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Abstract—We review a recent construction of Clifford prolate
spheroidal wave functions (CPSWFs) — a multidimensional multi-
channel generalization of one-dimensional PSWFs. We introduce
new properties of the corresponding eigenvalues such as decay
and spectral accumulation.

I. INTRODUCTION

The first version of higher dimensional prolate spheroidal
wave functions has been studied in [1]. The mentioned prolates
have been defined as v, x(r,0) = R, x(r)Hy(0) where
the R, ;(r) and Hy(f) are radial functions and spherical
harmonics, respectively. A modified version of the radial part,
©n k(1) = /TR, 1 (r) is the eigenfunction of the following
differential operator

d*u du 1 N2
M (u)(t) = (1 - tQ)ﬁ - 275% + (4 2

—At)u = 0.

1
The operator has a singularity at the origin, causing instabil-
ities. The prolates are also the eigenfunctions of the Fourier
transformation truncated to the unit disc, i.e.,

Flbni)@ = [ wdy @
B(1)

In recent years there have been some attempts to improve
the numerical computation of the prolates [2], [3]. There are
also some other versions of the higher dimensional prolates
that have been developed in the Clifford analysis [4], [5].
In [6] new Clifford-type prolate spheroidal wave functions
(CPSWFs) have been developed with different properties. Here
we present some new properties for CPSWFs.

II. CLIFFORD ANALYSIS

Let {e1,...,en} be the standard basis for m-dimensional
euclidean space R™. We declare the non-commutative multi-
plication in the Clifford algebra R,, by the rules

2 _
e; =

€i€; =

71 ] — 17 e ,m

i # ]

A canonical base for R,,, is obtained by considering for any
ordered set A = {j1,72, - ,jn} C {1,---,m} = M, the
element e4 = ej, ¢j, - - - ¢;, . For example, each A € Ry, may
be written as A = Ag+ A1e1 + Aaes + Ajaeies, where A; € R.
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The conjugation A of A = 3" , Ageq € R, is given by A =
> A Aa€a where €; = —e; and aff = Ba for all o, B € R,,.
Similarly C,,, can be obtained if A4 € C. The Euclidean space
R™ is embedded in the Clifford algebra R, by identifying
the point * = (1, -+ ,Zm,) € R™ with the 1-vector z =
Z;”Zl e;x ;. The product of two 1-vectors splits up into a scalar
part and a 2-vector (also called bivector): zy = —(x,y) +x Ay
where (z,y) = >0 25y; and w Ay = 35, eiej(wiy; —
z;y;). Note also that if z is a 1-vector, then 2% = —(z,z) =

Definition 1. Let f : R™ — R,,, be defined and continuously
differentiable in an open region ) of R™. The Dirac operator
0, is defined on such functions by

Ouf = _€j0a, f.

Jj=1

We also allow the Dirac operator to act of the right in the
sense that f0, = Z;n:l Og, fej. f is said to be left (resp.
right) monogenic on €2 if 9, f = 0 (resp. f0, = 0) on Q. If
f is left-and right monogenic, we say f is monogenic.

Definition 2. A left (resp. right) monogenic homogeneous
polynomial Py of degree k (k > 0) in R™ is called a left
(resp. right) solid inner spherical monogenic of order k. The
set of all left (resp. right) solid inner spherical monogenics of

order k will be denoted by M;" (k), respectively M (k).

For the proof, the reader is referred to [7].
The R,,-valued inner product of the functions f, g : R™ —
R,, is given by (f,g9) = [ f(x)g(z)dx, where dx is

Lebesgue measure on R™. "ilghe associated norm is given
by |fII> = [{f, f)]o. The unitary right Clifford-module of
Clifford algebra-valued measurable functions on R™ for which
|| £II* < oo is a right Hilbert Clifford-module which we denote
by La(R™,C,,). The multi-dimensional Fourier transform F
is given by

1

FIE) = Gmgars [, 0=tz )@V (@) 6)

for f € LY(R™,C,,) and may be extended unitarily to
L2(R™,C,,).



Proof. For the proof see [7]. O

Theorem 1. (Rodrigues’ Formula) The Clifford Gegenbauer
polynomials (CGPs) C%(Py)(x) are defined by

Cr(Yi)(z) = (1= |2)7 (1 = |2*)* " Yi(2)) )

where Yj.(z) monogenic homogenous polynomial given in
Definition 2. The CGPs also satisfies in the following Clifford
differential equation

(1= [2) 70, (1 — [2[*)* T 0. Cx (Vi) ()
= C(a,n,m,k)Cy (i) (),
where
C(a,n,m, k) =

n(2a+n+m+ 2k)
2a+n+1)(n+m+2k—1)

if n is even,
if n is odd.

Proof. For the proof see [7]. O
From ( [7] p. 294) we have that

an,m(yk)(x) 1)Yk (ﬂf)’ (5)

where A, o = (—=1)"2?"(a +n + 1), (n)!, and P*?) s the
Jacobi polynomial. The odd version is also given in [7]. Let
f@) = Con (V) (@) = PR o (J2]*) Y] (), to obtain

(1 s?) g’v(s)+[(k+%—1—a)
C(a, 2N, m, k)

—s(k-i—%-l—a—i—l)]Q’N(s):— 1

= Ap P E D (22 -

QN(S)a
(6)

in which Qn(s) = aPg, . (2lz[> — 1) where « is any

constant number. We can see the equation (6) is a Sturm-

Liouville differential equation. In fact, (6) is a Jacobi differ-
ential equation.

III. COMPUTATIONS OF THE CPSWFs

Definition 3. Let ¢ > 0 and o > —1. The Clifford operator L.
acting on C*(B(1),Ry,) C La(B(1), (1 — |z]?)%) is defined
as follows

Lof(x) = 0:((1 — |2[)0, f () + 4>z f(z). ()
We call the eigenfunctions of (7) CPSWFs, 1, ke ().

Theorem 2. Let n = 2N. The CPSWFs also are of two parts,
Le., z/J’;]\C, L (@) = PrC (|x?)Yi(x). Similarly for n = 2N +1,
we have that ng\c,j_l (@) = Q% (|x]?)a Yy (x).

For the proof see [6].

Lemma 3. By considering |z|? = =1 we can see that
d? i,
(1) Pl () +

d Sk, 2 2S+1
%PN’m(S) mTC T

(6 + 5 = 1) = sl + 2+ 1)]

k,c
pk,c X ,m pk,c
Pyon(s) = == Py (s), ®)

where P]]f,in(s)
differential equation after multiplying y(s) =

= P]]\gf’ﬁn(2|w\2 —1) becomes a Sturm-Liouville
(1+s)kte-1

Proof. For the proof see [6]. O]

Equation (8) may be written as

S e d? c m

TPy (s) = (1= ") 25 Py (o) + [k + 5 = 1)
m d =1 s+1~p.

sk + 5 + D] P (s) = w2 =Pyt (). (9)
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Since by Sturm Liouville theory lef,in(s) is normalized in

the weighted space LQ([ 1,1], (14 s)5t5 1) so PY° (s) =

Y(s))

Y oo Ane,m ploktE - )(s) as Prso’k+%71)(s) are orthonor-

mal in the same space. So

Tc(z Qn,k,m pT(lO,k"r% Zankm P(O kg
n=0

where BT~ )(s) = /@nthi ) plokts 1)( ). Now

g+ %
by the use of the following identity for non-normalized Jacobi
polynomials

2n+a+B+2)2n+a+B+1)(2n+a+ B)(s+ 1P (s)

—2n+D)(n+a+B8+1)2n+a+B)PP+

(2n+a+B8+2)2n+a+B+1)2n+a+ B)—
(2n + a+ B+ 1)(a? — g)| PP (s)+
2(n + a)(n+ B)(2n + o+ B+ 2) P\ (s),

and from (6) we have that

E ankm c

AfEZankmanka“k+2‘>w>+5mhmé?*+%‘”@>

c (o k+m—1)
TL(PLe (5) #(s))

0,k+2—1
+ Yn,k quS.H )(5)] = Z[an+1,k,man+1,k,m
n=0
0 k+ -1
+ankm6nkm+an 1,k,mYn— lkm}P( )(S)

_ XQNmPkC()

N,m

Therefore,

k,c
X2N,m)

4
+ Gn—1,k;mYn—1,k;m = 0

Ap+41,k,mOn+1,k,m + an,k,m(ﬁnﬁk,m +

where

o . —7m2c? (n+1)(n+k+2)

nELEm T okt 2+ 1)/(2ntkt B) 2tk B 12)
— m

fugm = [nlntk+3) 2

(1+ e )
(2n+k+2 —1)(2n+k+2+1)

o —nm2c?n (n+k+%—1)

Tn—Lhbm = ok 1)/t ht B2 etk )



This recurrence formula holds for all n, N > 0 so the problem
reduces to finding the eigenvectors a, i, and associated
eigenvalues x5y, of the doubly-infinite matrix Mg, with
the following entries:

'Vifl,k,m» le Z ]-7 ] =1 1;
e ooy _ ) Bikms ifi=752>0,
Mk,m(za]) - aiJrl,k,ma lf’L Z 0, ] — Z + 1’
0 else.

The matrix is symmetric as ¥; k,m = Qi+1,k,m. The odd
CPSWFs may be computed similarly. So claculation of the
CPSWFs reduces to calculations of its radial parts.

IV. EIGENVALUES OF CPSWFs

Theorem 4. Let the real constants X’:L’Qn: Xf;fn, k> Bk

Y,k be given by
LoCp 1 (Yi) = X O (V).

n,m-'n,m
L k,c,i k,c k,c,i

cWPrnm = XnomW¥n,m >

xQC’S,m(le) = an,k,méngQ,m(Yki) + ﬂn,k,mcg,m(ykl)

+ 'Yn,k,mcg—Zm(Yki)-

Then the asymptotic behaviours of Xf{,fn and wﬁzfn are as
follows:
Xpo = B0 —4n? 2By e + O(h). (10)
and
i A i Qn k, — .
Uk = O () = a2 (2 ()
Xn,m = Xn42,m
Tk, ~ ;
+ MCSQ,m<Y;§>) +0(c). (D
Xn,m = Xn—2,m

Proof. We assume an asymptotic expansion of the form
win (@) = Cp L (Vi)(@) + ¢ fz) +0(ch). (12
Since [ ll2 = [|C7  (Yi)ll2 = 1, we have (CR(Yy), f) =
0. Therefore,
Xt = LeCo (Vi) + 2 Lef +O(c")
= LOC_’n’m(Yki) + 47r202|x\2(_3'2’m(Y,§) +ALof + 0(04)

= Dnim = 472 B k] O 1 (Vi) — 4701 Cp 9 (Vi)

+ Yk C o m (V] + Lo f + O(ch). (13)
On the other hand,
Xi sl = xbe [Ch (V) + 2 f1+ 0. (14)

Subtracting (14) fram (13) gives

(XfL’,gn - 47‘-2026",k - X’?Lﬁn)é'g,’m(ylz) + 62 (Lof - X']rczﬁnf)
— 472 ankCp 9. (Vi) + kO o (V)] = O(ch).
(15)
Since (Lo f, Cy, ,,(Y}})) = (f, LoC(Y}H) =
XE0.(f,Ch (YY) = 0, taking the inner product of
both sides on (15) against C, ,,, (Y}!) gives (10).

We now aim to determine the function f in (12). Combining
(10), (12) and (13) gives

Lof = Xmd =472 [0 km oy, (Vi) 4 kO g (Vi)

(16)
which has solutions of the form
_ . Ank _ .
f=0Cn (YA +dr? |:]M)02+2,m(yl§)
Xn+2,m — Xn,m
Tnk ~ i
+ =% o 02_2,m(Yk>} , (17)
Xn72,m — Xn

where A is an arbitrary Clifford constant. Substituting (17)
into (12) gives

Uy = Cp (V) (1 + Ac?)

2.2 Qn k ~0 i
—4n’c ( k.0 k,0 Cn+2,7n(Yk)
Xn,nL - Xn+2,m

777,, ~ "
+ MC?L—Q,WL(Yk)) + 0(64)7 (13)
Xn,m — Xn—Q,m
However, applying L. to both sides of (18) and applying (10)
gives

L k,c,i

c¥n,m

N = O (1A + O

n,mvnm

from which we conclude that A = 0. Putting A = 0 in (18)

gives (11). L]
Definition 4. We define G. : L*>(B(1),C,,) — L*(R™,C,,)
by

Gof(2) = x50 (@) / el () dy,

B(1)

(19)

where X p(1) is the characteristic function of the unit ball B(1)
in R™. The adjoint G of G. is given by

6:1(x) = xpy(@) [ & 1) dy.
Rm,
Definition 5. The “space-limiting” operator Q) : L*>(R™,C,,)
— L*(B(1),C,,) is given by
Qf(z) = XB(1)(93)f(I)7
and the “bandlimiting” operator P, : LQ(Rm,Cm) — PW,
is given by
R = [ FHOTE e
B(c)

Here, PW, is the Paley-Wiener space of functions with ban-
dlimit c, i.e.,

PW,={feL*(R™ C,): f(6)=0if|¢|>c}. (20

Theorem 5. The CPSWFs ’L/)fl’,f,’f are eigenfunctions of G
and QP.. In other words, Lokl (x) = pks ¢kci(z), and,

QPN () = Nps &l ().
Proof. See the [6] for the proof. O



(a) fig 1
Fig. 1.

(b) fig 2

. . k
Behaviour of the eigenvalues )\n’ﬁn

Theorem 6. The eigenvalues {1*¢ o0i N,k > 0} of Ge, enjoy
the following relationship

k—1,c

HoN m = HaN{1m- 2n
and for a fixed k the eigenvalues /\’fbin of QP,, are non-

degenerate, and
)\ N >\1 ‘m
Proof. See [6] for the proof. O

k
>>\nin>/\n+1m>~--.

The behaviour of the eigenvalues AR¢,
Figure 1.
From Theorem 5 we see that

/K (= et (v)dy = QPAks (=)
B(1)

o f e2mic(w,) 4y Then
B(1)

is displayed in

k,c kcz
)‘ n,m

where K.(z) =

oo oo dk,m

DTSN Ak ki)
k=0n=0 =1
o oo dk,m
=3NS e [k (@) ki ()],
k=0n=0 =1
oo oo di,m .
[ZZ > [ R @K~ y)dy i)
k=0n=0 =1 0

B(1)
— K.(0) = "|B(L)].

On the other hand, if instead of summing over all n,k >
0 in the above calculation, we perform a truncated sum by
restricting the values of n and k so that 0 <n < 2N + 1 and
0 < k < K, then we have

K 2N+1dk,m

Yo D Mm@
k=0 n=0 i=1

K N
_ 2 o (k+m—2)

K N

2 opto (K+m—2)

+kgo7;))\2n+lm (|‘T| )| |‘T| |Sm_1|(m_2)
= G(jz]), (22)

F~sum of eigenvalue and prolate for n=010 5, k=0 t0 2, c=2
16 —{—sum of eigenvalue and prolate for =0 to 11, k=0 to 4, 6=2

sum of eigenvalue and prolate for n=0 to 21, k=010 12, c=2

~sum of eigenvalue and profate for =010 5, k=0 t0 2, c=1
6~ —sum of eigenvalue and prolate for =00 7, k=0 to 3, c=1

sum of eigenvalue and prolate for n=0 to 17, k=0 to 12, c=1

(a) fig 1 (b) fig 2
Fig. 2. Plotting G(r?) for c = 1,2

where we have used the reproducing kernel for monogenic
functions, Theorem 3.3 in [8] . In Figures 2, we see numer-
ical computations of the partial sums (22) demonstrating the
convergence of the partial sums to the constant ¢?|B(1)|.

V. CONCLUSION AND FUTURE WORK

Through consideration of Clifford Gegenbauer polynomi-
als, we developed in this paper a new method for com-
puting multidimensional Clifford-valued PSWF’s, defined as
the eigenfunctions the differential operator L. involving the
Dirac operator. We then inroduced a relationship between the
eigenvalues of the differential operators L. and L. We defined
time and frequency projections ) and P, as CPSWFs and the
eigenfunctions of QP.. We then developed some properties
for the eigenvalues of the Q) P,.. The spectrum accumulations
property is also introduced.
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