside the paranthesis separately. The first term

Ms,;

From Lemma [D.1] we know

VaI‘(Xi) msipj(l - pj) + Mpew, Til (1 - "ii )

E(X;)? new; |2
(Xi) (mSipj s )

api =)+ e (1)

= 2
| CMnew,
(pj T Tos; s )

)

)

Var(X,) opi(1—py) + e (1- 22
lim —— = lim — A S,
. Var(X;)
2w~

The second term

Cov(X;,Y;) ms,pi (1 —pj) + mnewii (1  n., )

E(X)E(Y;) (msipj n m) (m N km) ’

Mgy
Aopi(1—py) + e (1- 52

b
) CMpew, kempew,;
(pj + Ts;Mes; ) (1 + Ts;Mes;

i

X;,Y;
lim Cov(X;, i)

M B X)EY,)

The term term is similar to the first term. Combining these three terms we get using the first order approximation

. X
Zlirgo Var (Y) =0.

Similar to the computation of the expectation we get

D.2 Estimating k

Proposition D.2. Let {Gy,}; be a sequence of sparse (U, W)-mizture graphs (Definition with dense and
sparse parts Gq, and G, respectively. Let p = (p1,pa,...) be the mass-partition (Definition associated with U
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with k finite partitions.Let G;; be the degree of the star in G, corresponding to p; # 0. Let q;; denote the degree
of the corresponding vertex in Gy, . Let deg vy denote the Lth largest degree in Gy,,. Suppose deg vy = qu,i for
te{l,...,k} and let o > 0 be a constant. Then for any € € {1,...,(k—1)}

P((1+ a)qeing, > qriqe+1:) <

Si

where ng, denotes the number of nodes in the dense part. Consequently, with high probability

log qr,; — log(1 + a)ng, > logqr; —logqeyr,; -

That is, in the log scale the difference between successive top k degrees is largest at k, where we have considered
the highest degree in the dense part to be ng,.

Proof. Let X; = (1 + a)qe,ina, — qk,iqe+1,:- We show that P(X; > 0) goes to zero. From Lemmawe know

Mpew;

&
E(qf,i) - msipf + = msipf + Cei 9

si

C
Var(qe,i) = me,pe(1 — pe) + Mupew, — (1 — )
ns, ng,

= mg,pe(1 — pe) + co, ,

where ¢, = C";ﬂ and ¢,; = Myew, nc (1 - ) Note that ef and goes to zero as Myew, € (’)(nd ) and
as ng, /ns, goes to zero. Given ms,, the random variables gy, ; and qe,i are mdependent for k # £. Hence
E(X;) =E((1 + @)qeina, — qk,iqe+1.i) 5
=1+ a)na,E(qe:) — E (qr,i) E (qe41,4) 5
= (1 + a)ndi (msipf + Cei) - (mSipk + Cei) (msiprrl + cei) )

E(X;) (1+a)ng Ce; Ce; Ce;
= pe+— | —|pr+ Pet1 + )
ms, ms, ms,

m2, ms, o,
E(X;
hm ( 2 ) = —PkDPe+1 (19)
i—oo M3

as ng, /ms, goes to zero because ng, /ns, goes to zero and m,, € O(ms,;). The variance of the product of two
independent random variables A and B is given by

Var(AB) = Var(A)Var(B) + E(A)*Var(B) + E(B)*Var(A).
Using the product formula we get

Var(qr,iqe+1,i)) = Var(qr,i) Var(qes1,i) + E(qr,i)*Var(qer1,:) + E(qes1,0))* Var(gr,) ,
= (M, pe(1 = pi) + ¢v,) (M, por1(1 = peg1) +co,)
+ (M, + ;) (Ms,per1 (1 — pes1) + ¢,
+ (Mg, pes1 + ce,)” (s, (1 — pr) + v,

Var(Qk,iQE 1,i ) Cy, [
ARSI LAS pk(l_pk)*'ﬂ;t pz+1(1—p4+1)+n;’ ,

misi ms, s;
C 2 C
€4 Vi
k3 1 . K3
+ (pk + m3i> (pe+1( Peg1) + mSi) )

2
Ce, c

. ) (pk(l —pe)+ ) 7
M, ms;

= piper1(1 — pey1) + piy k(1 — i) (20)

+ <p£+1 +

Var(gk,iqet1,1))
o 2\Gk,i9e+1,0))

i
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As ng, is not a random variable we get
Var((1 4 a)na,qe,i) = (1 + a)*n3 Var(qe,), (21)
= (L+a)’ng, (ms,pe(1 = pe) +cv,)
Var(na,qe,i (14 a)*n3, Cy,
<7n3 Z) = m2 ¢ pe(l_pf)—i— 77’: )

i

lim Var(ng,qe:) =0,
—00

7

as ng, /ms, goes to zero. Combining terms for X; = (1 + a)qe,ing, — qr,iqe+1,; in equations (L9), and we
get

Var(X;) = Var ((1 + a)qeing;) + Var (qriqet1.4) »

. Var(Xl)

Jm — o= = P (1= pera) + pioape(l —pr)
. Var(X;) _ Var(X;)/m?

lim =1 z

i B(X;)2  imoe B(X;)2/mi

= (PEpera(1 = peya) + pfy k(1 —pi))

— lim 2 —0, 99
i—o0 (Prpet1)? (22)
as Var(X;) € ©(m3?,) and E(X;) € ©(m3,). Furthermore
Var(X;) < ©
E(XZ)2 oM, ’

for some c. As shown in equation [19|for large ¢, E(X;) < 0. We know that
P(X;>0)=P(X; - E(X;) > —E(Xi)),
— P(X; — E(X,) > [E(X))]) as —E(X;) = [E(Xy)],
< P(1X: — B(Xy)| > [E(X3)]),
where we have used Chebyshev’s inequality. Using equations and we obtain

P (14 a)qeing, > qr,iqe+1,i) = P(X; > 0),

Var(X;) 0
= ]E(XZ)Q - bl
c
<
Mg,
giving us
Jim P ((1+a)geina; > qr,ige+1,) = 0.
Consequently

hm P((]. + Oé)(][,indi S Qk,iQZ+1,i) =1.

1—> 00

Therefore, with high probability we have

Qr,iQe+1, > (1 + @)qeing,

Qk,iq9e+1,i
(1 + Q)Q&indi ’
log q,; —log(1 + a)ng, > logqe; —logqeyi,i -

That is, if we take successive differences of the top-k degrees in the log scale, with high probability the difference
between the kth largest degree and (1 + a)ng, is larger than the other successive degree differences for ¢ < k
where we have used the (1 + a)ng, in place of the highest degree in the dense part Gg;. O
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Lemma D.3. Let {G,,}; be a sequence of sparse (U, W)-mizture graphs (Definition [3.9) with dense and sparse
parts Ggq, and G, respectively. Let mam,degédv denote the maximum degree in G, restricted to nodes from Gg,.

That 1is, maa:,degéd_ belongs to a node from the dense part Gg,. Then

E (maw,deg@d_) <1+ a)ng,,

where o depends on W and the joining mechanism.

Proof. Suppose vy is originally a vertex in the dense part G4, Then, from Lemma

Mpew,
E (deg Gn.”l) =deg ¢, v¢ —i—cl%,
i i a4

mgq,

<de ve + ¢ —=
= g Gdi 4 + ndi )
mq.
/ i
=deg g, v¢ +cng,—-,
K3 nd

< ng, +na,pi s
= (1+'pi)na;
where number of nodes in the dense part ng, is a large upper bound for the largest degree in G,. The constant ¢;

and M., depend on the joining mechanism (Definition and My, < emg,. The density of Gy, is denoted
by p;, which is a bounded quantity and depends on W. O

Lemma D.4. Let {G,,}; be a sequence of sparse (U, W )-mizture graphs (Definition[3.9) with dense and sparse
parts Gq, and G, respectively. Suppose W satisfies Assumption @ We consider the degrees in Gg,. Let vy, ;
and vy, 4, i denote the degree of two nodes corresponding to D(x;) and D(x; + €;) for D(x;), D(x; +¢€;) > £ >0
for some €& > 0. Suppose lim;_, €; = 0. Then using the second order approximation of the Taylor expansion, we

have
E ( T ) B 1‘ <€
Txite;,i nd;

That is, if W has a continuous degree function D(x), then as i goes to infinity, excluding small degrees the ratio
of consecutive degrees in Gg4, tend to one.

Proof. The degree function acts like the edge probability. Thus, the expectation and variance of 7., ; are given by
]E(rﬂlj,i) = (ndi - 1)D(xj)’
Var(ry; i) = (na, —1)D(z;)(1 — D(z;)) .
Using Lemma we have

g (XY _EX)  Cov(X,Y) E(X)Var(Y)
<Y>E(Y) E(Y)? E(Y)?

for two random variables X and Y. Given D(x;) the degrees of the two nodes are independent because each edge
is independently sampled from a Bernoulli(p) for p = D(z;), D(x; + €;). This gives us

E ( Ty i ) __ (ng, =1)D(x;) (na, —1)D(x;)(ng, —1)D(z; + &)(1 — D(z; + €))
(na, = 1)D(x; + €) (na, = 1)*D(z; + €)° ’
_ D) D) = D(x; +€))
D(xj+e€)  (ng, —1)D(zj+€)?
As ng, goes to infinity, the second term goes to zero and as €; goes to 0, we have the result. Continuity of D(x)

is used to say that D(z; + ¢;) goes to D(z;). A discontinuous function with a gap at z; does not satisfy this
condition.

Txitei,i

Excluding small degrees such as 0, 1, and 2, we can think of consecutive degrees as realizations of nodes sampled
with probabilities D(z;) and D(z; + ¢;) for some x; where D(z;) > £ > 0. The condition D(z;) > & > 0
guarantees that we stay away from small degrees. As i goes gets larger, more and more nodes are sampled from
the graphon W. As such ¢; goes to zero as ¢ tends to infinity. Therefore, the ratio of consecutive degrees go to
1. O
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Proposition 5.3. Let {G,,}; be a sequence of sparse (U, W )-mizture graphs (Definition[3.4) with dense and
sparse parts Gq, and G5, having nodes ng, and ns, respectively. Suppose W satisfies Assumption and W # 1.
Let p = (p1,p2,-..) be the mass-partition (Deﬁnition associated with U which has only k partitions. Let
deg G, V() denote the lth largest degree in G,,,. Then there exists Iy such that for i > Iy we have

k= max (1og deg g, v —log deg G,%U(Hl)) ) (3)

where we exclude small degrees. That is, in the log scale the difference between successive top k degrees is largest
at k.

Proof. Let G;; be the degree of the star in G, corresponding to p; # 0. Let g;; denote the degree of the
corresponding vertex in G,,,. Then from the Order Preserving Property (Proposition [4.1]) we know

1—00

k
lim P ( [ (Qj,i = deg G,,,.v(j)> =1
Jj=1

Combining with Proposition with high probability we have
logdeg ¢, v(k) — log(1 + a)ng, > logdeg ., Ve —logdeg ¢ vty (24)

for € € {1,...,k—1}. Let max,degédv denote the maximum degree in G, restricted to nodes from Gg,. That is,
max,degéd_ belongs to a node from the dense part Gg4,. For W =1 we have max,degéd_ =ngq, —1 and

E (max,degéd‘) < (14 )ng, -
But for all other W # 1, max_degs << ng,. For large enough i, (k 4 1)st highest degree

deg g, V(k+1) = maxdegg, -

Using Chernoff bounds, the probability

pe®
P (deg @, V1) > (14 6)#) <exp 3 )

making
P (deg G, V) > (1 + Oé)ndi) -0,

for appropriate o and W =# 1. With high probability we have

(1+ a)ng, > deg g, vk+1) 5
log(1 4+ a)ng, > logdeg G, V(k+1) 5
log deg G, Vi) — log deg G, Vikt1) = log deg G, V() — log(1 + a)ng, ,
> logdeg ¢, v —logdeg ¢, v(11),

where we have used equation . In the logscale the difference between kth highest vertex and (k + 1)st highest
vertex is larger than the ¢th highest vertex and the (£ + 1)st highest vertex for £ < k. That is, in the log scale,
successive difference of the top k degrees is highest at k. From Lemma we know that for degrees in the dense
part Gg,, the ratios of successive degrees converge to 1, when we exclude small degrees. As we are taking ordered
values deg Gniv(g)/deg G, V(e41)) * Pe/Pes1 > 1. The ratio deg G, V(ky/deg G, V1) M, Pk /Nd; Dmax where
Dipax = max D(z). Thus, the log difference log deg G, V(k) — log deg G, V(k+1) is much greater than 1 for i > Ij.
Therefore we have
k= max (log deg G, V() — log deg G,,LiU(Hl)) ,

with high probability. 0
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Lemma D.5. (The 3 Degree Groups) Suppose {Gp,}: is a sparse (U, W)-mizture graph sequence (Definition
with W having a continuous degree function (Definition . Let p = (p1,p2,...) be the mass-partition
(Definition associated with U. Then there are 8 groups of nodes satisfying different degree expectations
and variances. They are (1) Group 1: the large degrees generated from U (2) Group 2: the degrees of nodes
generated by W and (3) Group 3: the very small degrees generated from U.

Proof. The sparse part G, is a collection of stars with large degree hub nodes and degree-1 leaf nodes. Let g;;
be the degree of the hub node in G,,, corresponding to p;. These are the Group 1 nodes. Then from Lemma

cm X
E(gji) = ms,pj + ——,
ng,
C C
Var(gj,i) = ms,pj(1 = pj) + Mpew, — [ 1 — :
Ns, N,

In addition the the large degree hub nodes, the sparse part G, has a large number of nodes with degree 1. Let
us denote the degree of these nodes in Gy, as e;. These are Group 3 nodes. Their degree can change as a result
of the joining process (Definition [3.3). Then

E(e;) = 1 4 —news
ns,
Var(e;) = mnewii <1 S ) )
Ns, N,

Next we consider nodes generated from W, the Group 2 nodes. Combining Lemma [C.2 and Lemma [D.4] we know
that nodes generated by W have degree

CMpew;
]E(r%',i) = (ndi - I)D(xj) + ;
ng,
C C
Var(rs, ) = (g, = VD)L= D) + = (1)

where 7, ; denotes the degree of a node in Gy, corresponding to D(x;). Thus, the degree expectations and
variances of these 3 groups of nodes are different. Furthermore as ns, /ng, goes to infinity for sparse graphs, we
have
E(gj.i) > E(re;,:) > Eles),
Var(g;,;) > Var(ry, ;) > Var(e;),

for large 1.

E Estimating U for infinite partitions

Lemma E.1. Let {G,,}; be a sparse sequence of (U, W)-mizture graphs. Let p be the mass-partition corresponding
to U and suppose p has infinite non-zero elements. Let k; be the number of nodes in G, that are generated by U
with degrees higher than those generated by W. Let deg ¢, v(;) denote the jth highest degree in Gy,. Then the line

ki
fitted to the points (j,log deg & v(j))?;l using OLS regression is steeper than the line fitted to {(j, log %)}
ng i1
ki
for large enough i, i.e., if Bactuar,i and B1,; are the slopes of the lines fitted to points {(j, log deg v(j))} and
n; j=1

ki
{(j, log %)} respectively, then there exits v > Iy such that
j=1

‘Bactual,i| > |61,i| .
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N
Proof. First we show for any o > 0 and for some N € N the OLS line fitted to the points {(j, log %)} is
j=1

N
steeper than the OLS line fitted to the points {(j, log 2t ) } . For a set of points {(z}, yj)}j-vzl the slope of

J
the OLS line is given by

> Ty — TY;

2wy —x)?

N N
As the denominator of the slope 3 is the same for both sets of points { (j, log ﬁ%) } and { (j, log 2 ) } we
j=1 =1
N

B =

J

focus on the numerator. Let Bpym,a = Zj x;y;—2y; for the points { (j7 log %)} and Bpum,1 = Zj Ty —TYj
i=1

N
for the points {(j, log mT)} - Then we show that
j=

5num,a < ﬁnum,l .

Noting that  denotes the mean of z; values, which is the same for both lines we compute

. mg, _ Mg, . mg,; _ mg,
6num,1 - Bnum,a = Z (] log jS - fElOg jS ) - Z (.7 IOg jl-ia - fElOg jl-ia) ’
J J

MG e S (L
J

=Y (jalogj — zalogj) ,
J

=a) (jlogj—zlogj),
J

= aﬁnum,fl 9
where Brum,—1 = Zj xjy; — Ty, for the points (4, 1ogj)§\’:1. These points lie on the curve y = logx and as such
its slope is positive. This gives us
5num,1 - 6num,o¢ >0.

Dividing by the same denominator we get

Bi,i > Bayi s

N
where 3, ; is the slope of the line fitted to the points {(j, log i )} . But these slopes are negative because
i=1

J
the y values are decreasing. Therefore

|Ba,il > 1B1,il -

A mass-partition p with infinite non-zero entries cannot decrease similar to {c/j}, because the series >, c/j
diverges to infinity. As ) ;pj =1, the sequence {p;}; has to decrease faster than {c/j} ;- As shown above for a
set of points decreasing faster then {c/j}j the slope of the OLS line fitted to the log values is steeper than the

N
slope of the line fitted to {(j, log st)} . making
J:

‘5actual,i| > |Bl,i| .

O

For the next lemma we consider nodes with relatively large degrees generated by W. As such we consider the
unique degree values and take degree values greater than a given percentile C'. In practice C' can be the median
unique degree value.

Lemma E.2. Let {G,,}; be a sparse sequence of (U, W )-mizture graphs with W satisfying Assumption[5.4 We
consider nodes generated by W with degrees greater than some percentile C when considering unique degree values.

Suppose there are N; such points in G,. We consider {(j,log(deg ¢, v(g)))}jyzf‘l where the unique degree values
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are sorted in decreasing order. Then the line fitted to the points {(j,log(deg 5, ’U(g)))}J ", is less steeper than

the line fitted to the points {(j,logna,/j)}j=1~:- If Baense,i and B1; are the slopes of the lines fitted to points
{(J,1og deg Gn_v(j))}év:"l and {(J, logndi/j)}jy:il respectively, then

a|'

Proof. Assumption is on W having a continuous degree function D(z) (Definition . When W has a
continuous degree function, for large enough i, the sorted unique degree values are mostly consecutive integers.
Thus, the points {(j,logdeg o, v(j))}j 1 have a large proportion of points in the form of (j,log(No — 7)) for
some Ng. The slope of the OLS line fitted to these points is much less steeper than the slope of the line fitted to

{(4,1og ndi/])}le. That is,

|ﬁdense,i

|ﬁdense,i‘ < ‘Bl,i| .
O

Lemma E.3. Suppose {G,,}; is a sparse (U, W)-mizture graph sequence (Definition with W having a

continuous degree function (Deﬁnitionn) Let p = (p1,pa, . ..) be the mass-partition (Deﬁm'tion associated

with U. Suppose U has infinite partztwns Let Gr, be a graph in the sequence {Gy,}i. We conduct Procedure

for G, and estimate ko using equation (). Similarly we estimate ks for each G,,,. Then as i goes to infinity
lim P(l;'l > ]Afg) =

1—00
Furthermore, with high probability lim;_ k; = co. That is, for any M € N
lim P(k; < M) =0.

1—00
Proof. Let G, denote the sparse part of G,,,. Suppose the number of stars in the sparse part G, is given by st,.
We know that k; < sty because some stars have degrees that are indistinguishable from the dense part. Pick
r € N such that ky < r < sty. The star corresponding to r has expected degree

cm.
]E(QT,Z) = Mg, Pr + e

N,
from Lemma Furthermore as Var(gr;) /IEI(qm-)2 goes to zero with ¢ the observed values of ¢, ; get more
centered at its expected value. For sparse graphs ns, /ng, goes to infinity. This results in ms, /ng, going to infinity
and

CMpew;

E(gr,i) = ms,pr + > Cnyg,

Si

for some 7 where C' > 1. Furthermore from Chernoff bounds

€

2
P(gr; < Cng,) << P(gr; < (1 —€)p)) = exp (—M2>

where p = E(q,;). As ms, goes to infinity, this probability goes to zero making

lim P(g,; > Cng,)=1.

1—00
The nodes generated by W have degrees less than C'ng, for some C, and as ¢ goes to infinity, ¢,; gets much larger
than these nodes. As such, when fitting 2 lines as described in Procedure[6.1] ¢, ; gets fitted with the first line for
larger i, making k; at least as big as r, which is greater than k,. Thus,

lim P(k; > 7 > ke) =

1—> 00
Next consider the graph sequence {Gp, };. For a given mg, the number of stars in the sparse part G, is finite,
but as £ increases, ms, increases and the number of stars st; increases making the sequence {st;}, tend to infinity

because p has infinite non-zero elements. Thus, we consider an increasing sequence {r;}, such that ];75 <71y < sty
and limy_,, 7y = 00. For every rp there exists Iy such that for ¢ > I, we have

ki > > ke,
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with high probability. Therefore, the sequence

hm ]Afi = 00
1—> 00
with high probability. That is, for any M € N
lim P(k; < M) =0.
1— 00

O

Proposition 6.2. Let {G,,}; be a sequence of sparse (U, W )-mizture graphs (Definition[3.4) with dense and
sparse parts Gq, and G, respectively. Suppose U has infinite partitions and let p = (p1,p2,...) be the associated
mass-partition (Definition . Let q;j,; denote the degree of the hub vertex corresponding to p; in G,, and k;
be estimated using Procedure[6.1. Then using the second order approzimation of the Taylor expansion for the

expectation and the first order approzimation for the variance, with Q;, , = Zf;l qe,i and for some constants c;

and ¢y we have
c > c
E | L —pj| < L and Var| 2t < 2
Qk i M, ch,i Ms;

Proof. The proof is similar to that of Proposition Let X; =¢;; and Y; = Z?i:l ge,i- The difference is that k
is replaced with k;. Some of the expectations, variances and covariance are changed to

CMpew;
E(X;) = ms,p; + —

Si

k; cmnewz
= Mg, E p@ )

C
Var(Xi) ms; pj(l _pj) + Mpew;, — n (1 - > s

Ng,;
]Agl Az‘ c C
VaI'(Y;') = my, Zp@ 1-— Zpé + kimnewinis. (1 - ns) )
=1 (=1 ’ '
C
Cov(X;,Y;) = ms,p; (1 — pj) + Mpew, — (1 — ) )
TLsi nsi

We turn out attention to the term k; . We note that k; € O(ms, /na;). The sequence {I%l}l increases at a slower
rate compared to ms,/ng, depending on the rate {p;}; decreases. For " ;Pj to add to 1, p; cannot decrease like

¢/j for come constant ¢, because Zj ¢/j diverges to infinity. Hence p; ~ ¢/j1*T% is an option. The estimate k;
satisfies

for some C' € R because the hub vertex corresponding to P}, needs have a larger degree than the degrees generated

by W. Approximating p; = ¢/j*** and letting j < k; we have

n
pj > C

making



Graphon Mixtures

As this is true for any a > 0 we have
k; € O(msl/ndl) .

This makes
i kiem
E(Y)) = ‘ i new;
(¥7) m32m+—;:—,
=1 i
1 b kiem
lim —E(Y;) = lim » py 4+~
i—00 My, i—o0 £ Mg, Mg,

> v,
/=1

following the same reasoning as in Proposition and because k; € O(ms, /na;). That is, k; is bounded by the
rate my, /ng,, and it is offset by mpew, /(ms,ns,), which behaves like n3 /m?2,. Similarly,

1 b

li Var(Y;) = 1-—
Jam o Var() =) _pe | 1= 2 pe

Therefore the term k; does not affect the expectation or the variance estimates in a substantial way. The rest is
the same as in Proposition [5.6

As in Proposition [5.6] using the second order Taylor series approximation of the expectation of a ratio of two
random variables

v.) TEY) T EW) EY)
we obtain
X; D
i 5 () = tim P
1—00 i 1—00 ms, Z[:l D
= lim 75] ,
71— 00 Zélzlpf
=Dj,
and
Xi C
E — <
‘ <YZ> | = Mes;

Similarly, the first order Taylor approximation of the variance is given by

X;\  E(X;)? (Var(X;) Cov(X;,Y;) Var(Y;)
VM<K>_MKP<M&V_QM&EOD+EMP)

The terms inside the parenthesis go to zero as i goes to infinity making

X,
Var [ = | =0
M(E) ,

Xi c
Vi — | < .
ar(Yi> oM,

and
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Lemma E.4. Let {G,,}; be a sequence of sparse (U, W)-mixture graphs (Definition with dense and sparse
parts Gq, and G, respectively. Let p = (p1,pa,...) be the mass-partition (Definition ssociated with U which
has infinite partitions. For a given graph G, we conduct Procedure and estimate k;. Furthermore we estimate
the mass partition p = (p;, Pa2, .. .) using equation (@ Suppose p; < 1/(i + 1)1 i.e., a gives an upper bound for
the rate at which p; goes to zero. Then

j:;;.pj " akg

%

Proof. We consider f(z) = - and have

1 it
e,
PRITESD DRSS S
=k j=Fk; (j + 1)14‘@ ks plte
!
N al%ia

F Experiments

F.1 TIllustration with synthetic data
F.1.1 Degree prediction

To predict the top-k degrees using synthetic data we use (U, W)-mixture graphs with 4 combinations. We consider
Wy = exp(—(z 4+ y)), Wo = 0.1 and U; with mass-partitions py oc {1/j?}52, and U, with mass-partition
pa x {1/1.27 ?0:2. The mass-partitions are normalized so that they add up to 1. For each (U, W) combination we
have training graphs with n; = 11,000 nodes and test graphs with n; = 13,200 nodes. We then predict the top-k
degrees in graph G,,; using equation for k = k; in each instance. For the four experiments the estimated k;
values were 8,13, 14, 22 respectively.

As a baseline comparison method we used a scale-free graph property discussed in [Bollobas et al.| (2001). For a
scale-free graph with n nodes the maximum degree behaves like ©(y/n). Suppose deg 5 vy denotes the (th
highest degree in G,,;. Then, for an unseen graph G,; with n; nodes we estimate the ¢th highest degree using

N n;

deg ¢, Oy =deg g, V@) X /=, (26)
J K n;

as a means of comparison. Figures 22| and |23| show the results of the four experiments using equations [1| and

respectively.

F.1.2 Estimating U with finite partitions

We conduct 4 experiments with W (x,y) = exp(—(z 4+ y)) and different mass-partitions p corresponding to U. We
consider p; = (3,3, §) for experiment 1, py = (0.27,0.26,0.24,0.23) for experiment 2, p3 = (0.1,0.1,---,0.1),
i.e., 0.1 repeated 10 times for experiment 3 and psy (3,3, 1.+, §) in experiment 4 where the mass-partition is
obtained by dividing by Z?:Q 1/i. For each experiment we use a set of graphs with a given number of nodes and
we estimate k; using equation , which gives the same result as equation . Using k; and equation we

estimate the mass-partition.
As a comparison method we use

deg ¢, v())

o2y deg Gn, V0 7
i.e., the ratio of the jth highest degree to the sum of all degrees. Figures [24] and [25] show the results of the 4
experiments using equations and respectively.

pj = (27)
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Figure 22: Densities of predicted degree using equation for experiments with (Wq,Uy), (Wh,Us), (Wa,Uy)
and (Wa, Us)-mixture graphs.

Ul U2
0.005-

0.004 -

0.003 -

M

0.002 -

0.001-
type

>
=
7 0.000-
2 Actual

$ 0.003-
a Comparison

0.002 -

M

0.001-

0.000-
1000 2000 3000 4000 5000 O 2000 4000 6000 8000
Degree

Figure 23: Densities of predicted degrees using equation for experiments with (Wy,Uy), (Wy,Us), (Wa, Uy)
and (Wa, Us)-mixture graphs.

F.1.3 Estimating U with infinite partitions

We use W(x,y) = exp(—(x+y)) for this set of experiments as well. In practice we cannot generate a mass-partition
with infinite non-zero elements. As such we consider a finite number of partitions from an infinite sequence. For
the 4 experiments we consider these sequences: for experiment 1 we want the jth element of the mass-partition
Dj X ﬁ% Noting that we cannot have a mass partition proportional to % we consider a relatively low exponent

of 1.2. For experiment 2 we consider p; o 12% This is a geometric series. For experiment 3 we consider
Dj X m For experiment 4 we consider p; oc ﬁ For all experiments we consider p to have 49

elements and rescale the mass-partition to add up to 1.

For each experiment we use a set of graphs and using equation we estimate l%i, which are 30, 23, 30 and 4 for
the four experiments. Figures [26| and [27] show the estimated and actual p; values using equations and
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Figure 24: Experiments for U with finite partitions. The actual p; in mass-partition in p = (p1,...,p»,0,...) is
given on the z-axis and the predicted p; using equation on the y-axis.
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Figure 25: Experiments for U with finite partitions. The actual p; in mass-partition in p = (p1,...,P»,0,...) is
given on the z-axis and the predicted p; using equation on the y-axis.
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Figure 26: Experiments for infinite mass partition p with experiment 1 (top left), 2 (top right), 3 (bottom left)
and 4 (bottom right). Equation is used to estimate p;.
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Figure 27: Experiments for infinite mass partition p with experiment 1 (top left), 2 (top right), 3 (bottom left)
and 4 (bottom right). Equation is used to estimate p;.

respectively.

For fast decreasing sequences such as ﬁ a smaller number of elements contribute to a larger sum Zle Dj

and as such both k; (the number of hubs with degrees greater than those generated by W) and the estimate k;

are small. Notwithstanding this, the estimate p; is quite accurate because the sum Zle p; is quite large. In

contrast, for slowly decreasing sequences such as as the proportions decrease slowly, the estimate k; is

large, but the value Zle pj is not that large. As such p; deviates from p; quite a bit for small j. This is seen in

the topleft subplot of Figure which corresponds to experiment 1. The estimate k; and the sum 2521 p; for
these 4 experiments are given in Table [6]

F.2 Real datasets

We use Facebook (FB) links (Viswanath et al., 2009), Hep-PH Physics citations (Leskovec et al.|, 2005} |Gehrke
et al} 2003), MOOC interactions (Kumar et al., 2019), SMS (Wu et all 2010), UCI Messages (Panzarasa
et al., [2009) and Yahoo messages (Rossi and Ahmed, [2015) datasets. Each dataset is given as an edgelist with
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Table 6: The estimates k; and Zle p; for infinite U experiments.

Task Description Experiment 1  Experiment 2 Experiment 3 Experiment 4
Infinite U kkl 30 23 30 4
Zj;l Dj 0.902 0.985 0.941 0.998

timestamped edges. The edges accumulate at different speeds in each dataset. In Yahoo messages dataset the
edges accumulate quite fast and as such we use a 2-hourly time window to construct graphs. In contrast, edges
accumulate slowly in Hep-PH citation dataset and we use monthly graphs. For the other datasets we use daily
graphs. In each example we consider growing networks, i.e., new edges and nodes are added to the existing graph
as time passes.

Each dataset comprises a sequence of growing graphs {G,, }; and we consider G, for i € {20,...,24} as training
graphs. For each G, we select the test graph G,; such that j = ming{|Gy,| : |Gn,| — |Gpn,| > 500}, i.e., Gy, is
the first graph that has more than 500 nodes compared to G,,. This is to ensure that the test graph is different
from the training graph. Using the training graphs we predict the top-10 degrees of the test graphs.

For Bollobas et al.| (2001) we used equation to predict degrees. |Caron and Fox| (2017) have made their
code available at https://www.stats.ox.ac.uk/~caron/code/bnpgraph/. We used their code to train their
graph generation model on the training graph G,,, and using the trained model generated a graph having ng
nodes, which we compared with G,,. Kronecker graphs have 2 settings: deterministic and stochastic, and
their code is available at https://github.com/snap-stanford/snap/tree/master/examples/krongen. We
generated Kronecker graphs with (1) the default setting (stochastic 2 x 2 initiator matrix), (2) stochastic setting
with a 3 x 3 initiator matrix and (3) the deterministic setting with a 3 x 3 initiator matrix. For the stochastic
settings, we first fitted a Kronecker model on the training graph G,, and then using the fitted parameters
generated the graph with nj nodes, which we compared with the test graph G, . [Leskovec et al.| (2010) explored
the initiator matrix resulting from a 3-star (K7 3) with self loops added at each node. The adjacency matrix of
this graph is given by

11 1
A=[1 1 of. (28)
1 0 1

We explored the deterministic case with this initiator matrix. Using the predicted top-10 degrees from each
method, we computed the average MAPE and the standard deviation, which is given in Table 3] We compared
the performance of the top 2 methods on each dataset using the Student’s t-test with a = 0.1. For all datasets
except UCI Messages we found that (U, W)-mixture was significantly better than Bollobas et al.| (2001, which
was the ranked the second. For UCI, while (U, W)-mixtures performed better on average, it was not significantly
better. Figures [28] to [33] show the actual and predicted degrees of the test graphs with Actual = Predicted line
drawn. In some instances, the y = x line is out of range.

F.2.1 HEP-TH dataset comparison as in Leskovec et al.| (2005

Leskovec et al.| (2010) have used the initiator matrix A given in equation to generate graphs similar to the
HEP-TH dataset using the deterministic setting. For the stochastic setting, they have replaced 1s with o = 0.41
and Os with 8 = 0.11. With these two initiators we ran their algorithm and verified we could produce the degree
distribution in their paper. In their paper they say that Kronecker graph results qualitatively match the original
results. We found this to be true in our simulation as well. Table[7] gives the actual and predicted top-10 degrees
using (U, W)-mixture graphs, Kronecker deterministic and stochastic versions and the absolute percentage error

|9 —y| x 100/y.


https://www.stats.ox.ac.uk/~caron/code/bnpgraph/
https://github.com/snap-stanford/snap/tree/master/examples/krongen
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Figure 28: Facebook links dataset
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Figure 29: HEP-PH dataset
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Figure 30: MOOC dataset
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Figure 31: UCI Messages dataset

Bollobas Caron_Fox Kronfit_N2_Stochastic Kronfit_N3_Stochastic UW_Mixture
L] 14 . e o 13 - e 0
4 . 13 12
. .o
L
550
8 . ® .12 e ®w e 11
bt .
2 by 11 eem 10
5 40 -
3 .
i . 10 - . 9 L] -
30 9 e 8 eoem
40 50 60 30 40 50 60 30 40 50 60

Actual Degrees

Figure 32: SMS dataset
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Figure 33: Yahoo dataset
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Table 7: The top-10 degree comparison results on HEP-TH dataset where APE denotes the absolute percentage
error |§ — y| x 100/y.

Actual Predicted Predicted Predicted APE APE Kro- APE Kro-
(U, W) Kronecker Kro- (U,w) necker necker
degree Determinis-  necker Det. Stoch.

tic. Stochas-
tic

2468 2249 32768 74 8.89 1227.71 97.00

1797 1633 16384 51 9.14 811.74 97.16

1653 1503 16384 47 9.09 891.17 97.16

1369 1281 16384 45 6.44 1096.79 96.71

1308 1253 16384 44 4.19 1152.60 96.64

1219 1147 16384 44 5.92 1244.05 96.39

1218 1124 16384 43 7.69 1245.16 96.47

1165 1101 16384 42 5.51 1306.35 96.39

1124 1019 16384 42 9.35 1357.65 96.26

1038 996 16384 42 4.01 1478.42 95.95
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