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Abstract

Recent advances in automated theorem proving leverages language models to ex-
plore expanded search spaces by step-by-step proof generation. However, such
approaches are usually based on short-sighted heuristics (e.g., log probability or
value function scores) that potentially lead to suboptimal or even distracting sub-
goals, preventing us from finding longer proofs. To address this challenge, we
propose POETRY (PrOvE Theorems RecursivelY), which proves theorems in a
recursive, level-by-level manner in the Isabelle theorem prover. Unlike previ-
ous step-by-step methods, POETRY searches for a verifiable sketch of the proof
at each level and focuses on solving the current level’s theorem or conjecture.
Detailed proofs of intermediate conjectures within the sketch are temporarily re-
placed by a placeholder tactic called sorry, deferring their proofs to subsequent
levels. This approach allows the theorem to be tackled incrementally by outlining
the overall theorem at the first level and then solving the intermediate conjectures
at deeper levels. Experiments are conducted on the miniF2F and PISA datasets
and significant performance gains are observed in our POETRY approach over
state-of-the-art methods. POETRY on miniF2F achieves an average proving suc-
cess rate improvement of 5.1%. Moreover, we observe a substantial increase in
the maximum proof length found by POETRY, from 10 to 26.2

1 Introduction

Neural theorem proving has made significant strides in recent years [Polu and Sutskever, 2020, Han
et al., 2022, Polu et al., 2022, Wang et al., 2023c, Jiang et al., 2022a, 2021, 2022b, Wang et al.,
2023b, Huang et al., 2024, Thakur et al., 2024, Liu et al., 2023, Xiong et al., 2023], particularly
with the integration of language models and search algorithms [Polu and Sutskever, 2020, Han et al.,
2022, Jiang et al., 2022a, Yang et al., 2023, Lample et al., 2022]. The combination of language
models, which excel at understanding and generating human-like text, and search algorithms, which
systematically explore potential solutions, has proven to be a powerful approach to discovering
proofs for intricate theorems [Polu and Sutskever, 2020, Lample et al., 2022, Jiang et al., 2022a].

As shown in Figure 1(a), search-based neural theorem proving methods begin with a theorem state-
ment to prove. A formal mathematic environment like Isabelle will first process the theorem state-
ment and provide the initial proof state. Starting with the initial proof state, the proving process
alternates between sampling new proof steps from the language model and obtaining new states
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assume n_ge: "n ≥ 0" thus ?thesis
  proof (cases)
    assume m_ge: "m ≥ 0" thus 
    ?thesis sorry
  next
    assume m_lt: "¬ m ≥ 0" 
    with n_ge show ?thesis sorry
  qed

assume n_lt: "¬ n ≥ 0" 
       thus ?thesis
  proof (cases)
    assume m_ge: "m ≥ 0" 
    have "inv x [̂ ] (nat m * nat 
(- n)) = inv x [̂ ] nat (- (m * 
n))" sorry
    show ?thesis sorry
  ...

assume m_ge: "m ≥ 0" 
       thus ?thesis
  using n_ge nat_pow_pow 
int_pow_def2

assume m_lt: "¬ m ≥ 0" 
  with n_ge show ?thesis
  apply (simp add: in-
t_pow_def2)
  by (metis assms mult_mi-
nus_right n_ge 
nat_pow_pow)

have "inv x [̂ ] (nat m * 
nat (- n)) = inv x [̂ ] nat 
(- (m * n))"
  by (metis (full_types) 
m_ge mult_minus_right)

theorem(in group) int_pow_pow:

  assumes "x ∈ carrier G"

  shows "(x [̂ ] (n :: int)) [̂ ] (m :: 

int) = x [̂ ] (n * m :: int)"

proof (cases)

 assume n_ge: "n ≥ 0" thus ?thesis

   proof (cases)

     assume m_ge: "m ≥ 0" thus ?thesis

      using n_ge nat_pow_pow in   
t_pow_def2

  ...

qed

>>> goal (1 subgoal): 1. (x [̂ ] n) [̂ ] m...

>>> goal (2 subgoals): 1. ?P ⟹ (x... 2...

>>> using this: 0 ≤ n goal (1 subgoal):...

>>> goal (2 subgoals): 1. 0 ≤ n ⟹  ... 

>>> using this: 0 ≤ m goal (1 subgoal)...

theorem(in group) int_pow_pow:

  assumes "x ∈ carrier G"

  shows "(x [̂ ] (n :: int)) [̂ ] (m 

:: int) = x [̂ ] (n * m :: int)"

proof (cases)

  assume n_ge: "n ≥ 0" 
         thus ?thesis sorry

next

  assume n_lt: "¬ n ≥ 0" 
         thus ?thesis sorry

qed

>>> goal (1 subgoal): 1. (x [̂ ] n) [̂ ] m ...

>>> goal (2 subgoals): 1. ?P ... 2. ¬ ?P... 

>>> Successful solve goal: (0 ≤ n) ...

>>> goal (1 subgoal): 1. ¬ 0 ≤ n ⟹ (x [...

>>> Successful solve goal: (¬ 0 ≤ n)...

Proof Level 1 Proof Level 2 Proof Level 3

(a) Step-by-step Proof
...

>>> No subgoals!

>>> Successful solve goal (m ≥ 0) ...

>>> No subgoals!

(b) Recursive Proof

Proof Target

Proof Sketch

Middle Conj.

Middle Conj.

Complete proof

Proof Sketch

Proof Target (theorem/middle conjecture)

>>>... 

Middle Conj.

Proof State proof... Proof Step

Figure 1: Comparison between the step-by-step proof and the recursive proof. (a) A step-by-step proving
approach ignores the hierarchical structure inherent in the proof, treating it merely as a sequence of proof steps.
The proof cannot be verified as valid until it is fully complete. (b) The recursive proving method decomposes
the structured proof into different levels of verifiable proof sketches. Each proof sketch attempts to prove the
target theorem or conjecture by outlining the primary steps at the current level and postponing the proof of
intermediate conjectures to the next level.

by executing the generated proof steps within the formal mathematic enviroment. Additionally, a
search algorithm, such as best-first search or Monte Carlo Tree Search (MCTS), is employed to
find a complete path of proof steps. The search algorithm selects the next state to explore based
on heuristics such as the log-probability of the proof step [Polu and Sutskever, 2020, Jiang et al.,
2022a, Yang et al., 2023], value function scores of the proof state [Han et al., 2022, Polu et al.,
2022] (in best-first search), or a PUCT score that combines both [Wang et al., 2023c, Lample et al.,
2022] (in MCTS). These heuristics assess the plausibility or potential value of a given step, helping
to prioritize the most promising actions. However, these scores are approximate, do not ensure the
correctness of the proof direction, and can lead to exploring sub-optimal or distracting subgoals.
Even if the language model is capable enough to produce correct proof steps, the search algorithm,
guided by short-sighted heuristics, often gets trapped exploring a detailed proof of a meaningless
intermediate conjecture. This wastes time and may even cause the algorithm to fail in finding the
correct proof path due to a search timeout. Moreover, as the length of the proof increases in more
challenging problems, the search space expands exponentially. Consequently, the need for an accu-
rate heuristic to guide the search becomes critical, as a myopic step-by-step approach can easily get
lost in the vast expanse of the intermediate proving steps.

To address the aforementioned drawbacks, we propose POETRY, a novel approach that proves the
theorem recursively, level by level. As shown in Figure 1(b), POETRY first searches for a proof
sketch, which is defined to be a verifiable proof outline with the detailed proof of the middle con-
jecture replaced by a placeholder tactic, sorry. The sorry tactic signals the formal environment to
temporarily ignore the proof of the middle conjecture, assuming it as resolved. Once a validated
proof sketch is established, POETRY then endeavors to prove the intermediate conjectures that re-
main unresolved, also in a recursive, level-by-level manner. This procedure persists until every
sorry keyword is substituted with a valid proof. Notably, the verified sketch at each level may still
contain errors. Since POETRY uses the sorry tactic to skip the proof of intermediate conjectures,
these conjectures might represent false statements and be unprovable. However, they still serve as
correct conjectures to prove the target theorem or conjecture at the current level, resulting in an
incorrect proof sketch. For example, to prove the theorem of the commutative property of addition,
a+ b = b+ a, a false conjecture such as a = b might be used. However, when actually attempting
to prove a = b, we would never be able to find a valid proof at the next level. If a false proof
sketch is generated and POETRY fails to find the proof for the middle conjecture, it will continue
its search to identify a new proof sketch. Nevertheless, Empirical evidence indicates that verifying
and ensuring the correctness of the proof sketch at each level before delving into deeper proofs sig-
nificantly enhances performance. Additionally, we observe a substantial increase in the length of
the proofs being able to be generated by POETRY compared with step-by-step approaches. This
recursive methodology is inspired by human problem-solving techniques, where complex problems
are decomposed into manageable sub-problems, each addressed using a similar recursive strategy.
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By adopting this approach, POETRY not only improves the efficiency of its search process but also
increases the overall success rate in discovering valid proofs.

We conduct extensive experiments on the theorem proving datasets miniF2F [Zheng et al., 2021]
and PISA [Jiang et al., 2021] to validate the effectiveness of our proposed approach. POETRY
significantly outperforms previous approaches, achieving a pass rate of 42.2% on both the miniF2F
valid and test datasets, respectively. With a 5.1% absolute improvement on average over the previous
state-of-the-art. Additionally, our ablation study shows that with recursive theorem proving, we
obtain a 3.9% absolute improvement on average compared with step-by-step baselines. Our case
study also reveals that POETRY can find proofs substantially longer compared with sequential step-
by-step proving methods, the maximum proof length increases from 10 to 26 compared to the step-
by-step baseline in the PISA dataset.

2 Preliminary

2.1 Formal Mathematic Enviroments

We choose Isabelle [Paulson, 1994] as our formal environment. It is widely used for formal verifica-
tion purposes in academia and industry [Gesellensetter et al., 2008, Klein et al., 2009, Zhang et al.,
2024]. It employs a structured proof language called Isar [Wenzel et al., 2004], which facilitates
the creation of human-readable proofs and bridges the gap between formal verification and human
understanding. As illustrated in Figure 1(a), Isabelle processes each proof step (or tactic) and pro-
vides feedback. If the proof step fails to apply, an error message is returned. Otherwise, Isabelle
returns a proof state along with a special variable, proof level, indicating the current level af-
ter applying the step. In the Isabelle theorem prover, the proof level indicates the depth within a
structured proof. This level increases with commands like have, obtain, and show, which introduce
new subgoals or conjectures in the proof. Conversely, it decreases with commands like by, qed and
done, which conclude a proof block or subgoal.

Isabelle is well-suited for POETRY to accomplish recursive theorem proving. The Isar language is
elegantly structured in a level-by-level format, and it contains proof level that can be easily used
to identify each level. However, the recursive proving technique proposed by POETRY is not spe-
cific to Isabelle; the same framework can be extended to other formal mathematical environments
like Lean [de Moura et al., 2015], Coq [Barras et al., 1997], and HOL [Harrison, 2009], with addi-
tional engineering effort to accommodate the proving strategies. These environments also provide
mechanisms to temporarily skip parts of proofs, similar to Isabelle’s sorry tactic, such as Lean’s
sorry, and Coq’s Admitted. We will leave the extension of POETRY to other formal environments
for future work.

2.2 Search-Based Neural Theorem Proving

Search-based neural theorem proving mostly employs the approach introduced by GPT-f [Polu and
Sutskever, 2020]. In this method, a pre-trained causal language model predicts the next proof step
based on the current proof state and optional context. The language model is trained using data
formatted as follows:

INPUT: CONTEXT $(context) GOAL $(proof state) STEP
OUTPUT: $(proof step) (1)

where $(·) represents the substitution operation, and context denotes the preceding proof steps
leading to the current proof state. At test time, GPT-f employs a best-first search strategy to identify
a sequence of proof steps that solve the problem. Specifically, The proof search algorithm constructs
a tree-like search structure, where each node represents a proof state and each edge represents a proof
step. Starting from the root node, the proof search continuously selects the unexplored node with the
highest score and performs an expansion. The score for each node is the cumulative log probability
of the proof steps that led to the node. During expansion, the language model receives the node’s
proof state and preceding context, then samples e new proof steps. Isabelle subsequently processes
these proof steps, generating new proof states or error messages. The search continues until a proof
is found or the computational budget is exhausted.
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3 Methodology

Algorithm 1 Core data curation process
1: function EXTRACTPROOFSKETCH(proofLines , index )
2: ▷ proofLines : a list of pairs of the format “(proofStep, proofLevel)”
3: ▷ index : the starting index in proofLines for processing
4: currentSketch, allSketches ← empty list, empty list
5: _ , currentLevel ← proofLines [index ] ▷ Obtain the current proof level being extracted
6: proofLevel ← currentLevel
7: while proofLevel ≥ currentLevel do ▷ Extraction ends after the proof level drops below the current

proof level
8: proofStep, proofLevel ← proofLines [index ]
9: _ ,nextLevel ← proofLines [index + 1]

10: if nextLevel = currentLevel then
11: currentSketch.append(proofStep)
12: index ← index + 1
13: else if nextLevel > currentLevel then
14: currentSketch.append(proofStep + “ sorry") ▷ Replace the next level proof with sorry
15: deeperSketches , index ← EXTRACTPROOFSKETCH(proofLines , index + 1)
16: allSketches .extend(deeperSketches)
17: end if
18: end while
19: allSketches .append(currentSketch)
20: return allSketches , index
21: end function

3.1 Recursive Data Construction

Proof sketch extraction. As illustrated in Figure 1(b), to prepare recursive proving data, we need to
split theorems into blocks of proof sketches. Each proof sketch focuses solely on the target theorem,
conjectures, or subgoals, with the detailed proof of intermediate conjectures or subgoals replaced
by the sorry tactic. Algorithm 1 presents the pseudocode for the sketch data extraction process.
POETRY initially inputs the complete theorem text into Isabelle, which parses it into a sequence of
proof lines, containing proof steps and corresponding proof levels. Subsequently, the list of proof
lines is passed to the ExtractProofSketch function with the index set to 0, initiating the extraction of
all proof sketches. The sketch proof extraction process starts by identifying the current proof level,
which is determined by the level of the proof step at the initial index (Line 5). Proof steps that are
on the same level as the target theorem, conjectures, or subgoals are those that directly focus on
proving the target. Our goal is to retain proof steps with a proof level equal to the current proof level
(Lines 10-12) and replace higher-level proof steps with the sorry tactic (Lines 13-16). We defer the
extraction of higher-level proofs to the recursive call of ExtractProofSketch in Line 15. Finally, the
function will return a list of extracted proof sketches, each containing only the current level of proof,
as illustrated in Figure 1(b).

Training data construction. Following the extraction of proof sketches, POETRY follows Jiang
et al. [2022a] and uses PISA, an interactive environment built on top of Isabelle, to extract proof
states for each proof step. Subsequently, the proof states and proof steps are reformatted into lines
in Equation 1 and used as training examples to fine-tune the language model. Notably, although
sorry is an independent tactic in Isabelle, POETRY integrates the sorry tactic into the preceding
proof step (Line 14 in Algorithm 1). This enables the language model to predict the intermediate
conjectures and the sorry tactic simultaneously. For example, a proof step with the sorry keyword
would appear as have "x + 2 = 2x" sorry. Merging the sorry tactic is crucial to ensure that the
language model generates proof steps at the current level and postpones higher-level proofs using
the sorry tactic. Without this merge, the model must determine the use of sorry solely based on
the context and proof state, which offers no guarantee that the model will generate the necessary
sorry after stating a conjecture or subgoal. This approach ensures that deep-level proofs are deferred
correctly.
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Figure 2: A walkthrough example of recursive BFS. Each node in the proof tree is a proof state and
each edge is a proof step. (a) The proof search begins by finding the proof sketch at the first level using
BFS. The search is paused upon identifying a successful proof path, marked with P and HP nodes. This proof
path contains a sorry edge, indicating that it includes skipped conjectures or subgoals that must be addressed
in the next level. (b) Recursive BFS enters the next level of proof search to attempt to prove the skipped
subgoal from the first level. Unfortunately, the proof search for this subgoal fails due to a lack of valid nodes to
explore, and the search returns to the first level. (c) After the failed attempt to prove the subgoal, the previously
established proof path at the first level becomes invalid. Consequently, we backpropagate the failure from the
second level’s root node up to the first-level root node, updating all the HP nodes to an O node. (d) At the first
level, with the status set to open for searching proofs, we continued to explore new proof paths. Fortunately,
we discovered another proof path. However, this path also contained a sorry edge with a skipped conjecture
that needs to be proved at the next level. (e) Similar to (b), the recursive BFS proceeds to the next level to
search for a proof for the previously skipped conjecture. It successfully finds a proof path without any "sorry"
edges (denoted as P nodes), indicating that the conjecture has been proven successfully without any skipped
intermediate conjectures or subgoals in the proof path. (f) After finding the sub-level proof, the recursive BFS
returns to the first level and backpropagates the PROVED message to the root, completing the proof.

3.2 Recursive Best-First Search

To prove theorems recursively, POETRY introduces a novel recursive best-first search (recursive
BFS) algorithm to conduct a level-by-level proof search. Figure 2 illustrates a complete walkthrough.
In general, recursive BFS employs the best-first search technique to search for proof sketches at each
level. When a proof sketch is found at a certain level, the algorithm pauses the search at this current
level and then proceeds to the next level to solve the skipped middle conjectures by this current
level. Once all sketches are found and middle conjectures or subgoals are resolved, a complete
proof is achieved. Recursive BFS enhances the generic best-first search to handle multi-level proofs
and ensures that the search can pause and continue across different proof levels, adapting BFS to
dynamically shift between current and subsequent proof layers based on the progress and outcomes
of proof sketches. Below, we will introduce the core elements in the recursive BFS: the sorry edge
and the node status. For the complete updating rules of nodes status and proof search terminate
conditions, please refer to Appendix A.1.

Sorry edge and node status. As shown in Figure 2(a), each node in the proof tree is a proof
state, and each edge is a proof step. In a proof state, once a tactic contains a "sorry" keyword
(usually after a conjecture or subgoal), we use a special sorry edge to connect the parent node and
the child node. Then the sorry edge attaches the root node of the next proof level with an unproved
conjecture or subgoal. Such root nodes have a score of 0 and will not be selected in the current-
level proof search. Moreover, we attach each node in the search tree with one of the status labels:
OPEN (the node is open, and no proof has been found so far), FAILED (the node is failed when all
potential subproofs or child nodes stemming from it are unable to establish a valid proo), PROVED
(the node is proven and part of the successful proof), and HALF-PROVED. A HALF-PROVED node
means it belongs to the trajectory that has successfully found a complete proof sketch but contains
special sorry edges with unsolved next-level subgoal or mid-conjecture. Only after all the mid-
conjectures or subgoals in the sorry edges from the HALF-PROVED node to the PROVED node
are proved will the node be switched to a PROVED node, as illustrated in Figure 2(f).

Using recursive best-first search, POETRY can generate a verifiable proof sketch at each proving
level before proceeding to prove the middle conjectures or subgoals at the next level. In essence,
POETRY breaks down a lengthy proof into manageable, shorter proof sketches, preventing the
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search space from expanding exponentially as the proof length increases. This approach allows
search-based methods to find more challenging and longer proofs without necessitating a highly
performant value function model to guide the proof search procedure.

4 Experiments

4.1 Experimental Setup

This section presents our experimental setup, detailing the baselines and evaluation metrics. The
implementation details are covered in Appendix A.2.

Baseline methods. To fairly compare POETRY with classic step-by-step baselines like GPT-f [Polu
and Sutskever, 2020, Jiang et al., 2022a], we implement an Isabelle version of GPT-f, denoted as
GPT-f Baseline. This baseline model is trained on the same dataset as POETRY, with the only
modification being the removal of all sorry keywords in the proof steps. All hyperparameters and
setups for training and the BFS search are identical to POETRY to ensure a fair comparison.

Notably, the GPT-f Baseline is similar to Thor [Jiang et al., 2022a], except for three main differences.
Firstly, GPT-f Baseline does not use Sledgehammer [Paulson, 2010], nor replace the smt, metis tactic
with <hammer> in the proof step for training. Secondly, GPT-f Baseline fine-tunes a 1.3B parameter
proofGPT [Azerbayev et al., 2023], whereas Thor uses a 700M model pre-trained on The Pile [Gao
et al., 2020]. GPT-f Baseline also uses a newer version of Isabelle which contains more state action
pairs for training (detailed in Section A.3). Thirdly, during the proof search, the GPT-f Baseline
utilizes the beam-search decoding method instead of sampling to generate proof steps for each proof
state.

Aside from the GPT-f Baseline, we also include state-of-the-art search-based neural theorem-
proving methods. PACT [Han et al., 2022], FMSCL [Polu et al., 2022], Leandojo [Yang et al.,
2023], and COPRA [Thakur et al., 2024] are works focusing on the Lean formal environment.3 Con-
trastively, Thor [Jiang et al., 2022a], Thor with expert iteration on auto-formalized data [Wu et al.,
2022] and Thor + Magnushammer [Mikuła et al., 2023] are works done in Isabelle. Moreover, for
methods with LLMs, COPRA is an in-context learning agent that uses GPT-4 [OpenAI, 2023] to
generate proof steps and prove the theorem step by step.

We do NOT compare our methods with LLM-based proving approaches like DSP [Jiang et al.,
2022b], Lyra [Zheng et al., 2023], or LEGO-Prover [Wang et al., 2023b]. These approaches em-
ploy general-purpose large language models (LLMs), such as ChatGPT or GPT-4, which feature
several orders of magnitude more parameters than the models considered in our study. Moreover,
these methods typically utilize proofs in natural language to guide the generation of formal code
without searching and attempting to solve each problem 100 times. In contrast, POETRY provides
a performance evaluation at pass@1, attempting to prove the theorem once for each problem.

Evaluation datasets and metrics. For evaluation, we use two datasets, the miniF2F dataset [Zheng
et al., 2021], and the PISA [Jiang et al., 2021]. The miniF2F dataset comprises 488 problems with
varying levels of difficulty, ranging from basic algebra and number theory, originating from the
MATH dataset [Hendrycks et al., 2021], to more challenging problems found in the AIME4 and
IMO [Daniel Selsam, 2019]. The problems are divided into valid and test sets, with 244 problems
each. The miniF2F dataset only contains problem statements and we only evaluate our method on
this dataset, without any training. The other dataset we adopt is the PISA test set, which comprises
theorems from the Archive of Formal Proofs [MacKenzie et al., 2021] and the Isabelle standard
library [Nipkow et al., 2002]. To better understand how POETRY performs in complex problems
with multiple levels, we subdivided the test set into two subsets: single-level and multi-level. The
PISA single-level subset contains problems with only one level in the ground truth human-written
proofs, whereas the PISA multi-level subset includes problems with multiple proof levels. A more
comprehensive analysis of the PISA dataset is shown in Appendix A.3. For evaluation metrics, we
follow Jiang et al. [2022a], Yang et al. [2023] and use pass@1 as the evaluation metric, where each

3HTPS [Lample et al., 2022] achieve 57% and 41% on miniF2F valid and test set for pass@64, but they
didn’t provide the pass@1 results. Additionally, the model is fine-tuned on the miniF2F-valid with online
training, which is not a fair comparison with POETRY.

4https://artofproblemsolving.com/wiki/index.php?title=AIME_Problems_and_Solutions
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Table 1: Comparing with baseline. The table displays the pass@1 success rates of the baselines and
POETRY, The highest success rates for each set are highlighted in bold.

Success rate miniF2F-valid miniF2F-test PISA single-level multi-level

Thor w/o sledgehammer 25.0% 24.2% 39.0% - -
GPT-f Baseline 39.3% 37.3% 49.0% 65.5% 11.1%
− with sampling decoding 30.3% 31.5% 43.2% 57.8% 9.8%

POETRY 42.2% 42.2% 49.7% 65.4% 13.6%

Table 2: Comparing with state-of-the-art search-based methods on the miniF2F dataset. The table
displays the pass@1 success rates of previous works and POETRY, The highest success rates for each set are
highlighted in bold. 6

Success rate environment miniF2F-valid miniF2F-test

Baselines

PACT [Han et al., 2022] Lean 23.9% 24.6%
Leandojo [Yang et al., 2023] Lean - 26.5%
FMSCL [Polu et al., 2022] Lean 33.6% 29.6%
COPRA [Thakur et al., 2024] Lean - 30.7%

Thor [Jiang et al., 2022a] Isabelle 28.3% 29.9%
Thor + expert iteration [Wu et al., 2022] Isabelle 37.3% 35.2%
Thor + Magnushammer [Mikuła et al., 2023] Isabelle 36.9% 37.3%

Ours

POETRY Isabelle 42.2% 42.2%

theorem in the dataset is proved once by POETRY. Then we calculate the proportion of the theorems
being successfully proven.

4.2 Main Results

Comparison with language model-only baselines. As shown in Table 5, we compare POETRY
with baselines that only utilize language models to search for proofs. Thor w/o sledgehammer is
the language model-only version of Thor [Jiang et al., 2022a]. It does not call the sledgehammer
during the proof search. Our reproduced GPT-f Baselines outperform Thor w/o sledgehammer by
13.7% in miniF2F and 10.6% in the PISA test set. This performance boost is mostly due to using the
beam-search decoding strategy during the proof search, as we observe the performance of the GPT-f
Baseline with sampling drops by 6.8% compared with the beam-search version. This is because
the beam-search decoding method is guaranteed to produce e different proof steps for each proof
state, whereas the sampling will produce duplicate proof steps, making the actual number of proof
steps generated per expansion smaller than e. The remaining performance improvements are mostly
contributed by larger model sizes and better pertaining.

Compared with the GPT-f Baseline, we can observe the benefit of the recursive theorem proving.
POETRY outperforms GPT-f Baselines by 3.9% in the miniF2F dataset on average, and 0.7% in the
PISA test set. The modest performance gain observed in the PISA test set is primarily attributed
to the skewed distribution of problem complexity, with the majority of problems containing only a
single proof level (see Table 3). POETRY executes nearly identically to the GPT-f Baseline when
encountering proofs with only one level, resulting in similar performance within the single-level
subset. In contrast, POETRY achieves a 2.5% improvement on the multi-level subset. Furthermore,
POETRY solves a very distinct set of theorems compared with GPT-f Baseline in PISA, with 99 out
of 1109 theorem solved by POETRY can not be proved by GPT-f Baseline, taking up 4.4% in total.
This outcome well supports the effectiveness of our proposed recursive proving method. Moreover,
the gap between step-by-step approaches and POETRY does not end here. The effectiveness of
POETRY will become even more pronounced as the language models are continuously improved
and solve more complex proofs, where the bottleneck caused by searching comes to the fore yet
POETRY is demonstrated effective for searching.

6The performance of methods in Lean and Isabelle cannot be directly compared, as the training data differ
fundamentally in coding language or data volume. However, despite these differences, the high-level concepts
behind these approaches share significant similarities.

7



1 3 5 7 9 11 13 15 17
Proof length

100

101

102

Pr
ob

le
m

 c
ou

nt
s

Proof length histogram on miniF2F
method

GPT-f Baseline
POETRY

(a)

1 4 7 10 13 16 19 22 25
Proof length

100

101

102

103

Pr
ob

le
m

 c
ou

nt
s

Proof length histogram on PISA
method

GPT-f Baseline
POETRY

(b)

1 5 9 13 17 21 25
Ground truth length

100

101

102

So
lv

ed
 c

ou
nt

s

PISA
method

GPT-f Baseline
POETRY

(c)

1 5 9 13 17 21 25
Ground truth length

100

101

102

So
lv

ed
 c

ou
nt

s

Single-level
method

GPT-f Baseline
POETRY

(d)

1 5 9 13 17 21 25
Ground truth length

100

101

So
lv

ed
 c

ou
nt

s

Multi-level
method

GPT-f Baseline
POETRY

(e)

Figure 3: (a)&(b) Proof length comparison between POETRY and GPT-f Baseline. The y-axis is shown
in the log scale. (a) Proof length’s histogram of found proof in miniF2F dataset. most of the proof found is
within 3 steps long, especially for GPT-f Baselines, but POETRY managed to find longer proof up to 18 proof
steps in one proof. (b) Proof length’s histogram of found proof in the PISA dataset. POETRY discovers a lot
more proofs with longer proof lengths. (c), (d) and (e) Number of problems solved by GPT-f Baseline and
POETRY based on the length of the ground truth proofs. (a) The distribution in the entire PISA dataset.
POETRY has a clear tendency to solve problems with longer ground truth proofs. (b) The distribution in the
single-level subset. In this subset, POETRY and GPT-f Baseline should behave nearly identically; therefore,
there are not many differences as expected. (c) The distribution in the multi-level subset. POETRY has a
distinctive advantage over GPT-f Baseline. This is the subset where all the complex theorems exist.

Comparison with state-of-the-art methods. In Table 2, we illustrate the proportion of successful
proofs found on the miniF2F dataset. Due to the larger amount of formal data, as well as the help
of hands in ATP like the sledgehammer, the approaches using Isabelle tend to achieve a higher
pass rate compared with approaches using Lean environments. Our proposed POETRY significantly
outperforms all such approaches. POETRY outperforms Thor+Magnushammer by 5.1% on average,
the highest performance on the miniF2F dataset with the search-based method at pass@1.

Notably, the recursive proving method is orthogonal to these baseline approaches. It can be fur-
ther improved with the use of Sledgehammer or Magnushammer [Jiang et al., 2022a, Mikuła et al.,
2023], running expert iteration on the training set [Polu et al., 2022, Wu et al., 2022], using retrieval
augmented proof step generation techniques [Yang et al., 2023], or even better search algorithm in
each level [Wang et al., 2023c, Lample et al., 2022]. As these are not the focus of the current paper,
we leave the integration for future work.

4.3 Analysis

Can POETRY find longer proof? Figure 3 (a) and (b) compares the proof length of proofs discov-
ered by the GPT-f Baseline and POETRY in both the miniF2F dataset and the PISA test set. It can be
observed that the proof lengths found by POETRY are longer than those found by the GPT-f Base-
line. The average proof length increases from 1.47 to 2.13 in the miniF2F dataset and 1.62 to 2.09 in
the PISA test set. Prominently, the maximum proof length increases from 3 to 18 compared with the
GPT-f Baselines in the miniF2F dataset, and from 10 to 26 in the PISA test set. This proof length is
unattainable without a recursive proving method. By comparison, the maximum proof length found
by Leandojo in the miniF2F test set is 4, with an average proof length of 1.35. Therefore, it’s evident
that POETRY expands the possibility of discovering longer proofs and addressing more challenging
problems.

Can POETRY find harder proof? The ability to find longer proofs does not necessarily imply
the ability to find harder proofs. We analyze this issue from two perspectives. First, POETRY
does not generally produce longer proofs than the GPT-f Baseline for problems both approaches
successfully solve. Algorithmically, POETRY operates almost identically to the GPT-f Baseline,
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proof(rule UP_car_memI[of "deg R f"])
  show "⋀n. deg R f < n ⟹ n_mult f n = 0"
    unfolding n_mult_def
    using assms
    unfolding P_def
    by (simp add: UP_car_memE(2))
  show "⋀n. n_mult f n ∈ carrier R"
    using assms
    unfolding n_mult_def
    by (simp add: assms cfs_closed)
qed

Proof level 2

Proof level 2

Proof level 1

lemma(in UP_cring) n_mult_closed:
  assumes "f ∈ carrier P"
  shows "n_mult f ∈ carrier P"

(a)

proof(rule UP_car_memI[of "deg R f"])
  fix n
  assume A: "deg R f < n"
  show "n_mult f n = 0"
    unfolding n_mult_def
    proof -

proof(rule UP_car_memI[of "deg R f"])
  show "⋀n. deg R f < n ⟹ n_mult f n = 0"

Timeout after 600 seconds

Never explored

}
}

Path 1

Path 2

lemma(in UP_cring) n_mult_closed:
  assumes "f ∈ carrier P"
  shows "n_mult f ∈ carrier P"

(b)

Figure 4: Case comparison between POETRY and GPT-f Baseline. (a) Recursive proof found by POETRY
in 71.2 seconds, the proof contains two proof levels. (b) Failure-proof paths found by the GPT-f Baseline.
GPT-f Baseline failed to find proof due to timeout after 600 seconds. We select two different failure proof paths
found by GPT-f Baseline.

only progressing to deeper levels when it identifies a complete proof sketch. Therefore, we expect
similar proof lengths for problems solved by both methods. Statistically, 82.3% of the problems
solved by both methods have identical proof lengths, and 96.0% have proof length differences of
less than 3 steps, attributable to algorithmic randomness. Occasionally, POETRY generates longer
proofs with redundant steps, as shown in Figure 6 in the Appendix. This is due to POETRYs greedy
exploration mechanism, which sometimes explores dummy sketches. These cases are rare (2.4%
of solved problems where POETRYs proof is 3 steps longer than GPT-f Baselines). We believe
this issue can be addressed by implementing a value function to prioritize informative sketches over
redundant ones in future work.

Secondly, we included histograms displaying the number of problems categorized by the lengths of
the ground truth proofs (Figure 3 (c), (d), and (e)). From these figures, it is evident that POETRY
shows a marked tendency to solve harder problems (i.e., those with longer ground truth proofs) and
consistently outperforms the GPT-f Baseline across various levels of problem difficulty within the
multi-level subset. Therefore, we conclude that POETRY demonstrates a distinct advantage over the
GPT-f Baseline, showcasing its ability to solve more complex problems.

Case study. As illustrated in Figure 4, we compare the proof found by the POETRY with the failed
attempts by the GPT-f Baseline. The theorem n_mult_closed states that if a polynomial f belongs
to the carrier set of polynomials P , then the operation n_mult applied to f results in a polynomial
that also belongs to P . As shown in Figure 4(a), the proof found by the POETRY contains two
levels, marked with different shades of blue. The first level is completed by first showing two main
properties: (i) Zero polynomial condition (the first show statement in Line 2): For any integer n
greater than the degree of f , n_mult fn must be zero. (ii) Closure under carrier (the second show
statement in Line 7): For any integer n, the result n_mult fn must be within the carrier set R.
When proving the first level, the detailed proof of these two properties will be skipped with the sorry
tactic. After the first level of the proof has been found, POETRY searches for the proof of these
properties one by one in the next level. In contrast, the GPT-f Baseline failed to find valid proof
for this problem, resulting in a search timeout after reaching 600 seconds of time limit. Two failure
search trajectories are selected and shown in Figure 4(b). For proof path 1, the proof searches astray
and tries to utilize a more complex way to prove the first property, resulting in a timeout. The GPT-f
Baseline also identified the first two steps in POETRY’s proof. However, this proof path never had
the chance to be further explored before the timeout occurred. From this case, we can see that by
recursively proving the theorem, the proof with 11 steps is broken down into 3 proof sketches with
a maximum length of 4. Therefore, POETRY effectively prevents the proof search from wasting
too much time on searching for useless mid-step conjectures. These are typical successful cases for
POETRY; additional failure cases can be found in Section A.4 of the Appendix.

5 Related Works

Search-based neural theorem proving. Our work is closely related to prior work on step-by-
step search-based nerual theorem proving. GPT-f [Polu and Sutskever, 2020] is the first to apply
transformer-based language models to generate single-step action for theorem proving in Metamath.
With the ability to generate arbitrary proof text, modern ATPs advance drastically and are capa-
ble of proving theorems in complex ITPs like Lean [de Moura et al., 2015] or Isabelle [Paulson,
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1994]. The follow-up work PACT [Han et al., 2022] proposes auxiliary pre-training tasks for action-
generating language models. Polu et al. [2022] uses expert iteration and syntactic data to bootstrap
the language model’s performance. Most recently, HTPS [Lample et al., 2022] plugs in Monte-
Carlo Tree Search [Silver et al., 2016] in this framework and applies an online version of expert
iteration. DT-Solver [Wang et al., 2023c] improves HTPS by enabling backtracking during proof
search, increasing the robustness. LeanDojo [Yang et al., 2023] retrieve possible premise to assist
the generation of a single proof step. Lisa and Thor [Jiang et al., 2021, 2022a] tackle theorem prov-
ing in Isabelle, which combines traditional ATPs and language models to suggest proof steps, in a
neuro-symbolic way. All theorem-proving method introduced above proves theorems step-by-step,
with short-sighted heuristics guiding the search to find a correct proof path.

Nerual theorem proving with a large language model. Another popular paradigm for automated
theorem proving resorts to large pre-trained language models for proof context generation in an
in-context-learning manner, without finetuning on formal mathematic datasets. DSP [Jiang et al.,
2022b] uses OpenAI Codex LLM [Chen et al., 2021] to generate the entire proofs guided by in-
formal proof. It suffers from hallucination problems with LLM and requires multiple attempts for
each problem to ensure correctness. Lyra [Zheng et al., 2023] improves on DSP and uses GPT-
4’s auto-correction ability to correct previous error attempts. Baldur [First et al., 2023] also uses
Minerva [Lewkowycz et al., 2022] for whole proof generation using the initial theorem statement.
To prevent hallucination, Baldur finetunes a small model that uses error messages to correct the
generated faulty proof. MUSTARD [Huang et al., 2024] generates the problem and the solution
simultaneously with ChatGPT and uses Lean as a verifier to check the correctness of the generated
content.

Subgoal-based AI agents. Another domain that is closely related to our paper is subgoal-based
AI agents [Wang et al., 2023b,a, Wei et al., 2023]. These agents decompose the major tasks into
small sub-objectives and tackle them one by one. However, most AI agents do not focus on formal
mathematic problems, which require compiling the rules of formal environments. LEGO-Prover
[Wang et al., 2023b] approaches the theorem-proving problem by decomposing the target into sub-
goal lemmas and building the proof block by block. However, not all the subgoals can be easily
decomposed into lemmas. Many mid-conjectures or subgoals are specific to the current problem
and involve shared variables defined in the previous proving process, making them unsuitable for ex-
traction as lemmas, or sometimes impossible to extract as lemmas. kSubS [Czechowski et al., 2024]
utilizes a subgoal generation model to produce mid-step proof states and employs a policy model to
generate paths in between. However, the generated proof must adhere to the generated proof states,
thus the method cannot be applied to more complex real-world datasets like miniF2F. Moreover,
the proposed subgoal generator constrains the ability of the policy model to explore freely and find
solutions beyond predefined subgoals.

6 Limitations

The proposed method proves theorems recursively by producing a verifiable proof sketch at each
level. Although this leads to consistent performance improvements, there is no theoretical guarantee
that it will avoid the problem of infinite action space for each proof step generation and the problem
of exponential search space with respect to the depth of the search tree. Furthermore, applying the
framework of POETRY to other formal languages such as Lean or Coq is straightforward but would
require a non-neglectable amount of engineering efforts on some language-specific aspects.

7 Conclusion

In this work, we introduce a novel theorem-proving method, POETRY, which recursively proves the
theorem in a level-by-level manner. POETRY searches for a verifiable proof sketch in each level,
focusing on proving the target theorem, conjecture, or subgoals in the current level, and utilizes a
special sorry tactic to defer detailed proofs of mid-conjectures or subgoals. POETRY introduces
a fundamentally different theorem-proving paradigm to the community, preventing short-sighted
proof searches that easily go astray. The recursive dataset decomposes long proofs into short proof
sketches within a tractable search space. Extensive experiments show that POETRY can indeed
improve the pass rates on the miniF2F dataset and PISA test set, and can find longer proofs compared
to step-by-step approaches.
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A More Details on POETRY

The outline of the Appendix A is as follows:

• More details on our proposed recursive best-first search.
• Implementation details for POETRY, including the hyperparameters for the methods and

machine configuration.
• More details on the newly extracted PISA dataset, and additional analysis of the statistics

and characteristics of the dataset.
• Additional results include a comparison table with LLM-based approaches, input/output

comparisons for GPT-f Baseline and POETRY, and an analysis of POETRYs failure cases.

Appendix B discusses the broader impacts of POETRY.

Appendix C includes more examples of found theorems by POETRY.

A.1 Details on Recursive BFS

In this section, we discuss more details on the recursive BFS algorithm. Section 3.2 only introduces
the overall process of how recursive BFS runs, and no detailed introduction on status update rules,
pause and continue of the recursive BFS and terminate conditions. We discuss each in detail below.

Status update rules. The status update happens whenever a node finishes its expansion, which adds
all the newly created nodes as children. The update will propagate from the expanded node all the
way to the root node. A node’s status will be marked as FAILED if all the children are FAILED, and
a node will be marked as PROVED or HALF-PROVED if any of its children is PROVED or HALF-
PROVED. Additionally, when POETRY encounters a sorry edge there exists special update rules.
If a node is connected to a PROVED node with a sorry edge, and the next level root node is OPEN,
this means the mid-conjectures/subgoals represented by the sorry edge have not been proved, the
node will be marked as HALF-PROVED (Figure 2(a)). As illustrated in Figure 2(c), if the sub-root
node has failed, the original HALFPROVE status of the node will be updated to OPEN. And if the
sub-root node is PROVED, the original HALFPROVE status of the node will be marked as PROVED
(Figure 2(f)).

Pause and continue of recursive BFS. Figure 2(a)-(d) illustrates the pause and continue of recursive
BFS. During the proof search, whenever a proof sketch is found (Figure 2(a)), the current level of the
best-first search will be paused, and POETRY will find the last unproved sorry edge and recursively
call the best-first search algorithm to find the proof for the next-level root node attached in the sorry
edge (Figure 2(b)). If the next-level best-first search fails to find proof for the sub-root node (The
status of the sub-root node is marked as FAILED), POETRY will update the status of the search
tree and continue the paused best-first search for the current level and try to find new proof sketches
(Figure 2(c)-(d)).

Terminate conditions. The proof search of the current level will terminate and return to the upper-
level proof search under these scenarios: 1) A complete proof for this level is found, which means
all the middle conjectures or subgoals have been proven by the deeper levels of proof searches,
recursively. The root node status of the current level proof search is marked as PROVED. 2) For
proof search in a level higher than 1, a timeout of 120s has been reached. The root node status
will be marked as FAILED. 3) All the nodes in the proof tree have been explored and no proof has
been found, the root node status will also be marked as FAILED. Additionally, a global timeout of
600s is added to the entire recursive BFS, ensuring each theorem will not be searched longer than
5 minutes. We can finally obtain complete proof for the target theorem after the first level best-first
search return as proved, as shown in Figure 2(f).

A.2 Implementation Details

In this work, we use a decoder-only transformer [Devlin et al., 2019] architecture pre-trained with
proof-pile v1.1 dataset [Azerbayev et al., 2023], with 1.3b parameters, 24 layers, 16 attention heads,
a hidden dimension of 2048, and a GPT-2 tokenizer with 50400 vocabulary size. We use the alpaca7

7https://github.com/tatsu-lab/stanford_alpaca
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Table 3: Dataset statistics. The table displays the dataset statistics for our newly extracted PISA dataset
based on Isabelle 2022.

train valid test single-level multi-level

Number of theorems 236, 978 2, 347 2, 236 1, 558 681
Number of proof steps 3, 018, 407 27, 419 27, 653 3, 982 23, 671
Average proof length 12.7 11.7 11.8 2.4 33.5
Maximum proof length 10, 320 1, 236 1, 079 204 1079
Average proof level 1.5 1.5 1.5 1.0 2.6
Maximum proof level 26 9 10 1 10

codebase for finetuning the model on our recursive dataset. During fine-tuning, we use a global batch
size of 256 with 3500 steps of warmup using the AdamW optimizer. We use the cosine scheduling
strategy with a maximum learning rate of 3e − 4 and a minimum learning rate of 3e − 5. Our
model is finetuned with 100, 000 steps training budgets and inferences using the lowest validation
loss checkpoints with early stopping.

For the configuration of recursive best-first search. We use a global timeout of 600 seconds; each
proof step has a timeout limit of 10 seconds. The number of samples per expansion e is set to
32, and we use beamsearch decoding strategies to sample proof steps from the language model.
The maximum number of steps for expansion is set to 128, and the maximum recursive depth for
searching deeper level proof is set to 10. For proof searches other than the first level, a local timeout
of 120 seconds is also applied.

Machine configuration. We use Nvidia A800 GPU with 80GB of GPU memory for fine-tuning.
The training server has 104 CPU cores and 1024GB of CPU memory. The finetuning takes around
100 GPU hours and requires an additional 50 GPU hours to run a single evaluation on the miniF2F
test set.

A.3 Dataset Details

In this section, we further discuss the details of our newly extracted PISA dataset, including the
dataset statistics and other interesting aspects of the dataset.

Dataset Statistics. We follow Jiang et al. [2021, 2022a] and extract data from Isabelle 2022, as well
as the corresponding version of the Archive of Formal Proof library.8 We provide detailed statistics
for our fine-tuning dataset. As shown in Table 3, the newly constructed PISA dataset contains 3.02
million proof steps in the training data. In contrast, the old PISA dataset extracted by LISA [Jiang
et al., 2021] only contains 2.49 million proof steps. Another interesting factor of the dataset statistics
is the two subsets of the PISA test. The single-level test set contains 2/3 of the problems in the test
set, but only 14% of the proof step. In contrast, the multi-level subset contains the remaining 86%
proof steps.

How recursive the dataset is? As illustrated in Figure 5(a), the figure shows the histogram of the
number of proof levels in a single theorem against the number of theorems. As expected most of
the theorem in the training dataset only contains one proof level, which does not require recursive
proving at all. This result matches the Pareto principle [Dunford et al., 2021] where the majority
of the problems are simple and could be tackled without the recursive proving technique. However,
it’s the challenging problems that are of most interest to us, where they can test the boundary of our
method’s actual proving ability.

How much does the search space shrink by proving the theorem recursively? As the verified
proof sketches might not always be correct due to mid-conjectures/subgoals’ proof being skipped
by sorry, we can not accurately calculate the search space is shrunk to which extent. However, we
can have a lower bound search space calculated using ground truth proof. Figure 5(b) shows the
histogram of the number of proof steps that need to be completed until a proof/proof sketch can
pass the verification of Isabelle against the number of these proofs. For conventional step-by-step
approaches, the proof is the original one, and for POETRY, the proof is a proof sketch. We can

8The original dataset is extracted with Isabelle 2021, resulting in x fewer theorems and x fewer lines of state
action pair.

15



1 4 7 10 13 16 19 22 25
Proof level

100

101

102

103

104

105

Pr
ob

le
m

 c
ou

nt
s

Proof level histogram on PISA

(a)

1 20 40 60 80 >100
Proof/sketch length

101

102

103

104

105

Pr
ob

le
m

 c
ou

nt
s

Proof/sketch length histogram on PISA
Data format

Original
Recursive

(b)

Figure 5: Distribution of proof level and proof length in PISA dataset. (a) Histogram of proof level in the
PISA training set. The maximum proof level can reach 26 (b) Comparison between the number of steps in the
original proof and the extracted proof sketches. By breaking the original proof into proof sketches, the proof
length is reduced substantially.

Table 4: Proving Success Rates on the miniF2F Dataset with Isabelle. The table displays the success rates
of previous works using large language models. These approaches are not directly comparable with POETRY
but are listed here only for demonstration.

Success rate LLM miniF2F-valid miniF2F-test

Draft, sketch, and Prove Codex 42.6% 39.3%
Subgoal-Learning ChatGPT 48.0% 45.5%
LEGO-Prover (model informal proof) ChatGPT 52.0% 45.5%

POETRY proofGPT-1.3B 42.2% 42.2%

observe that the proof length of POETRY is substantially shifted towards a shorter proof length per
proof. On average, there are 3.3 proof steps for POETRY and 12.7 proof steps for step-by-step
baseline per proof. And that would be 329.4 times smaller the search space per proof on average
with e = 32.

A.4 Additional results

Comparison with LLM-based approaches. For a more comprehensive view of the relationship be-
tween POETRY and other state-of-the-art methods, we include Table 4 to illustrate the performance
in miniF2F using the large language model like ChatGPT [OpenAI, 2023]. It is important to note
that these methods use a completely different approach to prove theorems. Instead of performing
searches using BFS algorithms, these approaches leverage the general-purpose capabilities of LLMs
to translate natural language proofs into formal code (often termed autoformalization). Therefore,
comparing these methods with POETRY is not only unfair in terms of model size and the amount of
training data but also incomparable in core methodology.

Input and output comparison for GPT-f Baseline and POETRY. We also provide a table illus-
trating the detailed input and output pair constructed for language model training. This is the same
theorem example shown in Figure 2. The final training data for POETRY and GPT-f Baseline have
the same input text and the same number of training examples. The only difference is the additional
sorry keyword in proof steps that state conjectures or subgoals. Therefore, the model trained with
POETRY data does not receive more information compared to the GPT-f Baseline. The success of
POETRY comes from the data curation process, the novel recursive BFS, and the recursive proving
methodology itself. We will include this table in our paper for better illustration.

Failure cases of POETRY We provide additional failure cases of POETRY to better understand
the limitations of current recursive proving approaches. Compared to the GPT-f Baseline, a notable
issue with the recursive framework in POETRY stems from its greedy exploration strategy. POETRY
aggressively explores deeper-level proofs as soon as it finds a valid proof sketch, yet sometimes
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Table 5: Input and Output Comparison for GPT-f Baseline and POETRY on the Training Data. Both
GPT-f Baseline and POETRY have the exact same input state and number of training examples. The only
differences are in lines 2, 6, and 21, where a sorry is appended to the end of the tactic.

# Input States GPT-f Baseline Output POETRY Output

1 goal (1 subgoal): 1. (x [^] n) [^] m... proof (cases) proof (cases)
2 goal (2 subgoals): 1. ?P -> (x [^] n) ... assume n_ge: "n \<ge> 0" thus ?thesis assume n_ge: "n \<ge> 0" thus ?thesis sorry

3 goal (2 subgoals): 1. 0 <= n -> ?P1... using n_ge nat_pow_pow using n_ge nat_pow_pow
4 using this: 0 <= m 0 <= n (x [^] nat n... by (simp add: mult_less_0_iff) by (simp add: mult_less_0_iff)
5 Successful attempt to solve goal by... next next
6 goal (1 subgoal): 1. 0<n -> ň0 <= m... assume m_lt: "..." show ?thesis assume m_lt: "..." show ?thesis sorry

7 using this: 0 <= n ň 0 <= m goal (1 ... apply (simp add: int_pow_def2) apply (simp add: int_pow_def2)
8 goal (1 subgoal): 1. 0 <= n -> ň 0 ... by (metis assms mult_minus_right) by (metis assms mult_minus_right)

... ... ... ...
21 goal (1 subgoal): 1. ň 0 <= n -> ň0 <... assume m_lt: "..." thus ?thesis assume m_lt: "..." thus ?thesis sorry

22 proof (prove) using this: ň 0 <= m ... using n_lt using n_lt
23 proof (prove) using this: ň 0 <= m ň 0... by (auto simp: int_pow_def2) by (auto simp: int_pow_def2)
24 Successful attempt to solve goal by.. qed qed
25 goal: this: (x [^] n) [^]... No subgoals! qed qed

proof -
  from assms
  show ?thesis
    by (simp add: eval_nat_numeral)
qed

theorem amc12a_2013_p7:
  fixes s :: "nat ⇒ real"
  assumes h0 : "⋀n. s (n+2) = s (n+1) + s n" 
    and h1 : "s 9 = 110" 
    and h2 : "s 7 = 42"
  shows "s 4 = 10"

using h0 h1 h2
by (simp add: eval_nat_numeral)

}POETRY

}GPT-f 
Baseline

PL 1
PL 2

(a)

proof (induct n)
  case 0
  show ?case
    by (simp add: assms(1))
next
  case (Suc n)
  show ?case
    apply (induct n)

Never explored

theorem induction_seq_mul2pnp1:
  fixes n :: nat
    and u :: "nat ⇒ nat"
  assumes h0 : "u 0 = 0"
    and h1 : "⋀(n::nat). u (n+1) = 2 * u n + (n+1)"
  shows "u n = 2 ^ (n+1) - (n+2)"

    using assms
    by (auto simp add: algebra_simps)
qed

(b)

proof (induct n)
  case 0
  show ?case
    by (simp add: assms(1))
next
  case (Suc n)
  show ?case
    apply (induct n)
    subgoal sorry

    
    
        
    

Greedy 
exploration

theorem induction_seq_mul2pnp1:
  fixes n :: nat
    and u :: "nat ⇒ nat"
  assumes h0 : "u 0 = 0"
    and h1 : "⋀(n::nat). u (n+1) = 2 * u n + (n+1)"
  shows "u n = 2 ^ (n+1) - (n+2)"

    subgoal sorry
    done
qed

using assms
unfolding power2_sum
...
Failed with timeout

(c)

Figure 6: Failure cases of POETRY in Proof Search. (a) A case where POETRY finds a longer proof
compared to GPT-f Baseline. Due to the greedy exploration of successful proof sketches, POETRY might find
proofs with redundant wrapping of proof steps, comprising 5 steps, whereas GPT-f Baseline finds proofs with
2 steps and less redundancy. Note that this happens very rarely (2.4% of both solved problems). (b) and (c) A
failure case where POETRY fails to find proof due to greedy exploration of successful sketches. The correct
proof is shown in (b), where the correct proof steps remain on the same level after the tactic apply (induct
n). However, POETRY finds a sketch in advance and greedily explores deeper sketches of the last sorry,
eventually failing to find the correct proof due to a timeout.

these sketches are dummy sketches, lacking meaningful proving steps (e.g., a general deduction
framework as shown in Figure 6 (a)). In other cases, the correct solution exists at a shallow proof
level but is bypassed, never returning from deeper exploration (Figure 6 (b) and (c)). Introducing a
value function to prioritize informative sketches and selectively deepen or retain the current level of
exploration could address these issues.

B Broader Impact

The research presented in this paper has the potential to advance automated theorem proving, AI for
Math and software engineering. The advancement can enhance the capabilities of large language
models in formal theorem proving, contributing to more reliable mathematical proof verification
and providing valuable educational resources for students and researchers. By directly releasing the
code, model and data, we aim to ensure the responsible use of our work, fostering further innovation
and maintaining high standards of data privacy and intellectual property compliance.

We anticipate no foreseeable negative societal impacts of this work.
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C Examples of Found Theorem by POETRY

C.1 Examples in miniF2F Dataset

theorem amc12b_2020_p6:
fixes n :: nat
assumes h0: "9 \<le> n"
shows "\<exists>x::nat. (real_of_nat x)^2 = (fact (n + 2)

- fact (n + 1)) / fact n"
proof -

from assms
show?thesis

unfolding power2_eq_square
by (intro exI[of _ "n + 1"]) (auto simp: field_simps)

qed

theorem mathd_algebra_422:
fixes x :: real and \<sigma>::"real \<Rightarrow> real"
assumes "bij \<sigma>"

and \<sigma>:"\<forall> x. \<sigma> x = 5 * x - 12"
and "\<sigma> (x + 1) = (Hilbert_Choice.inv \<sigma>) x"

shows "x = 47 / 24"
proof -

from assms
have "bij \<sigma>"

by (auto intro!: bijI simp: bij_def)
show?thesis
proof (rule ccontr)

assume "x \<noteq> 47/24"
thus False

using assms
by (subst (asm) bij_inv_eq_iff) auto

qed
qed

theorem mathd_algebra_441:
fixes x :: real
assumes "x \<noteq> 0"
shows "12 / (x * x) * (x^4 / (14 * x)) * (35 / (3 * x)) = 10"

proof -
from assms
show?thesis

apply (simp add: divide_simps)
apply algebra
by (simp add: power4_eq_xxxx power2_eq_square)

qed
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theorem mathd_algebra_487:
fixes a b c d :: real
assumes "b = a^2"

and "a + b = 1"
and "d = c^2"
and "c + d = 1"
and "a \<noteq> c"

shows "sqrt ((a - c)^2 + (b - d)^2)= sqrt 10"
proof (rule real_sqrt_unique)

show "(sqrt 10)\<^sup>2 = (a - c)\<^sup>2 + (b - d)\<^sup>2"
proof -

let?r = real_of_rat
show?thesis
proof (rule power2_eq_imp_eq)

show "((sqrt 10)\<^sup>2)\<^sup>2 = ((a - c)\<^sup>2 + (b - d)\<^sup>2)
\<^sup>2"

proof -
from assms
show?thesis

unfolding power2_eq_square
apply simp
apply (auto simp: field_simps)
by sos

qed
qed (auto simp: algebra_simps)

qed
qed (simp add: power2_eq_square)

C.2 Examples in PISA Dataset

lemma rev_morphs: "two_binary_morphisms (rev_map g) (rev_map h)"
proof

show "rev_map g (u \<cdot> v) = rev_map g u \<cdot> rev_map g v" for u v
proof (simp add: rev_map_def)

show "rev (g (rev v \<cdot> rev u)) = rev (g (rev u)) \<cdot> rev (g (rev
v))"

using swap
by (simp add: g.morph)

qed
show "rev_map h (u \<cdot> v) = rev_map h u \<cdot> rev_map h v" for u v
proof (simp add: rev_map_def)

show "rev (h (rev v \<cdot> rev u)) = rev (h (rev u)) \<cdot> rev (h (rev
v))"

using swap
by (simp add: h.morph)

qed
qed
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lemma lset_iterates:
"lset (iterates f x) = {(f ^^ n) x|n. True}"

proof
show "lset (iterates f x) \<subseteq> {(f ^^ n) x |n. True}"
proof(cases "x \<in> lset (iterates f x)")

case True
thus?thesis

by(auto simp add: in_lset_conv_lnth)
next

case False
thus?thesis

by (auto simp: in_lset_conv_lnth)
qed
show "{(f ^^ n) x |n. True} \<subseteq> lset (iterates f x)"
proof safe

fix n
show "(f ^^ n) x \<in> lset (iterates f x)"
proof(induct n arbitrary: x)

case 0
thus?case

by(subst iterates) simp
next

case Suc
thus?case

by(subst iterates)(simp add: o_def funpow_swap1)
qed

qed
qed

lemma neg_distr_cond_bset_eq: "neg_distr_cond_bset (=) (=) tytok"
unfolding neg_distr_cond_bset_def
apply(rule predicate2I)
apply transfer
subgoal for A B

apply(rule bexI[where x=B])
subgoal

apply safe
subgoal

unfolding rel_set_OO
by(auto simp add: rel_set_def OO_def)

subgoal
unfolding rel_set_OO
by(auto simp add: rel_set_def OO_def)

done
by(simp)

done
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lemma frag_cmul_distrib: "frag_cmul (c+d) a = frag_cmul c a + frag_cmul d a"
proof -

show?thesis
proof (rule poly_mapping_eqI)

fix x
show "lookup (frag_cmul (c + d) a) x = lookup (frag_cmul c a + frag_cmul

d a) x"
proof (cases "x \<in> keys a")

case True
thus?thesis

unfolding lookup_add
using lookup_frag_cmul
by (auto simp: algebra_simps)

qed (auto simp: in_keys_iff lookup_add in_keys_iff)
qed

qed

lemma SETId: assumes "x |\<in>| X" shows "(Id SET X) |@| x = x"
proof -

have "x \<in> Obj (Op SET)"
using assms
apply (simp add: OppositeCategory_def)
by(simp add: SET_def SET’_def MakeCat_def)

thus?thesis
proof -

assume 1: "x \<in> obj\<^bsub>Op SET\<^esub>"
show?thesis
proof(simp add: SET_def)

show "id\<^bsub>MakeCat SET’\<^esub> X |@| x = x"
proof(cases "x |\<in>| X")

case True
thus?thesis

apply(simp add: SET’_def)
apply (simp add: MakeCat_def)
by(rule ZFfunApp)

qed (simp add: assms)
qed

qed
qed
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lemma (in encoding_wrt_barbs)
indRelRSTPO_impl_SRel_and_TRel_weakly_reflect_barbs:

fixes SRel :: "(’procS \<times> ’procS) set"
and TRel :: "(’procT \<times> ’procT) set"

assumes reflection: "rel_weakly_reflects_barbs (indRelRSTPO SRel TRel) (
STCalWB SWB TWB)"

shows "rel_weakly_reflects_barbs SRel SWB"
and "rel_weakly_reflects_barbs TRel TWB"

proof -
have "rel_weakly_reflects_barbs SRel SWB \<and> rel_weakly_reflects_barbs

TRel TWB"
proof (rule conjI)

show "rel_weakly_reflects_barbs SRel SWB"
using reflection rel_with_source_impl_SRel_weakly_reflects_barbs[where

Rel="indRelRSTPO SRel TRel" and SRel="SRel"]
by (simp add: indRelRSTPO.source[where SRel="SRel" and TRel="TRel"])

show "rel_weakly_reflects_barbs TRel TWB"
using reflection rel_with_target_impl_TRel_weakly_reflects_barbs[where

Rel="indRelRSTPO SRel TRel" and TRel="TRel"]
by (simp add: indRelRSTPO.target[where SRel="SRel" and TRel="TRel"])

qed
thus "rel_weakly_reflects_barbs SRel SWB" and "rel_weakly_reflects_barbs

TRel TWB"
by simp_all+

qed
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NeurIPS Paper Checklist
1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: The abstract and the introduction clearly state the contributions of POETRY,
the recursive proving method that enables proof search to find substantial longer proof.
POETRY achieves superior performance on benchmarks like miniF2F and PISA, which
align with the paper’s content.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The paper discusses the limitations in Section 6.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [NA]
Justification: The paper does not include theoretical results or formal proofs; it focuses on
novel nerual theorem proving methods that tries to prove theorem recursivly.
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theo-

rems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: The paper provides detailed steps of the methodology, including the data
extraction process, the training details in Section 3 and evaluation settings, results and
corresponding explanations in Section 4.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear

how to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The research adheres to ethical guidelines by providing transparency in data
generation and model training and by making datasets and models available for further
research.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/

public/guides/CodeSubmissionPolicy) for more details.
• While we encourage the release of code and data, we understand that this might not

be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The paper specifies the experimental details, including data splits, hyperpa-
rameters, model configurations, and evaluation metrics necessary to understand the results
in Section 4 and Appendix A.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of

detail that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment Statistical Significance
Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]

Justification: As our beam search generation of GPT is deterministic, no error bars are
provided for some results. However, we do confirm on the reproducibility of our method
by providing all relevant materials.

Guidelines:

• The answer NA means that the paper does not include experiments.
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• The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should prefer-

ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: This information can be found in Appendix A.2.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

9. Code Of Ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: This research adheres to ethical guidelines by providing transparency in data
generation and model training and by making datasets and models available for further
research.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justification: The paper discusses this aspect in Appendix B.
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Guidelines:
• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
Answer: [NA]
Justification: This paper poses no such risks.
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: All licenses of open source code (LeanDojo) and datasets (AFP) are included
in our code.
Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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• For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

• If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets
Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [Yes]

Justification: All code, datasets and models are documented and will be provided alongside
the assets to facilitate further research.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects
Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing or research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

• Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.
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• Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.
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