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Abstract

Federated Learning is a collaborative training
framework that leverages heterogeneous data dis-
tributed across a vast number of clients. Since it
is practically infeasible to request and process all
clients during the aggregation step, partial partici-
pation must be supported. In this setting, the com-
munication between the server and clients poses
a major bottleneck. To reduce communication
loads, there are two main approaches: compres-
sion and local steps. Recent work by Mishchenko
et al. (2022) introduced the new ProxSkip method,
which achieves an accelerated rate using the local
steps technique. Follow-up works successfully
combined local steps acceleration with partial par-
ticipation (Grudzieni et al., 2023; Condat et al.,
2023) and gradient compression (Condat et al.,
2022). In this paper, we finally present a com-
plete method for Federated Learning that incor-
porates all necessary ingredients: Local Training,
Compression, and Partial Participation. More-
over, we analyze the general sampling framework
for partial participation and derive an importance
sampling scheme, which leads to even better per-
formance. We experimentally demonstrate the
advantages of the proposed method in practice.

1. Introduction

Federated Learning (FL) (Konecny et al., 2016; McMa-
han and Ramage, 2017) is a distributed machine learning
paradigm that allows multiple devices or clients to collabo-
ratively train a shared model without transferring their raw
data to a central server. In traditional machine learning,
data is typically gathered and stored in a central location
for training a model. However, in Federated Learning, each
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client trains a local model using its own data and shares
only the updated model parameters with a central server or
aggregator. The server then aggregates the updates from all
clients to create a new global model, which is then sent back
to each client to repeat the process (McMahan et al., 2016).

This approach has gained significant attention due to its
ability to address the challenges of training machine learning
models on decentralized and sensitive data (McMahan et al.,
2017). Federated Learning enables clients to preserve their
privacy and security by keeping their data local and not
sharing it with the central server. This approach also reduces
the need for large-scale data transfers, thereby minimizing
communication costs and latency (Li et al.).

Federated Learning poses several challenges such as data
heterogeneity, communication constraints, and ensuring
the privacy and security of the data (Kairouz et al., 2021).
Researchers in this field have developed novel optimiza-
tion algorithms to address these challenges and to enable
efficient aggregation of the model updates from multi-
ple clients (Wang et al., 2021b). Federated Learning has
been successfully applied to various applications, including
healthcare (Vepakomma et al., 2018), finance (Long et al.,
2020), and Internet of Things (IoT) devices (Khan et al.,
2021).

This work considers the standard formulation of Federated
Learning as a finite sum minimization problem:

min | f(z) = % > fnl@) 0]

where M is the number of clients/devices. Each function
fm(x) = E¢op,, [{(x,€)] represents the average loss, cal-
culated via the loss function [, of the model parameter-
ized by 2 € R? over the training data D,,, stored by client
me [M]={1,...,M}.

2. Contributions

Our work is based on the observation that none of the 5th
generation Local Training (LT) methods currently support
both Client Sampling (CS) and Communication Compres-
sion (CC). This raises the question of whether it is possible
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to design a method that can benefit from communication
acceleration via LT while also supporting CS and utilizing
Communication Compression techniques.

At this point, we are prepared to summarize the crucial
observations and contributions made in our work.

e To the best of our knowledge, we provide the first
LT method that successfully combines communica-
tion acceleration through local steps, Client Sampling
techniques, and Communication Compression for a
wide range of unbiased compressors. Our proposed
algorithm for distributed optimization and federated
learning is the first of its kind to utilize both strategies
in combination, resulting in a doubly accelerated rate.
Our method based on method 5GCS (Grudzien et al.,
2023) benefits from the two acceleration mechanisms
provided by Local Training and compression in the
Client Sampling regime, exhibiting improved depen-
dency on the condition number of the functions and
the dimension of the model, respectively.

* In this paper, we investigate a comprehensive Client
Sampling framework based on the work of Tyurin et al.
(2022b), which we then apply to the 5GCS method
proposed by Grudzieni et al. (2023). This approach
enables us to analyze a wide range of Client Sampling
techniques, including both sampling with and with-
out replacement and it recovers previous results for
uniform distribution. The framework also allows us
to determine optimal probabilities, which results in
improved communication.

3. Preliminaries
3.1. Method’s description

This section provides a description of the proposed meth-
ods in this paper. Specifically, we consider two algorithms
(Algorithm 1 and Algorithm 2), both of which share the
same core idea. At the beginning of the training process, we
initialize several parameters, including the starting point z°,
the dual (control) iterates ul, ... ,u(])\/l, the primal (server-
side) stepsize, and M dual (local) stepsizes. Additionally,
we choose a sampling scheme S for Algorithm 1 or a type
of compressor Q for Algorithm 2. Once all parameters are

set, we commence the iteration cycle.

At the start of each communication round, we sample a
cohort (subset) of clients according to a particular scheme.
The server then computes the intermediate model &¢ and
sends this point to each client in the cohort. Once each
client receives the model £, the worker uses it as a starting
point for solving the local sub-problem defined in Equa-
tion 4. After approximately solving the local sub-problem,
each client computes the gradient of the local function at the

approximate solution V F}, (yX!) and, based on this infor-
mation, each client forms and sends an update to the server,
either with or without compression. The server then aggre-
gates the received information from workers and updates
the global model z**! and additional variables if necessary.
This process repeats until convergence.

3.2. Assumptions

We begin by adopting the standard assumption in convex
optimization (Nesterov, 2004).

Assumption 3.1. The functions f,, are L,,-smooth and
m-strongly convex for all m € {1,..., M }.

All of our theoretical results will rely on this standard
assumption in convex optimization. To recap, a continu-
ously differentiable function ¢ : R¢ — R is L-smooth if
6(2)—9(y)—(Vo(y), 7—y) < £ lo—y| forall 2,y € RY,
and p-strongly convex if ¢(z) — ¢(y) — (Vo(y),z — y) >
Lz —y|? forall z,y € R, L = LS [, and
Linax = max,, L,,.

Our method employs the same reformulation of problem 1
as it is used in Grudzien et al. (2023), which we will
now describe. Let H : R? — RM¢9 be the linear oper-
ator that maps € R? to the vector (z,...,r) € RM4
consisting of M copies of z. First, note that Fy,,(z) :=
A (fm(z) — £2||z||?) is convex and L ,,,-smooth, where
Lpy = ﬁ(Lm — m). Furthermore, we define F :

RME 5 Ras F (x1,...,25) = Yomr_) Fon (2).

Having introduced the necessary notation, we state the fol-
lowing formulation in the lifted space, which is equivalent
to the initial problem 1:

o = argmin | f(z) :== F(Hz) + 5], @
r€R4 2
where pp = = S M

The dual problem to 2 has the following form:

2

M
+ > Frum) |5 3

m=1

M
2 um

m=1

N 1
u* = argmax | —
ueRMd 2,U/

where F is the Fenchel conjugate of F),,, defined by
F(y) = sup,epa {(z,y) — Fn(x)}. Under Assump-
tion 3.1 , the primal and dual problems have unique optimal
solutions x* and u*, respectively.

Next, we consider the tool of analyzing sam-
pling schemes, which is Weighted AB Inequal-
ity from Tyurin et al. (2022b). Let AM .=
{(ph ce 7pM) S RM | P1,---sPM > OvZTA,/lep’rn = 1}

be the standard simplex and (2, 7, P) a probability space.
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Assumption 3.2. (Weighted AB Inequality). Consider the
random mapping S : {1,...,M} x Q — {1,...,M},
which we call “sampling”. For each sampling we con-
sider the random mapping that we call estimator S :
Rex...xRIxQ — R, such that E[S(ay, ..., an; )] =
5 2%21 am forall ay, ..., apy € R Assume that there
exist A, B > 0 and weights (w1, . ..,wy) € AM such that

E[HS(al, ceap ) — % ng:l am‘ﬂ

2
< b Ty s~ B S0 | Van € RY
Furthermore, it is necessary to specify the number of local
steps to solve sub-problem 4. To maintain the generality
and arbitrariness of local solvers, we use an inequality that
ensures the accuracy of the approximate solutions of lo-
cal sub-problems is sufficient. It should be noted that the
assumption below covers a broad range of optimization
methods, including all linearly convergent algorithms.

Assumption 3.3. (Local Training). Let {Ay,..., Ax}
be any Local Training (LT) subroutines for minimizing
functions {¢¢,...,v!,} defined in 4, capable of finding

K’t} in K steps, from the starting point

"Ym
Y%t = 3t for all m € {1,..., M}, which satisfy the in-

: Kt
points {yl T

equality
M
4 /”LmL%’m K.t *,t 2
ZTT 3M Hym ~Ym H
m=1
2 M I 2
t m || at t
+Z 2 Vel M < 3 gap 13— |
m=1
where y: is the unique minimizer of ¢!, and 7,,, > %“—M

Finally, we need to specify the class of compression opera-
tors. We consider the class of unbiased compressors with
conic variance (Condat and Richtarik, 2021).

Assumption 3.4. (Unbiased compressor). A randomized

mapping Q : R? — R? is an unbiased compression operator
(Q € U(w) for brevity) if for some w > 0 and Vo € R?

EQ(z) = z, (Unbiasedness)

E|Q(z) — 2||* < w||z||* (Conic variance) .

4. Communication Compression

In this section we provide convergence guarantees for the
Algorithm 1 (5GCS-CC), which is the version that com-
bines Local Training, Client Sampling and Communication
Compression.

Theorem 4.1. Let Assumption 3.1 hold. Consider Algo-
rithm 1 (5GCS-CC) with the LT solvers A,, satisfying As-
sumption 3.3 and compression operators Q., satisfying

Assumption 34. Let T = 7, forallm € {1,..., M} and
- — 'y(M + wM) > 4 347, for example: T > ;{2 and

7 = m Then for the Lyapunov function

2

= Lt — o
/ M 2
+ @+ D) (24 i) ol —

the iterates satisfy E[9T] < (1 — p)TWO, where p =

i H C
mm { 1+vp> M(1+w) (L, m'lx+7-) <1

Next, we derive the communication complexity for Algo-
rithm 1 (5GCS-CC).

Corollary 4.2. Choose any 0 < ¢ < 1l and 7 =
8 1 T _ 1
g\/MLmax (WT) m and*y = W In order

to guarantee E [\I/T] < el it suffices to take

TZO((%(w+1 +(VE+1) w+1)%§)1og§>

communication rounds.

Note, if no compression is used (w = 0) we recover the

rate of 5GCS: O ((M/C + \/ML/CH) log %) Due to lack

of space, we provided discussions and comparison in the
supplementary materials.

5. General Client Sampling

In this section we analyze Algorithm 2 (5GCS-AB). First,
we introduce a general result for all sampling schemes that
can satisfy Assumption 3.2

Theorem 5.1. Let Assumption 3.1 hold. Consider Algo-
rithm 2 with sampling scheme S satisfying Assumption 3.2
and LT solvers A,, satisfying Assumption 3.3. Let the in-
4 Hm

equality hold 2~ — (’y(l—B)M—i—fywi) > b es
Tm 2 83‘3? and vy < 2Tm((17Bl)M+wi). Thenfor the Lya-
punov function

U= et — a2t

M
+ Zmzl (1 +qm) (Tm + LF ) Hu'rn - ’mH

the iterates of the method satisfy
E[\Dt'H] < max{

]

— 1 and Dy, is probability that m-th client

_1
T+yp?
where q,, = ﬁ—

is participating.

The obtained result is contingent upon the constants A and
B, as well as the weights w,, specified in Assumption 3.2.
Furthermore, the rate of the algorithm is influenced by pi;,,
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Algorithm 1 5GCS-CC

1: Input: initial primal iterates 2° € R?
ce{l,...,.M}

2: Initialization: v° := " 9,

3: for communication round ¢ = 0,1, ... do

4:  Choose a cohort S* C {1, ...

5. Compute #' = 17—

6: form € S*do

7 Find yX
optimization problem

Yo'~ arg min {wfn(y) = Fu(y) + 2

yeRd
8: Compute attt = VF (yXt)
9: ubtl =, + 1+w MQm( L — uly)
10: Send @, ( PR um) to the server.
11:  end for
12:
13: form € {1,...,M}\S" do
14: ubtt =l
15:  end for .
. t+1 . .t 1 t+1 t
16 0=t o 3 Qe (! — )

17: 2ttt=3t - ’y% (14 w) (" = vf)

18: end for

; initial dual iterates u?, . .

, M} of clients of cardinality C, uniformly at random
(z' — yv") and broadcast it to the clients in the cohort

., uly € R?; primal stepsize v > 0; dual stepsize 7 > 0; cohort size

o The server initiates v° as the sum of the initial dual iterates

o CS step

't as the final point after K iterations of some local optimization algorithm A,,, initiated with 3, = &*, for solving the

¢ Client m performs K LT steps

)

v ('

o Server updates

m

© Non-participating clients do nothing

© The server keeps v*** as the sum of the dual iterates

¢ The server updates the primal iterate

which represents the probability of the m-th client partic-
ipating. This probability is dependent on the chosen sam-
pling scheme S and needs to be derived separately for each
specific case. In main part of the work we consider two
important examples: Multisampling and Independent Sam-

pling.

5.1. Sampling with Replacement (Multisampling)

Let p = (p1,p2,--.,pum) be probabilities summing up to
1 and let x,, be the random variable equal to m with prob-
ability p,,,. Fix a cohort size C' € {1,2,..., M} and let
X1, X2, - - - » Xc be independent copies of x. Define the gra-
dient estimator via

S(al,..

ana¢a ) C Zm 1 J\Z;:rn (5)

By utilizing this sampling scheme and its corresponding
estimator, we gain the flexibility to assign arbitrary probabil-
ities for client participation while also fixing the cohort size.
However, it is important to note that under this sampling
scheme, certain clients may appear multiple times within
the cohort.

Lemma 5.2. The Multisampling with estimator 5 satisfies
the Assumption 3.2 with A = B = % and Wy, = Pm.

Now we are ready to formulate the theorem.

Theorem 5.3. Let Assumption 3.1 hold. Consider Al-
gorithm 2 (5GCS-AB) with Multisampling and estima-
tor 5 satisfying Assumption 3.2 and LT solvers A,, sat-
isfying Assumption 3.3. Let the inequality hold % —

(va- é)Mﬂfc;m) > o b €8 Tm > %“ﬁ and
Y

+Zm 1p <Tm+LF

2
)k, = s
the iterates of the method satisfy

max [LF'!7L+(1_5771)T771/ }:| E[\Pt] ,

E[9+1] < max {

_1
1+yp?

~ C
where D, = 1 — (1 — pp)
is participating.

is probability that m-th client

Regrettably, it does not appear to be feasible to obtain a
closed-form solution for the optimal probabilities and step-
sizes when C' > 1. Nevertheless, we were able to identify a
specific set of parameters for a special case where C' = 1.
Furthermore, even in this particular case, the solution is not
exact. However, based on the Brouwer fixed-point theorem
(Brouwer, 1911), a solution for p,, and 7, in Corollary 5.4
exI1Sts.

Corollary 5.4. Suppose C = 1. Choose any 0 < € < 1

and ppy, = = L m 4 LpMp,,. In

me1 \/LF,m,+Tm,

order to guarantee E [\I/T] < Pl jr suffices to take

and T, = %

szax{l—Fw ﬂ 3

ek Lé”—f—M}logi

communication rounds.
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To address the challenge posed by the inexact solution, we
have also included the exact formulas for the parameters.
While this set of parameters may not offer the optimal com-
plexity, it can still be valuable in certain cases.

Corollary 5.5. Suppose C' = 1. Choose any 0 < ¢ < 1

Lm

and p,, = Miff/i and T,, = 8 LuMp,,. In order

m=1

to guarantee E [\IIT] < WO, it suffices to take

T > max {1 + 16 /Li\/17 3 L]V[ + Lm\/m m } 1og LS

communication rounds. Note that L., = min,, L,,.

5.2. Sampling without Replacement (Independent
Sampling)

In the previous example, the server had the ability to control
the cohort size and assign probabilities for client participa-
tion. However, in practical settings, the server lacks control
over these probabilities due to various technical conditions
such as internet connections, battery charge, workload, and
others. Additionally, each client operates independently of
the others. Considering these factors, we adopt the Inde-
pendent Sampling approach. Let us formally define such a
scheme. To do so, we introduce the concept of independent
and identically distributed (i.i.d.) random variables:

_J 1 with probability p,,
Xm = 0 with probability 1 — p,,,

for all m € [M], also take S* .= {m € [M]|x.,, = 1} and
p = (p1,...,pm) . The corresponding estimator for this
sampling has the following form:
1 A,
S . = — — 6
(a17 7aM7¢7B) Mnlze;gpm’ ( )

The described sampling scheme with its estimator is called
the Independence Sampling. Specifically, it is essential
to consider the probability that all clients communicate,
denoted as ITM_,p,,, as well as the probability that no
client participates, denoted as IIM_, (1 — p,,,). It is im-
portant to note that Z%Zl Pm 18 not necessarily equal to
1 in general. Furthermore, the cohort size is not fixed but
rather random, with the expected cohort size denoted as

M
E[St] = Em:l Pm.-
Lemma 5.6. The Independent Sampling with estimator 6
satisfies the Assumption 3.2 with A = —z+5—, B =0

Pm >
m 1—pm
Pm
— 1—pm
and W, = =gr—%—.

m=1 T—ppm,

Now we are ready to formulate the convergence guarantees
and derive communication complexity.

Theorem 5.7. Consider Algorithm 2 with Independent Sam-
pling with estimator 6 satisfying Assumption 3.2 and LT

solver satisfying Assumption 3.3. Let the inequality hold
Ao (M 4] 2 Ak eq > Y and

Then for the Lyapunov function

Wi et o
F i (B o) st =il
the iterates of the method satisfy

max,, [LFV,,LL‘;(lJ—rf_:)Tm} } E[\I/t] ,

t+1 1
E I:\Ij ] S max {m,
where p,, is probability that m-th client is participating.
Corollary 5.8. Choose any 0 < ¢ < 1 and p,, can be

] — 8 /___Lp
estimated but not set, then set T, = \/E and

_ 1 T 0
v = PR Gy In order to guarantee E[\Il ] < ev

it suffices to take

B Pm

3Lpy [M3>J  pm | 1 1
max,, [8 o 7 + o log <

communication rounds.

TZmax{l—i—lg6 A(l_’_ﬁl*pnl)’

Due to lack of space we provide additional discussion and
experiments in supplementary materials.
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Algorithm 2 5GCS-AB

1: Input: initial primal iterate z° € RY; initial dual iterates w9, . .., u%,; € R%; primal stepsize v > 0; dual stepsizes 7y, > 0; w € Das
2: Initialization: v° = Z%:l ud, o The server initiates v° as the sum of the initial dual iterates
3: for communication round t = 0,1, ... do
4:  Sample a cohort S* C {1,..., M} of clients according to sampling scheme S
5:  Compute 3t = T (Zﬂt — 'yvt) and broadcast it to the clients in the cohort
6: form € S*do
7: Find 3%t as the final point after K iterations of some local optimization algorithm A,,,, initiated with 32, = 2, for solving the
optimization problem o Client m performs K LT steps
K,t s t T ~t 1 t 2
Ym ' A arg min {1/Jm(y) = Fu(y) + 7 ||y — (:c + ﬁum) H } @)
yERd )
8: Compute @5 = VE,, (y5)
9: Update vt = @'t
10:  end for
11: forme{l,...,M}\ S"do
12: Update ulf* = ul,.
13:  end for
14: 2= — M- S(uiJrl —ab, ..., u?&rl — by w) ¢ The server updates the primal iterate
}2 Pttt = M gt
17: end for

Supplementary Materials

A. Related papers
A.1. Federated Averaging

The method known as Federated Averaging (FedAvg), proposed by McMahan et al. (2017), is a widely used technique
that specifically addresses the challenges of practical federated environments while solving problem 1. FedAvg is based on
Gradient Descent (GD), but applies four modifications: Client Sampling (CS), Data Sampling (DS), Local Training (LT),
Communication Compression (CC).

The FedAvg training process occurs over several communication rounds. At the start of each round ¢, a subset or cohort
St C [M] of clients with a size of C* = |S?| is selected to participate in that round’s training. The aggregating server then
sends the current model version, x*, to all clients m € S*. Each client m € S? performs K iterations of SGD on its local
loss function, f,,, using minibatches Bf;* C D, of size by, = |BL;!| for k =0,..., K — 1 initialized with z*. Afterward,
all participating clients compress their updated models and send these compressed updates to the server to aggregate into
a new model version, z'*!. The entire process is then repeated. This generalized scheme is described in Grudzien et al.
(2023).

Each of the four FedAvg modifications, Client Sampling (CS), Data Sampling (DS), Local Training (LT), and Communication
Compression can be independently turned on or off, or used in various combinations. For instance, if C* = M for all rounds,
then all clients take part in every round, resulting in the deactivation of CS. Similarly, when b,,, = | D,,| for each client
m € [M], every client employs all their data to compute the local gradient estimator needed for SGD, which leads to the
deactivation of DS. Additionally, when K is set to 1, each participating client performs only one SGD step, causing LT to be
turned off. Lastly, If the compression operator is set to the identity, then each client transmits complete updates, resulting in
compression being turned off. If all four modifications are disabled, FedAvg becomes equivalent to vanilla gradient descent
(GD).

A.2. Data Sampling

The seminal works discussed earlier illustrate the practical benefits of the novel approach, i.e., FedAvg method, but they lack
theoretical analysis and associated guarantees. Given that FedAvg comprises four distinct components, it is expedient to
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analyze these techniques in isolation to achieve a deeper comprehension of each of them.

Due to the close association of unbiased data sampling techniques with the stochastic approximation literature dating back
to the works of Robbins and Monro (1951); Nemirovsky and Yudin (1983); Nemirovski et al. (2009); Bottou et al. (2018), it
is not unexpected that CS is comparatively well comprehended. For instance, Gower et al. (2019) have scrutinized variations
of SGD that back almost any unbiased CS mechanism in the smooth strongly convex area, while Khaled and Richtdrik
(2020) have analyzed those in the smooth nonconvex region. Furthermore, Tyurin et al. (2022a) have proposed and studied
oracle-optimal versions of SGD that support almost any unbiased CS and DS mechanisms in the smooth nonconvex region,
drawing upon the previous works of Li et al. (2021), Fang et al. (2018), and Nguyen et al. (2017a;b). The CS with variance
reduction techniques is widely analyzed by Gorbunov et al. (2020).

A.3. Client Sampling

As distributed learning gained popularity, researchers began to examine Client Sampling strategies for improving communi-
cation efficiency (Wu and Wang, 2022) and ensuring robustness and security during aggregation (So et al., 2021). Empirical
studies of Client Sampling strategies can be found in the literature, such as Fraboni et al. (2021); Charles et al. (2021);
Huang et al. (2022). Optimal Client Sampling strategies under various conditions have been theoretically analyzed in works
such as Wang et al. (2022) and Chen et al. (2022). The cyclic patterns of client participation are studied in Malinovsky et al.
(2023); Cho et al. (2023). While Client Sampling shares similarities with data sampling, it also has distinct characteristics
that need to be taken into account.

A.4. Communication Compression

Communication Compression is a valuable component in distributed optimization, as it allows each client to transmit a
compressed or quantized version of its update, A! , instead of the entire update vector. This can lead to significant bandwidth
savings by reducing the number of bits transmitted over the network. Various operators have been proposed for compressing
update vectors, such as stochastic quantization (Alistarh et al., 2017), random sparsification (Wangni et al., 2017; Stich et al.,
2018), and alternative methods (Tang et al., 2019).

The utilization of unbiased compressors can decrease the amount of bits that clients transmit per round. However, it can also
cause an increase in the variance of the stochastic gradients, which leads to a slower overall convergence (Khirirat et al.,
2018; Stich, 2020). To address this issue, Mishchenko et al. (2019) proposed DIANA, an algorithm that uses control iterates to
diminish the variance resulting from gradient compression with unbiased compression operators. This approach guarantees
fast convergence. DIANA has been examined and extended in various scenarios (Horvéth et al., 2019; Safaryan et al., 2021;
Wang et al., 2021a; Kovalev et al., 2021; Li et al., 2020c) and is a valuable tool for utilizing gradient compression.

The article presents the application of compression techniques in Federated Learning, as discussed in Basu et al. (2019);
Reisizadeh et al. (2020); Haddadpour et al. (2021). The mechanism of compressing iterates is studied in Khaled and
Richtdrik (2019); Chraibi et al. (2019). Additionally, Malinovsky and Richtarik (2022) and Sadiev et al. (2022b) investigate
the application of compression with random reshuffling in Federated Learning.

A.5. Five Generations of Local Training

Local Training (LT) is a crucial aspect of Federated Learning (FL) models, where each participating client performs multiple
local optimization steps before synchronization of parameters. In the smooth strongly convex regime, we will provide a
concise overview of the theoretical advancements made in understanding LT. Malinovsky et al. (2022b) categorized LT
methods into five generations - heuristic, homogeneous, sublinear, linear, and accelerated - each progressively enhancing the
previous one in significant ways.

1st (heuristic) generation of LT methods. Although the ideas behind LT were previously utilized in various machine
learning fields Povey et al. (2015); Moritz et al. (2016), it gained significant attention as a communication acceleration
technique following seminal paper introducing the FedAvg algorithm (McMahan et al., 2017). However, their work, along
with previous research, lacked any theoretical justification. As a result, LT-based heuristics dominated the field’s initial
development until the FedAvg paper and lacked any theoretical guarantees.

2nd (homogeneous) generation of LT methods )The second generation of LT methods offers guarantees, but their
analysis relies on various data homogeneity assumptions. These assumptions include bounded gradients, which require
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|Vfm(z)|| < cforall m € [M] and z € R? (Li et al., 2020b), or bounded gradient dissimilarity, i.e., requiring
LM V(@) < €|V f(z)|? forallz € R? (Haddadpour and Mahdavi, 2019). The reasoning behind such
assumptions is that in the extreme case when all local functions are identical, running GD independently and in parallel on
all clients without any communication or averaging would make GD communication-efficient. Based on this, as we increase
heterogeneity, taking multiple local steps should still be beneficial as long as the number of steps is limited. However, using
bounded dissimilarity assumptions is highly problematic as they are not met even in some of the simplest function classes,
such as strongly convex quadratics (Khaled et al., 2019a;b). Furthermore, due to the highly heterogeneous and non-i.i.d
nature of real-world federated learning datasets, relying on strong assumptions like data/gradient homogeneity for analyzing
LT methods is both mathematically dubious and practically insignificant. Several authors have analyzed various LT methods
under such assumptions and obtained rates (Yu et al., 2019; Li et al., 2019; 2020a)

3rd (sublinear) generation of LT methods. The third generation LT theory successfully eliminated the need for data
homogeneity assumptions, as demonstrated by Khaled et al. (2019a;b). However, subsequent studies by Woodworth et al.
(2020b) and Glasgow et al. (2022) showed that LocalGD with DS (LocalSGD) has communication complexity that is no
better than minibatch SGD in the heterogeneous data setting. Furthermore, Malinovsky et al. (2020) analyzed LT methods for
general fixed point problems and Koloskova et al. (2020) studied decentralized accepts of Local Training. While removing
the need for data homogeneity assumptions was a significant advancement, the results were rather pessimistic, indicating
that LT-enhanced GD, or LocalGD, has a sublinear convergence rate, which is inferior to vanilla GD’s linear convergence
rate (Woodworth et al., 2020a). The effect of server-side stepsizes is analyzed in Malinovsky et al. (2022a); Charles and
Konec¢ny (2020)

4th (linear) generation of LT methods. The focus of the fourth generation of LT methods was to develop linearly
converging versions of LT algorithms by addressing the problem of client drift, which was identified as the reason behind
the previous generation’s subpar performance compared to GD. The first method to successfully mitigate client drift and
achieve a linear convergence rate was Scaffold, as proposed by Karimireddy et al. (2020). Other approaches to achieve the
same effect were later introduced by Gorbunov et al. (2021) and Mitra et al. (2021). While obtaining a linear rate under
standard assumptions was a significant achievement, these methods still have a slightly higher communication complexity
than vanilla GD and at best equal to that of GD.

5th (accelerated) generation of LT methods. Mishchenko et al. (2022) have recently introduced the ProxSkip method,
which represents a new and simple approach to Local Training that results in provable communication acceleration in
the smooth strongly convex regime, even when dealing with heterogeneous data. Specifically, in cases where each f,,
is L-smooth and p-strongly convex, ProxSkip can solve 1 in O(y/L/ulog1/e) communication rounds, a significant
improvement over the O(L/ulog1/¢) complexity of GD. This accelerated communication complexity has been shown to
be optimal by Scaman et al. (2019). Mishchenko et al. (2022) have also introduced several extensions to ProxSkip, including
a flexible data sampling framework and decentralized version. As a result of these developments, other new methods that
can achieve communication acceleration using Local Training are proposed.

The initial sequel article by Malinovsky et al. (2022b) presents a broad variance reduction structure for the ProxSkip approach.
In addition, Condat and Richtarik (2022) applies the ProxSkip methodology to complex splitting schemes that involve the
sum of three operators in a forward-backward setting. Besides,Sadiev et al. (2022a) and Maranjyan et al. (2022) improve the
computational complexity of the ProxSkip method while maintaining its accelerated communication acceleration.Condat
et al. (2023) introduces accelerated Local Training methods that allow Client Sampling based on the ProxSkip method, and
Grudzien et al. (2023) provide an accelerated method with Client Sampling based on RandProx method with primal and dual
updates. However, these methods are limited as they only work with a uniform distribution of clients. CompressedScaffnew
(Condat et al., 2022) is the first LT method to achieve accelerated communication complexity while utilizing compression of
updates. However, it works only with permutation-based compressors (Szlendak et al., 2022), and it is not compatible with a
broad range of unbiased compressors. Permutation-based compressors demand synchronization of compression patterns
during the aggregation stage, which is not feasible for Federated Learning settings due to privacy aspects.
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B. Basic Inequalities
B.1. Young’s inequalities

For all z,y € R% and all a > 0, we have

allz|* | llyl?
<177y> < TJFW’ 8)
|z +yl* < 2)z)* + 2|yl ©
1 2 2 2
3 =™ = lyll” < llz + 9™ (10)

B.2. Variance decomposition

For a random vector X € R? (with finite second moment) and any ¢ € R¢, the variance of X can be decomposed as
2 2 2
E||X - EX]|*] = E[IX - ¢l*] - |EX] - |/*. (1)

B.3. Conic compression variance

An unbiased randomized mapping C : R? — R¢ has conic variance if there exists w > 0 such that
2 2
E[lc(@) - o] <wal (12)
for all z € R

B.4. Convexity and L-smoothness

Suppose ¢: R? — R is L-smooth and convex. Then

1

7 IVo(@) = Vow)|I* < (Vé(z) - Vo), z —y) (13)
for all z,y € R%.

B.5. Dual Problem and Saddle-Point Reformulation

Then the saddle function reformulation of (2) is

M
Fi d 5 M_ € a a. 7n - F* m . 14
m ( ( m)mfl) I‘g HllIl rEnRXd ( HI” + Z €T, U n; 'm(u )) ( )
To ensure well-posedness of these problems, we need to assume that there exists z* € R? s.t.:
M
0=pa*+ Y VEn(z*). (15)
m=1

Which is equivalent to (2), having a solution, which it does (unique in fact) as each f,, is p-strongly convex. By first order
optimality condition 2* and u* that are solution to (14), satisfy:

— * M *
0 **,“x +*z:m:1 U (16)
Hx* € OF*(u*)
Where the latter in (16) is equivalent to:
VF(Hz*) =u*. (17)

Throughout, this section we will denote by F; for all ¢ > 0 the o-algebra generated by the collection of (R? x R*M)-valued

random variables (z°,u°) ,..., (2%, uf).
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C. Proof of Theorem 5.1

Theorem. Let Assumption 3.1 hold. Consider Algorithm 2 with sampling scheme S satisfying Assumption 3.2 and LT

solvers A,, satisfying Assumption 3.3. Let the inequality hold % — (7 (1-B)M + vﬁ) > %g‘ﬁ, e.g. Tm > i‘j\}

and v < C— (e Bl) M A Then for the Lyapunov function

* 12 M 2
o= Lot — 2P+ 0 (1 am) (7 + ) i — il

}E[\Iﬁ} :

the iterates of the method satisfy

Lgp, + 1+q
LFm +Tm

IE[\I/tH]gmax{ 1 , Max

where ¢, = ﬁ— — 1 and p,, is probability that m-th client is participating.

Proof. We start from using variance decomposition 11 and Proposition 1 from (Condat and Richtérik, 2021), we obtain

E[Hmt—&-l _x*H2 ‘}-t} (1) B[+ | 7] _x*||2+E[th+1 ~ E[att! ‘}-t]Hz ‘}_t}

et =l @ )| =B HT @ )|

X
i z =t as)
Moreover, using (16) and the definition of &, we have
14+ yp)it =zt —yH Tul, (19)
(1 +yp)a* = z* —yH "u*. (20)
Using (19) and (20) we obtain
X = e e T @ )| -2y (o et T (@ - )

< Qe [ = @ )
—2y (8" - o H' (ﬁt"’l —u*)) + 2y (" — z* HT (uf —u*))
(19)+(20) <l,t o —~yHT ( t u*) gt — x*> g HHT (at+1 _ ut)H2
—2y (&' — a* JHT (u t+1 —u*)) 4 (& —a* 2yH" (u' —u*))
= (z' — @ —|—7HT(u —u*),i:t—x*>+72||HT(at+1—ut)HQ
—2~ <§ct —z* HT (ﬁt"’l — u*)>

(19)+(20) 1 <xt _ +’7HT (ut . u*) ot —ar - ’YHT (ut . u*)>

T+yu
7 HT @ ) —27<@t —at HT (@ = ut))
2
= 1+wH o |’ —1+WHHT(“'E—U*)H
| EHT @ =) || =2y (@ =2t BT (@ = ut)). @1
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Combining (18) and (21)

t * 72 Tt R
1+WH ¥ o A Gl

+4%(1 - B) ||HT(at+1 _ ut)H?
-2 <§ct —a*, H (@ —u*))

wz it — |~ 18—

B[let+ o) | 5] <

Letp = (p1,...,pm)- The update for u may be written as

1 .
ultt =t +pmﬁ Bernoulli(ut,™* —ul, pm),

m

where P, is the probability that client m participates in the iteration. Firstly note that the update for u! can be written as:

~

t+1 5 (At+1 t
u+ —u +mem(un-z~_ _umapm)a

i.e we have a relation of ——— +q = Dm , Which obviously makes sense, since the independent, unbiased bernoulli compressor
with probability p,,, has conic variance g, = ﬁ— — 1. This leads to
ultt =t + . _:q ﬁm(ﬁgl —aul qm).
m
Using such form, we get
(11)+(12) 1 2
[Hut-s—l m” t} < ub —ur, + m (@5:1 — ufn)
dm
W ™ =
2
q 1
= ml\ufn—u&!! +WW+1 |
2
+—( T oy (uh — i T )
q t
+W ™ = vl + gz Ml — il
2
e )
m
# —t+1 dm t % |2
< ol ) e e e — | (22)
Let us consider the first term in (22):
st =l =l — ) + @ = )|
=k, —umr2+ ottt 20— )
= Jful, — | * 2 (s g, @bt k) — (et -l ||

Combining terms together we get
E[lust =i |* 1 7] < fluby =

e (2 = et k) k- ).
m

15
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Finally, we obtain

—]E{Hx”l o

M
HEE Zliﬂﬁ[uuw—ummﬂ}

m=1
1 _ Tt k|2
< s e
+7(1— ||HT attt — )|
I e L
M
+1 :::m Hufn fu:nHZ -2 Z <:%t —z* bttt fu,*n>
bom (2 — gt k) — [l )
Ignoring — 1+w ||HTu —u* || and noting
— (8 =t al )+ o (et )
=~ (ym" — 2"t — >+f<W (Um*): it = )
m
(8)+(13) 1 1
Y Tl Vet I+ g~ |
1 1 m 2
:_<LF_2ame) [ mH +fm”v¢fn(yﬁ’t)|\
(22) 1 1 2 N
2 (- ) (B[l i 1 5]~ — )
Gm 2
+ 5 VeI
we get

lIE [Hth —z*
v

Where we made the choice a,, =

we have
HUm
3

t t t
2 —ynt +uyn’ —

M
1 1
H2 | ]-"t} + Z (1+qm) (T + LF) [Hutﬂ m”2 | ]-"t}

m=1 m m

< t *

BERICRR/0] +w H I
M 1 q 1 2

+ > (1 +qm) (m+1 - L) [
m=1 m

1
Tm) s —

R 2
gt fx*H .

+Z< M+7
M

£ 3 L |, i)

m=1 T m=1

L M . . . .
“mand )2, Um < 1, positive real numbers, e.g. % Using Young’s inequality

2( 0) ,uvm |2 WU,
z"| e

o 2t — g

16
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Noting the fact that y*;* = 2t — 2 (alt! — u!)), we have

HUm 2 (9 HUm 2 2 pom .
B0yt — [ < B2 ot P 2 )P
Combining those inequalities we get
E ||zt *||2 S 1 1 t+1 2
“E[[le | 1 A] 4 Y (1 am) o B[ [lut" = us,|* | 7]
m=1 m
1 2
< - t L x
- ov(l+m) " =7l

S RN R U WA
+Z(1+qm) - +1+quF Hum umH
+Z 2 ;wm

M
_Z<1_<7(1_B)M+7A>)H“t+l mH2

Tm w

At—‘rl

m=1
HUm, #t 2
+ Z "I - Z — i
m=1
Assuming ~y and 7,,, can be chosen so that % - (fy( B)M + ’y—) > - B%n we obtain
= 1
[H;ml [ Ift} + ;(qu) <+LF> {Hut-i-l | |ft}
1
< t *
A7) I =
l 1 gm 1 .
#30 ran) () It v
4 pvmLE
+m21% el (et
2 M pv 2
-3 L [t Sl - 3 et -
m=1
The point %! is supposed to satisfy Assumption 3.3:
4 me L . a2
>0 e gt -y +Z R ZT —u'|l"
m=1 m m=1

Thus

+
ME
;_n
+
§
/\
—
+
W
N
\_/
?
t
3_
!

Lg[Jat1 - o] | 7]
;

m:l m
< gl -
+ 1)
gm 1 x
+§:1+%n( S | R
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By taking the expectation on both sides we get

L + _9m T
E[0] < max{ ——, 20 T g yr)
I+vu  Lr +Tm

m

which finishes the proof.

D. Multisampling (Sampling with Replacement)
D.1. Proof of Lemma 5.2

Lemma. The Multisampling with estimator 5 satisfies the Assumption 3.2 with A = B = % and Wy, = pm.

Proof. The proof is presented in Tyurin et al. (2022a). Let us provide it for completeness.

Let us fix C' > 0. For all m € [C], we define i.i.d. random variables

1 with probability p;
2 with probability po

M  with probability pyy,

where p = (p1,...,pam) € AM(simple simplex). A sampling

C
S(a1,.. a]w, = Z

is called the Importance sampling.

Let us establish inequality for Assumption 3.2:
1S, M c
X L

E
1 VIL
rrd dE g )

m=1 m m=1

2 2

Rk

By utilizing the independence and unbiasedness of the random variables, the final term becomes zero, resulting in:

ax,, 1 M ’ 1 & _ ax Ly 2
. _ M
ax,, 1 1
B ?m: ‘ Mpx, | | C M;am
1 Am
= 6 — ‘Mpm Zam

2

zm

Thus we have A = B = &
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D.2. Proof of Theorem 5.3

Theorem. Let Assumption 3.1 hold. Consider Algorithm 2 (5GCS-AB) with Multisampling and estimator 5 satisfying
Assumption 3.2 and LT solvers A,, satisfying Assumption 3.3. Let the inequality hold -1 — (7 (1-%)M+ ’yﬁ) >

4 pm 8ttm 1 :
72 537 » €& Tm > Jppandy < P (e yyrm—— Then for the Lyapunov function

2 M 2
Wi Lt =P+ S0 (4 )k, —

Tm

the iterates of the method satisfy

E[w!t] gmax{ x| L £ (1= Pm) T H E[v],

,ma
T+yp” m [ Lp, +Tm

where p,, =1 — (1 — pm)C is probability that m-th client is participating.

Proof. We start from theorem 5.1:

L+yu’  Lp, +7Tm

m

Lp, + T2
E[¥'H] < max{ 1 Fin T Tign }E[‘I’t] .

For Multisampling the probability of m-th client participating is P, = 1 — (1 — pm ) and we have relation p,,, = ﬁ.
Plugging ¢,, = 5~ — 1 into recursion gives us

IE[\IItH] < max{ ! , ax [LF’" + (= Pm) Tm H IE[\IIt] .

m

Also using Lemma 5.2 we have A = B = % and w = p,,. Plugging such constants to inequality for v and 7,, leads to

1 1 1 4 pm Sptm. 1
. (7(1 c)M+7T~pm) = 72 ki €& Tm 2 537 MY S ST Ty =

D.3. Proof of Corollary 5.4

Corollary. Suppose C = 1. Choose any 0 < ¢ < 1 and p, = ———r— "L\F/f%, and 7, = 5/ LuMpy,. In order to
F,mTTm

m=1

guarantee E[\IIT} < WY, it suffices to take
16 LM LM
T > max 1+—6 —,§ — 4+ M
3 w8 7

19

communication rounds.
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_ VLF, +™m 8 /T . . . .
Proof. We set parameters as p,, = S r— and 7, = 5/ LitMpy,. Let us derive the communication complexity:
16 [LM 3 |LM
T>max 14+ —¢/—, -/ —+ M

3V w8\

L. 16 LM 3 ML+ M5/ LuM
3 p8 LuM

6 [Tar 3 (S vLFm+fm)2}

> max

>max< 1+

3 p8 VLM
Z%:l V LFer‘rm)

= (LFm =+ Tm)
(LFM + Tm) LILLM

—_—— —— —/

N

LM 3
>max{¢ 14+ —4{/ — ,max | =
3 wom 8

Unrolling the recursion from Theorem 5.3 we get

—~ T
, max [LF’” + (L= Pm) 7m H) o0, (23)
+yp m Lp, +7m

E[vT] < (max{l

Using Lemma from Malinovsky et al. (2021) for recursion (Appendix B), we can state that derived T is sufficient to
guarantee 23.

D.4. Proof of Corollary 5.5

Lm

Corollary. Suppose C = 1. Choose any 0 < € < 1 and p,, = 7M\/m and T, = % LuMp,,. In order to guarantee
M

M
IE[\IIT} < eWo jr suffices to take

m=1
16 [IM 3 |IM M VI
T > 14 = /222 2,222 4 &m=1 VM
= e * 3 2 78 M * Lmin

communication rounds. Note that L, = min,, L,,.

Lm = . . . .
We set parameters as p,, = Mi]\w/m, and 7, = % LuMp,,. Let us derive the communication complexity. Since
m=1 M

20
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2
(Zf\f_l LN*;) < ML we have

T 7 M
L/"
T > max 1+§ %,§ %_,_@
SV o 8y m VEmin
2

- M Lfm M L'm
- 216 [T 3<Zm1 M) +Zm:1 i
> max ——, =
SV opu 8 VvV LuM Lo
2
— M Ly M L
16 [IM 3(Zm=1 M) Loy — fim . 2om=1\ 3"
>max{¢ 1+ —4/——,max | =
SNV o m |8 e /TtuM M Ly
M M

1 1 /L
zmax{l—k,maX(A (E’“+1)>}

™ Pm Tm

1 Lp,
>max<1l+ — max | (14+¢gn) | —=+1 )

Y™ Tm

Unrolling the recursion from Theorem 5.3 we get

1 L 1—pm)m Y1\
E[vT] < (max{ , max { Fn £ (1= Pm) H) wo, (24)
L+yp’ m Lp,, +Tm

Using Lemma from Malinovsky et al. (2021) for recursion (Appendix B), we can state that derived T is sufficient to
guarantee 24. O

E. Independent Sampling (Sampling without Replacement)

E.1. Proof of Lemma 5.6

Lemma. The Independent Sampling with estimator 6 satisfies the Assumption 3.2 with A = <35, B = 0 and

S B

Pm
— 1—pm
Wm = =31 P
m=1 T—pm

Proof. The proof is presented in Tyurin et al. (2022a). Let us provide it for completeness.

Let us define i.i.d. random variables

_J 1 with probability p,,
Xm = 0 with probability 1 — p,,,

for all m € [M], also take S* := {m € [M]|x,m =1} and p = (p1,...,pn) . The corresponding estimator for this
sampling has the following form:
1 a7n
S(a'lv"'aa]\/17,(/)7g) ::M ) (25)

mesS Pm

21
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We get
2 | M 2
el f s sl MZ o M;%
Xm
= 4 Qo O
| M 2
Y D> am
m=1
M 1 M
2
=Y 5 2 Hamll +tape = llaml
m=1 m=1
| M 2
i D> am
m=1
M
1 1 )
=— — 1) [lam].
) (= 1) e
ThuswehaveA:ﬁ,B:Oandwm:%mpmforallme[M]. O

m=1 1—pm m=1 1—pm

E.2. Proof of Theorem 5.7

Theorem. Consider Algorithm 2 with Independent Sampling with estimator 6 satisfying Assumption 3.2 and LT solver satis-

fying Assumption 3.3. Let the inequality hold % — (fyM + 7%) > T‘é e eg Tm > 4 um and v < w

Then for the Lyapunov function

2

)

wom ettt Sk (2 k) ekt

the iterates of the method satisfy

B[] < e { L L0 pu)n 4 gfge),

, Imax
1 + T m |: LFrn + Tm

where p,,, is probability that m-th client is participating.

L —— B=0andw,, = N}’i’?’"pm for all m € [M]. Using Theorem 5.1

m=1 T—py, m=1 T—ppm,

Proof. Using Lemma 5.6 we have A =

and we plug this constants into

Ly + -7,
Blo] <max] L EPe T | g

m

and we obtain

E[\Iltﬂ] < Inax{ ! , max [LF’"’ + (1= Pm) Tm] }E[\Ilt] .
Ltyp m Lp,, +Tm

22
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E.3. Proof of Corollary 5.8

Corollary E.1. Choose any 0 < € < 1 and p,, can be estimated but not set, then set T,, = %, / MzLjvi,“p and
m=1£m

_ T 0 :
v = 2Tm<M+1 oy’ In order to guarantee E[\I/ ] < eWY, it suffices to take

Pm

16 LM 11-op, 3L M m 1
T > max<{1l+ — M(1+ D ),max 2 Fm\/ﬁJr
3V uX i Pm M pm m" |8 pm Lu Pm

communication rounds.

. _ 8 Lu > 8p _ 3 MM pm 1 < 1
Proof. First note that 7,,, = 3\ M = 3N and v = i6 o (i o2my) = o7, (4 Sa) thus the

stepsizes choices satisfy % — (’yM + 7%) > % £ Now we get the contraction constant from Theorem 5.8 to be

equal to:

T PmTm
max 41— ,max |1 — ———
Ltyp m Lp, +Tm
Let us derive the complexity:

16 M 1—pm 3Ly [MSM p. 1 1
T>max< 1+ — <1 + P ) ,max | — Fm 211:117 + — log —
BN Mpm )~ m |8 pm Ly Pm €

1 L m 1
> max{l + —,max {F’”—H—}}log
TH €

O

Remark. Note a very important special case, where L,,, = Landso L = L and Ly, = ﬁ (L — u) < L/M. Choose p,,
so that Zﬂm/lzl pm = C' (expected cohort size), then the above simplifies to

Y Ty PR BN R B TN
M Pm Tm 8 Pm MM Pm

Additionally specifying that p,, = % ives

T = max {max

E.4. Tau-Nice sampling

In this section we show that previous result of Grudzien et al. (2023) can be covered by our framework. This means we
fully generalize previous convergence guarantees.

Theorem E.2. Consider Algorithm 2 with uniform samplzng scheme satisfying 3.2 and LT solver satisfying Assumption 3.3.
Let the inequality hold — — yM > 2 37 8 Tm Z 17 and vy < 5——7. Then for the Lyapunov function

W et SN M (L *) st — s,

the iterates of the method satisfy
} E[v1].

E[\Ilt'H] < max {1,

L M-C
o | ZEm T A Tm
Ltyp m

LFm + Tm
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Corollary E.3. Suppose that L,,, = L,Ym € {1,...,M}. Choose any0 < & < 1 andy = <,/ LMLM and T, = 5/ ]ﬁ%
In order to guarantee E [\IIT} < WY, it suffices to take

16 /ML M 3 /ML 1
T > max{l—l—g T Ts 5E}logg

communication rounds.
E.S. Proof of Corollary E.3

Proof. First note that 7,, = 7 = % % > fj\‘} and v = %,/MLM > ﬁ, thus the stepsizes choices satisfy

L _ ~M > 4 2 Now we get the contraction constant from Theorem E.2 to be equal to:

Tm T2, 3M "
<
1—p=0|maxs1— e ,1— il
L+p Lp, +7

This gives a rate of

1 ML/M 1
T:max{1+, / +T}log
yu' C T €
1_'_16 LM M+3 LM 1 1
= ma =, =4+ -/ — rlog -
* s\ ucC© TR\ uc (8

24



Improving Accelerated Federated Learning with Compression and Importance Sampling

Algorithm 3 inexact-RandProx

1: Input: initial primal iterates z° € R?; initial dual iterates u?, . .., u$; € R; primal stepsize fy > 0; dual stepsize 7 > 0
2: Initialization: v° := Zﬁf:l u?, © The server initiates v” as the sum of the initial dual iterates
3: for communication round t=20,1,...do

4:  Compute 2* = (z' —yv ) and broadcast it to the clients

1+7/t
5:  Find y™* as the final point after K iterations of some local optimization algorithm A, initiated with y° = H#?, for solving the
optimization problem

y®t ~ arg min {wt )=Fy)+3% Hy— (Hit—i— %ut)HQ} (26)
E]RdM

6:  Compute a'*! = VF(y™*) and send R* (a'*" — u') to the server

70wttt — gt o 1Rt(t+1 ut)

8 o'tli= qule ubf! o The server maintains v as the sum of the dual iterates
9: =3 — v (14 w) (T =) © The server updates the primal iterate
10: end for
F. Analysis of SGCS-CC
F.1. Proof of Theorem 4.1

In this section we will provide the proof for general version of 5GCS algorithm, which is Algorithm 3. This method is
inexact version of RandProx presented in Condat and Richtarik (2022).

We need to formulate an assumption similar to Assumption 3.2.

Assumption F.1. (AB Inequality). Let R : R 5 RIM e an unbiased random operator which satisfies:

£l (80 )[[] <435 el 535 |

for some A, B > 0, where v = (vy,...,vp)  and v, € R% form € {1,..., M}.

; 27)

Theorem F.2. Consider Algorithm 3 (Inexact-RandProx) with the LT solver satisfying Assumption 3.3. Let % - (v(1 -
B)M +~vA)) > 2 shp e8 7> ;—A‘} and v = m. Then for the Lyapunov function

2 2
wtim Lot — 2t P (1 w) (4 L) et — ),

the iterates of the method satisfy E[®"] < (1 — p)TW°, where p := min { 1_7_’%‘, H—% T } <1
Proof. Noting that updates for u'*! and x'*! can be written as
uttl = ot + R (- ut) (28)
ot =3t — 5 (w + 1) HT (u't =) (29)

where R is any random operator which satisfies conic variance (in this case it is not compression parameter) and
Assumption F.1 and @'t = VF(y%!). Then using variance decomposition and proposition 1 from (Condat and Richtarik,
2021) we obtain

E|:th+1 _x*H2 |]_-t} (11) [E[2 | 7] —CC*Hz—I—E[HZUt-H —E[att! |]:t]H2 |}_t}

(29)+(3-2) # —z* —HT (@ — ut)HZ Iy ||11t+1 _ utH2
X
2B HHT<,L—Lt+1 _ ut)H2 _ (30)

25
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Moreover, using (16) and the definition of Z*, we have

(1 +yp)d' =a' —yH o', 31)
(1 +yp)z* = z* — yH "u*. (32)
Using (31) and (32) we obtain
N * _ 2
X = |2t — 2 ffyHT(utJrlfut)H

st I*HQ e ||HT(1—Lt+1 _ ut)||2

=2y (&' —a*, H" (a"" —u'))
_ (1+’W)HJAUt—l“*HQ‘FWQHHT(atH_Ut)H
=2y (3" —a*, H (@' — ")) + 29 (2" — 2*, H (u' — u¥))

2

At *||2
—yul|at — o]
(31)+(32) <mt o —yHT (uf — ), 3 — x*> g HHT(atJrl _ ut)H2
-2y (&' — z*, H' (- ut)) + (3" — 2vH T (ul — u*))
—yu ||zt — ac*HQ .
It leads to
X = <xt—x*—|—7HT(ut—u*),55t—x*>

2 HHT(atJrl _ ut)HQ — 9y <j:t — ot HT (att - u*)>
—yul|# — |
(31)+(32) 1
B L+p
142 ||HT(at+1 _ ut)H2 ~ 9y <£t — ot HT (@ - u*)>

<:Ct — x* +’yHT(ut _u*)7xt — x* —’yHT(ut _u*)>

~t %12
—yuEt — |
2
= 1+1 thfx*HZ* - v ||HT<ut*u*)||2
Y +
2 HHT(ﬂtH -~ ut)Hz — 2y <£t _ x*,HT(ﬂHl _ u*)>
—u gt — 2. (33)
Combining (30) and (33) we have
1|2 } 1 tox||2 o Tt oxy|2
R ) R e

+2(1 = B) |HT @+ —ut)||* — 2y (&' — 2%, H (a! — u*))
At -t |* - 25 || He - |

Note that we can have the update rule for u as:

t+1 . ¢t 1t (=t+1 ¢t
U = —i-mR (u u)

26
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Using conic variance formula (12) of R we obtain

(11)+(12) 2

*]2 * _ _ 2
B+t =l 17]) S o= g = )|+ g e -]
Yt — P 1 t+1 *12
S e
2w 2
1+w)? (u —u @™t — ) + 1+w 7 [ =
w 2 2w .
+ (1+ w)? H t_u*H - (1+ w)? <ut_u 7ut+1_u*>
1 2 w .
= ol = et 7. (34)
Let us consider the first term in (34):
la = |* = =)+ @t =)
B VAT TSP
= ||u'—u H +2 (@t =t ettt =ty — ||attt - tH2.
Combining terms together we get
2 1 _ . - _ 2
E[Hu”l H | ]—'t} <l ="+ 5w (2 (@ —wr wttt =ty — ||at T = | ) .
Finally, we obtain
S [ U ”%E[Hut“ s \ft]
t_ 2 _ Tt _ 2
= Sl o - e
+’Y(1 _ HHT attl _ oyt H
Attt —ut|* - o | Het — He* |
T fut | 25t - 0 T @ - )
T e ]
Ignoring — 7 |H T (uf — u* || and noting

o <£t o IE*,HT(ﬂt+1 o u*)> + l <1_l,t+1 - u*7ﬂt+1 o ut>

!
= — (y™f — Ha* @™ —u*) + % (Vi (™), att — u*)

®09) —i!lﬂt“—u*HzﬂL% [Vt pL 1 L e |
et | L R I~

C () (ol P F] - )
+ o= [Vt |,
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we get

o I B e (L W

t_ *
o e =l

1 1
+(1 +OJ) (T + 1—(‘:0.}LF) ||ut —’LL*||2

+ (’y(l —B)M +~A— 71_> ||12'5Jrl futH

2

2
I

+L—§ Vo (y™ )] - % |H#" — Ha*||”.

Where we made the choice a = LTF Using Young’s inequality we have

e et e et
Noting the fact that y*! = Hz' — L(a'*! — '), we have
I N 5 (9)
L - - ol oy T o

Combining those inequalities we get

1 t+1 |2 r 1 1 |2
[ A E (1+w)( + )E[Hu o 7]

t_ *
S P
1 t_ *
+(1+w)( +1—|—0JL) || ||
2 n e
g 0 -
(- au-mae) e

Lr to, Kty[|2 M st t]|2
+ 3 VO ™I = a7 I1H2 =y
Assuming ~ and 7 can be chosen so that £ — (y(1 — B)M +~A)) > 2 34 we obtain

1 . .
;E[HLL‘HI _ x*HQ | -Ft:| + (1+4w) ( + L> E[HutJrl _ u*Hz | ]__t}

t_ *
e |

+<1+w>(1 HwL)Ht w’

4 plL?
ﬁ%\f!l - ”H+ V(™)
P st kit
st — g

The point %! is assumed to satisfy Assumption3.3:

4 pL3 B et t)2
g I -y l + o Nl < oqf 1HE =y
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Thus
e N ) e L A
t_ *
+w H I
+(1+w) 1+ e
1+wL ’

By taking the expectation on both sides we get

L
E[U'!] < max{ ! P o }E[‘I’t} ,

14yu’ Lp+T
which finishes the proof. The requirement for stepsizes becomes:

1 4 u

——vyM+A-MB)> —-—

T V(M + ) T23M°
This inequality can be satisfied. Firstly note that for any R we need to have A > M B. Then as long as 7 > 8“ we can set
~ to satisfy v = I (M+A—MB)" O

Given this inequality we can formulate a following convergence theorem for Algorithm 1, which is practically just a corollary
to the Theorem F.2.

Theorem. C0n51der Algorlthm 1 (6GCS-CC) with the LT solver satisfying Assumption 3.3. Let = —y(M+ws ) > % o

3M°
€g. T3 M and v = W Then for the Lyapunov function

1 g2 M 1 1 2
:;th—x H —&—E(u;—&-l) (T+LF) [|ut —u*]]”,

the iterates satisfy E[07] < (1 — p)7¥°, with p := min { e M(ICJFW) (LFT+T)} <1
Corollary. Choose any 0 < ¢ < land 7 = %\/Lu (“%‘1) W and v = m In order to guarantee
Tw T wE

IE[\IIT} < eWo jr suffices to take

SRICIRN )

communication rounds.

F.2. Proof of Corollary 4.2

: _ 8 w+1 1 8p 3 c 1 1
Proof. First note that 7 = \/Lﬂ = ) rm) > ohf and v = \/L# (w+1) rm) > 2T(Mﬂj%),thus the
stepsizes choices satlsfy Lyl ) > i > 57 - Now we get the contraction constant from Theorem 4.1 to be equal to:

c 1
1—p=max<q1l-— TR 11— — T
T+yu Mw+1Lp+T

This gives us a communication complexity:

M L
T = (9( W+ +(VE+1) w+1)5;>
>max{1+136 (VE+) Jw+DELEW+D+3(VE+1) (w+1)%ﬁ}log§
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Figure 1. (a) Performance of Algorithm 1 (5GCS-CC) with different levels of sparsification k. (b) Comparison of Algorithm 2 (5GCS-AB)
with uniform sampling and Multisampling in case of C' = 1.

G. Experiments

This study primarily focuses on analyzing the fundamental algorithmic and theoretical aspects of a particular class of
algorithms, rather than conducting extensive large-scale experiments. While we acknowledge the importance of such
experiments, they fall outside the scope of this work. Instead, we provide illustrative examples and validate our findings
through the application of logistic regression to a practical problem setting.

We are considering {»-regularized logistic regression, which is a mathematical model used for classification tasks. The
objective function, denoted as f(x), is defined as follows:

1 XX b QT A
F@) = 7 20 D log (1+e7tmimmat) + Zlal .

m=1 i=1

In this equation, a,, ; € R¢ and bm,i € {—1,+1} represent the data samples and labels, respectively. The variables M and
N correspond to the number of clients and the number of data points per client, respectively. The term A is a regularization
parameter, and in accordance with Condat et al. (2023), we set A, such that we have k = 104,

To illustrate our experimental results, we have chosen to focus on a specific case using the "ala" dataset from the LibSVM
library (Chang and Lin, 2011). We have d = 119, M = 107 and N = 15 for this dataset.

For the experiments involving communication compression, we utilized the Rand-k compressor (Mishchenko et al., 2019)
with various parameters for sparsification and theoretical stepsizes for the method. Based on the plotted results, it is evident
that the optimal choice is achieved when setting £ = 1 and the method without communication compression shows the
worst performance. We calculate the number of communicated floats by all clients.

In the experiments conducted to evaluate the Multisampling strategy, we employed the exact version of the parameters
outlined in Corollary 5.5. Additionally, we applied a re-scaling procedure to modify the distribution of L,, in order to
reduce its uniformity. The resulting values were approximately Ly, ~ 1.48 and Lyax = 2 - 10%.

The observed results indicate that the exact solution of determining probabilities and stepsizes., despite not being optimal,
outperformed the version with uniform sampling.
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