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Abstract

Measuring states in reinforcement learning
(RL) can be costly in real-world settings
and may negatively influence future out-
comes. We introduce the Actively Observ-
able Markov Decision Process (AOMDP),
where an agent not only selects control ac-
tions but also decides whether to measure the
latent state. The measurement action reveals
the true latent state but may have a negative
delayed effect on the environment. We show
that this reduced uncertainty enables sample-
efficient learning and may increase the value
of the optimal policy despite these costs. We
formulate an AOMDP as a periodic partially
observable MDP and propose an online RL
algorithm based on belief states. To approx-
imate the belief states, we further propose
a sequential Monte Carlo method to jointly
approximate the posterior of unknown static
environment parameters and unobserved la-
tent states. We evaluate the proposed algo-
rithm in a digital health application, where
the agent decides when to deliver digital in-
terventions and when to assess users’ psycho-
logical status through surveys.

1 INTRODUCTION

Reinforcement learning (RL) in domains such as games
often assumes that the states and rewards are fully
observable. In many real-world applications, however,
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measuring the states and rewards can be costly and
may affect state transitions. For example, in digital
health, an RL algorithm decides when to send inter-
ventions to help users alleviate depression. To adapt
these interventions effectively, the algorithm needs to
measure users’ emotions through ecological momen-
tary assessment (EMA) (Targum et al., 2021). Yet
frequent assessments impose a burden on users and
may reduce user engagement and intervention effec-
tiveness in the longer term. Similar trade-offs arise in
other behavioral interventions, such as physical activ-
ity suggestions (Choi et al., 2025) and dyadic interven-
tions (Xu et al., 2025), where querying latent psycho-
logical states improves decision quality but can also
reduce engagement. In robotics, a robot exploring an
unknown map may need to activate energy-intensive
sensors to improve its understanding of the environ-
ment, but doing so drains battery power quickly and
may limit the exploration range (Choudhury et al.,
2020).

In such problems, actions naturally have two compo-
nents. Control actions (e.g., sending digital interven-
tions or robot moves) affect environment transitions
and are optimized to maximize the cumulative rewards
as in the standard RL setting. Measurement actions
(e.g., sending surveys or activating sensors) reveal the
latent state for better control action decisions, but may
negatively affect future states.

We model this class of problems as an Actively Ob-
servable Markov Decision Process (AOMDP), which
can be viewed as an extension of a Partially Observ-
able Markov Decision Process (POMDP) with an ex-
plicit measurement decision. In each decision cycle,
the agent selects both a control action and a measure-
ment action. When a measurement action is taken,
the emission includes the true latent state, though this
can introduce delayed negative effects on future states.
The reward in our formulation is a deterministic func-
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tion of the next latent and observed states, so it can be
latent when the latent state is not directly observed.
This differs slightly from the most common POMDP
definitions, where rewards are directly observed. In
this setting, learning remains possible since the reward
can be inferred through belief updates from emissions,
observed states, and measurements. Our framework
highlights the tradeoff between the immediate bene-
fits of collapsing state uncertainty and the potential
delayed negative impact of measurement.

Main Contributions. First, we propose the
AOMDP framework to formalize problems where mea-
suring fully resolves state uncertainty but may nega-
tively affect future states. Under certain assumptions,
we show that tabular AOMDPs are learnable with
polynomial samples, in contrast to general POMDPs
that may require exponential sample complexity. Fur-
ther, we carefully characterize the trade-off between
benefits of state uncertainty reduction and potential
negative effects into future states.

Second, we formulate AOMDP as a periodic POMDP
with period length two to address the different state
and action spaces when choosing the measurement ac-
tion and the control action. We propose an online,
lightweight RL algorithm based on the corresponding
periodic belief MDPs for settings with limited data like
digital health. It builds on Randomized Least-Squares
Value Iteration (RLSVI), separating measurement and
control updates and tailoring target constructions for
the two actions.

Third, to obtain the belief state in an unknown envi-
ronment, we develop a sequential Monte Carlo (SMC)
method (Del Moral et al., 2006) to approximate the
joint posterior of unknown static environment param-
eters and unobserved stochastic latent states. A key
insight is that the observed state can be viewed an
emission of the previous latent state, thus helping up-
date the weights of the particle trajectory.

Finally, we apply the proposed algorithm in a digi-
tal health application for promoting physical activity,
where an RL agent decides when to send interventions
and when to query users about their latent commit-
ment to being active.

2 RELATED WORK

Active learning in RL strategically identifies and
queries an oracle for information (typically the re-
wards) at the most informative states to improve pol-
icy learning. These methods generally aim to maxi-
mize learning efficiency and performance within a fi-
nite number of queries, implicitly assuming uniform
cost over all queries. Within this field, active reward

learning minimizes the number of reward queries while
ensuring a near-optimal policy (Daniel et al., 2014;
Kong and Yang, 2022). Information-directed reward
learning selects a query to provide to the expert at
each query time defined by a fixed schedule to maxi-
mize the return (Lindner et al., 2021). Active queries
in RL from human feedback (RLHF) select the conver-
sations or experts to query in order to increase query
efficiency (Das et al., 2024; Ji et al., 2024; Liu et al.,
2024).

Active Feature Acquisition (AFA) in RL focuses on
dynamically selecting a subset of features to observe,
seeking to maximize task performance while minimiz-
ing the explicit costs associated with each feature ac-
quisition. For example, Yin et al. (2020) proposed an
AFA-POMDP framework that simultaneously learns a
task policy and a feature acquisition policy by penal-
izing the reward with a fixed, predefined cost for every
feature queried at each decision time. Alternatively,
Li and Oliva (2021) and Yu et al. (2023) utilized MDP
frameworks to sequentially select individual features,
incurring explicit costs at each step until terminat-
ing to make a final prediction. While AFA paradigms
typically select a subset of features under immediate
explicit costs without affecting state transitions, our
framework evaluates whether to query the latent state
at each decision time, where the cost is reflected in
delayed negative effects on future states.

The works most closely aligned with our problem set-
ting focus on frameworks that explicitly incorporate
measurement costs into the RL objective. In these
settings, rewards and costs are typically expressed in
the same units, enabling joint optimization to balance
the reward of the control action and the cost of the
measurement action. Although the reward in RL can
be viewed as a deterministic function of the next state,
there is a difference between actively measuring latent
states and measuring latent rewards. When the reward
is latent, the probability of measuring will always con-
verge to zero as the estimation of the expected reward
becomes more accurate. However, when the state is
latent, the probability of measuring may not converge
to zero even if the transition model is known or well
learned. Due to the stochasticity in state transitions,
it is not possible to accurately predict the state needed
for selecting the action.

To actively measure the latent state, Nam et al. (2021)
formally proposed the Action-Contingent Noiselessly
Observable MDPs (ACNO-MDPs) framework, which
formulated the problem as a special case of a POMDP.
The cost of their measurement action was fixed and ob-
served along with the reward. However, in AOMDP,
the negative effect is delayed and incorporated into
future states. Further, an ACNO-MDP did not al-
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low unobserved rewards or always-passively-observed
states and emissions. Nam et al. (2021) proposed algo-
rithms for both tabular and continuous settings, but
their deep RL algorithm for continuous settings was
not feasible for problems with limited data, e.g., in
many digital health applications. Moreover, the es-
timated transition parameters and latent states were
not guaranteed to be drawn from their posterior dis-
tributions (see a detailed discussion in Appendix E).
Krale et al. (2023, 2024); Avalos et al. (2024) proposed
lightweight algorithms for solving ACNO-MDPs, but
they only considered tabular settings. In addition to
the works on latent states, several works focused on
deciding when to measure the latent rewards (Krueger
et al., 2016; Schulze and Evans, 2018; Tucker et al.,
2023; Parisi et al., 2024). However, we consider the
problem with both latent states and latent rewards,
with latent rewards modeled as part of the next latent
state.

In a mixed observability MDP (MOMDP) (Ong et al.,
2010), part of the state is always observed, while the
rest is always latent. Our setting is related but dif-
fers in that measurement actions can reveal the latent
state, and that rewards can be latent since they de-
pend on latent states. Sinha et al. (2024) developed
a periodic policy for a POMDP, but their underlying
environment is stationary.

3 PROBLEM SETUP

In active measuring, the agent interacts with the en-
vironment following the dynamic depicted in Figure
1. At each time step t, the agent observes state Z;
and emission O, (not the latent state U), and decides
the measurement action I; ;. Taking I; ; = 1 will re-
veal the true latent state U, while taking I;; = 0
means that U; remains latent. We view both O; and
I;1U; as emissions of U;. Then, the agent makes a
decision about the control action A, and the en-
vironment generates the next state (Zpy1,Upr1) ~
T(- | Z¢, Uy, It 1, Ar2) and the next emission Oypq ~
O(- | Ugg1). The definition of T guarantees that the
transition to the next states Z;11,Us+1 does not de-
pend on the history prior to time ¢. The reward af-
ter taking Ao is Ry = 7(Zi41,Usy1), where r is a
known deterministic function. Since the reward de-
pends on the latent state U, the reward may also
be latent. Note that there is no instantaneous re-
ward at time (¢,1) for I, 1 (between taking I, ; and
A;2). Thus the effect of I, ; on rewards is only via
future states Zy;1 and Upyq. While the control ac-
tion A;o only affects the transition T, the measure-
ment action I ; affects both the transition T and the
emission I; 1U;. The observed history before choos-
ing It71 is Ht71 = {Zl, 017 1171, Il,lUla 141727 ey Zt, Ot}
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Figure 1: The diagram showing the environment of
an AOMDP. A directed edge connected to a square
indicates edges to each node within the square. Edges
pointing to the control (A;) and measurement actions
(I) are omitted.

The observed history before choosing A; o is Hyo =
Hia U{lq1, 11U}

Definition 1 formally defines active measuring with
delayed effects on the environment as an MDP with
mixed observable states and special emission struc-
tures. For a set S, let A(S) be the set of probability
measures on the measurable space (S,B(S)), where
B(S) is the Borel og-algebra on S.

Definition 1 (AOMDP). An Actively Observable
MDP is a tuple (Z,U,0,A,Z,T,OQ,r,v), where A is
the control action space, Z = {0,1} is the measure-
ment action space, Z C R% is the space of observed
states, 4/ C R is the space of latent states, and
O C R% is the space of emissions of U/{. The emis-
sion function is O : U — A(O), with O(o; | u;) being
the probability density function (p.d.f.) of O; given
U; = u; (overloading notation). The transition func-
tion for Zy and Uy is T: Z XU X T x A A(Z xU),
with T(z¢t1, g1 | 2¢, Ue, 90,1, ar,2) being the p.d.f. of
Zip1,Uppr given Zy = 2, Uy = g, Iyn = i1, Arp =
at,2. The reward function r : Z x U — R is a known
deterministic function of the next observed and latent
states. The discount factor v € [0, 1) is a constant. We
assume that Z; and O, are observed before choosing
I; 1, and that I; 1U; is observed before choosing A; 5.

The goal is to find a policy 7 that selects I;  and Ay o
to maximize the expected discounted sum of rewards,
Le. w* = argmax, E™{>";°, v*"'R;}. The positive
effect of taking the measurement action I;; = 1 is
twofold: (1) learning: it helps learn the transition and
emission functions, either directly via SMC or indi-
rectly in a model-free RL algorithm; and (2) optimiza-
tion: it provides an accurate state for choosing Ay s.
This second benefit exists even when the environment
is known. A setting with truly no reward information
(neither directly observed rewards nor inferable latent
states) is impossible to solve, since an agent would re-
ceive no learning signal. However, in our setting, the
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emissions O; and I 1U; together with the next ob-
served state Z;y1 help infer the latent state Uy41 and
thus the latent reward R;.

3.1 AOMDP and Periodic POMDP

One major difference between AOMDPs and station-
ary POMDPs is that the state, action, and emission
spaces are time-inhomogeneous at the step (¢,1) and
step (t,2), while being periodic on a higher level in-
dex t. This structure is a special case of a periodic
POMDP (with possibly latent rewards), which allows
non-stationarity within a period but assumes the pe-
riod structure is homogeneous over time. For concise-
ness of notation, we use the index (¢, K + 1) below to
refer to the index (¢ + 1,1), and use (t,0) to refer to
(t—1,K).

Definition 2 (K-Periodic POMDP). A K-periodic
POMDP is a tuple (Sl;K,OLK,.ALK,TLK,@LK,
r1.x,7), where S C R is the latent state space,
O, C R%u is the emission space for Sy, Ay, is the ac-
tion space, and =y is the discount factor. The transition
function for the latent state is Ty : Sp_1 X Ag_1 —
A(Sy), with Tr(ser | St.k—1,0,—1) being the p.d.f.
of Sir given Syp_1 = spp—1 and Ay p_1 = app—1.
The emission function is O : S — A(Ok), with
Ok (ot i | st,x) being the p.d.f. of O,y given Sy = sy .
The reward function 7y : Sg4+1 — R is a known deter-
ministic function of the next latent state.

The following lemma describes how an AOMDP can
be modeled as a Periodic POMDP.

Lemma 1. An AOMDP is a special case of a peri-
odic POMDP with period length K = 2. Further, at
time k = 1, the emission of the state Sf, = [Z,Uy]
is O, = [Z:,04], and the reward is zero. At time
k =2, the emission of the state S’y = [Zy, Uy, Iy 1] is
Ot,Z = [Z4,04, 111Uy, I 1], and the reward is Ry. The
discount factors are v1 = 2 = /7.

A periodic POMDP can be viewed as a stationary
POMDP by augmenting the state with the time in-
dex k, similar as how a periodic MDP is viewed as a
stationary MDP (Riis, 1965; Sinha et al., 2024). As
discussed in Kaelbling et al. (1998), a POMDP can
be solved using a belief MDP, whose optimal policy is
a Markov stationary policy based on the belief state.
Here, a belief state is a probability measure that repre-
sents the posterior distribution of the latent state given
the observed history, and can be viewed as a sufficient
statistic of the history. Incorporating periodicity, the
optimal policy of a K-periodic POMDP is a sequence
of K Markov policies based on the belief state, and
can be solved using a periodic belief MDP.

Definition 3 (K-Periodic Belief MDP). A K-periodic

belief MDP is a tuple (Bi.x,Avrx,Ti.x,71:k,7);
where By, = A(Sk) is the set of belief states over the
latent state space S at time & in a period, Ay, is the ac-
tion space, and 7 is the discount factor. The transition
function for the belief states is Ty, : Br_1 X Ap_1 — By.
With ri @ Sgy1 — R being a known reward function
of the next 1atent state the reward of the belief state

is i (b t k+1 = [r(s) t K418 (s)ds.

Concretely, for the measurement action in an AOMDP,
the belief state of a latent state S}, = [Z;,Uy] € &'
given the history H;; is bfi € B!, where B! = A(ST)
is the set of belief states over S’. In other words,
bi;(sl) = p(s? | H1) is the p.d.f. of the posterior dis-
tribution of StI, 1 given H, ;. When the observed state
is Z, = 2z, we have bfi = 6., ® b}, where § is the
Dirac measure, bgl is the belief state of U, at time
(t,1), and p1 ® po denotes the product measure of pug
and po. Similarly, for the control action, the belief
state of a latent state Sf% = [Z, U, Ii1] € S* given
the history Hy o is bt,2 € B4, where B4 = A(S4) and
bf; (1) = p(s* | Hy2). When the observed state is
Zy = 2z and the measurement action is ;1 = 1,
we have bt o =0z, ® bt 2 ® 6;, ,, where bY; is the up-
dated belief state of Ut after observmg It 1U;. We
will discuss how to estimate the belief state bf;., of
U; when T is unknown in Section 4.1. The instan-
taneous reward after taking Ay is r(Zi11,bf) ;) =
r(bfim) = fr(s)bfim(s)ds. The understanding of
the reward may be updated after taking I;y,; and
observing I;411Us41.

Lemma 1 implies that the AOMDP can be solved
as a periodic belief MDP with K = 2. Augment-
ing the state with the time index (Riis, 1965; Sinha
et al., 2024), we have that the optimal policy 7* of
an AOMDP is in the class of periodic Markov policies
= {m={xl, 7}zl : B — T,74: B4+ A}. The
Q-functions of 7w € II for A and I are defined as

E”{Zv
{Z’Y 2 l+11 ‘bt27af2}

The Bellman optimality equations for the AOMDP are

. * A L
Q" (b1 ins) =E{ v max Q1 (bF5 . a) | b7 v |,
(1)

Im S0 .
QI (by 1, it1) z+1 1)

st .
bt,lazt,l},

Am 84
Q 7T(bt27at2

A I
QA*(th,Q ,Gt,2) :E{r(bf+l,1)+
I . A
ﬁrgleag QI*(thH,p i) ‘ qu,Q ) at,Q}a

which is extended from results of periodic belief MDPs.

(2)
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Algorithm 1 Estimating Belief State bg 1

Algorithm 2 Estimating Belief State bU

Input: history h, 1, J particles {a§{2_171:2}j:1 with

weights {wt(j)1 2}7—1, and the prior of 6.

1: fOI‘jE{l J}do

2:  Draw 0

o aij)

NP(H | @ ul t 1,20 Pe—1, 2), ﬁ&) ~ p(ut |

Ut 123215 1 bt—1,1,Gp— 12)

~(7) (9)

3:  Particle weight: @] o wt 1 2P(z | 0 V) G

“t 1,2)

Zt—1,0—1,1,0t—1,2)P(0¢ | 9 N(] 1)

4:  Calculate the effective sample size ESS :=
[ZJJ 1(@&)) |7t If ESS < 0.5J, resample from

{ﬂgjt 112,uijl) 3] ; with Welghts {wtl I, to

obtain J new particles {u1 H-11:2> ut’l)}jzl with

weights ngl) 1/J for all j. Otherwise, set

ug 1) = ugjl) and w(J) wt(jl)
5: end for
6: The estimated belief state is ’Z')\,{]l(u) =

S wo(u —ag)).

4 METHODOLOGY

To learn the optimal Q-function Qj online, we adapt
the RLSVI algorithm (Osband et al., 2016) to the pe-
riodic belief MDP based on the Bellman optimality
equations (1) and (2). RLSVI is a model-free algo-
rithm that encourages exploration via posterior sam-
pling (see details in Appendix C.2). In order to ob-
tain the belief states bfi and bf; , We assume para-
metric transition and emission models in Section 4.1.
We decouple the learning of the Q-function from the
transition and emission models to enhance robustness
against model misspecification, as identifying the sign
of the advantage function for binary actions is often
more robust than correctly specifying full conditional
distributions (see simulations with misspecified tran-
sitions in Appendix D.8).

We approximate each optimal Q-function by a linear
function of the basis function ¢, i.e.

Q’*(bfi,ft,n =o' (b9, 1,1) "B,

3

QA*( t,2 vAt72) = ¢ (bt 2 7At,2)T/8Aa ( )
where ¢! and ¢# are the basis functions, and 8! and
ﬁA are the parameters to be learned. For example,
the basis can be of linear, polynomial, or Gaussian
functions of the state and action. For this choice of
basis functions, RLSVI fits a Bayesian linear regression
(BLR) model to the target, which is the estimated
optimal Q-function.

Input: history h, o, J particles {u§32 1.25 ugjl) J_, with

weights {w(]) je
1: if 447 =1 then
2: When I;1U; = uy, set u(]) = u; for all j €
{1: J}. Update the particle weight w(j) =
wt(];)1,2p<zt7ut | 0
else
Set 1792) = ugjl) for each j € {1: J}. Update the

particle weight wt(JQ) = wt(jl)

end if
: The estimated belief

S wihdu — ).

() ~(j)
y U1 25 Zt— 10— 1,1, Gt — 12)

> G

state is @2{2 (w) =

4.1 Approximating the Belief State

In this section, we generalize the Particle Belief MDP
(PB-MDP) approximation (Lim et al., 2023) to the
AOMDP. The PB-MDP approximates the belief states
by using SMC to maintain a set of J particles.

Generalizing the PB-MDP approximation first re-
quires addressing the challenge that neither the transi-
tion function T nor the emission function @ is known.
To address this, we use parametric models; denote 6
as the joint parameters of the transition and emission
functions T, ©. The second challenge is that augment-
ing the latent state with the static parameter of the en-
vironment, 6, in standard particle filtering fails, since
the parameter space is only explored in the initial step
and its posterior distribution degenerates as time in-
creases (Kantas et al., 2015). We use ideas from par-
ticle learning (Storvik, 2002; Carvalho et al., 2010),
which samples a new 6 at every step. Our solution
enables efficient online SMC with static parameter es-
timation since, under some working models (detailed
in Section D.2), the posterior of 8 given the history
and fixed values of the latent states is closed form. Fi-
nally, the belief state of U; is updated at both (¢,1)
and (¢,2).

In the AOMDP, we only need to derive the belief states
bg 1.9 for Uz to construct bf ; and bf’ ; (discussed in Sec-
tion 3.1). Following particle learning, at each time ¢ we
first draw the parameter ?0\57) from its posterior given
the observed history h; j and the value of one particle
ﬂg{g_m up to time ¢ — 1, before drawing the new state
Ut(j) given 5,@, h.x, and ag{t)fl,Q‘ In SMC, each par-
ticle represents a possible trajectory of latent states
Uit up to the current time ¢t. The marginal poste-

rior of the current latent state U; given the history
H;; or Hyo is approximated by the empirical distri-
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bution of the last state in each particle {Ut(j)}j:l. De-
tailed implementations are provided in Algorithms 1
and 2, with the full derivation of the sampling scheme
in Appendix B.5. Therein, we used p(-|-) to denote the
general p.d.f. associated with the conditional distribu-
tions defined by the AOMDP transition and emission
functions. Denote the approximate posterior distribu-
tions from Algorithms 1 and 2 by EtUl and bU2 respec-
tively. The belief states of St{ ; and St’2 are approxi-

mated by Bfi =0, ®3tU’1 and Ef; =0, ®3§{2 @ 04y -

Notice that p(z: | H,uij_)l,zt_l,it_l,l,at_m) is used
to approximate the belief state /l;?l in Algorithm 1,
even though it does not involve U;. This is because
each particle is a draw from the posterior of the la-
tent state trajectory. Z; acts as an emission of the
latent state trajectory. Indeed a small likelihood of
Z, indicates that the previous latent state value U;” ¢ )
is less likely to be the true value, and this traJectory
should therefore be down-weighted. Furthermore, in
Algorithm 2, when i;; = 1, the particle weight wt(JQ) is
updated directly from the weight wt(J_)L2 of the previ-
ous period. Specifically, we calculate the joint likeli-
hood of Z; and Uy given [Ui—1, Zy—1,lt—11,Ai—12] =
[aﬁﬂ_)m, Zi—1,01-1,1,a4—1,2] and 5? . This prevents the
weights {w%) J_, from collapsing to zero if the true
value u; is not contained in the support of Bf 1 at time
(t,1). Lastly, Algorithm 1 resamples the whole tra-
jectory when the ESS is small for better numerical

stability (Liu and Chen, 1998; Del Moral et al., 2006).

4.2 Constructing the Target

Motivated by the fact that the control and measure-
ment actions have different effects on the environment,
we construct the targets for them differently.

For the measurement action I, when bs 1 =0z ® bt 15
the target in Equation (1) can be rewritten as

Ql*(bt 1 ) -
ﬁ/maXQA*(ézt ® 6, ® 01, a)by 1 (uy)duy,

Q" (b1.0) = vy max Q** (3, ® by ® 6o, a).  (5)

(4)

Note that (4) is an integration over the distribution of
emission I; 1U;. This is derived based on the known
transition function from bf; to b, to increase numer-
ical stability (see the proof in Appendix B.4). When
bS; =9, ® bgl and I;; = 1, the emission I;;U; has
a p.d.f. bgl. Given I;1U, = uy, we have bfg (s4) =
8., ® 0y, ®06;. When b} = 4., ® by} and I, =0, we
have P(I,1U; = 0) = 1 and b7 (s4) = 0., ® b/, ® &.

This is different from the standard RLSVI (Osband
et al., 2016), which approximates the target with a
single observation of the next state to increase com-
putational efficiency when the transition is unknown.
In addition, we use double Q-learning to alleviate the
maximization bias in the targets. This is essential
for the active measuring target. Notice that if there
were no delayed effect of measurement actions, the sec-
ond benefit of measuring (obtaining an accurate state)
comes exactly from the difference between (4) and (5)
(see details in Proposition 3), which could be signifi-
cantly overestimated due to maximization bias. Based
on the above discussion, we define the target in BLR
for the measurement action as follows. When I;; = 1,
define
Zwiff DAL
. ~A
where a(J) = argmax|[¢?(d., @ 5@5-’2 ®61,a) B-],
acA s

(0., ® 5A(J) ® 61, al

. J ~
since Yy (u) = 327w o(u — af?)).
define

~ ~A
I= \ﬁ(bA((SZt ® 551 ® o, a/)Tﬁt—lv

~ ~A
where o' = argmax[¢” (5., ® by} ® do,a)" B,_].
acA

When I;; =0,

~A
Here, 3,_; is the estimated parameter at time ¢ — 1,
~A ~A
and 3,- is copied from B, every C steps.

For the control action A, the target is constructed
based on a 2-step TD prediction (Sutton and Barto,
2018, Chapter 7). This allows the target of the con-
trol policy to be updated based on itself rather than
the measurement policy, which we find improves nu-
merical stability as the instantaneous reward for the
measurement action is zero. Define the target as

A U A 754 T74

Y, :T(Zl+1vbl+1,1)+’7¢ (bl+1,270/) Bi1
~ ~A
where o' = argmax d)A(blS:l 0,1 B4

i€z ’
. . ~A . . ~A

Similarly, B3,- is copied from B, every C steps.

The reward can be estimated as r(Zi11,bf), ;)

Z;] 1 wgﬁl 17(Zyy1, ﬂgi)l’l) by definition.

Let X{ = ¢'(by), [11) and X{* = ¢*(b7,, A1) be
the covariates in the BLR for [ € {1 : ¢}. The con-
struction of ¢! and ¢* is problem-dependent. Ap-
pendix D.1 describes how ¢! and ¢ are constructed
for the application in Section 6. For example, when
the belief state is approximately normal, we can use
the Weighted mean and standard deviation of the par-
ticles {ult i J 1, k=1 or 2, along with the observed
state Z; to construct the ba31s functions.
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To update the parameter 87, we fit a BLR on Y7 :=
[Y{,]T using X! := [X{:t}—r. Similarly, for 8*, we
fit a BLR on Y4 = [YA]T using X4 = [X94]T.
Following Osband et al. (2016), Gaussian priors are
chosen for computationally tractable posterior sam-
pling, which also guarantees stochastically optimistic
Q-values. The posterior of 37 is N(u!, =), and the
posterior of B is N(uf, ), where

=) = (X)) X{/(e)? + AT
i =3 (X)) Y] /(o)?],

= = (XX /(0 + A,
it =S TY (0",

(6)

and I is the identity matrix. An estimate of ﬁtl is
~I
then obtained by drawing B, ~ N(u!,%!) from the

~A
posterior distribution. Similarly, B8, ~ N(uf, =) is
drawn. Finally, I; ; and A; o are selected by maximiz-

~I ~A
ing the estimated Q-functions based on 3, and 3, .
See Algorithm 3 in Appendix C.

5 BENEFITS OF MEASURING

In this section, we discuss the benefits of measurement
actions from two aspects—sample complexity benefits
and policy improvement benefits—even though they
may have negative delayed effects on future cumula-
tive rewards. First, measuring may reduce the sample
complexity of learning, leading to a more identifiable
environment, as it reveals the latent state and thus
removes a major source of uncertainty. Second, mea-
suring can directly increase the value of the optimal
policy by providing state information that enables bet-
ter decisions in subsequent steps.

5.1 Sample Complexity Improvement

We first consider the impact of measuring on the num-
ber of samples required to learn an e-optimal policy
in an unknown environment. In general, learning in
POMDPs can be fundamentally challenging: with-
out further assumptions, the sample complexity may
grow exponentially with the horizon H. In finite-
horizon tabular POMDPs with always observed re-
wards, Liu et al. (2022) introduced the notion of an m-
step a-weakly revealing POMDP (Definition 4), which
requires that the latent states can be distinguished
through m-step observations and actions, and thus the
system becomes strongly identifiable. They showed
that under the m-step a-weakly revealing condition,
there exists an algorithm that learns an e-optimal pol-
icy with poly(S, A™, H) samples, where S is the num-
ber of latent states, A is the action space size, and H
is the horizon length.

Definition 4 (m-step a-weakly revealing condition).
There exist m € N and « > 0 such that og(M) > «,
where for all (a,0) € A1 x O™ and s € S,

[Mt](a’o)’s =P <0t:t+m71 =0 | St = 8, Qt:t+m—2 = a) .

Here, o0g(M;) denotes the S-th singular value of the
m-step emission matrix M;.

The following proposition shows that the presence of
measurements guarantees a strong form of this con-
dition in the special case of a tabular AOMDP with
observed rewards.

Proposition 2. Any finite-horizon tabular AOMDP
with the reward r(Z;41) depending only on the observed
state satisfies the 2-step 1-weakly revealing condition.

This result guarantees that there always exists an algo-
rithm that learns an e-optimal policy with polynomial
sample complexity for AOMDPs. Any AOMDP can be
learned with sample efficiency, in contrast to general
POMDPs without measurement actions.

5.2 Optimal Policy Value Improvement

Beyond the learning efficiency benefits, we consider the
case where the environment dynamics are fully known.
Even in this setting, measurement actions can strictly
increase the value of the optimal policy by reducing un-
certainty about the latent state Uy, thereby enabling
more informed control decisions. Specifically, a mea-
surement collapses the belief distribution bg 1 (the pos-
terior over U, before measuring) to a Dirac measure at
the true latent state, while not measuring forces the
agent to act under uncertainty.

To clearly characterize the improvement, we define
VA*(Y) := max, Q4*(6. ® bV ® 6;,a) for i € {0,1} as
the optimal value function of the control action under
the measurement action being 0 and 1, respectively.

Proposition 3. At belief state b’ = 5. ®bY, the
advantage of measuring is

QI*(bSI, 1) _ QI*(bSI,O)

=By V21 (0u) = VI5(8u)] + By [VI5(8u)] — VG (Y).
@DDelayed effect @Immediate effect

Proposition 3 decomposes the advantage of measuring
into two components: the immediate effect ((2)), which
arises from removing uncertainty in the current deci-
sion and is always nonnegative by Jensen’s inequality;
and the delayed effect ((T)), which reflects how measur-
ing affects the distribution of the next-step state and
may negatively impact future rewards. Further sub-
optimality bounds would require problem-dependent
assumptions about the positive and negative effects of
measurement actions.
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Figure 2: Causal DAG of HeartSteps. Arrows pointing to the actions are omitted.

In the special case where V;ﬁ‘ = Vﬁ(’j (that is, mea-
suring does not affect the environment), the delayed
effect vanishes and the advantage is always nonnega-
tive. In this regime, measuring strictly improves the
policy value.

6 APPLICATION

We apply the proposed algorithm to HeartSteps, a dig-
ital intervention designed to help users increase and
maintain physical activity (PA) levels by increasing
users’ commitment to being active (Choi et al., 2025).
Figure 2 shows a simplified causal directed acyclic
graph (DAG) for HeartSteps, which represents the
strongest causal relations among the variables. Each
time ¢ represents a day. The reward R; is the user’s
commitment to being active on day ¢, which is mea-
sured through user surveys and can be unobserved
when no survey is sent. The measurement action I;
is whether to send a survey to query the user about
R;_1, trading off information gain about the reward
and the decrease in engagement. The control action
A; is whether to send a walking-suggestion notifica-
tion during day ¢. The engagement E; captures the
negative effects of the two actions. Excessive notifi-
cations or surveys reduce F; and thereby reduce the
effectiveness of interventions A; on R;. The context
C; represents the evolving needs of the user, e.g., the
logarithm of the prior 30-minute step count before the
intervention time. The proximal outcome M; is a me-
diator between A; and Ry, e.g., the logarithm of the
post 30-minute step count. The emission O, can be
the number of daily unprompted bouts of PA. Key
factors that affect long-term behavior change are R;
and FE;. We utilize the public simulation testbed de-
veloped by Gao et al. (2025). It contains 42 differ-
ent environments, constructed from the data on each
of the 42 participants in HeartSteps. We can show
that Figure 2 is a special case of an AOMDP (see Ap-
pendix D.1). Implementation details are provided in
Appendices D.2-D 4.

We compare the proposed active-measure algorithm
with the always-measure and never-measure algo-
rithms, which always take I; ; to be one or zero and
choose A; o with RLSVI. It is also compared against
Dyna-ATMQ (Krale et al., 2023), which focuses on
discrete states and assumes a fixed measurement cost
observed together with the reward. ATMQ learns the
negative effect only from the observed cost. Therefore,
when implementing ATMQ, we discretize the states
and treat the cost as a tuning parameter. The de-
tails of the baseline algorithms are provided in Ap-
pendices D.6 and D.7.

We consider different scenarios and report the average
cumulative reward Zthl R across 42 users (environ-
ments), subtracting the average cumulative reward of
the zero policy that takes I;; = A;o = 0 for all ¢.
The experiment is repeated 50 times for each method
in each scenario. Figure 3 shows the average and 95%
confidence intervals across the 50 replications for the
average cumulative reward. The first row represents
the scenarios with the minimal positive effect of the
interaction A;2R;—1 on the next reward R;. The in-
fluence of A;oR;_; indicates how important it is to
accurately obtain the value of R;_; through measure-
ment when choosing A; 5. The second and third rows
correspond to scenarios with small and medium posi-
tive effect sizes of A;2R;—_; on R;. The first column
represents the scenarios with no negative effect of the
measurement action I;; on the next reward R;. The
second and third columns correspond to scenarios with
minimal and small negative effect sizes of I;; on R;.
The last column has the same settings as the second
column but sets the strength of R; — Oy to zero, i.e.,
the passively collected emission Oy no longer helps in-
fer R;. Details of testbed variants and their effect sizes
are provided in Appendix D.5.

When there is no negative effect of the measurement
action in Subfigures 3(a), 3(e), and 3(i), the always-
measure algorithm performs the best as it does not
need to learn to measure, while the active-measure al-
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Figure 3: The average cumulative reward, subtracting the average cumulative reward of the zero policy. In
each subfigure title, “+” denotes the positive effect of A; oR;—1 — R; (rows: minimal, small, medium), and “-”
denotes the negative effect of I; ; — R, (columns 1-3: zero, minimal, small). The last column (“zero O;,”) sets
R; — Oy to zero, so the passive emission O; is uninformative about Rj;.

gorithm follows closely. When the measurement action
has a small negative effect on the reward in Subfig-
ures 3(c), 3(g), and 3(k), the never-measure algorithm
performs best as it does not need to learn the negative
effect. Active-measure has lower cumulative reward at
the beginning, but it gradually picks up the negative
signal while learning the transition and emission func-
tions, and its cumulative reward increases faster than
never-measure later on. When the measurement action
has a small negative effect, with a small or medium
positive effect of the control action in Subfigures 3(f)
and 3(j), active-measure performs significantly better
than the baseline methods. Recall that the environ-
ment for Subfigures 3(b) and 3(c) has a minimal effect
of A;oR:—1 on the reward. Under these scenarios, the
observed states Iy, and C; 2 may dominate the deci-
sion policy, as there is no need to learn the latent state
R:¢_1 perfectly. When a negative effect of I, ; exists,
never-measure performs better. An increased effect
of A;oR:—1 means that different values of the latent
state R;_; may flip the sign of the optimal action A; o,
and thus the benefit of measuring is more significant
in Subfigures 3(i) and 3(j). Comparing Subfigures 3(j)
and 3(1), we see that without an informative emission

O, the cumulative reward of never-measure decreases
significantly. Dyna-ATMQ generally achieves lower
cumulative rewards since it requires discretizing the
states and cannot detect small changes in the continu-
ous rewards. See Appendix D.8 for additional results.

7 DISCUSSION

The proposed algorithm can be naturally extended to
problems with multiple measurement actions or con-
trol actions. For example, in HeartSteps, there can
be two possible digital interventions per day. Such
problems can still fit into the periodic POMDP frame-
work. For the n-step TD prediction used to construct
the target of the control action in RLSVI, n now de-
pends on the time of the next nonzero instantaneous
reward. In addition, while we focus on settings where
the measurement action has no instantaneous reward,
the proposed method can incorporate it in the target
of the measurement action in RLSVL.
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A Table of Notations

In this section, we summarize the definitions of notation.

Table A.1: Table of Notations.

Notation Definition
U, Zy, Oy Latent state, observed state, and emission at time ¢.
I, Ao Measurement action (phase k = 1) and control action (phase k = 2).
r, Ry Deterministic reward function and realized reward Ry = r(Zq1, Ury1).
Sl S{}Z Latent states for the measurement and control actions.
Ht;l, H;» Observed histories before selecting I 1 and Ay 2, respectively.
bfi € B, bfg‘ € B4 Belief states for I; ; and A; 5, with Bf = A(ST) and B4 = A(S4).
bg 1 bg{ 9 Belief states of the latent state U; before and after choosing the measurement action.
ZU,0 Observed-state, latent-state, and emission spaces.
A, 7T ={0,1} Control-action and measurement-action spaces.
ST, s4 Latent-state spaces for StI,1 and S{}z.
B(S) Borel o-algebra on S.
A(S) Set of probability measures on the measurable space (S, B(S)).
T Transition kernel for (Z;41,U41) given (Z;, Uy, I 1, Av 2).
O Emission kernel for O; given U;.
dz, dy, do Dimensions of observed state, latent state, and emission spaces.
Oz Dirac measure concentrated at point x.
11 @ o Product measure of pp and ps.
m = {rl, 74} Policy for measurement and control actions.
J Number of particles used in SMC.
oY) The jth particle of the static parameter.
ﬂfﬂ,ﬂ, wijlz The jth particle of the latent state and its weight at time ¢, k.
'), ¢2(-) Basis functions for the Q-functions of I and A.
B, Bt BLR coefficients for measurement and control Q-functions.
ol, o4 BLR noise hyperparameters for measurement and control actions.
M,oaA BLR prior hyperparameters for measurement and control actions.

B Definitions and Proofs

In this section, we define periodic POMDPs and periodic belief MDPs and provide proofs of the theoretical

results.



Active Measuring in Reinforcement Learning With Delayed Negative Effects

B.1 Periodic POMDP and Periodic Belief MDP

A periodic policy is denoted by 7 := {m;.x }, where each 7y : By — Ay is a Markov policy. The Q-function of a
periodic belief MDP under policy 7 is

QL'(bf,k,at,k) | Z ,YK(i—t)-&-j—k . rj(bfjﬂ) bts,k,At,k =ai p,

(6,5):(1.9) 2 (t,k)
where (4,j) > (t,k) means i =t and j > k, or ¢ > t, and (4,j) = (¢, k) means ¢ = ¢t and j = k. The value function
is defined as Vi (b7 ) = E”{Qk(bfk, Aig) | bfk} Extending the results from the periodic MDP to the periodic
belief MDP, the Bellman optimality equation for the belief state is

Q5 (b7 - ark) =E {Tk(bts,kﬂ) e max  Qp (b 1, arktr) | bF g, Ark = at,k} (7)

ag,k+1€AR+1
for k € {1: K}. The optimal value function is then V,j(bfk) = MaXq, Ay QZ(bfk, agk)-
Theoretically, the belief state can be updated as b§k+1(st7k+1) = P(s¢,5+1, 01, k41 | bfk,at7k)/IP(ot,k+1 | bf’k, ark),
where P(s¢ k41,0001 | 05 g ank) = g Tra1(sere1 | 8005)Oki1(0nk41 | St441)07 5 (s) ds, and P(og 1 |
bf:k’ at’k) = f3k+1 ]:ED(S/, Ot k+1 | bts,k7 atwk) dSl.
Note that the right-hand side of Equation (7) is an expectation over Oy j41, i.e.,

rk(bfkﬂ)‘i‘% max QZH(bka’at,kH) p(ot,k+1 | bfkvat,k)d%kﬂ,
’ at k+1€ARL1 ’ ’

S : . S o S _ S
where by, is a function of a;, o¢k+1, and by ). That is, bt7k+1(st’k+1) = p(Stk+1 | btk,at’bot’kﬂ). The
maximization is taken separately for each o ;1.

B.2 AOMDP as a Periodic POMDP

In this subsection, we prove Lemma 1, which formulates the AOMDP as a 2-periodic POMDP.

Proof. With some overload of notation, recall that the components (Z,U, 0, A, Z,T,O,r,~) of an AOMDP are
not indexed, whereas the components (Si.x,O1.k,A1.5, T1.x,01.5, 1.5, 71.5) 0of a K-periodic POMDP are
indexed by the time step k. In an AOMDP, the variables Z;, Uy, O; are indexed only by the period number ¢,
with the actions I; ; and A;» indexed by both ¢ and k. In contrast, in a K-periodic POMDP, the variables
St ks Ot ki, Ar i, are all indexed by both ¢ and k.

Action space. In an AOMDP, there are two decision times in each period ¢. The measure action I;; and
the control action A;o are the two actions in a period. The action spaces in the 2-periodic POMDP are

A1 =7 ={0,1} and Ay = A={0,1}.

State space. Define the latent state for I; ; as St{1 = [Z;, Uy], and the latent state for A, - as St“}z = [Zy, Uy, It 1].
The state spaces in the 2-periodic POMDP are S; = R%2+4U and Sy = R¥z+dv x {0, 1}.

Emission space. Since O; € O and I;1U; € R is the emission of U; in an AOMDP, the emissions in the
2-periodic POMDP can be defined as OtI,l = [Z:,04] and O{‘Q = [Z;, 04, 11Uy, It 1]. The corresponding emission
spaces are Q1 = R%Z x O and Oy =R x O x R x T.

Discount factor. Since the instantanecous reward of I; ; is zero and the discount factor on Ry = 7(Zy+1, Ut1)
is 7, we define y1 = 72 = /7.

Transition function. For the state S,g4_172 = 324—1,2 = [#t—1,W—1, 44—1,1], the action A;_1 2 = a;—1,2, and the
next state St{l = s! := [z, u], the transition function at time k = 1 is defined as

T (s" | StA_l,Qaat—l,Z) =T(z,u | 2¢—1,ut—1,7t-1,1,01-12)-
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For the state 7, = s{; := [z, u], the action I;; = i1, and the next state S¢% = s* := [z, u, 1], the transition

function at time k£ = 2 is defined as
TQ(SA | st{l, i11) = 0(z — 2) 6(u —uy) L(i = iy).

Emission function. For the state S}, = s!, := [z, ;] and emission O} ; = o! := [z, 0], the emission function

is
@1(OI | 5{71) =0(z —2) O(o | uy).

A

Similarly, for the state S = si% := [2¢, u4,4¢,1] and emission Of}; = 0® := [z, 0,u, ], the emission function is

Os(o A | si. 2) 0(z—2:) 0o | uy) []l(iul =1)0(u —uy) + L(4,1 = 0)0(u — O)} 1(i =d¢q).
Reward function. Since the instantaneous reward of I; ; is zero, the reward function at time k =1 is

rl(sf}Q) =0 forall sf}Q € Ss.

The reward function at time & = 2 is

7"2(3£+1,1) =1(2t41,ut1)  for 8f+1,1 = (241, up1]-
O
B.3 Sample Complexity Improvement
In this subsection, we prove Proposition 2.
Proof. To utilize the conclusion in Liu et al. (2022), we redefine the action as Zt = [Iy1,As 2], the state as

Sp = [Z;v—laUt—l,ft—1,1,At—~1,2,Zt7Ut]7 and the emission as O; = (Z1-1,01-1, Li—1 1 U1, I 1, Ar—1,2, Zi, Oy
so that O; depends only on S;. This can be viewed as a special case of solving an AOMDP as a periodic POMDP.

For the measurement action Iy i, the state St is equivalent to St 1= [Z,Uy], since Zy_1,Up—1, L4111, Ai—12 AL
Zii1,Ur1 | bt 1,It 1. For the control action Ao, the state S, is a special case of St2 = [Z;, U, I 1], since
Zy 1, U1, Lim1 1, A L Zigq, U | bt71,1t11 and {Z;, U} C St72. Selecting A¢ 2 based on §t therefore
provides a lower bound for the sample complexity of selecting A; o based on S{}Q

Now we investigate the submatrix M, 3, corresponding to the rows of M; where the action is @, i.e., (M} z)o,s =
[Mt](a 0),s- Suppose the sizes of the observed state, latent state, emission, measurement action, and Control action

are Z, U, O, I, and A, respectively. Then the size of the state space is S=ZxUxIxAxZx U, and the size
of the emission space is O = Z x O x U x I x A x Z x O. Thus, the submatrix M,z has dimension 0% x8S.

When we take a = [1,q] for any a € A (i.e., I; ; = 1), we will show that M, 5 contains a square submatrix of size
S x S that has full rank. Spemﬁcally, denote the row value as [z, 0g, iug, i, ag, 21, 01, 21, 01, tU1, i1, a1, 22, 09] (the
concatenation of emissions O; and Ot+1) and the column value as [z(), uy, i, ag, 21, uy] (the state S,). Consider
the submatrix obtained by fixing values of oy, 01, 02, and z5. Then the size of this submatrix is S xS , as only
z0, g, g, ag, 21, and iu; are allowed to vary. This submatrix is diagonal, with diagonal entries equal to one for
indices zg = 2, fug = uyg, io = i(, ap = ag, z1 = 21, and ‘uy = uj. All off-diagonal entries are zero. Therefore,
o §(Mt,a) =1

According to Proposition 3 of Liu et al. (2022), since max; og(M; z) > 1 with the maximizer @ = [1, al, the 2-step
1-weakly revealing condition is satisfied. O

B.4 Bellman Optimality Equation for the Measure Action

In this subsection, we prove Proposition 3.
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Proof. To derive the target for the measurement action I in RLSVI, first note that the emission distribution of
It,lUt is

bgl(ut), lf It,l = 1,

W L) =
Proave(ue | Bis Ter) {(5(ut—0), if 1,1 = 0,

where 6(+) is the Dirac delta function.

When I; ; =1, the p.d.f. of the belief state bf; at value s = [z, u, i] given the previous belief state bfi = 0., ®bf,
the last action I; ; = 1, and the emission I} 1U; = u; is
b5 (s%) = p(s* [ b1, L1 = 1, 11Uy = wy)
=z (2 | 051 Loy = 1, 12U = wg) - P(Iy =i | 051, Ly = 1,11 Up =y, Z = 2)
pu, (| 62 @b, Iy =1, 11Uy = wy, Zy = 2,11y = 9)
pu, (u | biﬁ,lt,1 =1pr.v,(u | U =u, I 1 = 1)

—pz, (2 02) P(Iy =i | Iy =1) -
Z,( ‘ ) (tl | t1 ) p[tlet(’U/t|bg17It,1:1)

=0(z —z)0(u—uy) L(i =1).
The last equality holds since py, ,u, (us | Uy = u,Iy1 = 1) = 0(u — u¢). Therefore, the transition function from
btsi to bf; is
A I
TPy [ 071, I =1) :/562t®6ut®61 prav, (ug | b7y, Iy) duy

U
:/56%@6%@61 by 1 (ue) dug,

since pr, ,u, (ue | bY1, It1) = bY ) (ur) when I, ; = 1. Then, based on the Bellman optimality equation (1),

Q”(bt 1,It,1) =/ [\f max, oM (v? t27at 2)} Pr v, (ug | bglalt,l)dut

a;2€A

_\/>/ max 5Zt X 5Ut X 51,045 2) bgl(ut) dut,

at2€A
since the instantaneous reward of I; ; is zero.

On the other hand, when I;; =0,

A
b§2 (s*) =p(s* | bt 17It,1 =0,11U; = )
pu, (w] by Iy = 0)pr, v, (ue | Uy = u, Iy = 0)

:ptZ 6zt'PI,:Z- I,:O
z,(#10z,) - Pl [ T2 =0) pr v, (e | b1, Ity = 0)

=6(z — z) bgl(u) 1(i = 0),
The last equality holds since py, ,u, (v | U = u, I;1 = 0) = pr, v, (us | bgl,lm =0) = é6(us — 0) and py, (u |

b1, ;1 = 0) = b (u). Therefore, the transition function from btsi to bf; is

A
TS 1653 100) = [ 85 onpy o 1w (e | W )

_65 ®bt 1®d07

since pr, v, (ue | bYy, It 1) = 6(uy — 0) when Iy 3 = 0. Similarly, based on the Bellman optimality equation (7),

Q" (b1, I11) =/ [f maé‘ Q% (b matz)} preav. (s | by Try) duy
at,2

(9)
=7 max, A5, ® bt,l ® do, at,2)-

at,2€
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Comparing equations (8) and (9), we see that in (8) the optimal control action a2 is selected based on each
possible value of the emission I; 1 Uy, while in (9) it is selected based on the entire belief state bf; Further, we
have

QI (b71,1) — @ (651,0) = | max QA (5., ® bu,, ara) b, (ur) duy

a;2€A

— max QA* (521, ® b?lv at?)
ay2€A ?

=E[V{"(0u)] = V5 (0F)
E[Vi™(3u)] — EVG™ (6u)] + B (8u)] = Ve (0F1)-

O

Remark. When the measurement action does not affect the environment, I;; is not part of the state S,f}Q. In

this case, we have bfﬁ =J,, ®0,, when I;; =1 and bf; =0, ® bgl when I; ; = 0. By Jensen’s inequality, it
follows that

Q”(bii, 1) = max QA*(ézt ® Ouys Gt.2) bgl(ut) du; > max QA*(ézt ® bghat,g) = QI*(bﬂ,O).

as2€A ag2€A

However, this inequality may not hold when I; ; does affect the environment.

B.5 Belief Propagation With Sequential Monte Carlo

Belief state bgl. To obtain the belief state bgl for Uy, note that the joint posterior distribution of U;.; and 6
given the observed history H; 1 = {Z1,01,111,111U1, A1,2,...,2Z;,04} is

P(Ulzt,e | Ht,1) =p(U1.t, 0 | Ht—1,27At—1 27Zt;0t)

0(Z4, 04 | Hy—1,2, Ay—12)] !
O<p(U1:t71 \ Ht71,2) 'P(0 | U1:t717Ht71,2)'
p(Zy | 0,Up—1, Zy—1,Lt—11, As—1,2)-
p(Ui | Z4,0,Ui—1,Zy—1, 1111, As—12) - p(Oy | 0,Uy).

Here, p(Uri4—1 | Hi—1,2, At—1,2) = p(Ur4—1 | Hi—1,2) since A;_1 2 is chosen only based on H;_1 9, i.e., Ay_12 1L
Ui.—1 | Hi—1,2. Suppose the proposal distribution can be factorized as

q(U1:t79 | Ht,l) = Q(Ut | 0, Ul:t—th,l) 9(9 \ Ul:t—lyHt—l,Q) Q(U1:t—1 | Ht—1,2)~
Then the importance weight can be written as

(U, 0 | Hy1)
q(U1:,0 | Hy 1)
o p(Ur:—1 | Ht—l,Q) p(@ | Ul:t—l;Ht—l,Q) p(Z: ]| 0,Us_1, Zt—lajt—l,laAt—l,Z)'
pUi | Z4,0,Ui1,Zy 1, 1111, As—1,2) - p(O¢ | 0,Uy)-
[q(Ursi—1 | He—12)q(0 | Urt—1, Hy—12) q(Us | 0, Urt—1, Hy 1)) ™"
— W, 1o P(9 | Ul:t—l,Ht—l,z) ) p(Ut | Z, 0, Ut—lazt—lylt—l,laAt—l,Q)'
“ q(0 | Urip—1, Hi12) qUs | 0,U14-1, Hy 1)
P(Zt | 0,U;_1, Zt—l,ft—l,l,At—l,Q) 'p(Ot | 0, Ut),

Wi =
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where
p(Ulzt—l | Ht—1,2)

q(Uri—1 | Hi—1,2)

is the weight for the marginal posterior distribution of Uj.;—; given the history H;_; 2. If we take
Q(9 \ Ul:t—laHt—l,Q) Zp(a | Ul:t—laHt—1,2)7
qUs | 0,Ur4—1,Hen) =p(Us | Z4,0,Us—1, Zs—1, Li—1.1, Ar—1,2),

Wici2 =

then the importance weight Wt,l can be updated as

Wt,l x W12 -2 10,Ui—1,Zi—1,11—11,Ar—1,2) - p(Oy | 0,T).

Belief state bgz. To obtain the belief state bgl for Uy, we break down the posterior distribution p(Ui., 0 | Hy 2)
separately for the cases I; =0 and I; = 1.

When I; = 0, the joint posterior distribution of U;.; and @ given the observed history Hy o = Hy 1 U{l;1, 111U}
is

p(Ur:t,0 | Hy2) =p(Ut.t,0 | Hyy, Lo 1, 11 Uy)
p(Ur:4,0 | Hy 1, Iy 1)
(LU | 0, Uy, Hy v, I 1)
(LU | Hyq, L))~

ocp(Ur:4,0 | Hyp) - p(Le1Up | Up, Iy 1)

Here, p(U1.4,0 | Hy1,111) = p(U1., 0 | Hy 1) since I, 1 is chosen only based on Hy 1, ie., Iy1 A (U14,0) | Hyq.
Take the proposal distribution as

q(U1:,0 | Hy2) = q(U1.4,0 | Hy 1),
which is the same as the previous proposal distribution. Then the importance weight can be written as

p(U1.4,0 | Hy2)
q(Ulzt,e | Ht,z)
o<p(Ur.4,0 | Hip) - p(I AUy | U, Iia) - [q(Urs, 0 | Hen)] ™'

Wio =

For any latent state Uy = uy, we have p(I; Uy = 0| Uy = uy, I 1 = 0) = 1.. Then we have
p(Ulzt70 | Ht,l)

Wio oot L bl (g, U L) =W,
.2 O(q(Ul:t,O [ Hy1) p(IeUs | Up, It 1) 15
where (U | Hoo)
PU1: t,1
W — il
"N (U | Hen)

is the weight for the marginal posterior distribution of U;.; given the history H ;. Thus, the proposal distribution
and the particle weights remain the same as at time (¢, 1).

When I; = 1, we do not need the parameter 8 to approximate the belief state of the latent state. The posterior
distribution p(Ui. | Hy2) can be expressed as
p(Ui | He2) =p(Unit | Hi—1,2, At—1,2, Zt, O, It 1, It 1 Uy)
:p(Ulzt—l | Ht—l,Q,At—1,2,It,1)'
p(Zy | Urie—1, Hi—1 2, Ar—1,2, Ii.1)-
p(Ie 1 Ut | Zi, Urip—1, He—1,2, Ae—1,2, It1)-
p(Ut \ It,lUt,ZuU1:t71,Ht71,2,At71,2,It,1)'
p(ot | Ut;Ztalt,lUt,Ul:t—laHt—1,27At—1,27]t,1)'
(Z¢, Oy, I, 1 Uy | Ht—l,Q,At—l,Q,It,l)]_l
oxp(Urit—1 | Hi—1,2) - p(Z¢ | Up—1, Zi—1, Le—1,1, Ar—1,2)-
P(It,lUt | ZtuUtflathlyltfl,luAt71,27It,1)'
P(Ut \ It,lUt;Zt7Ut—laZt—l,It—l,lyAt—l,Qalt,l) 'P(Ot | Ut)~
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When the true latent state Uy = u;, we have
p(ImUt =Uu | Ut = Ut,It71 = 1) = (S(U — ’U,t)7
according to the definition of the emission model. Therefore,

p(Us =us | Lt nUp =, Z, Upn, Zy, Ie—1 1, Ap—1 2, I = 1)
:p(It,lUt =u|U=w,Li1=0)pU=u | Zt, U1, Zs—1,I1—11, As—1,2, Lt 1 = 1)
p(IenUs =u| Zy,Upv, Zyv, L1 1, A1 2, I = 1)

=0(u — uy).
Suppose the proposal distribution can be factorized as
(J(Um | Ht,z) = Q(U1:t71 | Ht71,2) Q(Ut | U1:t71,Ht,2)~
Now if we take
QU | Urp—1, Hep) = p(Us | 11Uy, Ze, U1, Zo 1, D11, Ae—1,2, I 1)
the importance weight can be written as

Wi O(P(U1;t71 | Hi—12) p(Ut | ItnUs, Z, Upv, Zy, Ie—11, Av—1,2, I 1)
A ) )
q(Ur:i=1 | He—12) q(Uy | Urig—1, Hy )
P(Z | Upmry Ze—v L1105 Av—r,2) - DT Ur | Z, U, Zp—1, Ie—1 0, Av—1,2, 1e.1) - (O | Uy)

O(Wt71,2 'p(Zt | Ut717thlaIt71,17At71,2) 'P(It,1Ut \ ZtaUt717thlaItfl,laAtfl,Za-[t,l) 'p(Ot | Ut)~

In this case, the proposal distribution q(U; | Uy.¢—1, Hy 2) simplifies to
qUy = u | Uri—1, Hep, Iy = 1, 11Uy = u) = 6(u — uy),
which places all mass on U; = u;. This indicates that when I, ; = 1, we should always draw ﬁf%) = u¢. Then,

since ﬁt(é) has the same value for all particles j, the likelihood term p(O; | ﬁt(é)) is identical across all particles

in the importance weight. Now we have
p(L U =w | Z, U1, Zy—1, Ii—1 0, Av—1,2, 1 1)
:/p(It,IUt =u |\ U =u,2,Ui—1,Zs—1,L1—13, As—12, 1y = 1) p(Uy =u | Z4, U1, Zy—1, Li—11, A1 2, Ip.1) du
:/5(ut —u)p(Up =u| Zy, U1, Zy—1, 1111, As—1,2) du
=p(Us = ws | Z4,Us—1, Zy—1, I—1,1, Ai—1,2).
Therefore, after normalization, we obtain
Wt(é) S8 Wt(i)1,2 p(Zy =20, U = ug | U1, Zy 1, 110, Av—12),

when we observe Z; = z; and I; 1U; = .

Note that the decomposition of p(Uy.; | Hy2) from Hy_; o instead of Hy ; allows us to resample the particles of

U,. Otherwise, if the true value u; were not drawn from the proposal distribution ¢(U1., 0 | Hy,1) at time (¢,1),
then all particle weights Wt(,jz) would be zero.

C Additional Algorithm Details

In this section, we provide implementation details of the active-measure algorithm.

C.1 Active-Measure

Algorithm 3 provides a full description of the Active-Measure procedure.
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Algorithm 3 Active-Measure

Input: Hyperparameters A\, (¢7)2, A4, (64)2,C.
1: Observe Z; and O7. Construct the belief state blU,1 for Uy using Algorithm 1.
2: fort > 1 do

~1
3:  Set I;; =1if t =1; otherwise set I, ; = argmax,c7 qﬁl(bfi,i)Tﬁt.
4 Observe I; 1U;. Update the belief state ng for U; using Algorithm 2.

~I
5. Draw 8, ~ N(u!,X/) using (6).
~A

6:  Set A;o ~ Bernoulli(0.5) if ¢ = 1; otherwise set A; 2 = argmax, ¢ 4 ¢A(b§§7a)—rﬁt .
7:  Observe Z; 11 and Oyy1. Construct the belief state btUJrL1 for U;41 using Algorithm 1.
8
9

~A
. Draw 3, ~ N(ui, =) using (6).
: end for

C.2 RLSVI

For completeness, we describe the standard RLSVI algorithm (Osband et al., 2016) in Algorithm 4. Here we
assume a stationary MDP setting, where the state is S¢, the action is A, and the reward is R;.

Define
X1 = o(s1,am),

Yi=r + fymgxgzﬁ(slﬂ, a)"B,_1,

for [ € {1 :t}, where ¢ is the basis function. Let X := [X1,]" and Y := [Y1,]". We fit a BLR model for Y
given B,_;. The posterior of 3, is N(u;, X;), where

2 = [(X)TXi /0 + M),
=3 [(X0) Y, /0%,

An estimate of 8, is then obtained by drawing ,@t ~ N(p,,3) from the posterior distribution.

Algorithm 4 Stationary RLSVI

Input: Hyperparameters A, 02, and initialization Bo =0.

1: Observe the initial state s;.
:fort>1do _
Draw 8, ~ N(u,, X+) based on the previous parameter estimated 3;_;.

Observe the reward 7; and the next state s;11.

2
3
4: Select the action a; = argmax, ¢(s¢,a)’ B;.
5
6: end for

D Application Details

In this section, we provide details for the HeartSteps application. The experiment code and HeartSteps environ-
ment can be found here: github.com/StatisticalReinforcementLearningLab/Active-Measuring.

D.1 HeartSteps as a Special Case of an AOMDP

Definition. In HeartSteps, the reward R; corresponds to the next latent state U;11, and the proximal outcome
and engagement [M, o, F;] form the observed state Z;11. The emission O, of the latent state U, is indexed as the
emission O;_; of the latent reward R;_,. The reward r(Z; 41, Uy+1) of the AOMDP is defined as (M, 2, By, Ry) =
R;.
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State Construction. Lemma 1 states that the state of I;; is 5151,1 = [Z:,U;], which includes
[My_1,2,Ei—1, Ri—1]. However, the causal DAG suggests that M;_; o is independent of future rewards and
states given E;_1, R;_1, and thus can be omitted from the state without affecting the optimal value function
(Gao et al., 2025). Notice that a context variable C; o is observed between I; 1 and A; 2, which does not exist
in the general AOMDP framework. However, since C; 2 is exogenous and independent of other variables given
M 2, it does not affect the belief propagation and only becomes part of the state ng‘g of A¢o. Therefore, the

optimal state for I; is StI,l = [E;_1, R;—1], and the optimal state for A; is S{}Q = [Ei—1,Ri—1,C 2, 11 1]

SMC. In Algorithms 1 and 2, the probability p(z; | 5(J),ﬂg{)m,zt_l,it_lyl,at_lyg) is used to update the
particle weight. However, the causal DAG implies that Ey_1 1L Ry_o | Ey_a, 111, At—1,2. Therefore, the belief
states bgl and bgz do not depend on E;_;. Only M; 12 is needed to update the particle weight (see details in
Appendix D.2).

Basis Functions and Reward Functions. When a belief state is approximately normal, the mean and

standard deviation of the particles serve as sufficient statistics of the normal distribution. Let {?Ejlz 3]:1 be the

particles and gfk(u) = Z;']:1 wt()jlzé(r - ?Ejlz ) be the estimated belief state of the latent reward R, at time (¢, k)

for k=1,2. We thus define

J
= g ) = Yl

<.
Il
—

J
_ R,
bl = Stdyn (s) = § D wiil (7] = bih)

j=1
as the expectation and standard deviation under the belief state. The basis functions are constructed as

I _ ~ _
o' (071, 1) =L By, by 1, bf 1 Ly, i Bt Loy 1bf 4 4],
A — —
oA (075, Arg) =1, Ei—1,0f 1 5,Cr2, 111, Avz, ArpEr1, Ay obft | 5, Ar2Chal.

The standard deviation Eﬁ 1,2 1s not included in ¢ since it is highly correlated with I; ;.

Remember that the reward is defined as 7(Z;41,Ui41,1) = Ry, and the target for the control action in RLSVI is
r(Ziy1,080 1) = [ 7(Zig1,u)bfy 1 (u)du. Then it can be estimated as r(Z;41,b7,, ) = Z'jjzl wt(jl)?f@ = b,

D.2 Update the Posterior of Unknown Parameters

Particle learning (Storvik, 2002; Carvalho et al., 2010) can be inefficient in a general POMDP where the posterior
distribution of the parameters 6 is intractable. However, with certain working models, the posterior distribution
of 8 admits a closed form. For example, models in the exponential family with conjugate priors yield closed-
form posteriors, including linear models with Gaussian noise, binomial models, multinomial models, and Poisson
models.

Here, we use a working model with linear mean and Gaussian noise. Specifically, suppose the mean of each
variable is a linear function of its parents in the causal DAG, and the noise follows a Gaussian distribution. That
is,
Mo =03"+ 0 E1+ 0 Ry 465" Coo+ Aa(0) + 02 By + 05 Ry + 627 Cy2) + €%,
Ry = 08 + 0FM,; 5 + 0RE, + 08 R,y + €F, (10)
O, =65 +609R, + €2,
where 0 = 0%, 0% = 0f;, and 8° = 69,. Let 6 := {6 ,6%,0°} denote all the parameters used in SMC. The

noise terms 6%, 65, and eto follow Gaussian distributions with mean zero and fixed variances o2™, ¢2E  and
029 respectively. Suppose the prior of 6 is 0¥ ~ N(vY, A(‘)/) for Ve {M,R,O}.
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Given the history

hi,2 = [Eo,00,T11,11,1R0,C1,2, A1,2, M1 2, E1,01, ..., E_1,04-1, 11 1, I 1 Ry 1],
and a particle value ugjt) 9 = ?(O]t) 1,2, define

X{V:{fil]—r, with lew = [1,El,1,;“\l(i)1727 Cl’z, Al’27Al,2El,1, Al72?l(i)1,2’ Al,gohz], for [ = 1, “ee ,t - 1,

[
[
XP =X )T, with X[ = [1, My, By, 7)), for l=1,...,t— 1,
Yﬁ :ﬁ?t)q,z]t
X =[x, 47, with X0 = [1,75)], forl=1,...,t -1,
Y7 :=[0141]"

Under the working model (10), the posterior distribution of 8" is " | ﬁg{;z,ht,g ~ N(vY,A}), for V ¢
{M, R, O}, where

-1
1 _
A¥={2<x¥>Tx¥+<A34> } ,
ORr
1
M—Ai”{2<X£”>TY£” (AM) ! M}
)
~(7) ~M(j) ~R(5) ~O0(j)

Then, a particle 8, =1[0, ~",0, ~,0, "], is drawn with

AV(J ~(5) v v
| uyiy 1,2) hi—12~ N(Wi_q,A;_q),

for Ve {M,R,O}.

As discussed in Appendix D.1, E;_; is not needed when updating the belief particles. Given @ff), we draw

~R(j)

~(7) ~(7)
11 ™ p(re-1 16, mt—l,Qaet—lythgyg),

and update the particle weight as

~M (j) O(j)
wt(Jl) o w? )1 plmi—12 18, 7,77, 20 €t-2,Ct—1.2,a¢—1.2) P(0g—1 | O, .

D.3 Reward Design

When the effects of actions on rewards are mediated by the proximal outcome M; > and the engagement FEj,
the causal effects become harder to detect. Fortunately, the mediators can be leveraged to construct improved
rewards in the RL algorithm by following the idea of the surrogate index (Athey et al., 2019; Yang et al., 2024).

The conditional mean of the reward given the mediators has smaller variance than the original reward. Based
on the working model (10), the mean of the reward R; can be estimated as Ry = (1, M; 2, By, bF 2] 0 (]). We

then use R, as the reward in Algorithm 3.

D.4 Hyperparameters

The prior mean v{ for V. € {M,R,0} is estimated by pooling data across all users in
HeartSteps V3, following the same procedure as in Gao et al. (2025). We obtain v} =
[~0.043, —0.026, 0.062, 0.418,0.001,0.003, —0.035,0.011], v& = [-0.005,0.029,0.012,0.861], and v§ =

[0.034,0.534]. Here, the second coordinate of v& is computed by summing over the five original estimated
parameters 67 for the 5 interventions in HeartSteps V3. The prior covariance Ag is set to a diagonal matrix
0.01I, where I is the identity matrix. The noise variances oM, ¢2%, and 029 are also estimated from HeartSteps
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V3 as the variances of the residuals obtained by fitting linear regressions for M, R, and O, respectively. We have
oM = 0.972, 028 = 0.240, and 02 = 0.637. The same priors and noise variances are used for all users in our
simulation experiments.

The discount factor is chosen as v = 0.9 to balance discount regularization and the modeling of long-term effects.
In HeartSteps, the optimal action not only leads to a high instantaneous reward but also places the user in a
promising state that yields higher rewards in the future. In behavioral science, this process is referred to as habit
formation.

The number of particles J is set to 50, which is sufficient to approximate the belief state under the working
model (10). The numerical experiments in Lim et al. (2023) also demonstrate that between 10! and 102 particles

~A ~A
already yield good performance in simpler problems. The parameters of the target 3,- are copied from 3, every
C = 10 steps.

When selecting the hyperparameters A, (67)2, A4, (¢)2, note that A - 02 is equivalent to the tuning parameter
of an Ly penalty. Therefore, we select ! - (¢1)? from {0.2,0.5}, (¢7)? from {0.02,0.1}, A - (¢)? from {5, 20},
and (04)? from {0.02,0.1}.

D.5 Simulation Testbed

We construct our simulation testbed based on the public testbed developed by Gao et al. (2025). The original
testbed includes five decision times per day. To focus on the discussion of active measuring, we consider a
simplified setting with only one control action A;> per day. Adapting the original testbed to the problem
described in Figure 2, we aggregate the effects of the five actions A¢ 1.5 on both the reward and engagement,
effectively treating all five actions as identical. Furthermore, we introduce an additional effect of I ; on the
engagement F;. Specifically, we modify equation (38) in Gao et al. (2025) as follows:

C C
Cra=105 + €¢,25

Mo =00+ 0By +0) Ry + 03 Cro+ Aa(0) + 02 E 1 + 00" Re—y + 077 Cy0) + 6%’

5 5
E, =08 +0FF,_ | + (Z 9;;E+1)At,2 + (ZGEJF(;)At,zEtﬂ +O0F Ly + 0% 1By + €l
k=1 k=1

5
Ry =0 + (Z 9§)Mt,2 +ORE, + 0FRy_y + €F,
k=1
Oy =05 + 0P Ry + €2,

where 0F and 6%, are manually set, while all other parameters are taken from the HeartSteps testbed. The
noise terms 652, 6242, €f, el and €© have mean zero and variances 02¢, 0?M, 02F g2 and 02©, respectively.
In addition, to ensure that engagement has a positive effect on the reward, we clip 0 as max{6%,0.02}.

The effect size of the positive effect from A; 2 R;—1 to R, through M, o is 01 (22:1 05) /1) o2 F + UzM(ZZ:l 012,
The vanilla testbed, constructed directly from the HeartSteps dataset, has the minimal effect size. To examine
the performance of the proposed algorithm across different testbed variants, we modify the parameter 6}/ to 0.5
or 0.8 to achieve small and medium effect sizes. The average effect sizes across all users for the minimal, small,
and medium positive effects are 0.026, 0.119, and 0.191, respectively.

The effect size of the negative effect from I ; to R; through E; is 0F0F /\/o21 + 02E (6f)2. Since the measure
action was not taken in HeartSteps V2, the vanilla testbed does not contain this negative effect. To create testbed
variants with zero, minimal and small effect sizes, we set the parameters 0¥ and 6 to [0, 0], [-0.08,0.01], and
[—0.3,0.02], respectively. The average effect sizes across all users for the zero, minimal, and small negative effects
are 0, 0.010, and 0.039, respectively.
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D.6 Details of Always-Measure and Never-Measure

Always-measure and never-measure algorithms set I; ; to one or zero with probability one and choose A; 5 using
RLSVI. Specifically, the state is Stf‘z = [Ey_1, Ri—1,C 2], since I, ;1 is a constant. Define the basis function

A - —
(b5, Are) = (1, Er—1,b 1 5, Cro, Ara, Ay2 By 1, ArabY_q 5, Ar2Cha).
Similar to the active-measure algorithm, define X 24 = ¢ (blS; ,Ar2) and

A ~A A X ~A
YZA = T(ZlJrl’blI{i-l,l) + ’Y¢I(bf+1,2»a/)—rﬁt—1, where o = argnéax ¢I(b29+1,271/)-r,6t~
1€
~A ~A
Here, 3,- is copied from 3, every C steps. We fit a BLR on Y4 = [Y4]T using X4 = [X{,]T to obtain the
posterior distribution N(u#, ) of 87, where
B = (XX (04)? + 2]

uih = 2 [(XA) Y (oA )

~A
An estimate of 87 is then obtained by drawing 8, ~ N(u, $2) from the posterior distribution.

See Algorithm 5 for a full description of the always-measure and never-measure algorithms. The always-measure
algorithm takes Py = 1, while the never-measure algorithm takes Py = 0. All other hyperparameters—\4, (64)2,
C, J, and y—and priors are set as described in Appendix D.4.

Algorithm 5 Always-Measure or Never-Measure

Input: Hyperparameters A, (64)2, C, P,.

1: Observe Z; and O;. Construct the belief state bi{l for Uy using Algorithm 1.

2: for t > 1 do

3:  Set I; 1 = 1 with probability F.

4:  Observe I; 1U;. Update the belief state ng for U; using Algorithm 2.

~A
5:  Take A; o ~ Bernoulli(0.5) if ¢ = 1; otherwise set A; 2 = argmax,¢ 4 qu(bf’;,a)Tﬂtfl.
6:  Observe Z;11 and Ogy.
~A

7:  Draw 3, ~ N(pd, =) using (11).
8: end for

D.7 Details of Dyna-ATMQ

In implementing the Dyna-ATMQ algorithm, we adapted the open-source BAM-QMDP implementation by Krale
et al. (2023) to accommodate our testbed structure. We retained the core ATM loop, which selects a control
action from a belief-weighted Q-table and separately evaluates whether to measure based on the predicted
measuring value and cost. The Dirichlet-distribution-based transition function, the Dyna-framework, and the
decoupled action—measurement decision rule were preserved from the original BAM-QMDP code, while several
components were modified to fit our setting.

We defined a 64-state discrete representation of the environment by discretizing Cy 2, F/y—1, and observed R;_;.
Each variable was discretized into four bins corresponding to z < —o, —0 < x < 0,0 < 2z < 0, and = > o, where
x is the value of a continuous variable and o is its standard deviation. Since all variables in the testbed were
standardized, the cutoff values were —1, 0, and 1.

In addition, since Dyna-ATMQ only picks up the signal from an observed fixed cost, we need to treat the cost
as a tuning parameter. We select the cost from values of 0.0, 0.01, 0.02, and 0.05, and report the performance
of the one with the highest cumulative reward.

For other hyperparameters, the number of particles is set to 100, the number of offline training steps is 5, and
the discount factor is v = 0.9. Based on our simulation results, the average cumulative reward of Dyna-ATMQ
can be improved by adding an exploration phase at the beginning. Therefore, we include a warm-up period of
20 decision times, during which Dyna-ATMQ takes the control and measurement actions with probability 0.5.
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Figure D.1: The measurement rate. In each subfigure title, “+” denotes the positive effect of A;2R;1 — R,
(rows: minimal, small, medium), and “” denotes the negative effect of I; ; — R; (columns 1-3: zero, minimal,
small). The last column (“zero O;”) sets Ry — O to zero, so the passive emission O; is uninformative about Rj.

D.8 Additional Simulation Results

We report the measurement rate é Zil 1(I;; = 1), averaged across all users at each time ¢. Figure D.1 shows
its mean and 95% confidence interval over 50 replications. The experimental scenarios are the same as those in
Figure 3. We observe that the measurement rate decreases as the negative effect increases. Moreover, under the
same negative effect, the measurement rate increases as the positive effect increases, indicating that the benefits
of measurement become greater.

~R(7
In addition, we report the mean squared error (MSE) of 0, (J), averaged over J particles and 42 users, i.e.,

o7 E?il Zj:1||§t)fj) — 0%|. Figure D.2 presents its mean and 95% confidence interval over 50 replications.
The figure shows that the MSE of active-measure is very close to that of always-measure, while the MSE of
never-measure is significantly larger. This suggests that a small number of measurements is sufficient to obtain
a near-optimal estimate of the transition function. Furthermore, when the emission O, is uninformative about
the latent reward Ry, the MSE of never-measure increases substantially compared to when O, is informative.

On average, active-measure takes about 38 minutes to complete one replication of the simulation for 42 users
sequentially on a single CPU core of a cloud server, whereas always-measure and never-measure take about 34
minutes, and Dyna-ATMQ takes about 2 minutes.

Robustness of Active-Measure We conduct additional experiments using a misspecified transition model
to evaluate the robustness of our proposed method. Specifically, we consider a general transition model from the



Active Measuring in Reinforcement Learning With Delayed Negative Effects

1.00 fm=mmmmmmmmm e s 1.00 fm=mmrmmm e 1.00 fr=mmrmmmm e 1.00 fr=mmrmmm e
0.75 1 0.75 1 0.75 1 0.75 1
050 AM . AM . .
0.25 1 0.25 1 0.25 1 0.25 M
O'UUA.........: .......... a———— '...........'.... O-UUA.........: .......... aa——— '...........'.... OIOOA.........: .......... aa——— '...........'.... OIOOA.........: .......... aa——— '...........'....
0 60 120 180 240 0 60 120 180 240 0 60 120 180 240 0 60 120 180 240
(a) Minimal +, zero — (b) Minimal +, minimal — (c) Minimal +, small — (d) Minimal +, no emission
g 100 f=mrm e R e TR IS TR IS
®
= 0.751 0.75 1 0.75 1 0.75 1
c
£ 0.50 w 0.50 w 0.50 1 0.50 w
[
2 0254 0.251 0.25 M 0.251
T
QE) OAOOA.........; .......... e '...........'.... OAOOA.........; .......... e '...........'.... OAOOA.........; .......... e '...........'.... OAOOA.........; .......... e '...........'....
0 60 120 180 240 0 60 120 180 240 0 60 120 180 240 0 60 120 180 240
(e) Small +, zero — (f) Small +, minimal — (g) Small +, small — (h) Small +, no emission
e 1.00 fr==mmmmmmmm e 1.00 fr===mmmmmmm e 1.00 fr==mmmmmmmm e
0.75 1 0.75 1 0.75 1 0.75 1
. Aw 00 Aw 00 AM o
O'OOA..........' .......... o '...........'.... O'OOA..........' .......... o '...........'.... O'OOA..........' .......... o '...........'.... O'OOA..........' .......... o '...........'....
0 60 120 180 240 0 60 120 180 240 0 60 120 180 240 0 60 120 180 240
(i) Medium +, zero — (i) Medium +, minimal — (k) Medium +, small — (1) Medium +, no emission
day
—— Active-Measure ---- Always-Measure -+ Never-Measure

~R(i
Figure D.2: The MSE of 6, (J). In each subfigure title, “+” denotes the positive effect of A; 2R;—1 — Ry (rows:

minimal, small, medium), and “-” denotes the negative effect of I; ; — R; (columns 1-3: zero, minimal, small).
The last column (“zero O;”) sets Ry — Oy to zero, so the passive emission O; is uninformative about R;.
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Figure D.3: Comparing the average cumulative reward under misspecified and correctly specified transition
models, subtracting the average cumulative rewards of the zero policy.

current state [Ey_1, Ry_1,Ct] to the next state [My o, Ey, Ry, O] given the actions [I; 1, A¢ 2]. That is,

Cio= HSJ + et(’:z,

Mo =00+ 00 By + 0} Rey + 0} Cro+ A2 (037 + 02 Eyy + 0} ey + 011 Cy0) + €1,
Ei =08 +0FF, 1 +0F Ry 1 +08Ci 0+ Aio(0F +0FE, 1 + 0F Ry +05C,0) +0F L1 + 075 L1 By 1 +€F,
R =00 +0"E,  + 0FR, 1 +08Ci0+ Aio(0F + 0FF, 1 + 0FR, 1 + 0FC, ) + €F,

O; =05 +09E, 1 +0SR; 1 +09Cs0+ A 20 +0SE; 1 +0S R,y +609C, o) + €2,
(12)

where 0F and 6%, are manually set to —0.1 and 0.01, respectively. Since HeartSteps V2 includes K = 5 decision
times per day, the general model was first fitted to HeartSteps with five actions and contexts. To construct the
testbed with only one control action, we then aggregate the effects of the five contexts C} 1.5 and five actions
At 15 on Ry, Ey, and Oy, as described in Appendix D.5.

Under this general testbed model, the working transition model described in Appendix D.2 for the proposed
active-measure algorithm is misspecified. We compare it against the transition model specified as the true model
in (12). Only the emission model is misspecified as O; = 0§ + 0P R; + €2, since the emission must depend
only on the current latent reward in the AOMDP framework. Furthermore, because E; is a function of the
previous latent reward R;_1, it is also used to update the particle weight, similar to M; . In addition, since
the mediational structure no longer exists, reward design is not applied in this setting. The model-free action
selection algorithm remains the same as that described in Algorithm 3 for both transition models.

We compare the cumulative rewards—after subtracting the average cumulative rewards of the zero policy—in
Figure D.3. We observe that the cumulative rewards are nearly identical under the misspecified and correctly
specified transition models, with the misspecified model even exhibiting smaller variance. This demonstrates
the advantage of using a parsimonious model in data-scarce settings: reducing the number of parameters may
increase bias but can substantially reduce variance.

E Additional Related Work

The AOMDP extends the ACNO-MDP framework by allowing states Z; and emissions O, or I, 1R, to be
observed between control and measure actions, thereby providing more accurate latent-state estimation. While
I; 1 measures U; under our indexing, in ACNO-MDP the measurement action I;_; at time ¢ — 1 measures Uy.
Our current indexing implicitly assumes that U; and O; occur before I; ;. The definition of @, which depends
only on the latent variable Uy, follows that of Liu et al. (2022).

Bellinger et al. (2021) simultaneously chose the optimal control-measure action pair in tabular settings, but the
learned policy always converged to non-measuring (see details in Krale et al., 2023). Bellinger et al. (2022) applied
off-the-shelf deep RL algorithms to select the action pair in continuous settings based on the last measured state
with a stale observation flag. Nam et al. (2021) proposed a heuristic for estimating latent states in continuous
settings. They updated the transition function by maximizing the log-likelihood of the emission given the encoded
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history and action, and then drew particles from the estimated transition functions. However, the estimated
unknown parameters and unobserved latent states are not necessarily drawn from their posterior distributions
given the observed history. First, the transition parameters were estimated via maximum likelihood rather than
by constructing a posterior. Moreover, the particle weights were not updated according to the SMC framework.
Under SMC, the weights remain unchanged when the state is unmeasured and become proportional to the
likelihood of the latent-state value given the history when the state is measured.

Among the algorithms proposed for tabular settings, those introduced by Krale et al. (2023, 2024) were heuristic
methods that partially ignored future state uncertainty. Avalos et al. (2024) also distinguished between the states
of the two actions and separated the two decision steps, but they assumed a pre-known model and focused on
planning. In continuous-time RL, Holt et al. (2023) assumed noisy emissions and proposed an offline, continuous-
time, model predictive control (MPC) planner.
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