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Abstract

Component attribution methods provide insight into how parts of deep learning
models, such as convolutional filters and attention heads, influence model predic-
tions. Despite their successes, existing attribution approaches typically assume
component effects are additive and independent, neglecting complex interactions
among components. Capturing these relations between components is crucial for
a better mechanistic understanding of these models. In this work, we improve
component attribution (COAR) by replacing the linear counterfactual estimator
with a Kolmogorov—Arnold Network (KAN) surrogate fitted to example-wise per-
turbation—response data. Then, a symbolic approximation of the learned KAN lets
us compute mixed partial derivatives that captures and makes explicit high-order
component interactions that linear methods are missing. These symbolic expres-
sions facilitate future integration with formal verification methods, enabling richer
counterfactual analyses of internal model behavior. Preliminary results on standard
image classification models demonstrate that our approach improves the accu-
racy of predicted counterfactuals and enable extraction of higher-order component
interactions compared to linear attribution methods.

1 Introduction

Advances in deep learning generate continuous performance improvements across various tasks,
including image classification, language modeling, and audio processing [1-3]. However, the
growing complexity of deep models often obscures the precise role of individual components
such as transformer blocks, residual blocks, or convolutional layers play in generating specific
predictions [4,|5]. Component attribution methods, which quantify the effect of ablating or perturbing
these components on model outputs, have become essential tools for interpretability and targeted
interventions [6]].

Existing attribution methods, including component attribution via regression (COAR) [5]], typically
assume additive independence among component effects. Although these methods are efficient and
insightful, their linear assumptions limit their ability to capture complex, nonlinear interactions
between components. Addressing these higher-order interactions explicitly is critical to advancing
our mechanistic understanding of deep neural networks.

In this paper, we propose a novel nonlinear component attribution framework based on Kol-
mogorov—Arnold Networks (KANs) [[7, 8]]. Our method builds upon the formalization of component
modeling introduced by Shah et al. [3]], replacing the linear attribution approach with a flexible non-
linear component model. Specifically, we construct perturbation-response datasets from randomized,
continuous multicomponent interventions. We then train a KAN to approximate these responses and
use symbolic regression [9] to derive a closed-form symbolic expression. Higher-order mixed partial
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From the perturbation-response dataset, we train a Kolmogorov-Arnold Network (KAN) and apply symbolic regression to its activation functions.
From this, we construct a symbolic expression representing the KAN, and subsequently perform symbolic differentiation to obtain closed-form
functions that capture interaction patterns among model components.

Figure 1: Overview of the proposed approach.

derivatives of this symbolic function directly quantify interactions among components. Figure

illustrates our overall approach.

Our main contributions are:

1. Formalizing higher-order component attribution explicitly within the established component

modeling framework [J5].

2. Introducing a three-step methodological approach that:

(a) Fits nonlinear KAN component models to perturbation-response datasets.

(b) Makes a symbolic approximation of the learned component model and analytically

computes their derivatives.

(c) Quantifies higher-order component interactions via mixed partial derivatives.

3. Providing empirical validation that nonlinear modeling significantly enhances the accuracy
of counterfactual predictions compared to linear approaches.

2 High-order Component Attribution via KANs

Setup We build upon the component modeling framework introduced by Shah et al. [5]. Given a

trained model M composed of m components C = {¢y, ..

., ¢m } and a fixed input z, we define the

scalar output function fj;(z, o) as the model’s prediction when applying an additive gating mask
o ~ Np(0,1,) to its components. Under this definition, the mask O represents the unperturbed
model, while any deviation from O corresponds to partial ablation or amplification of component

outputs. We formalize this notion through the centered counterfactual response:

Afu(z,0) = fu(z,0) — fu(z,0)

ensuring A f3;(z,0) = 0 by construction.

ey
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Perturbation-response Dataset To build a perturbation—response dataset D for each input z, we
draw N random masks &(*) from a multivariate normal distribution AV, (0, I,,,) (Algorithm . For

every mask, we record the centered output 4 = A fy, (z, O'(i)). The resulting dataset captures local
nonlinear dependencies among components in the neighborhood of the intact configuration.

KAN as a component model We train a per-example KAN component model g, : R™ — R using
the dataset D. The component model aims to approximate the nonlinear mapping from component
perturbations to changes in model outputs by minimizing:

1 Y . N2
min > (gz(a(”; 0) — y(’)) 2

i=1

Symbolic Approximation and Interaction Scores After training, we symbolically approximate
each univariate spline function within the trained KAN component model g, via symbolic regression
[9], yielding a closed-form symbolic component model g, (Algorithm 2)).

To quantify interactions of arbitrary order, we compute mixed partial derivatives of g, at the intact

configuration o = 0. For any subset of component indices S C 1,...,m of size r = |S|, we define
the local r-way interaction coefficient as:
r 0"g.(o
() = o) 3

H JjES ao—j o=0
Algorithm 3] systematically computes these coefficients up to a specified order k, providing hierarchi-
cal insights into component effects: first-order terms quantify independent effects, while higher-order
terms reveal complex joint interactions. When nonlinear interactions are negligible, our method
naturally reduces to standard linear component attribution [5]]

2.1 Experimental Setup

We follow the experimental framework proposed by Shah et al. [3]], adapted to our specific level
of granularity. Rather than examining individual neurons, we focus on residual blocks in ResNet
architectures [[10] and encoder layers in Vision Transformers (ViTs) [[11] as individual components.
This granularity is selected due to the intrinsic limitations of Kolmogorov—Arnold Networks (KANs),
which are currently unable to efficiently handle high-dimensional inputs, thereby constituting a
limitation of our approach. We assess our methodology on three widely used image classification
setups: ResNet-18 trained on CIFAR-10 [12]], ResNet-50 trained on ImageNet [13]], and ViT-B/16
also trained on ImageNet. For each model-dataset combination, we generate localized perturbation-
response datasets by sampling multicomponent perturbations, following Algorithm [T}

Baselines and Evaluation Metrics We benchmark our proposed approach against the established
linear attribution baseline:

* COAR (Linear Attribution) [5]: This baseline applies a linear model to perturbation-
response data.

In line with previous research [3]], we quantify attribution accuracy using two metrics: the Pearson
correlation coefficient and the mean squared error, computed between predicted and actual responses
on held-out perturbations.

Our experimental results, summarized in Table |1} show that the proposed KAN-based approach
consistently outperforms the linear COAR baseline across all evaluated tasks. Specifically, KAN
achieves higher Pearson correlations and lower mean squared errors, indicating a clear advantage in
modeling nonlinearity within the component attribution framework.

3 Conclusions and Future Work

In this work, we introduced a novel nonlinear component attribution framework based on Kol-
mogorov—Arnold Networks (KANs), capable of explicitly capturing higher-order component in-
teractions that traditional linear attribution methods overlook. Our experiments demonstrated that
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Table 1: Comparison of attribution accuracy between predicted and observed counterfactual responses

ResNet-18 / CIFAR-10 ResNet-50 / ImageNet ViT-B/16 / ImageNet
Method Pearson 1 MSE | Pearson 1 MSE | Pearson 1 MSE |

COAR (Linear) 0.62+0.05 0.82+0.07 0.54£0.06 0.95+0.08 0.48+0.07 1.05=£0.09
KAN (Ours) 0.76 £0.03 0.53+0.05 0.70£0.04 0.60+0.06 0.66 +0.05 0.68 £0.07

employing KAN-based component models significantly improves the accuracy of predicted counter-
factual responses compared to linear baselines. However, the current methodology is limited by the
intrinsic dimensionality constraints inherent to KANs, restricting their scalability to high-dimensional
input spaces. Future research should focus on addressing these dimensionality challenges to broaden
the applicability and scalability of the proposed method. Additionally, it will be valuable to explore
meaningful use cases of higher-order interactions in realistic scenarios. While our current results
already show promising improvements in attribution accuracy, further extensions could illustrate
practical benefits of higher-order attributions enabled by our proposed methodology, potentially
leading to deeper insights into complex model behaviors.

4 Algorithms

Algorithm 1 Perturbation—Response Dataset
1: procedure GENERATEDATASET(example z, model M with components C (size m), sample size

N)

2 D+ > init dataset
3 foric{1,...,N}do > N samples
4 Sample ¢ ~ N, (0,1,,) > multicomponent perturbation
5 Afu(z,09) = fu(z,69) — fu(2,0)

6: y D — Afy(z,0) > model output
7 D« D+ [(a@,y®)] > append pair
8 end for

9 return D > dataset for surrogate
10: end procedure

Algorithm 2 Symbolic KAN Surrogate
1: procedure SYMBOLICSURROGATE(dataset D)

2 Fit KAN g, on D > train surrogate
3 S+ ] > init symbol list
4 for edge e in g, do > per-edge univariate
5: q@e <+ SymbolicRegression(¢. ) > closed-form fit
6: S+ S+ (e, ¢e)] > collect
7 end for A
8 Replace ¢ < ¢ in g, > compose symbolic surrogate
9 return g,, S > outputs
10: end procedure

Algorithm 3 Local Interaction Coefficients

1: procedure LOCALINTERACTIONS(symbolic surrogate §,, components C (size m), max order k)

2. forre{l,...,k}do > interaction order
3: for index subset S C {1,...,m} with |S| = r do > choose indices
-
4: Lg') — M > r-way interaction at baseline
Hj €s 8Uj o=0

5: end for

6: end for

7: return {L("}F_, > local interaction coefficients
8: end procedure
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