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Abstract

This paper presents a comprehensive theoretical analysis of the graph p-Laplacian regular-
ized framelet network (pL-UFG) to establish a solid understanding of its properties. We
conduct a convergence analysis on pL-UFG, addressing the gap in the understanding of its
asymptotic behaviors. Further by investigating the generalized Dirichlet energy of pL-UFG,
we demonstrate that the Dirichlet energy remains non-zero throughout convergence, ensuring
the avoidance of over-smoothing issues. Additionally, we elucidate the energy dynamic
perspective, highlighting the synergistic relationship between the implicit layer in pL-UFG
and graph framelets. This synergy enhances the model’s adaptability to both homophilic
and heterophilic data. Notably, we reveal that pL-UFG can be interpreted as a generalized
non-linear diffusion process, thereby bridging the gap between pL-UFG and differential
equations on the graph. Importantly, these multifaceted analyses lead to unified conclusions
that offer novel insights for understanding and implementing pL-UFG, as well as other graph
neural network (GNN) models. Finally, based on our dynamic analysis, we propose two novel
pL-UFG models with manually controlled energy dynamics. We demonstrate empirically
and theoretically that our proposed models not only inherit the advantages of pL-UFG but
also significantly reduce computational costs for training on large-scale graph datasets.

1 Introduction

Graph neural networks (GNNs) have exhibited remarkable performance in propagating and predicting for
graph-structured data in various domains, including citation networks (Kipf & Welling}, [2016]), social networks
(Chen et al.l |2018), molecules (Duvenaud et al., |2015), and traffic networks (Cui et al. 2019)), among others.
Generally, GNN models can be categorized into two major types: spatial GNNs, such as MPNN (Gilmer et al.
2017), GAT (Velickovi¢ et al., |2018), and GIN (Xu et al., [2019), which propagate node features based on
connectivity information; and spectral GNNs, including GCN (Kipf & Welling}, [2016]), ChebyNet (Defferrard
et al., |2016)), and BernNet (He et al., 2021), which apply filtering in the spectral domain by utilizing the
graph Fourier transform. Wavelet-based graph representation learning (Dongj, 2017; |[Hammond et al., [2011}
Li et al., |2020; |Wang & Deng, [2021; |Xu et al., |2018a; [Zheng et al.), 2021} 12023; [2022; [Zou et al.| |2022)), as a
type of spectral-based GNN, enables multi-resolution filtering on graph signals, thereby offering improved
signal representation by capturing features at different scales. Notably, graph framelets (Dong), [2017; |Zheng
et al., 2022)) allow separate modeling of low-pass and high-pass signal information, and have been used to
define graph convolution in works such as (Chen et al., [2022b} [Zheng et al., [2021} 2022). Graph framelets
provide greater flexibility in controlling the integration of information in the low-pass frequency domain
and the distinction of information in the high-pass frequency domain, exhibiting robustness and efficiency.
Consequently, they achieve state-of-the-art results in various graph learning tasks (Chen et al. 2022b; [Yang
et al.l |2022}; |Zheng et al., [2021; [Zhou et al., [2021} [2022; [Zou et al.| |2022]).

In the realm of developing increasingly sophisticated Graph Neural Networks (GNNs), there has been a recent
surge of interest in understanding the theoretical underpinnings of these models. A key focus has been on
analyzing the GNN propagation process as a linear diffusion process on the graph, with and without a source
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term, to investigate the GNN’s asymptotic behavior, which directly relates to the issue of over-smoothing
(Chamberlain et al., |2021bjic; Thorpe et al., 2022} |Chen et al., [2022¢)). Additionally, researchers have explored
the power of GNNs from the perspective of graph topology, examining concepts such as distinguishing power
and energy dynamics (Bronstein et al., [2021; |[Wang & Zhang), [2022; [Morris et al.l 2019; |Chen et al.l [2022a;
Di Giovanni et al} 2022; Han et al.| 2022). Moreover, recent studies have framed the GNN learning process
as a form of graph regularization (Zhou & Scholkopf], |2005; [Fu et al., |2022; Shao et al., [2022; |(Chen et al.|
2022c), demonstrating that explicit propagation in GNNs can be substituted with an implicit layer that
derives the problem solution (Gu et al., |2020; [Liu et al., |2021). While the underlying connections among
these theoretical aspects of GNNs are still being explored, a comprehensive assessment of GNN properties
through various perspectives is expected. Ideally, a unified framework will emerge to guide and enhance
GNNs in both theoretical and practical contexts.

In this paper, our primary focus is on the graph framelet model, specifically the graph p-Laplacian regularized
framelet network (pL-UFG) model, which is equipped with a p-Laplacian based implicit layer as proposed
in [Shao et al.| (2022) (see Section [2] for the formulation). Our objective is to analyze pL-UFG from various
perspectives, including convergence, asymptotic energy behavior, energy dynamics, and its relationship with
existing diffusion models. To the best of our knowledge, these aspects have not been thoroughly explored
in the context of p-Laplacian based multi-scaled GNNSs, leaving notable knowledge gaps. Accordingly, we
summarize our contribution as follows:

e We rigorously prove the convergence of pL.-UFG, providing insights into the asymptotic behavior of
the model. This analysis addresses a crucial gap in the understanding of GNN models regularized
with p-Laplacian based energy regularizer.

o We show that by assigning the proper values of two key model parameters (denoted as p and p) of
pL-UFG based on our theoretical analysis, the (generalized) Dirichlet energy of the node feature
produced from pL-UFG will never converge to 0; thus the inclusion of the implicit layer will prevent
the model (graph framelet) from potential over-smoothing issue.

e We demonstrate how the implicit layer in pL-UFG interacts with the energy dynamics of the graph
framelet. Furthermore, we prove that pL-UFG can adapt to both homophily and heterophily graphs,
enhancing its versatility and applicability.

e Based on our theoretical results, we propose two generalized pL-UFG models with controlled
model dynamics, namely pL-UFG low-frequency dominant model (pL-UFG-LFD) and pL-UFG high
frequency dominant model (pL-UFG-HFD). we further show that with controllable model dynamics,
the computational cost of pL-UFG is largely reduced, making our proposed model capable of handling
large-scale graph datasets.

o We establish that the propagation mechanism within pL-UFG enables a generalized non-linear graph
diffusion. The conclusions based on our analysis from different perspectives are unified at the end of
the paper, suggesting a promising framework for evaluating other GNNs.

e We conduct extensive experiments to validate our theoretical claims. The empirical results not only
confirm pL-UFG’s capability to handle both homophily and heterophily graphs but also demonstrate
that our proposed models achieve comparable or superior classification accuracy with reduced
computational cost. These findings are consistent across commonly tested and large-scale graph
datasets.

The remaining sections of this paper are structured as follows. Section |2 presents fundamental notations
related to graphs, GNN models, graph framelets and pL-UFG. In Section [3] we conduct a theoretical analysis
on pL-UFG, focusing on the aforementioned aspects. Specifically, Section [3.1] presents the convergence
analysis, while Section [3.2] examines the behavior of the p-Laplacian based implicit layer through a generalized
Dirichlet energy analysis. Furthermore, Section demystifies the interaction between the implicit layer and
graph framelets from an energy dynamic perspective. We provide our proposed models (pL-UFG-LFD and
pL-UFG-HFD) in section Lastly, in Section we demonstrate that the iterative algorithm derived



Under review as submission to TMLR

from the implicit layer is equivalent to a generalized non-linear diffusion process on the graph. Additionally,
in Section [4] we further verify our theoretical claims by comprehensive numerical experiments. Lastly, in
conclusion [5] we summarize the findings of this paper and provide suggestions for future research directions.

2 Preliminaries

In this section, we provide necessary notations and formulations utilized in this paper. We list the necessary
notations with their meanings in the Table [I| below, although we will mention the meaning of them again
when we first use them.

Table 1: Necessary notations

Notations Brief Interpretation
X Initial node feature matrix
F®) Feature representation on k-th layer of GNN model

Individual row of F

-

—~
~

=

F;. One or more operation acts on each row of F
D Graph degree matrix
A Normalized adjacency matrix
L Normalized Laplacian matrix
W Graph weight matrix
w Framelet decomposition matrix
A Index set of all framelet decomposition matrices.
w Learnable weight matrix in GNN models
W,Q,W Learnable weight matrices in defining generalized Dirichlet energy
EPF(F) Generalized Dirichlet energy for implicit layer
Ef"(F) Generalized framelet Dirichlet energy
Etotal(F) Total generalized Dirichlet energy
IOV A Eigen-pairs of L

We also provide essential background information on the developmental history before the formulation of
certain models, serving as a concise introduction to the related works.

Graph, Graph Convolution and Graph Consistency We denote a weighted graph as G = (V,£, W)
with nodes set V = {v1,v9,--- ,un} of total N nodes, edge set £ C V x V and graph adjacency matrix
W, where W = [w; ;] € RV*N and w; ; = 1 if (v;,v;) € &, else, w; ; = 0. The nodes feature matrix is
X € RV*¢ for G with each row x; € R® a feature vector associated with node v;. For a matrix A, we denote

its transpose as AT, and we use [N] for set {1,2,..., N}. Throughout this paper, we will only focus on the
undirect graph and use matrix A and W mterchangeably for graph adjacency matrix E The normalized
graph Laplacian is defined as L =1 —D~2(W + I)D~2, where D = diag(di 1,...,dn ) is a diagonal degree

matrix, d; ; = Zjv qwj fori=1,...,N, and I is the 1dent1ty matrix. From Spectral graph theory (Chung]

1997), we have L > 0, i.e. L is a positive semi-definite (SPD) matrix. Let \; for i = 1,...,n be the eigenvalues
of i, also known as graph spectra, and \; € [0,2]. For any given graph, we let pg be the largest eigenvalue
of L. Lastly, for any vector x = (x4, ...,z.) € R¢, ||x[|2 = >y 22)? is the Ly-norm of x, and similarly,
(1M := |IM]|lr = ( mzj)z is the matrix Frobenius norm of any matrix M = [m, ;.

Graph convolution network (GCN) (Kipt & Welling], [2016]) produces a layer-wise (node feature) propagation
rule based on the information from the normalized adjacency matrix as:

F) = o (ARRWH), (1)

We initially set W as the graph adjacency matrix in align with the notations used in (Fu et al., |2022; |Shao et al., [2022)
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where F(®) is the embedded node feature, W the weight matrix for channel mixing (Bronstein et al., 2021)),
and o any activation function such as sigmoid. The superscript *) indicates the quantity associated with
layer k, and F(©) = X. We write A=D": (W + I)D_%7 the normalized adjacency matrix of G. It is easy to
see that the operation conducted in GCN before activation can be interpreted as a localized filter by the
graph Fourier transform, i.e., f**1) = UT(I,, — A)Uf®) where f*) = F®)W®*) and U, A are from the
eigendecomposition L = UTAU. In fact, Uf is known as the Fourier transform of graph signal f.

Over the development of GNNs, most of GNNs are designed under the homophily assumption in which
connected (neighbouring) nodes are more likely to share the same label. The recent work by [Zhu et al. (2020)
identified that the general topology GNN fails to obtain outstanding results on the graphs with different
class labels and dissimilar features in their connected nodes, which induces the notion of so-call heterophilic
graphs. The definition of homophilic and heterophilic graphs are given by:

Definition 1 (Homophily and Heterophily (Fu et al. 2022)). The homophily or heterophily of a network is
used to define the relationship between labels of connected nodes. The level of homophily of a graph can
be measured by H(G) = Eicv[{j}jen;,, -, |/INill, where [{j}jen; ,._,. | denotes the number of neighbours
of i € V that share the same label as i, i.e. y; = y;. H(G) — 1 corresponds to strong homophily while
H(G) — 0 indicates strong heterophily. We say that a graph is a homophilic (heterophilic) graph if it has
strong homophily (heterophily).

Graph Framelet Framelets are a type of wavelet frame used in the analysis and processing of signals on
graphs. The first wavelet frame with a lifting scheme for graph analysis was presented in (Sweldens| |1998)).
As computational power increased, Hammond et al.| (2011) proposed a framework for wavelet transformation
on graphs using Chebyshev polynomials for approximations. Later, Dong| (2017) developed tight framelets on
graphs by approximating smooth functions with filtered Chebyshev polynomials.

Framelets have been applied to graph learning tasks with outstanding results, as demonstrated in (Zheng
et al.l [2021)). They are capable of decomposing graph signals and re-aggregating them effectively, as shown
in the study on graph noise reduction by |Zhou et al.| (2021). Combining framelets with singular value
decomposition (SVD) has also made them applicable to directed graphs (Zou et al.| [2022)). Recently, Yang
et al.|(2022) suggested a simple method for building more versatile and stable framelet families, known as
Quasi-Framelets. In this study, we will introduce graph framelets using the same architecture described in
(Yang et al., [2022)). To begin, we define the filtering functions for Quasi-framelets.

A set of R+1 positive filtering functions, denoted as F = go(&), g1(£), ..., gr(§), is considered as Quasi-Framelet
scaling functions on the interval [0, 7]. These functions adhere to the identity condition:

90(5)2 + 91(5)2 +ee gR(f)Q =1, Vﬁ € [O,TF], (2)

where gg descents from 1 to 0, while gr ascends from 0 to 1 as the frequency increases within the spectral
domain [0, 7]. The purpose of gp is to regulate the highest frequency, gr is employed to control the lowest
frequency, while the remaining functions govern the frequencies lying between them.

The Quasi-Framelet signal transformation matrices is defined as:

A A

Wo,s = UQO(W)"'QO(%)UT’ (3)

Wio = Ugr(%)UT, forr=1,...R, (4)
A A A

Wi = Ugr(QmM)go(QmM_l)---go(Qfm)UT, (5)

forr=1,...R{=1,...,J,

for a given set of Quasi-Framelet functions F and a given level J > 0 on a graph G = (V, £) with normalized
graph Laplacian L. Wy, is defined as the product of J 4+ 1 Quasi-Framelet scaling functions gy applied
to the Laplacian L at different scales, with U as the orthogonal spectral bases. W, ¢ is defined as gr(g%)
applied to i, where m is the coarsest scale level which is the smallest value satisfying 27™\,, < w. For
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1<r<Rand1</{¢<J, W,,is defined as the product of J — £+ 1 Quasi-Framelet scaling functions gy and
¢ Quasi-Framelet scaling functions g, applied to L.

The stacked matrix W is the concatenation of Wy s, Wi 0, ..., Wr0, Wi 1, ..., Wr,s. It can be proven that
WTW =1, which provides a signal decomposition and reconstruction process based on Y. This is referred
to as the graph Quasi-Framelet transformation.

To reduce the computational cost of eigendecomposition for the graph Laplacians, Chebyshev polynomials
can be used to approximate the Quasi-Framelet transformation matrices. The approximated transformation
matrices are defined by replacing g,.(£) in equation equation with Chebyshev polynomials 7;.(£) of a fixed
degree, which is typically set to 3. The Quasi-Framelet transformation matrices are defined in equation [] -
equation [5| can be approximated by,

1 = 1~
Wo,s = %(WL)“'%(?”L)’ (6)
Wiro %7}(2%1:), forr=1,....R, (7)
1 = 1 = 1~

forr=1,...R{=1,..J.

For given G(V, £), we can explicitly show the propagation of the spectral framelet convolution (Zheng et al.)
2021} 12022; [Yang et al., |2022) as:

FED =0 | 3 W] diag(6,) W, FOW®E || (9)
(r,0)eT

where 6, € RN, W®) are learnable matrices for diagonal scaling and channel mixing (Zheng et al., 2022).
Let Z={(r,j):r=1,..,R,£=0,1,...., J} U{(0, J)} be the index set for all framelet decomposition matrices.
Since the framelet system provides a perfect reconstruction on the input graph signal (i.e., WTW = I), instead
of propagating the node feature information via frequency domains (as shown in equation E[), recent study
(Chen et al.l [2022b)) has also consider deploying framelet based propagation via spatial (graph adjacency)
domain, and the resulting so-called spatial framelet with its propagation rule (without activation) as:

k1) _ W(IJKWO,JF(’“)W&), +3 WTT,gJKWr,zF(k)W% (10)
.4

Unlike spectral framelet methods, which the weight matrix W is shared across different (filtered) frequency

domains, spatial framelets methods assign different weight matrices an to each (filtered) spatial domain to
produce the graph convolution.

Generalized p-Laplacian Regularized Framelet GCN In this part, we provide several additional
definitions to formulate the model (pL-UFG) that we are interested to analyze. Specifically, one of the recent
works |[Fu et al.| (2022)) considered assigning an adjustable p-Laplacian regularizer to the (discrete) graph
regularization problem that is conventionally treated as a way of producing GNN outcomes (i.e., Laplacian
smoothing) (Zhou & Scholkopt, 2005). In view of the fact that the classic graph Laplacian regularizer
measures the graph signal energy along edges under Lo metric, it would be beneficial if GNN training process
can be regularized under L, metric in order to adapt to different graph inputs. Following these pioneer works,
Shao et al.| (2022) further integrated graph framelet and a generalized p-Laplacian regularizer to develop the
so-called generalized p-Laplacian regularized framelet model. It involves a regularization problem over the
energy quadratic form induced from graph p-Laplacian. To show this, we start by defining graph gradient as
follows:

Definition 2 (Graph Gradient (Zhou & Schélkopf, [2005)). Let Fy := {F|F : V — R9} and F¢ := {g|g :
& — R?} be the function space on nodes and edges, respectively. Given a graph G = (V, €, W) and a function
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F € Fy, the graph gradient is an operator Vy:Fy, — Fg defined as for all [i,j] € &,

(VwF)([4,5]) == dlj_fj /7 f;, (11)
ey 1,2

where f; and f; are the signal vectors on nodes ¢ and j, i.e., the rows of F.

For simplicity, we denote Vi F as VF as the graph gradient. The definition of (discrete) graph gradient
is analogized from the notion of gradient from the continuous space. Similarly, we can further define the
so-called graph divergence:

Definition 3 (Graph Divergence (Zhou & Scholkopf, [2005)). Given a graph G = (V,E, W) and a function
F:V - RY g: & — R? the graph divergence is an operator div : F¢ — Fy such that

(VF,g) = (F, —div(g)). (12)

Furthermore, the graph divergence can be computed by:

N
div(g)(i) =3 /5 (eli- 5] ~ &l i) (13)

With the formulation of graph gradient and divergence we are ready to define the graph p-Laplacian operator
and the corresponding p-Dirichlet form (Zhou & Scholkopf, 2005; [Fu et al, [2022) that serves as the regularizer
in the model developed in (Shao et al., |2022). The graph p-Laplacian can be defined as follows:

Definition 4 (Graph p-Laplacian). Given a graph G = (V,£, W) and a multiple channel signal function
F :V — R% the graph p-Laplacian is an operator A, : 7y, — Fy,, defined by:

AF = —%div(HVFHp*?VF), for p > 1. (14)

where || - ||[P~2 is element-wise power over the node gradient VF.

The corresponding p-Dirichlet form can be denoted as:

1 'LU»L"' wi,'
SE =5 2 \/;fj_\/?fi
(vi,vi)EE 35] i,
Vg

where we adopt the definition of element-wise p-norm as (Fu et all,2022). It is not difficult to verify that
once we set p = 2, we recover the graph Dirichlet energy (Zhou & Scholkopf], |2005) that is widely used to
measure the difference between node features along the GNN propagation process.

Remark 1 (Dirichlet Energy, Graph Homophily and Heterophily). Graph Dirichlet energy (Fu et al., 2022}
Bronstein et al., [2021) has became a commonly applied measure of variation between node features via GNNs.
It has been shown that once the graph is highly heterophily where the connected nodes are not likely to share
identical labels, one may prefer GNNs that exhibit nodes feature sharpening effect, thus increasing Dirichlet
energy, such that the final classification output of the connected nodes from these GNNs tend to be different.
Whereas, when the graph is highly homophily, a smoothing effect (thus a decrease of Dirichlet energy) is
preferred.

p
’

(15)

Shao et al.|(2022)) further generalized the p-Dirichlet form in equation |15 as:

§F) =5 S IVwF(i )"

('U?‘,,’U]‘)Gg
1 e 1
=3 Z Z IVwE([i, 5" =3 Z [VwF (i), (16)
v; EV VU4 v; €V
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where v; ~ v; stands for the node v; that is connected to node v; and VwF(v;) = (VwF([i,5])),,. (0, 0,)ee 19
the node gradient vector for each node v; and || - ||,, is the vector p-norm. Moreover, we can further generalize
the regularizer S,(F) by considering any positive convex function ¢ as:

S{E) = 2 3 o(IVwF)l,). (1)

v; €V

There are many choices of ¢ and p. When ¢(§) = &P, we recover the p-Laplacian regularizer. Interestingly,
by setting ¢(&) = &2, we recover the so-called Tikhonov regularization which is frequently applied in image
processing. When ¢(¢) = ¢, i.e. identity map written as id, and p = 1, Si¢(F) becomes the classic total
variation regularization. Last but not the least, ¢(¢) = r?log(1 + £2/r?) gives nonlinear diffusion. We note
that there are many other choices on the form of ¢. In this paper we will only focus on those mentioned in
Shao et al|(2022)) (i.e., the smooth ones).

The regularization problem proposed in [Shao et al.| (2022) is:
F :argminS}?(F) + ul|F = Y||%. (18)
F

An iterative algorithm is introduced in [Shao et al.| (2022) to address the above regularization problem in
equation The justification is summarized by the following proposition (Theorem 1 in |Shao et al.| (2022)):

Proposition 1. For a given positive convex function ¢(§), define

W j e ' (IVwF(v; ' (IVwF(v;
My =2 (R (| SUTRERl) | ST ERl)
IVwF(vi)llp IVwF(v))[p
M,
ag =1/ U;)‘ﬁ+2ﬂ ; Bii = 2pai;,

and denote the matrices M = [M, ;], o = diag(a11, ...,ann) and B = diag(f11, ..., Bnn). Then problem
equation [1§ can be solved by the following message passing process

FHD = oM D-12MED-1/2F®) 4 gk y, (19)
with an initial value, e.g., F(O) = 0. Note, k denotes the discrete time index (iteration).

Equation [19| can be regarded as an implicit layer on the node features generated from graph framelet. Due to
the extensive analysis conducted on the graph framelet’s properties, our subsequent analysis will primarily
concentrate on the iterative scheme presented in equation [I9} However, we will also unveil the interaction
between this implicit layer and the framelet in the following sections.

3 Theoretical Analysis of the pL-UFG

In this section, we will show detailed analysis on the convergence (Section and energy behavior (Section
of the implicit layer presented in equation In addition, we will also present some results regarding
to the interaction between the implicit layer and graph framelet in Section [3.3] via the energy dynamic
aspect based on the conclusion from Section Lastly in Section we will verify that the iterative
algorithm induced from the p-Laplacian implicit layer admits a generalized non-linear diffusion process,
thereby connecting the discrete iterative algorithm to the differential equations on graph.

First, we consider the form of matrix M in equation [I9] Write

_ L SUVWE D wi)l,) | o IVwED (0))],)
2 [ IVwFED @)l [VwF®+D (o)]p

(20)
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M; ; can be simplified as

M;; = ¢ (F)wig [VwF ([, )] (21)
dj ,;(F) is bounded as shown in the following lemma.
Lemma 1. Assume
¢'(§)
gp—1 =G, (22)

for a suitable constant C. We have \Cf’J(F)\ <C.

The proof is trivial thus we omit it here. In the sequel, we use ¢; ;(F) for Cf?j (F) instead.

Remark 2. It is reasonable for assuming equation in Lemmaso that ¢; ;(F) is bounded. For example, one
can easily verify that when ¢(&) = €7, ¢; ;(F) is bounded for all p. In particular, when p = 2, i.e., ¢(§) = &2,

we have ?;(_51) = Sfﬁl = 2%, thus ¢; ;(F) is bounded for all 0 < p < 2. Furthermore, when ¢(§) = &, then

?;,(5) = 5,,5,1, indicating ¢; ;(F) is bounded for all 0 < p < 1. In addition, when ¢(§) = \/£2? + €2 — €, we have

28 = (52? %€ < 0. Therefore G j(F ) is bounded for all 0 < p < 2. Lastly, when ¢(&) = r2log(1+ %),

the result of ¢

1+§2 : 5?51 < 2g=r. Hence ¢ j(F) remain bounded for all 0 < p < 2. In summary,

for all forms of ¢ we included in the model, (:i,j( ) is bounded.

The boundedness of (; ;(F) from Lemma [1|is useful in the following convergence analysis.

3.1 Convergence Analysis of pL-UFG

We show the iterative algorithm presented in equation [19| will converge with a suitable choice of p.

Theorem 1 (Week Convergence of the Proposed Model). Given a graph G(V, &, W) with node features X,
if a®, g*) M®) and F*) are updated according to equation then there exist some real positive value
1, which depends on the input graph (G, X) and the quantity of p, updated in each iteration, such that:

k+1 k
LHFCD) < £3F0),

where £2(F) := arg ming S¢(F) + p||F - Y||3..

Proof. First, write

k wz, p=2 [ (IVwFP(i)llp) | ¢'(IVwE™ (v))llp)
R ()] O et | (23)
IVwE® (0;)][p IVwF® (v;) ]
The derivative of the regularization problem defined in equation [18]is:
0L (F) 1
2 =2u(F") Y, )+ Y M ———vyF®([j,1])
8Fi,: Fk) ’ 0o J \/d“‘wij
—o(F® _ v, (k) ® _ L o
_2M(Fz, - Yhi) + Z Mij (d F ddFL )
VUG i 17
(24)
k k M k
=2+ Z Mi(j )/dii)Fz(',:) —2pY5; — Z - jd 57)
VU4 ViU it%jg
1 1 (k) j
(k)F - m B+ ol ST
i vV~
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Thus, according the update rule of F**t1) in equation we have

(F) _ p(ktD)
OLY (F) Fio) _ gl

Ty 9,
OF; B P ' (25)

F (k)

For our purpose, we denote the partial derivative at F(*) of the objective function with respect to the node
feature F; ; as

LY (F)

¢ F(*) —
a‘cp( i, ) : aFi,:

(26)

F()

For all i,j € [N], let v € R1*¢ be a disturbance acting on node i. Define the following:

p—2
Wijpw _ [Wijp®

D;; ™ D. .

3,3

N =W,

p—2
Wi, (F(k)—i— v) — Wi,jF(k’)

N —w, ; "
IV D Dj ;7

2¥)

k k k
M = NPG(E®), M = NG, (E® +v) (27)

,k)zl/ Z DZJ +2M , Bl(k)_Q,U/a( )
v~y i1

/(k)

F;akH) /(k) Z = D (-ﬁ)+5/(k)Yi,n
7,’L j,]

where (;;(F) is defined as equation [20{ and F®*) + v means that v only applies to the i-th of F(*)

Similar to equation 25 we compute

1
OLHFY 1 v) = —os (B 4 v) — B (28)

Hence from both equation [25| and equation [28| we will have

1 k k+1
7 (14 v) =TI

1 k k+1
" (k) (FE,) - F'E,: ))

Q4

oo +v) - oLy )| =

1 k k+1 1 k k+1
< ,(k)||v||+ (P —F ) - 5 (P - F(E)

(k) 5t (k)
17, az,i
1 1 k) 1 k) 1 Lkt
~ v+ <a<<k>‘<@> Fol s gm e

(k) (k) (k) )
S My My PO Y My N pw (Mg g
a;(f) VU4 Di’i Di’i a VU \/ITZDJJ ]7 \/ITI)JJ ]7'
M M — g ®
J— 7-7 1’7.7
= X Dei T2 HvH+Z — 5 I

1(k) (k) 1(k) (k)
+ Z M — M FR _ Z Mi;” — M X
= D; ; v =\ /DiiDj; »

2With slightly abuse of notation, we denote N’ as the matrix after assigning the disturbance v to the matrix N.
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Note that in equation | - [[P~2 is the matrix Ly norm raised to power p — 2, that is [|X]|[P~2 =

p— N
((ZZ’ j xi j)%) . It is known that the matrix Lo norm as a function is Lipschitz (Paulavi¢ius & Zilinskas,

2006), so is its exponential to p — 2. Furthermore, it is easy to verify that the function [N’ — NJ| < ¢|v|| and

thus Lipschitz due to the property of N and N’.
Hence, according to Lemma [I} the following holds

.8~ 2 < O~ N < vl

Combining all the above, we have

o (p (k) s (F D) M)
Haz B 4 v) — 0Ly (P H< 3 D7 20+ 0(G, v, X, p) | IV,

VU,

where o(G, v, X, p) is bounded. It is worth noting that the quantity of o(G, v, X, p) is bounded by

/(k) (k) 1(k) (k) 1(k) (k)
Z Mi,j B Mi,j HVH + Z M 4,J Mivj F(k) _ Z Miaj M F(k)
Dii Di,i 1,1 /Dz,zD],j 5

VU, ? VU4 VU,

Let 6 =0(G,v,X,p), ¥ = {71, ..7n} ", and n € RV*¢. By the Taylor expansion theorem we have:

LYFE +ymi) = LY(F k)+%/ (OLy (B + evimis)mi)de Vi

— Lo 4Ly (FP) m,) + %-/ <8£f; (F(k) +eyin, — OLY (F(k)» n> de

< LHED) + (OLHED), mi + / locy (B8 + ey — oy (L)) | .. | de

1
< Ly(F) + (LY (FL) mi )i + (W +o> 72|
«

ii
where the last inequality comes from equation

(k)

Taking v; = o;;” and n; —85;’3 (ng)) in the above inequality gives

k k k
g (B - aERMﬁ(FER))

<co(®) ol (oL (R, 0L(F1)) + ( +o>a?,§’“>||a£f;<F§i>>||2

(k)

1
—cy(®) - Sal (1-ala) ocg @)

Given that o0 is bounded, if we choose a large u, e.g., 2 > 0, we will have

(k)= _ 1 _ 4
@, 0=1 M)
2]
ZUJ’N’L)q‘, D; i + 2M

T

1-— > 0.

Thus the second term in equation [30]is positive. Hence we have
cp®ED) = o (FW — aPocy®®)) < £oF ).

This completes the proof.

10

(29)



Under review as submission to TMLR

Theorem [I] shows that with suitable choice of the value of p, the implicit layer is guaranteed to coverage. This
inspires us to explore further on the variation of the node feature produced from implicit layer asymptotically.
Recall that to measure the difference between node features, one common choice is to analyze its Dirichlet
energy, which is initially considered in the setting p = 2 in equation It is known that the Dirichlet
energy of the node feature tend to approach to 0 after sufficiently large number of iterations in many
GNN models (Kipf & Welling, [2016; 'Wu et al., |2020; |(Chamberlain et al., [2021a; [Di Giovanni et al., [2022),
known as over-smoothing problem. However, as we will show in the next section, by taking large p or small
p, the iteration from the implicit layer will always lift up the Dirichlet energy of the node features, and
over-smoothing issue can be resolved completely in pL-UFG.

3.2 Energy Behavior of the pL-UFG

In this section, we show the energy behavior of the p-Laplacian based implicit layer. Specifically, we are
interested in analyzing the property of the generalized Dirichlet energy defined in (Bronstein et al., |2021)).
We start with generalized graph convolution as follows:

P4 — F®) 4 7o (—FOQM + AFOWH - FOW®), ey

where Q(k),w(k) and W) ¢ Re*¢ act on each node feature vector independently and perform channel
mixing. When 7 = 1, and Q*) = W®*) = 0, it returns to GCN (Kipf & Welling, 2016). Additionally, by
setting Q) = 0, we have the anisotropic instance of GraphSAGE (Xu et al.| 2019)). The expression of the
generalized graph convolution further induces a class of generalized Dirichlet energy (Bronstein et al. 2021)).
Specifically, in this work, we consider a class of energy that is analogized from equation that is:

1 ]_ -~ —
E(F) = 5 > i, 0f) - 3 > A WE) + 0O (F, FO). (32)

i ,J

It is worth noting that by setting Q2 = W = I. and ¢(® = 0, we recover the Dirichlet energy with p = 2 in
equation Additionally, we can set ¢(®) = >, Wfi(0)>, and rewrite equation @ as:

E(F) = <Vec(F), %(Q Iy — W ® A)vec(F) + (W IN)vec(F<0>)> : (33)

Recall that equation [19| produces the node feature F(**+1 according to the edge diffusion aD~'/2MD~1/2
on F*) and the scaled source term 2uaF (). Therefore, for each iteration in equation we can define
a layer-wise Dirichlet energy analogizing from equation B3] Specifically, one can achieve this by setting
Q =W =W = I, replacing the edge diffusion A by aD~/2MD~/2 and the identity matrix Iy in the
residual term by the diagonal matrix 2pucr. This generalized Dirichlet energy for the node features F(**1) in
equation [19]is then:

EPF (R = <VeC(F(k+1)),
1
5 (Ic @Iy —I.® (a(k+1)D71/2M(k+1)D71/2)> vee(FF+1Y 4 (L @ Qua(k+1))veC(F(O))> L (34)

where the superscript “PF” is short for p-Laplacian based framelet. It is worth noting that once we set

a*+DD-1/2M K+ D-1/2 t0 a constant normalized adjacency matrix A, and excluding the residual term,

11
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we recover the Dirichlet energy (Sz(F') in equation [L5)) since

1 ~
EPF (R = <vec(F<k+1>), 5 (Ic 9y~ L A) vec(F<k+1))> ,

(Ic ® I:) Vec(F(k+1))>
Wi, o wiy .
Z0d p(hD) 5y | 0 p(k41) (4
B = [ )

Where we denote the rows of F*+1) as f(*+1)(;). With all these settings, we are now able to analyze the
energy (EFF(F)) behavior of the pL-UFG, concluded as the following proposition:

1

= <vec(F(k+1)) 5

= Sy(FFHY). (35)

Ly (B0 TERE) — 1Y
T (E)TIRE) =555

i=1 j=1

Proposition 2 (Energy Behavior). Assume G is connected and unweighted. There exists sufficiently large
value of u or small value of p such that EXF (F) will not converge to 0.

Proof. Based on the form of M, a and 3, one can further show EPF(F(*+1) in terms of the inner product
between vec(F*+1) and vec(F(©)) as:

EPF(F) = (veo(F(D),

% (Ic @Iy - L ® (a(k+1)D—1/2M(k+1)D—1/2)) Vec(F(k'H)) +(I.® 2,ua(k+1))vec(F(o))> , (36)

= <vec(F(’f+1)), % (Ic 9y Lo (a<k+1>D*1/2M<’f+1>D*1/2)) vec (a<k>D*1/2M<k)D*1/2F<k> + Q/La(k)F(O))
(I ® 2p0F+D) )vec(F<0>)> ,

= <VeC(F(k+1)), % (Ic ® Iy — vec ((a(k+1)D_1/2M(k+1)D_1/2) (a(k)D_l/QM(k)D_l/QF(k) + 2pa(k)F(0)))

+(I.® 2ua(k+1))vec(F(0))>

k+1
1
= <vec(F<k+1>), 3 (IC @Iy — (IC ® (H a<S>D1/2M<S>D1/2>

s=0
k+1 k+1
+> ( 11 a<l>D—1/2M<l>D—1/2> (Q,ua(l_l)) - 2,ua(k+1)> vec(F(O))>> > (37)
s=0 \l=k-—s

Based on equation |36/ and equation [37], to have EXF (F(*+1) increase, one needs to require
I.® (a(k+1)D‘1/2M(k+1)D_1/2) vec(FEHD) — (I, ® 2ua*D)vec(F©) < 0. (38)

This then requireﬂ

k+1 k+1 k+1
I.® (H DT/ APMED T2 4 Y ( 11 a<l>D1/2M<l>D1/2> (Qua(l’l)> - 2ua(k+1)> <0. (39)
s=0 s=0 \l=k—s

Note that the entries of the summation of the first two terms in the above equation are non-negative, and
the last term 2ua®*t1 is a diagonal matrix that only with non-zero entries. Referring to equation to

3Strictly speaking, one shall further require all elements in F(k+1) larger than or equal to 0. As this can be achieved by
assigned a non-linear activation function (i.e., ReLU) to the framelet, we omit it here in our main analysis.
4In addition, we note that to thoroughly verify EPF(F(kJrl)) is a type of energy, one needs to further require

V) 1ot 1o ([ 2D OB+ T ([T, aOD/ MO ) (3ia) -

2pak 1) to be symmetric, which can be verified by checking the symmetrical property of M, a and 8.

12
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ensure an increase in EXF (F(]’H‘l))7 one shall require the quantify of u sufficiently large such that the negative
entries on the diagonal of

k+1 k+1 / k+1
<H a(s)D—l/QM(s)D—l/Q + Z ( H a(l)D—l/QM(l)D—1/2> (2,&0([_1)) _ 2ua(k‘+1)>
s=0 s=0 \l=k—s

are sufficient smalﬂ resulting in the inner product in equation 37| being larger. To explicitly verify this, we
take £ = 0 as an example, and our result can be easily generalized to any value of k.

When k = 0, equation [39| becomes:
I.® (a“)D—l/?M(l)D—l/?) vec(FM) — (I ® 2ua™®)vec(F(©)
~I.® (a<1>D—1/2M<1>D—1/2) vec (a<0>D—1/2M<0>D—1/2F<0> + 2ua(0)F(0)) — (L. ® 2™ )vec(F©),

=I.® (a<1>D*1/2M<1>D*1/2) (Ic ® (OL<0>D*1/21\4<0>D*1/2 + 2ua<0)> vec(F<0>)) — (L ® 2ua® )vec(F©),
1
=I.® (H o) D1 PMEID-1/2 4 (a(l)D_1/2M(1)D_1/22ua(0)) - Q,ua(l)) vec(F©). (40)
s=0
(Hl:o a)D-12MED-1/2 4 (a(l)D_I/QM(l)D_l/QZua(O)) — 2,uoz(1)) computes as:

H a( )D—1/2M( )D—1/2 (042(‘711')Di_,il/2Mi(,;)Dj_j/22U0‘(0)) 2ua§)1i)

1,7

! M) Vi FE (i, 4|7
H 1) Z ooy <H w Di(EDj]jH ) n

(1) .o p—2 (O)
VwED (i, j]) | M;
1/ 77 || 9 2'[1,/ )] + 2M
v;)t Dii ( \/T‘DJJ U; D ;

D
2u/ | > D”+2u :

VU,

[ [ )
M@ +
“JNU% :Jz +2[L> ’ DiuiDjvj (ZUjNUL DZZ +2,u> DiviDj,j
Vi FO p—2 M(o) M,(l,)
I Z“) (&, 4Dl o/ (> DJ +ou | | = [ 2w/ L
<Zva‘"‘vi D:JI +2/”L) DiiDj.j Vit vinw; 0!

Now we see that by assigning a sufficient large of p or small value of p, we have both first two terms in

W i m1P=2
equation (1| approach to 0 as well as the third term HVWF(I) (]| ~ 0. Additionally, we

My
Z'Ujf\wvi Di:i 20 |/ DiiDj.g

© &
have both 2u/ (Zv v, ]gl L4+ Qu) and 2u/ (ZU ~v; ng L+ 2,u> ~ 1. Therefore, the summation result of

Q.0

5It is mnot difficult to verify that this condition is equivalent to requiring that the matrix Q =
((a(k+1)D_1/2M(k+1)D_l/2) vec(F(E+1)) (I, ® Q,ua(k'*'l))vec(F(o))) must contain negative eigenvalue(s). We note that
similar condition has been proposed in (Di Giovanni et al.| [2022) in order to make GNN models induce high frequency dominant
energy dynamic to fit the heterophilic graph input.

13
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equation [41] tends to be 0 and the entries of the resulting matrix of equation [41] tend to be negative. Based on
equation there will be an increase of the node Dirichlet energy. More precisely, when there is a sufficiently
large quantity of p or small value of p we have:

1
EPF (P ~ <Vec(F(k+1)), 5 (Ic ® (2,ua(k+1) + IN)) vec(F<0>)> , (42)

and it is clear to see that the large/small quantity of u (or small/large value of p) is capable of amplify-
ing/shrinking the Dirichlet energy. Furthermore, it is worth noting that we have only show an increase of
Dirichlet energy in terms of F(9) while the conclusion we reached does not suggest there will always be
an increase of Dirichlet energy between each iteration in equation Finally the conclusion can be easily
generalized to any iteration and this completes the proof. O

Remark 3. Proposition [2[ shows that regardless of the framelet convolution, the p-Laplacian based implicit
layer will not generate identical node feature across graph nodes, and thus the so-called over-smoothing issue
will not appear asymptotically. Furthermore, it is worth noting that the result from Proposition [2| provides
the theoretical justification of the empirical observations in (Shao et al., |2022)), where a large value of p or
small value of p is suitable for fitting heterophily datasets which commonly require the output of GNN to
have higher Dirichlet energy.

3.3 Interaction with Framelet Energy Dynamic

To analyze the interaction between the energy dynamic of framelet convolution and the p-Laplacian based
implicit propagation, We first briefly review some recent work on the energy dynamic of the GNNs. In
(Di Giovanni et al.l |2022)), the propagation of GNNs was considered as the gradient flow of the Dirichlet

energy that can be formulated as:
Wi, 7
7, f N sz .
\ Dy () \| Dei (2)

TR
CURED S
i=1 j=1
and similarly by setting the power from 2 to p, we recover the p-Dirichlet form presented in equation
The gradient flow of the Dirichlet energy yields the so-called graph heat equation (Chung, [1997) as F(*) =
—VE(F("')) = —LF®), Tts Euler discretization leads to the propagation of linear GCN models (Wu et al.,
2019a; |Wang et al., [2021]). The process is called Laplacian smoothing (Li et al., 2018) and it converges to the

2
; (43)

kernel of L, i.e., ker(L) as k — oo, resulting in non-separation of nodes with same degrees, known as the
over-smoothing issue.

Following this observation, the work (Han et al., |2022; |Di Giovanni et al 2022) also show even with the help
of the non-linear activation function and the weight matrix via classic GCN equation [I} the process described
is still dominated by the low frequency (small Laplacian eigenvalues) of the graph, hence eventually converging
to the kernel of I~47 for almost every initialization. To quantify such behavior, |Di Giovanni et al.| (2022); Han
et al| (2022) consider a general dynamic as F*) = GNNg(F®*), k), with GNNy(-) as an arbitrary graph neural
network function, and also characterizes its behavior by low/high-frequency-dominance (L/HFD).
Definition 1 ((Di Giovanni et al., 2022)). F*) = GNNy(F®*) k) is Low-Frequency-Dominant (LFD) if
E(F®/|F®|) — 0 as k — oo, and is High-Frequency-Dominant (HFD) if E(F®) /|F®)|)) — pr/2 as
t — oo.

Lemma 2 ((Di Giovanni et al., [2022)). A GNN model is LFD (resp. HFD) if and only if for each t; — oo,
there exists a sub-sequence indexed by k;, — oo and Ho, such that F(kj,)/|F(k;,)|| = Feo and LH, =0
(resp. LHo, = PiFoo).

Remark 4 (LFD, HFD and graph homophily). Based on Definition [I| and Lemma |2} for a given GNN model,
if G is homophilic, i.e., adjacency nodes are more likely to share the same label, one may prefer the model
can induce a LFD dynamic in order to fit the characteristic of G. On the other hand, if G is heterophilic, the
model is expected to induce a HFD dynamic, so that even in the adjacent nodes, their predicted labels still
tend to be different. Thus, ideally, a model should be flexible enough to accommodate both LFD and HFD
dynamics.

14
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Generalized from the energy dynamic framework provided in (Di Giovanni et al., [2022), |Han et al.| (2022)
develops a framelet Dirichlet energy and analyzed the energy behavior of both spectral (equation E[)
and spatial framelet (equation convolutions. Specifically, let Ef J(F) = %Tr((anF)TWMFQT,g) —

%Tr((WMF)Tdiag(@)r,eWr,eFW) for all (r,£) € Z. The total framelet generalized energy is given by

E[}(F) = E{5(F) + ) E(F)
rl

=2 3 (o), (Rer @ W Wee — W © W] ding(6) Wy )vec(F)), (44)

(r,0)eT

where the superscript “¥7” stands for the framelet convolution, and this definition is based on the fact that
the total Dirichlet energy is conserved under framelet decomposition (Han et al. |[2022; |Di Giovanni et al.|
2022). By analyzing the gradient flow of the framelet energy E| defined above, [Han et al.| (2022)) concluded the
energy dynamic of framelet as:

Proposition 3 ((Han et al., 2022)). The spectral graph framelet convolution equatz’on@ with Haar-type filter
can induce both LFD and HFD dynamics. Specifically, let @p ¢ = 1n and 0,0 =01y forr=1,...,L,L=1,...,J
where 1y is a size N wvector of all 1s. When 6 € [0,1), the spectral framelet convolution is LFD and when
0 > 1, the spectral framelet convolution is HFD.

It is worth noting that there are many other settings rather than 6y, = 1y and 6, o = 01y, i.e. adjusting 6,
for inducing LED/HFD from framelet. However, in this paper, we only consider the conditions described
in Proposition [3] To properly compare the energy dynamics between the framelet models, we present the
following definition.

Definition 2 (Stronger/Weaker Dynamic). Let Qp be the family of framelet models with the settings
described in Proposition |3| and choice of 8. We say that one framelet model Qp, is with a stronger LFD than
another framelet model Qp, if ; < 03, and weaker otherwise. Similarly, we say Qp, is with a stronger HFD
than Qy, if 61 > 62, and weaker otherwise m

Remark 5. Similar reasoning of Proposition [3| can be easily generalized to other commonly used framelet
types such as Linear, Sigmoid and Entropy (Yang et al.| [2022]).

With all these settings, we summarize the interaction between framelet and p-Laplacian based implicit
propagation as:

Lemma 3 (Stronger HFD). Based on the condition described in Propositz'on@ when framelet is HFD, with
sufficient large value of p or small of p, the p-Laplacian implicit propagation further amplify the Dirichlet
energy of the node feature produced from the framelets, and thus achieving a higher HFD dynamic than
original framelet in equation [9

Proof. The proof can be done by verification. Recall that by setting sufficient large of u or small of p,
EPF(F(* 1) in equation |42 has the form

1
EPF (P ~ <Vec(F(k+1)), = (Ic ® (2,ua(k+1) + IN>) vec(F<0>)> .

6Similar to the requirement on our p-Laplacian based framelet energy (EFF (F(k+1)), to thoroughly verify the framelet energy
in equation [44|is a type of energy, we shall further require: V2EIT(F) = Q, , @ W] W, , — W @ WT LW, ; is symmetric,

which can be satisfied by requiring both €2 and W are symmetric.
"In case of any confusion, we note that in this paper we only compare the model’s dynamics relationship when both of two
(framelet) models are with the same frequency dominated dynamics (i.e., LFD, HFD).
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Similarly, when framelet is HFD, with g = 1n, 6, = 01y and 6 > 1, the Dirichlet energy (of F(k“‘l))
equation [44] can be rewritten as:

1 —~
Ef(FMY) =2 > <vec(F<k+1>), (QM W Wre - W ngdiag(o)r,ewr,e)vec(F<k+1>)> :
(r,0)eT
1 —~
=5 > (vec®*D), (W e (WIWee ~ W] diag(0)r.Wr,e) Jvec(FFTD)) - (45)
(r,0)eT

where the last equality is achieved by letting 2 = W, meaning that no external force |§| exist within the space
that contains the node features. We note that it is reasonable to have such assumption in order to explicitly
analyze the energy changes in equation [{4] via the changes of 6. Now we take the Haar framelet with £ =1 as
an example, meaning there will be only one high-pass and low-pass frequency domain in the framelet model.
Specifically, the R.H.S of equation [45] can be further rewritten as:

% Z <Vec(F(k+1))7 (A ® (WZ@WT,z - W;Tzdiag(e),,gwnz) )Vec(F(’“+1))>
(r0)ez
L (k+1)\ (W T 3 (k1)
~ 5 <veC(F )s (W ® (Iy — W171d1ag(9)1,1W1,1)> vec(F )> . (46)

The inclusion of WIT 1diag(6)1,1 Wi 1 is based on the form of Haar type framelet with one scale. In addition,
the approximation in equation [46|is due to the outcome of HFD ﬂ Now we combine the framelet energy
in the above equation (equation with the energy induced from p-Laplacian based implicit propagation
(equation . Denote the total energy induced from framelet and implicit layer as:

E(total) (F(k+1)) —

% <vec(F(’°+1))7 ((‘/7\\7 ® (Iy — Wildiag(9)1,1W1,1)) vec(FFD) + 1, ® <2ua(k+l) + IN> vec(F(O))>> :
(47)

Obviously E(etel) (F(k+1)) is larger than both E:Z(F(’”l)) (the framelet energy under HFD) and EPF (F(+1))
(energy generated from the p-Laplacian layer). Hence we have verified that the implicit layer further
amplifies the Dirichlet energy. Moreover, one can approximate this stronger dynamic by re-parameterizing
E(total) (F(+1D)) by assigning a higher quantity of # > 6 > 0 and excluding the residual term. Hence, the
inclusion of the implicit layer induces a higher HFD dynamic to framelet, and that completes the proof. [J

Corollary 1 (Escape from Over-smoothing Issue). With the same conditions in Proposition [3] when framelet
is LFD, the implicit layer (with sufficient large p or small p) ensures the Dirichlet energy of node features
does not converge to 0, thus preventing the model from the over-smoothing issue.

Proof. The proof can be done by combining Proposition [3|and Proposition [2] thus providing the alignment
on the properties of pL-UFG from different aspects. O

Corollary 2 (Stronger LFD). Based on the condition described in Proposition |3} when framelet is LFD,
with sufficient small of y or larger of p, the p-Laplacian implicit propagation further shrink the Dirichlet
energy of the node feature produced from framelet, and thus achieving a stronger LFD dynamic.

Proof. The proof can be simply accomplished by applying the same reasoning in Lemma [3] we omit it
here. O

8For details, please check (Bronstein et al.l |2021))
9The result in equation provides identical conclusion on the claim in (Di Giovanni et al.} 2022)) such that in order to have

a HFD dynamic, W must have negative eigenvalue(s).
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Figure 1: Hlustration of the working flow of pL-UFG-LFD and pL-UFG-HFD under the Haar type frame
with £ = 1. The input graph features are first decomposed onto two frequency domains and further filtered
by the diagonal matrix 8y ; and 6;;. With controlled model dynamics from Proposition [3|i.e., 8p1 = 1x
and 6, = 00y 1, framelet can induce both LFD and HFD dynamics resulting as different level of Dirichlet
energy of the produced node features. It is straightforward to check that when framelet is LFD, the level of
node Dirichlet energy is less than its HFD counterpart. The generated node features from graph framelet is
then inputted into p-Laplacian (with graph gradient as one component) based implicit layer. Based on our
conclusions in Lemma [3|and Corollary [2| with small/large quantity of p and large/small quantity of p, the
model’s (framelet) dynamics are further strengthened resulting even smaller/higher energy levels.

3.4 Proposed Model with Controlled Dynamics

Based on the aforementioned conclusions regarding energy behavior and the interaction between the implicit
layer and framelet’s energy dynamics, it becomes evident that irrespective of the homophily index of any
given graph input, one can readily apply the condition of 8(s) in Proposition [3| to facilitate the adaptation
of the pL.-UFG model to the input graph by simply adjusting the quantities of x and p. This adjustment
significantly reduces the training cost of the graph framelet. For instance, consider the case of employing a
Haar type frame with £ = 1, where we have only one low-pass and one high-pass domain. In this scenario,
the trainable matrices for this model are 6y 1, 61,1, and W. Based on our conclusions, we can manually set
both 61 and 68, ; to our requested quantities, thereby inducing either LFD or HFD. Consequently, the only
remaining training cost is associated with \/7\\/', leading to large reduction on the overall training cost while
preserving model’s capability of handling both types of graphs. Accordingly, we proposed two additional
pL-UFG variants with controlled model dynamics, namely pL-UFG-LFD and pL-UFG-HFD.We note
that to properly represent the Dirichlet energy of node features, we borrow the concept of electronic orbital
energy levels in Figure. [[] The shaded outermost electrons correspond to higher energy levels, which can be
analogously interpreted as higher variations in node features. Conversely, the closer the electrons are to the
nucleus, the lower their energy levels, indicating lower variations in node features.

3.5 Equivalence to Non-Linear Diffusion

Diffusion on graph has gained its popularity recently (Chamberlain et al., 2021b; |Thorpe et al. [2022)) by
providing a framework (i.e., PDE) to understand the GNNs architecture and as a principled way to develop a
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broad class of new methods. To the best of our knowledge, although the GNNs based on linear diffusion on
graph (Chamberlain et al., [2021bsa; [Thorpe et all 2022) have been intensively explored, models built from
non-linear graph diffusion have not attracted much attention in general. In this section, we aim to verify
that the iteration equation [19) admits a scaled nonlinear diffusion with a source term. To see this, recall that
p-Laplacian operator defined in equation [I4] has the form:

1
AF = —idiv(||VF||p_2VF), for p > 1. (48)

Plugging in the definition of graph gradient and divergence defined in equation [11f and equation [13]into the
above equation, one can compactly write out the form of p-Laplacian as:

-2 B IV ()| |”<,/ SE(0) - [ ) (49)

Furthermore, if we treat the iteration equation equation [I9] as a diffusion process, its forward Euler scheme
has the form:

F&+) _ k)

T

— a® D2 B p-12E0 _pE) | g
- (a(’ﬂ)D*lﬂl\d(’ﬂD*l/2 - I) F® 4 g0y, (50)

We set 7 = 1 for the rest of analysis for the convenience reasons. With all these setups, we summarize our
results in the following:

Lemma 4 (Non-Linear Diffusion). Assuming G is connected, the forward Euler scheme presented in equa-
tion [50 admits a generalized non-linear diffusion on the graph. Specifically, we have:
(a(k)D_l/ZM(k)D_l/z - I) F) L BRY = o (div(HVF(’“)Hp_QVF(k))) + 2uaDF®) 4 2,0MFO),

(51)

Proof. The proof can be done by verification. We can explicitly write out the computation on the i-th row of

the left hand side of equation [51] as:

First let us denote the rows of F(*) as £(*)(;)’s.

k) y—=1/2 3 r(k) 4—1/2 ,
>° (ol D P D3 2) 19 () - 19 + B Y ()

VU,

_ (k) M, (k) (s Iy (k) (0) /-
=q; ; £90) | = —= £ ) | + 2p0y £ (4)
’ UJZN; (VDn‘\/Djj ) al®) ’

_ M;; k)(-) (Mij ) (k) (s (k) ¢(0) (;
=q; ; D J) |- +2p ) £5(3) | + 2p0; £ (3)
v;;l ( ” V JJ UJZ\;)1 D

=i | > L 29w (i) |”<,/ ZE R () -\ [ Dot >+2uzf(k)(i)

+ 2ua(vk4)f(0)(z')
™) ((ALF)(0)) + 2pa) Dyt ®) (i) + 20t £ (1) (52)

When i takes from 1 to N, it gives equation [51] according to equation 48] and equation [49] Thus we complete
the proof.

O
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Based on the conclusion of Lemma [4] it is clear that the propagation via p-Laplacian implicit layer admits
a scaled non-linear diffusion and two source terms. We note that the form of our non-linear diffusion
coincidences to the one developed in (Chen et al., 2022c). However, in (Chen et al.| 2022c) the linear operator
is assigned via the calculation of graph Laplacian whereas in our model, the transformation acts over the
whole p-Laplacian. Finally, it is worth noting that the conclusion in Lemma [4 can be transferred to the
implicit schemeﬂ We omit it here.

Remark 6. With sufficiently large p or small p, one can check that the strength of the diffusion, i.e.
div(|[VF®||P=2VF*))  is diluted. Once two source terms 2ua®DF®) + 2/,aFF©) dominant the whole
process, the generated node features approach to DF®) 4+ F(©) which suggests a framelet together with two
source terms. Therefore, the energy of the remaining node features in this case is just with the form presented
in equation This observation suggests our conclusion on the energy behavior of pL-UFG (Proposition ;
the interaction within pL-UFG described in Lemma [3] and Corollary [T] can be unified and eventually forms a
well defined framework in assessing and understanding the property of pL-UFG.

4 Experiment

Experiment outlines In this section, we present comprehensive experimental results on the claims that
we made from the theoretical aspects of our model. All experiments were conducted in PyTorch on NVIDIA
Tesla V100 GPU with 5,120 CUDA cores and 16GB HBM2 mounted on an HPC cluster. In addition, for the
sake of convenience, we listed the summary of each experimental section as follows:

e In Section we show how a sufficient large/small u can affect model’s performance on het-
erophilic/homophilic graphs, and the results are almost invariant to the choice of p.

e In Section we show some tests regarding to the results (i.e., Corollary [2]and Lemma [3]) of model’s
dynamics. Specifically, we verified the conclusions of stronger LFD and HFD in Section with
controlled model dynamics (quantity of 8 ) of framelet to illustrate how the p-Laplacian based implicit
layer interact with framelet model.

e In Section we test the performances of pL-UFG-LFD and pL-UFG-HFD via real-world graph
benchmarks versus various baseline models. Furthermore, as these two controllable pL-UFG models
largely reduced the computational cost (as we claimed in Section , we show pL-UFG-LFD
and pL-UFG-HFD can even handle the large-scale graph datasets and achieve remarkable learning
accuracies.

4.1 Synthetic Experiment on Variation of p

Setup In this section, we show how a sufficiently large/small of p can affect model’s performance on
hetero/homophilic graphs. In order to make a fair comparison, all the parameters of pL-UFG followed the
settings included in (Shao et al.| [2022). For this test, we selected two synthetic homo/heterophily datasets:
Cora (heterophilic index: 0.825, 2708 nodes and 5278 edges) and Wisconsin (heterophilic index: 0.15,
499 nodes and 1703 edges) from https://www.pyg.org/. We assigned the quantity of p = {1,1.5,2,2.5}
combined with a set of u = {0.1,0.5,1, 5,10, 20, 30,50, 70}. The number of epochs was set to 200 and the test
accuracy (in %) is obtained as the average test accuracy of 10 runs.

Results and Discussion The experimental results are presented in Figure 2| When examining the results
obtained through the homophily graph (Figure , it is apparent that all variants of pL-UFGs achieved the
best performance when g = 0.1, which is the minimum value of u. As the value of y increased, the learning
accuracy decreased. This suggests that a larger sharpening effect was induced by the model, as stated in
Corollary 2] and Proposition [2] causing pL-UFGs to incorporate higher amounts of Dirichlet energy into
their generated node features. Consequently, pL-UFGs are better suited for adapting to heterophily graphs.

1OWith a duplication of terminology, here the term “implicit” refers to the implicit scheme (i-e., backward propagation) in the
training of the diffusion model.
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This observation is further supported by the results in Figure where all pL-UFG variants achieved their
optimal performance with a sufficiently large p when the input graph is heterophilic.

Additional interesting observation on the above result is despite the fact that all model variants demonstrated
superior learning outcomes on both homophilic and heterophilic graphs when assigned sufficiently large or
small values of p, it can be observed that when the quantity of p is small, pL-UFG requires a smaller value of
u to fit the heterophily graph (blue line in Fig. . On the other hand, when the models have relatively
large value of p (i.e., p = 2.5), it is obvious that these models yielded the most robust results when there is an
increase of u (red line in Fig. . These phenomena further support the notion that p and p exhibit opposite
effects on the model’s energy behavior as well as its adaptation to homophily and heterophily graphs.

Average Accuracy(%) with Changing u on Homophilic Graphs Average Accuracy(%} with Changing i on Heterophilic Graphs
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Figure 2: Performance of pL-UFG with various combinations of the values of y and p.

4.2 Synthetic Experiment on Testing of Model’s Dynamics

Now, we take one step ahead. Based on Lemma [3| and Corollary [2] with the settings of 6 provided in
Proposition [3] the inclusion of p-Laplacian based implicit layer can further enhance framelet’s LFD and HFD
dynamics. This suggests that one can control the entries of 6 based on the conditions provided in Proposition
[3land by only changing the quantity of x4 and p to test model’s adaption power on both homophily and
heterophily graphs. Therefore, in this section, we show how a (dynamic) controlled framelet model can be
further enhanced by the assistant from the p-Laplacian regularizer. Similarly, we applied the same setting to
the experiments in (Shao et al., 2022)).

Setup and Results To verify the claims on in Lemma [3| and Corollary |2, we deployed the same settings
mentioned in Proposition @ Specifically, we utilized Haar frame with £ =1 and set 8y = I, 69,1 = 01n.
For heterophilic graphs (Wisconsin), § = 2, and for the homophilic graph (Cora), § = 0.2. The result of the
experiment is presented in Figure [3] Similar to the results observed from Section it is shown that when
the relatively large quantity of u is assigned, model’s capability of adapting to homophily/heterophily graph
decreased /increased. This directly verifies that the p-Laplacian based implicit layer interacts and further
enhances the (controlled) dynamic of the framelet by the value of p and , in terms of adaptation.
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Average Accuracy(%) with Changing  on Cora under LFD framelets Average Accuracy(%) with Changing i on Wisconsin under HFD framelets.
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Figure 3: Average Accuracy(%) with Changing p and p under (manually fixed) LFD/HFD framelet models.
All framelet model in Fig. 3a] are LED dynamic with 6y 1 = Iy, 611 = 01y, 6 = 0.2. On Fig. @ all framelet
models are HFD with 61 = Iy, 011 = 01N, 0 = 2.

4.3 Real-world Node Classification and Scalability

Previous synthetic numerical results show predictable performance of both pL-UFG-LFD and pL-UFG-HFD.
In this section, we present the learning accuracy of our proposed models via real-world homophily and
heterophily graphs. Similarly, we deployed the same experimental setting from |Shao et al.[(2022). In addition,
to verify the claim in Remark we tested our proposed model via large-scale graph dataset (ogbn-arxiv)
to show the proposed model’s scalability which is rarely explored. We include the summary statistic of the
datasets in Table 2| All datasets are split according to [Hamilton et al.| (2017]).

For the settings of u, p and 0 within pL-UFG-LFD and pL-UFG-HFD, we assigned u = {0.1,0.5,1,2.0},
p = {1,1.5,2,2.5} and 6 = {0.2,0.5,0.8} for pL-UFG-LFD in order to fit the homophily graphs, and for
pL-UFG-HFD, we assigned p = {10, 20,30}, p = {1,1.5,2,2.0,2.5} and 6 = {5,7.5,10} for heterophily graphs.
The learning accuracy are presented in Table 3] and §] We include a brief introduction on the baseline models
used in this experiment:

e« MLP: Standard feedward multiple layer perceptron.

o GCN Kipf & Welling| (2016)): GCN is the first of its kind to implement linear approximation to
spectral graph convolutions.

e SGC Wu et al, (2019b): SGC reduces GCNs’ complexity by removing nonlinearities and collapsing
weight matrices between consecutive layers. Thus serves as a more powerful and efficient GNN
baseline.

o GAT |Velickovi¢ et al.| (2018)): GAT generates attention coefficient matrix that element-wisely
multiplied on the graph adjacency matrix according to the node feature based attention mechanism
via each layer to propagate node features via the relative importance between them.

o JKNet |Xu et al.,| (2018b): JKNet offers the capability to adaptively exploit diverse neighbourhood
ranges, facilitating enhanced structure-aware representation for individual nodes.

o APPNP |Gasteiger et al.| (2019): APPNP leverages personalized PageRank to disentangle the neural
network from the propagation scheme, thereby merging GNN functionality.

e GPRGNN |Chien et al.| (2021): The GPRGNN architecture dynamically learns General Pagerank
(GPR) weights to optimize the extraction of node features and topological information from a graph,
irrespective of the level of homophily present.

e p-GNN [Fu et al.|(2022):p-GNN is a p-Laplacian based graph neural network model that incorporates
a message-passing mechanism derived from a discrete regularization framework. To make a fair
comparison, we test p-GNN model with different quantity of p.
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o UFG [Zheng et al| (2022): UFG, a class of GNNs built upon framelet transforms utilizes framelet
decomposition to effectively merge graph features into low-pass and high-pass spectra.

e pL-UFG [Shao et al.|(2022)): pL-UFG employs a p-Laplacian based implicit layer to enhance the
adaptability of multi-scale graph convolution networks (i.e.,UFG) to filter-based domains, effectively
improving the model’s adaptation to both homophily and heterophily graphs. Furthermore, as two
types of pL-UFG models are proposed in [Shao et al.| (2022)), we test both two pL-UFG variants as
our baseline models. For more details including the precise formulation of the model, please check
Shao et al.| (2022]).

Table 2: Statistics of the datasets, H(G) represent the level of homophily of overall benchmark datasets.

Datasets Class Feature Node Edge H(G)
Cora 7 1433 2708 5278  0.825
CiteSeer 6 3703 3327 4552 0.717
PubMed 3 500 19717 44324 0.792
Computers 10 767 13381 245778 0.802
Photo 8 745 7487 119043 0.849
CS 15 6805 18333 81894 0.832
Physics ) 8415 34493 247962 0.915
Arxiv 23 128 169343 1166243 0.681
Chameleon 5 2325 2277 31371 0.247
Squirrel 5 2089 5201 198353 0.216
Actor ) 932 7600 26659 0.221
Wisconsin 5 251 499 1703 0.150
5

5

Texas 1703 183 279 0.097
Cornell 1703 183 277 0.386

Discussion on the Results, Scalability and Computational Complexity From both Table [3]and [4] it
is clear that our proposed model (pL-UFG-LFD and pL-UFG-HFD) produce state-of-the-art learning accuracy
compared to various baseline models. For the datasets (i.e.,Pubmed and Squirrel) on which pL-UFG-LFD
and pL-UFG-HFD are not the best, one can observe that pL-UFG-LFD and pL-UFG-HFD still have nearly
identical learning outcomes compared to the best pL-UFG results. This suggests even within the pL-UFG
with controlled framelet dynamics, by adjusting the values of 1 and p, our proposed models are still able to
generate state-of-the-art learning results with the computational complexity largely reduced compared to
the pL-UFG and UFG. This observation directly verifies Lemma [3] and Corollary [2] In addition, due to the
reduction of computational cost, our dynamic controlled models (pL-UFG-LFD and pL-UFG-HFD) show a
strong capability of handling the large-scale graph dataset, which is a challenging issue (scalability) for some
GNNs especially multi-scale graph convolutions such as framelets (Zheng et al., |2022) without additional
data pre-processing steps. Accordingly, one can check that pL-UFG-LFD outperforms all included baselines
on Arxiv datasets.

4.4 Limitation of the Proposed Models and Future Studies

First, we note that our analysis on the convergence, energy dynamic and equivalence between our proposed
model can be applied or partially applied to most of existing GNNs. Based on we have claimed in regarding
to the theoretical perspective of pL-UFG, although we assessed model property via different perspective,
eventually all theoretical conclusions come to the same conclusion (i.e., the asymptotic behavior of pL-UFG).
Therefore, it would be beneficial to deploy our analyzing framework to other famous GNNs. Since the main
propose of this paper is to re-assess the property of pL-UFG, we leave this to the future work.

In addition, to induce LFD/HFD to pL-UFG, we set the value of 6 as constant according to Proposition
however, due to large variety of real-world graphs, it is challenging to determine the most suitable # when
we fix it as a constant. This suggests the exploration on controlling model’s dynamic via selecting 6 is still
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Table 3: Test accuracy (%) on homophilic graphs, the highest learning accuracy are highlighted in bold. The
term OOM means out of memory.

Method Cora CiteSeer PubMed Computers Photos CS Physics Arxiv

MLP 66.04£1.11 68.99£0.48 82.03+0.24 71.89+5.36 86.11+1.35 93.50£0.24 94.56+0.11 36.44+£0.78
GCN 84.724+0.38 75.04£1.46 83.194+0.13 78.82+1.87 90.00£1.49 93.00+0.12 95.55+0.09 47.18% 0.79
SGC 83.79£0.37 73.52+0.89 75.92+0.26 77.56+£0.88 86.444+0.35 92.18+£0.22 94.99+£0.13 48.10% 0.30
GAT 84.37£1.13 74.80£1.00 83.924+0.28 78.68+£2.09 89.63+1.75 92.57 £0.14 95.13+£0.15 OOM
JKNet 83.69£0.71 74.49+0.74 82.594+0.54 69.32+£3.94 86.12+1.12 91.11£0.22 94.45+0.33 OOM
APPNP 83.69+0.71 75.84+0.64 80.424+0.29 73.73+2.49 87.03+0.95 91.52+0.14 94.714+0.11 38.97+ 0.81
GPRGNN  83.79£0.93 75.9440.65 82.32£0.25 74.26+£2.94 88.69+1.32 91.89 £0.08 94.85+0.23 37.64%1.67
UFG 80.64£0.74 73.30£0.19 81.524+0.80 66.39£6.09 86.60+4.69 95.27£0.04 95.77+0.04 OOM
PGNNM0 84214091 75.3840.82 84.3440.33 81.2242.62 87.64+5.05 94.8840.12 96.1540.12 OOM
PGNN'®  84.4240.71 75.44+0.98 84.48+0.21 82.68+1.15 91.83+0.77 94.134+0.08 96.14+0.08 OOM
PGNN29  84.7440.67 75.62+£1.07 84.25 £0.35 83.40+0.68 91.71+0.93 94.2840.10 96.03+0.07 OOM
PGNN2®  84.4840.77 75.2240.73 83.9440.47 82.91+1.34 91.4140.66 93.4040.07 95.75+0.05 OOM

pL-UFG1'? 84.54+0.62 75.88+0.60 85.564-0.18 82.0742.78 85.57+19.92 95.03+£0.22 96.1940.06 47.7149.13
pL-UFG1'® 84.96+0.38 76.04+0.85 85.5940.18 85.044+1.06 92.9240.37 95.03+£0.22 96.27+0.06 48.7548.37
pL-UFG12° 85.20+0.42 76.1240.82 85.594 0.17 85.264-1.15 92.654+0.65 94.7740.27 96.04+0.07 OOM
pL-UFG12% 85.30+£0.60 76.11+0.82 85.5440.18 85.1840.88 91.494+1.29 94.86+£0.14 95.96+0.11 OOM
pL-UFG2'0 84.4240.32 74.79+ 0.62 85.454-0.18 84.884:0.84 85.30+£19.50 95.03+£0.19 96.06+0.11 47.7747.28
pL-UFG2'® 85.60+0.36 75.6140.60 85.5940.18 84.554+1.57 93.0040.61 95.03+£0.19 96.1440.09 47.9246.19
pL-UFG229 85.2040.42 76.124-0.82 85.594+0.17 85.2741.15 92.504:0.40 94.7740.27 96.054 0.07 OOM
pL-UFG-LFD 85.64+1.36 77.39+1.59 85.084+1.33 85.36+1.39 93.17+1.3096.13+1.08 96.49+1.04 49.79+2.31

rough. Moreover, based on Definition [I} the homophily index of a graph is summary statistic over all nodes.
However, even in the highly homophilic graph, there are still some nodes with their neighbours with different
labels. This suggests the index is only capable of presenting the global rather than local labelling information
of the graph. Accordingly, assigning a constant 6 to induce LFD/HFD might not be able to equip pL-UFG
enough power to capture detailed labelling information of the graph. Therefore, another future research
direction is to potentially explore the design of 8 via the local labelling information of the graph.

5 Concluding Remarks

In this work, we performed theoretical analysis on pL.-UFG. Specifically, we verified that by choosing suitable
quantify of the model parameters (¢ and p), the implicit propagation induced from p-Laplacian is capable of
amplifying or shrinking the Dirichlet energy of the node features produced from the framelet. Consequently,
such manipulation of the energy results in a stronger energy dynamic of framelet and therefore enhancing
model’s adaption power on both homophilic and heterophilic graphs. We further explicitly showed the proof
of the convergence of pL.-UFG, which to our best of knowledge, fills the knowledge gap at least in the field
of p-Laplacian based multi-scale GNNs. Moreover, we showed the equivalence between pL-UFG and the
non-linear graph diffusion, indicating that pL-UFG can be trained via various training schemes. Finally, it
should be noted that for the simplicity of the analysis, we have made several assumptions and only focus on
the Haar type frames. It suffices in regards to the scope of this work. However, it would be interesting to
consider more complex energy dynamics by reasonably dropping some of the assumptions or from other types
of frames, we leave this to future work.
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Table 4: Test accuracy (%) on heterophilic graphs. The highest testing accuracy are highlighted in bold.

Method

Chameleon

Squirrel

Actor

Wisconsin

Texas

Cornell

MLP
GCN
SGC
GAT
JKNet
APPNP
GPRGNN
UFG
PGNN!0
PGNN!5
PGNN?20
PGNN?25

48.82+£1.43
33.711+£2.27
33.83£1.69
41.95 £+ 2.65
33.50 £ 3.46
34.61 £3.15
34.23 £4.09
50.11 £ 1.67
49.04 +1.16
49.124+1.14
49.34+1.15
49.16 +1.40

34.30£1.13
26.19£1.34
26.89 £0.98
25.66 £1.72
26.95£1.29
32.61+0.93
34.01 £0.82
31.48 £2.05
34.79£1.01
34.86 £1.25
3497 £1.41
34.94 £ 1.57

41.66 +0.83
33.46 £1.42
32.08 £2.22
33.64 £ 3.45
31.14 £3.63
39.11+£1.11
34.63 £0.58
40.13 +£1.11
40.91 £1.41
40.87 £1.47
40.83 £1.81
40.78 £ 1.51

93.45 £+ 2.09
67.90 + 8.16

60.42 £+ 8.70
82.41 £2.17
86.11 £1.31
93.52 £2.36
94.35 £2.16
94.72£1.91
94.44 £1.75
94.35 £2.16

71.25 +£12.99 83.33 +4.55
53.44 £ 11.23 55.68 + 10.57
59.56 £ 11.19 64.38 £7.53 43.18 £16.41
60.65 + 11.08 50.63 £ 28.36 34.09 £ 29.15

63.75 £ 5.38

45.45+9.99

80.00 &£ 5.38 60.98 & 13.44
84.38 +11.20 66.29 £ 11.20

84.69 £+ 4.87

83.71 £ 3.28

82.00 £11.31 82.73 £6.92
81.50 +10.70 81.97 £ 10.16
84.38 £11.52 81.06 £ 10.18
83.38 £12.95 81.82 + 8.86

pL-UFG1'0
pL-UFG1'5
pL-UFG120
pL-UFG125

56.81 &+ 1.69
56.890 +£1.17
56.24 +£1.02
56.11 £1.25

38.81 +£1.97
39.73 £1.22
39.72 £ 1.86
39.38 £1.78

41.26 +1.66
40.95+0.93
40.95+0.93
41.04 +£0.99

96.48 £+ 0.94
96.48 +1.07
96.59 £+ 0.72
95.34 £ 1.64

86.13 £ 7.47
87.00+5.16
86.50 £ 8.84
89.00 £+ 4.99

86.06 & 3.16
86.52 4 2.29
85.30 £2.35
83.94 £+ 3.53

pL-UFG2!-0
pL-UFG2!5
pL-UFG22-0
pL-UFG225

55.51 £1.53
57.22£1.19
56.19 £ 0.99
55.69 £ 1.15

36.94 £ 5.69 29.28 +19.25

39.80+1.42
39.74 £ 1.66
39.30 £ 1.68

40.89+0.75
41.01 £0.80
40.86 £ 0.74

93.98 +£2.94
96.48 +0.94
96.14 £1.16
95.80 £1.44

85.00 £ 5.27
87.63 £ 5.32
86.50 & 8.84
86.38 £ 2.98

87.73 £2.49
86.82 +1.67
85.30 £ 2.35
84.55 £+ 3.31

pL-fUFG!©
pL-fUFG!®
pL-fUFG2-0
pL-fUFG25

55.80 +1.93
55.65 + 1.96
55.95 +£1.29
55.56 & 1.66

38.43 £1.26 32.84 £ 16.54

38.40 £ 1.52
38.33 £ 1.71
38.39+1.48

41.00 £ 0.99
41.25+£0.84
40.55 £ 0.50

93.98 £ 3.47
96.48 £1.29
96.25 £1.25
95.28 +£2.24

86.25 £+ 6.89
87.25 £ 3.61
88.75 &£ 4.97
88.50 £ 7.37

87.27 +£2.27
86.21 +£2.19
83.94 £+ 3.78
83.64 & 3.88

pL-UFG-HFD 58.60+1.74

39.63 £ 2.01

44.63+2.75

96.64+1.77

89.31+8.40

88.97+3.36
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