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 a b s t r a c t

This study addresses the container retrieval problem (CRP), a key challenge in the storage yards 
of automated container terminals where operational efficiency directly affects vessel turnaround 
time and yard congestion. In storage yards, containers are stacked vertically to maximize space uti-
lization; however, accessing one located below others requires relocating the blocking containers, 
leading to additional crane movements and delays. The CRP involves retrieving containers from 
multiple bays in a specified order while minimizing the total working time of the yard crane, with 
relocation position decisions being critical. The CRP poses several practical challenges: despite 
being -hard, real-world instances often involve hundreds of containers, requiring high-quality 
solutions in real time; yard configurations also vary widely and change frequently, demanding 
methods that adapt effectively to arbitrary layouts. We propose a novel deep reinforcement learn-
ing approach incorporating (1) a size-agnostic network architecture, enabling a single trained net-
work to handle diverse yard configurations, and (2) a scale-diverse learning framework, which 
trains on a various yard scales using a normalized loss to improve generalization and scalability. 
Experiments on well-known benchmarks with several hundred containers show that the proposed 
method substantially outperforms existing baselines across a wide range of yard sizes. It also scales 
to instances with thousands of containers and maintains strong performance in dynamic settings 
where retrieval orders are revealed online. Solutions are produced within a second for realistic 
instances, confirming its effectiveness and practical applicability in real-world automated con-
tainer terminals. The implementation and datasets used in this study are publicly available in the 
GitHub repository: https://github.com/operagang/CRP_RL.

1.  Introduction

Container terminals play a pivotal role in the global supply chain by enabling the seamless transfer of goods between oceangoing 
vessels and land-based transportation modes such as trucks and trains. As maritime logistics accounts for over 90% of global trade 
(Wen et al., 2024), the steady growth of international shipping over recent decades has led to a continuous increase in container 
volumes handled at ports worldwide (Kim, 2024). This persistent surge in throughput has heightened the operational complexity of 
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Fig. 1. Illustration of a container storage yard.

terminal activities, demanding smarter planning and automation to maintain smooth cargo flows and meet the growing demand for 
faster and more reliable logistics services.

In this context, container terminal operations can be broadly categorized into seaside and landside activities. Seaside activities 
include the allocation of quay cranes to vessels, the loading of export containers, and the discharging of import containers onto 
internal transport vehicles (Guo et al., 2024; Dragović et al., 2025). Landside operations–commonly referred to as yard operations–
encompass the routing of internal trucks, the stacking of containers for storage, and the delivery of import containers to external 
trucks or trains for onward transport (Yue et al., 2023; Larsen et al., 2023).

This study focuses on one of the most critical landside operations–the container retrieval process conducted in the storage yard. 
Export and import containers are temporarily stored in the yard until they are retrieved by yard cranes according to the vessel stowage 
plan or the arrival schedule of external trucks (Hu et al., 2024). In order to maximize space utilization, containers in storage yards 
are stacked vertically. However, this arrangement often leads to situations in which a target container is blocked by others positioned 
above it. Because yard cranes can access only the topmost container in a stack, retrieving a buried container requires relocating the 
blocking containers to other stacks, a process that is both time-consuming and resource-intensive (Kim and Hong, 2006).

Several strategies have been proposed to alleviate this issue. One approach is to pre-plan storage locations so as to minimize 
future relocations (Tanaka et al., 2024; Wu and Jiang, 2025), while another is pre-marshalling, in which containers are reorganized 
prior to retrieval (Tanaka et al., 2019; Wu et al., 2023). Although such methods can reduce the number of relocations, eliminating 
them entirely is rarely feasible. Containers may arrive at the yard weeks in advance, complicating precise location planning, and 
limited yard space often forces stacking patterns that do not match the desired retrieval order (Lin et al., 2015). Consequently, some 
relocations remain unavoidable, underscoring the importance of effective container handling during the retrieval phase.

At the core of this challenge lies the container retrieval problem (CRP), first introduced by Lee and Lee (2010). The CRP begins 
with an initial yard configuration. As illustrated in Fig. 1, the yard consists of multiple bays, each containing several container stacks, 
and every container is assigned a predetermined retrieval order. The CRP entails determining a retrieval plan that serves all containers 
across multiple bays while strictly adhering to this order. The objective is to minimize the total working time of the yard crane, which 
includes travel time as well as the pick-up and set-down times for both retrieval and relocation moves. Efficiently solving this problem 
can substantially reduce critical operational costs in container terminals, including vessel turnaround time, truck waiting time, and 
yard congestion.

The CRP can be regarded as a practical extension of the more extensively studied blocks relocation problem (BRP). The BRP aims to 
minimize the number of relocations in single-bay scenarios (Kim and Hong, 2006), under the assumptions that retrieval is performed 
bay by bay, that crane travel time within a bay is negligible, and that only a few dozen containers are handled. In reality, however, 
container yards consist of multiple bays containing hundreds of containers, and retrieval orders may span across bays. In addition, 
intra-bay moves involve only trolley travel, whereas inter-bay moves require moving the entire crane, which takes significantly longer. 
This observation identifies crane working time as a more realistic and important performance measure, highlighting the significance 
of the CRP in addressing large-scale multi-bay scenarios. Furthermore, empirical evidence shows that minimizing crane working time 
generally reduces relocations, whereas the reverse does not necessarily hold (Voß and Schwarze, 2019).

The CRP presents several key challenges:

• Real-world yards may contain hundreds of containers, resulting in large-scale problem instances.
• Retrieval plans of superior quality need to be produced within real-time constraints.
• Yard configurations vary widely in terms of the number of bays, rows, tiers, and containers, requiring approaches that can adapt 
to any given layout.

Most prior studies have addressed the CRP through expert-designed heuristics; in this work, we aim to substantially enhance both 
solution quality and practical applicability.

Transportation Research Part C 183 (2026) 105496 

2 



W.-J. Shin et al.

To tackle these challenges, we propose a novel deep reinforcement learning (DRL) approach for the CRP. The method leverages 
long short-term memory (LSTM) units (Hochreiter and Schmidhuber, 1997) combined with an attention mechanism (Vaswani et al., 
2017) to construct a size-agnostic network architecture capable of handling arbitrary yard configurations. Furthermore, we introduce 
a scale-diverse learning framework in which the network is trained on yard instances of varying sizes, using a normalized loss function 
to account for differences in objective scale. This framework allows the network to acquire robust policies and achieve scalability 
through generalization across varying instance sizes, including those not encountered during training. In addition, our approach 
eliminates the need for handcrafted, expert-designed features for container retrieval order representation.

Our experimental results show that the proposed DRL approach achieves excellent generalization across problem sizes, from 
tens to hundreds of containers, and consistently outperforms established baseline methods on well-known benchmarks. Even for 
problem instances with thousands of containers our method maintains high scalability and superior solution quality. The approach 
generates solutions in under one second for instances with fewer than one thousand containers and within one minute for instances 
involving several thousand containers, demonstrating strong real-world applicability. Furthermore, the method performs effectively 
in online settings where the retrieval order is revealed dynamically. In this context, the DRL model’s rapid inference capability 
becomes particularly valuable, enabling real-time decision-making and reflecting its strong potential for deployment in dynamic and 
time-sensitive terminal environments.

The main contributions of this study are summarized as follows: 
• Complexity analysis and lower bound: We formally analyze the computational complexity of the CRP and provide a lower 
bound for the crane working time, establishing a theoretical foundation for evaluating solution quality.

• Model architecture and design: We develop a DRL approach that integrates LSTM units and an attention mechanism to construct 
a size-agnostic network architecture. This design enables a single trained model to handle arbitrary yard configurations without 
retraining or feature engineering.

• Learning framework for scalability: We propose a novel scale-diverse learning framework that trains the model on yard instances 
of varying sizes using a normalized loss function. This framework allows the model to generalize effectively across different 
problem scales, including those unseen during training.

• Comprehensive empirical validation: Extensive experiments on standard benchmarks demonstrate that the proposed approach 
consistently outperforms existing methods in terms of both solution quality and computation time, across problem scales–including 
those beyond the training range.

• Practical relevance and real-time applicability: The proposed DRL model performs effectively in online scenarios where re-
trieval orders are revealed dynamically, demonstrating rapid inference capability and real-world applicability to dynamic, time-
sensitive terminal environments.
The remainder of this paper is organized as follows: Section 2 reviews the relevant literature, Section 3 presents the problem 

description along with its complexity analysis and a lower bound, Section 4 details the proposed DRL approach, Section 5 reports the 
experimental results, and Section 6 concludes the paper.

2.  Related works

In this section, we review the relevant literature. We first examine prior studies that have addressed the CRP, which is the focus 
of this study, followed by research on the related BRP that explicitly incorporates crane working time. We then summarize studies 
that have applied reinforcement learning (RL) techniques to similar problems. Finally, we highlight the limitations of these existing 
approaches and discuss how the present study aims to address them.

The CRP was first introduced by Lee and Lee (2010), who also proposed a benchmark set containing instances with 70 to 720 
containers. They developed a mathematical programming-based three-phase heuristic: the first phase generates an initial solution; 
the second solves a binary integer program to minimize the number of relocations; and the third applies a mixed integer program to 
minimize crane working time. Forster and Bortfeldt (2012) proposed a tree search heuristic aimed at minimizing crane working time. 
Compared to Lee and Lee (2010), their method significantly reduced computation time from several hours to only a few seconds. Bian 
and Jin (2013) developed a three-phase heuristic combining local search and dynamic programming, optimizing both crane working 
time and the number of relocations, and producing solutions for benchmark instances within several minutes.

Lin et al. (2015) proposed a fast heuristic that selects appropriate relocation positions using expert-designed features to address 
the CRP. They conducted sensitivity analyses on crane working time by experimenting with different weights in the position priority 
evaluation. Kim et al. (2016) developed a heuristic rule capable of producing solutions very quickly, evaluating both crane working 
time and the number of relocations. Cifuentes and Riff (2020) applied a greedy randomized adaptive search procedure (GRASP) to 
minimize crane working time, obtaining solutions within several minutes. More recently, Đurasević and Đumić (2024) introduced 
a genetic programming (GP) approach for the automatic design of heuristics, targeting both crane working time and relocation 
minimization. Đurasević et al. (2025) extended this work to develop a GP framework capable of solving various CRP variants. Once 
trained, GP-based decision rules can generate solutions within seconds. Although the CRP has been widely studied, most existing 
approaches still depend on expert-designed features, and substantial potential remains for improving solution quality.

A well-known problem related to the CRP is the BRP, which considers only a single bay. Among the BRP studies, a few have 
taken crane working time into account; these works are briefly reviewed below. Ünlüyurt and Aydın (2012) addressed this variant by 
proposing a branch-and-bound algorithm, guaranteeing optimality but requiring long computation times, and a fast expert-designed 
rule that outperformed a crane working time-adapted version of Kim and Hong (2006)’s heuristic. Their experiments were limited to 
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50 containers in a single bay. Voß and Schwarze (2019) analyzed the relationship between crane working time and the number of 
relocations. Using a binary linear programming model, they showed that minimizing only relocations may lead to larger crane working 
times, whereas minimizing crane working time often yields solutions that also minimize relocations, highlighting the importance of 
considering crane working time directly.

Recently, RL approaches have been applied to related relocation problems. Only one study has applied DRL to the CRP that 
explicitly considers crane working time (Shin et al., 2025). They proposed a network incorporating expert-designed features combined 
with an attention mechanism to address the CRP. Although this represents the first DRL-based study for the CRP, the approach relies 
heavily on handcrafted features and has not fully addressed the scalability issue, despite being validated on instances involving several 
hundred containers.

Apart from that, all other RL studies on related problems have focused solely on the single-bay BRP, which aims to minimize the 
number of relocations rather than crane working time. Liu et al. (2023) was the first to apply DRL to the BRP, employing a dynamic 
attention model. However, its performance was inferior to that of existing algorithms. Yan et al. (2024) proposed a DRL approach 
that integrates a relocation-prediction network with beam search. While achieving fast solution times, their network architecture 
was designed for a fixed yard size (i.e., specific numbers of rows and tiers), thus limiting its applicability to larger configurations. 
Liu et al. (2025) addressed the BRP using a Q-learning framework, but their method depended on a non-approximated Q-table, 
which cannot handle unseen state-action pairs during training. Ma et al. (2025) extended the study by Liu et al. (2023) through a 
multi-decoder network to improve solution diversity; however, their approach still performed worse than conventional algorithms. 
Wang et al. (2025) developed a DRL-based method for the BRP with a stowage plan, combining it with imitation learning to enhance 
training efficiency. This method, however, required generating optimal solutions via the A* algorithm at each step, resulting in high 
computational costs. All of these studies were confined to minimizing the number of relocations, considered only single-bay layouts, 
and tested on relatively small instances (up to 30, 100, 64, 30, and 30 containers, respectively). In addition, none of them proposed 
mechanisms to improve generalization or scalability across varying yard sizes.

In summary, although numerous studies have been conducted on the CRP and its BRP variant, including RL-based approaches, they 
still suffer from the limitations discussed above. To address these gaps, this study proposes a novel DRL approach for the multi-bay 
CRP involving hundreds to thousands of containers, capable of producing high-quality solutions in real time. Our approach does not 
require handcrafted feature design for container retrieval orders and, through its size-agnostic architecture, enables a single trained 
network to handle any yard size. Furthermore, the proposed scale-diverse learning framework effectively solves a wide range of yard 
sizes and maintains strong performance even on problem instances significantly larger than those encountered during training. The 
effectiveness of the proposed method is validated through extensive comparisons with established CRP baselines on diverse datasets.

3.  Container retrieval problem

In this section, we first describe the CRP and analyze its computational complexity. We then propose a lower bound for the crane 
working time in the CRP.

3.1.  Problem description

We consider the CRP that arises in the storage yard of an automated container terminal. The yard consists of 𝐵 bays and 𝑅 rows, 
forming 𝐵 × 𝑅 stacks in total. Each stack can accommodate up to 𝑇  containers vertically. Without loss of generality, bay indices are 
numbered from 1 to 𝐵 based on their relative location; row indices are from 1 to 𝑅; and tier indices increase from the bottom to the 
top, ranging from 1 to 𝑇 . The initial yard configuration contains 𝑁 containers.

Each container is assigned a unique retrieval order and must be retrieved by a single crane in ascending order. At each decision 
point, the container with the minimum retrieval order is called the target container, and the stack containing it is referred to as the 
target stack. If the target container is buried beneath other containers, the blocking containers must be relocated to other stacks. The 
decision point lies in selecting the relocation destination for each blocking container.

Based on the above description of the CRP, we make the following assumptions, which are commonly adopted in the literature:

A1. Each bay has a dedicated retrieval point located at row 0, modeling a truck that accesses the yard from one side.
A2. Containers are retrieved only through the retrieval point of their current bay, since trucks wait in the bay where the target 

container is located.
A3. Containers are only relocated if they block the target container. This is a common practice in container yards and is widely 

studied to reduce problem dimensionality without significantly compromising optimality.
A4. If the target container is on the top of its stack, it must be retrieved immediately. This condition can be directly derived from 

Assumption A3.
A5. No new containers arrive during the retrieval process.

Fig. 2 illustrates a CRP instance. The crane is currently positioned at bay 1, and the container labels denote their retrieval orders. 
A truck (i.e., the retrieval point) is located at row 0 of each bay. Container 1 is the current target and can be retrieved immediately. 
Afterward, container 2 becomes the next target, but it is blocked by containers 18 and 25. Therefore, containers 18 and 25 must be 
relocated before container 2 can be retrieved. These relocations can be performed to other bays. After retrieving containers 2, 3, and 
4, the crane must move to bay 2 to retrieve container 5.
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Fig. 2. Illustration of a CRP instance with 3 bays, 4 rows, and 26 containers.

The objective of the CRP is to retrieve all containers in the given order while minimizing the total working time of the crane, 
which includes both travel time and pick-up/set-down time. To describe the crane working time precisely, we define the following 
parameters:

• 𝛾 𝗋𝗈𝗐: unit time to move one row,
• 𝛾𝖻𝖺𝗒: unit time to move one bay,
• 𝛾𝖺𝖼𝖼: acceleration/deceleration time when switching bays,
• 𝛾𝗉𝖽: total handling time, including both pick-up and set-down operations.

Note that moving across bays requires the crane to reposition entirely, making 𝛾𝖻𝖺𝗒 generally greater than 𝛾 𝗋𝗈𝗐, while 𝛾𝖺𝖼𝖼 is typically 
much larger than 𝛾𝖻𝖺𝗒.

Each stack is identified by a bay index and a row index, denoted as (𝑖, 𝑗) where 𝑖 represents the bay and 𝑗 the row. The travel time 
from stack (𝑖, 𝑗) to another stack (𝑖′, 𝑗′) is defined as:

𝛿((𝑖, 𝑗), (𝑖′, 𝑗′)) = 𝛾𝖺𝖼𝖼 ⋅ 𝕀(𝑖 ≠ 𝑖′) + 𝛾𝖻𝖺𝗒 ⋅ |𝑖 − 𝑖′| + 𝛾 𝗋𝗈𝗐 ⋅ |𝑗 − 𝑗′|, (1)

where 𝕀(⋅) is the indicator function that returns 1 if the condition is true and 0 otherwise.
The travel time required to retrieve the top container from stack (𝑖, 𝑗) is denoted as 𝛿𝗋𝖾𝗍(𝑖, 𝑗), where (𝑖, 0) represents the retrieval 

point of bay 𝑖:

𝛿𝗋𝖾𝗍(𝑖, 𝑗) = 𝛿((𝑖, 𝑗), (𝑖, 0)). (2)

The travel time required to relocate the topmost blocking container from the target stack (𝑏̄, 𝑟̄) to stack (𝑖, 𝑗), denoted as 𝛿𝗋𝖾𝗅(𝑖, 𝑗), 
is given by:

𝛿𝗋𝖾𝗅(𝑖, 𝑗) = 𝛿((𝑏̄, 𝑟̄), (𝑖, 𝑗)). (3)

To obtain the total time required for each retrieval or relocation operation, we add the time for pick-up and set-down operations 
𝛾𝗉𝖽 to the respective travel times in (2) and (3).

The CRP typically involves hundreds of containers, making it difficult to obtain solutions through mathematical programming. 
For instance, Voß and Schwarze (2019) reports that even with a two-hour time limit, some instances with only 25 containers could 
not be solved. Therefore, as in prior CRP studies, we do not present such a formulation in this work. For readers interested in the 
mathematical formulation, Voß and Schwarze (2019) provides a model for the BRP that minimizes crane working time. Although it 
assumes a single-bay case, the formulation can be straightforwardly extended to the CRP by incorporating an additional cost term 
for bay movements.
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3.2.  Complexity and lower bound

While it has been shown that the BRP, which aims to minimize the number of relocations in a single bay, is -hard (Caserta 
et al., 2012), no formal complexity analysis has yet been provided for the CRP. Following the approach of Caserta et al. (2012), we 
first establish that the CRP is also -hard.

Theorem 1. The CRP with finite 𝐵, 𝑅, and 𝑇  is -hard. 
Proof.  We prove -hardness via a polynomial-time many-one reduction from the BRP, which is known to be -hard under finite 
stack and tier capacities (Caserta et al., 2012).

Consider the decision version of BRP:
BRP-DEC ∶ Given a yard with 𝑆 stacks and tier limit 𝑇 ,  and a bound 𝐿,

does there exist a feasible plan that retrieves all containers with at most 𝐿 relocations?
Similarly, define the decision version of CRP:

CRP-DEC ∶ Given a yard with 𝐵 bays, 𝑅 rows per bay (so 𝑆 = 𝐵𝑅 stacks), tier limit 𝑇 ,
time coefficients (𝛾𝖻𝖺𝗒, 𝛾 𝗋𝗈𝗐, 𝛾𝖺𝖼𝖼, 𝛾𝗉𝖽), and a bound 𝐾,

does there exist a feasible plan with total crane working time at most 𝐾?
Given an instance of BRP-DEC with 𝑆 stacks, tier limit 𝑇 , and relocation bound 𝐿, construct in polynomial time a corresponding

CRP-DEC instance as follows: set 𝐵 = 1 and 𝑅 = 𝑆 (hence the same number of stacks 𝑆 = 𝐵𝑅) and keep the same tier limit 𝑇  and 
container priorities (retrieval order). Choose the CRP time coefficients

𝛾𝖻𝖺𝗒 = 𝛾 𝗋𝗈𝗐 = 𝛾𝖺𝖼𝖼 = 0, 𝛾𝗉𝖽 = 1,

so that travel- and acceleration-related times are null and only pick-up and set-down operations contribute to the working time.
Under these coefficients, for any feasible CRP plan 𝜏 on the constructed instance, the total working time equals the number of 

pick-up and set-down operations. Each container must be retrieved exactly once, so the number of retrieval operations is a constant 
𝑁 (the number of containers), independent of relocation decisions. Let Reloc(𝜏) denote the number of relocations in 𝜏. Then the total 
working time is

𝑊 (𝜏) = 𝑁 + Reloc(𝜏).

Therefore, the BRP instance admits a plan with at most 𝐿 relocations if and only if the constructed CRP instance admits a plan with
𝑊 (𝜏) ≤ 𝐾 ∶= 𝑁 + 𝐿.

Hence, setting 𝐾 = 𝑁 + 𝐿 yields a yes-instance of CRP-DEC exactly when the original is a yes-instance of BRP-DEC.
The transformation preserves feasibility (stacks, tiers, and retrieval order are unchanged), and it is clearly computable in polyno-

mial time. Thus BRP-DEC ≤𝑝
𝑚 CRP-DEC. Since BRP-DEC is -hard, CRP-DEC is -hard as well. Consequently, optimizing CRP is 

-hard.
The above argument shows hardness even in the special case 𝐵 = 1 with zero travel/acceleration times. Therefore CRP with finite 

𝐵, 𝑅, and 𝑇  is -hard. ∎
Next, we propose a lower bound on the total crane working time for the CRP. To the best of our knowledge, this is the first such 

bound, and it is actively used in subsequent experiments to evaluate the solution quality of various methods. We begin by introducing 
some notation. Let 𝑏𝑛 and 𝑟𝑛 denote the bay and row indices, respectively, of the container with retrieval order 𝑛. Let 𝑥𝑖,𝑗,𝑘 represent 
the retrieval order of the container located at bay 𝑖, row 𝑗, and tier 𝑘. If the position is empty, 𝑥𝑖,𝑗,𝑘 is defined to be zero.
Theorem 2. The lower bound on the total crane working time is given by

LB = LB𝗋𝖾𝗍 + LB𝗋𝖾𝗅,

where

LB𝗋𝖾𝗍 =
𝑁−1
∑

𝑛=1

[

𝛿𝗋𝖾𝗍(𝑏𝑛, 𝑟𝑛) + 𝛿((𝑏𝑛, 0), (𝑏𝑛+1, 𝑟𝑛+1))
]

+ 𝛿𝗋𝖾𝗍(𝑏𝑁 , 𝑟𝑁 ) +𝑁 ⋅ 𝛾𝗉𝖽,

LB𝗋𝖾𝗅 = (2 ⋅ 𝛾 𝗋𝗈𝗐 + 𝛾𝗉𝖽) ⋅
𝐵
∑

𝑖=1

𝑅
∑

𝑗=1

𝑇
∑

𝑘=2
𝕀
(

min
𝑘′<𝑘

𝑥𝑖,𝑗,𝑘′ < 𝑥𝑖,𝑗,𝑘

)

.

Proof.  The proposed lower bound LB consists of two components: LB𝗋𝖾𝗍 and LB𝗋𝖾𝗅. The first component, LB𝗋𝖾𝗍, accounts for the minimal 
time required to perform retrieval operations, while the second, LB𝗋𝖾𝗅, estimates the minimal time required for relocation operations.

To retrieve each container 𝑛 (1 ≤ 𝑛 ≤ 𝑁), the crane must move from the stack (𝑏𝑛, 𝑟𝑛) to the retrieval point (𝑏𝑛, 0) of the same 
bay. After retrieving container 𝑛, the crane moves to the next target stack (𝑏𝑛+1, 𝑟𝑛+1). This time is computed as 𝛿𝗋𝖾𝗍(𝑏𝑛, 𝑟𝑛) +
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𝛿((𝑏𝑛, 0), (𝑏𝑛+1, 𝑟𝑛+1)). Summing this from container 1 to 𝑁 − 1, and adding the time to retrieve the final container 𝑁 , 𝛿𝗋𝖾𝗍(𝑏𝑁 , 𝑟𝑁 ), 
along with the pick-up and set-down time for all 𝑁 containers, 𝑁 ⋅ 𝛾𝗉𝖽, yields LB𝗋𝖾𝗍.

Next, we compute the relocation-related lower bound LB𝗋𝖾𝗅. Under Assumption A3, the crane must return to the target stack after 
relocating a blocking container. Assuming relocation to the nearest stack, the minimum time per relocation is at least 2 ⋅ 𝛾 𝗋𝗈𝗐 + 𝛾𝗉𝖽. 
Now, we estimate the minimum number of relocations. For each container 𝑥𝑖,𝑗,𝑘 located at bay 𝑖, row 𝑗, and tier 𝑘, if there exists a 
container beneath it with a smaller retrieval order, then the container must be relocated at least once. The number of such mandatory 
relocations is given by the indicator 𝕀(min𝑘′<𝑘 𝑥𝑖,𝑗,𝑘′ < 𝑥𝑖,𝑗,𝑘

)

. Summing over all containers and multiplying by the minimum relocation 
time yields LB𝗋𝖾𝗅.

Combining both components, the total lower bound is LB. ∎

4.  Deep reinforcement learning approach

In this section, we present our novel DRL approach for solving the CRP. Given the -hardness of the problem, obtaining optimal 
solutions within short computation times is challenging, and heuristic approaches have thus been widely adopted. We leverage DRL 
to substantially improve upon the unsatisfactory solution quality of existing heuristics while enabling real-time decision making. 
We first formulate the CRP as a Markov decision process (MDP) and then introduce a size-agnostic network architecture capable of 
handling diverse yard sizes. Finally, we propose a scale-diverse learning framework that achieves high-quality, robust performance on 
yard sizes far larger and more diverse than those used for training. The overall framework of the proposed DRL approach is illustrated 
in Fig. 3.

4.1.  Markov decision process

We model the CRP as an MDP, defined by the tuple ( ,, ,), where , ,  , and  denote the state space, action space, state 
transition function, and reward function, respectively. The decision-making procedure is described as follows.

Decision step. Each decision step is defined as the moment immediately after the crane completes a retrieval or relocation operation, 
provided that the current target container is blocked. At the beginning of the schedule, the first step is defined as the moment when 
all containers that can be immediately retrieved have been retrieved. This definition follows from Assumption A4 in the problem 
description, which states that if the target container is topmost, it must be retrieved immediately.

State. At each decision step 𝑡, the state 𝑡 ∈  is defined by the yard configuration and the crane position. The yard configuration 
consists of the number of bays 𝐵, rows 𝑅, tiers 𝑇 , and the container priorities (retrieval orders) 𝑥𝑡𝑖,𝑗,𝑘, where 𝑥𝑡𝑖,𝑗,𝑘 denotes the priority 
of the container located at bay 𝑖, row 𝑗, and tier 𝑘 at step 𝑡 (set to zero if the position is empty). The crane position is represented by 
its bay and row indices. Note that, by the definition of a decision step, the crane is never in the middle of an operation in any state.

Action. An action 𝑡 ∈  is to select a stack to which the topmost blocking container will be relocated. The action space  consists 
of all stacks, with certain prohibited actions defined as follows: (i) selecting the current target stack, and (ii) selecting a stack that 
has already reached its maximum capacity. These restrictions prevent meaningless and invalid actions.

State transition. The state transition function (𝑡+1 ∣ 𝑡,𝑡) describes the deterministic evolution of the yard configuration. Given 
a state 𝑡, after taking an action 𝑡–i.e., relocating the topmost blocking container–if the target container subsequently appears on 
top, it is retrieved immediately. This process is repeated until the next target container is no longer topmost and further relocations 
are required, at which point the resulting configuration is defined as the next state 𝑡+1. The decision process terminates when all 
containers have been retrieved.

Fig. 3. The overall framework of the proposed DRL approach.
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Fig. 4. Network architecture based on an encoder-decoder framework.

Reward. The reward function (𝑡,𝑡) is defined such that the agent receives a reward of 0 until termination and is assigned the 
negative value of the total crane working time at the terminal state. Since the training algorithm updates the parameters on an episode 
basis (i.e., after a complete solution is obtained), this sparse reward design does not pose any issues. Details regarding the choice of 
the training algorithm are provided in Section 4.3.

4.2.  Network architecture

In our DRL approach, the policy network adopts an encoder-decoder architecture (see Fig. 4). The encoder is composed of two 
modules: an intra-stack encoder, which uses an LSTM (Hochreiter and Schmidhuber, 1997) to capture the sequential arrangement 
of containers within each stack, and an inter-stack encoder, which employs an attention mechanism (Vaswani et al., 2017) to model 
interactions and contextual relationships among stacks. Given the yard configuration, the encoder generates a latent embedding 
for each stack, integrating both local (within-stack) and global (across-stack) information. These embeddings are then passed to 
the decoder, which converts them into action-selection probabilities. This design allows the network to effectively process yard 
configurations of arbitrary size while preserving the structural dependencies inherent in the CRP.

4.2.1.  Intra-stack encoder
The intra-stack encoder derives an initial embedding for each stack (𝑖, 𝑗) based on its container arrangement and spatial location. 

By employing an LSTM, the encoder can effectively process stacks of arbitrary heights, enabling the model to handle variable-tier 
configurations without requiring fixed-size inputs. For notational simplicity, we omit the decision step index 𝑡 in the following.

First, we normalize the priority values 𝑥𝑖,𝑗,𝑘 (retrieval order) to the range [0, 1] such that the target container’s value is maximized 
and well separated from that of empty positions. Here, we assume that the priorities 𝑥𝑖,𝑗,𝑘 are adjusted so that the target container 
always has a value of 1, and they range from 1 to 𝑁 , where 𝑁 is the current number of containers: 

𝑥̂𝑖,𝑗,𝑘 =

⎧

⎪

⎨

⎪

⎩

1 −
𝑥𝑖,𝑗,𝑘 − 1

𝑁
, if 𝑥𝑖,𝑗,𝑘 > 0,

0, otherwise.
(4)

To incorporate positional information, we also define a tier vector 

𝐩𝖺𝗌𝖼 =
[ 0
𝑇 − 1

, 1
𝑇 − 1

,… , 𝑇 − 1
𝑇 − 1

]

∈ ℝ𝑇 , (5)

where 𝑇  is the maximum number of tiers. Finally, the two features are concatenated to form the stack feature matrix 
𝐱′𝑖,𝑗 =

[

𝐱̂𝑖,𝑗 , 𝐩𝖺𝗌𝖼
]

∈ ℝ𝑇×2, (6)

which serves as the input to the LSTM layer for sequential feature extraction.
The concatenated priority and tier vectors 𝐱′𝑖,𝑗 are first projected into a 𝑑-dimensional space through an initial fully connected 

layer: 
𝐱′′𝑖,𝑗 = FC𝗂𝗇𝗂𝗍(𝐱′𝑖,𝑗 ) ∈ ℝ𝑇×𝑑 . (7)

We then apply an LSTM to effectively capture the sequential information along the tier dimension: 

𝐨̄𝑖,𝑗 , 𝐨𝑖,𝑗 = LSTM
(

𝐱′′𝑖,𝑗
)

∈ ℝ𝑑 , (8)
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where 𝐨̄𝑖,𝑗 denotes the average of the LSTM outputs over all tiers, and 𝐨𝑖,𝑗 is the output corresponding to the top tier (i.e., the last 
element in the sequence). Finally, these two representations are concatenated and linearly transformed to obtain the priority feature 
embedding for stack (𝑖, 𝑗): 

𝐱𝗉𝗋𝗂𝗈𝗋𝗂𝗍𝗒𝑖,𝑗 = 𝐖𝖫𝖲𝖳𝖬 ⋅
[

𝐨̄𝑖,𝑗 , 𝐨𝑖,𝑗
]

∈ ℝ𝑑 . (9)

In addition to the priority feature, we embed the spatial location and structural attributes of each stack. For stack (𝑖, 𝑗), we construct 
a feature vector: 

𝐟𝑖,𝑗 =
[

𝑛𝖻𝖺𝗒𝑖 , 𝑛𝗋𝗈𝗐𝑗 , 𝑑𝖻𝖺𝗒𝑖 , 𝑑𝗋𝗈𝗐𝑗 , ℎ𝑖,𝑗 , ℎ̄𝑖,𝑗 , 𝑛
𝗋𝖾𝗍
𝑖,𝑗 , 𝑛

𝗋𝖾𝗅
𝑖,𝑗 , 𝛼, 𝛽

]

∈ ℝ10, (10)

where:

• 𝑛𝖻𝖺𝗒𝑖  and 𝑛𝗋𝗈𝗐𝑗  are the normalized bay and row indices:

𝑛𝖻𝖺𝗒𝑖 =
|𝑖 − 1|
𝐵 − 1

, 𝑛𝗋𝗈𝗐𝑗 =
|𝑗 − 1|
𝑅 − 1

.

• 𝑑𝖻𝖺𝗒𝑖  and 𝑑𝗋𝗈𝗐𝑗  are the normalized distances from the target stack (𝑏̄, 𝑟̄):

𝑑𝖻𝖺𝗒𝑖 =
|𝑖 − 𝑏̄|
𝐵 − 1

, 𝑑𝗋𝗈𝗐𝑗 =
|𝑗 − 𝑟̄|
𝑅 − 1

.

• ℎ𝑖,𝑗 is the current stack height, and ℎ̄𝑖,𝑗 = 𝑇 − ℎ𝑖,𝑗 is the number of remaining empty tiers.
• 𝑛𝗋𝖾𝗍𝑖,𝑗  and 𝑛𝗋𝖾𝗅𝑖,𝑗 are the normalized times for retrieving the top container from (𝑖, 𝑗) and relocating the top container of the target stack 
to (𝑖, 𝑗), respectively:

𝛿𝗆𝖺𝗑 = max
𝑖,𝑗

{

max
(

𝛿𝗋𝖾𝗍(𝑖, 𝑗), 𝛿𝗋𝖾𝗅(𝑖, 𝑗)
)}

,

𝑛𝗋𝖾𝗍𝑖,𝑗 =
𝛿𝗋𝖾𝗍(𝑖, 𝑗)
𝛿𝗆𝖺𝗑

, 𝑛𝗋𝖾𝗅𝑖,𝑗 =
𝛿𝗋𝖾𝗅(𝑖, 𝑗)
𝛿𝗆𝖺𝗑

.

• 𝛼 = 𝑁
𝐵⋅𝑅⋅𝑇  is the yard utilization ratio.

• 𝛽 = 𝐵
𝑅  is the bay-to-row ratio.

Then, the layout feature embedding for stack (𝑖, 𝑗) is obtained via a fully connected transformation: 
𝐱𝗅𝖺𝗒𝗈𝗎𝗍𝑖,𝑗 = FC𝗅𝖺𝗒𝗈𝗎𝗍(𝐟𝑖,𝑗

)

∈ ℝ𝑑 . (11)

Finally, the priority feature embedding 𝐱𝗉𝗋𝗂𝗈𝗋𝗂𝗍𝗒𝑖,𝑗  and the layout feature embedding 𝐱𝗅𝖺𝗒𝗈𝗎𝗍𝑖,𝑗  are concatenated and passed through a 
fully connected layer to produce the initial stack embedding: 

𝐳(0)𝑖,𝑗 = FC𝗌𝗍𝖺𝖼𝗄
([

𝐱𝗉𝗋𝗂𝗈𝗋𝗂𝗍𝗒𝑖,𝑗 , 𝐱𝗅𝖺𝗒𝗈𝗎𝗍𝑖,𝑗

])

∈ ℝ𝑑 . (12)

In the intra-stack encoder, all features related to container priority, bay, row, and tier indices are normalized. This normalization 
is crucial for achieving scalability, ensuring that the trained model remains robust when applied to yard configurations significantly 
larger than those used during training. This prevents the model from failing when faced with input scales it has never encountered 
during training, enabling it to operate based on the relative magnitudes of the values rather than their absolute scales.

In addition, while existing CRP studies often rely on various handcrafted features to represent the container priority composition 
within a stack–such as the minimum and maximum priorities, whether the stack is the target stack, whether the target container is 
blocked, and the number of containers blocking higher-priority containers–our approach processes raw container priority features 
directly using an LSTM. This enables the model to effectively capture the sequential arrangement of containers within each stack 
without the need for manual feature engineering.

4.2.2.  Inter-stack encoder
The inter-stack encoder facilitates information exchange across stacks, enabling the model to capture both priority arrangement 

patterns and spatial relationships among stacks. By incorporating a multi-head attention (MHA) mechanism, the encoder can flexibly 
process an arbitrary number of stacks without requiring any modification to the input dimension. Let 𝐙(0) ∈ ℝ(𝐵⋅𝑅)×𝑑 denote the initial 
stack embeddings produced by the intra-stack encoder, where each embedding corresponds to a stack located at bay-row coordinates 
(𝑖, 𝑗).

At each encoder layer 𝓁, an MHA module processes the stack embeddings to exchange information between stacks, followed by 
a feed-forward network for feature refinement:

𝐙′(𝓁) = IN
(

MHA𝓁
(

𝐙(𝓁−1)) + 𝐙(𝓁−1)) ∈ ℝ(𝐵⋅𝑅)×𝑑 , (13)

𝐙̂(𝓁) = IN
(

FC𝖬𝖧𝖠
𝓁

(

𝐙′(𝓁)) + 𝐙′(𝓁)) ∈ ℝ(𝐵⋅𝑅)×𝑑 , (14)

where MHA𝓁 denotes a self-attention layer in which the query, key, and value are identical. IN(⋅) denotes instance normalization, 
and the residual connections preserve the original stack-level representations.
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To facilitate both stack-level and bay-level interactions, we compute a bay-level aggregated feature for each bay 𝑖 by averaging 
over its 𝑅 rows, and then concatenate it with the corresponding stack-level feature before passing through a feed-forward layer:

𝐳̄(𝓁)𝑖,𝑗 = 1
𝑅

∑

𝑗′
𝐳̂(𝓁)𝑖,𝑗′ ∈ ℝ𝑑 , (15)

𝐙(𝓁) = FC𝖻𝖺𝗒
([

𝐙̂(𝓁), 𝐙̄(𝓁)
])

∈ ℝ(𝐵⋅𝑅)×𝑑 . (16)

This design choice reflects the CRP characteristic that inter-bay travel times are relatively long, thereby allowing the model to more 
explicitly incorporate information from stacks within the same bay.

By stacking multiple such inter-stack encoder layers, the model is able to propagate information effectively across the entire yard, 
while preserving both local and global spatial context.

4.2.3.  Decoder
The decoder is responsible for selecting the relocation destination stack for the topmost blocking container. It first aggregates the 

encoder outputs to form a global yard representation: 

𝐳𝗀𝗅𝗈𝖻𝖺𝗅 = 1
𝐵 ⋅ 𝑅

∑

𝑖,𝑗
𝐳𝑖,𝑗 ∈ ℝ𝑑 , (17)

where 𝐳𝑖,𝑗 denotes the final embedding of stack (𝑖, 𝑗) from the encoder. Next, the decoder constructs a context query vector by 
concatenating the embedding of the current target stack 𝐳𝑏̄,𝑟̄ and the global embedding 𝐳𝗀𝗅𝗈𝖻𝖺𝗅, followed by a linear transformation: 

𝐪𝖼𝗍𝗑 = 𝐖𝖽𝖾𝖼 ⋅
[

𝐳𝑏̄,𝑟̄, 𝐳𝗀𝗅𝗈𝖻𝖺𝗅
]

∈ ℝ𝑑 . (18)

The context vector 𝐪𝖼𝗍𝗑 first serves as the query in a cross-attention operation, where the keys and values are the stack embeddings 
𝐙 obtained from the encoder. Through this process, the cross-attention module MHA𝖽𝖾𝖼 produces an enhanced context representation 
𝐐 that integrates the target-stack and global-yard information with relevant details from all other stacks. Using this enhanced context 
vector, the decoder then computes a score 𝐮 for each stack by comparing it with the corresponding stack embedding, ultimately 
yielding the relocation probability distribution 𝐩 over all stacks. The resulting computation is expressed as follows:

𝐐 = 𝐖𝑄 ⋅MHA𝖽𝖾𝖼
(

𝐪𝖼𝗍𝗑, 𝐙, 𝐙
)

∈ ℝ𝑑 , (19)

𝐊 = 𝐖𝐾 ⋅ 𝐙 ∈ ℝ(𝐵⋅𝑅)×𝑑 , (20)

𝐮 = 𝐶 ⋅ tanh

(

𝐐 ⋅𝐊⊤
√

𝑑

)

− mask ∈ ℝ𝐵⋅𝑅, (21)

𝐩 = sof tmax(𝐮), (22)
(𝑖, 𝑗) ∼ Categorical(𝐩). (23)

Here, 𝐶 is a scaling constant, and mask assigns large negative values to prohibited actions. The vector 𝐩 represents the action probabil-
ities over all stacks. During training, the relocation destination (𝑖, 𝑗) is sampled from Categorical(𝐩) to promote exploration. Through 
this process, each stack embedding is explicitly compared with the enhanced context vector, allowing the model to evaluate both its 
absolute favorability as a relocation destination and its relative suitability compared to other stacks, while preserving size-agnostic 
generalization capability.

4.3.  Scale-diverse learning

In this section, we propose a scale-diverse learning framework to enhance scalability in variable yard sizes and large-scale en-
vironments. The proposed training algorithm is based on REINFORCE (Williams, 1992). While deep Q-network (DQN) (Mnih et al., 
2015) and proximal policy optimization (PPO) (Schulman et al., 2017) have been popular for solving combinatorial optimization 
(CO) problems, DQN suffers from action-value approximation errors in large discrete action spaces, and PPO can be unstable in 
such settings due to its sensitivity to advantage estimation. In recent years, numerous studies have shown that REINFORCE, with its 
simple gradient estimator and direct applicability to discrete action spaces, achieves strong performance in CO tasks and has been 
increasingly adopted in this field.

Beyond performance considerations, REINFORCE offers an additional advantage in that it learns from complete trajectories, 
eliminating the need to design rewards for every state-action pair. This property is particularly beneficial for the CRP, where each 
action corresponds to a relocation, while retrievals are automatically performed whenever possible after a relocation. As a result, a 
single action may not only involve one crane operation but also trigger multiple subsequent retrievals, making it difficult to accurately 
assess its exact contribution to the total crane working time. Consequently, reward design at the per-action level is not straightforward 
in the CRP setting.

Our REINFORCE-based training algorithm is summarized in Algorithm 1. The approximated gradient ascent for maximizing the 
expected return 𝐽 (𝜃) is given by

∇𝜃𝐽 (𝜃) ≈
1

𝐾𝐷𝑀

𝐾
∑

𝑘=1

𝐷
∑

𝑖=1

𝑀
∑

𝑗=1

(𝜏𝑘𝑖,𝑗 ) − 𝑏𝑘𝑖
𝜎𝑘𝑖 + 𝜖

⋅ ∇𝜃 log𝜋𝜃(𝜏𝑘𝑖,𝑗 ), (24)
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Algorithm 1 Scale-Diverse Training Algorithm with Normalized Return.
Require: Layout set , epochs 𝐸, steps per epoch 𝑃 , yard scales per step 𝐾, instances per scale 𝐷, rollouts per instance 𝑀
1: Initialize policy parameters 𝜃
2: for epoch = 1 to 𝐸 do
3: for step = 1 to 𝑃  do
4: {𝓁𝑘}𝐾𝑘=1 ← SampleYardScale()
5: for each 𝑘 = 1 to 𝐾 do
6: {𝑎𝑘𝑖 }

𝐷
𝑖=1 ← RandomInstance(𝓁𝑘)

7: {𝜏𝑘𝑖,𝑗}
𝑀
𝑗=1 ← SampleRollout(𝑎𝑘𝑖 , 𝜋𝜃) ∀ 𝑖 ∈ {1,… , 𝐷}

8: 𝑏𝑘𝑖 ← 1
𝑀

∑𝑀
𝑗=1 (𝜏𝑘𝑖,𝑗 ) ∀ 𝑖 ∈ {1,… , 𝐷}

9: 𝜎𝑘𝑖 ← StdDev({(𝜏𝑘𝑖,𝑗 )}
𝑀
𝑗=1) ∀ 𝑖 ∈ {1,… , 𝐷}

10: 𝑔𝑘𝑖,𝑗 ←
(𝜏𝑘𝑖,𝑗 )−𝑏

𝑘
𝑖

𝜎𝑘𝑖 +𝜖
⋅ ∇𝜃 log𝜋𝜃(𝜏𝑘𝑖,𝑗 ) ∀ 𝑖 ∈ {1,… , 𝐷}, 𝑗 ∈ {1,… ,𝑀}

11: end for
12: ∇𝜃𝐽 (𝜃) ←

1
𝐾𝐷𝑀

∑𝐾
𝑘=1

∑𝐷
𝑖=1

∑𝑀
𝑗=1 𝑔

𝑘
𝑖,𝑗

13: 𝜃 ← Adam(𝜃,∇𝜃𝐽 (𝜃))
14: end for
15: end for

where the baseline 𝑏𝑘𝑖  and the standard deviation 𝜎𝑘𝑖  are computed as

𝑏𝑘𝑖 = 1
𝑀

𝑀
∑

𝑗=1
(𝜏𝑘𝑖,𝑗 ), (25)

𝜎𝑘𝑖 = StdDev
(

{

(𝜏𝑘𝑖,𝑗 )
}𝑀

𝑗=1

)

. (26)

Here, 𝐾 is the number of yard scales evaluated in each training step, 𝐷 is the number of instances per scale, and 𝑀 is the number of 
sampled solutions per instance. The notation 𝜏 denotes a solution trajectory, (⋅) is the return for a given solution trajectory, defined 
as the negative of the total crane working time, and 𝜋𝜃(⋅) represents the solution probability under policy parameters 𝜃. 𝜖 is a small 
positive constant to prevent division by zero.

To improve generalization, the agent is simultaneously evaluated and updated on 𝐾 different yard scales in each training step 
rather than being trained on a single scale. Each yard scale is defined by its number of bays, rows, tiers, and containers, and for 
each scale we generate 𝐷 random instances (see Section 5.1.2 for the detailed procedure). The policy is then evaluated on all 𝐾 ×𝐷
instances. This allows the policy to learn to handle diverse yard scales within a single update.

The baseline 𝑏𝑘𝑖  serves to reduce the variance of the advantage ( − 𝑏) in REINFORCE, thereby accelerating learning (Kool et al., 
2019b). Following the observation that baselines computed from multiple sampled solutions are more stable than those based on a 
single solution (Kool et al., 2019a; Kwon et al., 2020), we set 𝑏𝑘𝑖  to the average return of the 𝑀 solutions generated for each instance 
via sampling inference.

Since a single gradient update covers multiple yard scales, the absolute objective values can differ significantly across scales, 
which may bias the update toward certain scales. To mitigate this effect, we normalize the advantage by dividing it by the standard 
deviation 𝜎𝑘𝑖  of the sampled solutions’ returns for each instance. This variance normalization balances the influence of each scale 
during training.

In our training procedure, the yard scale is randomly sampled within a predefined set. One might consider that adaptively sampling 
scales based on the agent’s current performance (Zhou et al., 2023) could yield better results. However, our objective is not to improve 
performance on a fixed and finite validation set, but rather to achieve robust performance across an unbounded variety of yard 
configurations. This makes such an adaptive approach less applicable. Similarly, as in multi-task learning, designing an architecture 
that explicitly indicates the current target task (Liu et al., 2024) is also challenging in this setting.

By evaluating the agent on multiple yard configurations and updating it in a single step, the proposed framework enables stable 
performance improvement across instances of varying scales. Although the memory limitations imposed by long trajectories restrict 
training to relatively small-scale cases with only a few dozen containers, the trained agent demonstrates strong scalability, achieving 
high performance even on much larger instances involving thousands of containers that were never encountered during training. This 
scalability arises from exposing the agent to diverse yard scales during training, allowing it to learn the relative importance among 
stacks within a yard configuration rather than overfitting to absolute scale differences. As discussed in Section 4.2, this is further 
facilitated by normalizing all input features in a scale-independent manner.

5.  Experimental results

This section presents the evaluation of the proposed DRL approach. We first describe the experimental settings, including the 
benchmark datasets, training procedure, and comparison algorithms. Subsequently, we report the experimental results and provide 
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a detailed analysis. All codes and datasets used in the experiments are publicly available in the GitHub repository: https://github.
com/operagang/CRP_RL.

5.1.  Settings

5.1.1.  Benchmark dataset
We utilize the benchmark dataset proposed by Lee and Lee (2010), which is widely used in CRP research. The dataset contains 

problem instances with 70 to 720 containers and includes two configuration types: R and U. The R type indicates that containers are 
randomly distributed, whereas the U type signifies that all containers in each stack are arranged in an upside-down retrieval order. 
Each instance name encodes its configuration, where the first character is either R or U, followed by two characters representing the 
number of bays, two characters for the number of rows per bay, and two characters for the maximum stack height, with the value 
after the underscore denoting the total number of containers. For example, R021606_0140 denotes an instance in which containers 
are randomly distributed, with 2 bays, 16 rows, 6 tiers, and a total of 140 containers. For each scale, the dataset contains five R-type 
instances and two U-type instances.

To evaluate performance at extremely large scales, we generated an additional benchmark by extending the scale of Lee and 
Lee (2010)’s instances at the bay level, while keeping the number of rows and tiers unchanged, as these dimensions are generally 
constrained by crane size. The new instances comprise layouts with 20 or 30 bays, containing 1440, 1920, 2160, or 2880 containers. 
Both R-type and U-type configurations were generated, with 20 instances provided for each.

For all benchmarks, 𝛾 𝗋𝗈𝗐 = 1.2, 𝛾𝖻𝖺𝗒 = 3.5, 𝛾𝖺𝖼𝖼 = 40, and 𝛾𝗉𝖽 = 30, where 𝛾 𝗋𝗈𝗐 is the unit time to move one row, 𝛾𝖻𝖺𝗒 is the unit time 
to move one bay, 𝛾𝖺𝖼𝖼 is the acceleration/deceleration time when switching bays, and 𝛾𝗉𝖽 is the total handling time including both 
pick-up and set-down operations. These parameter settings follow the convention used in previous studies.

5.1.2.  Training procedure
The training was conducted using randomly generated instances, each containing 35 to 70 containers. The number of bays, rows, 

and tiers was randomly determined to achieve a yard occupancy rate between 60% and 80%. The number of rows was limited 
to at most 16, while the number of tiers was restricted to either 6 or 8. In scale-diverse training, yard scales were sampled by 
randomly selecting bay, row, tier, and container counts that satisfied the above conditions. Container placement within the yard was 
randomized, and only R-type configurations were used for training.

The model was trained for 100 epochs (𝐸), with 100 update steps per epoch (𝑃 ). Each step used 𝐾 = 4 yard scales, with 𝐷 = 32
instances per scale, and each instance was repeated 𝑀 = 16 times. The learning rate was set to 3 × 10−4. The embedding dimension 
was 𝑑 = 128. A single LSTM layer was employed. The MHA module comprised 𝓁 = 3 layers, each with 8 heads, and a scaling constant 
of 𝐶 = 10. FC𝗂𝗇𝗂𝗍 consisted of dimensions 2 → 𝑑∕2 → 𝑑. FC𝗅𝖺𝗒𝗈𝗎𝗍 had dimensions 10 → 𝑑∕2 → 𝑑. FC𝗌𝗍𝖺𝖼𝗄 had dimensions 2𝑑 → 4𝑑 → 𝑑. 
FC𝖬𝖧𝖠 had dimensions 𝑑 → 4𝑑 → 𝑑. FC𝖻𝖺𝗒 had dimensions 2𝑑 → 4𝑑 → 𝑑.

5.1.3.  Comparison algorithms
For comparison, we selected representative approaches from the CRP literature. The approaches of Lee and Lee (2010) and Bian 

and Jin (2013) were excluded from comparison due to their long computational times and relatively poor solution quality. The 
selected algorithms are as follows:

• TS: The tree search algorithm proposed by Forster and Bortfeldt (2012).
• Lin: The expert-designed heuristic rule proposed by Lin et al. (2015). In this heuristic, parameters 𝑃𝑟 and 𝑃𝑏 are set to 30 and 300, 
respectively, which minimize the crane working time in their experiments.

• Kim: The expert-designed heuristic rule proposed by Kim et al. (2016).
• GRASP: The GRASP algorithm proposed by Cifuentes and Riff (2020).
• GP: The GP approach proposed by Đurasević et al. (2025), using the best-driven heuristic rule from their Fig. 19(b).
• Leveling: The heuristic proposed by Zehendner et al. (2017), developed for the online CRP. This method was selected to enable 
comparison in the online setting. A detailed description of the online setting is provided later in Section 5.2.5.

• Shin: The DRL approach proposed by Shin et al. (2025), which employs a network based on expert-designed features.

For the Lee and Lee (2010) benchmark experiments, the results for Kim, TS, and GRASP, including both objective value and 
computational time, were taken directly from their respective papers. For the remaining algorithms, benchmark results were not 
available in the literature; therefore, we implemented these methods and report their performance in this study.

Together with Shin, we developed two additional DRL approaches inspired by Liu et al. (2023) and Ma et al. (2025) for a more 
comprehensive comparison among DRL-based methods. Since both Liu et al. (2023) and Ma et al. (2025) addressed the single-bay 
BRP with the objective of minimizing the number of relocations, their approaches could not be directly applied to the CRP. Therefore, 
we adapted their learning algorithms to our network model to ensure a fair comparison. The detailed implementation and training 
procedures are described in Section 5.2.2.

5.1.4.  Evaluation metric and implementation details
To compare the performance of algorithms, we use the gap with respect to the lower bound of the total crane working time, 

calculated as Gap = 100 × obj−LB
LB , where LB denotes the lower bound proposed in Theorem 2. For each scale, we report the average 
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Table 1 
Performance comparison on the random benchmark proposed by Lee and Lee (2010).
 Problem  Kim  TS  GRASP  GP  Lin  Ours

 Gap  Time  Gap  Time  Gap  Time  Gap  Time  Gap  Time  Gap  Time
 R011606_0070  140.6  0.01  107.8  8.2  37.0  0.2  17.2  0.1  9.5  0.1  7.7  0.1
 R021606_0140  72.8  0.01  58.3  9.1  46.0  1.3  52.5  0.1  20.0  0.1  7.1  0.2
 R041606_0280  55.6  0.01  44.4  9.5  55.8  13.8  50.8  0.4  22.5  0.3  5.3  0.3
 R061606_0430  53.9  0.01  46.5  10.2  58.9  26.8  48.3  0.6  25.4  0.6  5.9  0.4
 R081606_0570  57.6  0.01  45.9  10.7  61.1  51.4  46.4  1.1  23.5  1.0  5.8  0.5
 R101606_0720  64.4  0.01  47.7  11.9  61.7  126.0  43.4  1.5  21.6  1.7  5.9  0.7
 R011608_0090  161.9  0.01  101.4  10.1  44.2  1.0  22.0  0.1  11.4  0.1  10.2  0.1
 R021608_0190  90.3  0.01  57.6  10.1  59.0  6.1  70.8  0.2  26.0  0.2  9.4  0.2
 R041608_0380  81.9  0.01  49.8  10.8  65.0  44.1  60.7  0.5  32.0  0.5  10.0  0.4
 R061608_0570  88.0  0.01  47.3  11.9  66.7  189.5  55.2  1.0  32.2  1.0  10.2  0.6

Gap: Percentage gap with lower bound. Time: Computation time in seconds.

Table 2 
Performance comparison on the upside-down benchmark proposed by Lee and Lee (2010).
 Problem  Kim  TS  GP  Lin  Ours

 Gap  Time  Gap  Time  Gap  Time  Gap  Time  Gap  Time
 U011606_0070  125.7  0.01  93.4  1.2  14.1  0.1  8.9  0.1  4.9  0.1
 U021606_0140  80.2  0.01  54.4  2.9  75.8  0.1  15.6  0.1  5.0  0.1
 U041606_0280  68.7  0.01  45.6  6.1  69.2  0.4  28.2  0.4  3.7  0.3
 U061606_0430  67.1  0.01  43.8  5.6  65.8  0.9  28.4  0.8  4.1  0.4
 U081606_0570  69.0  0.01  44.4  3.8  64.6  1.4  27.7  1.3  3.0  0.5
 U101606_0720  69.9  0.01  44.4  6.9  62.7  2.0  26.3  2.2  4.5  0.7
 U011608_0090  127.7  0.01  89.8  10.0  14.4  0.1  10.1  0.1  10.8  0.1
 U021608_0190  81.3  0.01  55.5  4.5  73.6  0.2  26.1  0.2  8.2  0.2
 U041608_0380  64.2  0.01  41.3  5.3  69.3  0.6  24.2  0.6  5.5  0.4
 U061608_0570  64.4  0.01  43.5  4.6  70.4  1.2  28.2  1.2  7.3  0.6

Gap: Percentage gap with lower bound. Time: Computation time in seconds.

gap across all instances. In addition, the average computational time in seconds is also reported. The lower bound values and the 
results of our DRL approach for each instance are provided in Tables A.7 and A.8 in Appendix A. During testing, the DRL approach 
employed a greedy inference strategy, where the agent deterministically selects the action with the highest predicted probability at 
each decision step rather than sampling from the action distribution.

All implementations were developed in Python. All experiments were conducted on a personal computer equipped with an Intel 
Core i9-14900K CPU and an NVIDIA RTX 4090 GPU. The training of the DRL model required approximately 40 hours.

5.1.5.  Experimental analysis overview
The following research questions will be addressed in the subsequent sections to evaluate the proposed DRL approach:

• Q1: How superior and robust is the proposed DRL approach across different yard scales, including large-scale instances with 
hundreds of containers that were unseen during training?

• Q2: How much better does the proposed DRL approach perform compared to existing DRL-based methods?
• Q3: How much does each component of the framework–the LSTM module, attention mechanism, and scale-diverse learning 
strategy–contribute to performance improvement?

• Q4: How well does the proposed DRL approach scale to extremely large problem instances with thousands of containers?
• Q5: How effective is the proposed DRL approach in a realistic online setting that incorporates operational constraints?
• Q6: How does the DRL agent behave in different scenarios, evaluate candidate stacks, and differ from expert-designed heuristic 
rules, and what insights can be gained from its behavior?

5.2.  Results

5.2.1.  Q1. Superiority and robustness across yard scales
We evaluate the performance of the proposed DRL approach on the benchmark dataset of Lee and Lee (2010), which covers a wide 

range of scales from 70 to 720 containers and from 1 to 10 bays. Table 1 reports the results for the R-type instances, while Table 2 
presents the results for the U-type instances. In addition, Fig. 5 provides a visual comparison against the best-performing baseline, 
Lin, for both R- and U-type instances.

From Table 1, it can be observed that our DRL approach significantly outperforms all baselines across all scales for the R-type 
instances. In particular, it achieves an average optimality gap of 7.8% and a maximum gap of approximately 10%, demonstrating 
robust performance while producing solutions for all instances within one second, which highlights its strong applicability. Even 
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Fig. 5. Per-instance gap comparison with Lin on the benchmark proposed by Lee and Lee (2010).

compared to the strongest baseline, Lin, our approach improves the gap by more than 1% for the smallest scale, with the improvement 
widening as the scale increases, reaching up to 22%. Importantly, although the DRL agent was trained on instances with at most 70 
containers, it successfully learned an efficient and robust policy that generalizes to diverse yard configurations containing hundreds 
of containers.

Similar trends are observed in Table 2 for the U-type instances. GRASP was excluded from the U-type comparison as no results 
were reported for these instances in the original study. Our approach achieves an average gap of 5.7% and a maximum gap of 10.8%, 
maintaining high-quality solutions robustly across different scales. Against Lin, the gap widens to over 20% for larger scales. It is worth 
noting that the DRL agent was trained solely on R-type instances without any specialized training for the U-type. This demonstrates 
the model’s ability to generalize well regardless of the container arrangement.

Fig. 5 presents a clear visual comparison with Lin, plotting the results for five R-type and two U-type instances at each scale. Except 
for the two smallest scales (011606_0070 and 011608_0090), where the performance difference is less pronounced, our DRL approach 
consistently outperforms Lin. For these two smallest scales, the performance decrease is limited to an average gap of 1.4% for only 
three instances, whereas the remaining 11 instances exhibit clear improvements, averaging 2.3%. Another noteworthy observation is 
that Lin’s gap increases with problem scale, whereas our DRL approach maintains consistently low gaps, underscoring its robustness.

5.2.2.  Q2. Comparison with existing DRL-based approaches
We next compare our approach with other DRL-based methods to demonstrate the effectiveness of the proposed learning frame-

work. The first comparison is made with Shin, which was recently published to solve the CRP (Shin et al., 2025). Shin proposed a 
network model that relies on expert-designed features and was trained using the REINFORCE algorithm with a greedy baseline (Kool 
et al., 2019b) on a single yard configuration.

To provide a more comprehensive set of comparisons, we additionally implemented two DRL approaches based on Liu et al. 
(2023) and Ma et al. (2025). Both studies addressed the single-bay BRP with the objective of minimizing the number of relocations 
and therefore could not be directly applied to the CRP. In particular, their network architectures do not incorporate stack position 
information, making it impossible to learn or evaluate crane working time. To ensure fairness, we adapted their learning algorithms 
to our network model. Both methods are based on the REINFORCE algorithm: Liu et al. (2023) used the batch-average performance 
of the current policy as the baseline, whereas Ma et al. (2025) adopted a greedy baseline (Kool et al., 2019b).

All approaches were trained under the same experimental conditions, with the only difference being that they were trained on 
a fixed yard configuration consisting of two bays, six rows, six tiers, and fifty containers–chosen in consideration of GPU memory 
constraints. Although Ma et al. (2025) proposed a multi-decoder architecture for the BRP, this structure was not adopted here, as 
it would require substantial modifications to our network and replicating multiple decoders for the CRP would lead to excessive 
memory usage. We refer to the implementations based on Liu et al. (2023) and Ma et al. (2025) as DRL1 and DRL2, respectively. 
Other DRL studies for the BRP, such as those incorporating beam search with a relocation-prediction network or A* algorithms, were 
excluded from comparison because their architectures are fundamentally different from ours and cannot be adapted to the CRP simply 
by replacing the network model.
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Table 3 
Performance comparison of different DRL-based approaches on the benchmark proposed by Lee and 
Lee (2010).
 Problem  DRL1  DRL2  Shin  Ours  Problem  DRL1  DRL2  Shin  Ours
 R011606_0070  34.4  16.6  12.3  7.7  U011606_0070  32.0  20.8  14.6  4.9
 R021606_0140  49.9  14.8  11.2  7.1  U021606_0140  80.6  11.3  8.9  5.0
 R041606_0280  90.0  38.6  10.7  5.3  U041606_0280  66.4  28.1  7.7  3.7
 R061606_0430  80.0  18.0  15.0  5.9  U061606_0430  85.4  50.2  9.5  4.1
 R081606_0570  91.6  29.2  16.1  5.8  U081606_0570  94.5  56.7  8.9  3.0
 R101606_0720  82.6  24.4  17.0  5.9  U101606_0720  94.5  58.3  10.2  4.5
 R011608_0090  49.8  21.8  19.2  10.2  U011608_0090  55.3  29.3  33.6  10.8
 R021608_0190  90.3  22.1  16.8  9.4  U021608_0190  116.0  15.7  16.6  8.2
 R041608_0380  117.4  35.8  20.3  10.0  U041608_0380  128.0  42.1  11.6  5.5
 R061608_0570  126.9  41.8  24.2  10.2  U061608_0570  129.5  55.4  15.0  7.3

Values represent the percentage gap from the lower bound.

Fig. 6. Performance comparison of the DRL approaches on the random benchmark proposed by Lee and Lee (2010) during training. Each curve 
indicates the percentage gap from the lower bound measured every 10 epochs.

Table 3 summarizes the performance of all DRL approaches on the full Lee and Lee (2010) benchmark, while Fig. 6 illustrates the 
training progress for six representative scales. A clear performance hierarchy can be observed among the methods–namely, DRL1, 
DRL2, Shin, and Ours–in which our proposed approach demonstrates consistently superior performance across all instances. DRL1 
employs a baseline computed as the average score of the current policy over different instances within a batch; however, because this 
baseline value depends on the composition of each batch, the same instance may be evaluated differently across batches, which likely 
caused unstable training. Note that the implementation of DRL1 was directly reproduced using its publicly available source code, 
ensuring faithful replication of the original method. DRL2 exhibits relatively smoother convergence, yet stable learning is observed 
mainly in instance R021606_0140, whose scale most closely matches the training configuration, revealing limited generalization 
capability and underscoring the importance of our scale-diverse learning strategy.

The Shin model shows stable learning behavior across scales despite being trained on a single yard configuration, which can be 
attributed to its use of expert-designed features that encode preprocessed yard information. Nevertheless, our proposed approach 
consistently outperforms all others throughout training, confirming the effectiveness of both our network design and the learning 
framework. All methods produced solutions within one second, so computation times were not reported.

5.2.3.  Q3. Contribution of framework components
Table 4 and Fig. 7 present the results of the ablation study conducted to evaluate the effect of each component of the proposed 

approach. For the LSTM ablation, instead of using Eqs.  (8) and (9), the output of Eq.  (7) was averaged over tiers and passed through 
a fully connected layer. For the attention ablation, the result of Eq.  (12) was concatenated with the target stack embedding and the 
global embedding computed as in Eq.  (17), and then passed through a fully connected layer to compute the selection probability for 
each stack. For the scale-diverse learning ablation, training was performed solely on random instances with a yard scale of two bays, 
six rows, six tiers, and 50 containers.

Table 4 reports the performance degradation on the Lee and Lee (2010) benchmark when each component is removed during 
training. Across all scales, each component shows a substantial impact on performance. The LSTM module has a more pronounced 
effect when the tier (stack height) is larger (8 tiers vs. 6 tiers), suggesting its necessity for effectively processing tier sequences; the 
performance difference averages 2.0% vs. 0.6% for R-type and 2.8% vs. 1.4% for U-type instances. The attention mechanism yields an 
even larger effect than the LSTM, with the R-type performance gap ranging from 3.7% to 11.3% and the U-type from 2.1% to 10.0%. 
Its impact is particularly evident in smaller-scale cases, likely because with fewer stacks, clearer inter-stack information exchange 
allows for more detailed action selection. In contrast, the scale-diverse learning has the greatest impact on larger-scale cases, with 
performance differences reaching 15.6% for R-type and 26.7% for U-type instances. These results indicate that scale-diverse learning 
is essential for achieving scalability and for ensuring the robustness of the DRL approach.
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Table 4 
Ablation study results on the benchmark proposed by Lee and Lee (2010).
 Problem  w/o LSTM  w/o Attn.  w/o SD learning  Problem  w/o LSTM  w/o Attn.  w/o SD learning
 R011606_0070  1.5 (↑)  7.8 (↑)  2.0 (↑)  U011606_0070  1.5 (↑)  10.0 (↑)  0.9 (↑)
 R021606_0140  0.2 (↑)  5.4 (↑)  0.8 (↑)  U021606_0140  0.3 (↑)  3.4 (↑)  1.5 (↑)
 R041606_0280  0.7 (↑)  5.1 (↑)  7.1 (↑)  U041606_0280  1.5 (↑)  3.7 (↑)  7.6 (↑)
 R061606_0430  0.6 (↑)  5.2 (↑)  12.5 (↑)  U061606_0430  1.6 (↑)  3.7 (↑)  14.4 (↑)
 R081606_0570  0.3 (↑)  3.9 (↑)  12.4 (↑)  U081606_0570  1.8 (↑)  2.7 (↑)  22.5 (↑)
 R101606_0720  0.3 (↑)  3.7 (↑)  14.7 (↑)  U101606_0720  1.9 (↑)  2.1 (↑)  26.7 (↑)
 R011608_0090  2.1 (↑)  11.3 (↑)  4.5 (↑)  U011608_0090  1.5 (↑)  6.2 (↑)  4.2 (↑)
 R021608_0190  2.8 (↑)  9.4 (↑)  2.3 (↑)  U021608_0190  4.2 (↑)  4.0 (↑)  1.7 (↑)
 R041608_0380  1.6 (↑)  9.1 (↑)  11.3 (↑)  U041608_0380  3.5 (↑)  6.6 (↑)  13.3 (↑)
 R061608_0570  1.7 (↑)  6.9 (↑)  15.6 (↑)  U061608_0570  2.0 (↑)  4.2 (↑)  20.4 (↑)

w/o LSTM: Without LSTM layers. w/o Attn.: Without attention mechanism. w/o SD learning: Without scale-diverse learning. 
Values represent the gap difference(%) from the proposed model. (↑) indicates an increase in gap (i.e., degradation).

Fig. 7. Average gap on the random benchmark proposed by Lee and Lee (2010) during training. Each curve shows the moving average of average 
gap values, and shaded regions represent one standard deviation.

Fig. 7 illustrates the average gap over all R-type instances of the Lee and Lee (2010) benchmark during training for each model 
variant. The results again highlight the clear contribution of each component. For the LSTM ablation, the model initially shows a 
faster convergence rate than the proposed model; however, it ultimately converges to consistently worse performance. In the case 
of the attention ablation, the model quickly converges to a poor performance level and exhibits no further improvement throughout 
training. For the scale-diverse learning ablation, stable training could not be achieved, and the model ultimately fails to converge.

5.2.4.  Q4. Scalability to extremely large instances
Table 5 and Fig. 8 present the evaluation results on the extremely large-scale benchmark that we generated. Following the pro-

cedure of Lee and Lee (2010), we created instances with 20 and 30 bays containing several thousand containers to further assess the 
scalability of our DRL approach. For comparison, we selected GP and Lin, which showed relatively strong performance among the 
existing baselines. For each scale, 20 instances were generated for both R- and U-type configurations. Table 5 reports the average gap 
and computation time, while Fig. 8 provides box plots comparing our DRL approach with the best-performing baseline, Lin.

As shown in Table 5, our proposed DRL approach consistently outperforms the baselines across all scales and produces high-quality 
solutions within 40 seconds even for extremely large-scale instances. When compared with Lin, our approach achieves a performance 
advantage ranging from 10.6% to 23.9%. Furthermore, as illustrated in Fig. 8, the performance gap between our approach and Lin is 
clearly distinguishable across all evaluated scales.

While the above experiments provide clear evidence of the proposed model’s scalability, it is acknowledged that real container 
yards with dozens of bays are typically operated by multiple cranes. Therefore, the results presented here may not fully represent 
such multi-crane environments. Nonetheless, verifying that the DRL approach remains robust even for instances with several thousand 
containers–far exceeding the scale of typical problems–demonstrates its strong stability and reliability in terms of both solution quality 
and computation time. This scalability provides confidence that the proposed method can reliably and effectively handle practical-
scale problems (involving several hundred containers), even when confronted with unseen and more complex problem distributions. 
A more detailed discussion on extending the proposed approach to multi-crane environments is provided in Section 6.
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Table 5 
Performance comparison on the extremely large-scale benchmark.
 Problem  GP  Lin  Ours

 Gap  Time  Gap  Time  Gap  Time
 R201606_1440  40.8  23.8  25.0  21.4  8.2  9.8
 R301606_2160  37.4  52.9  26.3  47.5  13.9  16.7
 R201608_1920  46.9  38.0  31.4  35.1  12.3  20.8
 R301608_2880  43.1  83.2  31.7  76.3  21.1  32.4
 U201606_1440  58.8  31.9  30.7  29.9  6.8  16.1
 U301606_2160  55.4  69.7  33.2  65.5  15.0  24.9
 U201608_1920  62.6  46.6  32.7  44.2  10.2  24.4
 U301608_2880  59.3  103.6  35.2  97.4  24.3  39.3

Gap: Percentage gap with lower bound. Time: Computation time 
in seconds.

Fig. 8. Percentage gap with lower bound comparison between Lin and Ours on the extremely large-scale benchmark.

5.2.5.  Q5. Effectiveness in online setting
In the standard CRP, it is assumed that the complete retrieval order of all containers is known in advance. However, in practice, 

this assumption is often unrealistic, which has motivated studies on the online CRP, where only the retrieval orders of the next 𝐻
containers are known, and one additional retrieval order is revealed after each retrieval (Zehendner et al., 2017). To evaluate our 
DRL approach in such an online setting, we set 𝐻 ∈ {1, 5, 10, 20} and tested it on the Lee and Lee (2010) benchmark. For comparison, 
we considered the leveling heuristic proposed by Zehendner et al. (2017), the Lin heuristic adapted to the online setting, and the Lin 
heuristic in the standard CRP (full information).

When applying Lin to the online setting, the retrieval order of all unknown containers was set to 𝐻 + 1, assuming that the 
known order is re-indexed from 1 at each retrieval. In the online setting, Lin may encounter unintended ties during decision making. 
To address this, we incorporated an additional tie-breaking rule that selects the stack with the shortest travel time. For the DRL 
approach, the retrieval order of unknown containers was represented by a learnable single parameter that can be optimized during 
training. All the online results of the DRL approach were obtained using the model trained under the 𝐻 = 20 setting, demonstrating 
its generalization capability across different lookahead horizons.

The leveling heuristic relocates blocking containers to the stack with the lowest height in order to equalize stack heights. It was 
originally designed for the single-bay case; to extend it to the multi-bay problem, we restricted relocations to stacks within the same 
bay whenever possible, as bay movements are considerably longer than row movements, and broke ties by selecting the stack with 
the shortest travel time. Notably, without restricting relocations to the same bay, the gap increases to almost four times its original 
value.

Table 6 reports the performance of our DRL approach in the online setting relative to each baseline. Note that the leveling 
heuristic operates independently of the lookahead horizon 𝐻 , and the results of Lin and Ours under the full-information setting are 
duplicated from Table 1 for reference. For each 𝐻 , our method outperforms both the leveling heuristic and Lin across all tested scales. 
Compared with the leveling heuristic, the performance gap is more pronounced for smaller-scale instances, whereas compared with 
Lin, the largest gap is observed for larger-scale instances. Notably, even when compared with Lin in the full-information CRP, our 
DRL approach achieves superior performance in the online setting, particularly for large-scale problems.

Fig. 9 visualizes the results reported in Table 6. It can be observed that our DRL approach consistently outperforms the leveling 
heuristic across all problem scales in the online setting. When compared with Lin under the full-information setting, Lin performs 
better on smaller-scale instances; however, our approach achieves superior performance on larger-scale instances even under the 
online setting. As expected, the performance of our method improves with increasing lookahead horizon 𝐻 . Moreover, as the problem 
scale grows (i.e., the number of containers increases), the performance differences across different 𝐻 values become less pronounced. 
Although the performance is inferior to that under the full-information setting, these results demonstrate the capability of our DRL 
approach to learn effective decision-making rules based solely on container configurations, even when the retrieval order information 
is incomplete.
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Table 6 
Performance comparison in the online setting for the benchmark proposed by Lee and Lee (2010).
 Problem  Online (𝐻=1)  Online (𝐻=5)  Online (𝐻=10)  Online (𝐻=20)  Full information

 Leveling  Lin  Ours  Lin  Ours  Lin  Ours  Lin  Ours  Lin  Ours
 R011606_0070  31.1  31.7  26.8  25.0  18.8  17.7  13.8  13.2  10.2  9.5  7.7
 R021606_0140  21.0  35.2  16.5  31.8  15.4  28.4  14.4  25.8  12.1  20.0  7.1
 R041606_0280  18.2  35.2  14.3  34.9  13.9  32.5  12.9  29.8  11.5  22.5  5.3
 R061606_0430  18.8  37.1  16.8  36.0  15.1  35.3  15.3  33.6  14.1  25.4  5.9
 R081606_0570  17.5  37.3  15.0  35.8  14.4  35.6  14.3  33.6  13.2  23.5  5.8
 R101606_0720  16.5  36.4  15.8  36.3  16.0  34.6  16.1  33.2  15.2  21.6  5.9
 R011608_0090  38.5  39.9  33.3  30.8  28.9  24.5  22.1  17.4  15.7  11.4  10.2
 R021608_0190  34.0  46.1  29.3  43.0  27.8  36.6  23.4  32.1  19.1  26.0  9.4
 R041608_0380  31.6  47.3  27.5  44.1  25.2  43.2  24.2  38.6  22.0  32.0  10.0
 R061608_0570  28.4  47.2  26.1  45.1  26.6  44.1  25.5  39.9  24.0  32.2  10.2

Values represent the percentage gap from the lower bound. “Full information" indicates complete knowledge of future 
retrieval orders. Bold values indicate the best performance among the methods under the same lookahead horizon 
(𝐻), as well as the leveling heuristic.

Fig. 9. Performance comparison under online and full-information settings on the benchmark proposed by Lee and Lee (2010).

Although the computation times are not explicitly reported in Table 6, they are equivalent to those in Table 1, as the same 
network architecture was used for all experiments. These results collectively highlight one of the key advantages of the proposed 
DRL framework–its ability to make rapid, high-quality decisions in dynamic and uncertain environments. Once trained, the model 
infers actions within milliseconds, enabling real-time decision making without the need for re-optimization. From this perspective, the 
online experiments demonstrate how this decision-making capability, coupled with fast inference, provides a practical and scalable 
solution for real-world container retrieval operations.

5.2.6.  Q6. Behavioral analysis of the DRL agent
In this section, we provide a detailed analysis of the behavior of the trained DRL agent. When relocating a blocking container, 

it is generally considered a rational decision to place it onto a stack composed exclusively of containers with retrieval orders larger 
than that of the blocking container itself. Such stacks are referred to as well-located, as this relocation does not cause any further 
blocking. Expert-designed heuristics often adopt this decision rule aggressively; in particular, Lin applies a strict rule that, whenever 
a well-located stack is available, the blocking container must be relocated there.

However, our analysis shows that only 80% of the actions taken by the DRL agent are well-located. This indicates that always 
selecting a well-located stack, even when available, does not necessarily yield the best overall outcome. Moreover, since bay travel 
requires significantly more time than row travel, bay changes are generally chosen more conservatively. Consistent with this intuition, 
we observe that among relocations involving a bay change, the proportion of well-located decisions is higher, at 95%.

To obtain a more granular view of the agent’s decision process, we analyze three representative decision scenarios and examine 
how the agent prioritizes candidate stacks. Fig. 10 illustrates one example for each scenario. In every subfigure, the left panel is 
a table that lists the bay-row coordinates of the target stack and a subset of relocation candidates selected for their characteristic 
features. For each candidate, we report its bay-row location, its action rank within the feasible action space, the selection probability 
output by the policy, and whether it is well-located. The right panel provides a schematic of the yard highlighting the target stack 
and the selected candidates.
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Fig. 10. Three representative decision scenarios illustrating the DRL agent’s stack selection behavior.

The first scenario, illustrated in Fig. 10(a), shows the agent relocating a blocking container to a different bay in order to achieve 
a well-located placement. In this case, there was no stack within the same bay (bay 2) that could provide a well-located placement 
for the blocking container 292. Consequently, the highest-probability choice was a well-located stack in bay 4, despite the need for a 
bay change. The second-ranked choice was a stack in row 6 of the same bay. Notably, despite not enabling a well-located relocation, 
the second-ranked stack had a selection probability comparable to that of the top-ranked stack, reflecting the agent’s conservative 
tendency to avoid bay changes.

The second-ranked stack also had the largest minimum priority order among all candidate stacks in bay 2. Compared to the fourth-
ranked candidate in row 3, the second-ranked stack had a minimum priority order of 67 vs. 28, meaning that relocating container 
292 there would delay the point at which it must be moved again to retrieve container 67 or 28. This explains the large difference 
in their selection probabilities. The third-ranked stack is omitted from the discussion, as it shares the same characteristics as the 
second-ranked one.

Additionally, there was an empty stack in bay 1, which, like the top-ranked stack, could have provided a well-located placement. 
However, its selection probability was considerably lower. This is because the empty stack in bay 1 had a higher likelihood of being 
used to well-locate other containers in future moves. Given the availability of a better well-located option (the 1st-ranked stack), 
the empty stack was entirely excluded from consideration, despite being in a closer bay. These decision patterns are similar to the 
deterministic logic used in traditional expert-designed heuristics.

The second scenario, shown in Fig. 10(b), represents a case where no stack was available to well-locate container 650. The highest-
ranked candidate was the stack in bay 9, row 7, which required a bay change yet still received the highest selection probability. 
Compared to the second-ranked stack in bay 10, row 13, the highest-ranked stack contained containers 663 and 644, whose retrieval 
times would be very close to that of container 650. This likely explains why it was considered a favorable action despite the cost of 
a bay move. Within the same bay (bay 10), the selection pattern followed the same reasoning as in Scenario 1: stacks with a larger 
minimum priority order received higher selection probabilities. For instance, the second-ranked stack had a selection probability of 
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17.36%, whereas the seventh-ranked stack’s probability was only 0.02%, due to a large gap in their minimum priority orders (156 vs. 
44). Stacks ranked 3rd to 6th are omitted from the analysis, as their characteristics were similar to those of the 2nd-ranked stack.

The last case, shown in Fig. 10(c), involves relocating container 224 to a stack in bay 4, even though there was a stack within 
the same bay (bay 5) where relocating 224 would have resulted in a well-located relocation. While the 2nd-ranked stack could 
have yielded a well-located relocation, placing container 224 there would eliminate the opportunity to subsequently well-locate 
containers 225–446 in that stack. Hence, the agent appeared to judge that relocating to a stack containing only container 192–which 
had a retrieval order close to that of 224–was also valuable despite the bay movement. For other stacks in bay 5 where a well-
located relocation was not possible, stacks with a larger minimum priority order again received higher selection probabilities. Bay 
5 also contained an empty stack that could have yielded a well-located relocation; however, similar to the analysis in Scenario 1, it 
was relatively disfavored due to its higher likelihood of accommodating other containers in a well-located manner compared to the 
2nd-ranked stack.

In summary, the DRL agent demonstrates a clear understanding of the importance of stacks that allow for well-located relocations 
and those with a large minimum priority order, and it makes decisions accordingly. Furthermore, when multiple well-located reloca-
tion options exist, the agent accurately assesses how much each option would limit future opportunities for well-located relocations. 
It also considers the cost of bay changes, often favoring options that minimize unnecessary inter-bay movements unless a significant 
future benefit is expected. These types of knowledge are all exploited in expert-designed heuristics, where they are applied through 
deterministic logic. However, the DRL agent leverages these principles while accounting for complex, intertwined conditions, enabling 
it to select actions that ultimately yield higher-quality solutions.

6.  Conclusion

We presented a novel DRL approach to the CRP that combines a size-agnostic network architecture with a scale-diverse learning 
framework. The resulting policy generalizes across heterogeneous yard layouts and scales, including those unseen during training, 
substantially outperforming all existing baselines on established benchmarks while producing solutions within a second for realistic 
instances. Behaviorally, the learned policy internalizes principles used by human-designed heuristics yet adapts them flexibly by 
weighing future opportunity costs and travel-time asymmetries, which contributes to superior solution quality. Moreover, the pro-
posed method demonstrates strong robustness and adaptability in dynamic and online environments, and, when combined with its 
rapid decision-making capability, proves highly practical for real-world deployment. Its consistent performance under time-critical 
and continuously changing yard conditions further highlights its potential for real-time control and decision support in automated 
container terminals.

A key future extension involves operating multiple cranes within a yard block composed of multiple bays. Efficiency considerations 
in large blocks can motivate the use of multiple cranes, which inherently introduces physical interference among cranes. Conceptually 
related to this challenge is the multi-crane scheduling problem (MCSP), where a predefined set of transportation tasks must be 
assigned and sequenced across cranes while obtaining a non-interfering schedule (Shin and Kim, 2025). An integrated perspective 
combining CRP with MCSP would simultaneously optimize both relocation destinations and crane schedules, naturally leading to a 
bi-level optimization framework, where the upper level defines CRP-related decisions and the lower level represents non-interference 
MCSP coordination. Extending our DRL approach to such a unified setting represents a practically significant research direction with 
considerable operational value for multi-crane yard blocks.

In addition, the proposed methodology can be extended to more general retrieval-order structures. Rather than assuming a fully 
ordered retrieval sequence, future work may consider arbitrary precedence relations derived from vessel stowage plans. Accounting 
for the arrival of new containers would further broaden applicability, enabling the joint treatment of retrieval, relocation, and storage 
decisions. Moreover, different online-revelation patterns for retrieval orders present a rich spectrum of dynamic settings that align 
well with the adaptive and real-time nature of the proposed learning framework.
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Appendix A.  Comprehensive results by instance

For completeness, this appendix provides the total crane working time lower bound values derived from Theorem 2, along with 
the corresponding results obtained by the proposed DRL approach, for every individual instance used in this study. The results for 
the Lee and Lee (2010) benchmark are presented in Table A.7, while the results for the extremely large-scale benchmark generated 
in this study are reported in Table A.8. 
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Table A.7 
Lower bounds and our DRL results on crane working time for the Lee and Lee (2010)’s benchmark.
 Problem  LB  Ours  Problem  LB  Ours  Problem  LB  Ours
 R011606_0070_001  4520.4  4807.2  R101606_0720_001  83976.4  88874.2  U011606_0070_001  5239.2  5401.2
 R011606_0070_002  4544.4  4909.2  R101606_0720_002  82196.0  86938.6  U011606_0070_002  5182.8  5530.8
 R011606_0070_003  4599.6  4872.0  R101606_0720_003  82932.9  87841.3  U021606_0140_001  13449.0  14151.0
 R011606_0070_004  4714.8  5184.0  R101606_0720_004  83099.2  87990.8  U021606_0140_002  13620.3  14264.7
 R011606_0070_005  4558.8  4940.4  R101606_0720_005  82410.5  87415.7  U041606_0280_001  30541.8  31601.4
 R021606_0140_001  12373.5  13067.1  R011608_0090_001  6146.4  6835.2  U041606_0280_002  30470.2  31641.4
 R021606_0140_002  11612.7  12594.3  R011608_0090_002  6094.8  6796.8  U061606_0430_001  49200.8  51058.8
 R021606_0140_003  12305.4  13151.4  R011608_0090_003  6386.4  7060.8  U061606_0430_002  49392.4  51565.0
 R021606_0140_004  12949.8  13939.8  R011608_0090_004  6234.0  6709.2  U081606_0570_001  68488.9  70868.5
 R021606_0140_005  12068.4  12913.2  R011608_0090_005  6180.0  6814.8  U081606_0570_002  66918.6  68598.2
 R041606_0280_001  29393.2  31252.0  R021608_0190_001  17308.2  19479.0  U101606_0720_001  88442.3  92520.9
 R041606_0280_002  28005.7  29469.1  R021608_0190_002  17039.7  18581.7  U101606_0720_002  89142.2  92991.0
 R041606_0280_003  28164.8  29502.8  R021608_0190_003  17779.8  19549.8  U011608_0090_001  6931.2  7580.4
 R041606_0280_004  28063.6  29638.0  R021608_0190_004  17115.3  18411.3  U011608_0090_002  7027.2  7884.0
 R041606_0280_005  28696.6  30020.2  R021608_0190_005  17554.8  18944.4  U021608_0190_001  18648.3  19892.7
 R061606_0430_001  46704.5  49427.3  R041608_0380_001  39623.0  43565.0  U021608_0190_002  18241.5  20024.7
 R061606_0430_002  45977.8  48741.4  R041608_0380_002  39272.6  43713.8  U041608_0380_001  43109.9  45728.3
 R061606_0430_003  45840.0  48545.2  R041608_0380_003  38556.6  42304.2  U041608_0380_002  42509.7  44618.1
 R061606_0430_004  45533.4  47965.0  R041608_0380_004  39542.9  43138.7  U061608_0570_001  66255.8  71530.6
 R061606_0430_005  46105.3  49053.1  R041608_0380_005  39399.0  43336.2  U061608_0570_002  66732.8  71110.8
 R081606_0570_001  63535.5  66863.9  R061608_0570_001  62023.6  68784.2
 R081606_0570_002  63783.9  67141.5  R061608_0570_002  62080.0  68978.6
 R081606_0570_003  64565.3  69125.9  R061608_0570_003  62551.8  68339.8
 R081606_0570_004  63768.9  67910.7  R061608_0570_004  62960.8  69155.2
 R081606_0570_005  64902.9  68192.9  R061608_0570_005  63951.0  70186.4

Transportation Research Part C 183 (2026) 105496 

21 



W.-J. Shin et al.

Table A.8 
Lower bounds and our DRL results on crane working time for the extremely large-scale benchmark.
 Problem  LB  Ours  Problem  LB  Ours  Problem  LB  Ours
 R201606_1440_001  185654.7  201141.1  R301608_2880_001  412618.3  497210.1  U201608_1920_001  266991.6  293230.6
 R201606_1440_002  185017.4  199287.2  R301608_2880_002  412466.5  502117.0  U201608_1920_002  265067.1  289895.9
 R201606_1440_003  184467.5  201070.1  R301608_2880_003  413674.7  502627.5  U201608_1920_003  265811.9  290388.5
 R201606_1440_004  186344.6  200553.8  R301608_2880_004  410666.0  503958.8  U201608_1920_004  265728.0  294706.4
 R201606_1440_005  186561.5  203384.8  R301608_2880_005  412071.9  499865.1  U201608_1920_005  264772.7  292591.4
 R201606_1440_006  184526.2  198026.2  R301608_2880_006  411946.9  499226.9  U201608_1920_006  265889.6  289885.4
 R201606_1440_007  185334.0  198757.6  R301608_2880_007  412898.6  496905.9  U201608_1920_007  264972.8  291671.2
 R201606_1440_008  185210.1  201308.9  R301608_2880_008  410088.6  493372.1  U201608_1920_008  267162.3  294065.9
 R201606_1440_009  184670.8  204576.2  R301608_2880_009  412112.4  501641.0  U201608_1920_009  267328.1  291699.9
 R201606_1440_010  184788.0  198762.0  R301608_2880_010  413041.2  499005.4  U201608_1920_010  266219.2  291002.8
 R201606_1440_011  185435.9  200369.9  R301608_2880_011  413977.5  499603.5  U201608_1920_011  266528.1  294988.5
 R201606_1440_012  184427.2  199992.0  R301608_2880_012  410509.9  496623.7  U201608_1920_012  266693.3  299857.1
 R201606_1440_013  185828.0  201455.0  R301608_2880_013  412386.9  497928.9  U201608_1920_013  266394.4  294127.6
 R201606_1440_014  185457.3  200694.7  R301608_2880_014  410592.2  495009.8  U201608_1920_014  266188.7  294678.9
 R201606_1440_015  184913.6  198982.4  R301608_2880_015  412599.9  502827.9  U201608_1920_015  266396.4  294450.8
 R201606_1440_016  184844.7  200348.5  R301608_2880_016  414346.7  498359.3  U201608_1920_016  267346.2  295441.6
 R201606_1440_017  182950.3  198843.7  R301608_2880_017  415515.1  500920.2  U201608_1920_017  266175.2  294439.6
 R201606_1440_018  184145.3  197895.7  R301608_2880_018  412191.0  501014.1  U201608_1920_018  266326.1  292784.7
 R201606_1440_019  185001.8  199251.2  R301608_2880_019  416190.0  507566.6  U201608_1920_019  264807.0  293353.0
 R201606_1440_020  184487.1  199223.1  R301608_2880_020  416085.6  504054.0  U201608_1920_020  266590.9  292046.3
 R301606_2160_001  303756.6  348499.2  U201606_1440_001  196601.6  210028.0  U301608_2880_001  435124.5  545376.1
 R301606_2160_002  302575.9  344546.1  U201606_1440_002  198429.9  212167.3  U301608_2880_002  432316.6  515982.6
 R301606_2160_003  304327.0  347307.2  U201606_1440_003  198878.7  210525.7  U301608_2880_003  434504.3  529878.9
 R301606_2160_004  304172.2  344212.1  U201606_1440_004  198509.8  213603.4  U301608_2880_004  437012.7  544157.8
 R301606_2160_005  304376.6  345883.3  U201606_1440_005  196719.0  209154.8  U301608_2880_005  435125.7  548411.6
 R301606_2160_006  306153.6  350379.8  U201606_1440_006  196565.0  207543.2  U301608_2880_006  433713.7  534753.9
 R301606_2160_007  306865.6  352627.8  U201606_1440_007  198668.2  212780.4  U301608_2880_007  435819.8  543598.1
 R301606_2160_008  308330.9  348655.8  U201606_1440_008  197122.8  211115.2  U301608_2880_008  433442.9  535520.3
 R301606_2160_009  303859.2  346141.6  U201606_1440_009  195770.8  210842.0  U301608_2880_009  435966.9  536529.9
 R301606_2160_010  303545.6  345627.1  U201606_1440_010  198424.2  210750.0  U301608_2880_010  435100.3  540152.3
 R301606_2160_011  302977.5  344565.3  U201606_1440_011  196984.0  210023.0  U301608_2880_011  435850.1  550684.9
 R301606_2160_012  305787.9  348127.9  U201606_1440_012  198376.9  213467.3  U301608_2880_012  436730.8  549350.9
 R301606_2160_013  303441.5  341426.1  U201606_1440_013  198410.6  213485.0  U301608_2880_013  436365.5  537656.6
 R301606_2160_014  304242.9  348073.9  U201606_1440_014  198003.1  212327.5  U301608_2880_014  435833.8  552884.2
 R301606_2160_015  305081.8  346795.6  U201606_1440_015  196592.2  209000.8  U301608_2880_015  433882.3  533617.3
 R301606_2160_016  301912.8  343771.4  U201606_1440_016  197923.3  210096.9  U301608_2880_016  435474.3  544949.3
 R301606_2160_017  306002.5  344402.9  U201606_1440_017  196671.1  209720.7  U301608_2880_017  436338.1  539444.1
 R301606_2160_018  303727.0  348970.0  U201606_1440_018  197184.5  209553.3  U301608_2880_018  436054.6  542565.0
 R301606_2160_019  304532.7  350078.7  U201606_1440_019  196441.6  211199.6  U301608_2880_019  433420.7  538233.9
 R301606_2160_020  305639.6  345422.6  U201606_1440_020  196655.7  209642.1  U301608_2880_020  436492.1  553282.3
 R201608_1920_001  252268.6  283004.8  U301606_2160_001  321510.6  370771.0
 R201608_1920_002  252728.9  284748.5  U301606_2160_002  323066.5  377384.5
 R201608_1920_003  250471.5  281013.5  U301606_2160_003  321963.6  369534.8
 R201608_1920_004  250255.2  281041.6  U301606_2160_004  321455.6  365493.6
 R201608_1920_005  252902.1  282638.5  U301606_2160_005  323929.1  371224.7
 R201608_1920_006  250628.7  279820.7  U301606_2160_006  322327.2  373090.8
 R201608_1920_007  251625.6  282530.6  U301606_2160_007  322978.4  364708.6
 R201608_1920_008  251145.5  282870.5  U301606_2160_008  322882.5  369928.2
 R201608_1920_009  251911.7  281140.1  U301606_2160_009  321077.3  379242.7
 R201608_1920_010  251710.9  280583.4  U301606_2160_010  322791.8  366297.2
 R201608_1920_011  250342.0  282164.5  U301606_2160_011  320925.4  368454.2
 R201608_1920_012  251499.6  284872.2  U301606_2160_012  323233.5  365738.5
 R201608_1920_013  251687.5  280572.5  U301606_2160_013  324866.4  369999.6
 R201608_1920_014  252718.8  288659.2  U301606_2160_014  322807.5  371046.7
 R201608_1920_015  249737.4  277281.6  U301606_2160_015  323714.7  380648.9
 R201608_1920_016  253647.1  286444.7  U301606_2160_016  324061.8  378249.4
 R201608_1920_017  252918.3  283668.3  U301606_2160_017  321524.1  367252.1
 R201608_1920_018  253161.6  284912.8  U301606_2160_018  318680.0  367026.0
 R201608_1920_019  252697.2  283099.6  U301606_2160_019  321757.3  370053.1
 R201608_1920_020  250768.9  283439.7  U301606_2160_020  323741.0  368363.6
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