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ABSTRACT

Diffusion bridge models in both continuous and discrete state spaces have re-
cently become powerful tools in the field of generative modeling. In this work,
we leverage the discrete state space formulation of bridge matching models to
address another important problem in machine learning and information theory:
the estimation of the mutual information (MI) between discrete random variables.
By neatly framing MI estimation as a domain transfer problem, we construct a
Discrete Bridge Mutual Information (DBMI) estimator suitable for discrete data,
which poses difficulties for conventional MI estimators. We showcase the per-
formance of our estimator on two MI estimation settings: low-dimensional and
image-based.

1 INTRODUCTION

Mutual Information (MI) is a fundamental measure of nonlinear statistical dependence between
two random vectors, defined as the Kullback-Leibler divergence between the joint distribution
Px,,x, and the product of marginals Px,® Px, Polyanskiy & Wu (2024):

l(X07X1) = KL[]P)X(),X1 H PX()@PXJ

Due to several outstanding properties, such as nullification only under statistical independence, in-
variance to invertible transformations, and ability to capture non-linear dependencies, MI is used
extensively for theoretical analysis of overfitting Asadi et al. (2018), hypothesis testing Duong &
Nguyen (2022), feature selection Peng et al. (2005) representation learning Hjelm et al. (2019);
Butakov et al. (2025), and studying mechanisms behind generalization in deep neural nets Gold-
feld et al. (2019); Butakov et al. (2024b). While less explored compared to the continuous case,
MI estimation between discrete random vectors is often leveraged in fields such as bioinformat-
ics Newcomb & Sayood (2021); Xia et al. (2024), neuroscience Chai et al. (2009), and natural
language processing Darrin et al. (2024). Despite conventional non-parametric methods offering
strong baselines in discrete setups, they typically degrade as data dimensionality and alphabet size
increase Pinchas et al. (2024). This motivates the development of novel neural-based discrete MI
estimators capable of capturing intricate interdependencies in complex high-dimensional settings.

Bridge Matching. Diffusion models are a powerful type of generative models that show an im-
pressive quality of data generation on continuous state spaces Ho et al. (2020). However, they have
some disadvantages, such as the inability to perform data-to-data translation via diffusion. To tackle
this problem, a novel promising approach based on Reciprocal Processes Léonard et al. (2014) and
Schrodinger Bridges theory De Bortoli et al. (2021) has emerged. This approach is known as diffu-
sion bridge matching and is utilized for learning generative models as diffusion processes for domain
translation. This type of model has shown itself to be a powerful approach for many applications
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in biology Bunne et al. (2023), chemistry Somnath et al. (2023), computer vision Liu et al. (2023),
unpaired learning Gushchin et al. (2024a), and mutual information estimation Kholkin et al. (2025).

While the approach was introduced for the continuous state space R” it has recently been general-
ized to discrete state spaces, i.e., discrete bridge matching, Ksenofontov & Korotin (2025). Such
generalization proved itself useful in many applications: unpaired learning Ksenofontov & Korotin
(2025); Kim et al. (2025), text generation Gat et al. (2024), and drug design Igashov et al. (2024).

Contributions. In this work, we study mutual information (MI) estimation between discrete ran-
dom variables defined on the same state space. We introduce a novel MI estimator based on recipro-
cal processes and their Markov chain representation (§4.1). Building on this framework and Bridge
Matching for discrete domain transfer, we develop a practical estimation algorithm, DBMI (§4.2).
We evaluate the method on two benchmarks: a low-dimensional setting and a high-dimensional
image-based benchmark (§5). The latter is introduced in this work to assess scalability in complex
discrete spaces while retaining access to ground-truth MI (85.2). To our knowledge, it is among the
first benchmarks to combine these properties. We further show that our method outperforms existing
MI estimators for discrete domains.

Notation. We consider discrete state spaces of the form X = S”, where S = 1,2, ..., .S denotes
a categorical space and D is the number of dimensions. This formulation is general and widely
used in practice. Consider a time set {t,, ;V;Ol, where 0 = tp <t} < --- <ty < tyq1 = 1are
N > 1 time moments. The space X'V *2 is referred to as the path space and represents all possible

trajectories (%o, Tin, L1y, ), Where xi, def (X, ..., 2ty ) corresponds to the intermediate states.
Let P(XN+2) be the space of probability distributions over paths. Each » € P(X"*2) can be
interpreted as a discrete in time AX'-valued stochastic process. We use (g, Zin, Z¢,_, ) to denote its
probability mass function (PMF) at (¢, Zin, Tt ,,) € X2 and use 7(-|-) to denote its conditional
distributions, e.g., r(z1|7o), 7(xin|20, x1). Finally, we introduce M(XN*+2) c P(XN+2) as the
set of all Markov processes r, i.e., those processes which satisfy the equality 7(zo, Tin, T¢y.,) =
r(xo) Hgill r(xy, |z, _,). To denote the probability mass function of € P(XN+2) at a point
x¢, € X at time ¢, we use r(x;, ). We write KL [- | -] to denote the Kullback-Leibler divergence
between two distributions or stochastic processes.

2 BACKGROUND

In this section, we deliver background information on Mutual Information (§2.1) and explain con-
cepts vital to our main result: Reciprocal processes (82.2), their Markov chain representations (82.3
and §2.4) and the concept of Bridge Matching for discrete state spaces (82.5).

2.1 MUTUAL INFORMATION

For discrete X-valued random variables X, X, with existent joint probability mass function
m(xg, 21 ), the mutual information (MI) quantifies the KL divergence between the joint distribution
and the product of marginals:

7 (o, 1)
[(Xo; X1) = Er(zg.2,) log ——
(05 X0) = Bt 08 2 )
Mutual information is zero if and only if X, and X are independent. It is also invariant under
injective transforms and admits many other noticeable properties Polyanskiy & Wu (2024).

= KL [m(20, 1) || m(2o)m(21)] (D

2.2 RECIPROCAL PROCESSES

Reciprocal processes form a class of stochastic processes that have recently attracted increasing
interest in various domains, including stochastic optimal control Léonard et al. (2014), Schrédinger
bridge problems De Bortoli et al. (2021), and diffusion-based generative modeling Gushchin et al.
(2024a). Although traditionally defined in continuous time, recent works have adopted discrete-
time formulations Gushchin et al. (2024b); Ksenofontov & Korotin (2025), favoring their simplicity
and modeling flexibility. In this work, we consider a discrete-time reciprocal process, defined via a
reference Markov process ¢**f € M(XN+2).

Consider a distribution 7(z¢, 1) € P(X?), reference process ¢" and define the discrete in time

stochastic process 7: def rof

(20, Tin, 1) = ¢ (Tin|20, 1) 7 (T0, T1). (2)
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The process 7, can be interpreted as the reference process ¢"°f constrained to have marginal dis-

tribution 7 (g, 1) at its endpoints, while the inner part, i.e., conditioned on start zg and end z1,
reference process ¢"°! (zi, |20, 1), is also known as a bridge. In continuous time, this construction
aligns with the classical Doob h-transform framework Palmowski & Rolski (2002). Due to the non-
causal nature of trajectory formation, process r is, in general, not Markov. The set of all such r
for a particular ¢**' can be described as:

R(¢={r e P(XNT2) s.t. I € P(X?) : 17 =1}

and we call it a set of reciprocal processes for ¢"°.

2.3 RECIPROCAL PROCESSES CONDITIONED ON A POINT

Consider a reciprocal process 7, and its corresponding conditional process 7. (Zin,z1|zo) =
Tx|ao (Tin, 1). One can be observed, process 1|4, (%in, 1) is Markov:
Proposition 1. Consider the reciprocal process conditioned on point xo, Tr|z, (Tin,x1). Then

Txlao (Tin, 1) is Markov: Nt1

7“7r|x0(30in,301) = H Tﬂro(xtn
n=1

Ty, ) €))

See Appendix A for proof. Conditioning of reciprocal process on the start point can be generalized to
reciprocal process starting from (), i.e., Dirac delta distribution, and is a rare case of a stochastic
process when both Markov and reciprocal properties are present. This also holds in continuous time,
where the processes are known as Schrodinger—Follmer processes Vargas et al. (2023).

2.4 RECIPROCAL PROCESSES AS CONDITIONED MARKOV CHAINS

Let us note that one can naturally represent the whole . as the mixture of |, over initial states
xo and decompose 7|, as the Markov chain, see equation 3:

N+1 N+1
rﬂ(‘r(% Tin, .’171) = ﬂ-(xO) H Trlzo (‘rtn+1 |$tn> = 71'(.1'0) H Tﬂ'(xtn+1 |xtn’x0) 4)
n=1 n=1

This represents r, as a Markov process family conditioned on xo, i.e., 7'r|4,. In that light, if one
does know all the transition probabilities (¢, , |, , o) and marginal 7(), then one can sample
from 7, by performing the inference of Markov chain.

n?

2.5 BRIDGE MATCHING FOR DISCRETE STATE SPACES
The 7|4, admits a Markov chain formulation as given in equation 3 and it has analytic form:

T'rlzo (fﬂtn |$tn_1 , IUO) :Eﬂ(zl |zo) [qref(fﬂtn |$tn_1 ) fCl)] , )

where ¢*** (x4, |, _,,21) is also known as posterior and is usually analytically known and easily
computable in exact form Austin et al. (2021). However, the expectation in equation 5 is taken with
respect to 7(x1|zo), which in practice is typically available only through empirical data samples;
consequently, an exact evaluation of equation 5 is rarely feasible.

ref (

Fortunately, they can be recovered as the solution to the following problem, (Ksenofontov & Korotin,
2025, Prop. 3.3): N

Tr|zo = aTg mmEﬁ(ml‘xo)[ E Eqref(rtnil‘m()’zl)
S

n=1
KL [q" (2t |24, s 21) | 8(xe, |20, 1)) = Bgrer(a, | fwo,an) 08 s(21 ]2y )], (6)

where 75, € M(XNT1) and each markov transition 7, (24, [2¢,_,) € P(X), see equation 3.

n—1

In addition, one can create a family of independent subproblems like equation 6 indexed by condition
xo to recover r as the family of r ;.. Such an approach is known as conditional bridge matching
Zhou et al. (2024); Igashov et al. (2024):

N

re = g Wi Er (o, a0) [ D Bgrer(an, _, foo,0)
S

n=1

KL [qref(a’.tn xtnfuxl) ” S('rtn |xtn717x0)] - Eq"ef(actN \mg,m1)[10g8(x1|xtN7‘(I’.O)H7 @)




Published as a paper at the 2nd DeL.Ta Workshop, ICLR 2026

where 7, € P(XN12) at the optimum is the mixture of x|z, Processes equation 6. The optimization
objective equation 7 closely resembles the variational bound used in diffusion models Ho et al.
(2020); Austin et al. (2021) and is usually solved with standard deep learning techniques Austin et al.
(2021); Ksenofontov & Korotin (2025). Common practice is to parametrize a conditional Markov
chain 7, using a neural network. Specifically, each transition is modeled as r¢(z:, |z, _,, o),
where x;,, , and x serve as inputs and the network outputs a probability distribution over X’. That

isrg: X x X — Al where Al denotes the probability simplex over X.

3 RELATED WORK

We briefly review existing approaches to mutual information estimation, covering non-parametric,
variational, and diffusion-based methods, and highlight the limitations of current techniques when
applied to discrete state spaces.

Non-parametric Estimators. Typical non-parametric entropy and mutual information estimators
rely on empirical PMF estimates, offering strong baselines for low-dimensional problems with small
state spaces Pinchas et al. (2024). However, as task complexity increases, these approaches struggle
to yield accurate estimates because many states occur infrequently or remain unobserved. For ex-
ample, MI calculated through naive PMF estimation is always upper-bounded by log(sample size)
Cover & Thomas (2012), a severe limitation in large state spaces.

Variational Estimators. Neural parametric approaches address this challenge by capturing the
intrinsic structure of the data, filling the missing states implicitly. Currently, the most prominent
class of neural MI estimators capable of handling discrete cases leverages variational bounds. These
include MINE Belghazi et al. (2018), NWJ Nguyen et al. (2010), InfoNCE van den Oord et al.
(2019), f-DIME Letizia et al. (2024), and similar methods. Such estimators, however, are prone to
other theoretical limitations McAllester & Stratos (2020) and currently lag behind more elaborate
approaches based on diffusion models and normalizing flows Franzese et al. (2024); Butakov et al.
(2024a). On the other hand, these advanced methods target continuous distributions and do not apply
to the discrete case — a gap we fill in our work.

Diffusion Based Estimators. A recent class of MI estimators is based on diffusion processes,
including MINDE Franzese et al. (2024), which treats MI estimation as a generative modeling prob-
lem, and InfoBridge Kholkin et al. (2025), which approaches it as domain transfer. These methods
leverage tools from stochastic calculus, such as the disintegration and Girsanov theorems, to express
KL [ (2o, 1) || m(xo)m(x1)] as a KL divergence between diffusion processes.

The MI estimation is the result of MSE integration over the stochastic process trajectory. Such
methods are known to be particularly suitable for complex data and estimation of high mutual in-
formation. While a discrete-state variant of MINDE, Info-SEDD Foresti et al. (2025), has recently
been proposed, diffusion-based estimators have so far been developed primarily for continuous state
spaces, limiting their applicability in discrete settings.

4 DBMI. MUTUAL INFORMATION ESTIMATOR

In 84.1, we propose our novel DBMI method to estimate MI between discrete state space random
variables, which is based on computing the KL divergence between reciprocal processes. Next, in
§4.2 we explain the practical implementation of our proposed MI estimator.

4.1 COMPUTING THE MI THOUGH RECIPROCAL PROCESSES
Consider the MI estimation for discrete random variables X¢, X; € P(X’) with corresponding joint

distribution 7(x, z1). To tackle this problem the key idea we choose the reference process ¢! and
employ corresponding reciprocal processes:
ioi def £
O (0, Tin, 1) = ¢ (2in |0, 21)7 (20, 21), (®)
~ def
T;Tnd(ﬂfo, Tin, T1) = qu(ﬂfin|$0, x1)m(20)7(21). )

We show that the Mutual Information, as the KL between 7 ()7 (21) and 7(zo, 21) equation 1, is
equal to the KL between reciprocal processes ri°t and 74, j.e., discrete bridge matching models

solving domain transfer problem. The latter can be decomposed into the KL between Markov chains.
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Algorithm 1: DBMI. Learning procedure.

Input: Distribution 7(xo, x1) accessible by samples, neural network parametrization 7¢ of conditional
Markov transitions 7™ and "4, batch size K, number of inner samples M
Output: Learned neural network 4 approximating processes r3°** and i
repeat
Sample batch of pairs {zf, xlfyvzl}szo ~ 7(xo,21);
Make a shuffle {z} ,—o}r—o = Permute({z} ,—1}1—0); // v=0 marks rir?, v=1 marks
T“l?mt
Sample batch {n; } 1, ~ U1, N]
kokoy.
Sample batch {x{’ U}m o~q" (mtnk |5, 27 5) 3

£0 = Kl]\/[ Z Z Z |:]I[nk7éN] KL |: (wtnk+1|xtnk v73:1 v) H?”g(l’tnkJrl xtnk U7x§7v)] -

ve{0,1} k=1m=1

H[nk:N] . log T0($1|:r?;],v7 x’(§7 U):l 5

Update 6 using aﬁ"
until converged;

Algorithm 2: DBMI. Estimation procedure.

Input: Distribution 7(xo, x1) accessible by samples, neural network parametrization 7¢ of conditional
Markov transitions 73°™ and 714, number of samples K, number of inner samples M

Output: Mutual information estimation MI
Sample batch of pairs {z5, z¥}5 | ~ (20, z1);
Sample batch {ny }7—q ~ U[1, NJ;

M f koo kY.
Sample {zf, }m o~ ¢ (T, |75, 21);

k .
MI A KM Z 21 |:KL [7"9(3315nk+1 ‘mtnkvxm ) ” 7'9(xtnk+1 xtn y L0 O)} ]s
k=1m

return Ml

Proposition 2 (Mutual Information Decomposition). Consider random variables Xo, X1 € P(X)
and their joint distribution 7(xq,x1). Consider reciprocal processes rI°™ and ™ induced by
distributions w(xg,x1) and 7(x1)7(x0) respectively, as in equation 8 and equation 9. The the MI
between the random variables X, and X1 can be expressed as:

N
I(X07 Xl) = Z ETW (zo,¢,,) |: KL [Tgromt (xtn+1 |xtn l :CO) || T;—nd ('rt'n,+1 |'Ttn l xo)} :| ) (10)

n=1
where o N
O (0, Tin, T1) = 7(T0) H T';romt(%nﬂ |t,,, o), (1D
n=1
N
i (@, 2, 71) = w(20) [ [ ri (@, |21, 70). (12)

n=1

The r1°™ and rind are the conditional Markov transitions from the corresponding representations
equation 4 of the reciprocal processes 3°'"* and ri*9,

See Appendix A.2 for proof. Once the Markov chain transitions 7i°™* and 714 are known, our

Proposition 2 provides a straightforward way to estimate the mutual 1nformat10n between random
variables X and X; by evaluating the KL divergence between 7i°"* and ri"? at trajectory points
Lty Lo ™~ rgﬂomt (‘TO, Lt,, )

4.2 PRACTICAL ALGORITHM

We developed a practical algorithm to estimate the mutual information based on Proposition 2 and
call it DBMI. Our approach consists of two distinct stages: first, we learn the Markov transitions via
bridge matching, (see 82.5 and Algorithm 1); second, we use these learned transitions to compute
the mutual information (see Algorithm 2).
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The reciprocal processes 7i°™ and 774 can be recovered by the Bridge Matching for discrete state
spaces procedure, see 82.5. We have to solve optimization problem equation 7 by parametrizing
rI°int and rind with neural networks %% and r"4-¥ respectively, and applying Gradient Descent

s
on Monte Carlo approximation of equation 7.

The MI estimate in equation 10 requires sampling from the reciprocal process 71 (zg, 24, ) at
times 0 and ¢,,, which is straightforward in a simulation-free manner since:

r'iromt (.’Eo, xtn) = ]E‘/r(af:l) [rgroint (xO; Tt, |$1)] = ]E7r(321) [qref(xtn |5E0, ‘Tl)’iT(.’E0|.’L'1)]. (13)

Therefore, a sample from it can be obtained by sampling from 7 (z¢, z1) and ¢*f (@, |20, 21).

Amortization of Learning Procedure. In practice, to ammortize the optimization procedure,
we replace two separate neural networks that approximate the conditional Markov transitions
riomt(zy |2, , 20) and ri(zy, . |24, ,20) with a single neural network that incorporates an ad-
ditional binary input. Specifically, we introduce a binary input v € {0, 1} to unify the Markov chain
transitions approximations in the following way: 7¢(-,1) a 7i°®t(.) and ry(-,0) ~ rind(.). The

introduction of such additional input is a common technique (see, for e.g., Franzese et al. (2024)).

Markov Transitions Parametrization. Note that the size of the state space grows exponentially
as | X| = [S|P = SP, where S is the number of categories per variable and D is the total number of
variables. Consequently, a neural network used to parametrize the transition kernel r¢(z¢, |z, _,)
would, in principle, need to output S” probabilities, which quickly becomes computationally pro-
hibitive. Because directly modeling such transition distributions is impractical, we adopt a common
strategy from discrete generative modeling Austin et al. (2021); Sahoo et al. (2024) and impose a
factorized structure over dimensions on the probabilities:

D
d
ro(@, e, o) ~ [ [ ro(af o, @0). (14)
d=1
In this case, for each x¢, _,, we predict a row-stochastic D x .S matrix of probabilities 7 (xtdn |
Z, _,,xo). Rather than using separate models for each of the NV + 1 transitions, we train a single

neural network with an additional timestep input. The network takes inputs of the form S© x SP x
[0, 1] and outputs R¥* P, We also apply posterior sampling (see Appendix B.1 for details).

Reference Process. Reciprocal processes that we work with depend on the reference process ¢*f,
see 82.2. We consider the case where we do not have any prior information on data so we choose the
simplest reference process with uniform categorical noise, i.e., random change of category, Austin
et al. (2021). We start from one-dimensional case. Define a process where the state stays in the cur-
rent category x;, , with high probability, while the remaining probability is distributed uniformly
among all other categories. We call this process the uniform. Formally, as a homogeneous Markov
process, it is defined by the following probabilities:

l—a, x, =2, ,,

unif — o i 15
i C T T {5_1’ v, £ 30, L, (15)

where « € [0, 1] is the stochasticity parameter that controls the probability of transitioning into
another state. Then, to construct such a process for D > 1 one has to combine several such inde-
pendent one-dimensional processes.

For such case bridge ¢*°f (2, |o, z1) and posterior ¢"°f (x;, |z, x1) is known analytically Austin

et al. (2021) and can be sampled very easily for all ¢,,. While alternative reference processes, such
as those incorporating intercategory dependencies Austin et al. (2021), are possible, we adopt g™
due to its simplicity and robustness, as it does not rely on any additional assumptions.

5 EXPERIMENTS

We evaluate our method on two benchmarks, where known ground truth MI values allow us to assess
the performance of our method. To cover low-dimensional cases, we construct joint probability dis-
tributions with a manageable number of categories and then stack these distributions upon each other
(see §5.1). Next, to evaluate the capability of our method to estimate mutual information between
complex, high-dimensional random variables, we propose a procedure for embedding discrete state
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Dim Ml DBMI (ours) f-DIME-KL f-DIME-H f-DIME-G MINE InfoNCE
D=2 3.38 3.40 2.97 3.10 3.17 3.23 3.31
D=5 8.50 8.67 3.43 6.89 7.08 6.69 5.99
D =10 16.80 16.90 5.04 7.01 9.23 3.28 6.22
D =25 4236 42.10 4.35 4.69 9.33 9.83 6.22
D =50 85.47 79.30 3.82 1.85 9.52 8.75 6.19

Table 1: Results on the low-dimensional benchmark for varying dimension D (see Dim column) and fixed
number of categories S = 10. Ml denotes ground-truth MI; other columns show estimates from each
method. The closer to Ml the better. The closest to GT estimates are marked in bold.

NumCat Ml DBMI (ours) f-DIME-KL f-DIME-H f-DIME-G MINE InfoNCE
S=2 3.64 3.91 3.08 3.37 3.84 3.28 2.909
S=5 10.35 10.21 4.65 7.44 6.97 6.82 6.13
S =10 16.80 16.90 5.04 7.01 9.23 3.28 6.21
S =25 25.86 25.33 4.42 -9.65 9.97 9.8 6.21
S =50 32.73 31.03 3.57 7.11 8.65 9.71 6.18

Table 2: Results on the low-dimensional benchmark for varying number of categories S (see Dim column) and
fixed dimension D = 10. Ml denotes ground-truth MI; other columns show estimates from each method.
The closer to Ml the better. The closest to GT estimates are marked in bold.

space variables into structured image data and estimating MI between them (see §5.2). We compare
ours DBMI to other popular neural MI estimators that are suitable for working with discrete random
variables: MINE Belghazi et al. (2018), InfoNCE van den Oord et al. (2019), NWJ Nguyen et al.
(2010) and f-DIME Letizia et al. (2024) with KL, Hellinger (H), and GAN (G) divergences, using
the same deranged architecture across all divergences.

5.1 Low DIMENSIONAL BENCHMARK

We validation our method on distributions with known mutual information, constructed in the fol-
lowing way. Consider a random vector (Xg, X;) = (X¢, X1,..., XP, XP) taking values in S?7.
We factorize this random vector pdf 7(xz¢, x1) across dimensions:

D
m(wo,x1) = [ [ malaf, =),
d=1

where each bivariate factor 74(xd, ¢) is constructed by first drawing x¢ uniformly over S and then
defining the conditional distribution via a randomly generated stochastic transition matrix I1(z¢|z)
with controlled level of dependence between X¢ and X{. Owing to the factorization across dimen-

sions, the total mutual information decomposes as I(Xg; X1) = ZdDzl I(X&; X.

We compare our DBMI and other mentioned MI estimators on low-dimensional benchmark, by
increasing both S = S| and D as shown in Table 1 and Table 2. All the methods are trained using
10* train samples and 10* test samples. Our method employs a Diffusion Transformer (DiT)-based
architecture trained for 150 epochs, o = 10~* for ¢**f equation 15, M = 1 for training, Algoritm 1,
and M = 10 for MI estimation, Algoritm 1. For further details, see Appendix B.3.

The results demonstrate that DBMI consistently outperforms competing methods. DBMI holds
precise MI estimation with the growth of dimension, see Table 1, and the growth of number of
categories, see Table 2, while other neural estimators start to fail very early.

5.2 IMAGE BENCHMARK

To evaluate scalability, we propose the first image-based benchmark for discrete data. Building on
the idea that MI is invariant w.r.t. bijective mappings Butakov et al. (2024b). We construct low-
dimensional latent random variables and corresponding bijective mapping to the image space. This
allows for precise MI control within a high-dimensional, complex image state space.

Specifically, we have four latent variables (X}, X2, X8, X§) that specify the pixel border coor-
dinates of the single rectangle. We sample each coordinate as X§ ~ U(0,...,V’) and enforce a
minimum side length V™" to avoid degenerate rectangles. The target X is obtained by passing
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(a) zo ~ m(z0)

(b) x1 ~ m(z1) (©) z1 ~ 1o ( (d) 21 ~ 7ro(
Figure 1: Qualitative samples, presented in 5 X 2 image grids, generated using image benchmark and DBMI,

i.e., ro(-), at resolution 32 x 32.

Ml;we DBMI (ours) f-DIME-KL f-DIME-H f-DIME-G MINE NWJ
1 0.504 0.668 0.687 0.701 0.0 0.0
2 1.426 1.158 1.264 1330 0.0 0.0
4 3.923 2211 2.676 2.719 1.84  0.685
6 6.301 2.957 3.678 3.385 2.784  1.789
8 8.447 4.239 4919 4.886 3.776  2.554

Table 3: Results for the high-dimensional image benchmark with 32 x 32 images across all estimators. Mlye
denotes the ground-truth mutual information. All the other columns correspond to MI estimation results for a
particular method. The closer to Ml the better. The closest to GT estimates are highlighted in bold.

each latent coordinate X through a symmetric noisy channel (Lee & Rhee, 2024, §4.5) indepen-
dently, which yields following mutual information between images |(X¢; X1) = 2?21 I(XE; XD).

In our experiments, we set V = 10, pmin — 1
and render 32 x 32 binary images (S = 2), where
1 indicates the rectangle and 0O the background.

T T
== ground truth
[ == DBMI (ours)
—o— DIME-KL
DIME-H
7 == fDIME-GAN

—= MINE
[t NW)

We train all methods on 10° samples for mutual 6
information values in {1, 2,4, 6,8} and evaluate
on 10# validation samples. Specifically, we train 2
our method for 20 epochs and use & = 1072
for ¢"°f in equation 15, M = 1 for training, Al-
goritm 1, and M = 10 for MI estimation, Al-
goritm 1. Additional experiments with 16 x 16

images are presented in Appendix C. ” TRy

1(Xo; X1)
Results in Figure 2 and Table 3 show that DBMI
scales to high-dimensional images and accu-
rately estimates mutual information in regimes
where competing methods fail. In addition to ac-
curate MI estimation, our method learns to gen-
erate perfect samples from marginal z1, see Figure 1.

Figure 2: Comparison of estimated mutual informa-
tion 1(Xo; X1) across methods against the ground-
truth 1(Xo; X1) (red) on a high-dimensional image
benchmark with size 32 x 32.

6 DISCUSSION

Potential Impact. Our contributions include the development of a novel Mutual Information es-
timator for the discrete state space random variables grounded in the reciprocal processes and the
bridge matching theory. The proposed algorithm, DBMI, achieves superior performance over widely
used mutual information estimators applicable for discrete state spaces, including MINE Belghazi
et al. (2018), InfoNCE van den Oord et al. (2019), and f-DIME Letizia et al. (2024), across both
low-dimensional benchmark and challenging high-dimensional image-based benchmark.

Limitations. The factorization of transition probabilities described in §4.2 introduces some bias
towards the MI estimation. However, generally such bias is considered negligible, see (Campbell
et al., 2022, 84.5), and reduces to zero with N — oo. Moreover, our training and estimation are
simulation-free, so we can choose N arbitrarily large.

Future Work. This exploration of mutual information estimation for discrete state space variables
opens new directions in information theory, particularly for mixed state spaces—combinations of
discrete and continuous variables. Notably, bridge matching has already shown promise in mixed-
type data generation, such as tabular data Guzman-Cordero et al. (2025).
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A  PROOFS

A.1 CONDITIONAL RECIPROCAL PROCESS AS MARKOV CHAIN

Proof. Consider conditional reciprocal process 7 :
T (Tin, 21]20) = 7x (@4, 054, [20) (16)

Let us consider part of the reciprocal process 7 (x4, .1, |Zo), marginalize it by future timesteps tj1 :
tn+1 and apply the reciprocal process definition equation 2:

T(xtlitk‘xo) = Z T(mtlztw+1|$0) = Z qref(xtlth|xO)7T($1|$0) =

Ttpp1 TNy Tip g g
quf(xl‘xO) ref 7T(Jj1|x0)
Z quf(ajtl:tN ‘xo)rdiﬂ-(x”xo) = Z q (xt1:t1\1+1 |$0)7
x| ref (4|2
Tipoq Ty q ( 1‘ 0) Tepyr Ty q ( 1| 0)
a7
Then recap that reference process ¢*°! is Markov:
k
qref(xtlth+1|$0) = [H qu(mtil’ti_ul"o)] ‘qrEf(xtk+1:tN+1|Ik,$0) (13)
i=1

Apply Markov chain form equation 18 for reciprocal process equation 18:

k
T\ |2
(X4, 4, |T0) = lquf(xti xti17x0>‘| . E _m(@ifzo) (Tt tn i [Tr,T0)  (19)
i=1

ref (- |1
Tipys Texsr gt (w1 |zo)

Then it is easy to see that last line term depends only on z;:

7(21]xo)
h(‘rk) = Z mgref(xtk+1tt1\r+1lmkax0) (20)
Ttpq1 T4

Finally let us take a look at the ratio between the parts of reciprocal process 7, and apply equation 19:

k ref
Tﬂ'(xtl:tk|x0) . |:Hi:1q (ztilzti717$0)i| h(;ck)

Tw($t1:tk_1|if0) N [Hfz—ll qref(xti JCti,l,Io)} h(xkfl) =
h(zr)

l‘tk|$tk,1,$o)m = rr(@, |Te, 5 T0) (21)

Tﬂ'('rtk ‘mtl:tk—l ’ 330) =

qrcf(

Since 7 (zt, [Tty _y s T0) = ra(@t, |Te,_,, o) it is evident that r, (2, 21]20) is a Markov chain.
O

A.2 MUTUAL INFORMATION DECOMPOSITION PROOF.

Proof. Using the chain rule for KL divergence between stochastic processes 71°"t and rind:
KL [P () | r329()] = KL [ (w0) || 7(20)] + Engay [KL [P0 170,00 @2

Note that 7°* and 7" share the same () marginal by construction, see equation 9 and equa-
tion 8, so the first KL term is zero. Applying the chain rule for KL divergence between stochastic
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ML, .. DBMI (ours) f-DIME-KL fDIME-H f-DIME-G

1 0.845 0.729 0.804 0.784
2 1.932 1.852 1.999 2.104
3 2.928 2.439 2.796 2.74
4 4.124 3.646 3.829 3.902
) 5.103 4.284 4.881 4.834
6 6.41 5.442 5.655 6.01

Table 4: Results for the high-dimensional image benchmark with 16 x 16 images across all estimators. Ml
denotes the ground-truth mutual information. All the other columns correspond to MI estimation results for a
particular method. The closer to Ml the better. Best estimates are highlighted in bold.

processes once more, and decomposing at the initial and terminal times of the reciprocal process,
we obtain:

KL [P () |74 ()] = KL [r(0, 1) || 7 (o) (1)) +
Er(g.e0) [KL [P0 (|21, 20) || 79|21, 20)]] (23)

Recap that both 7™t (.|21, x) and ri"(-|2y,z0) are ¢"**(-|zo,21), see equation 2. Therefore,
KL [riomt (|ay, z) || ri2d(-|21, 29) | = 0. Then by combining the equation 22 and equation 23 the
following holds:

KL [P () [[7()] = KL [ (o, 21) || w(@o)m (1)) =
Eoreoy [KU [P0 i ]| = 1060 X0) - 24)

Finally by presenting the conditional reciprocal processes rjo‘i;ot and r;"‘fco as the Markov chains:

1(Xo: X1) = En(ayy [KL [P0 0) 1728, 0)] | =
Eren)| . Bar, KL ™ @1, o, 20) |75 o, 1, 20)] |
n=1
O

B EXPERIMENTAL DETAILS

B.1 POSTERIOR SAMPLING

In line with the standard practice in diffusion models (see, e.g. Ho et al. (2020)), we parameterize
the transition probabilities rg (¢, |zt _,, o) using a posterior sampling scheme:

Tg(xt'n, | [ ) IO) = Efe(il\mn_l-,xo) [qref(xtn | Tty _19 i‘l)]v

where 7g(Z1 | @1, _,,%0) is a learnable distribution. This parameterization assumes that sampling
T, given xy_, and x proceeds in two stages:

1. Obtain probabilities of an endpoint 79 (Z1 | ¢, _,,Z0);

2. Compute expectation of the reference process Ez, [¢"f (z;, | ¢, _,,#1)] distribution and
sample the next state x¢,, .

B.2 GENERAL OTHER METHODS DETAILS.

MINE, NW], InfoNCE. We use a nearly identical experimental framework to assess each ap-
proach within this category. To approximate the critic function in experiments with synthetic data,
we adopt the NN architecture from Butakov et al. (2024a), which we also report in Table 5 (“Critic
NN”).
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Table 5: The NN architectures for variational methods (MINE, NWJ, InfoNCE, f-DIME) used to conduct the
tests in §5.2.

NN Architecture

Critic NN x1: Dense(2 - dim, 256), LeakyReLLU(0.01)
1 di . ’] dat x1:  Dense(256, 256), LeakyReLU(0.01)
ow-dimensional data x1: Dense(128, 1)

x1:  [Conv2d(1, 16, ks=3), MaxPool2d(2), LeakyReLU(0.01)]*? i parallcl

Critic NN, x1(2):  [Conv2d(16, 16, ks=3), MaxPool2d(2), LeakyReLU(0.01)]*? in parallel
16 x 16 (32 x 32) x1: Dense(256, 128), LeakyReLU(0.01)
images x1: Dense(128, 128), LeakyReLU(0.01)

x1:  Dense(128, 1)

f-DIME For all the f-DIME-H, f-DIME-KL, f-DIME-G we take the official implementation:

https://github.com/nicolaNovello/fDIME

Info-SEDD. We attempted to reproduce the Info-SEDD method Foresti et al. (2025) following
the publicly available description, but were unable to obtain competitive performance under our
experimental settings.

B.3 Low DIMENSIONAL BENCHMARK DETAILS

Conditional Probability Matrix Generation The conditional probability matrix TI(x¢|xd) for
each dimension is generated as follows:

1. Create exponential kernel matrix using a Gaussian similarity measure:

(i —j)*

K;; :=exp <— 552

), i,jefo,....,8—1}

where o controls the bandwidth of the kernel (we use o = 0.5).

2. Multiply K element-wise by a random matrix:
Py := K ® Uniform(0, 1) + e,
with € = 10~'2 for numerical stability.

3. Apply normalization to obtain a stochastic matrix: I1(z¢|z8) := Normalize(F).

DBMI We employ a DiT-based architecture with ~ 300k parameters and following specifications:

Architecture: Embedding layer — 4 Transformer blocks with rotary positional embeddings — linear
projection. Each block has 4 attention heads, hidden dimension 32, conditioning dimension 32. The
approximate number of parameters in a neural network is ~ 312k.

Hyperparameters: Batch size 512, learning rate 3 x 107%, a = 10~*, M = 10 (number of inner
samples in Algorithm 2), training for 150 epochs via KL loss. Nvidia A100 was used to train the
models. In any setup, each run (one seed) took no longer than one GPU-hour to be completed.

MINE, InfoNCE. The networks were trained via Adam optimizer with a learning rate 1073, a
batch size 512. For averaging, we used 5 different seeds. Nvidia A100 was used to train the models.
In any setup, each run (one seed) took no longer than one GPU-hour to be completed.

f-DIME The neural network is MLP with Embedding layer to handle discrete data with ~ 600k
parameters. We follow the default parameters provided by the authors as much as possible: learning
rate 2 - 10~%, batch size 128, number of gradient steps 50k. Nvidia A100 was used to train the
models. In any setup, each run (one seed) took no longer than one GPU-hour to be completed.
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(@) zo ~ m(z0) (b) z1 ~ w(x1) (c) z1 ~ 7o (d) z1 ~ ro(

Figure 3: Qualitative samples, presented in 5 X 2 image grids, generated using image benchmark and DBMI,
i.e., ro(+), at resolution 16 x 16.

7 e
wmmm= ground truth
==fil== DBMI (ours)
6 =o= fDIME-KL ]
fDIME-H
== fDIME-GAN
5F / .
IChis ]
N
S
1%
<= 3F .
2k ]
1F ]
...............................
% 1 2 5 6

Figure 4: Comparison of estimated mutual information i(Xo; X1) across methods against the ground-truth
[(Xo0; X1) (red) on a high-dimensional image benchmark with size 16 x 16.

B.4 IMAGE BASED BENCHMARK

DBMI We employ a UNet architecture with ~ 6.8 M parameters from diffusers library:
https://huggingface.co/docs/diffusers/v0.21.0/en/api/models/unet2d
Architecture: 2-channel input — Downsampling block (2 ResNet layers, 128 channels) — Down-
sampling block with spatial self-attention (2 ResNet layers, 128 channels) — Upsampling block
with spatial self-attention (2 ResNet layers, 128 channels) — Upsampling block (2 ResNet layers,

128 channels) — 2-channel output The conditioning is done via concatenation of x;,_, and x; by
channel dimension.

n—1

Hyperparameters: batch size 128, learning rate 3 x 10~%, @ = 1072, and M = 10 inner samples in
Algorithm 2. We train for 30 epochs using the KL objective, with an additional cross-entropy term
weighted by 1073 (see (Austin et al., 2021, §3.4)).

Nvidia A100 was used to train the models. In any setup, each run (one seed) took no longer than
one GPU-hour to be completed.

MINE, NWJ. The networks were trained via Adam optimizer with a learning rate 1072, a batch
size 512. For averaging, we used 5 different seeds. Nvidia A100 was used to train the models. In
any setup, each run (one seed) took no longer than two GPU-hours to be completed.

f-DIME The neural network architectures for 32 x 32 and 16 x 16 image resolution setup are
presented in Table 5, . We follow the default parameters provided by the authors as much as possible:
learning rate 2 - 104, batch size 128, number of gradient steps 50k. Nvidia A100 was used to train
the models. In any setup, each run (one seed) took no longer than one GPU-hour to be completed.

15


https://huggingface.co/docs/diffusers/v0.21.0/en/api/models/unet2d

Published as a paper at the 2nd DeL.Ta Workshop, ICLR 2026

C ADDITIONAL EXPERIMENTS

Image Benchmark 16 x 16. We test our DBMI and f-DIME on image benchmark 85.2 but with
images being 16 x 16. In that case latent variables { X}, X{} are constructed in the same way, but
alphabet of discrete random variable is smaller, i.e., V = 5. As well as minimum side length for
rectangle V™ = 5. We vary ground truth mutual information: M I, = {1,2,3,4,5,6} and one
can see the experiment results in Table 4, Figure 4 and Figure 3.

It is evident that both our DBMI and f-DIME do solve the problem.
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