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Abstract

Federated learning (FL) has been widely studied to enable privacy-preserving machine learning
(ML) model training. Most existing FL. frameworks focus on unimodal data, where clients train
on the same type of data, such as images or time series. However, many real-world applications
naturally involve multimodal data from diverse sources. While multimodal FL has recently been
proposed, it still faces challenges in managing data heterogeneity across diverse clients. This
paper proposes a novel multimodal meta-FL framework termed mmFL that orchestrates multimodal
learning and personalized learning. Our approach can enable the federated training of local ML
models across data modality clusters while addressing the data heterogeneity across clients based
on a meta-learning-based solution. Extensive simulation results show that our approach brings
a significant improvement in the training performance (up to 7.18% in accuracy) compared with
state-of-the-art algorithms.

1. Introduction

Federated learning (FL) has recently attracted significant attention for enabling privacy-aware ma-
chine learning by training models across distributed clients without sharing their data [9]. Traditional
FL frameworks mostly consider unimodal data settings, where all clients train their machine learning
(ML) models on the same type of data, e.g., image or time-series data. However, in real-world
applications such as human activity monitoring and emotion recognition, systems often rely on
multiple data modalities for a holistic understanding and reasoning. For example, in human activity
recognition, a camera captures spatial features like body posture and movements, while wearable
sensors record temporal features such as motion speed and acceleration. These complementary data
sources enhance model training accuracy and robustness. Moreover, in multimodal FL systems, data
across clients within each modality cluster is often non-independent and non-identically distributed
(non-1ID), creating new challenges for effective model training [3, 5, 10].

Multimodal learning and heterogeneous FL have been extensively studied in the literature. The
first line of research focuses on multimodal learning, where data from different types are integrated
into a dedicated server for ML model training [6, 12]. However, these works require centralized
data collection and training, which raises data privacy concerns. The second line of research is
heterogeneous FL with a focus on unimodal learning settings on a single data domain [11, 16].
To deal with data heterogeneity, personalization techniques have been proposed by allowing more
diverse clients in FL and providing a performance-based impact on the global model [7, 8, 15].

Despite such research efforts, a joint approach of multimodal learning and model personalization
has been largely under-explored. To fill this research gap, this paper proposes a novel multimodal
meta-FL framework termed mmFL that orchestrates multimodal learning and personalized learning
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aimed at significantly improving the training performance of FL across heterogeneous clients.
Extensive simulations performed on real-world datasets demonstrate that the proposed mmFL method
improves training performance and overall accuracy up to 7.18% compared to existing methods.

2. Proposed MmFL Method

Fig. 1 illustrates our system’s overall architecture, where there is a single server connected to a set of
clients from different data modalities denoted as the set M. It is assumed that each data modality
m € M has a set of clients N"*. The raw data collected by the sources is denoted by D™ n i, for data
modality m and client n. Every global communication round is denoted as k € K where every client
creates a local model from the local data and sends their local encoder model’s weight to the decoder.
The weights are denoted as 0?,: where ¢ € T is the local model iterations and ¢t = 1,2,...,T. For
our meta-learning approach, we consider total j available learning rates denoted by n; where i € j,
and local temporal round denoted by tiemp € Tiemp and temp = 1,2, ..., Tiemp. The decoder receives
the encoder models and proceeds with the decoder model for each data modality m and then does
federated averaging afterward. As a result, for M types of datasets, the server has M decoder models
and does M federated averaging. We can separate our system model into multiple steps as follows.
Step 1: For each global round k, the
client n at data modality cluster m receives = owvesins

Encoder Model 1

non-IID local dataset D}, for local model = ; - Tew™ me TR e
CO_ 8 I
raining, and the global model’s weight 0 ok D_% %4%
We denote the initial local model’s Weight el
as the global model before the local rounds, gy
m0 _ gm Frertorphareill I ey SN o X
therefore, On’ = 0ch- p lhm - N

Step 2: For meta-learning, in every
data modality m, every client n creates a
small testing dataset from D;*; denoted as
dp'y C Dy'y and duplicate the local models

as temporary local models en,tqnp B 0"7’“ Fig. 1: The proposed mmFL framework with M modals where

Step 3: We denote the optimal learn- every client trains their encoder model and then calculates their
ing rate as ", for data modality m, and  best learning rates through meta-learning. Clients train the encoder
client n, and for calculation, we apply avail- model on the local client and the decoder model on the server and

able learning rates 7; where i € j on d;"; perform FL.
The updated local model is calculated as
follows.
Oy = Ortiemy = mVE (0, ey di'y)- )

Step 4: After Tiemp rounds, we calculate the objective function (loss value) for learning rates as:

. m,t m t
min F(an te[renn;)p : Z fn n te[rer?;)p (2)
OcIR?

where IR denotes the d-dimensional real space in which the model parameters 6 reside local loss
function, N is the total number of clients participating in FL.
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Step 5: Here, f; : IR? € IR denotes the predicted loss value over the client’s data distribution:

7ttem 4 7ttem
Oy ) = B, | £h(0r e i) | 3)

Here, X", are non-IID data sample from ", .
Step 6: We select the 7); as «";. for modality m and client n that produce the minimum f;",
value. So, we can explain it as:

' = argmin(fﬁ?k (ni))- (G
1€

Step 7: We use o)’). to do the encoder model training in k" global round for m"* modality data

n™~t" client, which can be expressed via model updating as

07 =0 — Al V(0. )

Step 8: Then we send the encoder model’s parameter from the client to the server for decoder
model training using the same « and it is expressed as:

ot = 0;:;’5 - amkVF(B;%t). (6)

Step 9: After all the local rounds 7', the server receives all completed models for every client n
for aggregation. We also calculate the global round k*” loss and accuracy value from the weight 0k
on the test data D"

n,test*
1 (O) 1= 1B, [ 17Ok Ditest)| - )

Step 10: Once the server collects all the weights, it calculates the federated averaging separately
for the modalities for the next global round & + 1 as:

1
Ogiir =3 D_ Ok ®)
neN

Finally, the updated global model ", . ; is distributed across all N in M for the K + 1 global
round. After K global rounds, we finally get the optimal global model ;™.

Our proposed mmFL method enables clients with good datasets and better performance to use a
different learning rate than those with poor performance and datasets. As a result, the global model
is impacted separately for every client and the global model can have more accurate updates by
using the personalized factor for enhancing decoder model training. The convergence analysis of the
meta-learning-based FL within a data modaltiy cluster is given in the below appendix.

3. Experiments
3.1. Dataset and Data Processing

We use two datasets in this research: HAR (human activity recognition) [1] and CMU-MOSEI
(Carnegie Mellon University Multimodal Opinion Sentiment and Emotion Intensity) [14].

HAR is a popular multimodal dataset that identifies human activities from smartphone sensor
data consisting of accelerometers and gyroscopes. The activities include time series features for
walking, walking upstairs, walking downstairs, sitting, standing, and laying. Accelerometer data
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captures linear acceleration along three axes (X, Y, and Z), allowing for the recognition of activities
such as walking or running. Meanwhile, gyroscope data records angular velocity along the same
axes, detecting rotational movements and changes in orientation, such as tilting or twisting, which
can help identify activities like walking upstairs or sitting down. These sensors provide two types of
data for effectively categorizing various human activities.

CMU-MOSEI dataset is a multimodal dataset for sentiment and emotion analysis with over
23,000 utterances from over 1,000 speakers from various YouTube videos. The emotions include
happiness, sadness, anger, fear, disgust, and surprise with three perspectives: text (speech transcripts),
audio (speech), and video (facial expressions and gestures). Text data is collected from the video’s
speech that helps in assessing words represent emotions. The audio data is made up of speech
recordings, and prosodic elements such as tone, pitch, rhythm, and speech patterns are used to
identify emotions.

3.2. Simulation Results

First, we compare FL results with the standalone method to show the effectiveness of collaborating
learning over individual learning in Fig 2. From the figure, we can see that FL with 3 non-1ID clients
performs significantly better than running a model in one user in all the datasets.
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Fig. 2: Comparison between standalone learning (1 client) and FL (3 non-IID clients) in each data modality group.

Therefore, we proceed with our simulations for the collaborative approaches, particularly with
FL and meta-FL. For calculating the performance, there are various loss functions available that
directly affect the learning performance. In Table 1, we compare FL results on different datasets with
different loss values: Cross-entropy loss, MSE loss, and BCE loss. From the table, we can see that
the cross-entropy loss is more consistent than the other loss functions in handling both HAR and
CMU-MOSEI data. Therefore, we will consider using cross-entropy loss for comparison.

Features CrossEntropy Loss MSE Loss BCE Loss
Loss Accuracy Loss Accuracy Loss Accuracy

Multimodal FL Accelerometer 0.0672 87.93% 0.0196 95.73% 0.2885 75.13%
% | Multimodal FL Gyroscope 0.2142 | 80.12% | 0.0891 75.28% | 0.3101 68.99%
= | MmFL Accelerometer 0.1690 | 92.68% 0.0121 98.10% 0.1238 87.66%

MmFL Gyroscope 0.1602 | 92.49% | 0.0808 | 76.45% | 0.0829 | 89.82%
5 | Multimodal FL Text 0.0284 | 97.02% | 0.0269 | 95.37% | 0.2099 | 85.39%
é Multimodal FL Audio 0.2229 | 75.12% | 0.0991 70.13% | 0.1008 | 73.81%
§I MmFL Text 0.0112 | 99.04% | 0.0190 | 98.45% | 0.1987 | 89.10%
© | MmFL Audio 0.1877 | 87.51% | 0.0880 | 75.55% | 0.0772 | 87.82%

Table 1: Performance comparison (both loss and accuracy) between 3 different loss functions: CrossEntropy Loss, MSE

Loss, and BCE Loss in both HAR and MOSEI multimodal data.

Then we compare our results with different learning rates and meta-learning that uses optimal
learning rates using those learning rates in Fig. 3. The learning rates include 0.01, 0.001, and
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(a) HAR Accelerometer (b) HAR Gyroscope (©) CMU—MbSEI Audio (d) CMU-MOSEI Text
Fig. 3: Comparison between different learning rates 0.01, 0.001, and 0.0001 for the FL and meta-FL with optimal

learnin;i (fine-tuning different learning rates). . L .
0.0001 used in comparison and meta-learning. The figure shows that meta-learning is performing

significantly better than a fixed learning rate-based FL. Then we compare the unimodal meta-FL
with mmFL for different datasets in Fig. 4.
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(a) HAR Accelerometer (c) CMU-MOSEI Audio (d) CMU-MOSEI Text
Fig. 4: Comparison between unimodal meta-FL and mmFL in both HAR and CMU-MOSEI multimodal datasets.

From the graph, we can see that the accuracy of multimodal models is better than that of the
unimodal models in all modalities of both datasets. Finally, we compare our model with other state-
of-the-art methods in Fig. 5. For comparison, in the HAR model, we selected the multimodal LSTM
[12], unimodal FL [4], multimodal FL [13], unimodal meta-FL [11], and our approach (mmFL).
Similarly, for CMU-MOSEI, we also select multimodal LSTM [6], unimodal FL [2], multimodal
FL [17], unimodal meta-FL [16], and our approach (mmFL). From the graphs, we can see that our
method has outperformed all other approaches by around 7.18% across all datasets.
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Fig. 5: Comparison between our approach and other state-of-the-art approaches in both HAR and CMU-MOSEI
multimodal datasets.

4. Conclusion and Future Work

In this work, we proposed a novel meta-FL. method called mmFL on two types of multimodal
datasets, HAR and CMU-MOSEI. Then we compared different parameters in the multimodal to find
the optimal settings. Simulation results also show that mmFL has improved the training performance
than all other state-of-the-art methods by around 7.18%. However, for clients with large datasets, the
mmFL method can be computationally demanding. Future works will be dedicated to resource-aware
model training across data modalities, where split learning will be applied to resource-constrained
clients.
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5. Appendix

We here focus on conducting the analysis of theoretical convergence of the proposed meta-learning-
based FL in a certain modality cluster, which is applicable to all modality clusters. To facilitate our
theoretical convergence analysis, we summarize the key notations as follows.

* The set of global rounds: K

* The set of local SGD iterations: T

o The set of device: N

To support our convergence analysis, we introduce two virtual sequences as:

_ 1 1
GZ:NZ%’ «%ZZNZ@Z- ©)
nenN neN

Subsequently, each client updates its personalized model as
i = 2 — g, gt =V f(@}) + by + e (10)

where for zero-mean noise En; = 0 and bias by, g; is a gradient oracle and 7, is the sequence of step
sizes. If there is no bias, b, = 0, it becomes the SGD setting and for no noise, n; = 0, it becomes the
classic gradient descent algorithm.

It is easy to observe that,

At+1
0, = 0} — MV (0}, X}) + mBi — meNi, (11)
To facilitate the analysis, we use the following common assumptions:

Assumption 1 (L—smoothness). Each local loss function F,, (n € N') is L-smooth (L > 0), i.e.
L
Fo(6') = Fu(6) < (6" =6, VF(6) + 5 [|6" - 6]|,v6', 6 (12)

Assumption 2 ((M, 02)-bounded noise). There exists constant M, 0% >= 0 such that
E[|n(8,8)|]>< M||VF,(8) + b(8)||*+02,v8 € R (13)
Assumption 3 ((m, ()-bounded bias). There exists constants 0 < m < 1 and ¢*> > 0 such that
1b(0] < m||VF,(0)]|*+¢*, V6 € RY. (14)

Assumption 4 Finite parameter space: The parameter space © is finite, i.e, © = X}C, X%, Xz, e X
Also, X;f €0
There exist 0 < Ly < oo such that

IVE(8,x4) — VF (0, x)l2< Lallxi — xill2¥xk, Xi € ©,Vz € X (15)
Sampling variance is bounded by o2, such that

E[||V£(0%,&) — VF(0,, x})|[3xn] < 0% Vxi € © (16)
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Assumption 5 The variance of stochastic gradients on local model training at each client is
bounded: E||VF (0}, X% ) — VF (0}, )||*< o}

Lemma 1 Under Assumption 4, there exist a constant C1 > 0 such that for any § > 0, with
probability 1 — § we have

logDt + log%

a7
Dt

H]Eﬂva(Ok?XI;{) - Eﬂ'lv}?(ekvx;ct)H%S Cl
Vere X,Vt >0

Lemma 2 Let F be L-smooth, :Ul:'_l and x! as in 11 with Assumption 2 and 3. Then for any stepsize
n < m, it holds
n(m—1)

L
2 IVE(wh)|P+3¢? + L0 (18)

E¢[F(wy™) — F(w})|wh] < 2

when M = m = (? = c for any constant c, we recover the standard descent lemma.

Lemma 3 Under Assumption 4, there exists a constant Cy > 0 such that for any 6 > 0, with
probability at least 1 — § we have

, logDt + logt
IEVE(8,X") ~ Ex, VF(8,X )| 3< €1~ =5 Vo € X, ¥t > 0. (19)

Lemma 4 Under the assumption p = P, and series Zl21 Nle_l2 converges.

k)|X}>1 ),Vs € S,e,6 € (0,1) (20)
— —4,Vs €

\/ﬁ P ) P )
with probability at least 1 — € with respect to P}, and where

k= k(e,6,0(s) = inf |j > 1S, Nee " < e\/év(s)}

is independent of n and nonincreasing with the positive parameters €, §, andv(s).

v[B(s,

Lemma 5 Let Assumption 5 hold, the expected upper bound of the variance of the stochastic
gradient on local model training is given as
2
—t112 o
Ellgk — ailI°< % 1)

Lemma 6 The expected upper bound of the divergence of 027 i IS given as

1 _ 2
[N > E|6n -0 ] < 4 TB?, @)
neN

for some positive B.
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Lemma 7 The expected upper bound of E| \9?1 — 0*||?] is given as
B0} - 67|
gt g2y L gt ot |2 5t 112
<11 — pnr) |10y, — 07| N ZHak_on,kH +7*ZH —O[I"+ 23)

neN neN

1 _
5 mln(®17 ®2> 93) + 77]%”.92 - g]tc||2

Theorem 1 Under some Assumptions, for any 5 > 0, we have the probability at least 1 — 6, for any
T > 0, the following bound on the expected gradient of the final output under the true parameter X;f

(i) if the step size (n) satisfies N, = \/» Yk < K, for some constant a < ‘F then

E[|VF (2, x{)I13]

[2(F(91 ) —minge x F(O,x,¢ ))] +[Ar 4 Aalogk | A3log2lC] 4 Lpac®

S /KK K K K VK
C1 (logD—logs C1 (logD—logs

where A, = C1llegD~logd) ghD 090 A, = G th 99) | LhD,Ag D

(ii) if the step size (n) satisfies n, = 7, Vk < K, for some constant a < L%L’ then

E[||VF (2, xi)I13]

[Z(F(glyx;f)*minxexF(O,X;f)) +601+7r201(longlogé) +w2LhaU2] 1
a 6D 6 logKC

<

(iii) if the step size (n) satisfies N, = %,Vk < IC, for some constant a < L%ﬁ then

E[||VF (2, xj,)I13]

[2<F<01,x§:>—minzex F(O.x,))
av/K

3C1(logD—logd)+4C1
DVK

Lyac? Lpac?logk
v /<

= VK

_|_

Theorem 2 Given above Lemmas and Theorem 1, the convergence bound of our approach after K
global communication rounds is given as

BP0~ F' < 5 17 [15#2 + <M+1> E|6y — 6| } (24)

10
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6. Proofs of Convergence of Global Model Training
6.1. Proof of Lemma 2

By the quadratic upper bound in Assumption 1 and Assumption 2:
1 n*L 2 2
EF(0}) < F(6}) — m(VF(6}), Egr) + = (Ellg. — Egol*+El [Egi||®)

2
L
= F(8}) = mk(VE(8}), Vf(@h) + b+ 1) + L= (Elln|+EI [V £ () + b + el )

2
< F(0}) — mu(VF(6),), Vf(@}) + b +ne) + %((M + DE[V f(a}) + b+ ne|*+0%)

By the choice of stepsize, n < m, and Assumption 3:

2
L
EF(8;"") < F(8}) + 5 (=2(VF(6}), VF(@h) +bi + o) + [VF(@h) + by + il ) + L=

_ ¢ Mk )2 2 ﬂ 2
= F(0}) + 2 (—IVE(O, |7 +[]bs + me] ) + 5

2
L
= F(8}) + - (m — 1)||VF(8))] P+ 3¢ + =0

2
(25)

This concludes the proof.

6.2. Proof of Lemma 3

The Hellignger distance between 61 and 65

d(01,02) = ¢; /Y(\/f(y;Gl — V[ (y; 62))> (26)

There exists a constant A such that ||0; = 02||< Ad(01, 02), where ||.|| is the Euclidean norm. Let
B! = B(6°, \/ﬁ) be a ball centered at 6¢ with radius Thi under distance d. Since © is finite, we
can directly apply Lemma 4. So fort < T',¢,d € (0, 1) with probability at least 1 — % with respect
to P, we have

m(Byy) = 1 - ¢, 27)
where k(t) = inf [j > 1Y,.,00le < 2, ,/mo(ec)}.
Note that Zz‘z j e~ < ﬁe‘j 2, we can set k(t) to be the solution of next equation.
e —k(1)2 o 6(5
— 6l ®)° = —5zVem(#) (28)
we get k(t) = \/ logM. Now the bias in the gradient estimator can be bonded as
66(e—1)+/€,m0(6°)

follows.

11
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||E7Ttv1'F(07X) _EmvxF(eaX/)”%
) / (VaF(8,X) — VaF (0, ))m:(6)d0]2

< / (VaF(8,X)) — (VoF(8, X )3l (6)d6

< L¥|Ix — X ||3m:(0)do

/ , (29)
[ DX 1Br@6+ [ Lyl X |B(o)as
Bk(t) Bk(ﬂ
2,2 Kk(t)? 2 U2
< ALy m(0)d0 + Ly max||x — x |5 71 (0)d6
Dt Bltc(t) XE€O (Bltc(t))/
k(t)? /
< AQL%{Tt + LY ng”x — X |[3¢
Here, D is the data batch size. Note that € = - and k(t) = \/ log%ﬂ@, we have
e—1)y/mo(x
[Ex, V2 F (0, x) — EWthF(G,XI)H%
k(t)? ,
< A2L%{ﬁ + LY T)?ggHX —x 3¢
e|®|n2t2v/ Dt
< 24212 max]|y — x |I2 65(e—1)v/m0(X') (30)
- H9c6 2 Dt

logDt + logté
_0 < og + log >
Dt

Let E; denote the event that the above inequality holds, and £ denote that the above inequality does
not hold. Then

o 66
P(E) < .5 31)
Therefore,
P(NiZ, Ey)
=1—-P(UZ Ef)
>1-Y P(Ef))  (Unionbound)
P (32)
o~ 60
Z 1= Z 7T2t2
t=1
—1-90

12
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6.3. Proof of Lemma S
From Assumption 5, we have
2
Ellgh — ghIP=E| 5 3 (VF(O 0 xi) ~ VF(ELL) |
neN
(33)

2 02
= N2 %EH (VF(8,, s Xti) — VF(6),4)) H < Nig?
ne

6.4. Proof of Lemma 6

We know that in every global communication round, each client performs 7" rounds of local SGDs
where there always exits ¢’ < ¢ such that t — ¢ < T and sz = 92, Vn € N. By using the fact that
E||X — EX||>= ||X|]>~||[EX]|? and 8}, = E6" ,, we have:

1 | |2 o2
* 5 oo = et - - X - - @i
neN neN

1 _

<> E||6 -8,

21 =1 . o\ g2
N , <N > EH > (05— 6) H
neN neN t=t/

t—1
:%ZE (anVF (0! 1 X1 ) H

neN t=t/

1 t—t!
<% 38| (Savrenai)

neN t=1

(34)
where the last inequality holds since the learning rate nk is decreasing. Using the fact that
I8 2HP< U oL, 1|21 % t — ' < T and assume that 7}, < 2ny and [[VF (6}, ., X%, ,,)|*< B?
for positive constant B, we have

7ZIEH0,€—0 ‘ ngZ(E%ni(t—t’)
t=1

2
o)
neN eN

t—t'
<= Z ( 9 2TZB2> < — Z )’ TB? < 4n, TB2.

nGN nEN

| /\

6.5. Proof of Theorem 1
The local SGD update at client n is followed as:

01" = 61—V F (0L, i) +nk[En, VF (6], x4)—V F (6], X)) =me[V £ (8, €6)—Ex, VF (8, X1,
(36)

13
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where F'is a local loss function, 7 > 0 is the local learning rate, and  is a sample uniformly chosen
from the local dataset. Now if we will consider E,, VF (0%, x}) — VF(6%,x}!) as bias By and

V£(05,E) —Er VF(0%, xL) as noise Ny, the equation becomes:

1 ’
0, =0} — iV F (0}, x)!) + meBr — mi N,
By Lemma 3, we know
logDt + logis
E[l|B:][3] < CIT

By Assumption 4, we have
E[|Ne|[3] < o

By proof of Lemma 2, we know that

logDt + log% N nthaz

’ It ’ Nk
E[F (O, xi') — F(8, 1) < 2|V (0, x| B+ 20— !

and after multiplying by 2,

logDt + log%

2 2
Dt + nk.LhO'

2E[F (0}, xi¢) = F(0}, ;)] < —mikl [VF (6}, xi)|[3+mkCh
after rearranging,

logDt + log%

2 2
+niL
Dt kT

kel [VF (0}, i) I[5< —2E[F (6}, xi) — F(8},, ;)] + mkCa
noting that F(9%, X;f) < ming;,x F(6, X;f)

logDt + log% N

2 2
Dt Nelno

il VE (65, xi)|3<2(F (01, i) min (6, Xi) + mCh

summing over k from 1 to /C,

K K

> il [VF (8 xi)IB<2(F(61, ) — min F(6,x)) + Cr Y
k=1 k=1

K
+ Lypo? Z ne
k=1

logDt + log%
Dt

Dividing both sides by Z’,le Mies

K

1 1 / . '
s VLD B 2061, ) ~ min PO )+
>kt Mk, >t Tk wn

K

logDt + logt
Y
k=1 k=1
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(40)

(4D

(42)

(43)

(44)

(45)



. KC / !
noting that s=e— 370 Mkl [VF (0}, i)l l3= ElIVF (27, x{)|

SPECIFY RUNNING TITLE

2
2

2 k=
logDt + log%

’ 1 ’ . ’
B[V F(or, XDIBS e [2(F(01,x00) — min F(O,x9) + O Y me2—

=1"lk —
k=1 b k=1 (46)

+ Lpo? Z ne
k=1

VK

(i) if the step size (n) satisfies n, = —=, Vk < I, for some constant a < ST

(i)

K

Note that Z’kc:l 1 <logK + 1 and Z’kc:l lo,fk <log(logK + 1). Then

01 2 E[||[VF (2, x| ]

2(F (81, x}!) — mingex F(0,x}!)) N C1(logD — logd)(logKC + 1) L CilogK(logK + 1)

<

o avK L,DK L,DK
_ 2(F(0y, x}) — mingex F(0,x!)) N Ci(logD — logd) N Ci(logD — logd)logK
N aViC L,DK L,DK

Cilog’K n Lyac?
L,DK N
47

if the step size () satisfies 7, = 7, Vk < KC, for some constant a < L%l Let My = Zle %

Note that

K logk logk 72
Z < Z e ale E(12lnA —y—In2m) <1 (48)

where the Glaisher-Kinkelin constant A &~ 1.28 and the Euler-Mascheroni constant v = 0.58.

Then we have

O £ E[||VF (2. x;) 3]

2(F(01,x}) — mingex F(0, v} Oy & logDk + logt &L Lyac?
S((1><;€) EX(Xk))+lzg 295+Z hch
aMix My P Dk Py Myt
2(F (61, x)!) — mingex F(0,x})  6C1 +72Cy(logD — logd) + Zkeae®]
< +
- a 6D logK
(49)

15
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(iii) if the step size (n) satisfies n = ﬁ, Vk < IC, for some constant a < L—lh Let Q; = Zl,le ﬁ

Note that 3202 1 = ((1.5) = 2.61 < 3, 3372 198 < 4,571 | 7 > VK, where ((.) is

the Riemann’s zeta function. Then we have

O3 £ E[||VF (2. x;) 3]

2(F(61,x}!) — mingex F(0,x})) . Ci(logD — logd) o~ 1 C1 = logk
< > T Dos 2
aQx DQx — vk DQx = kvk
Lac? k 1
Qk =k
< [Q(F(Ol7 X;f) — mingex F(6, X;gt)) n 3C1(logD — logé) + 4C LhaUQ]
- avViK DVK VK
Lypac?logk
VK

(50)
6.6. Proof of Theorem 2

From the SGD update rule éfjl =

= ), — gl + ¥ and ||a+ b|[2< 2[|a||2+2][b]|? for two real valued
vectors a and b, we have

_t+1 * ~t = * ~t % -
105 — 0°|*= [0y — g + i, — 0°[1°< ||0), — mrgp. — 071 +[[V,|?

(51
(4)
We now focus on the bounding term (A) in 51. We have
165 — 1egh, — 671°= 110 — gk — 07 — g + ekl
= 11(6) — 0" — mgilI*+2m(0) — 0" — megh, gk — 9k + millgh — gkl (52)
= /(6% — 0" — mgi||” +illgk, — kI,

(B)

16
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where (6], — 6* — Mkgr, gy — 95) = 0. We now focus on bounding term (B). We have

—t N _ —t N _ 1 ~t N
(0, — 6" — mig||>= 1|6}, — 0 |\2+771%||gi||2—277kﬁ > (6, — 6%, VF(6),,))

neN
N * 1 1 2 *
<6, — 6 H2+772N Z HVF(GZ,k)HQ—QUkN Z (@), — 0, +6,,— 06" VF@,,)
neN neN (53)
_— " L " 1 —¢
<16, -0 \|2+2771%N Z (F(6;,)) — F*) - 20k Z (0, —6,,,, VF(6,,))
neN neN

1 *
— 20y ;wz,k — 0", VF (6, 1).

where in the first inequality we applied ||Y", cxr 2n[|?< N 3,,.c prl|2n]|?, and in the second inequality
we applied L-smoothness ||V F (6}, ;)||*< 2L(F (6}, ;) — F*). For the third term in 53, by using the
Cauchy—Schwarz inequality and arithmetic and geometric means (AM-GM) inequality: 2(a, b) <
1||al|?+¢]|b||? for e > 0, we have

_ _ 1 _
—%%—ﬂAMVFwawwzﬂwm—eLVFw;mw;ﬁﬂ%$—HM%mMVFwawW

(54
1 0 *
< %H‘%k - 02H2+277kL(F<0£L,k) —F).
(55
For the last term in 53, by using p-strong convexity, we have
* * /’L *
= (05 = 0", VE(0,,0)) < —(F(8,,4) = F*) = 51107, — "I, (56)

Therefore, 53 can be rewritten as

+ 2 L(F (6!, ) — F¥)
— 2t e (B (0 4) — F*) — pmi e Y en 4116% 4 — 672
< (10} — 07|42k (2 L — 1) % e (F(6L 1) — F) + % 3, cnr 105, — 61, 4112
— e Y nenl0h 5 — 072
= (1 — )]0 — O°|P+20 (2L — 1) & 3 (F (8L ) — F*) +
% ZnENHéz’ - Gz,kH27

where we used the fact: 4 ZneNHsz,k — 0*||= (|0, — 6*|]>. We assume 1), < £, it holds
meL < 1= 2m L —1< -1 Thus
At * —t 112 at w2, L nt t o2 11
[0 — 0" — g ||"< (1 — pme)|10), — 67| N Z 160% — 6 1l
neN neN

17
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—t % _ —t % 1 ’
1(6), — 6" — migi|P< (1 — i) 1|6}, — 0%+ Zl\t‘)k 0,,]1°— iE[HVF(ZK:,XIf)H%]
ne./\/

(©)
(58)
We can bound (C') using equation 47, 49, and 50

E[||VF (2x, xi')|3] = min(©1, Os, O3) (59)

where the first inequality results from the convexity of F,,(.), the second inequality is derived from
the AM-GM inequality, and the third inequality results from the smoothness of F,,(.). Therefore, 58
is further expressed as

* * nt
10} — 0" — mgh||* < (1 — pw) |16y, — 07>+ ZII%— Z,kll2+f*2|l0 —0,|1°+
neN neN

1
5 min(01, O3, O3)

(60)
By plugging 60 into 51 and taking expectation we obtain
EHat+1 G*HZ
_ 1 _ _
t %112 t 12
<@ = pe) 10k — 0717+ > 116y — 67kl to ZH -0l 6
neN nE/\f
1 . _
5 Min(O1, 02, 03) + 17 lg;. — Gill”
From Lemmas 5, 6, and 7, we have
1 px12 at _ ox12 1 2, "oy
E|6), " — 0"[]°< (1 — unk)E[0), — 07||*+4 1+77 wT'B” + =0 (62)
k
Let us define ;' = E||6), — 6*||2 and &, = 4 ("’;—f) TB? + 3%, from 62 we have
k
T T-1
SV < (10— )Y+ i P, (63)
t=1 t=0
By Vi = .1 Y, 63 is rewritten as
Yt < (1= ) Yyl + ni @, (64)
We define a diminishing stepsize n; = k‘f for some 6 > 4% and w > 0. By defining m =
max{%, (w+1)Yp}, we prove that Y;, < ;7%= by induction. Due to 46y > 1, from 64 we have
m m 1662 k+w—1 1662
Yoo, =11~ )
P < /~c+w> o el S e T ek
E4+w-—1 1662 40p—-1  k+w-—1 40 — 1
- D) — < — 65
S Thrwr T e T hrwE s Grer T htw)p? ©
k+w—40u < k+w—40u 1 1

< = <
(bt w)? m_(k'—l—w)2—(49,u)2m k+w+49um_k‘—|—w+1m
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We choose 6 = % and w = % , it follows that

m = max{

62®,, 029, 16D, L
1Y) < 1)Y, = Z+1)Y 6
40u—1’(‘“+ ) 0}—4eu—1+(°"+ )Yo 15u2+<u+ > o (66)

By using the L-smoothness of F'(.), we have

- L L m L 16Dy, L 9
E|[F(0;)| —F*< =Y, < — < — +1 | E||6y — 6" 67
P00 < 0 S < g L1+ (1) B 0] @
Finally, by applying 67 recursively, the convergence bound of our approach after K global communi-
cation rounds can be given as

. L 1605 (L oy
B0~ F < gy [ + (2 +1)Blo -0l

which completes the proof.
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