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Abstract
This work extends the theory of identifiability
in supervised learning by considering the con-
sequences of having access to a distribution of
tasks. In such cases, we show that identifiabil-
ity is achievable even in the case of regression,
extending prior work restricted to the single-task
classification case. Furthermore, we show that
the existence of a task distribution which defines
a conditional prior over latent variables reduces
the equivalence class for identifiability to permu-
tations and scaling, a much stronger and more
useful result. When we further assume a causal
structure over these tasks, our approach enables
simple maximum marginal likelihood optimiza-
tion together with downstream applicability to
causal representation learning. Empirically, we
validate that our model outperforms more gen-
eral unsupervised models in recovering canonical
representations for synthetic and real-world data.

1. Introduction
Multi-task regression is a common problem in machine
learning, which naturally arises in many scientific applica-
tions such as molecular property prediction (Stanley et al.,
2021; Chen et al., 2023). Despite this, most deep learning
approaches to this problem attempt to model the relation-
ships between tasks through heuristic approaches, such as
fitting a shared neural network in an attempt to capture joint
structures between tasks. Beyond lacking a principled ap-
proach to modeling task relationships, these approaches fail
to account for how we may expect the latent factors for
related tasks to change. In particular, a common assump-
tion in the causal representation learning literature, known
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as the sparse mechanisms shift hypothesis (Peters et al.,
2017; Schölkopf, 2019; Schölkopf et al., 2021), states that
changes across tasks arise from sparse changes in the under-
lying causal mechanisms. Thus, it is natural to consider the
implications of such a hypothesis in the multi-task setting.
In this work, we show that by leveraging assumptions about
the relationships between the latent factors of the data across
tasks, in particular that they vary sparsely in their causal and
spurious relationships, we can achieve identifiability of the
latent factors up to permutations and scaling, and simulta-
neously identify the causal and spurious latent factors with
respect to the target variable. We accomplish this by first
extending the theory of identifiability in supervised learning
to the multi-task regression setting for identifiability up to
linear transformations, where prior work has been restricted
to the single-task classification case. We then propose a new
approach to identifying neural network representations up to
permutations and scaling, by leveraging the causal structures
of the underlying latent factors for each task. We emphasize
that this is a stronger identifiability result than identifiability
up to block permutations and scaling as in Khemakhem et al.
(2020a); Lu et al. (2022). In simulated settings where data
is generated from our model, we empirically validate our
model’s ability to recover the true latent structure of the
data. This contrasts with current state-of-the-art approaches,
whose assumptions also fit our generative process but which
are difficult to train effectively and only identifiable up to
block transformation. We also empirically validate that our
model is capable of recovering canonical representations for
real-world molecular data.

2. Related Work
The notion of optimizing for disentangled representations
gained traction in the recent unsupervised deep learning lit-
erature when it was proposed that this objective may be suffi-
cient to improve desirable attributes such as interpretability,
robustness, and generalization (Higgins et al., 2017; Chen
et al., 2016). However, the notion of disentanglement alone
is not intrinsically well-defined, as there may be many dis-
entangled representations of the data which are seemingly
equally valid. Thus it is not clear a priori that this criterion
is sufficient to achieve the above desiderata (Locatello et al.,
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2019). In the causal representation learning literature, the
correct disentangled representation is assumed to be the one
which corresponds to the ground-truth data generating pro-
cess. Thus, what is required is an identifiable representation,
which must be equivalent to the causal one for sufficiently
expressive models. In the linear case, identifiability results
exist in the classical literature for ICA, which requires non-
gaussianity assumptions on the sources for the data (Herault
& Jutten, 1986; Comon, 1994). Extensions of ICA to the
non-linear case have been proposed more recently, together
with significant theoretical advances. In particular, Hyvari-
nen et al. (2019) extend this by assuming a conditionally
factorized prior over the latent variables, and propose a con-
trastive learning objective for recovering the inverse of the
function which generated the observations. Khemakhem
et al. (2020a) further extend this to the setting of noisy obser-
vations, drawing connections with variational autoencoders
(Kingma & Welling, 2013) and enabling direct optimization
via a variational objective. Finally, Lu et al. (2022) derive
analogous results for the case where the prior over the la-
tent variables is a more general non-factorized exponential
family distribution, while connecting the obtained causal
representations to out-of-distribution prediction. However,
the complex nature of the prior requires score matching,
which is difficult to optimize in practice. While these works
are generally concerned with the unsupervised and semi-
supervised setting, Roeder et al. (2021) discuss the identifi-
ability properties of learned representations in the case of
single-task supervised classification, showing that the rep-
resentations obtained via the final hidden layer of a neural
network are identifiable up to linear transformations, which
may not be a sufficiently restrictive equivalence class for
practical applicability.

3. Proposed Method
We propose a novel method that leverages task structures in
the multi-task regression setting to identify the ground-truth
data representations up to permutations and scaling, where
we have access to a distribution p(t) over NT training tasks
{1, · · · , NT }. Overall, our method consists of two stages.
In the first stage, we train a multi-task neural network with
a feature extractor shared across tasks and task-specific
linear heads. We show that upon convergence, the repre-
sentations learned by the feature extractor are identifiable
up to some invertible linear transformation. In the second
stage, we assume a causal structure across tasks and use it
to define a conditional prior over the linearly identifiable
representations obtained in the first stage. We show that
this enables simple maximum marginal likelihood learning
for recovering the linear transformation, which reduces the
identifiability class to permutations and scaling, and auto-
matically disentangles and identifies the causes and effects
of the target variable from the learned representations.

3.1. Stage 1: Multi-Task Regression Network

Let fϕ,wt(x) = wT
thϕ(x) be the output of a multi-task

regression network (MTRN) for task t, where wt ∈ RD

are the regression weights in the linear head for task t, and
hϕ(x) ∈ RD is the feature extractor shared across all tasks.
As in typical non-linear regression settings, the target vari-
able y ∈ R is assumed to be distributed as a Gaussian
pϕ,w(y|x, t) = N (y|fϕ,wt(x), σ

2
r) with mean modelled by

the MTRN and variance fixed to some constant σ2
r . Denote

the ground-truth predictive distribution by pϕ∗,w∗(y|x, t).
We first define linearly identifiable representations.

Definition 3.1. Neural network representations are linearly
identifiable if there exists an invertible matrix A∗ ∈ RD×D

such that

pϕ,w(y|x, t) = pϕ∗,w∗(y|x, t), ∀t,x, y
⇐⇒ hϕ(x) = A∗hϕ∗(x).

(1)

We train the MTRN fϕ,wt
using maximum likelihood:

max
ϕ,w

Ep(t)p(x,y|t)[log pϕ,w(y|x, t)], (2)

where p(x, y|t) is the data distribution for task t. We show
that the representations learned by the feature extractor hϕ

of an MTRN are linearly identifiable upon convergence to
the ground-truth predictive distribution, assuming that we
have access to a set of sufficiently diverse tasks measured by
the linear dependencies between their regression weights.

Theorem 3.2. Suppose that there exist D tasks {ti}Di=1 such
that the set of regression weights {wti}Di=1 learned by an
MTRN fϕ,wt

via maximum likelihood and the set of ground-
truth regression weights {w∗

ti}
D
i=1 are two sets of linearly

independent vectors. Let Ht := {pϕ,w(y|x, t)|(ϕ,w) ∈
Θ} be our hypothesis class of the predictive distribution,
where Θ is the parameter space. Assume pϕ∗,w∗(y|x, t) ∈
Ht, ∀t. Then, the representations hϕ(x) learned by the
MTRN via maximum likelihood are linearly identifiable.

tx

zc

zs

y

Figure 1. Assumed causal graph for the data generating process.

3.2. Stage 2: Multi-Task Linear Causal Model

In order to reduce the identifiability class from linear to
permutations and scaling for our learned representations
hϕ(x), we further assume a causal graph for the ground-
truth data generating process, as shown in Figure 1. We
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assume that the observed variable x is generated by some
(unobserved) ground-truth data representations (or latent
variables) z∗ = hϕ∗(x). Each task t has its own partition
of the latent variables into a set of causal latent variables z∗c
(i.e., parents of the target variable y) and a set of spurious
latent variables z∗s (i.e., children of the target variable y).
We fix the feature extractor hϕ learned in the first stage
and denote the linearly identifiable representations extracted
from it by h := hϕ(x). Theorem 3.2 suggests that h =
A∗z

∗ for some invertible matrix A∗.

We propose a multi-task linear causal model (MTLCM)
to recover z∗ from h following our assumed causal graph.
Let T (t) = {ct,γt,wt} be a collection of task-specific
variables associated with task t, which are free parameters
to be learned from data, where ct ∈ {0, 1}D are the causal
indicator variables which determine the partition of z =
zc ∪ zs for the given task t, wt are the regression weights
for the causal latent variables, and γt are the coefficients
used to generate the spurious latent variables from y. We
assume that the causal latent variables zc are sampled from
a standard Gaussian distribution:

p(zc) = N (zc|0, I). (3)

Following the settings in stage 1 that the target variable y is
a linear function of the data representations, we assume that
y is generated from zc via a linear Gaussian model:

pT (y|zc, t) = N (y|(wt ◦ ct)Tz, σ2
p), (4)

and that the spurious latent variables zs are generated from
y via another linear Gaussian model:

pT (zs|y, t) = N (zs|yγt, σ
2
sI). (5)

Assuming an uninformative prior over wt, we propose a
conditional prior over the latent variables that follows our
assumed causal structures:

pT (z|y, t) = p(zc)pT (zs|y, t) = N (z|at,Λt), (6)

where

at := yγt ◦ (1− ct), (7)

Λt := diag(σ2
s(1− ct) + ct). (8)

Since the linearly identifiable data representation h is equiv-
alent to z∗ up to a linear transformation, we assume a linear
Gaussian likelihood with linear transformation A:

pA(h|z) = N (h|Az, σ2
oI). (9)

Then, the marginal likelihood for h under our MTLCM is
given by

pA,T (h|y, t) =
∫

pA(h|z)pT (z|y, t)dz = N (h|µt,Σt),

(10)

where

µt = yAγt ◦ (1− ct), (11)

Σt = Adiag(σ2
s(1− ct) + ct)A

T + σ2
oI. (12)

It is worth noting that in the single-task setting, the con-
ditional prior p(z|y) over the latent variables z is non-
factorized. This is because the causal latent variables zc
are parents of the target variable y, which become corre-
lated when conditioning on y. In order to guarantee strong
identifiability, Lu et al. (2022) propose to model such non-
factorized conditional priors using energy-based models,
which turns out to be difficult to learn in practice. In con-
trast, by conditioning on the task t in addition to the target y
and leveraging the change in the causal/spurious latent fac-
tors across tasks, we obtain a conditionally factorized prior
(6), which, together with the linear Gaussian likelihood (9),
allows us to use maximum marginal likelihood

max
A,T

Ep(t)p(x,y|t)[log pA,T (hϕ(x)|y, t)] (13)

to recover the ground-truth latent variables z∗ up to per-
mutations and scaling from the linearly identifiable data
representations h = hϕ(x) learned in the first stage.

Denote T∗(t) the ground-truth task-specific variables for
task t and u := [y, t] the conditioning variable. Let k := 2D.
We first define identifiable latent variables up to permutation
and scaling and show the identifiability result of MTLCM.
Definition 3.3. The latent variables are identifiable up to
permutation and scaling if there exists a permutation and
scaling matrix P ∈ RD×D such that

pA,T (h|u) = pA∗,T∗(h|u) ⇐⇒ A−1h = P(A−1
∗ h)

⇐⇒ z = Pz∗.

(14)

We emphasize that this identifiability class is stronger than
the identifiability class up to block permutations and scaling
as in Khemakhem et al. (2020a); Lu et al. (2022):

T(z) = PbT∗(z
∗) + b, (15)

where each block i in the block matrix Pb transforms all ele-
ments that are functions of zi between the sufficient statistics
T and T∗ of the conditional prior, and b is a vector.

We show that the latent variables of MTLCM are identifiable
up to permutation and scaling as defined by Definition 3.3.
Theorem 3.4. Assume that A and A∗ are invertible, and
there exist k+1 points u0,u1, · · · ,uk such that the matrix

L := [η(u1)− η(u0), · · · ,η(uk)− η(u0)] (16)

is invertible, where η(u) :=
[

Λ−1
t at

− 1
2 diag(Λt)

]
∈ Rk are the

natural parameters of pT (z|u). Then, the latent variables
z learned by the MTLCM via maximum marginal likelihood
are identifiable up to permutations and scaling.
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Figure 2. Identifiability performance for linearly transformed synthetic latent variables. Observation Dim = Latent Dim.
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Figure 3. Identifiability performance for non-linearly transformed synthetic latent variables. Latent Dim = min{20,Observation Dim/2}.

4. Experiments
This section empirically validates our model’s ability to
recover canonical representations up to permutations and
scaling for both synthetic and real-world data. We con-
trast our model with the more general identifiable models
of iVAE (Khemakhem et al., 2020a) and iCaRL (Lu et al.,
2022). For a fair comparison, we also consider the multi-
task variations of iVAE and iCaRL, where we include the
task variable t in conditioning variables u for their condi-
tional priors pT (z|u), with the task-specific free parameter
T (t) = {vt} to be learned from data, which is the counter-
part to T (t) = {ct,γt} in our MTLCM but has no explicit
interpretations with respect to a causal graph.

4.1. Synthetic Data

We first validate our approach in the straightforward sit-
uation when the data generating process agrees with the
assumptions of our models. For each task, we first sample
the causal indicator variables c∗t . The causal latent factors
z∗c are then sampled from a standard Gaussian prior. These
are then linearly combined according to random weights
w∗

t to produced observed targets y with a task-dependent
noise corruption. Finally, the spurious variables z∗s are gen-
erated via different weightings γ∗

t of the target y. This
mirrors the causal data generating process described in Sec-
tion 3. In Section 4.1.1, we generate observed data using
random linear transformations of the ground-truth latent
factors. In Section 4.1.2, we extend this to non-linear trans-
formations parameterized by random neural networks and

demonstrate that our approach can be combined with the
multi-task identifiability result up to linear transformations
to recover permutations and scaling of the ground-truth.
We also compare the learned causal indicator variables ct
with the ground-truth c∗t and results from the pair-wise con-
ditional independence test (Chen, 2021; Lu et al., 2022)
performed on the latent variables z recovered by our model.

4.1.1. LINEAR CASE

We study the ability of our proposed multi-task linear causal
model (MTLCM) to recover the latent variables up to per-
mutations and scaling via the Mean Correlation Coefficient
(MCC) as in Khemakhem et al. (2020a). The synthetic data
is generated by sampling 200 tasks of 100 samples each.
Each task varies in its causal indicator variables c∗t , causal
weights w∗

t , and spurious coefficients γ∗
t . We then trans-

form the ground-truth latent variables z∗ with a random
invertible matrix A∗ shared across all tasks to obtain lin-
early identifiable representations h. The detailed settings for
these experiments can be found in Appendix C. In Figures
2a and 2b, we show that our MTLCM manages to recover
the ground-truth latent variables from h up to permutations
and scaling, and the result is scalable as the number of la-
tent factors and the number of causal factors increase. In
contrast, iVAE, iCaRL and their multi-task variations (all
with linear decoders) underperform our model by a large
margin in most cases. We also find that for all tasks, the
learned causal indicator variables exactly match the ground-
truth and the causal discovery results from the pair-wise
conditional independence test.
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4.1.2. NON-LINEAR CASE

A more general analysis of the identifiability of our proposed
approach is to consider the extension of the linear experi-
ments to the setting of arbitrary transformations of the latent
variables. For this, we consider the case where random (non-
linear) MLP neural networks are used to transform z∗ into
higher dimensional observations x. By Theorem 3.2, it
is possible to recover linearly identifiable representations
h of the data by training standard MTRNs. Identifiability
in this setting is assessed by first performing a Canoni-
cal Correlation Analysis (CCA) as in Roeder et al. (2021),
which linearly maps the obtained representations such that
they maximize the covariance with the ground-truth latent
variables. The resulting mapped representations can thus
be compared with the ground-truth latent variables via the
MCC score. This is referred to as weak MCC, which quan-
tifies the linear identifiability of the learned representations
from MTRNs. We further train our MTLCM on the linearly
identifiable representations h obtained from the MTRN to
obtain identifiable representations up to permutations and
scaling. Identifiability in this setting is assessed by directly
computing the MCC score between the representations ob-
tained from our MTLCM and the ground-truth latent vari-
ables as in Section 4.1.1, which is referred to as strong MCC.
We assess this for various dimensionalities of the observed
data and for different settings of the causal variables, where
we generate 500 tasks of 200 samples each to improve con-
vergence of the multitask model. The latent dimensions and
hidden dimensions of the neural networks are set according
to fixed heuristics, which are detailed in Appendix C. In
Figure 3, we find that the strong MCC for our MTLCM is
able to match or even exceed the weak MCC for the MTRN.
In contrast, the strong MCC for iVAE, iCaRL and their
multi-task variations significantly underperform MTLCM.
Again, we find that for all tasks, the learned causal indicator
variables exactly match the ground-truth and the causal dis-
covery results from the pair-wise conditional independence
test.

4.2. Molecular Data

We further evaluate our model on a real-world superconduc-
tivity dataset (Hamidieh, 2018), which consists of 21, 263
superconductors. We consider the tasks of regressing 80 fea-
tures (excluding a trivial feature of atom count) of the super-
conductors from their chemical formulae. We assume that
the chemical formula x of each superconductor is generated
by transforming some unknown ground-truth latent vari-
ables z∗ with some unknown non-linear function. Since z∗

are unknown to us, identifiability in this setting is assessed
by first training a model 5 times with different random seeds
and initializations then computing the MCC score between
the latent variables z recovered by each pair of those 5
models, as in Khemakhem et al. (2020b).
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Figure 4. Identifiability performance for the latent variables of the
superconductors from the superconductivity dataset.

As in Section 4.1.2, we use the weak MCC score to assess
the linear identifiability of the representations h learned by
the MTRN, and use the strong MCC score to assess the
strong identifiability (up to permutations and scaling) of
the latent variables z recovered by our MTLCM and the
baselines (iVAE, iCaRL and their multi-task variations). In
Figure 4, we find that the strong MCC for our MTLCM is
greater than 0.96 and is able to match the weak MCC for the
MTRN when the dimensions of the latent representations are
5 and 10. This shows that our method manages to recover
canonical latent representations for the superconductors. In
sharp contrast, all baseline models fail to recover identifiable
latent variables for the superconductors in all cases as their
strong MCC scores do not exceed 0.4.

5. Conclusion
In summary, we have proposed a novel perspective on the
problem of identifiable representations by exploring the im-
plications of explicitly modeling task structures. We have
shown that this implies new identifiability results, in par-
ticular for linear equivalence classes in the general case of
multi-task regression. Furthermore, while spurious correla-
tions have been shown to be a failure case of deep learning
in many recent works, we have demonstrated that such la-
tent spurious signals may in fact be leveraged to improve the
ability of a model to recover more robust disentangled repre-
sentations. In particular, we have shown that when the latent
space is explicitly represented as consisting of a partition-
ing of causal and spurious features, the linear identifiability
result of the multi-task setting may be reduced to identifi-
ability up to simple permutations and scaling. Finally, we
have confirmed that the theoretical results hold both for the
synthetic data where our model’s assumptions are satisfied
and for a real-world molecular dataset of superconductors.
We anticipate that this may reveal new research directions
for the study of both causal representations and synergies
with multi-task and meta-learning methods.
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A. Proof of Theorem 3.2
Proof. Suppose that we have trained the multi-task regression network (MTRN) fϕ,wt

such that it has converged to the
ground-truth predictive distribution:

pϕ,w(y|x, t) = pϕ∗,w∗(y|x, t), ∀t,x, y, (17)

⇐⇒ N (y|fϕ,wt(x), σ
2
r) = N (y|fϕ∗,w∗

t
(x), σ2

r), ∀t,x, y, (18)

⇐⇒ N (y|hϕ(x)
Twt, σ

2
r) = N (y|hϕ∗(x)Tw∗

t , σ
2
r), ∀t,x, y. (19)

This implies that the means of the two Gaussian likelihoods on both sides are identical:

hϕ(x)
Twt = hϕ∗(x)Tw∗

t , ∀t,x, y. (20)

By assumption, there exist D pairs of learned and ground-truth regression weights {(wti ,w
∗
ti)}

D
i=1 such that {wti}Di=1 and

{w∗
ti}

D
i=1 are two sets of linearly independent vectors. We can thus construct two invertible matrices W = [wt1 , · · · ,wtD ] ∈

RD×D and W∗ = [w∗
t1 , · · · ,w

∗
tD ] ∈ RD×D. Evaluating Equation (20) at tasks t1, · · · , tD and stack them into matrix-

vector form gives

WThϕ(x) = WT
∗hϕ∗(x), (21)

⇐⇒ hϕ(x) = W−TWT
∗hϕ∗(x). (22)

Note that A∗ := W−TWT
∗ is invertible by definition. This completes the proof.

B. Proof of Theorem 3.4
Proof. Let k := 2D and u := [y, t]. We first rewrite the density of the conditional prior in the exponential family form:

pT (z|u) = Z(u)−1 exp
(
T(z)Tη(u)

)
, (23)

where Z(u) = (2π)D/2|Λt|0.5 exp
(
− 1

2a
T
tΛtat

)
is the normalizing constant, T(z) = [ z

z◦z ] ∈ Rk are the sufficient

statistics, and η(u) =
[

Λ−1
t at

− 1
2 diag(Λt)

]
∈ Rk are the natural parameters. We also rewrite the likelihood pA(h|z) using the

noise distribution pϵo(ϵo) = N (ϵo|0, σ2
oI):

pA(h|z) = N (h|Az, σ2
oI) = N (h−Az|0, σ2

oI) = pϵo(h−Az). (24)

Let A∗ be the ground-truth transformation matrix such that z∗ = A−1
∗ h, and T∗(t) = {c∗t ,γ∗

t } the ground-truth task-
specific variables associated with each task t. The proof starts off by using the fact that we have maximized the marginal
likelihood (10) of A and T for all tasks. This means that the marginal likelihoods of the two models are identical:

pA,T (h|u) = pA∗,T∗(h|u). (25)

The goal is to show that the latent variables z = A−1h recovered by our model and the ground-truth latent variable
z∗ = A−1

∗ h are identical up to permutations and scaling for all h.



Leveraging Task Structures for Improved Identifiability in Neural Network Representations

Starting from the equality of the two marginal likelihoods (25), we have

pA(h|u) = pA∗(h|u) (26)

⇐⇒
∫

pA(h|z)pT (z|u)dz =

∫
pA∗(h|z)pT∗(z|u)dz (27)

⇐⇒
∫

pϵo(h−Az)pT (z|u)dz =

∫
pϵo(h−A∗z)pT∗(z|u)dz (28)

⇐⇒
∫

pϵo(h− h̄)pT (A
−1h̄|u) det(A)−1dh̄ =

∫
pϵo(h− ĥ)pT∗(A

−1
∗ ĥ|u) det(A∗)

−1dĥ (29)

⇐⇒
∫

pϵo(h− h̄)p̃A,T ,u(h̄)dh̄ =

∫
pϵo(h− ĥ)p̃A∗,T∗,u(ĥ)dĥ (30)

⇐⇒ (pϵo ∗ p̃A,T ,u)(h) = (pϵo ∗ p̃A∗,T∗,u)(h) (31)
⇐⇒ F [pϵo ](ω)F [p̃A,T ,u](ω) = F [pϵo ](ω)F [p̃A∗,T∗,u](ω) (32)

⇐⇒ F [p̃A,T ,u](ω) = F [p̃A∗,T∗,u](ω) (33)
⇐⇒ p̃A,T ,u(h) = p̃A∗,T∗,u(h) (34)

⇐⇒ pT (A
−1h|u) det(A)−1 = pT∗(A

−1
∗ h|u) det(A∗)

−1 (35)

⇐⇒ T(A−1h)Tη(u)− logZ(u)− log det(A) = T(A−1
∗ h)Tη∗(u)− logZ∗(u)− log det(A∗), (36)

where

• Equation (29) follows by the definition h̄ := Ah, ĥ := A∗z,

• Equation (30) follows by the definition p̃A,T ,u(h̄) := pT (A
−1h̄|u) det(A)−1,

• ∗ in Equation (31) denotes the convolution operator,

• F in Equation (32) denotes the Fourier transform operator,

• Equation (33) follows since the characteristic function F [pϵo ] of the Gaussian noise ϵo is nonzero almost everywhere.

Now we evaluate Equation 36 at u = u0,u1, · · · ,uk from our assumption to obtain k + 1 such equations, and subtract the
first equation from the remaining k equations to obtain the following k equations:

T(A−1h)T(η(ul)− η(u0)) + log
Z(u0)

Z(ul)
= T(A−1

∗ h)T(η∗(ul)− η∗(u0)) + log
Z∗(u0)

Z∗(ul)
, l = 1, · · · , k. (37)

Putting those k equations in matrix-vector form gives

LTT(A−1h) = LT
∗T(A−1

∗ h) + q, (38)

where ql = log Z∗(u0)Z(ul)
Z∗(ul)Z(u0)

, L is the invertible matrix defined in the assumption, and L∗ is similarly defined for the second
model. Since L is invertible, we can left multiply Equation (38) by L−T to obtain

T(A−1h) = MT(A−1
∗ h) + r, (39)

where M = L−TLT
∗ and r = L−Tq. We note that our assumption only says L is invertible and tells us nothing about L∗.

Therefore, we need to show that M is invertible. Let hl := Azl, l = 0, · · · , k. We evaluate Equation (39) at these k + 1
points to obtain k + 1 such equations, and subtract the first equation from the remaining k equations. This gives us

[T(z1)−T(z0), · · · ,T(zk)−T(z0)] = M[T(A−1
∗ h1)−T(A−1

∗ h0), · · · ,T(A−1
∗ hk)−T(A−1

∗ h0)]. (40)

We denote Equation (40) by R := MR∗. We need to show that for any given z0, there exist k points z1, · · · , zk such that
the columns of R are linearly independent. Suppose, for contradiction, that the columns of R would never be linearly
independent for any z1, · · · , zk. Then the function g(z) := T(z) − T(z0) would live in a k − 1 or lower dimensional
subspace, and therefore we would be able to find a non-zero vector λ ∈ Rk orthogonal to that subspace. This would imply
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that (T(z)−T(z0))
Tλ = 0 and thus T(z)Tλ = T(z0)

Tλ = const, ∀z, which contradicts the fact that our conditionally
factorized multivariate Gaussian prior pT (z|u) is strongly exponential (see Khemakhem et al. (2020a) for the definition).
This shows that there exist k points z1, · · · , zk such that the columns of R are linearly independent for any given z0.
Therefore, R is invertible. Since R = MR∗ and M is not a function of z, this tells us that M must be invertible.

Now that we have shown that M is invertible, the next step is to show that M is a block transformation matrix. We define a
linear function l(z) = A−1

∗ Az. Now, Equation (39) becomes

T(z) = MT(l(z)) + r. (41)

We first show that the linear function l is a point-wise function. We differentiate both sides of the above equation w.r.t. zs
and zt (∀s ̸= t) to obtain:

∂T(z)

∂zs
= M

D∑
i=1

∂T(l(z))

∂li(z)

∂li(z)

∂zs
, (42)

∂2T(z)

∂zs∂zt
= M

D∑
i=1

D∑
j=1

∂2T(l(z))

∂li(z)∂lj(z)

∂lj(z)

∂zt

∂li(z)

∂zs
+M

D∑
i=1

∂T(l(z))

∂li(z)

∂2li(z)

∂zs∂zt
. (43)

Since the prior pT (z|u) is conditionally factorized, the second-order cross derivatives of the sufficient statistics are zeros.
Therefore, the second equation above can be simplified as follows:

0 =
∂2T(z)

∂zs∂zt
(44)

= M

D∑
i=1

∂2T(l(z))

∂li(z)2
∂li(z)

∂zt

∂li(z)

∂zs
+M

D∑
i=1

∂T(l(z))

∂li(z)

∂2li(z)

∂zs∂zt
(45)

= MT′′(z)l′s,z(z) +MT′(z)l′′s,z(z) (46)

= MT′′′(z)l′′′s,z(z), (47)

where

T′′(z) =

[
∂2T(l(z))

∂l1(z)2
, · · · , ∂

2T(l(z))

∂lD(z)2

]
∈ Rk×D, (48)

l′s,z(z) =

[
∂l1(z)

∂zt

∂l1(z)

∂zs
, · · · , ∂lD(z)

∂zt

∂lD(z)

∂zs

]T

∈ RD, (49)

T′(z) =

[
∂T(l(z))

∂l1(z)
, · · · , ∂T(l(z))

∂lD(z)

]
∈ Rk×D, (50)

l′′s,z(z) =

[
∂2l1(z)

∂zs∂zt
, · · · , ∂

2lD(z)

∂zs∂zt

]T

∈ RD, (51)

T′′′(z) = [T′′(z),T′(z)] ∈ Rk×k, (52)

l′′′s,z(z) = [l′s,z(z)
T, l′′s,z(z)

T]T ∈ Rk. (53)

By Lemma 5 in Khemakhem et al. (2020a) and the fact that k = 2D, we have that the rank of T′′′(z) is 2D and thus it is
invertible for all z. Since M is also invertible, we have that MT′′′(z) is invertible. Since MT′′′(z)l′′′s,z(z) = 0, it must
be that l′′′s,z(z) = 0, ∀z. In particular, this means that l′s,z(z) = 0, ∀s ̸= t for all z, which shows that the linear function
l(z) = A−1

∗ Az is a point-wise linear function.

Now, we are ready to show that M is a block transformation matrix. Without loss of generality, we assume that the
permutation in the point-wise linear function l is the identity. That is, l(z) = [l1z1, · · · , lDzD]T for some linear univariate
scalars l1, · · · , lD ∈ R. Since A and A∗ are invertible, we have that l−1(z) = [l−1

1 z1, · · · , l−1
D zD]T. Define

T̄(l(z)) := T(l(z)) +M−1r (54)
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and plug it into Equation (41) gives:

T(z) = MT̄(l(z)). (55)

We then apply l−1 to z at both sides of the Equation (55) to obtain

T(l−1(z)) = MT̄(z). (56)

Since l is a point-wise function, for a given q ∈ {1, · · · , k} we have that

0 =
∂T(l−1(z))q

∂zs
=

k∑
j=1

Mq,j
∂T̄(z)j
∂zs

, for any s such that q ̸= s and q ̸= 2s. (57)

Since the entries in T̄(z) are linearly independent, it must be that Mq,j = 0 for any j such that ∂T̄(z)j
∂zs

̸= 0. This includes
the entries j in T̄(z) which depend on zs (i.e., j = s and j = 2s). Note that this holds true for any s such that q ̸= s and
q ̸= 2s. Therefore, when q is the index of an entry in the sufficient statistics T that corresponds to zi (i.e., q = i or q = 2i,
and i ̸= s), the only possible non-zero Mq,j for j are the ones that map between Ti(zi) and T̄i(li(zi)), where Ti are the
factors in T that depend on zi and T̄i are similarly defined. This shows that M is a block transformation matrix for each
block [zi, z

2
i ] with scaling factor li. That is, the only possible nonzero element in M are Mi,i, Mi,2i, M2i,i, and M2i,2i for

all i ∈ {1, · · · , D}.

Furthermore, for any i ∈ {1, · · · , D} we have that

l−1
i =

∂T(l−1(z))i
∂zi

=

k∑
j=1

Mi,j
∂T̄(z)j
∂zi

= Mi,i + 2Mi,2izi, (58)

2l−1
i zi =

∂T(l−1(z))2i
∂zi

=

k∑
j=1

M2i,j
∂T̄(z)j
∂zi

= M2i,i + 2M2i,2izi. (59)

This implies that Mi,2i = 0 and M2i,i = 0 for any i ∈ {1, · · · , D}, which reduces M from a block transformation matrix
to a permutation and scaling matrix. In particular, this means that the latent factors zi are identifiable up to permutations and
scaling, with the transformation matrix P ∈ RD×D defined by the first D rows and D columns of M:

A−1h = PA−1
∗ h+ r (60)

⇐⇒ h = APz∗ +Ar. (61)

Since h is linearly identifiable by assumption, it must be that Ar = 0 by Definition 3.1. Since A is invertible by assumption,
it must be that r = 0. This completes the proof.

C. Experiment Settings for Synthetic Data
The settings for the experiments with synthetic data are detailed in Tables 1 and 2.

D. Additional Results for the Linear Synthetic Data
In Figure 5, we contrast the effect of training only the linear transformation matrix A when the ground-truth task variables
ct,γt are known to the model, with the more general setting of learning all parameters jointly via maximum marginal
likelihood. We assess the convergence of our multi-task linear causal model across 5 random seeds for increasingly complex
linear transformations (identity, orthogonal, random) for data consisting of 10 latent variables with two causal features.
Rather than inhibiting convergence, we find that training all parameters jointly leads to improved performance, possibly due
to additional flexibility in the parameterizations of the model. For all types of linear transformations, our model succeeds in
recovering the ground-truth latent variables.
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Table 1. Experimental Settings for the Linear Synthetic Data
Latent Dim 3, 5, 10, 20, 50, 100
Num Causal 2, 4

Seed 1, 2, 3, 4, 5
Matrix Type random

Table 2. Experimental Settings for the Non-Linear Synthetic Data
Observation Dim 20, 50, 100, 200

Encoder Network Num Hidden 1
Encoder Network Hidden Dim 2 * Observation dim

Latent Dim min(20, Observation dim/2)
Num Causal 4, 8, 12

Seed 1, 2, 3, 4, 5
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Epoch
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Matrix type = identity
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Ground truth scaled
No ground truth scaled
Ground truth not scaled
No ground truth not scaled

Figure 5. Convergence of the model in the case of transformations of the latent variables for identity, orthogonal and arbitrary linear
transformations. Standardizing the features accelerates convergence.


