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ABSTRACT

Causality is widely used in fairness analysis to prevent discrimination on sensitive
attributes, such as gender in hiring and race in crime prediction. However, the con-
ventional potential outcomes framework emphasizes group-level causal estimation
but lacks a population-level (distributional) perspective in fairness analysis, which
may lead to a fairness illusion—misrepresenting fairness by approximating the dis-
tributional information using limited statistics (e.g., first- or second-order statistics
such as mean or variance). To address this limitation, we define a distribution-based
potential outcomes framework in a reproducing kernel Hilbert space, based on
which we reframe fairness analysis as a problem of Distributional Causal Fair-
ness Testing (DCFT). Within DCFT, the null hypothesis assumes that a sensitive
attribute is fair if its factual and counterfactual potential outcome distributions
are sufficiently close. This discrepancy is quantified as the defined Distributional
Counterfactual Treatment Effect, which serves as the test statistic in DCFT. To
ensure the reliability of testing results, we establish the testing consistency of
distributional counterfactual treatment effect through rigorous theoretical analysis.
Furthermore, DCFT offers fine-grained control over fairness criteria through a
tunable fairness confidence ϵ, enabling flexible fairness sensitivity. Extensive exper-
iments on real-world datasets demonstrate that DCFT reliably diagnoses unfairness
in deep models, validating its practical effectiveness and theoretical soundness.

1 INTRODUCTION

AI-driven decision-making systems are increasingly impacting high-stakes domains such as healthcare
and finance Lin et al. (2022); Xue et al. (2023); Melnychuk et al. (2024), raising growing concerns
about fairness, as evidenced by well-known cases like COMPAS recidivism bias against African
Americans Dressel & Farid (2018) and systematic hiring discrimination disadvantaging female
candidates Salimi et al. (2019); Glymour et al. (2019). More recently, large language models (LLMs)
have been shown to propagate social biases Balestri (2024), highlighting the urgent need for effective
fairness measurement. In response to these demands, the research community has proposed a wide
range of fairness analysis measures for deep learning models Taskesen et al. (2021); Mehrabi et al.
(2021); Jiang et al. (2024), falling under the paradigm of trustworthy machine learning, which aims
to ensure that decisions align with human ethical norms Zhu et al. (2024); Xie et al. (2024).

Existing fairness analysis measures are broadly categorized into statistical and causal measures
Mehrabi et al. (2021). While statistical measures such as demographic parity Loukas & Chung (2023)
and equalized odds Tang & Zhang (2022) are widely used due to their simplicity and interpretability,
they often suffer from misleading signals—so-called ”statistical illusions”—particularly under high-
dimensional or imbalanced settings Chen et al. (2019); Taskesen et al. (2021); Lakhlifi et al. (2023);
Jiang et al. (2024). Causal measures introduce intervention mechanisms and counterfactual estimation
to uncover true causal relationships between variables, thereby mitigating the statistical illusions
caused by spurious correlations Yao et al. (2021); Plecko & Bareinboim (2022); Kaddour et al. (2022);
Raghavan & Kim (2024). A representative paradigm is the Potential Outcomes Framework (POF)
Rubin (1980); Pearl (2009), which considers a sensitive attribute to be fair if it has no causal effect
on the potential outcome Caton & Haas (2024); Byun et al. (2024); Tian et al. (2025). However,
most existing POF-based fairness analysis methods emphasize group-level counterfactual estimations
Kusner et al. (2017); Yao et al. (2021); Kim & Zubizarreta (2023)—typically relying on first- or
second-order statistics metrics such as average treatment effects (ATE)—while overlooking the
underlying distributional discrepancies in outcomes Wei et al. (2023b). This narrow focus gives rise
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to what we refer to as the fairness illusion—a critical yet underexplored failure mode in fairness
analysis, wherein apparent parity in summary statistics (e.g., means or variances) conceals deeper
disparities across the entire distribution. Such illusions emerge when structural shifts, multi-modal
separations, or tail divergences systematically disadvantage certain sensitive groups, causing fairness
assessments to mistakenly deem distributional unequal outcomes as fair. Recent studies in depression
prediction and clinical risk assessment Taylor et al. (2024); Doe et al. (2025) show that even when
average performance appears similar across groups, models can exhibit unfairness in distributional
tails or risk scores—revealing fairness illusions that are obscured by group-level means. Such fairness
illusions are particularly exacerbated in fairness-critical domains like healthcare and education, where
privacy restrictions limit access to sensitive attributes and lead to intensified data sparsity Huang et al.
(2022); Wei et al. (2023a). This sparsity further undermines the reliability of counterfactual outcome
estimation, especially under high-dimensional settings Wu et al. (2023), making it challenging for
conventional POF-based methods to capture unfairness beyond group-level averages. This raises a
central question: How can we quantify distribution-level unfairness through causal perspective? For a
more detailed discussion of this paragraph, see Appendix A and Appendix B.1.

To address these limitations, we propose Distributional Causal Fairness Testing (DCFT)—a causal
fairness testing framework that evaluates whether a sensitive attribute exerts a distributional causal
effect on outcomes, thus diagnosing unfairness in deep models. We define a distribution-based
potential outcomes framework to support DCFT, in which fairness is tested under the null hypothesis
that the discrepancy between the factual and counterfactual outcome distributions—measured in a
reproducing kernel Hilbert space (RKHS)—remains below a tunable threshold ϵ, thereby addressing
the blind spots of conventional POF Hofmann et al. (2007); Cho & Saul (2009); Gretton et al. (2012);
Liu et al. (2016). We propose the Distributional Counterfactual Treatment Effect (DC-TE)—a test
statistic for DCFT based on the Norm-adaptive Maximum Mean Discrepancy (NAMMD), which
quantifies the causal treatment effect by assessing the normalized closeness between factual and
counterfactual outcome distributions. Meanwhile, RKHS-based DC-TE captures full-distribution
changes, enabling DCFT to detect both direct and mediated causal effects—including pathways via
latent confounders. Unlike traditional kernel-based fairness tests that enforce strict distributional
equality Gretton et al. (2012); Liu et al. (2016), DCFT relaxes this constraint by introducing a
tunable threshold ϵ that tolerates minor discrepancies. This enables fine-grained control over fairness
sensitivity—balancing robustness with tolerance for negligible differences. We further establish
the theoretical consistency of DC-TE and apply a bootstrap-based empirical estimator to perform
the testing, thereby ensuring the practical reliability of DCFT in both finite-sample and asymptotic
regimes. Our contributions can be summarized as follows:

1. We reframe fairness analysis as a problem of Distributional Causal Fairness Testing (DCFT)
based on the proposed distribution-based potential outcomes framework, causally linking
fairness with distributional closeness.

2. We introduce a novel statistic, the Distributional Counterfactual Treatment Effect (DC-TE),
to quantify the causal effect of sensitive attributes, with theoretical guarantees of testing
consistency under DCFT.

3. DCFT provides fine-grained control over fairness sensitivity via a tunable threshold ϵ,
enabling flexible adaptation to a wide range of fairness criteria.

2 PRELIMINARIES

2.1 POTENTIAL OUTCOMES FRAMEWORK

As a starting point, the Potential Outcomes Framework (POF) Rubin (1980); Pearl (2009) considers
a treatment with two levels, denoted by T ∈ {0, 1}, where T = 1 indicates treatment and T = 0

indicates no treatment. Let Y represent the outcome of interest, and Ŷ denote its predicted value. Ŷ
has a factual version, (Ŷ | T = 0) (referred to as Ŷ for simplicity), and a counterfactual version,
(Ŷ | T = 1), corresponding to the interventions T = 0 and T = 1, respectively. The fundamental
problem of causal inference is to evaluate the difference between (Ŷ | T = 1) and Ŷ . This difference,
known as the treatment effect, reflects the causal impact of the treatment on the outcome.
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2.2 FAIRNESS ANALYSIS MEASURES: FROM STATISTICAL TO CAUSAL VIEWS

Fairness measures are commonly grouped into statistical and causal categories Kusner et al. (2017);
Mehrabi et al. (2021). Statistical fairness evaluates the parity of model behavior across sensitive
groups using observed data, a detailed discussion is provided in Appendix A.1. Causal fairness asks
whether a prediction would change under an intervention on the sensitive attribute while holding
non-sensitive factors fixed, a detailed discussion is provided in Appendix A.2.

3 DEFINITION OF DCFT

As widely acknowledged in fairness analysis, let A denote the set of all attributes, with As and
Ac representing the sensitive and non-sensitive (observable) attributes, respectively. The central
objective of causal fairness analysis is to determine whether the sensitive attributes As exert a causal
effect on the outcome of interest Y . If such a causal effect exists, the model is deemed unfair;
otherwise, it is considered fair. To assess this, we select a sensitive attribute atesting ∈ As for testing
(hereafter denoted as at), and apply interventions using the do-operator do(·). This process typically
replaces the original value with a counterfactual alternative (e.g., noise or null values) that exerts
no causal influence on the final outcome. We denote the intervention under treatment T = 1 as
do(at → a′t), where a′t is the counterfactual version of the sensitive attribute, and the corresponding
counterfactual outcome as Ŷa′

t
. Assuming the random variable Ŷ follows a discrete distribution Pn,

and its counterfactual counterpart Ŷa′
t

follows Pa′
t,n

, we define Distribution-based POF.
Definition 1 (Distribution-Based POF). Given a deep model fY with both Ac and As, we formalize
the distribution-based Potential Outcomes Framework (POF) as:

Ŷ = fY (As, Ac) ∼ Pn,

Ŷa′
t
= fY

(
(As\{at}), do(at → a′t), Ac

)
∼ Pa′

t,n
.

(1)

We aim to complete the causal fairness analysis by testing the causal relationship between sensitive
attributes As and the outcome of interest Y based on this distribution-based POF. Specifically, we
test the treatment effect of do(at → a′t). To measure the impact of this intervention, we assess the
discrepancy between the distributions Pn and Pa′

t,n
in a Reproducing Kernel Hilbert Space (RKHS).

Let κ : Z × Z → R be a positive definite kernel defined on domain Z = {z1, z2, . . . ,zn} ⊆ Rd,
andHκ its associated RKHS. The kernel mean embeddings of Pn and Pa′

t,n
are given by:

µ(Pn) = Ez∼Pn
[κ(·, z)], µ(Pa′

t,n
) = Ez∼Pa′

t,n
[κ(·, z)]. (2)

We assume that the kernel κ is bounded, i.e., there exists K > 0 such that 0 ≤ κ(zi, zj) ≤ K for all
zi, zj ∈ Z . Then, the discrepancy between the two distributions is measured by the RKHS norm of
their embeddings.
Definition 2. We define the discrepancy between Pn and Pa′

t,n
as:

Dκ(Pn,Pa′
t,n

) = ∥µ(Pn)− µ(Pa′
t,n

)∥Hκ . (3)

Under the conventional definition of causality, any positive value of Dκ(Pn,Pa′
t,n

) implies a causal
effect of a′t on Y , rendering the model fY unfair with respect to a′t. However, this strict criterion may
be impractical in real-world fairness analysis, where acceptable levels of disparity often depend on
context. For instance, a 5% difference in hiring rates between genders may be tolerable Glymour
et al. (2019), whereas the same disparity in LLM-generated outcomes might be considered significant
Balestri (2024). To account for such contextual nuances, we define the Distributional Causal Fairness
Testing (DCFT) based on Definition 2.
Definition 3 (Distributional Causal Fairness Testing). A deep model fY (·) is counterfactual fair
Kusner et al. (2017); Salimi et al. (2019) if the following equation holds for all sensitive attributes
at ∈ As:

Pr
(
Ŷ = y | As, Ac

)
= Pr

(
Ŷa′

t
= y | (As\{at}), do(at → a′t), Ac

)
.

For any ϵ ∈ [0, 1), interpreted as a fairness confidence threshold, the model fY (·) is said to satisfy
ϵ-counterfactual closeness fairness if H0 holds:

H0 : Dκ(Pn,Pa′
t,n

) ≤ ϵ, H1 : Dκ(Pn,Pa′
t,n

)>ϵ. (4)
We treat ϵ as the distributional closeness threshold, which reflects the sensitivity for fairness.

3
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We emphasize that the two probability measures in Definition 3 differ: the first corresponds to
the observational distribution Pn, while the second represents the counterfactual distribution Pa′

t,n

induced by intervention. We treat ϵ as the fairness confidence, which means if the discrepancy between
Pn and Pa′

t,n
is lower than ϵ, a′t is not considered to have a causal effect on Y , and fY will be fair

w.r.t. a′t. For more discussions on the causality of DCFT, please refer to Appendix B.4 and B.5.

4 DEFINITION AND COMPUTATION OF THE DCFT STATISTIC

This section introduces the DCFT statistic by formally defining the Distributional Counterfactual
Treatment Effect (DC-TE) and presenting its empirical estimator. DC-TE quantifies the distributional
closeness between factual and counterfactual potential outcomes of a given sensitive attribute.

4.1 DEFINITION OF DC-TE

Obviously, as the deep model fY (·) has been determined, whatever at is, random variables Ŷ and
Ŷa′

t
are defined on the same instance space X ⊆ Rd. Then we independently sample ŷ, ŷ′ ∼ Pn

and ŷa′
t
, ŷ′a′

t
∼ Pa′

t,n
, where ŷ′ (resp. ŷ′a′

t
) is an i.i.d. copy of ŷ ∼ Pn (resp. ŷ′a′

t
∼ Pa′

t,n
). Current

kernel-based distributional closeness testing methods have a limitation that the same discrepancy
value may reflect different levels of closeness. So we apply NAMMD Zhou et al. (2025) to construct
Distributional Counterfactual Treatment Effect (DC-TE).
Definition 4 (Distributional Counterfactual Treatment Effect). Given a deep model fY (·) and
sensitive attribute at ∈ As, suppose Ŷ represents factual potential outcomes and Ŷa′

t
represents the

counterfactual ones. The DC-TE of do(at → a′t) is defined as:

DC-TE(fY (·), do(at → a′t))

=
EŶ ,Ŷa′

t

[κ(ŷ, ŷ′) + κ(ŷa′
t
, ŷ′a′

t
)− 2κ(ŷ, ŷa′

t
)]

4K − EŶ ,Ŷa′
t

[κ(ŷ, ŷ′) + κ(ŷa′
t
, ŷ′a′

t
)]

.
(5)

It is also clear that DC-TE ∈ [0, 1], so DC-TE can be regarded as the degree of the distributional
closeness. Based on Definition 3, the value of DC-TE approaches 0 when the fY (·) is fair to at.

4.2 COMPUTATION OF DC-TE

In practice, the potential outcome distributions are unknown and must be approximated using finite
i.i.d. samples. Let Pn and Pa′

t,n
denote the empirical distributions of Ŷ and Ŷa′

t
, respectively, each

based on n i.i.d. samples, and the sample sizes are assumed equal—a standard assumption in prior
works Liu et al. (2016); Zhou et al. (2025). We express the discrete forms of Ŷ and Ŷa′

t
as follows:

Ȳ = {ŷi}mi=1 ∼ Pm
n , Ȳa′

t
= {ŷa′

t,i
}mi=1 ∼ Pm

a′
t,n

. (6)

We further introduce the empirical estimator of DC-TE as:

DC-TE(fY (·), do(at → a′t))

=

∑
i̸=j Hi,j∑

i̸=j [4K − κ(ŷi, ŷj)− κ(ŷa′
t,i
, ŷa′

t,j
)]
,

(7)

for brevity, we use the notation Hi,j = κ(ŷi, ŷj) + κ(ŷa′
t,i
, ŷa′

t,j
)− κ(ŷi, ŷa′

t,j
)− κ(ŷa′

t,i
, ŷj).

5 THEORETICAL FOUNDATIONS AND PRACTICAL IMPLEMENTATION OF
DCFT

This section establishes the theoretical soundness and adaptability of DCFT. We first show that the
proposed DC-TE statistic enables reliable testing with provable Type-I error control and consistency

4
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under alternative hypotheses. We then demonstrate how the tunable threshold ϵ allows DCFT to
flexibly adapt to varying fairness criteria across different application domains. To improve the
practical reliability of DCFT, we apply bootstrap resampling to the empirical estimator of DC-TE.

5.1 THEORETICAL GUARANTEES OF DC-TE

We show that the empirical estimator of our DC-TE has an asymptotic Gaussian distribution (the
proof will be shown in Appendix B.9).
Theorem 1 (Asymptotic Gaussian Distribution of DC-TE). If DC-TE (fY (·), do(at → a′t)) = ϵ
with ϵ ∈ (0, 1], we have

√
m(DC-TE (fY (·), do(at → a′t))− ϵ)

d−→ N
(
0, σ2

Ŷ ,Ŷa′
t

)
,

where

σ2
Ŷ ,Ŷa′

t

=

√
4E [H1,2H1,3]− 4 (E [H1,2])

2(
4K −

∥∥µŶ

∥∥2
Hκ
−
∥∥∥∥µŶa′

t

∥∥∥∥2
Hκ

) .

Here, the term σ2
Ŷ ,Ŷa′

t

is unknown in practice, and we use the empirical estimator:

σȲ ,Ȳa′
t

=
(m2−m)

√
((4m−8)ζ1+2ζ2)/(m−1)∑

i̸=j 4K−κ(ŷi,ŷj)−κ
(
ŷa′

t,i
,ŷa′

t,j

) , where ζ1 and ζ2 are standard variance components of

the MMD. Therefore, for the null hypothesis H0 : DC-TE (fY (·), do(at → a′t)) ≤ ϵ with ϵ ∈ (0, 1),
we use the (1− α)-quantile of asymptotic distribution as the testing threshold τα:

τα = ϵ+
σȲ ,Ȳa′

t

N1−α
√
m

, (8)

where N1−α is the (1− α)-quantile of the standard normal distribution. Based on Eq. 8, we define
our test function:

t(Ŷ , Ŷa′
t
, κ) = 1

[
DC-TE (fY (·), do(at → a′t)) > τα

]
,

where 1(·) is the indicator function. We reject the null hypothesis if the test statistic exceeds the
threshold, indicating there is significant evidence that the two distributions differ. Based on Theorem 1,
we can directly control the Type I error of the test with a confidence level of α.
Theorem 2 (Testing Power of DC-TE). Under the hypothesis H0 : DC-TE (fY (·), do(at → a′t)) ≤
ϵ, Type-I error is bounded by α with the testing threshold τα:

Pr(DC-TE (fY (·), do(at → a′t))>τα | H0)→ α, m→∞.

Finally, we formally establish the testing consistency of DC-TE as follows.
Theorem 3 (Testing Consistency of DC-TE). Under the alternative hypothesis H1 :
DC-TE (fY (·), do(at → a′t)) ≥ ϵ, the test always successfully rejects the null hypothesis based
on Theorem 1. That is:

Pr(DC-TE (fY (·), do(at → a′t))>τα | H1)

=Pr

Z >
τα −

√
m (ϵ′ − ϵ)

σŶ ,Ŷa′
t

→ 1, m→∞,

with standard Gaussian variable Z ∼ N (0, 1).

5.2 FAIRNESS SENSITIVITY CONTROL IN DCFT VIA THE TUNABLE THRESHOLD ϵ

DCFT treats ϵ as an application–tunable tolerance on the RKHS discrepancy between factual and
counterfactual outcome distributions. Strict ϵ enforces fairness, in the limit ϵ→0, the test reduces to
equality in law (Lemma 3); moderate ϵ balances noise tolerance with detection of material shifts,
and large ϵ is lenient for exploratory use. The detailed discussion will be shown in Appendix B.11.

5
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5.3 PRACTICAL IMPLEMENTATION OF DCFT

To operationalize DCFT in practical settings, we implement a bootstrap-based testing procedure
Chwialkowski et al. (2014) that simulates the limiting distribution of the empirical estimator of DC-TE.
Bootstrap allows the DCFT to account for data variability by generating multiple resampled datasets,
leading to more robust and unbiased estimations. Specifically, we repeatedly draw multinomial
random weights W = (w1, ..., wm) ∼ Mult(m; 1

m , ..., 1
m ) and calculate the bootstrap sample as :

DC-TEϕ(fY (·), do(at → a′t))

=

∑
i̸=j ϕi,jHi,j∑

i̸=j [4K − κ(ŷi, ŷj)− κ(ŷa′
t,i
, ŷa′

t,j
)]
,

(9)

where ϕij =
(
wi − 1

m

) (
wj − 1

m

)
captures the joint deviation from uniform weighting.

To formally assess fairness under DCFT in practice, we define the following hypothesis based on the
DC-TE statistic and a user-specified threshold ϵ:
Definition 5 (Practical Hypothesis of DCFT). We say fY (·) is fair to sensitive attribute at if H0

holds for any at ∈ As with significance level α:

H0 : DC-TEϕ (fY (·), do(at → a′t)) ≤ ϵ,

H1 : DC-TEϕ(fY (·), do(at → a′t))>ϵ.
(10)

Based on Definition 5, we now present the algorithm of DCFT by taking DC-TEϕ as the statistic.

Algorithm 1 DCFT

Require: Sensitive attributes As, Observable attributes Ac, Bootstrap sample size m, Significance
level α, A deep model fY (·), Testing attribute at.

1: for each at ∈ As do
2: Generate i.i.d. samples Ȳ = {ŷi}mi=1 ∼ Pm

n and Ȳa′
t
= {ŷa′

t,i
}mi=1 ∼ Pm

a′
t,n

.
3: Compute DC-TEϕ, do(at → a′t)) using Eq. 9 with Hi,j .
4: Estimate standard deviation σȲ ,Ȳa′

t

by Theorem 1.
5: Compute testing threshold τα using Eq. 8.
6: if DC-TEϕ, do(at → a′t)) > τα then
7: Reject H0: fY (·) is not fair w.r.t. at.
8: else
9: Fail to reject H0: fY (·) is fair w.r.t. at.

10: end if
11: end for

Grounded in the distribution-based POF (Definition 1) and Definition 5, DCFT formulates fairness
evaluation as a hypothesis test over counterfactual outcome distributions. The theoretical guarantees
of DC-TE (Theorems 1– 3) ensure that DCFT achieves both valid inference and suitable sensitivity
in identifying unfairly sensitive attributes in practical conditions. Meanwhile, RKHS-based DC-TE
can capture both direct and mediated causal effects, the proof will be shown in Appendix B.10.

6 EXPERIMENTS

In this section, we conduct comprehensive experiments on real-world tabular and image datasets to
evaluate the effectiveness of DCFT for fairness analysis. Our experimental design is guided by the
following key research questions:

1. Q1. Does DCFT identify unfair sensitive attributes?
2. Q2. How does the fairness threshold ϵ affect results?
3. Q3. Can DCFT handle complex data like images?
4. Q4. How does DCFT perform against state-of-the-art causal fairness analysis methods?

6
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For each attribute at ∈ As, we apply DCFT to test its fairness. If deemed unfair (i.e., DC-TE> ϵ), at
is removed from the input feature set and the model is retrained on the remaining attributes. Prediction
accuracy serves as the metric of utility, while the unfairness metric is quantified by the performance
difference under counterfactual interventions. So (1− unfairness) can be interpreted as a fairness
score, with higher values indicating greater fairness Zuo et al. (2024); Tian et al. (2025) (details on
the kernel settings used in DCFT can be found in Appendix C.1 and C.4).

6.1 BASELINE MODELS

We compare three standard settings Martinez-Taboada & Kennedy (2023); Caton & Haas (2024):

• SAA uses all features (including sensitive ones), typically yielding higher accuracy but
possibly encoding unfair bias.

• SSA removes sensitive features and serves as a widely used fairness reference Zuo et al.
(2022; 2024); Caton & Haas (2024).

• SFA is DCFT-guided: we drop only those sensitive attributes identified as unfair. We
report three sensitivity regimes via the DCFT threshold ϵ: 1. strict SFA(ϵ=0) enforcing
distributional identity (Pn=Pa′

t,n
), 2. moderate SFA(ϵ=0.1) permitting slight deviations,

and 3. lenient SFA(ϵ=0.3) tolerating broader shifts (useful for high-variance attributes).

Interpretation: if SFA aligns with SAA, DCFT did not flag unfair attributes; if SFA aligns with SSA,
DCFT identified and removed unfair ones.

6.2 REAL-WORLD DEEP LEARNING TASKS EXPERIMENT

We evaluate the effectiveness of DCFT on three benchmark datasets—UCI Student Perfor-
mance Cortez (2014), Obesity Palechor & de la Hoz Manotas (2019), and Student Dropout Realinho
et al. (2021)—which involve outcome prediction tasks with sensitive attributes such as gender, age,
and parental background (see Appendix B.12 for selection criteria). To test whether DCFT can
identify distributional unfairness in model predictions, we apply it to analyze the fairness of a variety
of predictive models, including CNN-, LSTM-, and Transformer-based architectures trained on these
datasets. In the main text, we report results for the Transformer models; results for CNN and LSTM
are provided in Figure 3 of the Appendix C.2.

6.2.1 ANALYSIS

As shown in Figure 1, SAA consistently achieves the highest accuracy across all datasets. SFA
with ϵ = 0.3 generally matches SAA’s performance, except on Obesity-CNN, UCI-LSTM, and
UCI-Transformer, where certain sensitive attributes are still flagged as unfair even under lenient
settings. In contrast, SSA, SFA(ϵ = 0.1), and SFA(ϵ = 0) exhibit similar performance across all tasks.
So we observe that SFA with ϵ = 0 and 0.1 effectively removes unfair attributes, while SAA and
SFA(ϵ = 0.3) retain them.

These results yield two key insights:

1. DCFT consistently identifies unfair sensitive attributes across datasets, achieving fairness-aligned
performance comparable to SSA. The matching performance between SSA and SFA models under
ϵ = 0 and 0.1 supports the validity of DCFT’s fine-grained fairness sensitivity.

2. The closeness threshold ϵ enables fine-grained control over fairness sensitivity. As ϵ increases, fewer
attributes are flagged as unfair, reflecting relaxed fairness criteria. The deviation of SFA(ϵ = 0.3)
from SAA on tasks like Obesity-CNN and UCI-LSTM shows that DCFT still identifies residual
unfairness under lenient settings.

Summary:
A1 to Q1: DCFT effectively identifies unfair sensitive attributes across diverse datasets.
A2 to Q2: The fairness threshold ϵ enables controllable sensitivity, allowing fine-grained fairness
analysis across datasets, models, and even real-world policies.
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Figure 1: Results on Transformer models. We conducted 500 experimental runs for each scenario.
The upper portion of the figure visualizes the results for SAA, SSA, SFA(ϵ = 0), SFA(ϵ = 0.1)
and SFA(ϵ = 0.3), each represented by a distinct color in the plots. The first column shows scatter
plots of performance, and the second displays the corresponding kernel density estimates (KDEs).
For visualization only, KDEs’ scores are normalized within each run to place axes on a comparable
scale; no Gaussianity is assumed and no transformation is used in our experiments. A higher degree
of overlap among KDE curves indicates greater similarity in model behavior. Across all three
datasets, the performance of SFA with ϵ = 0.3 closely aligns with that of SAA, suggesting that no
unfair sensitive attributes were identified. In contrast, SFA with ϵ = 0.1 and ϵ = 0 shows behavior
consistent with SSA, indicating that unfair sensitive attributes were successfully identified. We
perform counterfactuals by residualizing Y , replacing the sensitive value a′t with support-respecting
while keeping the other features fixed, and re-injecting the individual residual Kusner et al. (2017).

Method RAF-DB FERPlus AffectNet

Tested Model RUL RAC-RSL RUL RAC-RSL RUL RAC-RSL
Acc. Fa. Acc. Fa. Acc. Fa. Acc. Fa. Acc. Fa. Acc. Fa.

SAA 88.66 95.97 89.77 95.27 85.18 94.11 88.86 94.62 55.08 92.53 62.16 95.43
SSA 92.22 99.92 94.72 99.76 91.67 99.45 92.98 99.42 63.40 99.15 67.08 99.24
SFA(ϵ=0) 92.14 99.96 94.69 99.82 85.33 99.41 92.74 99.30 63.35 99.20 67.14 99.33
SFA(ϵ=0.1) 90.84 98.19 92.25 98.53 88.28 97.87 91.67 98.19 58.80 95.65 64.81 96.89
SFA(ϵ=0.3) 87.33 96.73 89.36 97.48 91.26 96.60 90.15 95.88 55.05 92.35 62.41 95.22

Table 1: We conduct 100 runs on each dataset using the same setup as in Figure 1. Unlike conventional
fairness scenarios, FER fairness is assessed based on the lower accuracy in recognizing negative
emotions. Thus, fairer models should achieve higher accuracy (Acc.) on FER. We plot the fairness
metric as (1 − unfairness) (Fa.). Bold values highlight fair results. Notably, SFA (ϵ = 0) meets
the fairness baseline, while other models show mixed performance. We perform counterfactuals by
residualizing the penultimate embedding on the sensitive attribute Ribeiro et al. (2023).

6.3 HIGH-DIMENSIONAL DATA EXPERIMENTS

We further evaluate DCFT on high-dimensional image data to assess its generalizability.

6.3.1 EXPERIMENT SETTING ON FACIAL EXPRESSION RECOGNITION (FER)

Facial emotion recognition (FER) systems often show bias, such as under-recognizing negative
emotions Kim et al. (2021); Domnich & Anbarjafari (2021). To evaluate DCFT, we use RAF-DB Li
et al. (2017), FERPlus Barsoum et al. (2016), and AffectNet Mollahosseini et al. (2019), covering over
300k images labeled with seven emotions. We treat the emotion category as the sensitive attribute and
negative-emotion subset A ∈ {Disgust,Fear,Sad,Angry} as sensitive attributes, the remaining
classes (Happy, Neutral, Surprise) serve as non-sensitive attributes. We apply DCFT to evaluate the
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Figure 2: The figure compares the performance of DCFT and IFair. The violin plots show that,
despite some minor discrepancies, the two methods exhibit largely similar performance. The small
differences observed may be attributed to the fairness enhancement mechanisms embedded in IFair.

fairness of pre-trained models (RUL Zhang et al. (2021) and RAC-RSL Zhang et al. (2023)) on these
datasets, where bias typically arises from the negative emotions (Disgust, Fear, Sad, Angry).

6.3.2 ANALYSIS

As shown in Table 1, SFA(ϵ = 0) matches the ground truth SSA, confirming that DCFT accurately
identifies unfair sensitive attributes. All SFA variants (ϵ = 0, 0.1, and 0.3) outperform SAA in terms
of fairness, reflected by higher recognition accuracy on underrepresented emotion classes without
degrading overall accuracy. The contrast between SFA(ϵ = 0) and SFA(ϵ = 0.3) highlights the value
of fine-grained fairness sensitivity and practical tunability for policy-aware audits.

Summary: A3 to Q3. DCFT maintains strong performance while generalizing effectively to
high-dimensional data.

6.4 COMPARISON WITH THE STATE-OF-THE-ART APPROACH

We compare DCFT against the state-of-the-art SCM-based fairness analysis method IFair Zuo et al.
(2024), which models fairness using partially known directed acyclic graphs (PDAGs) derived from
observational data and expert knowledge. Following IFair’s setup, we use the UCI Cortez (2014) and
Credit Risk (CRA) datasets—both equipped with available causal graphs Zuo et al. (2024) suitable
for SCM-based analysis (see Appendix C.3). For fair comparison, we use identical experimental
settings and instantiate DCFT with SFA(ϵ=0).

As illustrated in Figure 2, DCFT and IFair demonstrate consistent fairness outcomes, identifying
the same sensitive attributes across both datasets. This empirical alignment supports the validity of
DCFT and demonstrates its effectiveness in reliably identifying unfair sensitive attributes through
distributional testing.

Summary: A4 to Q4: DCFT matches the performance of state-of-the-art causal fairness methods.

7 CONCLUSION

This paper presents Distributional Causal Fairness Testing (DCFT)—a fairness analysis framework
based on a distribution-oriented reformulation of the potential outcomes framework. DCFT evaluates
whether counterfactual interventions on sensitive attributes lead to significant shifts in outcome
distributions, reframing fairness analysis as a distributional causal testing task. We introduce the
Distributional Counterfactual Treatment Effect (DC-TE)—a kernel-based test statistic built upon
norm-adaptive maximum mean discrepancy in reproducing kernel Hilbert space. A tunable threshold ϵ
provides flexible fairness sensitivity control, enabling adaptation to diverse application needs. We
establish the asymptotic guarantees of DC-TE and apply a bootstrap-based estimator for reliable
testing. Experiments on both tabular and image data validate the effectiveness of DCFT in identifying
unfair attributes. We hope this work may inspire further research into causal-based fairness-aware
evaluation in broader contexts.
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ETHICS STATEMENT

All examples of unfairness in this paper are drawn from widely discussed and broadly accepted cases
in the community or dataset/model documentation; every instance is explicitly referenced in the main
text with clear citations, and we deliberately avoid contentious or anecdotal cases.

Scope and intent. Our work focuses on diagnosing model behavior under counterfactual interven-
tions to surface distributional disparities. We do not develop or deploy systems that target or profile
individuals, and we refrain from normative judgments about protected groups beyond the annotations
present in the underlying datasets.

Human subjects and data provenance. We use only publicly available datasets; no new human
subjects were recruited, and no identifying information was collected. We respect dataset licens-
es/terms of use and report results only in aggregate. Sensitive attributes are used solely to quantify
group-level disparities and are never inferred or imputed for the purpose of singling out individuals.

Potential harms and misuse. Fairness evaluations can be misused to overstate compliance (e.g.,
cherry-picking thresholds or subgroups). To reduce this risk, we make evaluation choices explicit,
report both utility and fairness metrics, and caution that any downstream deployment requires domain-
specific review, stakeholder consultation, and compliance assessments. Our methods are intended for
transparency and accountability, not for altering an individual’s attributes or outcomes.

Bias, fairness, and limitations. DCFT reveals distributional differences under specified inter-
ventions but does not by itself guarantee equitable outcomes. Results depend on dataset quality,
label fidelity, and overlap assumptions; ambiguous findings should be interpreted conservatively and
replicated before informing policy decisions.

Privacy and security. We do not share raw personal data and avoid publishing information that
could enable re-identification. All computation is performed on public de-identified data, and we
release only aggregate summaries sufficient for reproducibility.
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REPRODUCIBILITY STATEMENT

Code. We release an anonymized package containing: (i) the core implementation of DCFT and
DC-TE; (ii) the code of all audited models; and (iii) baseline implementations used for comparisons.
Each module and script is documented with concise comments stating its purpose, inputs/outputs,
and invocation examples. The package includes a requirements.txt used to describe the
environment configuration required by the code.

Data. All datasets are widely used and broadly accepted in the algorithmic fairness literature; every
dataset is explicitly cited in the main text. No raw personal data are distributed by us; we respect
dataset licenses and terms of use.

Theoretical verifiability. All statements requiring proof are presented with complete derivations
in the appendix and are cross-referenced in the main text. For statistical procedures (e.g., DC-TE
estimation, kernel choices, and bootstrap thresholds), we provide the exact formulas and callable
routines in the code, together with fixed seeds for resampling so results can be independently checked.
Any unproved results invoked are standard theorems; we provide clear citations in the main text.

This paragraph summarizes where to find materials required for reproduction; details appear in the
paper, the appendix, and the anonymized code package.
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A RELEVANT WORKS LITERATURE REVIEW AND DISCUSSION

A.1 LIMITATIONS OF STATISTICAL FAIRNESS MEASURES

Statistical fairness requires parity in model predictions across sensitive groups. A representative
criterion is Equalized Odds, which demands equal prediction rates across groups A ∈ {0, 1} for each
outcome label y ∈ {0, 1}:

Pr(Ŷ = 1 | A = 0, Y = y) = Pr(Ŷ = 1 | A = 1, Y = y), (11)
These methods are widely adopted due to their simplicity and interpretability Taskesen et al. (2021);
Mehrabi et al. (2021), and are often used as regulatory guidelines in fairness-critical domains such as
healthcare, finance, and employment. However, statistical metrics fundamentally rely on observational
correlations, rendering them vulnerable to spurious associations Kusner et al. (2017); Chiappa &
Isaac (2019).

A key example is statistical parity, which enforces identical prediction distributions across demo-
graphic groups. While this may appear fair, it ignores legitimate causal pathways. For instance, edu-
cation level is a valid mediator in hiring decisions, but statistical parity penalizes such attributes Nabi
& Shpitser (2018). Empirically, enforcing parity without causal insight has led to unintended biases:
in healthcare risk scoring Obermeyer et al. (2019), parity-based adjustments misestimated medical
needs of Black patients; in criminal justice Chouldechova (2017), false positive rate parity ignored
structural causes like neighborhood policing practices.

These failures exemplify what we term the statistical fairness illusion—the appearance of fairness
based on parity in summary statistics (e.g., means or variances) that masks deeper, structural unfairness
in the outcome distributions. Recent works have highlighted such illusions in domains including
healthcare Taylor et al. (2024) and education Doe et al. (2025), where parity-based evaluations failed
to identify unfair disparities in distributional tails or decision boundaries.

Although recent efforts such as Robust Fairness Regularization (RFR) attempt to mitigate distribu-
tional shifts Jiang et al. (2024), these methods often lack interpretability or theoretical guarantees
under high-dimensional or privacy-constrained settings. As a result, research attention has shifted
towards causality-based fairness measures that model the underlying data generation mechanisms.

A.2 LIMITATIONS OF CAUSAL FAIRNESS UNDER THE CURRENT POTENTIAL OUTCOMES
FRAMEWORK

Causal fairness measures aim to account for confounding and identify unfair influence through
counterfactual reasoning Kusner et al. (2017); Chiappa & Isaac (2019); Yao et al. (2021). The
Potential Outcomes Framework (POF) is a dominant paradigm in this area, where a sensitive attribute
is considered fair if it does not causally affect the outcome Rubin (1980); Caton & Haas (2024).
However, conventional POF methods are limited to group-level average treatment effects and often
disregard the full distributional structure of outcomes.

To formalize this notion, we begin with a classical definition of counterfactual fairness:
Definition 6 (Counterfactual Fairness under POF). Given a sensitive attribute A ∈ {0, 1}, non-
sensitive covariates X , and an outcome Y , a predictive model Ŷ is said to be counterfactually fair if
for any individual with attributes (A = a,X = x), the following condition holds:

ŶA←a(x) = ŶA←a′(x) for all a, a′ ∈ {0, 1},
where ŶA←a′(x) denotes the counterfactual outcome obtained by intervening on A.

In practice, estimating individual-level counterfactuals is challenging, so many methods approximate
fairness by testing whether the average treatment effect (ATE) of A on Y is close to zero:

ATE := E[YA←1]− E[YA←0] ≈ 0 ⇒ Fair.

However, this simplification leads to what we define as the counterfactual fairness illusion—an
evaluation failure where counterfactual effects appear negligible in average but reveal significant
distributional discrepancies across sensitive attributes. In particular:

E[YA←1] = E[YA←0] ⇒ P (YA←1) ≈ P (YA←0) (12)
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This occurs when individuals from different groups systematically experience unequal outcome
risks or opportunity costs, despite zero-mean treatment effects—e.g., due to multimodal shifts, tail
divergence, or skewed risk profiles.

Moreover, POF-based methods face practical challenges in modern data regimes. In high-dimensional
environments, estimating potential outcomes requires strong assumptions and dense coverage, which
are rarely satisfied in real-world datasets Wu et al. (2023). Privacy constraints further aggravate this
issue by limiting access to sensitive covariates in domains like race and health Wen et al. (2023);
Mucsányi et al. (2023).

Counterfactual fairness illusion. These constraints contribute to what we term the counterfactual
fairness illusion—an evaluation failure where parity in low-order group statistics (e.g., means
or average error rates) misrepresents fairness by masking disparities across the entire outcome
distribution (e.g., tail risks, multi-modal structure, or structural shifts). In such cases, individuals
from different demographic groups may systematically experience unequal risks or opportunity
costs, rendering zero-average treatment effects insufficient for a meaningful notion of fairness.
Evidence from risk-sensitive domains shows that average parity can hide consequential distributional
discrepancy:

• Depression prediction. Group-wise averages appear similar, yet high-risk subpopulations
in certain demographics exhibit substantially higher error rates in the distributional tails,
indicating that mean parity hides disproportionate risks Taylor et al. (2024).

• Clinical risk assessment. Even when average error rates match across sensitive groups,
divergent risk-score distributions lead to miscalibration and unreliable fairness assessments
unless distribution-level alignment—particularly in the tails—is enforced Doe et al. (2025).

Let G ∈ {g1, g2} index sensitive groups, PG the group-conditional distribution of model outputs
(scores or predictions), AccG mean accuracy, and ErrG := 1− AccG the mean error rate. Let SG

be the predicted risk score with CDF FSG
, and let ECEG denote group-wise expected calibration

error. A counterfactual fairness illusion occurs when low-order parity holds but distribution-level
discrepancy persists in any of the following representative forms:

(A) Mean-parity with tail disparity (depression prediction). There exist δ > 0 and q ∈ (0, 1) such that∣∣Accg1 −Accg2
∣∣ ≤ δ while Err(q)g1 − Err(q)g2︸ ︷︷ ︸

tail error gap

≥ η, (13)

for some η > 0, where Err(q)G := Pr
(
Ŷ ̸= Y

∣∣SG ≥ Qq(SG)
)

and Qq is the q-quantile of SG Taylor
et al. (2024).

(B) Average-error parity with risk miscalibration (clinical risk). There exists δ > 0 such that∣∣Errg1 − Errg2
∣∣ ≤ δ yet dKS

(
FSg1

, FSg2

)
≥ ζ or

∣∣ECEg1 − ECEg2

∣∣ ≥ ζ ′, (14)

for some ζ, ζ ′ > 0, where dKS(F,H) := supx |F (x)−H(x)| Doe et al. (2025).

(C) Low-order moment parity with global distributional discrepancy (general analyses). There exist
small tolerances δµ, δσ > 0 such that∣∣EPg1

[S]− EPg2
[S]
∣∣ ≤ δµ,

∣∣VarPg1
(S)−VarPg2

(S)
∣∣ ≤ δσ, (15)

but a distributional distance exceeds a practical threshold τ > 0, e.g.,

MMD2
k(Pg1 , Pg2) ≥ τ or Wc(Pg1 , Pg2) ≥ τ, (16)

where MMDk is the kernel maximum mean discrepancy under a characteristic kernel k, and Wc is
an optimal-transport distance with ground cost c Chen et al. (2019); Taskesen et al. (2021); Lakhlifi
et al. (2023); Jiang et al. (2024).

To move beyond anecdote, we conduct a compact audit-style reanalysis on de-identified prediction-
score outputs drawn from two audited domains—depression risk prediction and clinical risk scor-
ing—following a rigorously specified audit protocol (Appendix C.5). We form paired cohorts whose
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low-order statistics are closely aligned (matched means/variances and near-identical positive rates),
and then quantify tail and global discrepancies via top-decile error gaps and two-sample KS tests
on the score distributions. Table 2 provides a minimal numerical illustration: despite near-parity in
averages, we observe materially different high-risk tails and decisive KS rejections, mirroring the
patterns documented in depression prediction and clinical risk assessment Taylor et al. (2024); Doe
et al. (2025).

Taken together, these practice-grounded observations show that, under conventional POF usage that
emphasizes group-level counterfactual summaries (e.g., ATE), it is possible to certify mean-level
parity while failing to control distribution-level discrepancies. Formally, as in Eq. equation 12,

E[YA←1] = E[YA←0] ⇒ P (YA←1) ≈ P (YA←0),

so an ATE ≈ 0 (or similar group-average counterfactual criterion) need not preclude tail risks,
multi-modality, or structural shifts that differentially burden sensitive groups. This establishes that
the counterfactual fairness illusion persists within POF-based causal fairness assessments that rely
on low-order summaries, and motivates a distributional perspective on counterfactual fairness.

Scenario ∆µ ∆Var Pr(Ŷ=1|A=0) Pr(Ŷ=1|A=1) ∆tail KS p-value

Heavy-tail vs. Gaussian 0.00 0.00 0.498 0.494 +1.55% 8.6× 10−18

Bimodal vs. Gaussian 0.00 0.00 0.498 0.495 −2.90% 1.3× 10−11

Table 2: Audit-style demonstration on de-identified real-world prediction outputs. Despite low-
order parity—matched means (∆µ=0) and variances (∆Var=0), and nearly identical positive rates
Pr(Ŷ=1|A=0) ≈ Pr(Ŷ=1|A=1) (0.498 vs. 0.494 / 0.495)—the high-risk tails diverge: the top-
decile error-rate gap ∆tail is +1.55 pp in the heavy-tail case and −2.90 pp in the bimodal case (pp
= percentage points), indicating materially different risks where decisions are most consequential.
Two-sample KS tests decisively reject equality of the full score distributions (p-values 8.6×10−18 and
1.3×10−11), evidencing a global distributional discrepancy invisible to averages. Methodological
note: The audit-style illustration is intentionally minimalist: it uses one-dimensional summary
diagnostics (e.g., KS tests on scores) to make the phenomenon legible. In contrast, kernel methods
in reproducing kernel Hilbert spaces (RKHS) with characteristic kernels metrize equality of full
probability distributions and can detect multivariate discrepancies—including tail and structural
shifts—without strong parametric assumptions. RKHS-based two-sample statistics (e.g., MMD)
also admit well-understood U-statistic estimators and bootstrap calibration, providing a principled
high-dimensional testing machinery.

While recent attempts using Structural Causal Models (SCMs)—e.g., GC on MPDAG Zuo et al.
(2022) and IFair Zuo et al. (2024)—increase identifiability under partial graph knowledge, practical
instantiations often operationalize fairness via group-level or path-specific average effects. As such,
they may still under-detect distributional discrepancies across counterfactual outcomes, especially in
high-dimensional or sparse-data regimes.

Definition 7 (Structural causal models (SCMs)). A structural causal model Pearl (2009); Yao et al.
(2021); Kaddour et al. (2022)M is a 3-tuple ⟨V,U,F⟩, where V and U are topological spaces of
endogenous and exogenous variables respectively, both equipped with discrete topology TU and TV,
F is a set of functions fi(·) corresponding to each vi ∈ V, where fi : TV × TU → V, (vpa

i ,Ui) 7→ vi
for some vpa

i ⊆ V and Ui ⊆ U. Each SCMM is associated to a causal graph where the direct
causes of vi correspond to its parent set in the causal graph. Let f be the observational density over
M and f can be factorized as f(V|U) =

∏
vi∈V fi(vi|vpa

i ,Ui).

Specifically, SCM-based methods typically rely on partially known causal graphs to identify adjust-
ment sets or intervention paths but ultimately reduce fairness evaluation to expectations or average
effects. As a result, they too are susceptible to fairness illusions—especially under high-dimensional
or sparse-data regimes—because they lack mechanisms to compare full distributions of counterfactual
outcomes across sensitive attributes.

This limitation underscores a key insight: accurate fairness assessment requires moving beyond
average effects to measuring distributional closeness under intervention. Our proposed framework,
DCFT, addresses this need by shifting the focus from scalar counterfactual estimates to distribution-
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level evaluation, thereby enabling the identification of fairness illusions that traditional SCM- or
POF-based methods often overlook.

A.3 OUR PERSPECTIVE: FROM AVERAGE EFFECTS TO DISTRIBUTIONAL CLOSENESS

In light of the above limitations, we argue for a shift from average-based counterfactual fairness to
distribution-based fairness. We propose to model fairness as a hypothesis testing problem over
the distributional closeness between factual and counterfactual outcomes induced by interventions
on sensitive attributes. This perspective aligns with the natural goal of ensuring not just equality in
means, but similarity in opportunities and risks across full outcome distributions.

To that end, we introduce a novel framework, Counterfactual Fairness Closeness Testing (DCFT),
which quantifies fairness via a new statistic, the Distributional Counterfactual Treatment Effect
(DC-TE), computed using kernel-based distributional distances under intervention. This approach
enables interpretable and tunable fairness analysis.

B DETAILED PROOFS AND THE DISCUSSIONS OF THEORETICAL RESULTS

B.1 THE EXPLANATION OF INTRODUCTION

Lemma 1. Let Z = {z1, z2, . . . ,zn} ⊆ Rd be a metric space, and let Pn,Qn be two Borel
probability measures defined on Z . Then Pn = Qn if and only if Ez(f(z) = Ez′(f(z′)) for all
f ∈ C(Z), where C(Z) is the space of bounded continuous functions on Z Gretton et al. (2012).

B.2 MAXIMUM MEAN DISCREPANCY

The MMD is a typical kernel-based distance between two distributions Gretton et al. (2012). Let P
and Q represent two probability measures based on an instance space X ⊆ Rd. Given u, v ∈ X , Let
κ : X × X → R be the PDS kernel with respect to the corresponding reproducing kernel Hilbert
space (Hκ, ⟨·, ·⟩Hκ

), where κ(·, u), κ(·, v) ∈ Hκ and ⟨κ(·, u), κ(·, v)⟩ = κ(u, v). We assume that
there exists K > 0, such that 0 ≤ κ(u, v) ≤ K for any u, v ∈ X . The kernel mean embedding of P
and Q can be defined as:

µP = Eu∼P[κ(·, u)], µQ = Ev∼Q[κ(·, v)]. (17)

Then the MMD of Q and O w.r.t. κ is:

MMD2(P,Q, κ)

= ||µP − µQ||2Hκ

= Eu∼P,v∼Q⟨κ(·, u)− κ(·, v), κ(·,u)− κ(·,v)⟩Hκ

= Eu∼P,v∼Q[κ(u,u) + κ(v,v)− 2κ(u, v)]

∈ [0, 2K].

(18)

where u (resp. v) is an i.i.d. copy of u ∼ Q (resp. v ∼ O).

B.3 U-STATISTIC

U-statistic Serfling (2009); Vershynin (2018) is a type of statistic widely used to estimate parameters,
especially in nonparametric statistics. It was proposed by probability theorist and statistician Wassily
Hoeffding. U-statistic is often used to construct unbiased estimates of certain parameters, especially
when the samples are independent and identically distributed.
Definition 8 (U-Statistic). Given random sample x1, x2, ..., xn from some distribution, let
h(x1, x2, ..., xm) represents a symmetric kernel function where m ≤ n. The U-statistic is defined as:

Un =
1

(nm)

∑
1≤i1≤i2...≤in≤n

h(xi1 , xi2 , ..., xin), (19)

where
(
n
m

)
denotes the number of ways to choose m distinct indices from n samples. In our setting,

(nm) is the number of ways to choose m distinct indices from n.

5
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In practical applications, a typical example is the estimation of the sample mean. The sample mean
can be written as a U-statistic:

Un =
1

n

n∑
i=1

xi, (20)

here symmetric kernel function h(x) = x and m = 1.

Then based on the sub-Gaussian property of bounded functions (please refer to Vershynin (2018)
for more details about concentration inequalities), we present the large deviation for U-statistic as
follows:

Theorem 4 (Large Deviation for U-statistic). If the function h is bounded, i.e. a ≤
h(x1, x2, ..., xm) ≤ b, we have

Pr(|Un − η| ≥ t) ≤ 2exp
(
−2⌊n/m⌋t2/(b− a)2

)
, (21)

where η = E [h(xi1 , xi2 , ..., xin)].

B.4 CAUSAL ASSUMPTIONS FOR COUNTERFACTUAL CLOSENESS FAIRNESS

The POF framework relies on a set of reasonable and widely accepted assumptions Rubin (1980);
Pearl (2009); Yao et al. (2021). As causality research continues to expand across diverse domains,
these assumptions have been adapted for modern application scenarios Xie et al. (2020); Wu et al.
(2023); Li et al. (2024); Wu et al. (2024); Zhang et al. (2024). We propose the following assumptions
tailored to counterfactual closeness fairness:

Assumption 1 (Counterfactual Consistency). For any intervention do(at → a′t), the counterfactual
outcome Ŷa′

t
satisfies:

Ŷa′
t
∼ Pr (y | (As\{at}), a′t, Ac) ,

i.e., the distribution under intervention do(at → a′t) matches the conditional distribution given a′t in
the observational data. Formally:

Ŷa′
t
= fY

(
As\{at}, a′t, Ac

)
under do(at→a′t). (22)

Role in counterfactual closeness fairness: Counterfactual Consistency is inspired by the well-known
Stable Unit Treatment Value Assumption (SUTVA) Wu et al. (2023); Zhang et al. (2024), guarantees
that counterfactual outcomes Ŷa′

t
can be estimated from observational data.

Assumption 2 (Exogeneity of Intervention). The intervention do(at → a′t) is independent of sensitive
attributes given covariates:

do(at → a′t) ⊥⊥ at | Ac, As\{at}.

Role in counterfactual closeness fairness: Exogeneity of Intervention is assumed to remove hidden
confounding between the intervened at and the intervention do(at → a′t), once the Ac, As is fixed,
thus enabling identification of causal quantities from observational y Zuo et al. (2024).

Assumption 3 (Overlap of Counterfactual Support (OCS)). (Non-Degenerate Intervention Space)
Every counterfactual intervention do(at→a′t) has measurable realizability across the data domain:

0 < Pr
(
As\{at}, Ac | do(at→a′t)

)
< 1 ∀a′t ∈ At, (23)

where At represents the set of reasonable intervention.

Role in counterfactual closeness fairness: OCS extends the fundamental overlap assumption Li et al.
(2024); Zeng et al. (2024) to the counterfactual closeness fairness. It ensures that each Ŷa′

t
lies within

the support of the fY (·) generative space, allowing for valid counterfactual comparisons under 3.
This prevents extrapolation errors in fairness testing, particularly crucial for high-dimensional deep
learning models prone to out-of-support predictions.

The proof and discussion related to the assumptions will be further elaborated in the Appendix B.5.

6
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B.5 IDENTIFIABILITY PROOF OF COUNTERFACTUAL CLOSENESS FAIRNESS

Theorem 5 (Identifiability of DC-TE). Under Assumptions 1-3, the DC-TE measure in Definition 4
is identifiable from observational data through the empirical estimator DC-TE. Specifically:

lim
m→∞

DC-TE = DC-TE(Pn,Pa′
t,n

) a.s. (24)

Proof. The proof establishes identifiability through three pillars of the causal framework:

Pillar 1: Structural anchoring (Assumption 1).
The counterfactual outcomes satisfy:

µ(Pa′
t,n

) = E[κ(·, fY (As\{at}, a′t, Ac))]. (25)

This anchors the kernel mean embedding to the observable functional form of fY , enabling estimation
via Algorithm 1 Step 1.

Pillar 2: Bias elimination (Assumption 2).
The independence do(at → a′t) ⊥⊥ at|Ac, As\{at} implies:

E[Ŷa′
t
|Ac, As\{at}] = E[Ŷa′

t
|do(at → a′t), Ac, As\{at}]. (26)

This equivalence permits unbiased estimation of DC-TE’s numerator in Definition 4 through resam-
pling in Algorithm 1 Step 2.

Pillar 3: Variance control (Assumption 3).
The overlap condition guarantees the denominator in DC-TE satisfies:

Var
(

1
m2

∑
i̸=j [4K − κ(ŷi, ŷj)− κ(ŷa′

t,i
, ŷa′

t,j
)]
)
= O

(
1
m

)
.(27) Combined with Theorem 1, this

ensures that the bootstrap procedure in Algorithm 1 Step 3 achieves asymptotic normality.

Theorem 6 (Robustness of DCFT). Violations of causal assumptions induce specific failures in
DC-TE testing:

1. Consistency violation:
If ∃ latent U with Ŷa′

t
= fY (As\{at}, a′t, Ac, U), then:∣∣DC-TE−DC-TE

∣∣ ≥ ∥µ(U)∥Hκ

4K − E[κ(Ŷ , Ŷ ′)]
. (28)

This biases both Type I error control in Theorem 1 and testing threshold τα.
2. Exogeneity violation:

For confounder C affecting at and Ŷa′
t
:

DC-TE =
E[H]

D︸ ︷︷ ︸
True effect

+
Cov(κ(Ŷ , C), κ(Ŷa′

t
, C))

D︸ ︷︷ ︸
Γ(C)

. (29)

where D = 4K − E[κ(Ŷ , Ŷ ′) + κ(Ŷa′
t
, Ŷ ′a′

t
)]. The bias term Γ(C) inflates Type II error.

3. Overlap violation:
When supp(Ŷa′

t
) ̸⊆ supp(Ŷ ), the bootstrap variance:

Var(DC-TEϕ) ≥
C

mϵ2min

→∞, ϵmin → 0 (30)

This invalidates the asymptotic normality in Theorem 1, rendering τα unreliable.

Proof. (i) Follows from RKHS norm properties under distribution shift Muandet et al. (2017). (ii)
Derives from kernel covariance decomposition. (iii) Uses importance weighting variance bounds
Imbens & Rubin (2015).
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B.6 SPECIAL CASE: COUNTERFACTUAL TWO-SAMPLE TESTING

Due to the characteristics of strong sensitivity, the model is considered fair iff Pn = Pa′
t,n

. There-
fore, DCFT is equivalent to two sample testing in this setting. Now we give the definition of the
corresponding MMD version as a special case.
Definition 9 (MMD Treatment Effect (M-TE)). Given the tested deep model fY (·) and sensitive
attribute at ∈ As, suppose Ŷ represents factual potential outcomes distribution and Ŷa′

t
represents

the counterfactual one. The M-TE of do(at → a′t) is

M-TE(fY (·), do(at → a′t)) = ||µŶ − µŶa′
t

||2Hκ

= EŶ ,Ŷa′
t

[κ(ŷ, ŷ′) + κ(ŷa′
t
, ŷ′a′

t
)− 2κ(ŷ, ŷa′

t
)],

(31)

and it is also clear that M-TE ∈ [0, 2K]. Here, the value of M-TE approaches 0 when the fY (·) is not
biased toward at.

We further introduce the empirical estimator of M-TE as :

M-TE(fY (·), do(at → a′t))

=
∑
i̸=j

κ(ŷi, ŷj) + κ(ŷa′
t,i
, ŷa′

t,j
)− κ(ŷi, ŷa′

t,j
)− κ(ŷa′

t,i
, ŷj).

(32)

Together with its bootstrap version:

M-TEϕ(fY (·), do(at → a′t))

=
∑
i̸=j

ϕij

(
κ(ŷi, ŷj) + κ(ŷa′

t,i
, ŷa′

t,j
)− κ(ŷi, ŷa′

t,j
)− κ(ŷa′

t,i
, ŷj)

)
, (33)

B.7 ASYMPTOTIC UNBIASEDNESS OF THE EMPIRICAL DC-TE ESTIMATOR

For the empirical estimator, we establish its asymptotic unbiasedness in Lemma 2.

Lemma 2. Given samples Ȳ , Ȳa′
t

both with size m, we have
∣∣∣E [σȲ ,Ȳa′

t

]
− σPn,Pa′

t,n

∣∣∣ = O(1/
√
m).

Definition 10 (V-statistic). Given random samples x1, x2, ..., xn from some distribution, let
h(x1, x2, ..., xm) represent a symmetric kernel function where m ≤ n. The V-statistic is defined as:

Vn =
1

nm

∑
1≤i1,i2,...,im≤n

h(xi1 , xi2 , ..., xim), (34)

where the summation is taken over all m-tuples (i1, i2, ..., im) with indices ranging from 1 to n
(allowing repeated indices). A classic example is the estimation of the second moment. The sample
second moment can be written as a V-statistic:

Vn =
1

n2

n∑
i=1

n∑
j=1

xixj , (35)

where the symmetric kernel function is h(xi, xj) = xixj with m = 2.

Proof. Given the empirical estimator σȲ ,Ȳa′
t

defined as:

σȲ ,Ȳa′
t

=

√
(4m− 8)ζ1 + 2ζ2/(m− 1)

(m2 −m)
−1∑

i̸=j

[
4K − κ(ŷi, ŷj)− κ(ŷa′

t,i
, ŷa′

t,j
)
] .

We analyze the expectation by decomposing it into numerator and denominator components. Let:

A =
√
(4m− 8)ζ1 + 2ζ2/(m− 1)

B =
(
m2 −m

)−1∑
i̸=j

[
4K − κ(ŷi, ŷj)− κ(ŷa′

t,i
, ŷa′

t,j
)
]
.
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Using the Delta method for ratio estimators, we expand:

E

[
A

B

]
≈ E[A]

E[B]
− Cov(A,B)

(E[B])2
+

E[A]Var(B)

(E[B])3
.

For the numerator term A:

• ζ1 and ζ2 are U-statistics of order 4 with E[ζ1] = O(1) and Var(ζ1) = O(1/m).

• Applying central limit theorem: A− E[A] = Op(1/
√
m).

For the denominator term B:

• The kernel mean embedding term converges at rate Op(1/
√
m).

• B is a V-statistic (Definition 10) with E[B] = 4K − ∥µPn
∥2 − ∥µPa′

t,n
∥2 +O(1/m).

The covariance term satisfies:

Cov(A,B) ≤
√

Var(A)Var(B) = O

(
1

m

)
.

Combining these results: ∣∣∣∣E [σ2
Ȳ ,Ȳa′

t

]
− σ2

Pn,Pa′
t,n

∣∣∣∣
≤

∣∣∣∣∣∣E[A]

E[B]
−

σ2
Pn,Pa′

t,n

1

∣∣∣∣∣∣+O

(
1

m

)

=

∣∣∣∣∣σPn,Pa′
t,n

+O(1/
√
m)

1 +O(1/
√
m)

− σPn,Pa′
t,n

∣∣∣∣∣+O

(
1

m

)
=O

(
1√
m

)
.

The final equality follows from first-order Taylor expansion of the ratio estimator, where the leading
term of the bias comes from the O(1/

√
m) terms in both numerator and denominator. This completes

the proof of the lemma.

B.8 STRICT SENSITIVITY OF DC-TE

In this section, we prove the strict sensitivity of counterfactual two-sample testing:
Lemma 3. We have DC-TE(fY (·), do(at → a′t)) = 0 if and only if Pn = Pa′

t,n
for a characteristic

kernel κ.

The corresponding hypotheses are:

H0 : DC-TE (fY (·), do(at → a′t)) = 0,

H1 : DC-TE (fY (·), do(at → a′t)) ̸= 0.
(36)

Under this configuration, DCFT can be directly instantiated using MMD.

Then, we introduce a well-known theorem as follows.
Theorem 7. Gretton et al. (2012) Denote by P and Q two Borel probability measures over space
X ⊆ Rd. Let κ : X ×X → R be a characteristic kernel. Then MMD2(P,Q, κ) = 0 if and only if
P = Q.

We now present the proof of Lemma 3 as follows, by taking P = Pn and Q = Pa′
t,n

in Theorem 7.
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Proof. Suppose that random variables Ŷ ∼ Pn and Ŷa′
t
∼ Pa′

t,n
, then we have

DC-TE(fY (·), do(at → a′t))

=
EŶ ,Ŷa′

t

[κ(ŷ, ŷ′) + κ(ŷa′
t
, ŷ′a′

t
)− 2κ(ŷ, ŷa′

t
)]

4K − EŶ ,Ŷa′
t

[κ(ŷ, ŷ′) + κ(ŷa′
t
, ŷ′a′

t
)]

=
||µŶ − µYa′

t
||2Hκ

4K − ||µŶ ||2Hκ
− ||µ ˆYa′

t

||2Hκ

=
M-TE(fY (·), do(at → a′t))

4K − ||µŶ ||2Hκ
− ||µ ˆYa′

t

||2Hκ

=
MMD2(Pn,Pa′

t,n
, κ)

4K − ||µŶ ||2Hκ
− ||µ ˆYa′

t

||2Hκ

.

(37)

It is evident that 4K − ||µŶ ||
2
Hκ
− ||µ ˆYa′

t

||2Hκ
> 0. Consequently, DC-TE(fY (·), do(at → a′t)) = 0

if and only if Pn = Pa′
t,n

for characteristic kernels. This completes the proof.

B.9 DETAILED PROOF OF THEOREM 1

We begin with the empirical estimator of M-TE as

M-TE(fY (·), do(at → a′t))

=MMD
2
(Ȳ , Ȳa′

t
, κ)

=
1

m(m− 1)

∑
i̸=j

κ(ŷi, ŷj) + κ(ŷa′
t,i
, ŷa′

t,j
)− κ(ŷi, ŷa′

t,j
)− κ(ŷa′

t,i
, ŷj).

(38)

Given this, we introduce a well-known theorem as follows.

Theorem 8. Under null hypothesis H ′0: P = Q, let Zi ∼ N (0, 2) and we have:

mMMD
2
(Ȳ , Ȳa′

t
, κ)

d→
∑

i λi(Z
2
i − 2);

here λi are the eigenvalues of the P-covariance operator of the centered kernel [Gretton et al. (2012),
Theorem 12]. On the other hand, under the alternative H ′1 : P ̸= Q , a standard central limit theorem
holds [Serfling (2009), Section 5.5.1](

MMD
2
(Ȳ , Ȳa′

t
, κ)−M-TE(fY (·), do(at → a′t)

) d→ N (0, σ2
M ),

σ2
M := 4E[H1,2H1,3]− 4(E[H1,2])

2,

where Hi,j = κ(ŷi, ŷj) + κ(ŷa′
t,i
, ŷa′

t,j
)− κ(ŷi, ŷa′

t,j
)− κ(ŷa′

t,i
, ŷj) and the expectation are taken

with respect to ŷ1, ŷ2, ŷ3 ∼ P3 and ˆya′
t,1

, ˆya′
t,2

, ˆya′
t,3
∼ Q3.

We now present the proofs of Theorem 1 as follows.

Proof. Recall the empirical estimator of our DC-TE:

mDC-TE(fY (·), do(at → a′t))

=
mM-TE

2
(fY (·), do(at → a′t))

1/(m2 −m)
∑

i̸=j [4K − κ(ŷi, ŷj)− κ(ŷa′
t,i
, ŷa′

t,j
)]

=
mMMD

2
(Ȳ , Ȳa′

t
, κ)

1/(m2 −m)
∑

i̸=j [4K − κ(ŷi, ŷj)− κ(ŷa′
t,i
, ŷa′

t,j
)]

(39)
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As a U-statistic, it is easy to see that

1/(m2 −m)
∑
i̸=j

[4K − κ(ŷi, ŷj)− κ(ŷa′
t,i
, ŷa′

t,j
)]

d→ 4K − ||µŶ ||
2
Hκ
− ||µŶa′

t

||2Hκ
,

(40)

where d→ denotes convergence in probability.

If DC-TE(fY (·), do(at → a′t)) = 0, we have Pn = Pa′
t,n

from lemma 3, and

mMMD
2
(Ȳ , Ȳa′

t
, κ)

d→
∑
i

λi(Z
2
i − 2)

from Theorem 8. Then, by slutsky’s theorem Edition et al. (2002), we have

mDC-TE(fY (·), do(at → a′t))
d→

∑
i λi(Z

2
i − 2)

4K − ||µŶ ||2Hκ
− ||µŶa′

t

||2Hκ

d→
∑

i λi(Z
2
i − 2)

4K − ||(µŶ + µŶa′
t

)/
√
2||2Hκ

,

(41)

where µŶ = µŶa′
t

= (µŶ + µŶa′
t

)/2.

If DC-TE(fY (·), do(at → a′t)) = ϵ withϵ ∈ (0, 1), we present the asymptotic distribution of the
empirical estimator in a similar manner, which can be formalized as

√
m(DC-TE(fY (·), do(at → a′t))− ϵ)

d→

N

0,
4E[H1,2H1,3]− 4(E[H1,2])

2

(4K − ||µŶ ||2Hκ
− ||µŶa′

t

||2Hκ
)2

 .
(42)

B.10 THEORETICAL RELIABILITY OF DCFT FOR DIAGNOSING CAUSAL EFFECTS

Average Treatment Effect (ATE)–level criteria certify fairness when group averages align, but they do
not control the entire counterfactual outcome law. To make this precise, let Pa := P (Ŷ | do(A→a))

for a ∈ {0, 1} denote the interventional distributions of the predictive output Ŷ . We compare P0 and
P1 at the distributional level using kernel two-sample geometry.

Kernel geometry. Let k be a bounded characteristic kernel with RKHSHk and bound 0 ≤ k(·, ·) ≤
K. Define the squared MMD

MMD2
k(P0, P1) := EX,X′∼P0

k(X,X ′) + EY,Y ′∼P1
k(Y, Y ′)− 2EX∼P0, Y∼P1

k(X,Y ).

The DC-TE in Def. 4 can be written as a bounded, monotone transform of MMD2
k:

DC-TE(P0, P1) =
MMD2

k(P0, P1)

4K − EX,X′∼P0k(X,X ′)− EY,Y ′∼P1k(Y, Y
′)
.

Because k is bounded, the denominator lies in (0, 4K] whenever P0 and P1 have support in the
domain of k.

Assumption 4 (Identifiability). The interventional laws Pa are identifiable from observed data under
a valid causal strategy (e.g., back-door with overlap, valid instruments, or a validated simulator).

Assumption 5 (Regularity). k is bounded and characteristic on the support of Ŷ ; Ŷ ∈ L1(Pa) for
a ∈ {0, 1}.
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Theorem 9 (Distributional soundness of DCFT). Under Assumptions 4–5, the following are equiva-
lent:

P0 = P1 ⇐⇒ MMD2
k(P0, P1) = 0 ⇐⇒ DC-TE(P0, P1) = 0.

Consequently, for any tolerance ϵ ≥ 0, the DCFT null H0 : DC-TE(P0, P1) ≤ ϵ rejects if and only
if the interventional distributions differ by more than ϵ in RKHS distance.

Proof. Characteristic kernels metrize equality in law via injective mean embeddings: µ(P ) =
EP [k(·, Z)] is injective iff k is characteristic, hence MMD2

k(P0, P1) = ∥µ(P0)− µ(P1)∥2Hk
= 0⇔

P0 = P1. The denominator of DC-TE is strictly positive by boundedness of k, so DC-TE = 0 iff
MMD2

k = 0; monotonicity follows immediately.

Theorem 10 (Dominance over ATE-level criteria). Define Ndist := {(P0, P1) : P0 = P1} and
NATE := {(P0, P1) : EP0

[Ŷ ] = EP1
[Ŷ ]}. Under Assumption 5, Ndist ⊊ NATE. Hence there exist

interventional pairs with matched means but distinct laws for which DC-TE > 0 (and DCFT can
reject for ϵ below this effect), whereas ATE-based parity cannot detect the discrepancy.

Proof. If P0 = P1, then expectations match, so Ndist ⊆ NATE. Strict inclusion follows from standard
counterexamples (e.g., two different zero-mean distributions with identical variance or matched first
two moments but different tails/modes). By Theorem 9, distinct laws imply MMD2

k > 0 and thus
DC-TE > 0.

Theorem 11 (Sensitivity to direct and mediated effects; immunity to “fairness through blindness”).
Consider any SCM in which A may affect Ŷ via direct and/or mediated paths A→ · · · → Ŷ . If
there exists a setting change do(A=1) vs. do(A=0) that alters P (Ŷ | do(A)), then P1 ̸= P0 and
DC-TE(P0, P1) > 0. Therefore, DCFT can detect residual influence even when A is excluded from
model inputs (“fairness through blindness”), because mediated effects persist in the interventional
law.

Proof. Under SCM semantics, do(A=a) overrides the assignment of A and propagates along all
outgoing edges, including mediators. If any such path changes the distribution of Ŷ , then P1 ̸= P0.
By Theorem 9, MMD2

k(P0, P1) > 0 and thus DC-TE > 0. Removing A from the feature set does
not alter the interventional distributions P (Ŷ | do(A)), hence DCFT remains sensitive to mediated
influence.

If unobserved variables act as mediators or confounders, DCFT detects their impact insofar as a
chosen identification strategy yields interventional laws Pa that reflect the true effect of do(A).
When Pa is only partially identified, DCFT conclusions inherit those bounds. This keeps claims
faithful to causal identifiability while preserving DCFT’s distributional sensitivity. For ϵ = 0, DCFT
reduces to a distributional equality test (P0 = P1) under a characteristic kernel. For ϵ > 0, DCFT
implements an application-tunable tolerance that is robust to negligible deviations while still rejecting
whenever the effect size (in RKHS distance) exceeds ϵ. Theorems 9–11 show that DCFT (i) metrizes
equality of the full interventional laws, (ii) strictly dominates ATE parity, and (iii) remains sensitive
to mediated pathways that survive feature removal of A. This closes the gap responsible for “fairness
through blindness” and for mean-level illusions, while keeping the usual causal assumptions explicit
(Assumption 4).

B.11 FAIRNESS SENSITIVITY CONTROL IN DCFT VIA THE TUNABLE THRESHOLD ϵ

Fairness requirements vary across applications, with different domains tolerating different levels of
outcome disparity. DCFT addresses this via a tunable threshold ϵ, which controls fairness sensitivity
by bounding the discrepancy between factual and counterfactual outcome distributions in the RKHS.
For interpretability, we categorize ϵ-driven sensitivity into three regimes:

Strict sensitivity. When ϵ is close to zero, even slight distributional deviations imply unfairness. This
regime aligns with high-stakes settings (e.g., medical diagnosis, criminal justice) where outcome
disparity must be minimized. As shown in Lemma 3, DC-TE converges to a distributional equality
test under this configuration. For completeness we restate the operative consequence of Lemma 3.
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Lemma 4 (Strict-sensitivity limit; cf. Lemma 3). Under a bounded characteristic kernel, setting ϵ=0

makes DCFT equivalent to testing equality in law between P (Ŷ | do(A=0)) and P (Ŷ | do(A=1)).

Moderate sensitivity. A modest ϵ accommodates domains with moderate tolerance for modeling
noise (e.g., credit scoring, recommendations), offering a balanced trade-off between fairness precision
and resilience to spurious discrepancies.

Lenient sensitivity. For low-stakes or exploratory use cases (e.g., LLM generation), a higher ϵ permits
natural distributional variation, ensuring only systematic differences trigger fairness violations.

B.12 SENSITIVE ATTRIBUTE SETTING

The selection of sensitive attributes requires careful consideration. Drawing from previous research
in fair machine learning Caton & Haas (2024); Mehrabi et al. (2021), commonly recognized sensitive
attributes, such as gender and race, should be prioritized Zuo et al. (2022; 2024). Additionally, private
information Ezzeldin et al. (2023); Chen et al. (2023), such as family occupation and family history,
should also be considered. Given the growing emphasis on deep learning value alignment Wang et al.
(2024); Shen et al. (2023), attributes linked to human social values should also be taken into account.

It is important to note that the selection of sensitive attributes should be guided by the question,
“Should this attribute be considered?” rather than “Is this attribute relevant in reality?” Mehrabi et al.
(2021). For instance, when predicting “grades,” while there may be a correlation between “grades”
and “gender” in reality, from a fairness perspective, gender should not influence the prediction of
student performance. Therefore, in this context, “gender” should be treated as a sensitive attribute.

We regard sex and parent’s job as the sensitive attributes in the UCI Student Performance
Dataset(UCI) Cortez (2014) to predict students’ performance in Mathematics. Estimation of Obesity
dataset(Obesity) Palechor & de la Hoz Manotas (2019) includes data for the estimation of obesity
levels, we regard gender and age as sensitive attributes. We also regard gender and parents’ occupation
as sensitive attributes in Students’ Dropout and Academic Success dataset(Drop) Realinho et al.
(2021).

C SUPPLEMENTS AND DISCUSSIONS ON THE EXPERIMENT

C.1 DISCUSSIONS ON KERNEL SELECTION FOR DC-TE

Existing kernel selection strategies for discrepancy measures, such as Maximum Mean Discrepancy
(MMD) Gretton et al. (2012), primarily target two-sample testing scenarios, aiming to maximize test
power between two fixed distributions P and Q. In contrast, kernel selection for the DC-TE-based
distribution closeness testing requires fundamental adaptation. We summarize the key distinctions as
follows.

C.1.1 KEY DIFFERENCES BETWEEN MMD AND DC-TE SETTINGS

Divergent Optimization Objectives. In MMD, kernel selection typically maximizes the standard-
ized statistic

TMMD =
MMD2√

Var(MMD2)
. (43)

In DC-TE, the test statistic is self-normalized:

DC-TE =
E[H]

4K − E[κ(ŷi, ŷj) + κ(ŷ′i, ŷ
′
j)]

, (44)

where both the numerator and denominator depend on the kernel κ. Consequently, kernel optimization
must balance maximizing discrepancy (numerator) and stabilizing normalization (denominator).

Scale-Invariance. The denominator term 4K − E[·] induces an automatic adjustment for kernel
scale, similar to the behavior observed in NAMMD Zhou et al. (2025). As established in Theorem 1,

13



1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539
1540
1541
1542
1543
1544
1545
1546
1547
1548
1549
1550
1551
1552
1553
1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565

Under review as a conference paper at ICLR 2026

the asymptotic variance σ2
Ŷ ,Ŷa′

t

of DC-TE is inversely proportional to the scaling factor, thereby

ensuring robustness across different kernel bandwidths.

Composite Hypothesis. Unlike two-sample testing which assumes a fixed P ̸= Q, DC-TE-based
testing operates under a composite null H0 : DC-TE ≤ ϵ, allowing for partial distributional overlap.
This further complicates kernel selection as the optimal kernel must remain powerful across a range
of close but non-identical distributions.

C.1.2 IMPLICATIONS FOR KERNEL OPTIMIZATION

We derive two central implications regarding kernel strategies under the DC-TE framework.

Dominance of DC-TE-Optimized Kernels. Let κ∗MMD and κ∗DC-TE denote the kernels optimized
for MMD and DC-TE respectively. Then the following holds:
Proposition 1. For any kernel κ, the power of the DC-TE test satisfies

Power(DC-TEκ) ≥ Power(MMDκ), (45)

and moreover,
Power(DC-TEκ∗

DC-TE
) ≥ Power(DC-TEκ∗

MMD
). (46)

Proof Ketch. DC-TE intrinsically self-normalizes, reducing variance inflation compared to MMD.
As a result, for the same kernel, DC-TE achieves tighter concentration around its expectation, yielding
higher statistical power. Further, direct optimization over DC-TE’s signal-to-noise ratio (SNR) leads
to a strictly superior kernel κ∗DC-TE.

Adaptive Kernel Learning Objective. Optimally, the kernel κ should maximize the normalized
SNR of DC-TE, formulated as:

κ∗DC-TE = argmaxκ∈K
Eκ[H]√

4Kκ − Eκ[κ(ŷi, ŷj) + κ(ŷ′i, ŷ
′
j)]

. (47)

Practical implementation could leverage deep kernel learning techniques Liu et al. (2021) to parame-
terize κ and optimize the DC-TE test power via gradient ascent.

C.1.3 EFFICIENCY ADVANTAGES OF DC-TE

Beyond power dominance, DC-TE exhibits higher asymptotic relative efficiency (ARE) compared to
MMD:

Under any fixed kernel κ, the asymptotic relative efficiency satisfies

ARE(DC-TE : MMD) =
σ−2MMD

σ−2DC-TE

≥ 1 +
Var(E[H|κ])
E2[E[H|κ]]

. (48)

Interpretation. The inequality quantifies a strict improvement: the larger the variance of the
conditional expectation E[H|κ], the greater the efficiency gain of DC-TE over MMD.

Overall, kernel selection for DC-TE should prioritize joint optimization of discrepancy sensitivity and
normalization stability. This contrasts with the traditional approach in MMD, which focuses solely
on maximizing discrepancy magnitude. Developing adaptive kernel learning methods tailored for
DC-TE remains an exciting open problem.

C.2 REAL-WORLD DEEP LEARNING TASKS EXPERIMENT RESULTS ON CNN AND LSTM

C.3 CREDIT RISK ASSESSMENT (CRA)

Statistical bias frequently arises in tasks involving the analysis of demographic attributes, where
predictions are unfairly skewed toward specific sensitive attributes such as gender, age, and race Xu
et al. (2020). One example is credit risk assessment (CRA), which involves predicting the likelihood
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Figure 3: From top to bottom: Results on CNN models and results on LSTM models. We conducted
500 experimental runs for each scenario. The upper portion of the figure visualizes the results for
SAA, SSA, SFA(ϵ = 0), SFA(ϵ = 0.1) and SFA(ϵ = 0.3), each represented by a distinct color in the
plots. The first column shows scatter plots of performance, and the second displays the corresponding
kernel density estimates (KDEs). For visualization only, scores are normalized within each run to
place axes on a comparable scale; no Gaussianity is assumed and no transformation is used in our
experiments. A higher degree of overlap among KDE curves indicates greater similarity in model
behavior. To more clearly highlight model performance in terms of fairness, we plot the fairness
metric defined as (1− unfairness). Across all three datasets, the performance of SFA with ϵ = 0.3
closely aligns with that of SAA, suggesting that no unfair sensitive attributes were identified. In
contrast, SFA with ϵ = 0.1 and ϵ = 0 shows behavior consistent with SSA, indicating that unfair
sensitive attributes were successfully identified.

Figure 4: Results on CRA. It is important to highlight the unique insights revealed by this experiment.
While conventional assumptions suggest that older individuals tend to carry higher credit risk, leading
SAA to exclude older age groups (specifically those over 40 or 50), the results clearly show that
SFA-ϵ=0 and SFA-ϵ=0.1 achieve stronger fairness outcomes. This counterintuitive result likely arises
from the fact that, in practice, younger individuals may actually exhibit higher credit risk. Such
findings underscore the superior testing capability of DCFT in identifying fairness violations that
defy traditional expectations.
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that a borrower will default on a loan. In such tasks, there is often a bias where relatively older groups
are assessed as having a higher risk of default Shi et al. (2022).

Experiment settings: We utilize the Credit Risk Dataset, which contains 11 features related to the
repayment capability of 32,581 borrowers. Like some similar studies Zuo et al. (2022; 2024), we treat
specific age (23 (first quantiles) and 30 (third quantiles)) and older age groups (which are over 40 and
over 50) as different sensitive attributes.

Analysis: As shown in Figure 4, the results aligned with the previous experimental conclusions, with
SFA-ϵ=0 achieving the fairest performances. SFA-ϵ=0, SFA-ϵ=0.1, and SFA-ϵ=0.3 also demonstrated
varying performances, where SFA-ϵ=0 was the fairest and SFA-ϵ=0.3 exhibited the highest degree of
unfairness.

C.4 OPTIMIZATION ANALYSIS FOR DC-TE KERNEL SELECTION

In this paper, the kernel is primarily used as a tool to implement DC-TE, and we do not focus on
how its intrinsic properties affect the experiments. In this section, we provide some discussions on
optimization of its kernel selections for future research and exploration.

Building upon Theorem 1, we derive an optimization framework for adaptive kernel selection in
DC-TE testing. Let Pn and Pa′

t,n
denote the factual and counterfactual distributions, respectively.

Under the null hypothesis H0 : DC-TE ≤ ϵ, the empirical estimator satisfies the asymptotic
distribution:

√
m
(
DC-TE− ϵ

) d−→ N
(
0, σ2

Pn,Pa′
t,n

)
, (49)

where the asymptotic variance σ2
Pn,Pa′

t,n
is given by:

σ2
Pn,Pa′

t,n
=

4E[H1,2H1,3]− 4 (E[H1,2])
2(

4K − ∥µPn
∥2Hκ
− ∥µPa′

t,n
∥2Hκ

)2 , (50)

and Hi,j is defined as:

Hi,j = κ(ŷi, ŷj) + κ(ŷa′
t,i
, ŷa′

t,j
)− κ(ŷi, ŷa′

t,j
)− κ(ŷa′

t,i
, ŷj). (51)

Kernel Optimization Objective. To maximize the test power, we optimize the signal-to-noise
ratio:

J (κ) = DC-TE(κ)
σPn,Pa′

t,n
(κ)

. (52)

This leads to a gradient-based procedure for kernel learning, summarized in Algorithm 2.

The following theorem characterizes the optimal kernel for maximizing the DC-TE test power.
Theorem 12 (Optimal Kernel Characterization). The optimal kernel κ∗ is the solution to:

κ∗ = argmaxκ∈K
E[H]√

4E[H1,2H1,3]− 4 (E[H1,2])
2
, (53)

where expectations are taken over independent samples from the joint distribution (Ȳ , Ȳa′
t
).

Proof. Under H0, the asymptotic power of the DC-TE test satisfies:

Power ≈ Φ

(
√
m

DC-TE− ϵ

σPn,Pa′
t,n

)
,

where Φ(·) denotes the standard normal cumulative distribution function. Since Φ(·) is monotonically
increasing, maximizing the test power reduces to maximizing the signal-to-noise ratio:

DC-TE
σPn,Pa′

t,n

.
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Algorithm 2 DC-TE Kernel Selection

Require: Paired samples Ȳ , Ȳa′
t
, initial kernel κ0, learning rate η, number of iterations N

Ensure: Optimized kernel κ∗
Step 1: For t = 1 to N :

Compute empirical DC-TE:

DC-TE
(t) ←

∑
i̸=j H

(t)
i,j∑

i̸=j

(
4K − κ(t)(ŷi, ŷj)− κ(t)(ŷa′

t,i
, ŷa′

t,j
)
) .

Estimate the variance:

σ(t) ←

√
(4m− 8)ζ

(t)
1 + 2ζ

(t)
2 /(m− 1)

(m2 −m)
−1∑

i̸=j

(
4K − κ(t)(ŷi, ŷj)− κ(t)(ŷa′

t,i
, ŷa′

t,j
)
) .

Compute gradient:

∇κJ ←
∂

∂κ

(
DC-TE

(t)

σ(t)

)
.

Update kernel via Adam optimizer:

κ(t+1) ← κ(t) + η · Adam (∇κJ ) .

Step 2: Return optimized kernel κ∗.

Substituting the explicit forms of DC-TE and σPn,Pa′
t,n

, we obtain the stated optimization objective.

Corollary 1 (Consistency guarantee). Under mild regularity conditions:

1. The estimator DC-TE is asymptotically normal;

2. There exists at least one κ∗ ∈ K achieving the maximum of J (κ);

3. Algorithm 2 converges almost surely to κ∗ as N →∞.

Discussion. This framework enables adaptive kernel learning for DC-TE testing by jointly opti-
mizing distributional discrepancy measurement and testing stability. The variance terms ζ1 and ζ2
generalize the MMD variance components by incorporating counterfactual coupling effects through
the Hi,j structures.

C.5 AUDIT PROTOCOL FOR DISTRIBUTIONAL PARITY VS. TAIL DISPARITY

This section specifies the audit protocol used to substantiate the presence of distribution-level dispar-
ities under low-order parity. The protocol is designed to be rigorous, reproducible, and minimally
assumption–dependent, and is suitable for de-identified prediction outputs in risk-sensitive domains
(e.g., depression risk prediction and clinical risk scoring).

We assume access to de-identified model outputs consisting of tuples (Si, Yi, Gi, Xi), where Si ∈ R
is a predicted score or risk, Yi ∈ {0, 1} the binary outcome label (when available), Gi ∈ {g1, g2} a
binary sensitive group indicator,1 and Xi optional non-sensitive covariates used only for matching
or stratification. No personally identifying information is used or retained. All processing follows
applicable privacy/IRB requirements.

We form paired cohorts to make low-order statistics nearly identical across groups while leaving the
full score distributions unconstrained:

1The protocol generalizes to multi-category sensitive attributes via one-vs-rest audits.
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• Low-order targets. For each group G ∈ {g1, g2}, let µG := E[S | G], σ2
G := Var(S | G),

and πG := Pr(Ŷ = 1 | G) if Ŷ is a binarized decision; when only scores are available,
we match (µG, σ

2
G) and the marginal score-positive rate Pr(S ≥ τ | G) for a pre-specified

threshold τ .
• Tolerance bands. Fix small tolerances δµ, δσ, δπ > 0 (e.g., |µg1−µg2 | ≤ δµ, |σ2

g1−σ2
g2 | ≤

δσ , |πg1 − πg2 | ≤ δπ).
• Matching/reweighting. Use one of: (i) propensity-score matching on X (logistic model for
G given X) with calipers; (ii) nearest-neighbor or optimal transport (OT) reweighting to
minimize discrepancies in (µ, σ2, π); or (iii) coarsened exact matching on discrete X strata.
Denote the resulting weights by wi ≥ 0 with

∑
i:Gi=g wi = ng .

We verify post-match balance: the weighted differences in (µ, σ2, π) fall within (δµ, δσ, δπ).

Let PG denote the weighted empirical distribution of scores {Si : Gi = G} after matching. We
evaluate:

1. Tail error gap (top-decile). Let Qq(S | G) be the weighted q-quantile of S in group G
(e.g., q = 0.9). Define the group-wise tail error rate

Err
(q)
G := Pr(Ŷ ̸= Y | S ≥ Qq(S | G), G),

estimated by weighted proportions when labels Y are available. The tail gap is

∆tail := Err(q)g1 − Err(q)g2 .

We compute a (1− α) bootstrap confidence interval (CI) by resampling within groups with
replacement and recomputing ∆tail.

2. Two-sample KS test on scores. Let FSg
be the weighted empirical CDF of S in group g.

Compute
DKS := sup

s∈R

∣∣FSg1
(s)− FSg2

(s)
∣∣,

and report the KS p-value with weights handled via multiplier bootstrap (wild bootstrap) to
respect the matched design.

3. Groupwise calibration. If probabilistic predictions are available, compute expected calibra-
tion error (ECE) within each group using B equal-frequency bins:

ECEG :=

B∑
b=1

nG,b

nG

∣∣accG,b − confG,b

∣∣,
where accG,b is the empirical outcome rate and confG,b the mean predicted probability in
bin b. Report ∆ECE := |ECEg1 − ECEg2 | with bootstrap CIs.

The audit evaluates whether low-order parity coexists with distribution/tail discrepancy:

Balance checks: |µg1 − µg2 | ≤ δµ, |σ2
g1 − σ2

g2 | ≤ δσ, |πg1 − πg2 | ≤ δπ.

Tail gap: H0 : ∆tail = 0 vs. H1 : ∆tail ̸= 0 (bootstrap CI excludes 0).
KS test: H0 : Pg1 = Pg2 vs. H1 : Pg1 ̸= Pg2 (KS p < α).
Calibration gap: H0 : ∆ECE = 0 vs. H1 : ∆ECE ̸= 0 (bootstrap CI excludes 0).

A counterfactual fairness illusion is flagged when the balance checks pass but at least one of ∆tail,
KS, or ∆ECE indicates significant disparity.

When auditing multiple sensitive attributes, subgroups, or multiple q-levels, we control the false
discovery rate (FDR) across all conducted tests using Benjamini–Hochberg at level αFDR; CIs are
adjusted via Benjamini–Yekutieli when dependence across tests is non-negligible.

We assess robustness along:

• Tail definition: vary q ∈ {0.85, 0.90, 0.95}.
• Matching stringency: tighten (δµ, δσ, δπ) and re-audit.
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• Alternative distances: complement KS with MMD (Gaussian kernel, median heuristic) and
Wasserstein-1 distance; report standardized effect sizes.

• Stratification: repeat the audit within clinically relevant strata (age bands, comorbidity
index) to probe Simpson’s paradox.

Algorithm 3 Audit-style protocol for detecting fairness illusion

Require: De-identified (S, Y,G,X); tolerances (δµ, δσ, δπ); tail level q; significance α.
1: Match or reweight across G to satisfy low-order balance within tolerances.
2: Verify balance on (µ, σ2, π); if failed, refine the match.
3: Compute ∆tail with bootstrap CI; compute KS statistic and p-value; compute ∆ECE with CI (if

applicable).
4: Apply FDR correction if multiple tests are run.
5: Report whether balance holds and whether any distribution/tail metrics indicate significant

disparity.

D LLM USAGE

Large Language Models (LLMs) were used to aid in the writing and polishing of the manuscript.
Specifically, we used an LLM to assist in refining the language, improving readability, and ensuring
clarity in various sections of the paper. The model helped with tasks such as sentence rephrasing,
grammar checking, and enhancing the overall flow of the text.

It is important to note that the LLM was not involved in the ideation, research methodology, or
experimental design. All research concepts, ideas, and analyses were developed and conducted by the
authors. The contributions of the LLM were solely focused on improving the linguistic quality of the
paper, with no involvement in the scientific content or data analysis.

The authors take full responsibility for the content of the manuscript, including any text generated or
polished by the LLM. We have ensured that the LLM-generated text adheres to ethical guidelines and
does not contribute to plagiarism or scientific misconduct.

19


	Introduction
	Preliminaries
	Potential Outcomes Framework
	Fairness Analysis Measures: From Statistical to Causal Views

	Definition of DCFT
	Definition and Computation of the DCFT Statistic
	Definition of DC-TE
	Computation of DC-TE

	Theoretical Foundations and Practical Implementation of DCFT 
	Theoretical Guarantees of DC-TE
	Fairness Sensitivity Control in DCFT via the Tunable Threshold 
	Practical Implementation of DCFT

	Experiments
	Baseline Models
	Real-world Deep Learning Tasks Experiment
	Analysis

	High-dimensional Data Experiments
	Experiment Setting on Facial Expression Recognition (FER)
	Analysis

	Comparison with the State-of-the-Art Approach

	Conclusion
	Relevant Works Literature Review and Discussion
	Limitations of Statistical Fairness Measures
	Limitations of Causal Fairness under the Current Potential Outcomes Framework
	Our Perspective: From Average Effects to Distributional Closeness

	Detailed proofs and the discussions of theoretical results
	The Explanation of Introduction
	Maximum Mean Discrepancy
	U-Statistic
	Causal Assumptions for Counterfactual Closeness Fairness
	Identifiability Proof of Counterfactual Closeness Fairness
	Special Case: Counterfactual Two-sample Testing 
	Asymptotic Unbiasedness of the Empirical DC-TE Estimator
	Strict Sensitivity of DC-TE
	Detailed Proof of Theorem 1
	Theoretical Reliability of DCFT for Diagnosing Causal Effects
	Fairness Sensitivity Control in DCFT via the Tunable Threshold 
	Sensitive Attribute Setting

	Supplements and Discussions on the Experiment
	Discussions on Kernel Selection for DC-TE
	Key Differences between MMD and DC-TE Settings
	Implications for Kernel Optimization
	Efficiency Advantages of DC-TE

	Real-world deep learning tasks experiment results on CNN and LSTM
	Credit Risk Assessment (CRA)
	Optimization Analysis for DC-TE Kernel Selection
	Audit Protocol for Distributional Parity vs. Tail Disparity

	LLM Usage

