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Abstract

We study the common continual learning setup where an overparameterized model is sequentially
fitted to a set of jointly realizable tasks. We analyze forgetting, defined as the loss on previously
seen tasks, after k iterations. For continual linear models, we prove that fitting a task is equiva-
lent to a single stochastic gradient descent (SGD) step on a modified objective. We develop novel
last-iterate SGD upper bounds in the realizable least squares setup and leverage them to derive
new results for continual learning. Focusing on random orderings over T tasks, we establish uni-
versal forgetting rates, whereas existing rates depend on problem dimensionality or complexity
and become prohibitive in highly overparameterized regimes. In continual regression with replace-
ment, we improve the best existing rate from O((d —7)/k) to O(min(1/ vk, Vd — 7/k, VT7/k)),
where d is the dimensionality and 7 the average task rank. Furthermore, we establish the first rate
for random task orderings without replacement. The resulting rate O(min(1/v/T, (d — 7)/T))
shows that randomization alone, without task repetition, prevents catastrophic forgetting in suffi-
ciently long task sequences. Finally, we prove a matching O(1/+v/k) forgetting rate for continual
linear classification on separable data. Our universal rates extend to broader methods, such as block
Kaczmarz and POCS, illuminating their loss convergence under i.i.d. and single-pass orderings.

Keywords: Continual learning, Lifelong learning, Last iterate, SGD, Forgetting, Task ordering

1. Introduction

In continual learning (CL), tasks are presented sequentially, one at a time. The goal is for the learner
to adapt to the current task—e.g., by fine-tuning using gradient-based algorithms—while retaining
knowledge from previous tasks. A central challenge in this setting is termed catastrophic forgetting,
where expertise from earlier tasks is lost when adapting to newer ones. Forgetting is influenced by
factors such as task similarity and overparameterization (Goldfarb et al., 2024), and is also related to
trade-offs like the plasticity-stability dilemma (Mermillod et al., 2013). CL is becoming increasingly
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important with the rise of foundation models, where retraining is prohibitively expensive and data
from prior tasks is often unavailable, e.g., due to privacy or data retention constraints.

Previous work has shown, both analytically (e.g., Evron et al., 2022, 2023; Kong et al., 2023;
Jung et al., 2025; Cai and Diakonikolas, 2025) and empirically (Lesort et al., 2023; Hemati et al.,
2024), that forgetting diminishes when tasks are ordered randomly or cyclically. Task orderings can
be explored from multiple perspectives: as a strategy to mitigate forgetting (e.g., by actively ordering
an agent’s learning environments); as a naturally occurring phenomenon, such as periodic trends in
e-commerce; or as a means to model popular CL benchmarks, such as randomly split datasets.

Our work focuses on a widely studied analytical setting—realizable continual linear regression, '
where 7T tasks are learned sequentially over k iterations in a uniform random ordering. Evron et al.
(2022) established that the worst-case expected forgetting lies between 2 (1/k) and O ((d — 7)/k),
where d is the problem dimensionality, and 7 the average rank of individual data matrices. This
raises a fundamental question, critical in highly overparameterized regimes: Does worst-case for-
getting necessarily scale with dimensionality, and if so, is the dependence indeed linear?

To this end, we bridge continual learning and last-iterate stochastic gradient descent (SGD)
analysis. We revisit an established connection between continual linear regression and the Kaczmarz
method for solving systems of linear equations (Kaczmarz, 1937; Evron et al., 2022). Given rank-1
tasks, each update of these methods is known to reduce to a normalized stochastic gradient step,
fully minimizing the current task’s least squares objective using a ‘“‘stepwise-optimal” step size.
Extending to general rank, we prove that learning an entire task in continual linear regression is
equivalent to a single SGD step on a modified objective with a fixed, stepwise-optimal step size.

Motivated by this, we prove convergence rates for the last iterate of fixed-step-size SGD that,
crucially, hold for a broad range of step sizes not covered by prior work (e.g., Ge et al., 2019;
Berthier et al., 2020; Zou et al., 2021; Wu et al., 2022). Specifically, prior results either hold only
for the average iterate (e.g., Bach and Moulines, 2013) or small step sizes bounded away from the
stepwise-optimal step size crucial for our continual setup (e.g., Varre et al., 2021). We overcome
this challenge by carefully refining analysis techniques for SGD (Srebro et al., 2010b; Shamir and
Zhang, 2013) to accommodate a wider range of step sizes, including the stepwise-optimal one.

Applying our last-iterate analysis to continual regression, we tighten the existing forgetting rate
and establish the first dimension-independent rate (see Table 1). Furthermore, we provide the first
rate for random task orderings without replacement, proving that task repetition is not obligatory
to guarantee convergence when k = 1" — oo, thus highlighting the effect of randomization as com-
pared to repetition. Our results also yield novel rates for the related Kaczmarz and NLMS methods.

Scheme 1: Scheme 2: Scheme 3: Loss / Forgetting Rate:
Continual Block Kaczmarz Stepwise-Optimal 0(1 JkY 4)
Linear Regression Method SGD In Continual Regression

Reduction I (Evron et al., 2022) Reduction 2 (Ours) Last-Iterate SGD Analysis (Ours)

Figure 1: Analysis Flow Leading to Our Improved Regression Rates—From CL to SGD and Back.

1. While simple, continual linear regression captures key factors in CL, e.g., task similarity (Hiratani, 2024; Tsipory
et al., 2025), task recurrence (Evron et al., 2022), overparameterization (Goldfarb and Hand, 2023), and algorithmic
effects (Doan et al., 2021; Peng et al., 2023). We follow prior work analyzing continual optimization dynamics under
the assumption that training data across tasks are jointly realizable (Evron et al., 2022, 2023). In contrast, statistical
formulations allow label noise but assume i.i.d. features (Lin et al., 2023; Banayeeanzade et al., 2025) or commutative
covariances (Li et al., 2023; Zhao et al., 2024)—while our analysis applies to arbitrary data matrices.
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Finally, by proving a matching rate for the squared loss of the broader Projection Onto Convex
Sets framework (Gubin et al., 1967), we extend our results to continual linear classification on sep-
arable data, providing this setting’s first universal rate, independent of the problem’s “complexity”.

Summary of Contributions. To summarize, our main contributions in this paper are:

* We establish new reductions from continual linear models to SGD with a rather large,
“stepwise-optimal” step size, generalizing results from prior work—Tlimited to rank-1 tasks—to
arbitrary rank. This enables last-iterate analysis for studying forgetting.

* We provide novel last-iterate SGD analysis for a realizable least squares setup, yielding the first
informative rates for fixed step sizes large enough to support the reductions to continual learning.

* Our main results are improved loss and forgetting rates in both continual linear regression and
classification (see Tables 1 and 2, respectively), which (i) are dimensionality-independent and
hold even in highly overparameterized regimes, previously uncovered by existing rates;
and (ii) extend to without-replacement orderings, revealing that task repetition is not required
to mitigate forgetting.

2. Main Setting: Continual Linear Regression

We focus primarily on the fundamental continual linear regression setting, widely-studied in theo-
retical work. This setting is easy-to-analyze, yet often sheds light on important CL phenomena.’

Notation. Boldface denotes vectors and matrices. We use ||-|| for Euclidean, spectral, or operator
norms. X' denotes the Moore—Penrose inverse. Finally, we define [n] = {1,...,n}.

Formally, we are given a collection of 7" linear regression tasks, (X1,y1), ..., (X7, y7), where
X,, € R*mxd vy c R™n . Over k iterations, tasks are learned under a task ordering 7 : [k] — [T,
and we focus on random orderings studied in, e.g., Evron et al. (2022, 2023); Jung et al. (2025).

Definition 1 (Random Task Ordering) A random ordering selects tasks uniformly at random
from the task collection [T, i.e., 7(1),...,7(k) ~ Unif ([T]), with or without replacement.

We study a direct learning scheme which minimizes the sum of squared errors for the current
regression task,> without mitigating forgetting algorithmically (e.g., with replay). This scheme
(1) illuminates “raw” continual dynamics of gradient-based algorithms, and (ii) roughly captures
linear dynamics of deep networks in the neural tangent kernel regime (Jacot et al., 2018).

Scheme 1 Continual Linear Regression (to Convergence)

Initialize wy = 0y
For each iterationt =1, ..., k:
wy < Start from w;_; and minimize the current task’s loss L, ;) (w) = % HXT(t)W —Yrt) H
with (S)GD to convergence3

Output wy

This scheme was previously linked to the Kaczmarz method and, in a special case, to normalized
SGD (Evron et al., 2022). In Section 3, we develop these connections to enable novel analysis.

2. This objective is natural for regression; our analysis also extends to the mean squared error (refining our R).
3. Learning to convergence facilitates the analysis, but other analytical choices exist (see Jung et al., 2025).
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Our main assumption is the existence of offline solutions that fit the training data of all 7" tasks
jointly, as assumed in much of the theoretical CL literature (e.g., Evron et al., 2022, 2023; Kong
et al., 2023; Goldfarb et al., 2024; Jung et al., 2025). This assumption simplifies the analysis' and
rules out cases where forgetting previous tasks is beneficial, as new tasks may directly contradict
them. Finally, this assumption is very reasonable in highly overparameterized models, e.g., deep
networks in the neural tangent kernel (NTK) regime (Jacot et al., 2018).

Assumption 1 (Joint Linear Realizability of Training Data) We assume the set of offline solu-
tions that solve all tasks is nonempty. That is, W, = {W € R4 ’ XW = ¥m, Vm € [T] } + 0.

To facilitate the results and discussions in our paper, we focus on the offline solution with
minimal norm, often associated with good generalization capabilities.

Definition 2 (Minimum-Norm Offline Solution) We denote, w, = argming,cy, |[w]|.

Commonly in continual learning setups, the model performance on past tasks degrades, some-
times significantly, even in linear models (Evron et al., 2022). Our goal is to bound this degradation,
i.e., “forgetting”. Following common definitions (e.g., Doan et al., 2021; Evron et al., 2023), we
define forgetting as the average increase in the loss of the last iterate on previous tasks.

Definition 3 (Forgetting of Training Data) Let w1, ..., wy be the iterates of Scheme | under a
task ordering T. The forgetting at iteration k is the average increase in the training loss of previously
seen tasks. In our realizable setting, the forgetting becomes an in-sample loss. Formally,

Fy(k) =

S

. k
1

> (Lot (Wi) = Lo (wi)) = oY > 11Xy wi = yeol -

t=1 :"0 t=1

Under arbitrary orderings, Evron et al. (2022) showed forgetting can be “catastrophic” in the
sense that klim E [F-(k)] > 0. However, as we show, this cannot happen under random orderings.
—00

Remark 4 (Forgetting vs. Regret) While regret and forgetting are related, they can differ signif-
icantly (Evron et al., 2022). Regret is a key quantity in online learning, defined in our setting as
2%2?:1 Xy Wi-1 = Yr0) |2. That is, it measures the suboptimality of each iterate on the con-
secutive task. In contrast, forgetting evaluates an iterate’s performance across earlier tasks.

We further define the average training loss to easily connect with other fields, such as Kaczmarz.

Definition 5 (Training Loss) The training loss of any vector w € R% is given by,

1 « 1
LW) =5 La(W) = 5= D KW =yl -
m=1 m=1

We bound both the forgetting and the loss, leveraging a key property—expected (in-sample) forget-
ting can be upper bounded using expected training loss across all tasks. Specifically, Lemma B.1 (in
App. B) states that E-[F (k)] < 2E; [£ (wg_1)] + W in orderings with replacement, where
R £ max;,¢7) [ Xl is the data “radius” and the dependence of wj,_1 on 74, . . ., 71 is implicit.
Without-replacement orderings yield a related but more refined bound. The additive W
is negligible compared to other terms in our bounds.

term
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3. Reductions: From Continual Linear Regression to Kaczmarz to SGD

Prior work has drawn connections between continual linear regression and the Kaczmarz method
(Evron et al., 2022), which we revisit pedagogically to keep the paper self-contained. Importantly,
this leads us to a novel reduction between the (block) Kaczmarz method and SGD on special func-
tions (Schemes 2 and 3). As illustrated in Figure 1, this analytical flow allows us to improve the
rates for continual and Kaczmarz methods by analyzing the last iterate of SGD instead.

Scheme 2 The Block Kaczmarz Method Scheme 3 SGD with 7 = 1 on special { i, } m
Input: Jointly realizable (Xom, ym), Vm € [T] Input: f,,(w)=3|X} (Xpw—yn) 12, Vme|[T)]
Initialize wy = 0y Initialize wy = 0y
For each iterationt =1, ..., k: For each iterationt = 1,. .., k:

Wi <= W1 — X.,J.r(t) (XT(t)Wtfl - Yv(t)) Wi <— Wi—1 — vaT(t) (Wtfl)

3.1. Revisit: Continual Linear Regression and the Kaczmarz Method

The (block) Kaczmarz method in Scheme 2 (Kaczmarz, 1937; Elfving, 1980) is a classical iterative
method for solving a linear system Xw = y, easily mapped to our learning problem by stacking
tasks in blocks, i.e.,

X1 Y1 T
X=| ' |erRM y=|:|eR", whereN:an.
Xr yr m=1

In each iteration, the Kaczmarz method (Scheme 2) perfectly solves the current block,
e, X (Wi = Y1) (to see that, recall that Xj( " denotes the Moore-Penrose pseudo-inverse of
X+(t))- The continual Scheme 1 also minimizes the current loss to convergence, i.e., until it is per-

fectly solved (in the realizable case). In fact, Evron et al. (2022) identified the following reduction.

Reduction 1 (Continual Regression =- Block Kaczmarz) In the realizable case (Assumption 1)
under any ordering T, continual linear regression learned to convergence® is equivalent to the block
Kaczmarz method. That is, the iterates wy, . .., Wy, of Schemes 1 and 2 coincide.

3.2. New Reduction: Kaczmarz Method and Stepwise-Optimal Stochastic Gradient Descent

Rank-1 data. It is known that when each task contains just one row, each update in the Kaczmarz
method corresponds to a gradient step on with a specific “normalizing” step size (Needell et al.,

2, Kaczmarz updates hold

2014). That is, since in rank-1 we have L, (w) = %Hx:(t)w - yT(t)‘

Wit =Wt 1 — m(xj(t)wtfl - y’T(t))X’T(t) = Wi—1 — mvwﬁf(t) (Wi1). (D

What about higher data ranks? We now establish a more general reduction from the block
Kaczmarz method—at any rank—to SGD (in Section 6, we similarly connect SGD and the broader
Projection Onto Convex Sets framework, extending our results to continual linear classification).

4. The learner minimizes £, ) with (S)GD to convergence; the pseudo-inverse is not computed explicitly.



EVRON LEVINSTEIN SCHLISERMAN SHERMAN KOREN SOUDRY SREBRO

Reduction 2 (Block Kaczmarz = SGD) In the realizable case (Assumption 1) under any order-
ing T, the block Kaczmarz method is equivalent to SGD with a step size of n = 1, applied w.r.t. a
convex, 1-smooth least squares objective: { fm(w) = 5 | X (XmW — yim) 12 }i:r That is, the
iterates Wy, . . . , W, of Schemes 2 and 3 coincide.

Intuitively, the X!, term in the modified objectives { f,,, } generalizes the normalizing step size from
the rank-1 case, fitting all directions in the current block precisely with the same step size n = 1.

The reduction above is key to our analysis flow (Figure 1) as it reveals that continual linear
regression can be analyzed directly via SGD analysis. It follows from substituting the gradient from
the next lemma into (w;—1 — Vi f(;)(W:—1)) in Scheme 3. The lemma is proved in App. B.

Lemma 6 (Properties of the Modified Objective) Consider any realizable task collection s.t.
X Wy = Ym, Vm € [T]. Define frn(w) = 5 | X5, (Xpw — ym)|. Then, ¥m € [T],w € RY,

(i) Upper bound: Ly (w) < R? frn(W) £ max,, ey X |* firm (W)
(ii) Gradient: Vwfm(wW) =X Xw—XFy,,.

(iii) Convexity and Smoothness: f,, is convex and 1-smooth.

4. Rates for Random-Order Continual Linear Regression and Kaczmarz

This section improves the best known upper bound: for random orderings with replacement, Evron
et al. (2022) proved a forgetting rate of E. [F-(k)] = O(%) where 7 £ 13" rank(X,,).
Notably, their rate depends on the dimensionality d, challenging the transfer of insights from linear
models to highly overparameterized deep networks (e.g., via the NTK regime). Encouragingly, they
only provided a worst-case lower bound of 1/k, calling for further research to narrow this gap.

We tighten the existing problem-dependent rate from (d — F) to min ( vd—r, \/ﬁ), and prove

a problem-independent rate of 1/ Vk. Finally, we provide the first rates for without-replacement
orderings, isolating the effect of randomness versus repetition. See summary in the table below.

Table 1: Forgetting and Loss Rates in Continual Linear Regression (and Block Kaczmarz).
Upper bounds apply to any 7' realizable tasks (or blocks). Lower bounds indicate worst cases, i.e.,
specific constructions. Random ordering bounds apply to the expected forgetting (or loss). We omit
mild constant multiplicative factors and an unavoidable ||w,|’R? term. Finally, a A b2 min(a,b).
Recall: k£ =iterations; d = dimensionality; 7, 7.« = average and maximum data matrix ranks.

Random Random

Paper / Ordering  Bound with Replacement w/o Replacement Cyclic
—F T?  T?(d — Tmax
Evron et al. (2022)  Upper d—r — p L4 = Tmax)
k Vk k
T3
Kong et al. (2023)  Upper — — =
Ours Upper 1 A d—f/\va 41 /\d_f _
Vk k k VT T
2
Evron et al. (2022) Lower 1 (*) 1 (%) 2
k T k

(») They did not explicitly provide such lower bounds, but the 2-task construction from their proof of
Theorem 10, can yield a ©(1/k) random behavior by cloning those 2 tasks |7'/2| times for any general 7.
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4.1. A Parameter-Dependent O(1/k) Rate

Here, we present a tighter v/d —  term and a term depending only on the rank and number of tasks.

Theorem 7 (Parameter-Dependent Forgetting Rate for Random With Replacement) Under a
random ordering with replacement over T jointly realizable tasks, the expected loss and forgetting
of Schemes 1, 2 after k > 3 iterations are bounded as,

min (VA 7, VTT) [w||2R? 3min (VI =7, VT7) [[w.|2R?
Bl (wi)] < 2e(k—1) Bl (k)] < 2(k—2) ’

where 7 = £ > mepr rank(Xo, ). (Recall that R £ max,err) |1 Xomll.)

Our proof, given in App. C, is related to a recent work (Guo et al., 2022) that characterizes the
weak error (similar to our loss) by analyzing a linear map. Unlike ours, the polynomial rates they
derive involve matrix properties related to the condition number.

Proof Idea. We rewrite the Kaczmarz update (Scheme 2) in a recursive form of the differences,
ie, Wi —wy = P (Wi—1 — w,) for a suitable projection matrix P, ;). We define the linear map
QIA] = % Z%d P.,AP,, to capture the evolution of the difference’s second moments, enabling
sharp analysis of the expected loss in terms of (). Using properties of (), norm inequalities, and the
spectral mapping theorem, we establish a fast O (1/k) rate with explicit dependence on 7', d, and 7.

Remark 8 (The ||w,||>R? Scaling Term) All the rates we derive contain a multiplicative factor
of ||w.||>R2, a generally unavoidable scaling term in linear regression. Prior work on continual
learning has either normalized it away implicitly—e.g., by assuming ||w,(||2 ,R <1 (Evron et al,
2022)—or included it explicitly, as we do (Evron et al., 2023; Lin et al., 2023). The rate in Theorem 7
involves additional problem parameters, i.e., T, d, and T, whereas the rate in Theorem 9 below is
“universal” in the sense that it does not depend on any such parameter.

4.2. A Universal O(1/v/k) Rate

Next, we present a forgetting rate independent on the dimensionality, rank, and number of tasks.
This independence is crucial in highly overparameterized regimes, as encountered in deep neural
networks.

Theorem 9 (Universal Forgetting Rate for With-Replacement Random Ordering) Under a ran-
dom ordering with replacement over I’ jointly realizable tasks, the expected loss and forgetting of
Schemes 1, 2 after k > 2 iterations are bounded as,

2||w.|* R? 5||w.||* R?
; E-[F-(k)] < .
% 7'[ 7'( )] 4/7]{ ]
We prove this result in App. D.1 by leveraging the connections between CL and SGD. Specifi-
cally, Section 3 showed that continual linear regression is equivalent to SGD with step size exactly 1
on a related least squares objective that bounds the original continual learning loss. Our result then

follows from our novel last-iterate SGD bounds that, crucially, apply even to this specific step size.
To ease readability, we keep a CL perspective here and defer last-iterate analysis to Section 5.

E-[L (wp)] <
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4.3. Random Task Orderings Without Replacement

Evron et al. (2022) suggested that forgetting is ‘catastrophic’ only when limy_, E [F- (k)] > 0,
and presented such an adversarial case with a deterministic task ordering where k = 17" — oo.
In contrast, they showed that cyclic or random task orderings mitigate forgetting, perhaps due to
task repetition. So far, under random orderings, it has been difficult to disentangle the effect of
randomness from that of repetition—i.e., whether their remedying impact arises from random per-
mutation or repeated exposure. Below, we provide the first result demonstrating that randomly
permuting tasks is sufficient to alleviate catastrophic forgetting.

Theorem 10 (Forgetting Rates for Without-Replacement Random Ordering) Under a random
ordering without replacement over I jointly realizable tasks, the expected loss and forgetting of
Schemes 1, 2 after k € {2, ..., T} iterations are both bounded as,

E, (£ ()], Er[Fr(k)] < min ( T dort 1) w2 R2.
k-1 k-1
The proof is given in App. D.2. The dimensionality-dependent term parallels the with-replacement
case in App. D.1.2 of Evron et al. (2022), but requires a refined upper bound on in-sample forgetting.
The dimensionality-independent term again relies on last-iterate analysis, as presented in App. E.2.
In App. A, we discuss connections between our result above and areas like shuffle SGD.

S. Last-Iterate SGD Bounds for Linear Regression

In this self-contained section, we derive last-iterate guarantees for SGD in the realizable stochastic
least squares setup. Motivated by the connection with continual regression discussed in Section 3,
we focus on regression problems that are 3-smooth individually, and obtain upper bounds for the
last SGD iterate that apply for a significantly wider range of step sizes compared to prior art (Varre
etal., 2021). Notably, this is the first time convergence of SGD in this setup is established for a range
of step sizes completely independent of the optimization horizon. Table 3 in App. A compares our
bounds with related work and classical results in the field.

Recent work has analyzed SGD in realizable (possibly noisy) least squares settings (Ge et al.,
2019; Vaswani et al., 2019; Berthier et al., 2020; Zou et al., 2021; Varre et al., 2021; Wu et al., 2022).
Realizable settings are primarily motivated by connections to deep networks in the overparameter-
ized regime (Ma et al., 2018), where models are expressive enough to perfectly fit the training data.
With the exception of Varre et al. (2021), most of these works focus on non-fixed step sizes and/or
provide guarantees for the average iterate (see App. A for discussion). Similarly, here we study the
following stochastic, jointly realizable least squares problem.

Setup 1 Let 7 be an index set, and D a distribution over L. We consider the optimization objective:
minyez { F(W) 2 Biupf(w5i) 2 Eiop | [Aiw — bil°] },

where A; € R"*4 b; € R™, Vi € I. We specifically focus on [3-§mooth functions, that is,
HAZTAM < B,Yi € T, under a realizable assumption, i.e., 3w, € R : flwy) =0.

Our main result establishes last-iterate guarantees for with-replacement SGD, defined next.
Given an initialization wy € R? and step-size n > 0:

Wil < Wi — T]Vf(Wt7 'it), it ~ D. (2)
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Below, we state our theorem and then provide an overview of the analysis.

Theorem 11 (Last-Iterate Bound for Realizable Regression With Replacement) Consider the
B-smooth, realizable Setup 1. Then, for any initialization wq € R¢, with-replacement SGD (Eq. (2))
with step size n < 2/, holds:

- eD?

]Ef(WT) S 277(2 - nﬁ)Tl_Uﬁ(l—ﬁﬁ/‘l) I \V/T 2 1 3

eBD?

< S
An important part of Theorem 11 is the (2 — 1) factor in the denominator, replacing a (1 —n/3)
common in standard analysis. This difference makes our theorem applicable to the continual re-
gression setting which requires setting 7 = 1/ (Reduction 2). In addition, for n = 1/(5logT),

we recover the near-optimal rate obtained by Varre et al. (2021), i.e., E f (wp) =0 (%) .

where D 2 ||wo — w,||. In particular, for n = % Ef(wr)

Extension to Without-Replacement SGD. In App. E.2, we extend Theorem 11 to SGD with-
out replacement. The proof leverages algorithmic stability for SGD (Bousquet and Elisseeff, 2002;
Shalev-Shwartz et al., 2010; Hardt et al., 2016), focusing on a variant tailored to without-replacement
sampling (Sherman et al., 2021; Koren et al., 2022). In particular, we establish a new bound for this
variant in the smooth and realizable regime, which has not appeared in prior work.

Analysis Overview. Here, we briefly outline the proof of Theorem 11, which follows immediately
by combining the two lemmas below (while noting that < 2/3 = ¢"? (1=mB/4) < ¢). The first step
of the proof is to establish a regret bound for SGD when applied to f(w;iy) ... f(w;ir), holding
for any step size 7 < 2/[3. This already departs from the standard » < 1/ mandated by standard
analysis. All proofs for this section are given in App. E.1.

Lemma 12 (Gradient Descent Regret Bound for Smooth Optimization) Consider the 5-smooth,
realizable Setup 1, and let T > 1, (ig,...,ir) € Z'T! be an arbitrary sequence of indices
in I, and wo € R? be an arbitrary initialization. Then, the gradient descent iterates given by
Wil < Wy — 0V f(wy; it) for a step size n < 2/8, hold:

Do —?
Zf A TCRr

The second and main step of the analysis is to relate the loss of the last SGD iterate to the regret of
the algorithm. For this, we carefully adapt an existing approach for last-iterate convergence in the

non-smooth case (Shamir and Zhang, 2013). The result, given below, is slightly more general to
accommodate without-replacement sampling, addressed in the next section.

Lemma 13 Consider the 3-smooth, realizable Setup 1. Let T > 1. Assume P is a distribution over
I+ such that for every 0 < t < 71 < 1o < T, the following holds: For any iy, ...i;_1 € I',i €
T, Pr(iy, = ilio,...,it_1) = Pr(ip, = ilig,...,3¢_1). Then, for any initialization wo € R%
with-replacement SGD (Eq. (2)) with step-size n < 2/, holds:

1 T
— f(W;i)]7
T+1tZ:; b

where the expectation is taken with respect to 1, . . . , i sampled from P.

Ef (wr,ir) < (eT)1P1-18/9E
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6. Extensions

6.1. A Universal O(1/v/k) Rate for General Projections Onto Convex Sets

Projections Onto Convex Sets (POCS) is a classical method that iteratively projects onto closed
convex sets to find a point in their intersection (Gubin et al., 1967; Boyd et al., 2003). Formally,

Scheme 4 Projections onto Convex Sets (POCS)

Input: A set of T closed convex sets Cy,...,Cp; aninitial wo € R%; an ordering 7 : [k] — [T]
For each iterationt = 1,..., k:
Wi < IL(y(Wi—1) £ argmingee , |[W — wi1]]

Generalizing Reduction 2 (Kazcmarz=-SGD), we note that POCS algorithms also implicitly
perform stepwise-optimal SGD w.r.t. a convex, 1-smooth least squares objective.> Proofs for this
section are given in App. F.

Reduction 3 (POCS = SGD) Consider T arbitrary (nonempty) closed convex sets Cy,...,Cr,
initial point wo € R%, and ordering . Define fr,(wW) = 3 ||[w — IL,,(w)||*,Vm € [T)]. Then,

(i) fm is convex and 1-smooth.
(ii) The POCS update is equivalent to an SGD step: wy = IL ) (Wi—1) = Wi_1— Vi fr (1) (Wi-1).
We can now employ our analysis from Section 5 to yield a universal rate.

Theorem 14 (Universal POCS Rate) Consider the conditions of Reduction 3 and assume a
nonempty intersection Cy, = ﬂfw:l Cm # D. Then, under a random ordering with or without re-
placement, the expected “residual” of Scheme 4 after Yk > 1 iterations (k € [T without replace-
ment) is bounded as,

T
1 . .9 T 2
E Wi — VV R E W < — m WnH — W

To the best of our knowledge, this is the first universal rate in the POCS literature, independent
of problem parameters such as regularity or complexity, as demonstrated in Section 6.2. Univer-
sal rates are only achievable when analyzing individual distances, i.e., f,,(w) = dist*(w,Cp,) =
|w — IL,,(w)||?, rather than the distance to the intersection, i.e., dist?(w, C, ). In machine learning,
squared distances from individual sets relate not only to MSE, but also to losses such as the squared
hinge loss for classification (Evron et al., 2023), naturally leading to our next continual model.

Scheme 5: Scheme 4: Scheme 3: Forgetting Rate:
Continual Projection Onto Stepwise-Optimal o(1/kY*)
Linear Classification Convex Sets SGD In Cont. Classification

Reduction 4 (Evron et al., 2023) Reduction 3 Last-Iterate SGD Analysis

Figure 2: Analysis Flow Leading to Our Improved Classification Rates.

5. This has been partially observed in the POCS literature (e.g., Nedi¢, 2010).
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6.2. A Universal O(1/v/k) Rate for Random Orderings in Continual Linear Classification

Regularization methods are commonly used to prevent forgetting in CL (see Kirkpatrick et al., 2017;
Aljundi et al., 2018; Li et al., 2023). Evron et al. (2023) studied a weakly-regularized linear model
for continual classification. They considered 7' > 2 jointly separable, binary classification tasks,
defined by datasets S, . .., St consisting of vectors x € R and their labels y € {—1, +1}.

Scheme 5 Weakly-Regularized Continual Linear Classification (for A — 0)

Initialize W[())\) =0y

For each iterationt = 1,..., k:
(M) —yw 'x A A) 112
w,”’ < argmin E e —|lw—w
t wge]Rd (x,y)€St + 2 H t—l”

Specifically, Evron et al. (2023) proved that learning an entire (separable) classification task in
this continual scheme implicitly applies projection onto convex sets. More formally,

Reduction 4 (Continual Classification = POCS) Given jointly separable tasks, the continual it-
erates of Scheme 5 in the limit as A — 0, align in direction of the sequential projections of Scheme 4
onto the convex sets defined as Cp, = {w € R | yw x > 1, V(x,y) € Sp }, Vm € [T).

Importantly, this reduction enables the study of continual classification through projection algo-
rithms. In particular, Evron et al. (2023) studied forgetting using an equivalent of our Definition 3:

k
Z = Lew(wi)) < 5 ZHW 1= Ty (wi)|*

As illustrated in Figure 2, we derive the following bound by combining their reduction with our
POCS rate (Theorem 14) and SGD stability arguments.

w\»a

Theorem 15 Under a random ordering, with or without replacement, over T' jointly separable
tasks, the expected forgetting of the weakly-regularized Scheme 5 after k > 1 iterations is,

7w ” 12
E[Fr (k)] < ——7—,
Vk
As shown in Table 2, our rate is universal while the previous one depends on ||w,||> R2, often
seen as the “complexity” of classification problems. For example, after k = 47T ||w,||> R? iterations,
the existing (normalized) rate is e !, while ours is potentially much smaller: 2

/Wi’

Table 2: Forgetting Rates in Weakly-Regularized Continual Linear Classification on Separable Data.
All cells omit mild multiplicative constants and normalize by an unavoidable ||w,||> R? term.

where W, € argmingce, n..ncp [|[Wo — w]|?

. Random Random .
Paper / Ordering with Replacement w/o Replacement Cyclic
k T2 k
E t al. (2023 (—7) — — A (—7)
vron et al. ( ) exp T, PR \/E exp 1672w, PR
1 1
Ours — _
vk VT
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7. Discussion

Our work established reductions from continual linear regression and classification to “stepwise-
optimal” SGD. This enabled the development of analytic tools for last-iterate SGD schemes, leading
to significantly improved and even universal rates for random orderings in continual learning. Our
main results are summarized in Tables 1, 2 and 3.

Much of the related work has been covered throughout the paper. A further discussion of related
work can be found in App. A. Here, we briefly highlight additional aspects of our work.

Random Continual Benchmarks. Many popular continual benchmarks in deep learning implic-
itly assume a random ordering, such as the permuted MNIST benchmark (Kirkpatrick et al., 2017).
Our paper shows that in sufficiently long task sequences, random ordering is enough to prevent
catastrophic forgetting, and the training loss goes to zero, even in the worst case. In accordance
with our results, Lesort et al. (2023) examined a random CL benchmark—in which a subset of
classes is randomly sampled in each task—and observed that forgetting diminishes as more tasks
are sampled, even while training with standard SGD (without any modifications to mitigate for-
getting). This suggests that random orderings may contaminate continual learning benchmarks,
making it harder to isolate the algorithmic effects being tested. Furthermore, real-world tasks often
change gradually, not adhering to random orderings. Such “gradually evolving” datasets might be
more challenging and relevant as continual benchmarks.

Connections to the Kaczmarz Method. In Section 3.1 we revisited known connections between
continual regression and the Kaczmarz method (Evron et al., 2022). We broadened this connection
in Section 3.2, bridging the block Kaczmarz method and “stepwise-optimal” SGD, thus applying our
novel SGD bounds to the Kaczmarz method. Using Kaczmarz terminology, given a system Ax = b
consisting of T blocks of an average rank 7 where A,, € R"*? b,, € R™" our rates from Sec-
tion 4 can be summarized as E- [% 22:1 HAka — bmHQ] = O(min (k:_l/4, % d—r, % TF))
for random orderings with replacement and O (min (k~%/4, 1 (d — 7))) without replacement. Note
that we bounded the loss, rather than the “error” || wj, — w,||%, thus enabling the derivation of rates
independent of quantities like the condition number that can make convergence arbitrarily slow.

Non-uniform Sampling. The seminal work of Strohmer and Vershynin (2009) proposed a Kacz-
marz variant that samples rows with probability proportional to their squared norm. Our approach
also accommodates non-uniform sampling, including norm-based ones. Specifically, Claim G.1
tightens Theorem 9 by employing norm-weighted block sampling, thereby replacing the depen-
dence on the maximum row norm R with the average R.

From Training to Generalization Results. The rates derived in our paper apply to the forgetting
and loss on the training sets (Definitions 3 and 5). These rates can be extended to the generaliza-
tion loss at the cost of an additive O(1/v/N) term (where N is the number of samples per task)
via uniform-convergence arguments—or even an additive O(1/N) term using the more refined
Rademacher bounds for linear models from Srebro et al. (2010a).

Future and Follow-up Work. We narrowed the gap between existing lower and upper worst-case
bounds for random orderings in continual linear regression (see Table 1). However, a consider-
able gap remains between Q(1/k) and O(1/k'/4), largely stemming from our proof technique in
Lemma 13. Our argument follows the approach of Shamir and Zhang (2013), originally developed
to control the last SGD iterate in the convex, non-smooth regime. When instantiated in our (smooth,
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realizable) setting, this approach introduces an exponential dependence on n3. Because of this ex-
ponential sensitivity, employing coarse inequalities (e.g., bounding a negative term by 0) can be
costly: even small constant-factor losses may effectively change the power of 1" appearing in the
final bound.

Following our reductions (Sections 3 and 6), improved rates for “stepwise-optimal” SGD rates
would immediately refine the bounds for continual linear regression and classification. Indeed,
a follow-up work by Attia et al. (2025) departs from Shamir and Zhang (2013) and builds on a
different technique proposed by Zamani and Glineur (2023). Using a more refined analysis, they
establish an improved rate for SGD and, combined with our reductions, obtain a tighter upper bound
of O(1/Vk) for continual linear regression (and classification). Finding the exact worst-case com-
plexity between 2(1/k) and O(1/+/k) remains an open question.

Finally, we note that our analytical flow relies on Reduction 1, which in turn assumes that
the continual Scheme 1 learns each task fo convergence. Nonetheless, a concurrent follow-up by
Levinstein et al. (2025) follows a similar overall analytical flow, despite studying more practical
continual learning schemes that do not learn to convergence—namely, those using /o regularization
or finite step budgets. Similarly to us, they reduce learning an entire task to a single gradient step
and apply last-iterate SGD analysis to obtain convergence rates.
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Appendix A. Related Work

Most of the related work is already discussed in the main body of the paper. Here, we elaborate on
several interesting connections that remain open.

Last-iterate Guarantees for SGD. For the general (non-realizable) smooth stochastic setup, the
recent work of Liu and Zhou (2024a) was the first (and only, to our knowledge) to provide upper
bounds on the convergence rate of the last SGD iterate. While their bounds are applicable in the
realizable setting, they require non-constant step sizes to obtain non-trivial convergence, and are
therefore not useful for our purposes (see Table 3). Our analysis technique in Section 5 borrows
from the work of Shamir and Zhang (2013, also mentioned in Table 3) which, in fact, belongs to
the comparatively-richer line of work on the non-smooth setting (Shamir and Zhang, 2013; Jain
et al., 2019; Zamani and Glineur, 2023; Liu and Zhou, 2024a). Notably, SGD in a stochastic non-
realizable (either smooth or non-smooth) setup requires uniformly bounded noise assumptions, and
generally cannot accommodate a constant step size independent of the optimization horizon.

Table 3: State-of-the-art Loss Bounds for Fixed-Step-Size SGD. We consider stochastic con-
vex optimization with an objective f(w) £ E¢f(w; &), where f(+;€) is B-smooth almost surely,
o2 > E|Vf(w;€&) — VF(w)|% 02 & E|VFf(ws;€) — VF(wy)||?, and G > 0 is such that
|V f(w;&)|| < G forany w and &.

Dependence on constant numerical factors and the distance to an optimal solution is suppressed.

Settin Reference Bound Last Iterate Convergence
& at Iteration T’ Guarantee forn =1/3
1
Stochastic (%) Shamir and Zhang (2013) —= nG?*log T v X
n
Deterministic 1
Smooth (O’ _ 0) Nesterov (1998) W / /
1
Lan (2012) —= no? X X
Stochastic Smooth 1 7
Liu and Zhou (2024a) T no’log T v X
Ui
; 1
Stochastic Smooth  grepro et al. (2010b) S — X X
Realizable (o, = 0) (1 —=nB)nT
1
Bach and Moulines (2013) o X v
n
Stochastic 1
Regression Varre et al. (2021) (1 — 2775 10g T)nT / X
Realizable 1
(0x =0) Ours v v

(2 — nB)nTr-—n8(=nb/4)

(*) They consider bounded domains (Shamir and Zhang, 2013); Orabona (2020); Liu and Zhou (2024a) obtain similar
bounds for the unconstrained case. For non-fixed step sizes, Jain et al. (2019) obtain minimax optimal bounds without
log factors.
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Our analysis for SGD without-replacement is related to a long line of work primarily focused
on the average iterate convergence rates (e.g., Recht and Ré, 2012b; Nagaraj et al., 2019; Safran and
Shamir, 2020; Rajput et al., 2020; Mishchenko et al., 2020; Cha et al., 2023; Cai et al., 2024). For the
non-strongly convex case, near-optimal bounds (for the average iterate) have been established for
the general smooth case (Nagaraj et al., 2019; Mishchenko et al., 2020). In a subsequent work, Cai
et al. (2024) refined the dependence on problem parameters for the smooth realizable case (among
others). Guarantees for the /ast iterate have only been established recently by Liu and Zhou (2024b)
and Cai and Diakonikolas (2025). However, their bounds decay with the number of epochs rather
than the number of iterations and apply only to non-constant step sizes, making them inapplicable to
our setting. Specifically, in a realizable 3-smooth setup, after J without-replacement SGD epochs
over a finite sum of size n, Mishchenko et al. (2020); Cai et al. (2024) obtained an O(3/.J) bound
for the average iterate with step size n = 1/(n); and Liu and Zhou (2024b); Cai and Diakonikolas
(2025) derived similar bounds for the last iterate up to logarithmic factors.

Another line of work related to ours studies algorithmic stability (Bousquet and Elisseeff, 2002;
Shalev-Shwartz et al., 2010) of gradient methods, which is the main technique we use in the proof
of Theorem E.4. Our approach is similar in nature to that of Nagaraj et al. (2019); Sherman et al.
(2021); Koren et al. (2022) and primarily builds on Sherman et al. (2021), who were the first to
formally introduce the notion of without-replacement stability. For with-replacement SGD, Hardt
et al. (2016) discussed its algorithmic stability under smooth loss functions. Later, Lei and Ying
(2020), improved this bound in the realizable loss case. The case we consider—i.e., the stability
of without-replacement SGD under smooth and realizable loss functions—is not covered in the
existing literature.

With versus Without Replacement in Kaczmarz Methods. Our results in Section 4 establish
universal bounds for random orderings, both with and without replacement. Both the with- and
without-replacement variants converge linearly towards the minimum-norm solution w, (Gower
and Richtérik, 2015; Han and Xie, 2024), but as we explained in Section 7, the rates can be arbitrar-
ily slow. Recht and Ré (2012a) formulated a noncommutative analog of the arithmetic-geometric
mean inequality that, if true, could have shown that without-replacement orderings lead to faster
loss convergence than with-replacement orderings in Kaczmarz methods, and consequently in con-
tinual linear regression. Years later, Lai and Lim (2020) proved that this inequality does not hold in
general (see also De Sa, 2020). Moreover, as in other areas, empirical studies found that row shuf-
fling followed by cyclic orderings performs as well as i.i.d. orderings (Oswald and Zhou, 2015).
This naturally connects to interesting observations and open questions regarding various forms of
shuffled SGD (Bottou, 2009; Yun et al., 2021). Our rates are similar for both with- and without-
replacement orderings (up to small constants), meaning they do not indicate a clear advantage for
either. However, we believe they are far from tight, leaving interesting open questions in this direc-
tion.

Connections to Normalized Least Mean Squares. The NLMS algorithm is a classical adaptive
filtering method. In its simplest version (Slock, 1993), the method perfectly fits a single—usually
noisy—random sample at a time, using the same update rule as the Kaczmarz method (and thus,
as our continual Scheme 1 in a rank-1 case). There also exists a more complex version of this
method, which uses more samples per update (Sankaran and Beex, 2000). Both papers give strong
O(1/k) MSE rates in the noiseless setting (matching our realizable setting). However, they assume a
very limited data model, where the sampled vectors are either orthogonal or identical up-to-scaling.
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Under such conditions, Evron et al. (2022) showed that there is no forgetting (of previously learned
tasks), implying that the MSE decays as the number of tasks still unseen at time k.

Alternative Continual Schemes That Do Not Forget. Schemes such as Recursive Least Squares
(RLS; see Chong and Zak 2004, Chapter 12.2) and its block variant BRMP (Zhuang et al., 2021)
provide analytical alternatives to the block Kaczmarz method (Scheme 2). These methods effec-
tively avoid forgetting by maintaining an O(d?) matrix. See also Proposition 5.5 in Evron et al.
(2023).

Importantly, we study a continual scheme (Scheme 1) that closely characterizes common train-
ing practices. In particular, training with (S)GD to convergence coincides with the analytical updates
of the (block) Kaczmarz method (Scheme 2), making the latter illustrative of most gradient-based
continual learning approaches. Understanding continual gradient-based algorithms in linear models
is especially relevant given the linear dynamics of deep neural networks in the NTK regime (Jacot
et al., 2018). These regimes are typically highly overparameterized, yet they remain covered by
our analysis and by the dimensionality-independent rates we derive for the naturally forgetful but
memoryless Scheme 1.
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Appendix B. Auxiliary Proofs

Lemma B.1 (Bounding Forgetting Using the Training Loss) [n a realizable setting (Assump-
tion 1), the iterates of Scheme 1 under a random task ordering T (with or without replacement)
holdVk > 1,

2
[[w|I” 22

k
1
B8] = B g S Ko = otoll” | < B =3+ P25

t=1

where R £ maX,,e(7) [| Xoml| is the “radius” of the data. Notice that the dependence of W1 on
T, ..., Tk_1 Is implicit. Particularly, in an ordering with replacement, we get,

T 2 p2 2 p2
1 o | Iwill" R [well” R
E-[F-(k)] < E- [Tmz_:l X Wr—1 — Ymll ] + e = 2B [ (W) +

Proof. As discussed in Section 3.1, Scheme 2 governs the updates of the iterates w; € R%. Under
Assumption 1, we define the orthogonal projection as P ;) 21,- X;f( t)XT(t), revealing a recursive
form:

Wi = Xi_(t)y‘l'(t) + (Id - Xi_(t)XT(t)> Wi—1
[Assumption 1} = Xj(t)XT(t)W* + <Id — X;r(t)XT(t)> Wi 1 = (Id — PT(t))W* + Pr(t)wtfl

Wi — Wy = PT(t) (Wt—l - W*) 3)

wi — W =Py Py (wo — wy) . 4)
We show that,

k k
1 1
E- [Fr (k)] = 51 > B X Wi — Yoo = % > E- Xy (wi — w)|)?
t=1 t=1

k
1
=~ o S B [Py PriesnyPrgy (Wit — wi) |
t=1

k
1
=5 Z Eq || Xr(Prg - Prisn) (L= Prgy = 1) (Wit — w) ||

[Jensen] < /12_: <E HXT(t (t+1) ( T(t)) (Wt—l - W*)HQ +

<R2 || (I P, t))(Wt—l —Wy) ”2, since projections contract

Er || Xs0Prie) - Prit1) (Wee1 — W*)H2 )

] =

1
P2 (RE = Pr) (s —wa) P+
t=1

Er || Xo )P PrryPrey) -+ Pryy (wo — wy)| | ) :
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For the first term, we employ the Pythagorean theorem for orthogonal projections to get a telescop-
ing sum and show that

RrR2 2
= 2B [(T=Pry) (wia = w)|
t=1
RrR?
:? <E HWt I—W*H —-E HPT(t (Wt 1 — Wy H >
t=1
RrR2
S (B Iwes — Wl B e~ wal)
t=1
2 .
= i(ETHWO_W*H _ETHWk W*|2> < W

For the second term, we use the exchangeability of 7 which applies with or without replacement,

Er [ XrPriy = Prein oy - Prry (wo = wi)|°
= Er || Xy Prgiony -+ Priay (W0 = W) ||* = Br [ Xorry (Wit — wa) ||
Combining the two, we get

2R2
B [Fr ()] < Ex X gwic — yo |2 + 1210

which completes the first part of the proof.
For the second part, simply notice that in an i.i.d. setting, the index 7(k) ~ Unif ([T7]) is inde-
pendent of earlier indices (which yielded wy_1), and thus

T
1
E, HXT(]C)Wk—l — yT(k)H2 =E; [T Z 1 XmWr—1 — Ym”2
m=1

Proposition B.2 (Bounding The Training Loss Using Forgetting in Without-Replacement Orderings)
Under a random ordering T without replacement, the iterates of Scheme 1 (continual regression)
satisfy Yk € [T):

k T—-k 2
E [£(wg)] = TET [Fr (k)] + WET HX‘r(k-s-l)Wk — Yr(k+1) H

Similarly, the iterates of Scheme 4 (POCS) satisfy:

k T—k 2
B [£(wi)] = 2Br [Fr (0] + — B Wi = gy (w1
where in such a POCS setting, the loss and forgetting are defined as:
1< 2
2
L(wi) = 57 Z Wi — w7, T%Z: (Wi, — L4 (wy)||
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Proof. We first prove the claim in the continual regression setting. If k& = 7" then E, [L (wy)] =
E; [F; (k)], and the claim follows. For k& < T', we have:

T
1
Er [£(wi)) = o 3 Br [ X =yl
m=1

1
[without replacement] = ﬁ ; E; HXT(t)Wk —Yr@) H2

= ZE S ZE ety wi = ¥

t=k+1
k 1 2
= T]ET [Fr (k)] + o7 Z Er || Xrywi = Y-
t=k+1
k Tk
[exchangeability] = —ET [FT (k)} + E HX (k+1)WE — Y7 k+1)”
T 2T
For the POCS case, simply replace ||X,,wi — o ||* with [|wy, — IL,, (w3)||*. [ |

Recall Lemma 6. Consider any realizable task collection such that X,,w, = yn,,Vm € [T].
Define f,,, (W) = 3 || X5, X (W — w,)||°. Then, Vm € [T],w € R¢

(i) Upper bound: L,,,(w) < R f,(w) £ max,epr) [| X |* fin -
(i) Gradient: Vwfm(w) =X X, (w—w,) =X} X, w—X!y,

(iii) Convexity and Smoothness: f,, is convex and 1-smooth.
Proof. First, we use the realizability and simple norm inequalities to obtain,

Lan(w) = 3 [Xuw = ynl* = 3 [ Xon(w = w) P < B X0 X (w = wa)[[* < B2 (w).
Since X X, is an orthogonal projection operator—and thus symmetric and idempotent—we get,
Ve (W) = (X5 X,) T X5 X (W — wy) = XX (W — w,) = X Xw — Xy,

Then, the above and the fact that projection operators are non-expansive imply that Vw, z € RY,
IVwfm(W) = Vafm(z HX+ (W—W*—Z+W*)H = HX:;LXW(W—Z)H <|w-—1z.

Finally, the convexity of f,, is immediate since V2, f,,(w) = X} X,,, = 0. |
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Appendix C. Proofs for Section 4.1: A Parameter-Dependent O(1/k) Rate

Recall Theorem 7. Under a random ordering with replacement over 7" jointly realizable tasks, the
expected loss and forgetting of Schemes 1, 2 after £ > 3 iterations are upper bounded as,

min — 7 \TF
E, [£ (wy)] = E, [;T ZT: X W — ymll2] - (;ezlk o T7)
m=1

lw.[|*R?

k 3min (vVd —7,VTT7
1 2 )
Er [Fr(k)] =E; [%;HXT(t)Wt _yT(t)H ] < (Q(k—2) > ||W*||2R2,

where 7 £ % > mepr) rank(Xp, ). (Recall that R £ max,err) [ Xoml|)
Here, we prove the main result, followed by auxiliary corollaries and lemmas in App. C.1.

Proof Idea. We rewrite the Kaczmarz update (Scheme 2) in a recursive form of the differences,
Le, wy — w, = P (w¢—1 — W), with a suitable projection matrix P, ). We define the linear
map Q[A] = ST _ P, AP,, to capture the evolution of the difference’s second moments,
enabling sharp analysis of the expected loss in terms of (). Using properties of (), norm inequalities,
and the spectral mapping theorem, we establish a fast O (1/k) rate with explicit dependence on T,
d, and 7.

Proof. We analyze the randomized block Kaczmarz algorithm for solving the linear system Xw =
y, where the matrix and vector are partitioned into blocks as follows:
X4 yi
X = Y=
X yr
By defining z; = w, —w, and exploiting the recursive form of Eq. (3) from the proof of Lemma B.1,

we obtain z; = PT(t)thl- Note that zg = 0 — Wy, = —W,.
Now, define the linear map @ : R%*?¢ — RIX4 a5

T

1

QAl= E [PwAP,]= -5 PLAP,. 5)
m~Unif([T]) T mzz:l

This map plays a central role in our analysis and has been studied in similar forms in prior work
(Guo et al., 2022). Note that P,,, is an orthogonal projection, i.e., symmetric and idempotent. Thus,

]:E[Zt+1z;r+1:| =E [sztz;rP;ﬂ =E [sztz:Pm] =E [Pm@ [ztz:] Pm] =Q [E [ztzg—H.

m,T m,T m T

It follows that
E [thﬂ =Q' {E [ZOZJH =Q' [Zozﬂ =Q' [(Wo —w,) (wo — W*)T} =Q' [W*WI} ;
T T
where Q' denotes t applications of (). The map @ captures the evolution of the error’s second-

moment under Kaczmarz updates, offering a tractable approach to analyzing the algorithm’s con-
vergence.
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The expected loss at step ¢ is given by

E- [L(wi)] =E

T

1

ﬁE | Xiw; — yill® :IE
i=1

1 T
ﬁz X (Wi — W*)HZI
=1
T
1
QTZ”Xz‘ZtH2] ZIE[ [ Xz|| } [2T XTXZt:|
=1

_ i T T _ i T T _ T t T
—ITE[tr <2TX thzt>] =tr <2TX X@[ztzt} =tr QTX XQ |:W*W ] .

We are now ready to derive the final bound. From Lemma C.7, we have

T + +
WX X=X X—Q[X X}
Additionally, by Corollary C.5, Q* [W*WI] is symmetric and positive semidefinite (PSD). We
also note that %XTX is symmetric PSD. The key insight from Lemma C.7, combined with the
trace product inequality (Lemma C.6), is that it allows the expected loss to be expressed using a
polynomial in (). This reformulation simplifies the convergence analysis by reducing it to examining
the spectral properties of (). Invoking the trace product inequality, we obtain:
2
E; [£(wg)] = tr (

S-XTXQ! [W*WTD < % tr (XX - Q [X*X]) Q" [wow/ )

fLemmac] = 2o o (@" (XX - @ [XX]] waw/ ) = B T XX - [XX]] w
. - 2 * YV - 2 * *

. 2R2 * 2R2
< ”VV! Q" XX - @ [x*xX]]|| = ”W! |(@ 1 -@) x|
[wll* B2 11 s +
= @t -ene x|
2 p2
L I
PR
[operatornorm] < va! Qk 1 ([ — Q)H : HQ [X+X] HF

] < el i (V7 V)

To clarify, the operator norm of a linear map H is defined as [ H || = supa craxa ja||, =1 [[H [Alll -
The reason for switching from the spectral norm to the Frobenius norm is to enable the use of the
spectral mapping theorem to bound the operator norm of Q"1 (I — @), applicable only for inner-
product-based norms. We complete the proof by bounding the forgetting using the training loss
(Lemma B.1). That is,

2
[w ||” 2

k
B (k)] = Br | 5 3 [Xotoe = yoool] | < 287 (€ () + 1]
t=1

3lwel> R? . - -
< ——— — .
S k-2 min (\/Tr,\/d r)
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C.1. Key Properties and Auxiliary Lemmas

Definition C.1 (Positive Map) A positive map H : R¥™¢ — R¥*? js g linear map that maps PSD
matrices to PSD matrices. Formally, if 0 < A € R¥4, then 0 < H [A].

Definition C.2 (Symmetric Map) A symmetric map H : R%?¢ — R4 is q linear map that maps
symmetric matrices to symmetric matrices. Formally, if A = AT € R4 then H [A] = H [A]'.

Corollary C.3 (), defined in Eq. (5), is a positive map.

Proof. Let 0 < A € R?*? Then, foralli € [T], 0 < P;AP;. Meaning @ [A] is PSD as a convex
combination of PSD matrices. [ ]

Corollary C.4 Q is a symmetric map. Moreover, for all A € R4*?, it satisfies Q [A]—r =Q [AT]

Proof. Let A € R%%¢ Then,

QIA]" =

T T T
1 1
(PAP) = =3 P/ATP] = 23 PATP, =Q [AT} .
=1 =1 =1

Nl =

)

Corollary C.5 For n € N7, the iterated application of the map Q, denoted Q", is a positive
symmetric map.

Proof. For n = 1, given by Corollaries C.3 and C.4. For n > 1, this follows trivially by induction.
|

Lemma C.6 (Trace Product Inequality) Let A, B, C € R**? be symmetric PSD matrices such
that A < B. Then, tr (AC) < tr (BC).

Proof. Since 0 < C = C, it has a square symmetric PSD root C'/2. Given that A, B are sym-
metric and A < B, it follows that Cl/2ACY/? < cl/2cl/2 (from Horn and Johnson, 2012,
Theorem 7.7.2.a). Applying the cyclic property of the trace and using the fact that for symmet-
ric matrices ordered in the Lowner sense, their traces are also ordered (Horn and Johnson, 2012,
Corollary 7.7.4.d), we obtain

tr (AC) = tr (ACWCW) — tr (01/2Acl/2> <tr (01/2301/2) — tr (BC).

28



FROM CONTINUAL LEARNING TO SGD AND BACK: BETTER RATES FOR CONTINUAL LINEAR MODELS

Lemma C.7 Let R = max;cir) | Xi|. Then, XX g XTX — Q [XtX]

Proof. We perform SVD on each X; = UiEiVZT. Then,

T
1 1
—X'X=—2-) X'X V v

On the other hand:

1 T

XX - Q[XFX] =X"X - ) (I-X7Xy) XX (1-XX;)
1=1

T
1
= XX - = Y XX - XX XX - XPXXX + XXX XXX
=1

T T T

m(Xfx;) |1 + + +x. 1 +x. L ty v T

[gm(Xer)] =TT § :_Xz‘ Xi = X7 X+ XX = T E X Xi= T g VX RV, .
= =1 =1

Now consider the difference:

T
(XTX - Q [XTX]) - ﬁXTX = Z;V <2+2 —~ ﬁz )

We know that % (3) i € [0, 1]. We analyze two cases for each diagonal entry:

* If (%:);; = 0, then (2]%; — 37). . =0.

* Otherwise, (E*E) =1, and & (22) < 1, which gives (E*Z — 22?)” > 0.

Thus,
1

0xV; <2jzi =

2\ vT
52 ) vV, .
Averaging over all i, we get:

T
0= T; TZV <2+2—R22)VT (XX - Q[X+X])—WXTX

1

RzTXTX < XTX - Q[XTX] .
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Lemma C.8 Let A,B € R¥™? andn € N*. Then, tr (AQ™ [B]) = tr (Q" [A] B).
Proof. From the definition of Q) (Eq. (5)),

tr (AQ" [B]) = tr

T
1
[inearit] = ) tr (AP, - P;,BP;, - Pj,)

TTL

E

1
[evetic property] =~ tr (Pj, ---Pj APj, ---P; B)

J1yeesjn=1
1 T
finearity] = tr | | > P, ---P,AP;---P; |B
Jieoin=1
=tr (Q"[A]B) .
m
Proposition C.9 Q is self adjoint.
Proof. Let A, B € R%*“. Then,
(Q[A].B) = tr (Q[A]"B) = tr (BTQ[A])
[Lemma C.S] =tr (Q |:BT:| A)
[conotary 4] = tr (Q[B]” A) = tr (ATQ[B]) = (A, Q[B)).
n

Proposition C.10 The spectrum of Q is contained in the interval [0, 1].

Proof. Let A € R%*?. Then, by definition,

(Q[A],A) = tr (Q (A" A) = ;XT: tr <PiATPiA>

cyclic property

T T
- 1 1
[‘demp‘“@“e’} ==t (PZATPiPiAPi) = = > IP:AP[7 > 0.
i=1 =1

Since each P; is an orthogonal projection, its spectral norm satisfies | P;||, = 1. Applying the
operator inequality | XY || < || X]||, |[|Y ||z twice, we obtain

T
1 2 4 2 2
TZ [P AP < [Pilly [|Allz = Al -
i=1
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Thus, for any A € R4,
0 < (Q[A],A) < [A]} .

From the Rayleigh quotient characterization of eigenvalues, this implies that every eigenvalue \ of
Q satisfies 0 < A < 1,ie, o(Q) C [0,1]. [ |

Lemma C.11 |Q"(I-Q)| <X, forneN*.

Proof. By Proposition C.9, () is self adjoint. Thus, we can apply the spectral mapping theorem
to the polynomial z — 2™ (1 — z). The eigenvalues of Q" (I — @) are of the form A" (1 — \),
where ) is an eigenvalue of (). From Proposition C.10, we know that A € [0, 1]. Using an algebraic
property of A" (1 — A) for A € [0, 1], we conclude that A" (1 — \) € [0, 2.

’en

Therefore, [|Q™ (I — Q)| < =. [

Lemma C.12 [|Q [X*X]|; < min (\/T?, NG f) .

Proof. We first bound ||@ [ X X]|| » using the operator norm bound on @ (Proposition C.10):

QXX < Q1 XX < XX = vk (7] = VI

<1
Next, we use a pseudo-inverse property—that X X =< I—and the positivity of @ to show,
0<Q[I-X*X]
QX*X] < Q[

T
[QX*X][, < QM- = | 7 P

L T
P S TZHPiHF
=1

T

T
1 1
=7 E rank (P;) = T E d — rank (X;)
i=1 =1
[Jensen (concave)] < \/ﬁ
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Appendix D. Proofs of Universal Continual Regression Rates (Sections 4.2 and 4.3)

The proofs in this appendix focus on the properties of forgetting and loss, “translating” them into
the language of last-iterate SGD. We then apply our last-iterate results, proved in App. E.

D.1. Proof of Theorem 9: A Universal O(1/+v/k) Rate

Recall Theorem 9. Under a random ordering with replacement over 7" jointly realizable tasks, the
expected loss and forgetting of Schemes 1, 2 after £ > 2 iterations are bounded as,

T
1 2 2 2
B, [£ (wy)] = E, [QT 3 %~ } < w5

k

1 2 0 2 2
Proof. Let 7 be arandom with-replacement ordering, and wy, . . . , W, be the corresponding iterates

produced by the continual Scheme 1 (or the equivalent Kaczmarz Scheme 2). By Reduction 2, these
are exactly the (stochastic) gradient descent iterates produced given an initialization wg and a step
size of 7 = 1, on the loss sequence fr(1), ..., fr(x), Where we defined:

Fn) £ [ X5 Ko (w = wa)[*

Furthermore, Lemma 6 states that for all w € R¢,

T
1
7 Z XmW — Ym||2 = IEmNUnif([T])Em(W) < R2Em~Unif([T])fm(w) :

Therefore, establishing last iterate convergence of with-replacement SGD (Eq. (2)) on the objective
function

f(W) 2 IEmN[T] fm(W),

will imply the desired result. Indeed, again by Lemma 6, f,(-) is 1-smooth for all m € [T]. Hence,
pluggingin A = X} X,,, = ||A]| = 1 = B into Theorem 11, SGD with p = 1 guarantees that after
k > 1 gradient steps:

o elwo w2 wo — w?

Ef(w) < 2% < 7 )

2
and therefore EL(wy) < 2R2HVZ+W*H, which proves the first claim. The second claim follows
immediately from Lemma B.1, and we are done. |
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D.2. Proving Theorem 10: Main Result for Without Replacement Orderings

Recall Theorem 10. Under a random ordering without replacement over 7" jointly realizable tasks,
the expected loss and forgetting of Schemes 1, 2 after k € {2,...,T} iterations are both bounded
as,

E[L (wy)], E[F, (k)] < min < : 1:_ § d_r+ 1) w2 R

Proof. From Lemmas 6 and B.1, we have

E [Fr (k)] < B[|Xrywe — yom* + Hw*k‘f s < QRQIEfT(@ (We—) + HW*|I<|:2 £
Combining with Proposition B.2, we get,
B [ (wa)] = Ex [y (B)] + o e X ueyw — v
< % <2R2[§_;f7(k)(wk1) + HW*ILZ R2> + T2_Tk B fr(e41) (We)
[k<T] < R? (?@fr(lﬂ)(wk—l) + T;kITEfT(kH)(Wk)) + W :

Thus, to bound both the expected forgetting and loss, we need to bound expressions like Er f7 (541) (Wk )

We first prove the dimension dependent term. Note that,

2

2E fr()(We-1) = E HXj(k)XT(k) (W1 = w)|| 2 E[(IT=Prpy) (Wit - wo”.
Recall that from Eq. (4) in the proof of Lemma B.1, we have
(Wi—1 —wy) =Prg1) - Pray (wo —wy) = —Pre_py - Prywae

Thus, we obtain

E[[(T=Prg) (Wier = w)[* = B[ (1= Pr) Prgyy - Prywa |

S E[|/(T—Pr) Prgyy - Prll; - [wal® < [wal PE [ (T = Priy) Pre—y - Pry [

= [IWalPEtr (Prr) -+ Preo) (= Prgey) Prgroy) -+ Prqy)) -

By exchangeability,

tr (Pr1) - Prgo) (IT=Pry) Pr1y - Pr))
=tr (Pr()  Pr) (T = Pr)) Prigy - Pry) -

Let us define a; = tr (PT(t) - Pr9) (I — PT(l)) Pro- PT(t)) . Then, we have
a1 =1 (Prpyny - Pro) (T=Pray) Prpoy - Prpryy)
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[cyclic property oftrace} = tr (P72'(t+1)P ) PT(2) (I — PT(l)) PT(2) e Pr(t)>
[Von Neumann’s trace inequahty HP (t+1) HQ ( @) PT(?) (I — PT(l)) PT(Q) N Pr(t)) = ay,
=1

showing (a;); is a non-increasing sequence. Thus, for all & > 2,

QIElfT(k)(Wk 1 EH(I_ P.) wii | < [lwilf? Eaj, < HW*H Z_ngat

=GR Y B[t (e Priy - Priy) =t (Poy - Pray - Prgy)]

k
2
[exchangeability] = HZV_*! ZIE [tr (PT(tfl) . P‘r(l) e P‘r(tfl)) —tr (PT(t) . P‘r(l) - P‘r(t))]

[etescoping] = G- [tr (Prqy)) = tr (Prgry -+ Pryy - Prgy )|

2 _
2 w d—r
vl g [tr (P 1))] = [lwl” (d —7)
T k—1
For the second, parameter independent term, note that from Lemma 6, f,,,(-) is 1-smooth for all
m € [T], and recall that the iterates w; follow SGD dynamics with 7 = 1 (Reduction 2). Hence, by
Lemma E.5, without-replacement SGD with 5 = n = 1 guarantees that after £ > 1 gradient steps:

IN

2
e - |[w.ll
vk -1
Plugging in the (monotonic decreasing) bounds that we just derived in the inequalities from the
beginning of this proof, we get

E fri)(Wk-1) <

2 [w.||* R?
IE[FT (k)] <2R ITEfT(k:)(Wk—O L —
(2]l wl® wll (d—7) [w.||* R
< 2
—lerl(e/m’ -1 )t
, 7 d—F+1
Smm(e/m’ ki >” vl R
g T—k |w.|* R?
Er [€(wi)] < R™{ Z2E fre) (Wi—1) + 57 2E freany (We) | + 75—

B T—kY d— 2, |w||* R?

< | = - 4R 7
_(T+2T) ka )‘*”R k

T+k - %2  d-— w,||> R?

=i (2 S e

Vi1 k- k

. 7 d—r+1
[k<T] < min (m, - > |w||* R?.
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Appendix E. Proofs of Last-Iterate SGD Bounds (Section 5)

In this section we provide proofs and full technical details of our upper bounds for least squares
SGD. We begin by recording a few elementary well-known facts, which can be found in e.g., Bubeck
(2015). We provide proof for completeness.

Lemma E.1 (Fundamental regret inequality for gradient descent) Ler wy € R% 5 > 0, and

suppose Wiy, = Wi — ngy for all t, where g, ..., gr € R? are arbitrary vectors. Then for any
w € R% it holds that:

S ) ||w0_w||2 nT )
>ogl (wi—w) < S+ 2 el
t= t=0

Proof. Observe,

IWerr = WJ* = [[we = WIJ* — 2ng/ (Wi — W) +1* [lg”

N 1 ~ 12 -2 n 2
= gl (we =) = o (Ihwe = W e = W7+ el
Summing the above over t = 0, ...,7T and telescoping the sum leads to,

T

- 1 2 2 n 2

Dol (wi—w) = 5 (Iwo = Wl — wres = W) + 55 e
t=0

T
HWO WH L0 2
52”gt” )

t=0

which completes the proof. |

| A

Lemma E.2 (Descent lemma) Let f : R — R be B-smooth for f > 0, and suppose miny, f(w) €
R is attained. Then, for any n > 0, w € R% we have for wm = w — nV f(w):

W) < Flw) - 77(1—775) 19 £ (w)]2

Furthermore, for any w, € argminy, f(w), it holds that:

IVF(w)I? < 28 (f(w) = f(w)).
Proof. Observe, by S-smoothness:

fwH) < f(w) +Vf(w) - (wh —w) _|_§

= (W)~ VI (W) - V(W) + SV ()
= f(w) - n<1—> V7w P,

lw™ — wl?
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which proves the first claim. For the second claim, apply the above inequality with » = 1/, which
gives

Fw*) < fw) = IV P
s VAW < 28 (F(w) - F(wH).

The second claim now follows by using the fact that f(w,) < f(w™). [ |

E.1. Proofs for With Replacement Orderings

As discussed in the main text, our results hold for a wider range of step sizes compared to the
classical SGD bounds in the smooth realizable setting. This is enabled due to the following lemma.

Lemma E.3 Assume that f(w) = 3 [[Aw — b||? for some matrix A and vector b, and let w, €

RY be such that f(wy) = 0. Then, we have:
2f(w) = VF(w)' (W= wy),

and for any z € R? and v > 0:
2= (W) = ~f(a) < VW) (w = 2).

Proof. Forany w € R?, since Aw, = b and f(w) = 3||A(w — w,)||%, we have:

Viw) (w—2)= <ATA(W — W), W —2z)
= <ATA(W — W), W — W) — <ATA(W W),z — W)
=(Aw —b,Aw —b) — (Aw —b,Az—b)
=2f(w)— (Aw —b,Az — b).

Plugging in z = w,, the second term vanishes (since Aw, —b = b — b = 0) and the first claim
follows. For the second claim, note that by Young’s inequality:

Viw) (w—12z) =2f(w) — (Aw —b,Az —b)

> 2f(w) = 3w = bI* = 5 Az —b]? = (2= 7)f(w) ~ ~ f(a).

36



FROM CONTINUAL LEARNING TO SGD AND BACK: BETTER RATES FOR CONTINUAL LINEAR MODELS

Recall Lemma 12. Consider the 3-smooth, realizable Setup 1, and let T' > 1, (ig, ..., i7) € Z7+1
be an arbitrary sequence of indices in Z, and wy € R? be an arbitrary initialization. Then, the
gradient descent iterates given by w1 < w; — nV f(wy; i;) for a step size n < 2/, hold:

d _ Iwo—wi|?
tzf WE S @ = nB)

Proof. Denote f;(w) = f(w;i;), and observe by Lemma E.1;

T T
W) — Wy
Z (Vfi(wie), we — wy) < H0277H gz IV fe(we)]|

T 2 T
[wo — w,|

+0B > filwi) = fulw) = o B> filwe),

t=0 t=0

_ llwo = w
<

where the second inequality follows from Lemma E.2. On the other hand, by Lemma E.3,

T
Z V fi(wy), Z2ft L))
t=0

Combining the two displays above, it follows that

T 2
[wo — wi|
2=nB) ) frlwi) < —F——,
and the result follows after dividing by (2 — 7/3). [
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Recall Lemma 13. Consider the 5-smooth, realizable Setup 1. Let 7" > 1. Assume P is a dis-
tribution over ZZt! such that for every 0 <t < 1 < 1 < T, the following holds: For any
i, - ..it—1 € It,i € T, Pr(ir, = ilig,...,49¢—1) = Pr(ir, = ilig,...,4t—1). Then, for any initial-
ization wo € RY, with-replacement SGD (Eq. (2)) with step-size n < 2/, holds:

Ef(wr,ir) < (eT)"?(~ ’75/4)}2[ }Flz;f(wmt)},

where the expectation is taken with respect to 7, . . . , i sampled from P.

Proof. Denote f;(w)= f(w;i;), g = V f;(w;), and observe that by Lemma E.1,Vz € R%, ¢t < T

(w.p. 1):
g _lw RS
T—k —
t;k g, Wi —z) < 2 2t;k”g ”
| wr—i — 2 -
[Descent Lemma E.Z] < % + 775 t;kft ft W*)

_ lwr— — 2|

T
5 +n8 Y filwe) = fi(z) + filz) = f(w.).
N t=T—k

By Lemma E.3, this implies for any v > 0:

T
1
PR CIIOR (v - 776) fu(2)
T
2(2 ¥) fr(wy) — )+7752ft — fi(wy)
t=T—-k t=T—k
T

[LemmaEAS]S Z <gt,Wt—Z +7]5 Z ft ft(wt)

t=T-k t=T—-k

[above] < lpor—s = =l kiz” +np Z fi(z) = fr(wy)

t=T—k ~5
T lw 1 T
WT_k
= 2-y-18) Y. ft<wt>s— S hie
t=T—k T ik
Now, set z = wr_, and take expectations to obtain:
T 1 I
2=y=uB8) Y Efi(wi) <0+= > Efi(wr_y)
t=T—k ik

1 & 1 T
T Efe(wi) < Efi(wr_#) .
1,2 MO S e ) 2,
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Defining S), £ %‘Fl ZtT:T7 i ft(wy), implies that

T T
(k4 1Sk —kSp1= > filw) = > fulwi) = frn(Wr_s),
t=T—k t=T—k-+1

and by the assumption on the distribution P it follows that Efr_i(wr_) = Efi(wr_j) for any
t>T—k.
Thus, combined with our previous display,

1 T
ES, E _
S (R Gy t:;_k Jitwr )
1 T

= e g, 2 (b4 DES - kESi)
- m ((k + 1ES;, — kES,H) ,

Rearranging, denoting ¢ 2 (2 — v — nf3), and requiring ¢ € (0, 1), we get

k k+1
Frs, | < ( JCF _ 1) ES,
k+1—
— ES;_1 < +/<: CIESk

T
[14+z<e? Vz>0] < exp (Z 1= c) EST

T
= exp ((1 —c) Z i) ‘ESp <exp ((1—c¢)(1+1logT))ESy

1 T
T ﬁ(w»] : (©6)

Now, getting the “best” rate requires maximizing ¢ = (2 — v — nf3). To this end, we choose
y=1- %, which implies ¢ = (1 — %)2 (under the n < % condition, we now have both v > 0
and ¢ € (0, 1) as required above). Then, 1 — ¢ = nf3 ( — %) and we finally get the required

Efr(wr) < () 0-%) LS fiwy.
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E.2. Extending the SGD Bounds to Without Replacement Orderings

Here, we extend Theorem 11 to a without-replacement setting. Specifically, we consider gradient
descent under a random permutation of the T tasks. That is, for some initialization wy € R?, step
size n > 0, and 7 ~ Unif(Z) sampled without replacement,

Wil — Wy —nV f(wy ), @)

where f(w;i) £ 1 ||A;w — b;||? as defined in Setup 1. Our main result is given below.

Theorem E.4 Last-Iterate Bound for Realizable Regression Without Replacement Consider the
B-smooth, realizable Setup 1. Define for all T >2, fo.r(w)2 T%rl Ztho f(w;m). Then, without-
replacement SGD (Eq. (7)) with step-size n < 2/, holds:

; eD? 4/3%nD?
. < = _
Ex for(wr) < (2~ nB) 10—/ s V=201,
2 2
where D 2 ||wo — w,||. In particular, for n = BlolgT yields 14BDT1°gT and n = %yields 7@]% .

The proof, given next, is based on the algorithmic stability of SGD (Bousquet and Elisseeff, 2002;
Shalev-Shwartz et al., 2010; Hardt et al., 2016), and more specifically, on a variant of stability,
suitable for without replacement sampling (Sherman et al., 2021; Koren et al., 2022).

The proof of our theorem follows by a combination of Lemmas E.5 and E.6. The first, stated be-
low, establishes a bound on the expected “next sample” loss and follows immediately by combining
Lemmas 12 and 13 (notice that n < % = exp (775(1 — %)) — exp (z(l — i)) for z € (0,2),
which is monotonic increasing and upper bounded by e).

Lemma E.5 For any step-size n < 2/ and initialization wo € RY, without-replacement SGD
Eq. (7) satisfies, forall1 <T <n—1:

2
e |[wo — wi

2n(2 — nB)Tl_nﬁ(l_%) '

E,f(wp;mp) < e"ﬁ(l_%)T”ﬁ(l_%)Eﬂ

1 T
Ti—I—l Z f(Wt§ Wt)] <
t=0

Next, we consider the “empirical loss” objective. Given any permutation 7 € Z <> Z, define:

t

P 1

A o
Jor(w) = 11 Z f(w;m;).
=0

In the without-replacement setup, our optimization objective is the expected empirical loss E f0:t (w),
which, when ¢ = n, satisfies E, fo.,(w) = E f(w). Our second lemma (given next) bounds the ex-
pected empirical loss w.r.t. the next sample loss. This is the crux of extending our with-replacement

upper bound to the without-replacement setup.
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Lemma E.6 For without-replacement SGD Eq. (7) with step sizen < 2/f, forall1 <T < n, we
have that the following holds:

46277 [wo — W*HQ

B for(wr) < 2B f(wr; mr) + T+1

The proof of Lemma E.6 builds on an algorithmic stability argument similar to that given in Lei
and Ying (2020), combined with the without-replacement stability framework proposed by Sher-
man et al. (2021). Before turning to the proof given in the next subsection, we quickly prove
Theorem E.4.

Proof of Theorem E.4. By Lemmas E.5 and E.6,

A 482 Cwo | Jlwo—w. |2 1_18Y_q1 482 Cw |
E,for(wr) < 2By f(wp; mp) + 22 n\\;vilw I~ < e”nvgf:]%)u nB(1=1p) -1 | 45%nlw anvyilw L

The result for n = % is straightforward. To see the result for n = ﬁ, notice that in this case,

9 #)
ep2B-ng/H-1  efD? 10gTT$(1—ﬁ) _ ﬂD21ogTeXp< TogT) _ 108D? logT"

2— - 1 T 1 —
"2=1F) T(Q_ logT) 2- logT T

E.2.1. PROVING LEMMA E.6

Notation. We first add a few definitions central to our analysis. Given a permutation 7 € Z < Z,
denote:

7(j + k) £ 7 after swapping the 7™ and k" coordinates,

[I>

Wﬂ'

+ = The iterate of SGD on step 7 when run on permutation 7.

Most commonly, we will use the following special case of the above:

w(i4>t)

W

£ The iterate of SGD on step 7 when run on (i <> t).

When clear from context, we omit 7 from the superscript and simply write WQHt). Concretely,

these definitions imply w(()th) 2 wo, and Vi, t, 7 € Z,

Wfflt) = wlot vy <w$i<_>t);7r(i “ t)T) .
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We have the following important relation, to be used later in the proof.

LemmaE.7 Foralli,t,7 € Z,1 <17 <t, we have:

Erf(wrsm) = Er f(WOOD i m(i 5 1))

Proof. The proof follows from observing that the random variables f(w; ;) and f (WTZHt) (i <>

t);) are distributed identically (the indices 7;, 7; are exchangeable). Formally, let TI(Z) £ {7 € Z <+ T}
be the set of all permutations over Z, and observe

B f (Wi 05n(i 0 1)) = oz D FODimi o 1)),

ﬂEH(I)

On the other hand,

1
wa(wﬁm):M > fwlim).

Hence, since there is a one-to-one correspondence between 7 and 7 (7 <> 7), in particular,
{r| 7€ D)} = {n(i &> t) | 7 € (D)},

the result follows. [ |

Our next lemma, originally given in Sherman et al. (2021, Lemma 2 therein), can be thought of
as a without-replacement version of the well known stability <= generalization argument of the
with-replacement sampling case (Shalev-Shwartz et al., 2010; Hardt et al., 2016).

Lemma E.8 The iterates of without-replacement SGD Eq. (7), satisfy for all t:

t—1

Ex [f(Wt;Wt) - fo:t—1(Wt)] = %ZEW [f(Wt; ) — f(W,g“_)t), )

=0

Proof. We have, by definition of fo:t—1 and Lemma E.7:
|:f0t 1Wt}f ZE WtﬂTz
t—1

- ZE [ ZHt (i > t); )} %ZEW [f(wgth); )|,

1=0

where the last equality is immediate since by definition, (i <> t); = m;. The claim now follows by
linearity of expectation. n
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We are now ready to prove our main lemma. We note that the proof shares some features with
that of the with-replacement case (Lemma F.2).

Proof of Lemma E.6. We prove the theorem for every ¢. Any (-smooth realizable function h :
R? — R holds that

h(%) — h(w)] < [Vh(w) (% = w)| + 2 19— w]?
1 -
g sa] < o [VAOW)? + 5 5 = ]+ 5 [ = wif

< h(w) + B W — wl®. ®)
Hence, by Lemma E.§,

Ex [f(wt§77t) - fO:tfl(Wt)} ‘ =

[J ensen] S

B———
et <155, [ wuww—m\ﬂ

- ]E’ﬂ'f Wi, 7Tt

©)

W =

t

, 2
Next, we bound HngH )~ WtH .Forany 0 < 7 <t — 1, wedenote f, £ f(-;7,), and f(ZHt L

sm( < 1)) serve that for any 7 such that 7 1, we have fr = thus, by the non-
' Ob hat fi h th . we h %) thus, by th

expansiveness of gradient steps in the convex and 5-smooth regime when 7 < 2/ (see Lemma 3.6
in Hardt et al., 2016):

(i)

T<1T = ||lw

_W’T

. 2
. (i4>t) (i¢>t)
1< T = |[|[Wiy1 —Wryl < Wi — Wit -

Further,

[wis? = wia | = w0 — @ g5 (w0 — (i = 9 fitwi))|
2

(3

, . 2
[Jensen] < 27]2 Hsz(“_)t) (WEZHt))H + 27]2 Hsz(Wz)”Q
< 4B £ (W) 4B fi(w)
and by Lemma E.7 Ef;(w;) = Ef-(th) (w(th)). Hence,
H—l

2
E|[w) —wi| <E Wi —win | < 8RS (wa).
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Now,

Wi | < (85%7) B

1 t—1
=0

which, when combined with Eq. (9) yields:

o | FWism) — foam1(We) || < B f(wis ) + (88*n*) E
[ J

1 t—1
7 ﬁ(wi)] :
=0

< liwo—w.?

< SnEmna and therefore,

Finally, by the regret bound given in Lemma 12, Zl —o Jilwy)

46%n | wo — w.|*

Ex [f(wt§77t) - fO:tfl(Wt)} ‘ < Erf(wy;me) +

(2—nB)t
A 4821 ||wo — W*H2
= Efo.- <2E, ;
Jo—1(wi) < 2B f(wism) + @ =B
Finally, since fo;t = t%fo:tﬂ + t%ft, we obtain
. 1 2t+1 4821 ||wo —W*H2
E fo.t(w — + —Efi(w E, ; ,

fo(wy) = t+1 E fo:t—1(wy) 1 fe(wy) < Tl f(wime) + G- A+ 1)

which completes the proof.
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Appendix F. Supplementary Material for the Extension Section (Section 6)

Recall Reduction 3. Consider 1" arbitrary (nonempty) closed convex sets Cy, . .., Cr, initial point
wo € R%, and ordering 7. Define f,(w) = 1 |w — IL,,(w)||*,¥m € [T]. Then,

(1) fm is convex and 1-smooth.

(ii) The POCS update is equivalent to an SGD step: wy = TL . (;y(Wi—1) = Wi—1 — Vw fr)(Wi—1).

Proof. First, by Theorem 1.5.5 in Facchinei and Pang (2003), f,, is continuously differentiable
and for every w € R m € [T], Vfn(w) = w — IT,,,(w). Plugging in V fr)(Wi—1) into an
appropriate SGD step, we get

Wi =W 1 — Vafrpy(Wio1) = w1 — (W1 — gy (wim1)) = Ty (wi1),

and the second part of the lemma follows. In addition, Vx, w € R%, we prove convexity by using a
projection inequality (also from Theorem 1.5.5 in Facchinei and Pang, 2003). That is,

Fn(30) = Fn(w) = (¥ fn(), 5 — )
= = T2 — J W — T (w)? — {w — T (w), x — w)

= = T (O = Jlw — T (w) [ — {w — Ty (w), x — T ()

+ (W = Ty (W), I (W) — T (x)) + (W — T (W), W — T, (W)

> 2= TGl = 5w — T (W) — {w — Ty (w), x — T () + 0 + [[w — Ty (w)|
= %~ () — w + T (w)]> > 0.

For the 1-smoothness,

IV (%) = V(W) =[x = i (x) = (W = Ty (W)
= [T =1ILn)(x) = (T =Ly (W) < [lx — w]| ,

where we used the non-expansiveness of I — Il,,, (Propositions 4.2, 4.8 in Bauschke et al., 2011). H
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LemmaF.1 Let K C R? be a nonempty closed and convex set, and f(w) = 1 ||w — Ik (w)|?
Then, we have for any z € R% and v > 0

(2 - 9)f(w) - if(Z) < Vi(w) (w—12).

In addition, for any u € K we have

2f(w) < Vf(w) (w—u).

Proof. We already established that V f(w) = w — IIx(w). Combining this with simple algebra,
we obtain,

(Vf(w),w—1z)=(w—Ilx(w),w—z)
= (w — Ig(w), w — Ig(w)) + (W — I (w), g (w) — z)
2f(w) + (w — Ig(w), I (w) — 2)
=2f(w) + (w—Ig(w), g (w) — i(z)) — (w — (w),z — I(z)) .

By Theorem 1.5.5 (b) in Facchinei and Pang (2003), we have that
(w— I (w), I (w) —Ik(z)) >0,
and finally we get,
(Vf(w),w —2z) > 2f(w) — (W — TIx(w),z — Ix(2)) .
Plugging in z = u, the second term vanishes (since u — IIx(u) = 0) and the second claim follows.
For the first claim, note that by Young’s inequality:
(VI(w),w—2) =2f(w) — (w - IIx(w), z — Tlx(2))
> 2f(w) = J w = Te(w)||* = 5 12— Thi(a)]

— 2f(w) — 7 f(w) - if(Z) .
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Recall Theorem 14. Consider the same conditions of Reduction 3 and assume a nonempty set
intersection C, = ﬂﬁ:l Cm # @. Then, under a random ordering with or without replacement, the
expected “residual” of Scheme 4 after Vk > 1 iterations (without replacement: k € [T]) is bounded
as,

1 T 2] 1 T ) 7 . 2
B[ 0y I = (o) [ | = B[ 537 st (wi, Co)| < = i [jwo — w]

Proof. The proof largely follows the same steps of Theorems 9 and 10. Let 7 be any random

ordering, wo € R? an initialization, and w1, ..., wy, be the corresponding iterates produced by
Scheme 4. By Reduction 3, these are exactly the (stochastic) gradient descent iterates produced
when initializing at w and using a step size of 7 = 1, on the 1-smooth loss sequence f (1), ..., fr(x)
defined by:

() £ 3w — T (w) .

Proceeding, we denote the objective function:

f(W) £ B nUnif ([ fm 2T Z ||W I, ”

Now, for a with-replacement ordering 7, invoke Theorem 11, except we use Lemma F.1 in the
proof instead of Lemma E.3, to obtain:

min ||wo — w|? , (7 with-replacement)

e
2 {4/% wel
which completes the proof for the with-replacement case.

For a without-replacement ordering 7, invoke Theorem E.4 (with n = 1//3), except again we
use Lemma F.1 in the proof instead of Lemma E.3, to obtain:

H

ke—
7
E; fok—1(wk) [ f(w } —— HW[) —w|?. (7 without-replacement)

= Vi we

—_

Similarly, by Lemma E.5,

E, AR wy, — I < ° i —w|?
fT(k+1)(Wk) 2 Hwk 7(k+1) (Wk)H = 5Vk v{fg& [wo — w|

(7 without-replacement)

Combining the last two displays with Proposition B.2, we now obtain:

E, f(wy) [ 5T Z [lwi — IL, (wg)|| } (7 without-replacement)
k T—-k 2
*Erfo d—1(Wg) + 57 Er Wi — T g1y (W) ||
Tk 5(T—k)\ 1 . 2 _ T . 2
< (T+T i fwo = wi? < - min o —w]°
which proves the without-replacement case and thus completes the proof. |

47



EVRON LEVINSTEIN SCHLISERMAN SHERMAN KOREN SOUDRY SREBRO

Recall Theorem 15. Under a random ordering, with or without replacement, over 7" jointly sep-
arable tasks, the expected forgetting of the weakly-regularized Scheme 5 (at A — 0) after £ > 1
iterations (without replacement: k € [T']) is bounded as

7w R
E.[F (k)] < ==L
[F+(®) Vk

Proof. We adopt the same notation as used above:

where w, £ mingyec,n.-ney ||[Wo — w||2 .

Fn(w) 2 5 [l T ()
_ 1 &
F) 2 Byt Fn () = 5 D I = (w2

For 7 sampled with replacement, by Lemma F.2 (given below) and the with-replacement result
(inside the proof) of Theorem 14, we have

E,[F; (k)] = Efor—1(wi) < 2Bf(wi) +
€ 4 2 7 HWO - VV»\—H2
< <\4/E + k‘> ||W0 — W*H < - 7
For 7 sampled without replacement, as argued in Theorem 14, by Lemma E.5:

5 Iwo — w.?
VEo

Erfrer1)(wi) <

and thus by Lemma E.6,

~ 4 7 _ . 2
E-[Fr (k)] = Efor-1(wy) < (@ + k) wo — w2 < ™o~ Wl

which completes the proof. |

Lemma K.2 Consider with-replacement SGD Eq. (2) with step size 1 < 2 /B, and define, for every
0<T, for(w)= T+1-1 Z?:O f(w;ig). Forall 1 < T, the following holds:

45%n [|wo — w. |
T :

Proof. Our proof here mostly follows the proof of Lemma E.6. Recall that from Eq. (8), any (-
smooth realizable function i : R — Rsq holds that |h(W) — h(w)| < h(w) + B ||Ww — w|>.

Denote f; = f(-;4;) for all t € {0,..,T}. Now, by the standard stability <= generalization

argument (Shalev-Shwartz et al., 2010; Hardt et al., 2016), and denoting by w@ the SGD iterate
after 7 steps on the training set where the i example was resampled as j;:

Efor_1(wr) < 2Ef(wr) +

T-1

‘E [f(WT) - fAO:T—l(WT)} ‘ = ’% > Ej~p |:f(WT;ji) - f(ng);ji)] ’
i=0
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[Jensen; Eq. (3)] < ;TZ:lIE [f(WT;ji) + 5 HW(Ti) — WTHT
i=0

Ef(wr) + ?Tz_lE ng’) _ WTH2 .
=0

, 2
Next, we bound ngﬁ) — WTH . By the non-expansiveness of gradient steps in the convex and

B-smooth regime when n < 2/ (see Lemma 3.6 in Hardt et al., 2016):

T<i = Hw@ — W,

=0,

: () 2 (4) 2
1< T = ([W ] —Wrp|| < ||Wilp — Wiga]| -

Further,
HWZ% - Wz’+1H2 = ngi) — 0V fi (W) = (w; — TZVfi(Wi))HQ
o] = 72 |V 15, () = 9 i) |
pensen] < 2P|V £ (wi) ||+ 2079 fi(wi) ||
Lot | < 48025, (W) + 480 filwi)
Therefore,

E |lw® 2 CElw® —wirs P < 482E s (w 2 £ (wi) = 8On2Ef: (W
Wr = Wr|| = Wit — Wit1 <4pn Efjl(wl )+4B77 Efl(wz) = 80n Efl(wl)'

Now,

6 T-1 . 2 1 !
23 E|w —wr < 126%7E [T 3 ﬁ-(w»] -
1=0

=0

Summarizing, we have shown that:

‘IE [f(WT) - fO:Tfl(WT)” <Ef(wr) + fﬂszlE ng) - WTH2
=0

1 T-1
72 ﬂ-(wi)] .

<Ef(wr) +88*n*E

i=0
2
Finally, by the regret bound given in Lemma 12, i.e., Y1 ' fi(wi) < %, we have
- : - 46%n ||wo — wi |
]E[f wr) — for—1(wr ” <Ef(wr)+
E [ F(wr) (wr)]| < Bftwr) + == 0o
and the result follows. n
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Appendix G. Supplementary Material for the Discussion Section (Section 7)

Claim G.1 (Average-Norm Universal Rate for With-Replacement Random Ordering) Under
a random ordering with replacement over I’ jointly realizable tasks, the expected loss and forgetting
of Schemes 1, 2 after k > 2 iterations are bounded as,

2||w.|* R 5|[w.l* R
E-[L (wp)] < B E-[F- (k)] < o1

where R ="M 1X,,|12 /T.

Proof sketch. Taking the non-worst case bound from Lemma 6, we have L, (w) < a, frn(w) for
am = ||X;u]|?. Then in the proof of Theorem 9, £(w) < % e fo(w), where A = 3 ap,
and we may apply Theorem 11 (which supports arbitrary distributions D, see Setup 1) with the
distribution given by Prp(i) = o;/A. Finally, we have R = A/T.
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