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ABSTRACT

Tensor-based incomplete multi-view clustering has attracted significant research
attention due to its capability to exploit high-order correlations across different
views for revealing underlying cluster structures from partially observed multi-
view data. However, most existing approaches construct tensors from adjacency
matrices, which necessitate post-processing operations (e.g., singular value de-
composition, SVD) and thereby introduce additional computational overhead and
potential errors. Some approaches instead employ latent embedding tensors to
avoid post-processing, but they often fail to capture the geometric structure of
the underlying graph. To address these limitations, we propose ConstAnt de-
gree Mtrix-drivEn incompLete multi-view clustering via connectivity-structure
and embedding tensor learning (CAMEL). Specifically, CAMEL jointly learns
view-specific latent embeddings under structured constraints and organizes them
into a tensor with an /5 low-rank constraint, thereby enabling coordinated opti-
mization of graph connectivity and high-order correlations. To further mitigate
the O(n?) or ever higher complexity associated with conventional connectivity
constraints, CAMEL approximates the variable Laplacian degree matrix with a
constant-degree matrix, reducing the computational cost of degree matrix con-
struction to O(1). Clustering assignments are subsequently derived via k-means
on the concatenated embeddings, eliminating the need for post-processing opera-
tions on adjacency matrices such as SVD. Extensive experiments on nine bench-
mark datasets demonstrate the superior effectiveness and efficiency of CAMEL.

1 INTRODUCTION

Multi-view data are widely encountered in real-world tasks, where each sample can typically be
represented from multiple perspectives or modalities. For example, an image can be represented
from multiple perspectives, where features derived from texture, color, and local binary patterns are
treated as separate views [Wen et al.| (2022); \Gu et al.| (2024). Multi-view clustering (MVC) aims to
integrate information from different views to accurately uncover the intrinsic structure of the data
Tang et al.[(2020); Kang et al.| (2020)); Jiang et al.[(2022)). In practice, however, some views may be
missing; for example, certain events may be reported by some sources but absent in others, resulting
in incomplete multi-view data. shihe To effectively handle such incomplete multi-view data, numer-
ous incomplete multi-view clustering (IMVC) methods have been proposed, which can be broadly
categorized into matrix-based Wen et al.[(2019); [Liu et al.|(2018)); L1 et al.|(2021) and tensor-based
approaches |Li et al.| (2024); |Yu et al.[(2024); L1 et al.| (2023b)). Among them, tensor-based methods
have attracted widespread attention due to their ability to effectively model high-order correlations
across multiple views. For example, Gu & Feng| (2024) imposes low-rank regularization on the
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Figure 1: Overall framework of the proposed CAMEL model, which integrates connectivity and
low-rank constraints on the latent embedding tensor, with a constant degree matrix employed in the
Laplacian to reduce computational complexity.

tensor constructed from coefficient and projection matrices, thereby reducing computational com-
plexity and enhancing robustness. In addition,|Zhang et al.|(2023) employs a decomposition strategy
that separates the coefficient tensor into low-rank and sparse noise components for independent opti-
mization. However, these approaches require post-processinﬂe. g., SVD) of the coefficient matrices
to extract the latent embedding representation for subsequent k-means clustering. The decoupling
of graph learning and latent embedding learning may lead to suboptimal performance due to po-
tential error propagation between the two stages. To eliminate the need for post-processing, recent
tensor-based methods such as|Xu et al.|(2025);|Liu et al.|(2025)) construct tensors from latent embed-
ding matrices, allowing k-means to be directly applied on them to obtain clustering results. Despite
this improvement, a major limitation remains: the absence of connectivity constraints prevents the
explicit preservation of the global geometric structure within each view. While imposing connec-
tivity constraints on the adjacency matrix is a natural solution, this typically requires constructing
the Laplacian matrix, which involves computing the degree matrix from the similarity matrix, re-
sulting in a time complexity of O(n?) or higher and significantly limiting computational efficiency.
Moreover, since the latent embedding is represented as a single consensus matrix across views, ex-
isting connectivity-based methods cannot naturally accommodate tensor-based constraints, making
it difficult to simultaneously capture both the low-rank properties of the latent embedding and the
potential high-order correlations across multiple views.

To address these limitations, we propose an effective and novel model, CAMEL, whose overall
framework is detailed in Figure [ The core innovation of CAMEL lies in the introduction of a
constant-degree matrix instead of a variable-degree matrix in the Laplacian construction. This de-
sign preserves the essential geometric structure of the graph while reducing the computational cost
of connectivity-constrained embedding learning from O(n?) to O(1). Moreover, CAMEL inte-
grates the constant-degree-driven connectivity constraint with a low-rank constraint on the latent
embedding tensor, enabling the model to learn the geometric structure of each view and construct
a tensor that simultaneously captures low-rank properties and high-order correlations across views.
The resulting latent embeddings can be directly used for clustering without post-processing, thereby
avoiding potential errors introduced by additional steps. Compared to existing methods, our key
contributions can be summarized as follows:

'The term “post-processing-free” refers to the fact that the features obtained after optimization can be di-
rectly used for k-means clustering to obtain results, without requiring additional operations on these features
(e.g., SVD on the anchor subspace representation matrix or performing spectral clustering on the similarity
matrix) to generate new features for clustering.
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* We approximate the variable Laplacian degree matrix in the connectivity constraint with
a constant-degree matrix, reducing computational complexity by an order of magnitude
while preserving competitive accuracy and scalability to large datasets.

* We integrate the constant-degree-driven connectivity constraint with a low-rank constraint
on the latent embedding tensor, enabling the model to learn the geometric structure of each
view and construct a tensor that simultaneously captures low-rank properties and high-order
correlations across views.

* We develop an efficient algorithm for jointly solving the latent embedding matrices within
an ADMM-based optimization framework and provide theoretical guarantees for its con-
vergence. Extensive experiments validate the effectiveness and efficiency of CAMEL.

2 RELATED WORK

Tensors are well-suited for capturing high-order correlations, which makes them particularly effec-
tive for imputing missing data and has led to their widespread application in incomplete multi-view
clustering IMVC). Existing tensor-based IMVC methods can generally be categorized into two
groups: post-processing-based approaches and post-processing-free approaches.

For the post-processing-based methods, latent embeddings are typically obtained by applying SVD
to the anchor subspace representation matrix or by performing spectral clustering on the similarity
matrix, after which k-means is conducted on the latent embeddings to derive the final clustering
results Wen et al.[(2021);|Zhang et al.| (2015)); Zhao et al.| (2023)); \Long et al.| (2025; [2024)); Lv et al.
(2023); |Zhang et al.| (2023); Li et al.|(2022b). For instance, Long et al.|(2024)) obtains per-view em-
bedding features by projecting the anchor graph onto the designated matrix, and then applies a tensor
low-frequency approximation to the tensor constructed from these embedding feature matrices. 'Wen
et al.|(2021) enhances representation-based graph learning by simultaneously imposing a consensus
graph constraint and a tensor low-rank regularization, thereby capturing both within-view and cross-
view dependencies. Moreover, |Lv et al.[(2023)) maps the original data into a low-dimensional feature
subspace to achieve more compact representations, which facilitates subsequent graph construction.

As for the post-processing-free methods, they directly obtain the latent embedding matrix after op-
timization, and clustering results are then produced by applying k-means on this matrix |Li et al.
(2023a); Xu et al.| (2025); |Liu et al.|(2025); Wang et al.[(2025); |(Chen et al.| (2022);(Wu et al.| (2024)).
For example, |Li et al.| (2023a) introduces an orthogonal non-negative tensor factorization frame-
work that extends traditional NMF to third-order tensors, enabling direct handling of multi-view
data while preserving and exploiting the inherent spatial structures across views. In addition, Xu
et al.| (2025) learns anchor—sample similarity graphs in an adaptive manner, enforces structural re-
finement in a latent subspace, and employs low-rank modeling on the latent sample embeddings. In
Liu et al.| (2025), the method eliminates the tensor rotation trick to prevent its interference with un-
supervised clustering, and further leverages pairwise sample similarities via a linear kernel function
to ensure scalability to large datasets.

3 PROPOSED METHOD

3.1 ANCHOR SUBSPACE-BASED TENSOR REPRESENTATION LEARNING

Let the incomplete multi-view dataset be denoted as {X?}™ |, where XV € R%*" with d,, rep-
resenting the feature dimension of the v-th view, n is the total number of samples, and m the to-
tal number of views. In anchor-based tensor incomplete multi-view clustering, the anchor graphs
learned from different views are combined into a three-dimensional tensor, and a post-processing
step is performed on these anchor graphs prior to final clustering to obtain the cluster assignments.
The general framework is summarized as follows:

min R(Z)+ MP(EY)
{Ev,Zv, A%}, (1)

s.t.Vo, XU = AYZY +EY,Z° > 0,(A°)TAY =1,Z = ®(Z',Z2,...,Z™)

where AV € R¥&vxt Zv ¢ RtX" and EY € R% %" denote the anchor matrix, coefficient matrix, and
reconstruction error matrix of the v-th view, respectively, with ¢ representing the number of anchors.
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To ensure discriminativeness among anchors, an orthogonality constraint (A?) T A? = I is imposed
to enhance anchor diversity. Physically, Z" is constrained to be nonnegative, i.e., Z* > 0. The tensor
Z is constructed by concatenating and rotating {Z"}" ; via the operation ®. The regularization
term R (-) models the tensor rank and promotes low-rank properties during optimization, while P(-)
regularizes the reconstruction error to enforce XV ~ AVZ".

3.2 JOINT LEARNING OF CONNECTIVITY-CONSTRAINED EMBEDDING TENSOR

Although the incorporation of tensors is capable of capturing the high-order correlations across
multiple views, it is still insufficient to explicitly characterize the underlying graph structure. First,
since {Z"}™ ; cannot be directly employed for clustering, a post-processing step (e.g., SVD) is
required to derive the cluster labels. Such reliance on post-processing not only increases the risk of
obtaining suboptimal solutions but also introduces additional computational overhead. Second, Eq.
fails to explicitly capture the underlying graph structure, resulting in the loss of neighborhood
information and reduced discriminability of the learned representations.

To address these limitations, we introduce two key enhancements. First, the connectivity constraint
is reformulated in a view-specific manner and integrated into the subspace structure. Second, mo-
tivated by recent advances |Xu et al.| (2025); 'Wang et al.| (2025)); [Liu et al.[(2025); L1 et al.| (2023al);
Feng et al| (2024), we impose a low-rank constraint directly on the tensor constructed from la-
tent embeddings, rather than on that derived from subspace representations. This design enables
k-means clustering to be directly performed on the latent embedding matrices, thereby avoiding the
costly SVD computation required for subspace representations. Moreover, the rank function R(-)

is approximated by the ¢5-norm (i.e., f(x) = (H‘S)m) Kang et al.|(2015), which offers a smoother
and tighter surrogate than the conventional tensor nuclear norm|Lu et al.|(2016); Zhou et al.| (2019);
Lu et al.[(2019) by penalizing singular values in a more flexible manner. In addition, the squared
Frobenius norm || - ||% is employed to model the noise matrix. The overall model is thus formulated
as follows:

A E’ A Tr((HY) TLYH"
{A”E”ZvH}” 1II%IIe5+ 1;\\ 1%+ 2; r((H") ) o

st. X" =A"Z" + Eva z" Z 07 (AU)TAU = 17 (HU)THU = IaH = (b(Hlv H2) o ’Hm)

where L” is the normalized Laplacian matrix, i.e., L =1 — (D”)*ES“(D”)*’ SY e R™ " is
the affinity matrix, obtained by S¥ = (Z”)TZ” and DV € R™*" is the degree matrix computed by
summing the columns of S¥. The two hyperparameters \; and A serve solely for trade-off purposes.
For a third-order tensor H € R™ *"2%"s _jtg {s-norm is mathematically expressed as follows:

1—|—58kzz)

RN
Hlles = — H
[ na,;” Fles = ZZ 5580

klzl

In this formulation, A is defined as the minimum of n; and ns, while the positive scalar § serves as a

parameter of the /5 rank function. The matrix S K corresponds to the k-th frontal slice of the tensor
S, derived from the tensor singular value decomposition (t-SVD) applied to the k-th frontal slice

of H., following the model ’Hlfc = U];S]; (V’;ﬁ)T

3.3 CONSTANT DEGREE MATRIX-DRIVEN CONNECTIVITY-TENSOR JOINT LEARNING

Although Eq[2]seamlessly unifies latent representation tensor learning with connectivity constraints,
the construction of the Laplacian matrix remains computationally expensive with a complexity of
O(n?). In particular, evaluating SV = (Z")"Z" incurs O(tn?) operations. While reordering the
computational steps during optimization can reduce this cost to linear in O(n), the computation of
the degree matrix D" still requires column-wise summation of SV € R™*™, which scales as O(n?).
This quadratic overhead inevitably becomes a bottleneck when dealing with large-scale datasets. To
address this issue, we replace the conventional variable degree matrix with a constant form, D = 1,
where 5 > 0 controls the degree magnitude. Consequently, the Laplacian matrix is simplified to
L"=1- %(Z”)TZ”. Based on this, the overall CAMEL model can be expressed as follows:
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m 1
1 es +>‘IZ||EUHF+/\QZTY [(H")"(1- B(Z”)TZ”)H”] 3
v=1 v=1

st. X' =AVZ° +E',Z°>0,(A")TA" =1,(H") '"H" = I,# = ®(H' H?,... H™)

{Av Ev Z'u Hu}vn

3.4 FURTHER DiscuUsSION ON THE CAMEL MODEL

The CAMEL model introduces a key innovation by efficiently integrating connectivity constraints
with the low-rank learning of latent embedding tensors through a constant degree matrix approx-
imation. This design not only significantly reduces computational complexity but is also justified
from the following three perspectives. First, since Z" inherently contains noise, the degree matrix
computed from (Z") T Z" is itself inaccurate. Therefore, employing a suitably approximated degree
matrix does not necessarily impair clustering performance more than using (Z")"Z". Second, the
model is able to obtain relatively clean H", which is the representation actually used for cluster-
ing, rather than the noisier Z". As connected component partitioning is not a highly fine-grained
operation, once the adjacency graph captures the coarse structure, the resulting H" is sufficiently
reliable. Last but not least, the tensor constraint on H can further filter out noise introduced by the
approximated degree matrix, reconstruction errors and missing data. By constructing the degree ma-
trix through a constant approximation, the computational complexity of computing D" is reduced
from O(n?) to O(1), lowering the overall cost. This provides important insights into designing
connectivity and tensor joint constraints based on latent embedding matrices.

4 THEORETICAL ANALYSIS

4.1 OPTIMAZITION

We employ the ADMM [Lin et al| (2011)) to optimize Eq.(2). Accordingly, the corresponding aug-
mented Lagrangian function can be formulated as follows:

E({Av nmzl’{EU}v 1’{Zv}::n:17{Hv}v la{YU T:lﬂ{Bv}v 1,W,g)

m m 1
=[1Glles + A DB |7 + A2 Y Tr[(HY) T (I—B(Z”)TZ”)H”]+<W,’H—Q> "
v=1 v=1

C 2 - v v vrgv v K v vrgv V|2
+5IH =Gl + D | (Y X"~ AYZ" —E) + T|X" ~ A'Z" — B[}

v=1

where 1 and ( are positive parameters, G denotes an auxiliary tensor, and WV together with Y" serve
as Lagrange multipliers. The complete optimization procedure is presented in the appendix.

4.2 CONVERGENCE ANALYSIS

Convergence of the optimization algorithm is theoretically ensured by Theorem 1, with the appendix
offering a more comprehensive discussion of the theoretical foundations and implementation details.

Theorem 1 The iterative sequence {J, = A)Z) E) H) Y ) Gy, Wp}gil produced by our op-
timization scheme exhibits the following convergence properties:

* The sequence {J,}° remains bounded;

* Every accumulation point of {7, };O:l is guaranteed to be a stationary point satisfying the
KKT conditions.

4.3 COMPLEXITY ANALYSIS

The overall computational burden of our model is primarily determined by the optimization of five
sets of variables. These variables include A¥, Z”, EV, H", and G, with their respective complexities
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given by O(d,tn+d,t), O(dyn+d,tn+tn), O(d,tn+d,n), O(ten+c*n), and O(mtn log(mn)+
m?tn). Aggregating these costs yields an overall computational complexity of O(mtn log(n) +
dmastn), with dy,q. indicating the largest feature dimension across the m views. It indicates that
our approach achieves a substantially efficient complexity.

5 EXPERIMENTS

5.1 EXPERIMENTAL SETTINGS

All experimentals are implemented in MATLAB R2023b and exe-

cuted on a standard computing platform with an i7-12650H CPU and Typle 1: The datasets used
16 GB RAM. The core findings are presented in this section, while jp the experiments.
additional results and detailed analyses can be found in the Appendix.

N T

Dataset Samy Views

Datasets: We conduct experiments on nine publicly available multi-  ~Yale3 165 3
view datasets. These datasets cover diverse domains including face g’{ﬁﬁgg ! Zég §
images(Yale3(Belhumeur et al.|(1997)), EYaleB10(Liu et al.[{(2010))), g&golﬁv 1%4490 i
an action image dataset(Still-DB(Ikizler et al.| (2008)))), scene im- Mfeat 2000 6
ages(Scene(Fang et al (2024)), Scene15(Fei-Fei & Perona (2003))),  goene, . o1
object recognition(MSRCV1(Xia et al.| (2022a)), COIL20MYV, CI- gﬁi—XRl\l%\”ST ;8888 %

FAR10(Liu et al. (2022))), as well as handwritten digits(Mfeat(Nie
et al.| (2018))), Noisy MNIST). The number of samples and views for
each dataset are summarized in Table[T]

Comparison methods: Six baseline methods are selected for comparison, namely BSV (2001)(Ng
et al.| (2001); Wen et al.| (2018} 2022)), Concat(Wen et al. (2018} 2022)), PVC (2014)(L1 et al.
(2014)), IMVC-CBG (2022)(Wang et al.|(2022)), PSIMVC-PG (2024)(Li et al.|(2022a)), and SCSL
(2024)(Liu et al. (2024)). For those methods that require hyperparameter tuning, the parameters
are adjusted within the recommended ranges, whereas for our model, the search is conducted over
A1 €[1078,1073], Ao € [107%,1072], B € [10%,10%], and § € [10~3,10°].

Evaluation metrics: To guarantee the robustness of the evaluation, each algorithm is executed five
times. The clustering results are then measured by three criteria: ACC, NMI, and PUR.

Construction of incomplete multi-view data: To simulate incomplete multi-view data, we intro-
duce missing entries by randomly discarding a proportion of samples in each view, where the missing
ratio r is selected from the set {0.1,0.3,0.5}. In order to avoid the situation in which a sample dis-
appears from all views, one view is randomly designated to retain the corresponding data whenever
such a case occurs. This procedure guarantees that every instance within the constructed incomplete
multi-view dataset possesses at least one observed representation. All datasets are first processed
into incomplete-view versions, and these incomplete-view datasets remain unchanged in subsequent
experiments. For example, the original Yale3 dataset is first processed into an incomplete-view
dataset Yale3_i, and all subsequent experiments are conducted on this fixed Yale3_i without further
modifications. Unless otherwise stated (specifically in Section [5.2)), the experiments are carried out
with a default setting of » = 0.5.

5.2 CLUSTERING RESULTS

Performance comparison:Table [2| reports the comparative outcomes of different clustering meth-
ods across all datasets, where the best-performing result in each case is emphasized in bold, and the
runner-up result is annotated with . The notation ”OM” denotes an out-of-memory error.
From the overall analysis of these clustering outcomes, two key insights can be drawn as follows:

(1) Our method achieves consistently superior performance across diverse datasets, including face
recognition, object categorization, scene classification, handwritten digits, action recognition, and
large-scale collections. In nearly all cases and under different missing rates, the proposed approach
substantially outperforms baseline methods in terms of ACC, NMI, and PUR. For example, on the
MSRCV1 dataset with a missing rate of 0.1, CAMEL exceeds the second-best method by 23.05%,
29.03%, and 23.05% in ACC, NMI, and PUR, respectively. Furthermore, on datasets such as
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Table 2: Comparison of clustering results across varying levels of missing data.

Data Missing rate 0.1 0.3 0.5
Methods ACC NMI PUR ACC NMI PUR ACC NMI PUR
BSV 35.64+6.99 41.06+6.93 36.73+£6.74 33.82+6.17 35.53+6.85 35.76+5.88 26.06+2.94 25594336  28.48+2.74
Concat 31.76%11.65 31.99£12.17  34.30+£11.25 28.12+4.57 28.98+6.48 30.42£5.01 22.55+£5.82  20.43+£6.90  24.48+5.40
PVC 50.30+2.54 53.58+2.06 51.27+1.80 39.7442.22 43.10£1.43 40.90+£2.19 10.4441.86 12.824+1.55 12 6
Yale3 IMVC-CBG 44.48+0.33 45.75+0.00 45.09+0.33 37.58+0.00 38.55+0.00 38.79£0.00 22.91£0.27 19.424£0.29  23.52+0.27
PSIMVC-PG 52.73+0.00 56.24+0.00 53.94+0.00 31.39+0.66  3522+1.06  32.97+0.81 19.3940.00  18.38+0.00  21.82:0.00
SCSL 63.0340.00 64.79+0.00 63.03+0.00 55.76+0.00  58.61+:0.00 55764000 | 32.1240.00  3575+0.00  33.94::0.00
CAMEL 74.79 + 4.90 79.25 £3.19 75.64 +3.41 72.61+£5.02  76.21 +4.15 73.21+£5.13 61.82 £2.27  65.17 £2.53  63.03 +2.54
BSV 60.00£9.61 51.44£529 62.86+£6.01 40.10£4.71 28.93+3.48 41.81£3.99 31.43£3.10 18.1242.97  32.19+3.06
Concat 73.33£10.43 66 7.6 74.29£9.39 54.29+7.66 47.784+5.41 56.86+6.41 44.10£2.58  33.60+4.19  44.86+2.78
PVC 62.78+5.77 49.46+3.47 64.98+3.36 71.24+5.34 59.36+3.80 71.96+4.53 52.2549.29  46.7548.86  56.75+8.47
MSRCV1 IMVC-CBG 50.19£0.43 41.06+0.75 52.10£0.64 36.67+0.00 24.83+0.00 37.62+0.00 19.05+0.00 4.80+0.00 19.05+0.00
PSIMVC-PG 46.67+0.00 36.14£0.00 47.62+0.00 28.76+0.26 17.34+0.26 29.71£0.26 18.29+0.43 5.50+0.44 19.33+£0.43
SCSL 1.76--0.00 64.8240.00 1.76::0.00 61.90+0.00 56.05+0.00 66.1940.00 67.14+£0.00  61.8740.00 0.48+0.00
CAMEL 97.81 £0.43 95.61 +0.58 97.81 £0.43 97.14 £0.95  94.05 +1.39  97.14 £0.95 | 97.90 £0.26  96.03 £0.59  97.90 +0.26
BSV 29.29£1.19 10.91£0.53 32.98+0.82 29.68+1.25 8.93+0.71 31.78+1.45 25.6540.63 7.724+0.78 27.11£0.42
Concat 31.82+1.43 1.2540.66 33.83:£1.03 29.08+1.41 10.13£1.14 32.81 57 28.27£1.02 9.09£1.08 29.94£1.19
PVC 21.86+0.00 0.00+0.00 21.86+0.00 21.74+0.00 0.00+0.00 21.74+0.00 22.5240.00 0.00+0.00 22.5240.00
Still-DB PSIMVC-PG 9.2940.00 32.55+0.00 28.27+0.00 8.08+0.00 30.62+0.00 28.69+0.00 8.9940.00 31.26i0v00
IMVC-CBG 10.97£0.00 33.79+0.00 29.34:£0.00 8.1440.00 31.05+0.00 29.94+0.18 8.94+0.10 32.08+0.18
SCSL 25.2740.00 3.4940.00 26.34+0.00 22.48+0.00 2.6240.00 23.77+0.00 26.55+0.00 5.88+0.00 28.2740.00
CAMEL 59.36 +1.88  45.34 £1.41 61.88 +1.60 67.45 £0.30  53.47 +0.39 0.30 | 74.78 £0.46  66.61 +0.40  74.78 +0.46
BSV 25.44£1.00 23.3242.42 27.814£0.98 18.09+0.92 7.62+£1.20 81+1.16 21.53+£1.37 1428+£1.77 22.81+£1.38
Concat 19.03+2.92 18.59+1.57 7+£1.94 16.94£2.05 5.40+1.98 17.75+1.73
PVC 37.76+4.71 31.09£1.21 1.56 30.40+2.44 25.56+3.89 31.73+2.59
EYaleB10 IMVC-CBG 33.94£0.13 28.47£0.11 34.72£0.13 27.19£0.11 18.61£0.00 28.13£0.11 17.25+0.14 7.86+0.12 18.66+£0.14
PSIMVC-PG 30.0940.00 23.88+0.12 31.3440.00 24.06+0.00  15.20+0.00  24.69+£0.00 17.0340.00  8.78+0.00 19.5340.00
SCSL 12.8140.00 3.31£0.00 13.13£0.00 12.19+0.00 2.7240.00 12.50+0.00 20.00£0.00 8.4240.00 20.78+0.00
CAMEL 51.97 +£1.78 51.09 +0.98 52.44 +£1.58 48.59 £4.73  47.11 +4.73  48.94 +4.49 | 5572 +5.42 51.21 £548 55.78 £5.35
BSV 52.81+4.93 65.04+2.26 56.89+4.05 42.06+3.63 49.45+1.51 44.8242.85 31.74+1.95 37.18+£1.58  33.93+1.86
Concat 58.68+7.56 73.38+3.2 63.65+6.47 47.47+1.97 58.62+1.44 51.32+1.72 37.67+3.54  47.53£3.99  41.08+3.09
PVC 5.05+0.00 0.00 £ 0.00 5.05 £ 0.00 5.29 £ 0.00 0.00 £ 0.00 529 £0.00 5.65+£0.00 0.00£0.00 5.65+0.00
COIL20MV IMVC-CBG 56.51£1.30 67.58+0.59 59.63+0.85 50.90+£0.47 58.1240.28 54.6140.26 41.00£1.40  50.454£1.00  44.184+1.29
PSIMVC-PG 56.79+1.85 67.84+0.53 60.08+1.25 50.69+0.16 58.01+0.22 54.4240.35 32814+0.57  39.39+042  36.44+0.50
SCSL 26.81+0.00 28.51+0.00 30.00£0.00 52.7140.00 ¢ 0.00 53.26+0.00 40.69+0.00 51.004£0.00  46.3240.00
CAMEL 68.38 +2.27 79.17 £0.98 71.22 £1.84 69.28 £1.77  77.67 £0.98  70.81 £1.52 | 70.32 +£1.33  77.31 £0.70  72.41 £0.95
BSV 63.22+6.56 60.32+4.60 67.42£6.05 52.70+4.46 48.514+2.18 54.19£3.60 39.21+4.00  33.07£2.87  41.68+£3.13
Concat 75.254+11.82 73.15+6.24 77.89+8.65 57.88+5.73 53.11£2.11 59.1244.62 41.24£3.71 35.48+4.75  42.62+3.45
PVC 66.804+2.83 59.58+1.07 68.08+1.89 64.26+3.36 53.93+2.00 65214221 58.1944 19.294-3.89 59.2044.21
Mfeat IMVC-CBG 53.50£0.00 48.31£0.00 53.90£0.00 35.20£0.00 26.49+0.00 35.50£0.00 20.95+0.00 11.54£0.00  21.40£0.00
PSIMVC-PG 48.56+0.00 45.04+0.00 49.96+0.00 31.84+0.00 25.84-+0.00 33.34+0.00 19.25+0.00 10.07+0.00 19.55+0.00
SCSL 30.55+0.00 21.68+0.00 33.35+0.00 21.10£0.00 12.51£0.00 24.25+0.00 22.50£0.00 14.43+£0.00  26.05+0.00
CAMEL 99.65 +0.00 99.04 +£0.00 99.65 +0.00 96.97 £6.16  97.99 +2.81 97.72 £4.48 | 96.35 £6.62  96.79 £6.62  97.29 +4.52
BSV S1I8£1.22 37.62+0.82 54.4740.98 43.09+2.88 29.30+£1.99 45.2042.63 32.65+2.75 19.58+£1.80  34.54+232
Concat 56.96+4.02 14.25+1.45 58.044+2.48 44.75+1.26 29.9842.59 45.48+1.71 36.954+2.01 22.59+0.87  37.54%1.88
PVC 55.004£2.40 42.46+2.58 56.1842.13 16.78+3.36 38.1442.73 50.5743.61 12.024:1.06 31.75+1.82 13.7540.8
Scene IMVC-CBG 42.37£0.00 29.10+0.00 44.9040.00 27.49£0.00 14.77+0.00 29.24+0.00 20.50+0.00 6.19+0.00 21.24+0.00
PSIMVC-PG 33.82+0.00 21.20+0.00 35.90+0.00 26.90+0.00 13.19+40.00 28.72+0.00 20.19+0.00 5.19+0.00 20.86+0.00
SCSL 48.81+0.00 36.90+0.00 49.264:0.00 16.78+0.00 1.8740.00 17.04£0.00 19.57+0.00 6.65+0.00 21.50£0.00
CAMEL 97.29 £0.00 93.54 £0.00 97.29 +0.00 95.99 £0.00  91.64 £0.00  95.99 £0.00 | 95.42 +£0.00 90.31 £0.13  95.42 £0.00
BSV 31.82+ 1.44 31.59 +£1.01 35.6441.22 26.00 £1.57  24.5340.71 29.05£0.93 22.27+£1.27  19.31£0.67 24.69 £0.91
Concat 31.69+ 0.58 29.67+0.42 34.96+0.35 27.26 0.9 25.29 £0.24 31.00 2058 | 21.33£0.69  19.75 +0.68  24.54 +0.63
PVC 30.59+ 0.61 25.83+0.44 33.26+0.68 25.714+0.80  21.014+1.09 28.69+0.82 24.99 31 25.35 1 27.69 35
Scenel$s PSIMVC-PG 24.82+0.16 21.76+0.20 27.62+0.12 17.30£0.11 11.60+0.19 18.42+0.12 11.54+0.00 3.60£0.00 12.01£0.00
IMVC-CBG 25.38+0.17 21.82+0.34 27.93+0.12 17.48+0.12 11.5740.16 18.86+0.19 11.9240.00 4.05+0.00 12.16+0.00
SCSL 27.11+£ 0.00 26.77+0.00 31.48+0.00 21.14£0.00 20.2240.00 23.79£0.00 12.58+0.00 4.25+0.00 13.02£0.00
CAMEL 7223+ 2.02 69.10+0.99 75.21+1.81 61.17+0.97 54.00+1.63 62.51+1.85 57.04+£3.30  47.33+1.13  57.94+1.67
BSV 73.24 £ 5.00 64.39 £2.27 75.08 2398 | 59.45+228 4920+ 170 60.02£1.68 | 46.02+£2.94 3836+ 1.63 47.15£2.59
Concat 96.14 £5.84  94.87 £3.87  96.17 +£5.78 | 84.09+10.92 81.63 +8.30 8423 +10.77 | 73.31 £5.72 7543 £4.00 77.83 +5.80
PVC 93.00 £ 4.09 87.36 +2.24 93.19 +£3.67 91.38 42.27  83.35+1.41 91.8342.27 | 84.55+5.53 7559 +4.10 84.72+5.36
CIFARI0 PSIMVC-PG 98.;52 £0.00  96.66 = 0.00 98132i0.00 95{)1 £0.00  94.20+0.00 95.?1 £0.00 | 92.06 £0.00 93.10 £0.00  92.06£0.00
IMVC-CBG )8.59 L 0.00  96.61 £0.00 9859 £ 0.00 | 96.74 £ 0.00  94.1740.00 96.74+0.00 94.96 £0.00  92.69 £ 0.00 94.96 +0.00
SCSL OM OM OM OM OM OM OM OM OM
CAMEL 99.99 + 0.00 99.95+0.00 99.99-+0.00 99.95 £ 0.00  99.82 +0.00  99.95+ 0.00 93.96+8.10  97.20+3.26  95.89+5.46
BSV 36.68 £23.15 2584 £23.53 37.03+£2342 | 3129 £1.05 2486 1 065 3582 0 084 [ 27.624+0.68 20.58+0.82 31.28 £0.78
Concat 3582+ 101 31.93+£0.62 42194047 | 3073+ 1.74 2473 +£1.39 3555+ 1.87 | 2742+ 1.04 20.52+£0.77 31.20 + 0.60
PVC 39.96 4299  3393+£423 4339+£3.38 | 31.86+£1.98 2321087 34654 1.16 | 3563 L 424 2568 L 412 382 3.84
Noisy MNIST PSIMVC-PG 39.994£0.00 3260 +0.00 41.284+0.00 | 28.39£0.00 20.00£0.00 30.57£0.00 | 2244 £0.00 15.18£0.00 25.92 £ 0.00
IMVC-CBG 5.67 £ 0.00 37.71 & 0.00 16.87 £ 0.00 33.87 £ 000  24.66+0.00 3448 +£0.00 | 23.75+£0.00 1552+£0.00 26.06+0.00
SCSL 21.11 £ 0.00 9.68 £ 0.00 22.504£0.00 | 1698 £0.00 5.86 & 0.00 18.14 £0.00 | 1496 £0.00 2.40+0.00 16.90 £ 0.00
CAMEL 9347 +7.96  95.64 £3.32 9536 +£5.37 | 90.67 +7.73 9427 £3.24 93.31+531 | 9341 £7.63 9518 +3.16 95.31+5.03

MSRCV1, Mfeat, Scene, and CIFAR10, most results achieved by CAMEL surpass 95%. Even
as the missing rate increases, CAMEL also maintains relatively stable performance.

(2) Compared with both traditional methods (BSV, Concat, and PVC) and recently proposed matrix-
based approaches (IMVC-CBG, PSIMVC-PG, and SCSL), CAMEL consistently delivers more
competitive results. This superiority stems from the effective integration of connectivity and tensor
constraints, which enables a comprehensive modeling of global graph structures, precise learning of
latent embeddings, and accurate characterization of high-order correlations across multiple views.
In addition, by eliminating the need for post-processing, our approach avoids error accumulation,
thereby ensuring robust and high-quality clustering outcomes.

Runtime comparison:Table [3| presents a comparison of clustering performance and computational
time with and without the use of a constant degree matrix. Specifically, CAMEL-v1 employs a
learnable degree matrix, whereas CAMEL adopts a constant degree matrix, with all other compo-
nents kept identical. A comparative analysis between CAMEL and CAMEL-v1 yields the following
two observations:

(1) In several experiments, CAMEL achieves higher values in ACC, NMI, and PUR compared with
CAMEL-vI. Even in cases where its performance is slightly lower, the gap remains negligible. This
phenomenon can be attributed to the inherent noise in graph structures, which introduces noise into
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Table 3: Performance and runtime comparison between CAMEL-v1 and CAMEL.

03

Missing rate

Data Methods ACC PUR Tuntime ACC NMT PUR Tuntime ACC PUR Tuntime
Yale3 CAMEL-vI 66.6719.67 68.3619.16 3 71271339 74711350  73.70+3.60 0.33 66.79+3.65 0.89
CAMEL 74.79 £4.90 75.64 £3.41 72.61 £5.02 7621 +4.05 7321503 059 63.03£2.54 058
MSRCV1 CAMEL-vI 96.86+£0.26 96.86+0.26 95.52+0.64 91.94+0.91 95.5 0.64 2.78 9: 2.17 8
CAMEL 97.81 £0.43 97.81 £0.43 97.14 5095 94.05+1.39 97.14:0.95  0.04 9 96.03 £0.59  97.90 £0.26
Stll-DB CAMEL-v1 54 0.53 41 0.96 59.79+0.53 62.7410.50 45.691+0.74 62.74+0.50 8.8 1.18+3.84 71.55+2.96 4.78+3.02
CAMEL 188 4534 =141 6188 =160 67455030 5347039 6745030 013 | 7478046  66.61 ~0.40  74.78 =046
EYaleB10 CAMEL-vI 0.65 47.51+0.30 51.31+0.65 48.38+3.33 46.13+3.58 48.66+3.21 13.27 3: 3 49.16+2.29
CAMEL 178 5109 £0.98 5244 £1.58 48.59 £4.73  47.11 4473 48.94 1449 138 55.78 £5.35
COIL20MY CAMEL~I 65.1552.74  T7AIE108  60.00E1.60 70311408  SI02L169 73.631347 12080 72535219
CAMEL 6838 £2.27  79.17 :0.98 7122 +1.84 6928 £1.77 77674098 70814152 5.06 2
Mieat CAMEL~I 99.8020.00  99.45:0.00  99.80-0.00 03775805 96715330 95715540 28437
CAMEL 99.65£0.00  99.04 £0.00 9965 £0.00 96.97 £6.16 _ 97.99 £2.81 97.72:4.48 0.8 96.79 +£6.62
Scene CAMEL~I 97462000 93.84:0.00  97.46:0.00 95111048 9081£062  95.11L048 99217 | 95.19:0.00  89.99:0.1T  95.19:0.00
CAMEL 97.29 £0.00 9354 +0.00  97.29 +0.00 95.99 £0.00 91.64 £0.00 9599 £0.00  11.29 | 95.420.00 90.31=0.13 9542 -0.00
Seencls CAMEL~I 57181 71505078  76.30£1.26 66265231 63501186 70961196 410180 | 63.1451.89 55795131  65.115123 300300
> CAMEL 72231202 69.10:099  7521+181 61174097 54004163 6251+41.85 1457 | 57.04+3.30  47.33+1.13  57.94+167 1871
CIFARIO CAMEL I oM oM oM OM OM OM oM oM oM oM OM_
CAMEL 99.99 £ 0.00  99.95:0.00  99.99:0.00 9995+ 0.00  99.82+0.00 9995+ 0.00 28103 | 9396810  97.20+3.26 9589546  244.45

A,

(a) Yale3 (b) Scene (c) CIFARI10

Figure 2: Analysis of Hyperparameter Sensitivity in the CAMEL Model
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Figure 3: Effect of anchor quantity on the CAMEL model.

the computed degree matrix. Approximating the degree matrix with a suitable constant allows the
model to substantially reduce computational complexity without sacrificing clustering accuracy.

(2) On small-scale datasets, the runtime difference between the two strategies is negligible. How-
ever, on large-scale datasets, CAMEL runs significantly faster than CAMEL-v1, confirming its lower
computational complexity and validating the effectiveness of the constant degree matrix.

5.3 PARAMETERS ANALYSIS

Hyperparameters analysis:We search for the optimal hyperparameters within the ranges A1 €
[107%,107%] and A € [107%,1072]. As summarized in Figure [2] the model exhibits slight fluc-
tuations with respect to A1; the best value of A5 is 10~3, which clearly outperforms the cases of
X2 = 1072 and \y = 10~ 4.

Impact of anchor quantity: We vary the number of anchors within the range [c, 5¢], where ¢
denotes the number of classes. As illustrated in Figure [3] the clustering performance exhibits fluc-
tuations as the anchor count changes. Increasing the number of anchors does not necessarily lead
to better results, since additional anchors may introduce more noise while also incurring higher
computational cost. Therefore, it is more prudent to select fewer anchors as long as satisfactory per-
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formance can be maintained. In practice, setting the anchor number to 2c or 3c provides a desirable
trade-off between performance and efficiency.

Impact of the degree parameter 5: The parameter [ is associated with the degree matrix and
controls the scaling of node degrees. We search 3 within the range [10, 10%]. As shown in Figure
performance also fluctuates with varying 3 values, which can be attributed to instability caused by
approximating the degree matrix with a constant. Nevertheless, experimental results suggest that
B =102 and B = 10* are generally reliable choices.
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Figure 4: Effect of parameter 3 on the CAMEL model.

Impact of the parameter 6: The parameter § belongs to the /s-norm rank function used in the
tensor regularization term. We conduct experiments with § ranging from 1073 to 1. As presented in
Figure 5] clustering accuracy undergoes significant fluctuations as & varies, highlighting the crucial
role of tensor regularization in filtering noise. Since the performance is consistently poor when
§ = 103, we recommend searching for the optimal value within the range [10~2, 1].
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Figure 5: Effect of parameter 6 on the CAMEL model.

5.4 CONVERGENCE
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Figure 6: Training convergence trends of the CAMEL model.

To evaluate convergence, we employ two indicators: the reconstruction error (RE), formulated as
min [|X? — AYZY — E?||«, and the match error (ME), defined as ||H — G||o.. As depicted in
v
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Figure[6] both RE and ME decrease rapidly and approach zero within the first 25 iterations, thereby
demonstrating strong convergence behavior.

5.5 ABLATION STUDY

To investigate the synergistic effect of the connectivity constraint and the tensor constraint, we con-

m
ducted ablation studies. Specifically, CAMEL-C denotes Y. Tr[(H") L*H"], while CAMEL-T

v=1
represents || H ||, Tabledemonstrates that using only CAMEL-C or CAMEL-T yields worse per-
formance than the full model, and the significant performance improvement achieved by combining
both components confirms their strong complementarity. Specifically, the connectivity constraint
(CAMEL-C) serves as a connected component constraint that explicitly enforces the formation of
well-connected clusters in the latent space, effectively preventing the fragmentation of clusters and
ensuring that data points from the same category form connected subgraphs. Meanwhile, the ten-
sor constraint (CAMEL-T) operates across multiple views by leveraging the high-order correlations
among them, effectively aligning the complementary information from different views into a co-
herent tensor representation. This dual mechanism allows CAMEL-C to guarantee the structural
connectivity of clusters within each view’s embedding space, while CAMEL-T captures the global
consensus and shared patterns across views, creating a synergistic effect where intra-view connec-
tivity and cross-view consistency mutually enhance each other. Together, they provide a more robust
and comprehensive representation learning framework that neither component could achieve alone.

Table 4: Evaluation of the CAMEL model ablation on Yale3, MSRCV1 and EYaleB10 datasets.

Components Datasets Yale3 MSRCV1 EYaleB10
CAMEL-C _ CAMELT | ACC___NMI ___PUR | ACC___NMI __PUR | ACC___NMI __PUR
v 2812 2891 3079 | 41.81 2980 4286 | 2547 1630  26.88
4836 5249 5067 | 5743 4676 6029 | 2656 17.33 2716
v v 6182 6517 6303 | 97.90 9603 9790 | 5572 5121 5578

6 CONCLUSION

This paper proposes a unified framework that integrates connectivity constraints with latent embed-
ding tensor constraints. In this framework, view-specific connectivity constraints generate multiple
latent embedding matrices, which are jointly optimized in tensor form to capture high-order cor-
relations across views. Cluster labels are directly obtained by applying k-means on the learned
embeddings, thereby avoiding additional post-processing. To reduce the computational complex-
ity from O(n?) to O(1), we introduce a constant-degree matrix into the Laplacian construction
of the connectivity constraint. Extensive experiments demonstrate the effectiveness and efficiency
of CAMEL, while relatively high standard deviations on certain datasets reveal a limitation of the
constant-degree approximation.
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A APPENDIX

The detailed optimization derivations, the proof of convergence, and the remaining experimental
results are provided in this appendix.

A.1 LLM USAGE

We employ LLMs solely to refine the language and wording for improved fluency and precision,
with no further application beyond this purpose.

A.2 DETAILED OPTIMIZATION PROCESS

The augmented Lagrangian function of the optimization problem is given as:

LHA L AR L AZ L B L Y L {BY L W, G)

= 1Glles + M D IE (7 + A2 > Te[(HY) (I - %(Z”)TZ”)H”] + W, H-G)
v=1

v=1

®)
+ £H?'-t —G|F+ Z <<Y”,X” —A"Z" —E") + HHX” — AYZ" — E”||§;>
2 = 2
We can decompose Eq.[5]into several subproblems and solve them sequentially.

A?-Subproblem By fixing the other variables, the update of A can be obtained from the follow-
ing optimization:
AY = argmaz Tr((AY)TMY) (6)
(AY)T Av=I
where MV = (Y? + uX? — yEV)(Z")T. The optimal solution of A? is Up+ V4., where Uav and
'V av are the left and right singular matrix of M".

H"-Subproblem Treating the other variables as constants, the subproblem with respect to H" is
formulated as:

i ATr((HY)TLVHY) + Tr(W") T (HY — GY)) + S[HY — G2 7
i A Tr((H)TLYHY) + Tr((W)T( N+ 3l NG
This subproblem can be equivalently reformulated as:
in ~ Tr((H")" (A\LY)H") + Tr((H") " (W — (G 8
i TR((HY)T QL) HS) + Tr((H) T(W* — (@) ®)

To make the problem more tractable, we further relax it into the following form:

Tr((H") 'L'HY) + Tr((HY) T C 9

i, T(H) TEVHY) £ T(H) ©) ©)

where L' = ol — ALY, C = (GY — W". The constant parameter « is introduced to ensure
that LV is positive definite, and it is fixed at 0.001 throughout all experiments. It is clear that this
becomes a quadratic optimization problem on the Stiefel manifold [Nie et al.| (2017), which can be

efficiently solved by Algorithm Let D = S1. In this case, we have D2 = ﬁl. Consequently,

L can be expressed as LV = ol — A\L¥ = (ar— Ap) I+ %(Z”)TZ”. In Algorithm the adjacency
matrix (Z¥)TZ¥ € R™*" is multiplied by H" € R™*¢. To improve efficiency, the computation is
reordered as (Z") T (ZVH"), which reduces the complexity to O(tcn) and avoids the O(n?) cost of
explicitly forming (Z%) T Z".

E"-Subproblem By fixing the other variables, the subproblem with respect to E” can be formu-
lated as:

min M||B|% + (Y, X"~ A"Z° — E') + 5||X" - A"Z° — E'|} (10)
Minimizing this function with respect to E yields the following optimal solution:
1
E?) — Y?) + XU _ A'UZU 11
oyl T )] (1)
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Algorithm 1 Optimization Algorithm of H"-Subproblem
Input: XV H",C
Output: HY

1: ensure (HY) "THY = ;LY = o — A\, L is a positive definite matrix.

2: while not converge do

3: Update F = 2LYH" + C = 2(a — \o)H" 4 22(2") " (Z'H") + C
4: Compute the SVD of matrix FUXV ' = F

5:  Update H = UV

6: end while

7. Output H"

Z"-Subproblem When focusing on Z" while treating the remaining variables as fixed, the opti-
mization problem can be expressed as:

min ( (Y', X"~ A"Z" — B') + £|IX" ~ A"Z" - E’“I%) (12)

The above formulation imposes a nonnegativity constraint, making Z" essentially a nonnegative
representation matrix to be optimized. Accordingly, the update rule for Z" is:

7’ = max(0, % [(AY)TYY + p(AY) T (XY — EY)]) (13)

G-Subproblem Keeping other variables fixed, G can be derived by solving
1 1 w
G =argmin =[Gl + 511G — (H+—)IIE (14)
g ¢ 2 ¢

By applying the following theorem, the optimal solution of G can be determined:

Theorem 2 Suppose D € R™ *™2X"3 js q tensor, and let its tensor singular value decomposition
(1-SVD) be D = U % 8 % V. Then the minimization problem under the {s5-norm can be formulated
as follows:

. 1
min (|G lle; + 5119 — DlI% (15)
The closed-form optimal solution to Eq. can be expressed as:
G =Ux*ifft(Qsc(Sy). [,3) * VT (16)

Here, iﬁft(Q I TINIB 3) represents a tensor with diagonal frontal slices. For each slice, the diag-
onal entry Q5 (S ]fc (i,1)) is determined by solving the following subproblem:
k(. - . 1 k. - 2
Qyc(S7(i,9)) :arg>nr011n§ (I—Sf(z,z)) +(f(x) (17)
T2
where the parameter satisfies ¢ > 0, and f(x) represents the rank function of the {s-norm, namely
f(z) = (16":;)96‘

Since Eq. involves a mixture of convex and concave components, it can be solved using the
framework of difference-of-convex programming [Tao & An| (1997), resulting in the closed-form

expression below:
iter
¢ /4

where r = Qy,(S% (i, 1)) and iter refers to the iteration step.
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Lagrange multipliers and penalty parameters The penalty parameters p and ¢ together with the
Lagrange multipliers YW and YV are updated according to:

YU = Y? 4 u(X” — AVZY — E?)
W=W+(H-G)

. (19)
= Nupty o = MIn(i, fhmaz)
C = W(C»C = mln(C7 Cmax)
Impute X"
XY is = (AYZY). mis (20)

This step performs imputation for the missing entries in the original data, where the subscript mzes
denotes the indices of the missing samples. A complete description of the optimization process for
CAMEL is summarized in Algorithm 2] where the subscript ava refers to the indices of the available
data points.

Algorithm 2 Optimization Algorithm of CAMEL

Input: Incomplete multi-view dataset{ X"} ,, cluster count ¢, balancing parameters A;, A2 and
anchor number ¢.
Output: Clustering labels
L: Imitialize: Vv, (Z"). mis = 1,(Z"). qva = O,0HY = 0,A” = 0,E" = 0,Y" = 0,G =
va =0,pu= 1074; C = 10747”# ="M = 1.2, MHmax = Cmax = 10127 e=107°
while not converge do
Update {A”}™ ,; by Eq. (6)
Update {E”}™ , by Eq. (11)
Update {Z"}™ , by Eq. (13)
Update {H"}", by Algorithm[l|
Update {Y"}7L;, W, p, ¢ by Eq.
Update {G"}™ , by Eq. (16)
9: Update {X"}™_, by Eq.
10 Check the convergence conditions: || X? — AVZ?Y — EV||, < eand |[H” — G"|| < €
11: end while
12: The final clustering assignments are generated via k-means applied to the concatenated latent
embedding matrix [H', H?, ... [ H™].

A A

A.3 CONVERGENCE ANALYSIS

This subsection provides a detailed proof showing that Theorem [I] in Section 4.2] establishes the
theoretical guarantee of CAMEL’s convergence. We first introduce a necessary lemma:

Lemma 1 Lewis & Sendov| (2005) The expression F(X) = f(v(X)) defines a mapping F
R™*" — R, where v(X) = (01(X),...,0.(X)) represents the collection of singular values
of X € R™*™, with r = min(m,n). The singular value decomposition of X is written as
X = Udiag(v(X))V'. Moreover, assume that the function f : R" — R is both absolutely
symmetric and differentiable at the point v(X). With these conditions in place, the subdifferential
of F(X) at X can be expressed as

OF(X)
aX

where 0f (v(X)) = (2G00  0l5 00

= Udiag(df(v(X)))V'" 1)

Proof that the sequence {7} is bounded: Consider the (p + 1)-th iteration. Solving for
E; ,+1 columnwise yields:

v 1 v v, v
Cartl = 9N (Mp(xq — A2 1) F yq,p)- (22)
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Moreover, the multiplier Y" update is given by:

Yo=Y, + (X —AZ, —Ep ) (23)
The g-th column yy .4 of the multiplier Y is updated as:
Yopt1 = Yap t1p(xg — A2 0y — ey 1) 24)
Substituting Eq[22]into the Eq[24] gives:
2)\1 2/\1 Hp
v — v A?) v 25
Yap+1 2\ + upyq,p + 2\ + Np( q7p+l) 25

Taking the ¢3-norm of both sides yields the recursive inequality:

21 2 11 .
lygpiille < D+ H apll2 m lIxg — A%z 41l (26)
—_———
Lp Tp

where ¢, v, > 0 are bounded constants since A; is constant and ji,, is bounded. Finally, given that
the initial 'mul‘tlpher yqu, the' penalty parameters {1, }, and the data term Xq — A”‘z};’p are bounded,
the recursive inequality implies sup,, [y ,[l2 < oo, and thus the sequence {Y,} is bounded.

At iteration (p + 1), the first-order optimality condition regarding G, 1 is characterized by:

0= a”gp—&-lecs + Cp(gp—i—l - ,Hp—s-l) -W, 27
Meanwhile, the variable W is updated as:
Wp+1 = Wp + Cp(%m—l - gp+l) (28)
By combining these two relations, we arrive at:
NGp+1lles = Wy (29)
The tensor G can be factorized via the t-SVD as G =U xS « V| . Applying Lemma we obtain:
2
Haugm\bé HU*Ifft 0f (87).0,3) = VT
F

(30)

n3 min(ni,n2)

- 3||afsf 1% < SZ Z 01 (8% (i,4))]?

As a consequence, the Frobenius measure of a||g,,+1 || ¢, 1s controlled by a finite constant, which
ensures its boundedness. Combining this fact with Eq. (29), it follows that the sequence {W, }52

is uniformly bounded. In addition, making use of the upd ate scheme outlined in Algorithm [2] one
can establish the inequality below:

[’(AZ—&-I’ E;UH_l, Z;-’rl’ H;;_;'_l’ gp+1; Yz7 Wp) :up? Cp)
< ﬁ(A;,E;,Z;,H” Gp: Y, W, 11, Cp)
= L(AY,EY, Z), HY,G,, Y5 _ 1,Wp_1,up_1,<p—1)

+ Cp— 31

+<p2<2§}7 IHWID_WP*IHF ey
N;D+Np 1 v 2
2“17— Uzl| YP—1||F

Iterating the inequality over p = 1,2, ..., n yields:
E(A;ﬂrlv E;}>+17 Zerlv H;+17 gp+1v Yz» Wpa Hps Cp)
< ‘C(Ail)v Ell)a Z11}7 Hil)’ glv Y(lJ)a WO) Ko, CO)
Cp+ Cp—1 2
Z o Wy =Wyl (32)

n

D (“”*“” SR zlui)
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It follows directly that:

n + B n + B
S <o, YoMl oo @
p=1 p—1 p=1 H“p 1

Since the initial value of the objective function L(AY,EYV,ZY,HY,G1,Y{, Wo, to,Co) is

finite, and the sequences {Y,}p°;, {W,};2, together with the sums > CP;CrﬁCIl

and 22:1 % are uniformly bounded, it follows that the augmented Lagrangian

E(A;H, E1,Zp 0 Hy) 1, G011, Y, Wy i, (p) is bounded throughout the entire iterative pro-
cess.

We next make use of the following identity:

ﬁ(A;+1» EZ+1» Z;+17 H;+17 gp+1,YZ, va Hp, Cp)

G v G v 1 v v v
= 1Gpsalles + M Y By ll5 + A2 Y T[S, ) T A= Z(Z040) "2 )HY ]+ Wy, Myt — Gpia)
B
v=1 v=1
C - v v v v v M v v v v
+ §p|\%p+1 —GpalB+ > | (Y5 X"~ AL\ 20, —E) )+ ?pHX — Ay Zy o —Ep|E
v=1

(34)

All quantities on the right-hand side of Eq. are finite. Among them, the term ||G,1]¢, is of
particular importance: its boundedness ensures that the corresponding singular values S ]}(z, i) do
not diverge. This observation leads directly to the relation below:

n3 min(ni,n2)

1 1 .
IGoiillp = NG spnll =230 22 1S5G.0P (39)
k=1 i=1

This guarantees that the sequence {G,}72; remains bounded. In addition, the update rules im-
mediately show that {A}00 1, {H)}0%, {Z)}>2,, and {E,}>° | are bounded sequences as well.
Consequently, the combined sequence {jp =ALE)Z H) Y, Gy, V\ip}:i1 is confined to a
bounded set.

On the convergence of accumulation points towards stationary KKT solutions: According to
the Weierstrass—Bolzano theorem Bartle & Sherbert| (2000), any bounded sequence admits a con-
vergent subsequence. Hence, {Jp}[‘j‘;l has at least one accumulation point, denoted by 7.. Conse-
quently, we obtain:

hm (A27 EZa Z;a H;a Y;))a gp7 Wp) = (A:7 Eza Z:7 H:7 YZ¢<)7 g*7 W*) (36)

p—00
From Eq. (I9), the following relations can be derived:

Y, . —-Y) Wy =W

+1 +1

_ p . P,Zp+1_gp+1: p C p
P 2

Since the sequences {Y,}7°; and {W),,}>°; remain bounded, the accumulation point satisfies the

following conditions:

v v v v
X" = Ap+1Zp+1 -E

pr1 = (37

X" —AVZ, -E!=0,H.—G.=0 (38)
Moreover, the satisfaction of the first-order optimality conditions by E; | and G, 1 leads to:
Y! = MO|EY%, W. =0|G.| (39)

Thus, we deduce that the accumulation point 7, complies with both stationarity and primal feasi-
bility. Accordingly, any subsequential limit of {7, }5°; constitutes a stationary point obeying the
KKT conditions of the proposed optimization model.
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A.4 SUPPLEMENTARY EXPERIMENTS

This subsection supplements the experimental results that are not included in the main text. Ta-
bles [5] and [] present the remaining ablation studies, which further validate the synergistic effect of
the connectivity constraint and the tensor constraint in CAMEL. Figures [7} and [T0] illustrate
the influence of different parameters on other datasets, namely hyperparameters, the number of an-
chors ¢, the degree matrix parameter /3, and the rank function parameter §. Figure[l1]illustrates the
convergence behavior on the remaining datasets, again demonstrating the favorable convergence of
CAMEL.

1 107 1o 10° 1 107 104 10°

(a) Still-DB (b) Scenel5 (c) MSRCV1

L 102 L 102 102
1 103 ot 107 1 403 o 107 1 108 o 107
A A A

(d) Mfeat (e) EYaleB10 () COIL20MV

Figure 7: Analysis of Hyperparameter Sensitivity in the CAMEL Model on the rest datasets.
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Figure 8: Effect of anchor quantity on the CAMEL model on the rest datasets.
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Figure 9: Effect of parameter 8 on the CAMEL model on the rest datasets.
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Figure 10: Effect of parameter § on the CAMEL model on the rest datasets.

Table 5: Evaluation of the CAMEL model ablation on Still-DB, COIL20MYV and Mfeat datasets.

Components Datasets Still-DB COIL20MV Mfeat
CAMEL-C CAMELT ACC__NMI __PUR | ACC__NMI __PUR | ACC__NMI _ PUR
v 27.15 820 2955 | 4332 5035 4583 | 5296 4690 5436
v 2852  8.69 3203 | 4449 5480 4685 | 4450 4075  46.05
v v 7478  66.61 7478 | 7032 7731 7241 | 9635  96.79  97.29

Table 6: Evaluation of the CAMEL model ablation on Scene, Scenel5 and CIFAR10 datasets.

Components Datasets Scene Scenel5 CIFARI10
CAMEL-C CAMEL-T ACC NMI PUR ACC NMI PUR ACC NMI PUR
31.67 19.34 3292 | 20.31 13.64  22.02 | 82.54 7557 83.47
v 42.05 31.35 43.97 21.82 21.41 25.65 85.65 92.74 89.54
v v 9542 9031 9542 | 57.04 4733 5794 | 9396 97.20 95.89
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Figure 11: Training convergence trends of the CAMEL model on the rest datasets.

A.5 THE IMPACT OF DIFFERENT NORMS ON CAMEL

We adopt the ¢5-norm|Kang et al.|(2015)) to address the theoretical limitations of the traditional tensor
nuclear norm (TNN) [Xie et al.| (2018). As a convex relaxation, TNN imposes uniform penalties on
all singular values, which tends to overly suppress principal information components and proves
inadequate for noise removal. In contrast, the non-convex £s-norm employed in this work offers
adaptive penalization: it imposes stronger penalties on smaller singular values and weaker penalties
on larger ones, thereby filtering more noise during low-rank approximation while better preserving
essential information. We also acknowledge that numerous studies have proposed various other
types of non-convex surrogates (e.g., Geman |Geman & Yang| (1995), Laplace (Chen et al.| (2021)),
Schatten ¢, Xia et al.| (2022b), etc.). Fundamentally, these non-convex surrogates follow a similar
underlying principle—assigning differentiated penalties to singular values to achieve a more refined
characterization of the low-rank structure. Our choice of the £5-norm is motivated by its empirically
verified performance: across multiple datasets, it consistently delivers competitive results.

To further assess the effectiveness of the /s-norm, we replaced it in our model with TNN and several
representative non-convex surrogates (including Geman, Laplace, and Schatten £,,), and carefully
tuned the parameters for each alternative. The comparative results are summarized in the table
below(the missing rate is 0.5).

Datasets Yale3 MSRCV1 Still-DB EYaleB10 | COIL20MV Mfeat Scene Scenel5 CIFAR10

TNN 20.61£1.29 | 21.62+0.93 | 21.80+1.42 | 15.66+0.40 | 10.36+0.48 | 12.83+0.15 | 14.40+0.19 | 9.82+0.26 [ 33.23+1.90
Geman 58.30+2.82 | 96.29+1.09 | 72.55+0.96 | 53.59+1.37 | 67.25£2.25 | 99.20+0.00 | 94.50+0.00 | 55.01+1.16 | 94.92+7.07
Lapace 33.21+3.87 | 41.33+3.06 | 29.42+1.17 | 26.56+1.28 | 46.28+3.99 | 60.51+4.29 | 33.90+0.83 | 18.23+1.16 | 90.13+2.19
Schatten £,, | 75.76£6.64 | 93.99+1.65 | 87.11+4.95 | 57.09£5.96 | 81.78+12.71 | 98.61£0.13 | 70.43+0.00 | 76.23+4.10 | 33.44£1.19
ls 61.82+£2.27 | 97.90+0.26 | 74.78+0.46 | 55.7245.42 | 70.32+1.33 | 96.35+6.62 | 95.42+0.00 | 57.04+3.30 | 93.96+8.10

Table 7: Experimental results on different norms.

The experimental results clearly show that, compared with the traditional TNN, employing any non-
convex surrogate within the CAMEL framework leads to improved clustering performance. This
demonstrates that non-convex penalties, by adaptively treating singular values, effectively preserve
informative components while suppressing noise. Moreover, although the performance of differ-
ent non-convex functions varies across datasets, the proposed ¢s-norm consistently exhibits strong
competitiveness: it achieves the best performance on MSRCV1 and Scene, and ranks second on
datasets such as Yale3, Still-DB, EYaleB10, COIL20MYV, Scenel5, and CIFAR10. These findings
confirm that adopting the ¢s-norm for tensor low-rank modeling is both reasonable and effective.
We would also like to clarify that the primary contribution of our work does not lie in designing
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a particular non-convex surrogate. Rather, the main novelty is our constant-degree—driven connec-
tivity constraint integrated with a low-rank constraint on the latent embedding tensor. The tensor
rank surrogate itself is modular within our framework, allowing different functions to be seamlessly
incorporated without altering the overall architecture. The experimental evidence demonstrates the
extensibility and flexibility of our method: it accommodates various tensor low-rank surrogates
while maintaining linear computational complexity, consistently delivering robust and competitive
performance.

A.6 THE ASPECTS IN WHICH H PROVIDES ADVANTAGES OVER Z

First, in terms of representation quality, each row of H € R"*¢ corresponds to a sample’s em-
bedding in a c-dimensional latent space, where ¢ denotes the number of clusters. Each dimension
directly reflects the association strength of the sample to a specific cluster, providing clear seman-
tic interpretability, and can thus be regarded as an effective cluster indicator matrix. In contrast,
Z € RY " represents the coordinates of samples in a subspace spanned by ¢ anchor points. Since £ is
typically much larger than ¢, Z lacks direct characterization of cluster structure and exhibits seman-
tic ambiguity. Second, in terms of clustering performance, since H inherently contains cluster-level
structural information, applying k-means directly to it yields high-quality clustering results. This
eliminates the need for post-processing steps(e.g., SVD) required by methods based on Z to extract
implicit structures, thereby avoiding associated errors and computational overhead, and enhancing
the method’s efficiency and stability.

To further validate the advantage of H over Z in the CAMEL framework, we conducted additional
clustering experiments using Z (referred to as CAMEL-Z) and compared them with the original
CAMEL model. As shown in Table[§]below, CAMEL-Z consistently underperforms CAMEL across
all datasets, further demonstrating the superiority of using H.

Table 8: Comparison of clustering results of CAMEL-Z and CAMEL across varying levels of miss-
ing data.

Data Missing rate 0.1 0.3 0.5
Methods ACC NMI PUR ACC NMI PUR ACC NMI PUR

Yale3 CAMEL-Z 52.73+£1.77 53.96+129 53.21+0.79 | 48.00+1.84 51.55+2.59 48.97+1.17 | 34.67£5.85 37.72+£5.36 36.85£5.11
- CAMEL 74.79+£4.90  79.25+3.19  75.64+3.41 | 72.614£5.02  76.21+4.15  73.2145.13 | 61.82+£2.27 65.17+£2.53  63.03+£2.54
MSRCV1 CAMEL-Z 7781419 69.52+2.23 78.67+3.15 | 60.67£5.11 51.41£2.24 63.431+3.82 | 40.76+x4.28 31.18+£2.83 44.29+3.64
CAMEL 97.81+£0.43  95.61+0.58 97.81+0.43 | 97.144£0.95 94.05£1.39 97.1440.95 | 97.90+£0.26  96.03£0.59  97.90+0.26
Still-DB CAMEL-Z 30.62+£0.96 11.06+0.92 31.99+1.22 | 32.33+1.12 10.80+0.30 34.99+1.03 | 30.02+0.55 10.41+£0.76 30.75+0.72
CAMEL 59.36+£1.88 45344141 61.88+1.60 | 67.45+0.30 53.4740.39 67.45+0.30 | 74.78+0.46  66.61+£0.40 74.78+0.46
EYaleB10 CAMEL-Z 22751149 13.89+1.86 24.00+£1.04 | 21.44£1.61 1238+1.78 22.44+1.60 | 18.03+1.75 6.63£2.04 19.28+1.63
CAMEL 51.97£1.78  51.0940.98 52.44+1.58 | 48.59+4.73 47.114+4.73 48.94+4.49 | 55.72+5.42 51.21£5.48 55.78+5.35
COIL20MY CAMEL-Z 6331£3.66 71.774221 65.14£3.39 | 48.57+2.44 57.76+2.60 51.26+2.20 | 39.83+0.97 49.57+£0.95 42.19+0.53
CAMEL 68.384£2.27  79.1740.98 71.22+1.84 | 69.2841.77 77.67+0.98 70.81+1.52 | 70.32+1.33  77.31£0.70 72.41+0.95
Mfeat CAMEL-Z 73.20+1.78 65.65£1.03 73.42+1.58 | 53.88+1.69 48.78+1.29 55.58+1.54 | 37.55£1.51 33.97£1.94 39.33£1.84
CAMEL 99.65+0.00  99.0440.00 99.65+0.00 | 96.97+6.16 97.99+2.81 97.724+4.48 | 96.35+£6.62 96.79+6.62 97.29+4.52
Scene CAMEL-Z 49.35+£0.31 36.76£0.22 51.09£0.58 | 43.33+0.00 29.35+0.17 44.44+0.12 | 31.53£0.57 19.36£0.62 32.87%0.59
CAMEL 97.2940.00  93.5440.00  97.294+0.00 | 95.9940.00 91.64+0.00 95.9940.00 | 95.42+0.00 90.31+0.13  95.42+0.00
Scenel5 CAMEL-Z 28.15+£0.61 26381025 31.34+0.61 | 23.30+0.80 22.74+0.88 26.57+0.84 | 21.02+0.36 20.38+£0.48 24.58+0.58
; CAMEL 72.23+£2.02  69.1040.99  75.21+1.81 | 61.174£0.97 54.0041.63 62.51+1.85 | 57.04+3.30 47.33£1.13  57.94+1.67
CIFARL0 CAMEL-Z 98.59+0.00 96.23+0.00 98.59+0.00 | 80.10+£6.31 76.46+2.73 80.10+6.31 | 65.19+3.97 64.99+£2.63 68.60+2.85
CAMEL 99.9940.00  99.954+0.00  99.99+0.00 | 99.95+0.00 99.8240.00 99.95+0.00 | 93.96+8.10 97.20+£3.26  95.89+5.46
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