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ABSTRACT

Large transformer models pretrained on offline reinforcement learning datasets
have demonstrated remarkable in-context reinforcement learning (ICRL) capabil-
ities, where they can make good decisions when prompted with interaction tra-
jectories from unseen environments. However, when and how transformers can
be trained to perform ICRL have not been theoretically well-understood. In par-
ticular, it is unclear which reinforcement-learning algorithms transformers can
perform in context, and how distribution mismatch in offline training data affects
the learned algorithms. This paper provides a theoretical framework that analyzes
supervised pretraining for ICRL. This includes two recently proposed training
methods — algorithm distillation and decision-pretrained transformers. First, as-
suming model realizability, we prove the supervised-pretrained transformer will
imitate the conditional expectation of the expert algorithm given the observed
trajectory. The generalization error will scale with model capacity and a distri-
bution divergence factor between the expert and offline algorithms. Second, we
show transformers with ReLU attention can efficiently approximate near-optimal
online reinforcement learning algorithms like LinUCB and Thompson sampling
for stochastic linear bandits, and UCB-VI for tabular Markov decision processes.
This provides the first quantitative analysis of the ICRL capabilities of transform-
ers pretrained from offline trajectories.

1 INTRODUCTION

The transformer architecture (Vaswani et al., 2017) for sequence modeling has become a key weapon
for modern artificial intelligence, achieving success in language (Devlin et al., 2018; Brown et al.,
2020; OpenAl, 2023) and vision (Dosovitskiy et al., 2020). Motivated by these advances, the re-
search community has actively explored how to best harness transformers for reinforcement learning
(RL) (Chen et al., 2021; Janner et al., 2021; Lee et al., 2022; Reed et al., 2022; Laskin et al., 2022;
Lee et al., 2023; Yang et al., 2023). While promising empirical results have been demonstrated, the
theoretical understanding of transformers for RL remains limited.

This paper provides theoretical insights into in-context reinforcement learning (ICRL)—an emerg-
ing approach that utilizes sequence-to-sequence models like transformers to perform reinforcement
learning in newly encountered environments. In ICRL, the model takes as input the current state
and past interaction history with the environment (the context), and outputs an action. The key hy-
pothesis in ICRL is that pretrained transformers can act as RL algorithms, progressively improving
their policy based on past observations. Approaches such as Algorithm Distillation (Laskin et al.,
2022) and Decision-Pretrained Transformers (Lee et al., 2023) have demonstrated early successes,
finding that supervised pretraining can produce good ICRL performance. However, many concrete
theoretical questions remain open about the ICRL capabilities of transformers, including but not
limited to (1) what RL algorithms can transformers implement in-context; (2) what performance
guarantees (e.g. regret bounds) can such transformers achieve when used iteratively as an online RL
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algorithm; and (3) when can supervised pretraining find such a good transformer. Specifically, this
paper investigates the following open question:

How can supervised pretraining on Transformers learn in-context reinforcement learning?

In this paper, we initiate a theoretical study of the ICRL capability of transformers under supervised
pretraining to address the open questions outlined above. We show that (1) Transformers can im-
plement prevalent RL algorithms, including LinUCB and Thompson sampling for stochastic linear
bandits, and UCB-VI for tabular Markov decision processes; (2) The algorithms learned by trans-
formers achieve near-optimal regret bounds in their respective settings; (3) Supervised pretraining
find such algorithms as long as the sample size scales with the covering number of transformer class
and distribution ratio between expert and offline algorithms.

Summary of contributions and paper outline

* We propose a general framework for supervised pretraining approaches to meta-reinforcement
learning (Section 2). This framework encompasses existing methods like Algorithm Distillation
(Laskin et al., 2022), where the expert and context algorithms are identical, as well as Decision-
Pretrained Transformers (Lee et al., 2023), where the expert generates optimal actions for the
MBDP. It also includes approximate DPT variants where the expert estimates optimal actions from
full interaction trajectories.

* We prove that the supervised-pretrained transformer will imitate the conditional expectation of
the expert algorithm given the observed trajectory (Section 3). The generalization error scales
with both model capacity and a distribution ratio measuring divergence between the expert algo-
rithm and the algorithm that generated offline trajectories.

* We demonstrate that transformers can effectively approximate several near-optimal reinforce-
ment learning algorithms by taking observed trajectories as context inputs (Section 4). Specif-
ically, we show transformers can approximate LinUCB (Section 4.1) and Thompson sampling
algorithms (Section 4.2) for stochastic linear bandit problems, and UCB-VI (Section 4.3) for
tabular Markov decision processes. Combined with the generalization error bound from su-
pervised pretraining and regret bounds of these RL algorithms, this provides regret bounds for
supervised-pretrained transformers.

 Preliminary experiments validate that transformers can perform ICRL in our setup (Section 5).

* Technically, we prove efficient approximation of LinUCB by showing transformers can imple-
ment accelerated gradient descent for solving ridge regression (Appendix E.4), enabling fewer
attention layers than the vanilla gradient descent approach in Bai et al. (2023). To enable efficient
Thompson sampling implementation, we prove transformers can compute matrix square roots
through the Pade decomposition (Appendix F.3). These approximation results are interesting in
their own right.

Related work Our work is intimately related to the lines of work on meta-reinforcement learning,
in-context learning, transformers for decision-making, and the approximation theory of transform-
ers. Due to limited space, we discuss these related works in Appendix A.

2 FRAMEWORK FOR IN-CONTEXT REINFORCEMENT LEARNING

Let M be the space of decision-making environments, where each environment M € M shares
the same number of rounds 7' and state-action-reward spaces {S;, A:, R¢}ierr). Each M =
{Ty " Rl eepr) has its own transition model T, : S; x Ay — A(S;41) (with So, Ao = {0}
so TP, (+) € A(S1) gives the initial state distribution) and reward functions Rf, : S; x A; — A(Ry).
We equip M with a distribution A € A(M), the environment prior. While this setting is general,

we later give concrete examples taking M as 7" rounds of bandits or K episodes of H-step MDPs
withT = KH.

Distributions of offline trajectories We denote a partial interaction trajectory, consisting of ob-
served state-action-reward tuples, by Dy = {(s1,a1,71),...,(st,a¢,7¢)} € Te = [ [, (Ss x Ag X
Rs) and write D = Dy for short. A standard algorithm Alg maps a partial trajectory D;_1 € T;—1
and state s; € S; to a distribution over the actions Alg(-|D;_1, s:) € A(A¢). Given an environment
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M and algorithm Alg, the distribution over a full trajectory Dy is fully specified:

PpE(Dr) = T1,_, Thy (selse—1, ar—1)Alg(ae| Dy—1, s )Ry (re|se, ar).

In supervised pretraining, we use a context algorithm Alg, (which we also refer to as the offline
algorithm) to collect the offline trajectories Dp. For each trajectory Dp, we also assume access
to expert actions @ = (a; € Ai)ier ~ Algg(-|Dr, M), sampled from an expert algorithm Algy :
Tr x M — [, e[T] A(A;). This expert could omnisciently observe the full trajectory D7 and

environment M to recommend actions. Let Dy = Dy U {@} be the augmented trajectory. Then we
have
PyE s (D) = Py (Dr) [T, Algh (@ |Dr, M).

We denote Pﬁ'go’AlgE as the joint distribution of (M, D7) where M ~ A and Dy ~ PQ'gO’AIgE, and
]P’ﬁIgo as the joint distribution of (M, D7) where M ~ A and Dy ~ ]P),f\/:go.

Three special cases of expert algorithms We consider three special cases of the expert algorithm
Alg ., corresponding to three supervised pretraining setups:

(a) Algorithm distillation (Laskin et al., 2022). The algorithm depends only on the partial trajectory
D,_; and current state s;: Algh(-|Dp, M) = Algl,(-|Dy_1, s;). For example, Alg, could be a
bandit algorithm like the Upper Confidence Bound (UCB).

(b) Decision pretrained transformer (DPT) (Lee et al., 2023).  The algorithm depends on the
environment M and the current state s,: Algh(-|Dr, M) = Algh(-|s;, M). For example, Alg
could output the optimal action a; in state s; for environment M.

(c) Approximate DPT. The algorithm depends on the full trajectory D but not the environment M:
Algh,(-|Dr, M) = Algh(-|D7). For example, Algy could estimate the optimal action a; from
the entire trajectory Dr.

For any expert algorithm Alg, we define its reduced algorithm where the ¢-th step is
N Al
Alg(-|Di—1,8¢) :== E 5 [Algl (| D, M)|Dy_1, 84].

The expectation on the right is over }P’ﬁlgo (Dr,M|D;_1,8:) = A(M) - }P’ﬂgo (DT)/PA,\\,:E;O (Di—1, $¢t)-
Note that the reduced expert algorithm Alg ;; generally depends on the context algorithm Alg,. How-
ever, for cases (a) and (b), Algy is independent of the context algorithm Alg,. Furthermore, in case

(a), we have Algy, = Algl,.

Transformer architecture We consider a sequence of NV input vectors {hi}fil C RP, compactly

written as an input matrix H = [hy, ..., hy] € RP*Y where each h; is a column of H (also a
token). Throughout this paper, we define o(t) := ReLU(t) = max{¢,0} as the standard relu
activation function.

Definition 1 (Masked attention layer). A masked attention layer with M heads is denoted as
Attng(-) with parameters 0 = {(Vm,Qm,Km)}mE[M] c RPXP. On any input sequence

H € RP*N we have H = Attng(H) = [hy, ..., hy] € RP*N where
Hi = [AttHG(H)]i =h; + ZM : j‘:l U(<Q7nhi7Kmhj>) : thﬁ € RP.

m=17

We remark that the use of ReLU attention layers is for technical reasons. In practice, both ReLU
attention and softmax attention layers should perform well. Indeed, several studies have shown that
ReLU transformers achieve comparable performance to softmax transformers across a variety of
tasks (Wortsman et al., 2023; Shen et al., 2023; Bai et al., 2023).

Definition 2 (MLP layer). An MLP layer with hidden dimension D’ is denoted as MLPg(-) with
parameters 0 = (WJ,WQ)E RP'*D 5 RP*D' " Opn any input sequence H € RP*N | we have
H = MLPy(H) = [hy,...,hy] € RP*N where

H,L' =h; + Wy - O'(Wlhi) S RP.
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We next define L-layer decoder-based transformers. Each layer consists of a masked attention layer
(see Definition 1) followed by an MLP layer (see Definition 2) and a clip operation.

Definition 3 (Decoder-based Transformer). An L-layer decoder-based transformer, denoted as
TF5(~), is a composition of L masked attention layers, each followed by an MLP layer and
a clip operation: TFg(H) = HWY ¢ RPXN where HY) is defined iteratively by taking
H© = clipg(H) € RP*N, and for ¢ € [L],

H® = clipg (MLPB(@ (Attnem (H“—l)))) € RPN, clipg(H) = [proju ), <r(hs)]i-
nlp =

mattn

Above, the parameter @ = (0,51;2,0&?)) consists of Olﬁim = {(V%), %)7K£’€))}mE[M] C

o) — (Wge), Wg)) € RP'™*D x RP*D' We define the parameter class of trans-

mlp
formers as ©p 1 m.pr.p = {0 = (9&;?,05&;”) 18] < B}, where the norm of a transformer

TFS is denoted as

RP*D gnd

M

14 4

01 = max { mavs {1QE oo K oo f + D IVE lop + W op + W5 op . (1)
m=1

We introduced clipped operations in transformers for technical reasons. For brevity, we will write
TFg = TFS when there is no ambiguity. We will set the clipping value R to be sufficiently large so
that the clip operator does not take effect in any of our approximation results.

Algorithm induced by Transformers We equip the transformer with an embedding mapping
h 2 Uper) Sy UUierr (A X Ry) — RP. This assigns any state s; € S; a D-dimensional embedding
vector h(s;) € RP, and any action-reward pair (a¢,7:) € A; x Ry a D-dimensional embedding
h(as,7¢) € RP. The embedding function h should encode the time step ¢ of the state, action, and re-
ward. With abuse of notation, we denote h(D;_1, stg = [h(s1),h(a1,71), .., h(as—1,7:—1),h(s¢)]-
We define a concatenation operator cat : RP** — RPX* that concatenates its inputs
cat(hy,...,hy) = [hy,..., hy] in most examples, but it could also insert special tokens at certain
positions (in MDPs we add an additional token at the end of each episode). For a partial trajec-
tory and current state (D;_1, s¢), we input H = cat(h(s1),h(a1,71),...,h(at—1,7:-1),h(st)) €
RP** into the transformer. This produces output H = TF(H) = [hy,hy...,h_5 h_;] with the
same shape as H. To extract a distribution over the action space A; with |A4;| = A actions, we
assume a fixed linear extraction mapping A € R4*P?_ The induced algorithm is then defined as:
Algy(:|D;_1,s¢) = softmax(A - h_1). The overall algorithm induced by the transformer is:

Algg(:|D¢—1, st) = softmax(A - TFg(cat(h(Dt_l, $t)))=1)- 2)

We will always choose a proper concatenation operator cat in examples, so that in the pretraining
phase, all the algorithm outputs {Algg(-|D;—1, s¢) }+<7 along the trajectory can be computed in a
single forward propagation.

3  STATISTICAL ANALYSIS OF SUPERVISED PRETRAINING

In supervised pretraining, we are given n i.i.d offline trajectories {D} = (s%,al,rt, ..., sk, ak,
P ~iid IP’/AxlgO from the interaction of M? ~;;; A with an offline algorithm Alg,. Given
an expert algorithm Algy, we augment each trajectory D, by {@; ~ia Algg(-|D;_1,s})} e
Supervised pretraining maximizes the log-likelihood over the algorithm class {Algy }oco

n

T
. 1 o .
0 = argmax — g g log Algy(a;|D;_4, sy). 3)
beo I

This section discusses the statistical properties of the algorithm learned via supervised pretraining.

3.1 MAIN RESULT

Our main result demonstrates that the algorithm maximizing the supervised pretraining loss will
imitate Alg;(-|Di—1, 5¢) = Em~n,Dr~alg, [Algl (-[Dr, M)|Dy_1, s¢], the conditional expectation
of the expert algorithm Algy given the observed trajectory. The imitation error bound will scale
with the covering number of the algorithm class and a distribution ratio factor, defined as follows.
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Definition 4 (Covering number). For a class of algorithms {Alg,,0 € O}, we say Og C © is an
p-cover of ©, if Oq is a finite set such that for any 6 € ©, there exists 0y € Oq such that

| log Algg, (:|Ds—1,5:) —log Algg(-|Di—1,5¢)||cc < p, forall Dy_y,s4,t € [T7.
The covering number Ng(p) is the minimal cardinality of ©¢ such that © is a p-cover of ©.

Definition 5 (Distribution ratio). We deﬁne the distribution ratio of two algorithms Alg,, Alg, by

Algl ab‘DS 1786)j| 2 Alg Alg
M~ A DTN]P e |: A|g2 as‘DS 1 SS) + X A .

Rag, Alg, :=E,

Our main result requires the realizability assumption of algorithm class {Algy }9co with respect to
the conditional expectation of the expert algorithm.

Assumption A (Approximate realizability). There exists 0* € O and eea > 0 such that for all
t € [T),
Alg;(@;| D1, st)

T
Og MNA,DTNP,\AA‘ 0AeE Algex (at|Dt717 St)

| < erear )

We aim to bound the performance gap between Alg; and Alg in terms of expected cumulative
rewards, where the expected cumulative reward is defined as

Raag(T) := Emen [Rmag(T)], Rwmag(T) = ~phle [, mel.
An intermediate step of the result is controlling the expected Helhnger d1stance between two algo-
rithms, where for distributions p, ¢, we have D% (p, ¢ (v/p(z) — v/q(z))?dx.

Theorem 6 (Performance gap between expected cumulatlve rewards). Let Assumption A hold
and let 0 be a solution to Eq. (3). Take R = RATgE Alg, @S defined in Definition 5, and

No = No((nT)~?) as defined in Definition 4. Then for some universal constant ¢ > 0, with
probability at least 1 — 0, we have

T
_ log [N - T/5
E,,, e | O Dit (Algg(1Di 150, Alg(1Dp1,s0) | < cT\/Tz< w
t=1

+ vV 6rea|> .
)

Further assume that |r;| < 1 almost surely. Then with probability at least 1 — 0, the difference of
the expected cumulative rewards between Algg and Alg g satisfies

log [N - /9]

‘%A,Algg(T) - 9%AyAilgE (T)‘ < CTZ\/ﬁ( + 5rea|)- (6)

The proof of Theorem 6 is contained in Section D.1.

We remark that when the expectation on the left-hand-side of (5) is with respect to the measure ]P’ﬁlg" ,
standard MLE analysis will provide a bound without the distribution ratio factor R = RAT;E, Alg, in
the right-hand side. The distribution ratio factor arises from the distribution shift between trajectories
generated by the expert algorithm Alg;; versus the context algorithm Alg,. In addition, it should be
noted that the result in Theorem 6 holds generally provided Assumption A is satisfied, which does

not require that the algorithm class is induced by transformers.

3.2 IMPLICATIONS IN SPECIAL CASES

Algorithm Distillation When we set Alg, = Alg,, the supervised pretraining approach corre-
sponds to the Algorlthm Distillation method introduced in Laskin et al. (2022). In this case, it
suffices to set @* = a' for every pretraining trajectory, eliminating the need to sample additional
expert actions. The conditional expectation of the expert algorithm is given by Alg;, = Alg,, and
the distribution ratio Rajg,,,alg, = 1. Under these conditions, Theorem 6 ensures that Al g5 imitates
Alg, with a reward difference bounded by
lo N (SN T/
m/\AIg@\(T) — mA,AIgO(T)’ < CT2( % + \/Erea|)~
If the context algorithm Alg, does not perform well, we cannot expect the learned algorithm Algj to
have good performance, regardless of the number of offline trajectories.
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Decision Pretrained Transformer When we set Algt, = Alg".(s;, M) = a to be the optimal ac-
tion at time ¢, the supervised pretraining approach corresponds to Decision-Pretrained Transformers
(DPT) proposed in Lee et al. (2023). In this case, the conditional expectation of the expert algorithm
Algp(:|Di—1,5t) = E[Algg(-|se, M)|Ds—1, st] = Algrg(-|Di—1, s¢) is the Thompson sampling al-
gorithm (Lee et al., 2023, Theorem 1), which samples from the posterior distribution of the optimal
action ay given by P(af(M)|D;_1,s:) < A(M) - P Alg“ (Dt—_1, s¢). This implies that learning from
optimal actions effectively learns to imitate Thompson sampling. Furthermore, the context algo-
rithm is not required to perform well for the learned algorithm to be consistent with Thompson
sampling. However, a high-quality context algorithm Alg, may help reduce the distribution ratio R,
thereby learning Thompson sampling with fewer samples.

Approximate DPT In practical scenarios, the learner may not have access to the optimal action
a; of the environment M during pretraining. Instead, they might rely on an estimated optimal action
af ~ Algh(-|Dr), derived from the entire trajectory Dp. We can offer a guarantee analogous
to Theorem 6, provided the distribution of the estimated action closely aligns with its posterior
distribution:

E,,, o0 KL(AIgE(1D7) || Prs.«(|D1)) < €approx, ¥t € [T]. %)

Here, Prs ;(-| D) represents the posterior distribution of the optimal action af = a; (M) at time ¢,
given the observation D, where (M, D) ~ ]P’ﬁlgo.

Proposition 7. Let Assumption A hold and let 6 be the solution to Eq. (3). Take R = Raigrs.Alg,
as defined in Definition 5, and No = No((nT)~2) as defined in Definition 4. Assume that for each
trajectory, an estimated optimal action is provided @} ~ Algh(-|Dr) at each time t € [T satisfying
Eq. (7). Assume that the rewards |ri| < 1 almost surely. Then for some universal constant ¢ > 0,
with probability at least 1 — 0, the difference of the expected cumulative rewards between Algg and
Algrg satisfies

log [Ne - T'/4]

|mA,AIg§(T) - S)%A7AIgTS (T)| < C\/,]»?/ : T2( + /Ereal + \/Eapprox) .

The proof of Proposition 7 is contained in Appendix D.2.

4  APPROXIMATION BY TRANSFORMERS

In this section, we demonstrate the capability of transformers to implement prevalent reinforcement
learning algorithms that produce near-optimal regret bounds. Specifically, we illustrate the imple-
mentation of LinUCB for stochastic linear bandits in Section 4.1, Thompson sampling for stochastic
linear bandits in Section 4.2, and UCB-VI for tabular Markov decision process in Section 4.3.

4.1 LINUCB FOR LINEAR BANDITS

A stochastic linear bandit environment is defined by M = (w*, £, Ay, ..., Ar). For each time step
t € [T, the learner chooses an action a; € R4 from a set of actions A; = {am, cos Ay A}, which
consists of A actions and may vary over time. Upon this action selection, the learner receives a
reward r; = (a;, w*)+¢;. Here,{e;} ~i;q & are zero-mean noise variables, and w* € R? represents
an unknown parameter vector. Stochastic linear bandit can be cast into our general framework by
setting s; = A; and adopting a deterministic transition where s; transits to s;11 deterministically
regardless of the chosen action.

We assume the context algorithm Alg, is the soft LinUCB (Chu et al., 2011). Specifically, for
each time step ¢ € [T], the learner estimates the parameter w* using linear ridge regression

Widge = ATgMiNycpa Z;;i (r; — (a;,w))? + A||w||3. Subsequently, the learner calculates
the upper conﬁdence bounds for the reward of each action as v}, := <at7k,wﬁidge’ NECE
(a) MLy + S - Tajal)"'a,;)'/2. Finally, the learner selects an action a; according to proba-

J
b111ty {P} ;}jea) = softmax({v};/7};e(a)) for some sufficiently small 7 > 0. Note that the soft

LinUCB ,& lgsLinucn(r) recovers LinUCB as 7 — 0.

We further assume the existence of constants o, b,, By, B, > 0 such that the following conditions
hold: |e;| < 0, b, < ||lag k||, < Ba,and |[w*||, < B, forallt € [T], k € [A]. Given these, the con-

fidence parameter is defined as: & = VAB,, + 01/210g(2B,B,,T) + dlog((d\ + TB2)/(d)\)) =
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@(\/&) The following result shows that the soft LinUCB algorithm can be efficiently approximated
by transformers, for which the proof is contained in Appendix E.4.

Theorem 8 (Approximating the soft LinUCB). Consider the embedding mapping h, extraction
mapping A, and concatenation operator cat as in E.1. For any small e,7 > 0, there exists a
transformer TF(-) with log R = O(1),

D < O(dA), L =0O(VT), M <4A, D' = O(d + A\/Td/(r¢)), [|0] = O(A + TVd/(re'/*)),
®)
such that taking Algg as defined in Eq. (2), we have

log Alg.rinucn(r) (@t Di-1,51) —log Algg(ar k| Di—1,5:)| < e, Vt€[T], ke [A]

Here O(-) hides some absolute constant, and O(-) additionally hides polynomial terms in
(0,071, By, By, AT1), and poly-logarithmic terms in (T, A,d,1/e,1/7).

A key component in proving Theorem 8 is demonstrating that the transformer can approximate
the accelerated gradient descent algorithm for solving linear ridge regression (Lemma 21), a result
of independent interest. Leveraging Theorem 8, we can derive the following regret bound for the
algorithm obtained via Algorithm Distillation, with the proof provided in Appendix E.5.

Theorem 9 (Regret of LinUCB and ICRL). Let © = Op 1 a,p’,B be the class of transformers
satisfying Eq. (8) withe = 1/T? and T = 1/10g(4T AB, (B, + 20,/ VX)) VAT = O(T~/?), and
choose the clip value logR = @(1) Let both the context algorithm Alg, and the expert algorithm
Alg, coincide with the soft LinUCB algorithm Algg ;,ycp(-) With parameter T during supervised
pretraining. Then with probability at least 1 — 0, the learned algorithm Algg, a solution to Eq. (3),
entails the regret bound

T
Enpon [Zm]?x (@, W*) — mM,A.gg(T)} < (’)(d\/T log(T) + T? logW@nT/é))
t=1

where log Ng < @(LQD(MD:&— D")logn) < O(T3%d? A3 logn). Here O hides polynomial terms
in (0,b;', Ba, Bw, \tY), and O additionally hides poly-logarithmic terms in (T, A,d,1/e,1/7).

»Ya >

4.2 THOMPSON SAMPLING FOR LINEAR BANDIT

We continue to examine the stochastic linear bandit framework of Section 4.1, now assuming a
Gaussian prior w* ~ N(0,Al;) and Gaussian noises {&;}+>0 ~iia N(0,7). Additionally, we
assume existence of (by, B) such that b, < [|a; k||, < B,. In this model, Thompson sampling
also utilizes linear ridge regression. Subsequently, we establish that transformers trained under the
DPT methodology can learn Thompson sampling algorithms. We state the informal theorem in
Theorem 10 below, where its formal statement and proof are contained in Appendix F.

Theorem 10 (Approximating the Thompson sampling, Informal). Consider the embedding mapping
h, extraction mapping A, and concatenation operator cat as in E.1. Under Assumption B, C, for

sufficiently small €, there exists a transformer TFS(-) with logR = @(1)
D =O(ATY*d), L=0NT), M=O(AT'%),

5 3 ©)
6l = O(T + AT*/* + V'A), D' =O(AT"*a),

such that taking Algg as defined in Eq. (2), with probability at least 1 — oy over (M, D) ~ Pﬁlgfor
any Alg, we have

log Algrg(as k| Di—1, s¢) — log Algg(as k| Di—1,5:) <e, Vtel[T]kelA]
Here, O(-) hides polynomial terms in (Mg, Co, \X¥1, v b1 B,), and poly-logarithmic terms in
(T, A,d,1/e,1/dp), where (Mg, Co) are parameters in Assumption B and C.

Central to proving Theorem 10 is establishing that the transformer can approximate matrix square
roots via Pade decomposition (Appendix F.3), a result of independent interest. Theorem 10 thereby
implies the subsequent regret bound for transformers trained under DPT.
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Theorem 11 (Regret of Thompson sampling and ICRL). Follow the assumptions of Theorem 10. Let
© = Op.1.m.p,B be the class of transformers satisfying Eq. (9) withe = 1/(RT?), o = §/(2n),
and choose the clip value logR = O(1). Assume the trajectories are collected by some context
algorithm Alg,, and we choose the expert algorithm Alg(s¢, M) = af = argmax,¢,, (a,w") to
be the optimal action of the bandit instance M for each trajectory. Then with probability at least
1 — 9, the learned algorithm Algg, a solution to Eq. (3), entails regret bound

Emen [;m]?x (agp, w*) — %M7A|g§(T)} < (’)(dﬁlog(Td) +VR-T? W),

where R = Ralgy..alg, and logNeg < O(L2D(MD + D')logn) < O(T°/*A2d(Mo +

AVTd)logn). Here O hides polynomial terms in (\=', ¥ b1, B,), and O additionally hides
poly-logarithmic terms in (Mg, Co, T, A, d, 1/e,1/dp).

4.3 UCB-VI FOR TABULAR MDPs

A finite-horizon tabular MDP is specified by M = (S, A, H, { Py, }ne[m), { Bn } nela)s 1), with H
being the time horizon, S the state space of size S, A the action space of size A, and pu; € A(S)
defining the initial state distribution. At each time step h € [H], P, : S x A — A(S) denotes the
state transition dynamics and Ry, : S x A — [0, 1] gives the reward function. A policy 7 := {m, :
(S x AxR)"t xS — A(A)}pem) maps history and state to a distribution over actions. The value
of policy 7 interacting with environment M is defined as the expected cumulative reward Vi (7) =

]EM,W[Zthl Ry, (sn,an)]. A policy 7* is said to be optimal if 7* = arg max, ¢ a ) Vm(7).

We let the context algorithm Alg, interact with an MDP instance M to generate K episodes, each
consisting of H horizon sequences (S, Gk, h;Tk,h)ke[K],he[H]- These can be reindexed into a
single trajectory D = {(s¢, az,7¢) }rer) Witht = H(k — 1) + hand T' = K H. The Bayes regret
of any algorithm Alg gives Epa [K V(") — Rm ag(T)]-

Near minimax-optimal regret for tabular MDPs can be attained through the UCB-VI algorithm (Azar
et al.,, 2017). We demonstrate that transformers are capable of approximating the soft UCB-VI
algorithm Alg cpyi(r), a slight modification of UCB-VI formalized in Appendix G.1.

Theorem 12 (Approximating the soft UCB-VI). Consider the embedding mapping h, extraction
mapping A, and concatenation operator cat as in Appendix G.1. There exists a transformer TFS(-)
withlog R = O(1),

D =0(HS?A), L=2H+8, M =O0(HS*A),

N 10
D' =O(K?HS?A), 6] < O(K*HS*A+K?+1/71), {10

such that Alggycpvi(ry(alDi-1,8t) = Algg(alDi—1,s¢) forall t € [T],a € A. Here O(-) hides
universal constants and O(-) hides poly-logarithmic terms in (H, K, S, A,1/7).

Leveraging Theorem 12, we can derive the following regret bound for the algorithm obtained via
Algorithm Distillation.

Theorem 13 (Regret of UCB-VI and ICRL). Let © = ©Op 1 v, p’,B be the class of transformers
satisfying Eq. (10) with 7 = 1/ K, and choose the clip value log R = @(1) Let both the context al-
gorithm Alg, and the expert algorithm Alg; coincide with the soft UCB-VI algorithm Alg,ycpyi(-)
during supervised pretraining. Then with probability at least 1 — 6, the learned algorithm Algg, a
solution to Eq. (3), entails regret bound

Emen [K V(%) — R, migy (T)] < O <H2\/SAK + H3S?A + 17 bgW@T/a)) ,

n

where log No < O(L*D(MD + D’)logn) = O(H*S*A3(K? + HS?A)logn), and O(-) hides
poly-logarithmic terms in (H, K, S, A).
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Figure 1: Regrets of transformer (TF), empirical average (Emp), Thompson sampling (TS) and
LinUCB or UCB (LinUCB reduces to UCB for Bernoulli bandits). Left: linear bandit with d = 5,
A =10, 0 = 1.5, Alg, = Algy = LinUCB. Right: Bernoulli bandit with d = 5, Alg, =
(Alg s + Algrs)/2 and Alg = a*. The simulation is repeated 500 times. Shading displays the
standard deviation of the regret estimates.

5 EXPERIMENTS

In this section, we perform preliminary simulations to demonstrate the ICRL capabilities of trans-
formers and validate our theoretical findings. We remark that while similar experiments have been
conducted in existing works (Laskin et al., 2022; Lee et al., 2023), our setting differs in several
aspects such as imitating the entire interaction trajectory in our pretrain loss (3) as opposed to on
the last (query) state only as in Lee et al. (2023). The code is available at https://github.com/licong-
lin/in-context-rl.

We compare pretrained transformers against empirical average, LinUCB (or UCB), and Thompson
sampling. We use a GPT-2 model Garg et al. (2022); Lee et al. (2023) with L = 8 layers, M = 4
heads, and embedding dimension D = 32. We utilize ReLU attention layers, aligning with our
theoretical construction. We pretrain the transformer with two setups: (1) Both context algorithm
Alg, and expert algorithm Algz use LinUCB (the Algorithm Distillation approach); (2) Context
algorithms Alg, mixes uniform policy and Thompson sampling, while expert Algy = af provides
optimal actions (DPT). See Appendix C for further experimental details.

In the first setup, we consider stochastic linear bandits with d = 5 and A = 10. At each ¢ € [200],
the agent chooses an action a; and receives reward 7; = (a;, w*) + &; where &; ~ N(0,1.52).
The parameter w* is from Unif([0, 1]?). The action set A; = A is fixed over time with actions
iid. from Unif([—1,1]9). We generate 100K trajectories using Alg, = Alg, = LinUCB and
train transformer TF@(') via Eq. (3). Figure 1 (left) shows regrets of the transformer (TF), empirical
average (Emp), LinUCB, and Thompson sampling (TS). The transformer outperforms Thompson
sampling and empirical average, and is comparable to LinUCB, agreeing with Theorem 9. The
small regret gap between TF and LinUCB may stem from the limited capacity of the GPT2 model.

In the second setup, we consider multi-armed Bernoulli bandits with d = 5. The parameter w* is
from Unif([0, 1]¢). The fixed action set A; = A contains one-hot vectors {e;}¢_; (multi-armed
bandits). At each ¢t € [200], the agent selects a; receives reward r; ~ Bern({(a;, w*)). Let Alg, ;¢
be the uniform policy. We use Alg,,,.;; and Algrg as context algorithms to generate 50K trajectories
each. The expert is fixed as Alg; = a*. We train transformer TF4(-) via Eq. (3). Figure 1 (right)
shows regrets for the pretrained transformer (TF), empirical average (Emp), UCB, and Thompson
sampling (TS). The transformer aligns with Thompson sampling, validating Theorem 11. However,
TS underperforms UCB for Bernoulli bandits, as shown.

6 CONCLUSIONS

This paper theoretically investigates the ICRL capability of supervised-pretrained transformers. We
demonstrate how transformers can efficiently implement prevalent RL algorithms including Lin-
UCB, Thompson sampling, and UCB-VI, achieving near-optimal regrets in respective settings. We
also provide sample complexity guarantees for the supervised pretraining approach to learning these
algorithms. The generalization error scales with the covering number of the transformer class as well
as the distribution ratio between the expert and offline algorithms. Simulations validate our theoret-
ical findings. Finally, we discuss the limitations of our results and provide additional discussions in
Appendix A.1.
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Meta-learning and meta-reinforcement learning In-context reinforcement learning can be cast
into the framework of meta-learning and meta-reinforcement learning (Schmidhuber, 1987; 1992;
Bengio et al., 1990; Naik & Mammone, 1992; Ishii et al., 2002; Schaul & Schmidhuber, 2010; Thrun
& Pratt, 2012). More recently, a line of work focuses on meta-learn certain shared structures such
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as the dynamics of the shared tasks (Fu et al., 2016; Nagabandi et al., 2018), a task context identifier
(Rakelly et al., 2019; Humplik et al., 2019; Zintgraf et al., 2019), exploration strategies (Gupta et al.,
2018), or the initialization of the network policy (Finn et al., 2017; Hochreiter et al., 2001; Nichol
et al., 2018; Rothfuss et al., 2018). Theories for this last approach of model-agnostic meta-learning
have been explored by Wang et al. (2020).

Our work focuses on a more agnostic approach to learning the learning algorithm itself (Wang et al.,
2016; Duan et al., 2016; Dorfman et al., 2021; Mitchell et al., 2021; Li et al., 2020; Pong et al., 2022;
Laskin et al., 2022; Lee et al., 2023). Among these works, Wang et al. (2016); Duan et al. (2016)
focus on the online meta-RL setting with the training objective to be the total reward. Furthermore,
Dorfman et al. (2021); Mitchell et al. (2021); Li et al. (2020); Pong et al. (2022) focus on offline
meta-RL, but their training objectives differ from the cross entropy loss used here, requiring explicit
handling of distribution shift. The supervised pretraining approach we consider is most similar to the
algorithm distillation methods of Laskin et al. (2022) and the decision-pretrained transformers of Lee
et al. (2023). We provide quantitative sample complexity guarantees and transformer constructions
absent from previous work.

In-context learning The in-context learning (ICL) capability of pretrained transformers has
gained significant attention since being demonstrated on GPT-3 Brown et al. (2020). Recent work
investigates why and how pretrained transformers perform ICL (Garg et al., 2022; Li et al., 2023;
Von Oswald et al., 2023; Akyiirek et al., 2022; Xie et al., 2021; Bai et al., 2023; Zhang et al., 2023;
Ahn et al., 2023; Raventos et al., 2023). In particular, Xie et al. (2021) propose a Bayesian frame-
work explaining how ICL works. Garg et al. (2022) show transformers can be trained from scratch
to perform ICL of simple function classes. Von Oswald et al. (2023); Akyiirek et al. (2022); Bai
et al. (2023) demonstrate transformers can implement in-context learning algorithms via in-context
gradient descent, with Bai et al. (2023) showing transformers can perform in-context algorithm se-
lection. Zhang et al. (2023) studied training dynamics of a single attention layer for in-context
learning of linear functions. Our work focuses on the related but distinct capability of in-context
decision-making for pretrained transformers.

Transformers for decision making Besides the ICRL approach, recent work has proposed goal-
conditioned supervised learning (GCSL) for using transformers to make decisions (Chen et al., 2021;
Janner et al., 2021; Lee et al., 2022; Reed et al., 2022; Brohan et al., 2022; Shafiullah et al., 2022;
Yang et al., 2023). In particular, Decision Transformer (DT) (Chen et al., 2021; Janner et al., 2021)
uses transformers to autoregressively model action sequences from offline data, conditioned on the
achieved return. During inference, one queries the model with a desired high return. Limitations
and modifications of GCSL have been studied in Yang et al. (2022); Paster et al. (2022); Strupl et al.
(2022); Brandfonbrener et al. (2022). A key distinction between GCSL and ICRL is that GCSL
treats the transformer as a policy, whereas ICRL treats it as an algorithm for improving the policy
based on observed trajectories.

Expressivity of transformers The transformer architecture, introduced by Vaswani et al. (2017),
has revolutionized natural language processing and is used in most recently developed large lan-
guage models like BERT and GPT (Devlin et al., 2018; Brown et al., 2020). The expressivity of
transformers has been extensively studied (Yun et al., 2019; Pérez et al., 2019; Hron et al., 2020;
Yao et al., 2021; Bhattamishra et al., 2020; Zhang et al., 2022; Liu et al., 2022; Wei et al., 2022; Fu
et al., 2023; Bai et al., 2023; Akyiirek et al., 2022; Von Oswald et al., 2023). Deep neural networks
such as ResNets and transformers have been shown to efficiently approximate various algorithms,
including automata (Liu et al., 2022), Turing machines (Wei et al., 2022), variational inference (Mei
& Wu, 2023), and gradient descent (Bai et al., 2023; Akytirek et al., 2022; Von Oswald et al., 2023).
Our work provides efficient transformer constructions that implement accelerated gradient descent
and matrix square root algorithms, complementing existing expressivity results.

Statistical theories of imitation learning Our generalization error analysis adapts classical anal-
ysis of maximum-likelihood estimator (Geer, 2000). The error compounding analysis for imitation
learning appeared in early works (Ross et al., 2011; Ross & Bagnell, 2010). More recent theoreti-
cal analyses of imitation learning also appear in Rajaraman et al. (2020; 2021); Rashidinejad et al.
(2021).

A.1 LIMITATION AND DISCUSSION

In this section, we discuss some limitations of our work and some potential future directions.
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Distribution ratio In Theorem 6, our regret bound of the learned algorithms Algg depends on the
distribution ratio Raig,, alg,- While in cases like algorithm distillation (Laskin et al., 2022) the dis-
tribution ratio equals one since the offline algorithm matches the expert algorithm, in the worst case,
the ratio can exponentially depend on 7' or even become arbitrarily large. To control the distribution
ratio in practice, one approach is to augment the offline trajectory dataset with a portion of trajecto-
ries generated by an expert algorithm or no-regret algorithms resembling the expert algorithm. On
the other hand, further research could investigate structural assumptions of decision-making prob-
lems that avoid pessimistic dependence on the distribution ratio in regret bounds.

Guarantee of pretrained transformer Our statistical result (Theorem 6) only guarantees that the
pretrained transformer learns an “algorithm” matching the expert algorithm under the pre-training
distribution, even though our approximation results (Theorem 8§, 10, 12) show the existence of a
transformer approximating the expert algorithm over the entire input space. In our early experi-
ments, we noticed the learned transformers do not generalize well on out-of-distribution instances,
such as with shifted reward distributions or increased number of runs 7". Similar phenomena occur in
other in-context learning problems (e.g. Garg et al. (2022)). Understanding the actual algorithm im-
plemented by the pretrained transformer through theoretical and empirical analysis is an interesting
question for future work.

Alternative pretraining methods Our theoretical results study pretraining the transformer by
maximizing the log-likelihood of i.i.d. offline trajectories as in Eq. (3). This aligns with standard
supervised pretraining of large language models. However, alternative pretraining methods may also
be effective. For instance, one could replace the log-probability in Eq. (3) with an 5 loss for contin-
uous action spaces, consider other objectives like cumulative reward (Duan et al., 2016), or explore
goal-conditioned reinforcement learning (Chen et al., 2021) for in-context RL. While our work fo-
cuses on log-likelihood pretraining, theoretical investigation of alternative methods is an interesting
direction for future work.

Possibility of surpassing the expert algorithm by online training Our work considers offline
pretraining by imitating the expert algorithm (i.e., Alg ), which can only learn a transformer match-
ing the expert’s performance at best. However, through online training, where the transformer in-
teracts with the environment, the learned transformer may surpass existing experts by training to
improve itself rather than imitating a specific algorithm. Investigating whether online training en-
ables surpassing expert algorithms is an interesting direction for future work.

Implications for practice While the focus of our work is primarily theoretical, our results lead
to several practical implications for in-context reinforcement learning. One key implication is the
importance of training labels (i.e., expert actions @). When the expert algorithm depends solely
on past observations, we can learn Algy (see Theorem 9). In contrast, when Alg is the optimal
action a* (involving knowledge of the underlying MDP), we can learn the posterior average of this
algorithm given past observations. This corresponds to the Thompson sampling algorithm, as in
Decision-Pretrained Transformers (see Theorem 11).

Furthermore, as discussed previously, the distribution ratio between the offline and expert algorithms
may impact the generalization of the learned algorithm. Both our theory (see Theorem 8) and
simulations (see Figure 4) show that a small distribution ratio between the offline algorithm Alg, and
the expert algorithm Algy, is essential, otherwise the online performance of the learned algorithm
may substantially degrade. This suggests that incorporating trajectories generated purely from the
expert (“on-policy ICRL”) into the offline dataset is advantageous, when feasible.

B TECHNICAL PRELIMINARIES

In this work, we will apply the following standard concentration inequality (see e.g. Lemma A.4
in Foster et al. (2021)).

Lemma 14. For any sequence of random variables (X;):<T adapted to a filtration {F;}]_,, we
have with probability at least 1 — ¢ that

t t
ZXS < ZlOgE[eXP(Xs) | Fs—1] +1log(1/6), forallt € [T].
s=1 s=1
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Lemma 15. Adopt the notations in Definition 4. Then for any 6 € O, there exists 0y € O such that
[[Algg, (-|Dt—1,5¢) — Algg (| De—1, s¢)[l1 < 2p.

Proof of Lemma 15. For any 0 € ©, let §p € ©Oq be such that | logAlg, (:|D;_1,5:) —
log Algy (| Di—1, 8t)|lcc < pforall D;_1,s; and t € [T]. Then
[[Algg, (| Di—1,51) — Algg(-| D1, s¢) 11

Z |Algg, (a|Dy—1,8¢) — Algg(alDi—1, st
aCAy

$ emax{ion Al (1D1-1,50).108 Al |Di-1,50)
a€A,
-|log Algg, (+|Di—1,5¢) — log Algy(-| Dy —1, 5¢)|
<p 3 emolon Aty (1De-1.5:) log Algy (1D1-1,50)}
a€A,

<p Z (Algg, (-|Dt—1,8¢) + Algg(:|Di—1,8)) < 2p,
ac€A,

IN

where the second line uses a Taylor expansion of e¢*, the fourth line uses the assumption on 6,
the last line uses em®{=¥} < e 4 ¢¥ and the fact that Algy, (-|Di—1, s¢), Algg(|Dy—1, 5;) are
probability functions. O

We have the following upper bound on the covering number of the transformer class {TFE 10 €
Op,L.M,D' B}

Lemma 16. For the space of transformers {TFE :0 € Op 1 vm.p B} with

@D7L'M’D/’B = {0 = (Bi[ii]tnv 0125}])) : maXM(E) < M? max D/(Z) < D/v ”|0|” < B}’
’ Le[L) Le(L]
where M) D’ © denote the number of heads and hidden neurons in the (-th layer respectively, the
covering number of the set of induced algorithms {Algg,0 € ©p 1 v pr.B} (c.f Eq. 2) satisfies

max{B, L, R})

log N5
© P

D,L,M,D' B

(p) < cL2D(MD + D')log (2 +

for some universal constant ¢ > 0.

Remark of Lemma 16. Note that the transformer classes ©p 1 1, p, B,éD7 L,M,p’,B have the
same expressivity as one can augment any TFg € @D, r,M,p’,B such that the resulting TFg oz €
Op,r,m,p’,B by adding heads or hidden neurons with fixed zero weights. Therefore, the same
bound in Lemma 16 follows for ©p 1 ar,p’, B, and throughout the paper we do not distinguish
Op.r.m,p,5 and @D,L,M,D/’B and use them interchangeably. We also use M(Z), D'
the number of heads and hidden neurons in the ¢-th layer of transformers, respectively.

to represent

Proof of Lemma 16. We start with introducing Proposition J.1 in Bai et al. (2023).

Proposition 17 (Proposition J.1 in Bai et al. (2023)). The function TFR is (LBL Bo)-Lipschitz
w.rt. @ € ©p 1 v, pr,B for any fixed input H. Namely, for any 61,02 € ©p 1 v p/,B, we have

|TFg, (H) — TFg, (H)||, < LBf;Bell61 — 6],
where ||All, o = supycr | Atlly for any marrix A € R¥*T, and Be = BR(1 + BR* +
B3R?), By := (1 + B?)(1 + B?R3).

As in the Proof of Theorem 20 in Bai et al. (2023), we can verify using Example 5.8 in Wainwright
(2019) that the d-covering number
log N (&; By (r), Illl) < L(3MD? + 2DD") log(1 + 2/5), (11

where Bj.jj(r) denotes any ball of radius 7 under the norm ||-||. Moreover, we have the following
continuity result on the log-softmax function
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Lemma 18 (Continuity of log-softmax). For any u,v € R? we have

tog () — 1og (1)
E\en, /)~ 25 e

We defer the proof of Lemma 18 to the end of this section.

<2u—v|

oo

‘ 0o

Note that Algg(-|D¢—1, s¢) corresponds to K entries in one column of H() applied through the
softmax function. Therefore, combining Proposition 17, Lemma 18 and Eq. (11), we conclude that
for any r > 0, there exists a subset Og € Op 1, ar.pr,p With size L(3M D? +2DD’) log(1 + 2r/6)
such that for any @ € O p 1, a7, p,B, there exists 8y € O with

|[log Algg (| Di—1, s¢) — log Algg, (-|Di—1, )| ., < 2LBj;Bed

for all Dr. Substituting r = B and letting 6 = p/(2LB%Bg) yields the upper bound on
Ne,, 1 wpr 5 (p) in Lemma 16.

Proof of Lemma 18. Define w := u — v. Then

log(ieu )—log( e’ )H
el evilly/ o

< Jlu = vl + flog eIy —Tlog le¥]];]

1 evHtw
— u=v] +/ < w>dt
< 0 ||6VHW||17

1 6erifw
A e
> 0 ||ev+tw||1 1 >
=2[u-vl,
where the third line uses the Newton-Leibniz formula. O

O

We present the following standard results on the convergence of GD and AGD. We refer the reader
to Nesterov (2003) for the proof of these results.

Proposition 19 (Convergence guarantee of GD and AGD). Suppose L(w) is a a-strongly convex

and 3-smooth function on R%. Denote the condition number r := 3/a and w* := arg miny, L(w).

(a). The gradient descent iterates wilpy = Wt — nVL(whyp) with stepsize n = 1/5 and
initial point wl, = 04 satisfies

* |12

t
Iwep — w*[|5 < eXP(_E)HW%D - w3,

B t

* 0 * |12
L(wgp) — L(w") < b) eXP(_;)HWGD - w3
(b). The accelerated gradient descent (AGD, Nesterov (2003)) iterates wijlD = Vgp —
1 1 -1 1 .
%L(VZGD)a ViGp = Wacp T ﬁﬂ( AGp — Whap) With Wicp = Vigp = Od
satisfies

t
IWhap — wlI3 < (1+5) eXP(*ﬁ)IIWOAGD - wI3,

oo atp t .
L(WtAGD) — L(w") TGXP(*ﬁ)HWgGD - W ||§

IA

C EXPERIMENTAL DETAILS

This section provides implementation details of our experiments and some additional simulations.
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C.1 IMPLEMENTATION DETAILS

Model and embedding Our experiments use a GPT-2 model (Radford et al., 2019) with ReLU
activation layers. The model has L = § attention layers, M = 4 attention heads, and embedding
dimension D = 32. Following standard implementations in Vaswani et al. (2017), we add Layer
Normalization (Ba et al., 2016) after each attention and MLP layer to facilitate optimization. We
consider the embedding and extraction mappings as described in Appendix E.1, and train trans-
former TF;(-) via maximizing Eq. (3).

Online algorithms We compare the regret of the algorithm induced by the transformer with em-
pirical average, Thompson sampling, and LinUCB (or UCB for Bernoulli bandits).

(Emp) Empirical average. For time ¢ < A, the agent selects each action once. For time ¢t > A,
the agent computes the average of the historical rewards for each action and selects the
action with the maximal averaged historical rewards.

(TS) Thompson sampling. For linear bandits with Gaussian noises, we consider Thompson
sampling introduced in Appendix F.1 with » = ¢ = 1.5 and A = 1 (note that in this case
TS does not correspond to posterior sampling as we assume w* follows the uniform distri-
bution on [0, 1]¢). For Bernoulli bandits, we consider the standard TS sampling procedure
(see, for example, Algorithm 3.2 in Russo et al. (2018)).

(LinUCB) Linear UCB and UCB. For linear bandits, we use LinUCB (Appendix E.2) with A = 1
and o = 2. For multi-armed Bernoulli bandits, LinUCB reduces to UCB, which selects

ay = arg max,e 4{fit,a +/1/N¢(a)}, where ji; 4 is the average reward for action a up to
time ¢, and N;(a) is the number of times action a was selected up to time ¢.

C.2 ADDITIONAL EXPERIMENTS AND PLOTS

We provide additional experiments and plots in this section. In all experiments, we choose the
number of samples n = 100K.

Additional plots of suboptimality (a} — a;, w*) over time are shown in Figure 2 for the two ex-
periments in Section 5. In both cases, the transformer is able to imitate the expected expert policy
Alg . as its suboptimality closely matches Alg (LinUCB and TS for the left and right panel, re-
spectively). While the empirical average (Emp) has lower suboptimality early on, its gap does not
converge to zero. In contrast, both LinUCB and Thompson sampling are near-optimal up to O(1)
factors in terms of their (long-term) regret.

Linear bandit Bernoulli bandit
1.2 — Emp —— Emp
—— LinUCB 0.3 — UCB

210 TS 2 TS
20_8 — TF g — TF
e =
2.0.6 Q.
o o]
Q Neo)
> 0.4 >
w0 ()]

0.2

0.0 .

0 50 100 150 200 0 50 100 150 200
Time Time

Figure 2: Suboptimalities of transformer (TF), empirical average (Emp), Thompson sampling (TS),
and LinUCB (or UCB). Left: linear bandit with d = 5, A = 10, ¢ = 1.5, Alg, = Alg; = LinUCB.
Right: Bernoulli bandit with d = 5, Alg, = (Alg,.;¢ + Algrg)/2, and Algy = a;. The simulation
is repeated 500 times. Shading displays the standard deviation of the sub-optimality estimates.

Additional simulations were run with Alg, = Alg; = UCB for Bernoulli bandits, which has fewer
actions (A = 5) than linear bandits (A = 10). Figure 3 shows the regret and suboptimality of
UCB and the transformer overlap perfectly, with both algorithms exhibiting optimal behavior. This
suggests the minor gaps between LinUCB and transformer in the left panel of Figure 1 and 2 are
likely due to limited model capacity.
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Bernoulli bandit Bernoulli bandit
— Emp — Emp
12.5) — ucB 0.3 — UCB
TS 2 TS
o 10.0 TF E TF
Q €02
o 7.5 =
¢ 8
o
5.0 5 01
20
2.5
/ "
0.0 0.0
0 50 100 150 200 0 50 100 150 200

Time Time

Figure 3: Regrets and suboptimalities of transformer (TF), empirical average (Emp), Thompson
sampling (TS), and UCB. Settings: Bernoulli bandit with d = 5, and Alg, = Alg; = LinUCB.
The simulation is repeated 500 times. Shading displays the standard deviation of the estimates.

C.3 THE EFFECT OF DISTRIBUTION RATIO

We evaluate the effect of the distribution ratio R = RATgE. Alg, (Definition 5) on transformer per-

formance. We consider the Bernoulli bandit setting from Section 5 with expert Alg, = a* giving
optimal actions. The context algorithm is

AlgO = aAlgTS + (1 - a)AIgunifa

mixing uniform policy Alg,,.;; and Thompson sampling Algrg, for o € {0,0.1,0.5,1}. The case
a = 0 corresponds to the context algorithm being the i.i.d. uniform policy, and o = 1 corresponds
to the context algorithm being Thompson sampling. Note that the distribution ratio R may scale as
O((1/a) A ACT)) in the worst case.

Figure 4 evaluates the learned transformers against Thompson sampling for varying context algo-
rithms. The left plot shows cumulative regret for all algorithms. The right plot shows the regret
difference between transformers and Thompson sampling. The results indicate that an increased
distribution ratio impairs transformer regret, as expected. Moreover, it is observed that the trans-
former, even with the uniform policy (i.e., « = 0), is capable of imitating Thompson sampling
in the early stages (Time < 30), exceeding theoretical predictions. This suggests the transformer
can learn Thompson sampling even when the context algorithm differs significantly from the expert
algorithm.

Bernoulli bandit 5 Bernoulli bandit
Bl — a=0 0 — a=0
N [0} —
20 a=0.1 54 a=0.1
—— a=0.5 Q —— a=0.5
o lod
@15y — a=1 « 3 1
sl o
x 10 Q2
(0]
—
5 g 1
[a)
0 0,
0 50 100 150 200 0 50 100 150 200
Time Time

Figure 4: Regrets and difference of regrets between transformers and Thompson sampling, for
different context algorithms. Settings: Bernoulli bandit with d = 5, Algp = af and Alg, =
aAlgrg + (1 — a)Alg, ;e with o € {0,0.1,0.5,1}. The simulation is repeated 500 times. Shading
displays the standard deviation of the estimates.

D PROOFS IN SECTION 3

In this section, ¢ > 0 denotes universal constants that may differ across equations.

21



Published as a conference paper at ICLR 2024

D.1 PROOF OF THEOREM 6
Proof of Eq. (5) Note that we have

Evonans s izs o0\ DA G 51 De 1, 51), Algg(- D1, 50))

E

~
Il
—

Alg as|Ds 1355 N
EM~A,a1;t,1~Alg0,st |:( H Algj ag‘Dg ) ) . \/D%{(AlgE(‘Dt*h 8,5)7A|g§(-|_D15,17 St))

|
[M]=

~
Il
-

A|gE ae‘DG 1, ) 2 2 (AT
EAAIg0<H Algy(a2] Dy 1,85)> - ag, Dii (Alg g (-| Di—1, 5¢), Algg(-| D¢ -1, 5¢))

W

o~
Il
-

Alg(as|Ds_1,55)
EAAIgO(H Ao DS ) Z\/EAA|gO (Alg (| Di_. 51), Algs(-| Di_1, 1)),

IN

where the second line follows from a change of distribution argument, the third line follows from
Cauchy-Schwartz inequality, and the fourth line uses the fact that

E. oo (Q1(~T)Q2(y|$))2 _ Q1(2)2Q3(ylx)
VTR Py (@) P (y| @) Py (2 )P2(2U|93)

@1(33)2< Q3(y|z) Q1
Py () Py (y|z)

for any probability densities {Q;,P; };—1 2 with respect to some base measure /.

dp(z,y)

@1(@)27

= Eonpy (Pl(x)

du(y|z)

Continuing the calculation of the above lines of bounds, we have

T
Z EM~A,a1;t,1~ATgE,st \/D%{(AlgEHDt*lv St)s Alga(-IDtm st))

AlgE(a8|Ds 1,85) )2
R S*(H Ngo(a:1D.1.5.))

> Emenar,~Algg.s DA (Algp(-[Di—1, 5¢), Algg(-| Dy—1, 1))

t=1

AlgE(a9|Ds 1,85)
Algo(as|D5717 Ss)

= \/T EMNA Z,a1.T — 1NA|gE St |:

T
Z EMNAyﬂl:t—1NA|g0»StD12—I(A7IgE('|Dt—17 St)a Algﬁ('|Dt—1v St))

- CT\/m\/IOgN@(l/(nTTZQ) + lOg(T/(S) + Ereal

where the first inequality follows from the Cauchy-Schwartz inequality, the first equality is due to a
change of distribution argument, the second inequality uses Lemma 20. This completes the proof of

Eq. (9).
Proof of Eq. (6) For any bounded function f such that | f(Dr)| < F for some F > 0, we have

Epoa,anaig, [ (D1)] = Ev~n anaig: [f (D1)]
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T
’Z MNAyalthrlgE»at+1:TNA|g§[f(DT)} o EM"“A,afl:t—lmeyat:TNAlgg[f(DT)]
t=

IN

E
1
T
2F Z EMNA’alrt_INATgE,StDTV(ATgE('|Dt—17 s¢), Algg(-|Di—1, 5¢)),
t=1

where the first equality uses the performance difference lemma, the last line follows from the varia-
tional representation of the total variation distance

Drv(P,Q) = sup Ep[f(X)]/2—Eqg[f(X)]/2,

Il c=1
and

Drv(P1(z)P2(y | 2)P3(z [ y), P1(z)Pa(y | 2)P3(z | y)) = Exnry, Drv(Pa(y | ), Pa(y | 33)()12)

for probability densities {IP; };=1,2,34 With respect to some base measure y. Since Dy (P, Q) <
/D% (P, Q) for any distributions P, Q, it follows from Eq. (5) that

B, U (Pr)) B ooy (D)

T (S )

with probability at least 1 — ¢ for some universal constant ¢ > 0. Letting f(Dr) = Z?:l ry and
noting that | f(Dr)| < T concludes the proof of Theorem 6.

D.2 PROOF OF PROPOSITION 7

By the jointly convexity of KL(P | Q) with respect to (P,Q) and the fact that D% (P, Q) <
KL(P || Q), we have

Ep, ., _peo Dit(Alg g (-1 Di—1, 5), Prs (| Dy—1, 5¢))
t—1,°t A
Algo KL(A|gE(~|Dt_1, St) H PT3(~‘Dt_1, St))

<
— T D¢_1,5¢~P)

< EDTN]P’?\IEU KL(Z],\: H PTSJ('|DT)) < Eapprox-

Therefore, applying Lemma 20 gives

T
> Dii(Algg(-|Di-1,50), Alges (- Dy1, St))]
t=1
T

> D (Algg(-|Di1,50), Algp(-|Di-1, 51)) + Dii (Algp (- De—1, 51), Algrs (- Di—1, 51))
t=1

EMNA,DTNP‘:A'%

< QEMNA,DT ~PYE0

< o Tlos Mo/

n + T(f‘:real + Eapprox))

with probability at least 1 — §. Proposition 7 follows from similar arguments as in the proof of
Theorem 6 with &ea1 replaced by €real + Eapprox-

D.3 AN AUXILIARY LEMMA

Lemma 20 (General guarantee for supervised pretraining). Suppose Assumption A holds. Then the
solution to Eq. (3) achieves

CTlog (Ne(1/(nT)*)T/$]

T
> DR (Algg(|Di-1,5:), Alg(-|Di1, 5¢)) -

t=1

E < + Tereal-

Algg
Dr~P),

with probability at least 1 — ¢ for some universal constant ¢ > 0.
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Proof of Lemma 20.
Define
Ln:(0) := ZlogAlgg(EﬂDLl,si), and L, (expert) : ZlogAlgE(at|Dt 1 sh,
i=1 i=1

and let £,,(0) = 23:1 L,+(0), L, (expert) = ZtT:l L+ (expert). We claim that with probability
atleast1 — ¢

T
>~ Ep, | Di(Algy(1De-1. 1), Algp(|De-r.50)|

— T1 1/(nT)? T log(T 4
- Lalexpert) = £2(0) |, TlogNo(1/(0T)?) | Tlog(T/5) , 4 )
n n n n
forall § € ©,4 € [T, where Dy follows distribution PP’ Ig0( ), M ~ A. For now, we assume this
claim holds. Moreover, it follows from Lemma 14 and the fact £,,(0) > £,,(0*) that
L, (expert) — En(g) < L (expert) — L, (0%) i L1 (expert) — L, (0%)
n o n B pary n
TlOg(T/5 Ai (at\Dt_l,st)
+ > logEg
- n Z g |: g *(at‘thl,St)}
Tlog(T/o
= % + Tereal (14)

with probability at least 1 — 4.

Choosing 6§ = 9in Eq. (13) and combining it with Eq. (14) and a union bound, we obtain

T
> Ep, | Di(Algg(1De-1.50), Algp(| D1, 50)|

t=1

Tlog No(1/(nT)?) + 2T log(2T/5) + 2)
log No(1/(nT)?) + log(T/é))

n

< Tereal + 2(

< Tereal + CT(

with probability at least 1 — § for some universal constant ¢ > 0. This completes the proof.

Proof of Eq. (13) Let ©g be a 1/(nT)?-covering set of © with covering number 7., = |0;|. For
k € [neov],t € [T],i € [n], define

i AIgE(a;|Dt' 1752)
Kkt = 108 ’
Algek(at|Dt 158 )

where (D%, @') are the trajectory and expert actions collected in the i-th instance. Usmg Lemma 14
with X, = —/;, and a union bound over (k, t), conditioned on the trajectories (DL, ..., D%), w
have

i=1 i=1
for all k € [ncov],t € [T] with probability at least 1 — ¢. Note that
Dt 15 St
AlgE(at|Dt 1a5t)
\/Algak a|Dt 1a5t) el(a ‘Dt 1a5f)

%Zé;qt + log(ncovT/(S) Z Z — 10g]E|:exp ( _ %)}
wlge’“ @|Di_.50)
aE.At

E[exp( )‘Dt 1754 =Ep
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where the last inequality uses the assumption that the actions @' are generated using the expert
Algp(-|D}_4, s}). Therefore, for any @ € © covered by 6}, we have

>1—-Epi [ Z \/A|g9k (a|Di_;. s})Algg(al Di_, 5%)}
a€A,

—1-Ep: [ S y/Algy(alDi_y. )RR p(alDi_y, 57)]
acAy

~Ep[ 32 \/Alge(alDi_y.s)(y/Ales, (@IDi_y50) — \/Algs (al D7)

aEA,

1 Ao i i i i
> SEp: [ Di(Algs(-|D;_y.51), Algy (D] . 53))]

=3
En Y <\/A|g9(.|DLl7s;3) - \/A|g0k(-|D§71,3i))2} 1/2

acA
1 Ale i i i i i i i i 1/2
> iEDi [D%{(AlgE("Dt—lvSt)vAlge(’|Dt—17$t))} — [|Algy(-|Dy_1,8¢) — Algek('|Dt—175t)H1/
1 AT i i i i V2
> SEp: DA (Rlg (1D, 51), Algy (1D} 1. 51))] — =

forall i € [n],t € [T], where the first inequality uses — log « > 1 — x, the second inequality follows
from Cauchy-Schwartz inequality, the third inequality uses (v/z — \/9)* < |z — y| for z,y > 0, the
last inequality uses the fact that 6 is covered by 6, and Lemma 15. Since any 6 € © is covered by
0y, for some k € [ncov|, and for this k summing over ¢ € [T] gives

n T
Z ZZ};,& = L, (expert) — L, (k) < L, (expert) — L,(0) + L < L, (expert) — L,(0) + 1.

T
i=1 t=1 "

Therefore, with probability at least 1 — J, we have

%(ﬁn(expert) —L,(0)+ 1) + Tlog(neoyT/8) + V2

T
n
> 0> Ep, [DA(Algy(-1Di1, 51), Algepert (1 Di1.50))

t=1

for all § € ©, where Dr follows Pﬁ'go. Multiplying both sides by 2/n and letting neo, =
No(1/(nT)?) yields Eq. (13). O

E SOFT LINUCB FOR LINEAR STOCHASTIC BANDIT

Throughout this section, we use ¢ > 0 to denote universal constants whose values may vary from
line to line. Moreover, for notational simplicity, we use O(-) to hide universal constants, O(-)

to hide polynomial terms in the problem parameters (o, b; ", By, By, AT!), and O(-) to hide both

rYa )

poly-logarithmic terms in (7', A, d, 1/¢,1/7) and polynomial terms in (o, b; ', B,, By, AT1). We

»Ya

also use the bold font a; € RY to denote the selected action vector a; at time ¢ € [T].

This section is organized as follows. Section E.1 discusses the embedding and extraction formats
of transformers for the stochastic linear bandit environment. Section E.2 describes the LinUCB
and the soft LinUCB algorithms. Section E.3 introduces and proves a lemma on approximating the
linear ridge regression estimator, which is important for proving Theorem 8. We prove Theorem 8
in Section E.4 and prove Theorem 9 in Section E.5.

25



Published as a conference paper at ICLR 2024

E.1 EMBEDDING AND EXTRACTION MAPPINGS
Consider the embedding in which for each ¢ € [T'], we have two tokens ho;_1, hy; € RP such that

a
0d+1 h ¢ he
A e -
****** 2t— 044 hy,
hy, 1 = 04 = |he v hoy = - = | = e |
T o 2t-1 04 2t
posy,_, hy, 0 h3,
POSy;
T . . T
where h}, | = A, = [a]; ... a,] denotes the action set at time ¢, h§, = [a] 1]

denotes the action and the observed reward at time ¢, h$, _; is used to store the (unnormalized) policy

at time ¢, 0 in h? denotes an additional zero vector with dimension O(dA), and pos; := (i,i2,1)
for i € [2T is the positional embedding. Note that the token dimension D = O(dA). In addition,
we define the token matrix H; := [hy, ..., hy] € RP*2! forall t € [T).

Offline pretraining During pretraining, the transformer TFg takes in H® := Hy as the input

token matrix and generates HY™*' := TFq(H.') as the output. For each step t € [T7], we define

the induced policy Algg(-|D;—1, s¢) := % € A4, whose i-th entry is the probability of
exp(hy, 1 Jlin

selecting action a; ; given (D;_1, s;). We then find the transformer 6 € © by solving Eq. (3). Due

to the decoder structure of transformer TFg, the 2¢t — 1-th token only has access to the first 2¢ — 1

tokens. Therefore the induced policy is determined by the historical data (D;_1, s;) and does not

depend on future observations.

Rollout At each time ¢ € [T, given the action set A; (i.e., current state s;) and the previous

data D1, we first construct the token matrix HY'[ . = [H;_1,hy, ;] € RP*XZ=1D The trans-
. st st st
former then takes HY )}, , as the input and generates HY ", = [HY®T, hyy™ ] = TFe(HY ).

Next, the agent selects an action a; € A, according to the induced policy Algg(-|Di—1,s¢) :=

post,c

exp(h3,”
st,c
[lexp(h5y*5 ) (11

€ A4 and observes the reward ;.

Embedding and extraction mappings To integrate the above construction into the framework
described in Section 2, we have the embedding vectors h(s;) := hg;_1,h(a¢, ) := hyy, the con-

catenation operator cat(hy, ..., hy) := [hy,..., hy], the input token matrix
H= Hféﬁ,t = cat(h(sl),h(al, 7'1), - ,h(at_l, ’I"t_l), h(St)) S RDX(%_l),

—post

Post "and the linear extraction map A satisfies A-h_; = A-hy, | =

the output token matrix H = HP ",

i,
h3y” "
E.2 LINUCB AND SOFT LINUCB

Let T be the total time and A, « > 0 be some prespecified values. At each time ¢ € [T], LinUCB
consists of the following steps:

. . . t—1
1. Computes the ridge estimator ', . \ = arg ming,cga 5; > =1 (ri—(ay, w))2+ 2| w3
2. For each action k£ € [A], computes v}, = <at}k,wﬁidgeA> + ay/a] A ay g, where
t—1
A, =M+ ijl aja-T.
3. Selects the action a j with j := arg maxjc] vf-

Unless stated otherwise, in step 2 above we choose o = «(d) with § = 1/(2B,B,,T) and

a(8) := VABy, + 0v/210g(1/6) + dlog((dX + TB2)/(d)\)) = O(y/dlog T) = O(Vd).

In this work, to facilitate the analysis of supervised pretraining, we consider soft LinUCB (denoted
by sLinUCB(7)), which replaces step 3 in LinUCB with

3’ Selects the action a; ; with probability % for j € [A].
i/ Ty

Note that soft LinUCB recovers the standard LinUCB as 7 — 0.
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E.3 APPROXIMATION OF THE RIDGE ESTIMATOR

In this section, we present a lemma on how transformers can approximately implement the ridge
regression estimator in-context.

Throughout the proof for t € [2T], we let h( ) denote the i-th token in the output token matrix
obtained after passing through an L-layer transformer We also define ready,,. : RP = R? be the
operator that gives the values of d coordinates in the token vector that are used to store the estimation
of the ridge estimate.

Lemma 21 (Approximation of the ridge estimator). For any small € > 0, there exists an attention-
only (i.e., no MLP layers) transformer TFq(-) with

4T(B2 + ) N A+2
L = [ == 10g(TBu(Ba By +0)/(30)) | = O(T), max MU <3, 0] < V2+ 5=
such that ||readwridgc(héle) — Whagenll2 < eforallt € [T).

Moreover, there exists a transformer TFg(-) with

B2 2 5
"2\/ﬁ +)\ g((QT(Ba+/\)+/\)TBa(Ban+0)>-‘ ZO(\/T), rnaXM(l) <4
A2e te[L]

max D'\ < 4d, [|0] < 10+

=0(1
¢e[L)] - B2+ )\ o)

such that ||readwridgc(h;21) — Whagenll2 < e forallt € [T).

Results similar to Lemma 21 have been shown in Bai et al. (2023) under a different scenario. How-
ever, we remark that the second part of Lemma 21 has a weaker requirement on the number of layers
as we prove that transformers can implement accelerated gradient descent (AGD, Nesterov (2003))
in-context.

Proof of Lemma 21. Note that \I; < A; < (T'B2 + \)1,. Therefore the optimization problem
t—1

A
_ L - : 2 A 2
Wiidge,n al;;%élﬂg;ﬂ (w) : a8 Min 55Ty JE 1 —(a;,w))" + 302t = 1)HWIIQ

is A\/(2t — 1)-strongly convex and (B2 + \)-smooth and the condition number x < 2T'(B2 + \)/\.
Moreover, by the definition of wﬁidge)  we have

t—1

t—1
Ty —
IWiagenllz = 1M La + Y aja]) 7' (Y ayry)ll2 < | /\Id+zag aj) 'z Hzaﬂ’gllz
j=1

Jj=1

/\

_ TBa(Ban +0)
= )

forall ¢t € [T].

Proof of part 1 By Proposition 19, we see that L = [4T(B2+\) log(T B,(BaBy + 7)/(Ae))/\]
steps of gradient descent with stepsize n = 1/(B2 + ) starting from wl, = 0, finds wéD such

L t
that [[Wép — Wyiggenll2 < €
Now we prove that one attention-only layer can implement one step of gradient descent

t—1
nA ¢

+1 . 4
. j WGD> —rj)a; — %7_1“’(;1}

Wep T WGD 1

j:1

We encode the algorithm using the last token (i.e., the 2¢ — 1-th token). Denote the first d entries of
hj,_, by w and define ready,.,. (h2;—1) = W. Starting from w® = Oy, for each layer ¢ € [L], we

27

= 0(1)



Published as a conference paper at ICLR 2024

let the number of heads M (¥) = 3 and choose Q1 2.3 § )2)3, Vgg)?) such that for even tokens hy;
with j <t — 1 and odd tokens hy;_; with j <t

~ 0

{—1

£ {—1 w ¢ -1 a; ¢ £—1

g)hgt 1)——[ 1 }, Kg)héj )——{ J}, Vg)hgj )———nlaj], ()h(j 1)—0 V()h(j 1)—0

T
4 4 4 l 4 l
;):_ g), Kg):Kg), Vg):_vg)’
(£)3,(6=1) _ ! (£),(=1) : (O, (=1) _ ! (£),(6=1) _ ?
3 h21;71 - [ <2t_1)‘|7 KS h2] = [1‘|7 K h2] 1 = [ 1 ], V h2t 1 = ’I’])\ 6\\7@71
1 2j 2j — 1 0

Summing up the three heads and noting that t = o(t) — o(—t), we see that the w part of ho; 1 (i.e.,
readw,,,,. (h2¢—1)) has the update

Eas)

~]—1 n ~1—1 ~l—1
W= - Z[U(@jvwl ) —r5) —o(rj —{(a;, w'™"))la,

j=1
)\ t—1
— 5 [ Do+ 2 — 2 VIORETY + o1+ 2j 20+ DVETRETY) + VIORETY|
j=1
1 < NA (0. (¢
~]— ~]— 1
=w 1_2t71j;[<aj’wl 1>—Tj}aj—2t71V hy,_ 1)
t—1
— Ui — A -
=w! 1—72t_1j:1[<ag,wl 1>—7”J aj_2t—1 ! 1»

which is one step of gradient descent with stepsize 7. Moreover, it is easy to see that one can
choose the marices such that max,,,cs| HQ%)HOP = MaX,,c[3| ||K$,€)||Op = /2 and ||V§£)HOp =
IV lop = 1, IV [lop = An. Therefore the norm of the transformer |8 < v/2 + (A +2)/(B2 +
A).

Proof of part 2 Similarly, Proposition 19 shows L = [24/2T(B2+ X)/Alog((1
k)T Ba(BaBy + 0)/(Ae))] steps of accelerated gradient descent gives ||[w%qp — Whiggenll2 <

Again, we encode the algorithm using the last token (i.e., the 2¢ — 1-th token). Denote the first
d,d+ 1~ 2d,2d + 1 ~ 3d entries of h%,_, by W,, W}, V respectively. Starting from w0 = w0 =
v0 = 04, AGD updates the parameters as follows:

wh=wit (9w — VL ETY), (15a)
b o1, et VE—L 01y _ o1

— - 15b
A A + [Wa + \/‘ + 1( a Wb ) ]’ ( )
Wy =wp 4+ (W —wp ). (15¢)

We show that one attention layer and one MLP layer can implement one step of AGD as above.
Namely, Eq. (152a) can be obtained using the same attention layer we constructed for gradient descent
with V replacing w, and an extra head with

2 — 1 1 0
Qi"hy, ) = |- 12| KPRV = 1] VPR T = |9 - s
1 2 0

for i < 2t — 1 that gives v~! — w’~!. Denote the output tokens of the attention layer by h.

Eq. (15b), (15¢) can be implemented using one layer of MLP. Concretely, we choose Wy), Wy)
such that

k—1 /.~ ~f— _
Wi+ (Wl - W) - v 0
~ Cwl VRl i1 Sl—1 =0
WORGTY = [ TWe — e (Wam T W)V Wil wiOhlTD) = | T
Wao =Wy 0
—Wﬁ—l—wg_l
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Since t = o(t) — o(—t) for t € R, it is readily verified that one can choose the linear maps such
that ||W§Z)||Op < 42, ||W§Z)||Op = /2. Combining this with the attention layer for Eq. (15a)
and noting that ||Vz(f) lop = V2, we verify that the transformer we constructed has norm [|@] <
10 + (A +2)/(B2 + \). This completes the proof of Lemma 21.

E.4 PROOF OF THEOREM 8

We construct a transformer that implements the following steps at each time ¢ € [T] starting with
h%,_, =hb*7 forz € {a,b,c,d}

MpPres{a.b.c}q
h2§\—1
_hpre,{a,b,c}_ Wridge
2t—1 *
Wridge Afl-;
pre,a hpre,{a,b,c} * t 1,1 post,a
hs, ] 2¢—1 —— . hy,~f
b Wi AT : post,b
hb step 1 ridge step 2 t Al step 3 h |
— | Mat=—1 P, P, ) P —. 2t—1
h2t71 - hpr&C * . Afl\ - hpost,c 9
261 0 : 53 7t7A 2t—1
hpre7 P Ve /T hpost,d
2t—1 —1 2t—1
pos A; aga .
pos 'UtA/T
0
L Pos |
(16)
/i\
where pos := [t,i%,1]T; Wyidge is an approximation to the ridge estimator wﬁidge A A Tag ), are

—_—
approximations to A, 1at}k; Uy, are approximations to vy, 1= <vAvridge, a ) +o <at’k, A lat,k>,

which are also approximations to

Uiy, = <Wfidge,,\,at,k> +a <at,l~caAt_13t,k>

for k € [A]. After passing through the transformer, we obtain the policy
exp(hpoft’c)

Algg(|Dy1,50) = —— ol e A*

[[exp(hy,~i%)[l1
We claim the following results which we will prove later.
Step 1 For any e > 0, there exists a transformer TFg(-) with
B2+ )\ 2T (B2 + \) + \)TB,(B,B ~
1= [2voT “; log (( (By + )J’Ag a(BaBu “’))] — O(VT),

€

max M® <4, max D'V <4d, [6] <10+
(e[L] Le[L]

A+2
B2+ X

a

that implements step 1 in (16) with || Wyigge — wfidgc)\Hg <e.

Step 2 For any ¢ > 0, there exists a transformer TFg(-) with

L= [Nﬁ\/ Bg; A log ((2T(B3 A+ A)B“ﬂ — OWT), max MY < 44,

A2e ¢e(L)

A
max D'V < 4dA, 0] < 10+ A(—t2

re[L] B2+ )\ +v2)=0(4)

—

that implements step 2 in (16) with ||Aglat7k — At_lat,k||2 <efork € [A].
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Step 3 Suppose that the approximation error in Step 2 satisfies e2 < b2 /[2(B2 + \)TB,]. For any
e > 0, there exists a one-layer transformer TFg(-) with

L=2, maxM® <44, max D' < 0(4y/Taf(72), 6] < O(A+T (0 (7)) /a7
c lc

that implements step 3 in (16) with [0y /7 — vig /7| < € for k € [A].

Denote the errors € appear in each step by €1, €2, £3, respectively. Define for all k& € [A] that

Uiy = <W2r£idge,)\7at¢k> + ay/ <at,k;aA;lat,k>7

which are the actual values used to compare across different actions in LinUCB. Then for all k € [A],
we have the approximation error

Utk Utk | |V Vtk| , Utk Utk
T T T T T T
1 t o~ 1 —1 =
< ;\ <Wridge,>\ — Wridge, &tk ) | + —|a (a, Ay ') — o[ (ar, Ay agy )| +e3
< Ba51 O[BaEQ

+ —— +es3
27 min {w/<at,k, A;lat,k>, 1/ <at,k, A;latyk>}

Ba€1 T(Bg + )\)aBaag
+ + €3,
T boT

IN

where the last line uses Eq. (17). For a targeted approximation error ¢, choosing ;1 =
et/(12B,),e2 = min{b,7e/(12/T(B2 + \)aB,),b2/[2(B2 + \)TB,]} and e3 = £/12, we
obtain |v}y, /T — Uy /7| < /2 for all k € [A].

From the proof of each step, we can verify that the token dimension D can be chosen to be of order
O(dA). Moreover, due to the convergence guarantee for each iteration of AGD in Proposition 19,
it can be verified that there exists some sufficiently large value R > 0 with log R = O(1) such that
we have ||h§e) l2 < R for all layer ¢ € [L] and all token ¢ € [2T] in our TF construction. Therefore,

TFS and TFg° generate the same output for all the token matrices we consider, and w.l.0.g. we may
assume in the proof of each step that the transformers we consider are those without truncation (i.e.,
TFg¢ = TFg).

Finally, combining Step 1—3 with @ = O(v/d) and applying Lemma 18 completes the proof of
Theorem 8.

Proof of Step 1 We use the first d entries of hgtfl to represent vAvridge and the d + 1 ~ 3d entries
(denoted by *) to record intermediate results for computing W,igge. Step 1 follows immediately
from the second part of Lemma 21.

Proof of Step 2 Note that

_ . 1 .
A, 1at,k = aigeg}im mxTAtx - m (x,ap5) =: ar)(g;lgiln Li(x)

is the global minimizer of a \/(2t — 1)-strongly convex and (B2 + \)-smooth quadratic function
with the condition number x < 27°(B2 + \) /). Moreover, we have

IAT arkll2 < A7 lopllatkllz < Ba/A.
It follows from Proposition 19 that L = [2+/2T(B2 + A)/Alog((1 + x)B,/(Ae))] steps of accel-
erated gradient descent finds At_lat,k with ||At_1at,k — A;lamHg <e.

Similar to the proof of Lemma 21, we can construct a transformer such that each (self-
attention+MLP) layer implements one step of the accelerated gradient descent (AGD) for all
k € [A]. Denote the (k+2)d+1 ~ (k+3)d, (A+1+2k)d+1 ~ (A+2+2k)d, (A+2+2k)d+1 ~
(A + 3 + 2k)d entries of hd, | by W ¢, Wz, Vi for k € [A]. Note that in the input vector h5r*-¢
we have W) ., Wy, V] = 0q.
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For each layer £ € [L] and k € [A], we choose Qi(f1),k2,k3,k4a Kl(fl),kQ,k&kAL’ Vl(fl),kZ,k&kzl such that for

even tokens hy; with j < ¢ — 1 and odd tokens hy;_; with j <t

aj 4

1 0
04 (01 v 04 (-1 04 (01 )y (-1 0 (-1
Qfﬂ)hétq) = [ ’6 ] ; Kgcl)héj )= [0} ; Kl(cl)héj—l) =0, V;ifhéj f =y [5(‘)3] . Vl(cl)héj—l) =0

O _ _o® KO _g® vO _ _y©®
k2 — _Qk17 Kk2 - Kk17 Vk2 - _Vk17
T 1 1

0
0)y (0—1 1-2t 0),. (6—1 1 04 (£—1 1 04 (£—1 l—
;v?))hét—l) = 1 ’ Kl(c?,)héj )= 2j | Kl(c?,)héjfl) = 25 —1|° V](c?))hgt—l) =nl|ajr — )\Vi ! ,
0 0 0 0
[ 2t—1 1 1
£y (6-1 —(2t — 1)? 04 (¢ 1 04 (¢ 1 £, (6-1 i1
i) = | T n) = el KR = | oD | viRGTY = (e
0 0 0

where = 1/(B2 + \) and the values V,(:;)hg;-_l), V,(:;)hél;:ll), t = 1,2, 3,4 are supported on the

entries corresponding to W, ;. Summing up the M = 4 A heads and noting that t = o (t) — o(—t),
we see that the W, 5, part of h, has the update

N 0 RN ~r— 0 A (0. (-1 04 (11
Wfb,k: = Wa,kl - 2% — 1 Z[a(<aj’vk 1>) - U(_ <aj7vk 1>>]aJ - 21 — 1Vl(€3)hét—l) + Vl(cél)hgt—l)
i=1
N NA (0 (=D )y (6=1)
~f— ~0— 4 £—1 14 £—1
= Wa,kl T o _ Z (aj, vy 1>aj - 57—V 3)h2t71 + Vl(f4 hy,
2t —1 = 2t —1
1 nA n
~0—1 ~l—1 ~0—1
=V — 2157_1 2:1 <aj,vk >aj — ﬁvk + ﬁat,k
=

=V, L= nVL(vh),
which is one step of gradient descent with step size ) (c.f. Eq. 15a). Moreover, it can be verified that
one can choose the matrices such that maxye(a) mefa] ||Q,££L||Op = MaXje[A],me[4] HKg?nHOp <
‘ ¢ ¢
V2 and maxiea) [Vidlop = maspea [Viglop = 7, maxiepa [Viglop < (A +
1)n, maxyepq) ||V,(:2 lop < /2. Therefore, the norm of the attention layer

61l < V2(A+1) + A(A +3)/(B] + N).

Following the construction as in the proof of Lemma 21, we can choose Wge), Wy) that implement
Eq. (15b), (15b) for all k € [A] simultaneously and we also have [|[W'" |, < 4v2, W{" = /2
with D"'®) = 44 A. 1t follows from combining the bounds for the weight matrices that

A+3 A+
B2 4\ B2 +

a a

6]l < V2(A+1) + A( +V2) + V2 +4v2 <10 + A(

SA +v2) = 0(A).

Proof of Step 3 Denote the ¢-th token of the output of step 2 (i.e., the input of step 3) by hz(-o).
We use the (34 + 3)d + 1 ~ (3A + 3)d + A entries of hd,_; to record 0y /7,...,0:4/7 and
use the (34 + 3)d + A +1 ~ (3A + 3)d + 2A entries to store additional information (de-

noted by vg 41, - ., Uq,14) for computing 41 /7,...,0sa/7. Concretely, for all k& € [A], we choose

Ql(fl),k27k3,k4’ Kl(cel),kQ,k3,k47 Vl(ezl),kZ,k3,k4 such that for even tokens hy; with j < ¢ —1 and odd tokens

h2j71 Wlth] S t

Wridge ajk 04

M0 _ |2t—1 M0 _ -B (W0 _ | —B
Qi hy™y = 1 » Kprhg = B(2j —1)|° K 'hy) = 2Bj |

0 0 0
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0 0
1 0 . 1 0

O
-_wridge
1),.(0 2t — 1 1 1 1 1
( )hét) 1= 1 J K( ) = K§c1)’ Vl(c2) = _Vl(cl)’
. 0
A la, ajéc Océ
(1) o) _ | 2t—1 (1)4,(0) - 1)y, 0) _ | —
h2t 1= 1 3 K h2] 1 B(2j— 1) ) Kk3 1'12‘7 — QB] )
0 0 0
(1} (0) 0 o |2
Vighy = [23 N 11 ;» Vighyy = [23'1 )
0 0
*At_latk
1), (0 — 1 1 1 1
Q( )hét) 1= 2t1 1 J K§G4) = Kl(c3)’ Vl(c4) - *Vl(c?,)’
0

where B := TB2(BoB, + 0)/A + 2B2/X; VIR vIUn{Y (¢ = 25 — 1,25) are supported
on the [(3A4 + 3)d + k]-th entry of h?; V,i?héo)7 V,(CZ) h"” (¢ = 25 — 1,2j) are supported on the
[(3A+ 3)d + A + k]-th entry of h?.

Since (Wryidge; @j.k) < ||Wridgell2laj.x]|2 < B, it follows that
(QVBEL KRS ) = (ridge ) + (25 — 1= (2t = 1))B <0

for j < . Likewise <Q(1)h(22) 1,K,(cll)hg;)> < 0 for j < 4. Since we assume the error g2 <
b2/[2(B2T + \)B,] in Step 2, b, < |lag /|2 < By and AXI; < Ay < (B2T 4 \)1g, it follows that

— o —

(a0 A7 i) = (@, A7 au) = a2 A7 "2, — A7 arl:
b2 b2 1
> = > a = —-1 17
ZaBETEN SN T {17
= -1 ~1 T 21?2
<at,k,At at,k:> < <at,k7At at,k> + lag kll2||Af Tan e — Ay A k]2 < S lo. (18)

Therefore, (QEYhSY | KM 1) = (A7 ank,az) + (2) = 1= (2t = 1)B > 0iff j = i,
Likewise {Q{/hS; | K{Yn{)) < 0 for j < i. Similar results hold for the k2, k4-th heads. By
some basic algebra and noting that ¢ = o(t) — o(—t) for t € R, we see that the attention layer
updates the position for Uy, /7, U, 1 With the values (Wridge, a¢ k) <at7k, At_lat,k> forall k € [A],
respectively. Moreover, it can be verified that one can choose the matrices such that

KW
o ° ]_ o < B.
o Q0 = s [Vl =1 K o

Now, to compute the value of vy, /7 in step 3 in (16), what remains is to approximately compute
a+/Vg, 11> add the result to the position for vy, /7, and multiplied it by 1/7.

Since Vg 11 = <at,k, A[lat7k> € [l1/T,12], to approximately compute <at7k,At_1at7k>, it suf-

fices to approximate f(z) = v/x,x € [l1/T,l2]. For any level of approximation error ,pprox > 0,
let (z1,x2,...,xN) € [l1/T,15] satisfy

xr1 = ll/T, TN = lg, 0< VZTi+1 — /T < Eapprox;s fOI'j S [N— 1].
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Define the function

N-1
1
fa) = r+JZl ) EmT

Note that f(z) is a piecewise linear function on [Iy /T’ lo] with f(z;) = \/; for i € [N]. By some
basic algebra, it can the shown that for e,pprox < 11 / T, the difference between f(z) and f(x)

max |f(C) - f( = 1max ‘\/> \/ﬁ_’_ \/7 \/xj + t(xj+1 - xj) < €approx

CG[I]‘,I]‘+1] tG[O 1

when /Z;11 — /T; < ¢y/Eapproxl1/T for some universal constant ¢ > 0 and all j € [N — 1].
Therefore, there exists a function f () with N = O(1/T/approx) that satisfies

— < .
[1?}%’?2]‘ f(z) — ()] < €approx

As a consequence, we verify that one can implement f (Va,uk) for all k& € [A] simultaneously by
constructing a two-layer MLP with

W lop < O(VN), [W"[lop < O(VTN), D' < AN.

Choose €approx = T€/ . Substituting the expressions for N, €approx into the upper bounds on the
norms, we obtain

W llop < O((aT/(re)) /1), W5 llop < O(T¥*(a/ (7)), D' < O(A(aT/(re))'/?).

Lastly, we can construct another two-layer MLP with weights Wf), W(2) such that it implements
the summation and multiplication updates

~ -~ ~ 1 ~ =

99+ WAWERE )~ o+ (Lo 1)+ 2V i) = 2
with ||Ug, /T — v /7|| < € for all k € [A]. We verify that the weight matrices can be chosen with

2
W llop < O(1), W5l < O(ar/7)

and D’ < O(A).
Therefore the norm of the transformer that implements step 3 satisfies

6]l < O(B + 1 +4A+T%*(a/(re))/* + a/7) = O(A+T(ar/ (7))"/* + /7).
This conclude the proof of Step 3.

E.5 PROOF OF THEOREM 9

By Theorem 6 and Theorem 8 with €5 = € = 1/T3, it suffices to show soft LinUCB with param-
eter 7 has the regret guarantee

T
Em~n [Zm}gx (atps W) — RM Al Lmves o (T)} < O(dVTlog(T)).

t=1
This follows directly from a regret analysis similar to that for LinUCB (see e.g. Chu et al. (2011) or
Theorem 19.2 in Lattimore & Szepesviri (2020)). Concretely, note that v};, = <Wfidge’ 3o At k> +

« <at, by Ay 1at7 k> is the solution to the optimization problem

maximize (w,ay )

subjectto w € Cy := {W|(W — Wiigge n) T As(W — Wiigge ) < 0},
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where we recall « = a(dy) with 69 = 1/(2B,B,,T') and
o = a(dy) = VABy, 4+ 0/210g(1/80) + dlog((dX + TB2)/(d))). (19)

Moreover, standard analysis as in the proof of Theorem 19.2 in Lattimore & Szepesvari (2020)
shows with probability over 1 — 1/(2B,B,,T) we have w* € C, for all ¢t € [T']. Denote this event
by £. Moreover, let p; ;, denote the probability of soft LinUCB selecting the action ay ;. at time ¢
forall k € [A]. Forany € > 0, let Sy(¢) := {k € [A] : vj}, — max;e(4)v]; < €}

Therefore, on the event & at time ¢ we have

sy = Yot = X ey v+ 3 st iy
k€St (g0) k¢St (eo)
€0
ot 3 an(- g
<€+ Z exp - (mjaxvtg i)
k¢St (eo0)

<50+2Aexp( )B (Bw +2a/VX),

where the second line uses
€0

€
Ptk < €xp ( - *0) ‘max pyr < exp ( - *),
T T

and the last line follows from that |v};| < Ba(By + 20/ V/A) on the event &. Choosing g¢ =
€1/2 := 1/+/4T and noting that 7 = eo/log(4TAB (Bw + 2a/v/ X)) = O(1//T), we obtain

maxvt] g D KV < €1

Now, on the event £,, we have
A A
Hel?ji] (Wh,a;) < Hé% vy < Zpt KV +E1 = Zpt,k (Wi, k) + €1
J
k=1 k=1

for some wy, € Cy, k € [A]. Therefore, on & for each ¢ € [T

A A
max (W, a;) = Y per (W5 ais) <1+ > pok (Wi — W an)
jelA] 1 k=1
A
WA, - Hat,kHA;l-
k=1

Moreover, note that max;c4) (W*, az ;) — (W*,a; 1) < 2B, B, and ||at7k||A;1 < Ba/ﬁ. Sum-
ming over ¢t € [T] and using the tower property of martingales, we obtain

T
Em~a [ Z m]?x <at»k’ W*> - vaAlgsLinUCB(T) (T)}

:E[]HEI?Z(] W ay ;) Zptk w*, ag ]

T
2) " 0Fkmp, lasklla 1 + 1T + 2By BaT - 11e5)]
t=

1
T
2Za(— A lakll o ) +e1T + 2By BoT - 1ggy]

t=1

T
<R [af I (A lackl2 ) +eiT| + 2B, B, TP(ES)
=1 ¢
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< \/8A(B./VA +1)2Ta? log(d\ + TB2)/(AN)) + 1T + 1.

where the fourth line uses the fact that
& | < (&
VA AT

and Cauchy-Schwatz inequality, the last line follows from Lemma 19.4 of Lattimore & Szepesvari
(2020). Plugging in €, = 1/+/T and Eq. (19) gives the upper bound on expected regret

Al +1) - (LA [lagklly )

T
Em~n {ngx (ag, w*) — mM,AIgSLiDUCB(T)(T)} < O(dVTlog(T))
t=1 =

for soft LinUCB with parameter 7.

Moreover, the second part of Theorem 9 (i.e., the upper bound on log Ng) follows directly from
Lemma 16 and Eq. (8).

F THOMPSON SAMPLING FOR STOCHASTIC LINEAR BANDIT

Throughout this section, we use ¢ > 0 to denote universal constants whose values may vary from
line to line. Moreover, for notational simplicity, we use O(-) to hide universal constants, O(-) to
hide polynomial terms in the problem parameters (A*!, 7!, b1, B,), and O(-) to hide both poly-
logarithmic terms in (Mg, Co, T, A, d, 1/¢,1/80) and polynomial terms in (A\*!, 71 b1 B,). We
also use the bold font letter a; € R? to denote the selected action a; at time t € [T7].

This section is organized as follows. Section F.1 describes the Thompson sampling algorithm for
stochastic linear bandits. Section F.2 introduces some additional definitions, assumptions, and the
formal version of Theorem 10 as in Theorem 23. We prove Theorem 23 in Section F.3 and prove
Theorem 11 in Section F.4. Lastly, the proof of Lemma 24 used in the proof of Theorem 23 is
provided in Section F.5.

F.1 THOMPSON SAMPLING ALGORITHM

Consider the stochastic linear bandit setup as in Section 4.1, but instead we assume a Gaussian prior
distribution w* ~ A(0, A\I;) and Gaussian noises {¢ }¢+>0 ~iiq N (0, 7). Furthermore, we assume
there exist (by, B,) such that b, < |las k||, < Ba. Ateach time ¢ € [T, Thompson sampling
consists of the following steps:

1. Computes
, t—1 -1 . t—1
Mt = (XId + Zaja_;r) Zajyja 3= XId + ZajajT'
j=1 j=1 j=1

2. Selects the action a; = a; j, with probability

P N (s (k = argmax (a ;, W) )
je[A]

Note that Thompson sampling is equivalent to the posterior sampling procedure in our stochastic
linear bandit setup, i.e., we select an action with probability that equals the posterior probability of
the action being optimal. We allow ) to be either some constant independent of 7', d, or has the form
A = X\g/d for some constant Ao > 0. The latter case is considered so that the bandit parameter vector
w* has /5 norm of order O(1) with high probability. In this case, we use O(+) to hide polynomial
terms in the problem parameters (AT, r*' b1, B,), and O(-) to hide both poly-logarithmic terms

' Ya

in (Mo, Co, T, A, d, 1/¢,1/8) and polynomial terms in (AZ!, r=1, b1, B,,).

Y HYa Y

F.2 DEFINITIONS AND ASSUMPTIONS

For any actions a; 1,...,a;4 € R9, we define

fk(at,la <o Q¢ A5 it 7'2;1) = IOg]P)vx,tNN(ut’rzt—l) (k = argmax <at,j7 Wi) )
jelAl
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Forany k € [A], x1,...,x4 € R%, yy1,...,ya € R, we introduce

gr(X1, . XA, Y1, -5 Ya) = 10g Py (o,10) ( (xk —xj,2) +yp —y; >0, forall j € [A])
It can be verified that

fk(ala ey QA5 Mg, rzt_l) = gk’(\/FEt_l/zat,la ) \/;2;1/2at,A7 </Lta at,1> P <Mt7 at,A>)'
For any 7); € [0, 1], we also define the truncated log-probabilities

Jrem (ag1, ... ,at’A;,ut,rE;l) := log [P(k = argl{niﬂux <at,j7v~vt>) \/171},
JEA
Gk (X1, .., XA,Y1,...,Ya) = log [P((xk —x;,2) +yr —y; >0, forall j € [A]) \/771]
Define in addition the region D, := {x1,...,Xa,Y1,...,Yk : ||Xi — Xj|l2 > n, forall i # j}.

We verify that on the set D,), the function gy, ,,, is Lipschitz continuous in any of its arguments (see
Lemma 24 for more).

We adopt the following definition in Bai et al. (2023).

Definition 22 (Approximability by sum of relus). A function g : R? — R is (¢, R, Mo, Co)-
approximable by sum of relus, if there exists a “(Mg, Co)-sum of relus” function

Mo Mo
fMo.co(2) = Z CmO (w;'n—[z; 1)  with Z |em| < Co, Hel[ad(] [Winll; <1, Wm € R*™ ¢ €R,
m=1 m=1 m 0

such that Sup,c(_ g rje |9(2) — fmo,co(2)] < e

Assumption B (Approximation of log-posterior probability). There exist Mg, Co > 0 depending on

(1/65 1/7717
1/m2, Rs, A) such that for any ¢ > 0,m € (0,1),m2 > 0,0 € (0,1/2) and k € [A],
Gy (X1, .-, X4, Y1, - .., ya) is (€, Rs, Mo, Co)-approximable by sum of relus on D,, with Rs :=

2B, V(1 +2,/10g(2/8) + vVd) = O(V/\d).

Assumption B states that the (truncated) log-policy of Thompson sampling can be approximated via
a two-layer MLP on a compact set with O(v/d)-radius when A\ = O(1) (or with O(1)-radius when
A=Xo/d=0(1/d)).

Assumption C (Difference between the actions). There exists some 1 > 0 such that for all instances
M and any time t € [T, we have ||a; ; — a, k||l2 > nforalll < j <k <A

With the definitions and assumptions at hand, we now present the formal statement of Theorem 10
as in Theorem 23.

Theorem 23 (Approximating the Thompson sampling, Formal statement of Theorem 10). For any
0 < 0o < 1/2, consider the same embedding mapping h and extraction mapping A as for soft
LinUCB in E. 1, and consider the standard concatenation operator cat. Under Assumption B, C, for
e < (n A 1)/4, there exists a transformer TFR(-) withlog R = O(1),

D =O(TY*Ad), L = O(VT), M = O(AT'*), D' = O(A(TY*d + My)) ,
6]l < O(T + AT* + \/MoA + Co), (20)
such that with probability at least 1 — 6y over (M, D) ~ Pﬁlg for any Alg, we have
log Algrg(as k| Di—1, s¢) — log Algg(ay x| Di—1,s¢) < e, forallt e [T), ke [A].

Here Mo, Co are the values defined in Assumption B with m = ¢/(44),m2 = 10,0 =
o, and O(-) hides polynomial terms in (N1 r*1 b=1 B,) and poly-logarithmic terms in
(MO;C07T7A,d71/5071/€)-
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F.3 PROOF OF THEOREM 23 (AND HENCE THEOREM 10)

We construct a transformer implementing the following steps at each time ¢ € [T starting with
h3,_, = hY®] forx € {a,b,c,d}

[ y,pre.{ab,c} T
h2t7/1\
'hprc,{a,b,c}' &\
2t—1 —1/2
I VrE, Cag
pre,{a,b,c} //\ :
pre,a ,1a,0, 1/2 .
hy, 7 h2t*1A X a R
b
hb' step 1 Ht step 2 : step 3 —1/2
hy 1 = hr%?e_% — * E— : B \/;gt at,A (21)
2t—1, 0 12 (fit,a¢,1)
hb 7 3, Taa
pos " :
0 <:U'ta at,A>
L pos | *
0
L pos J
ppre-{a.b}
2t—1 hpost,a
V1 2t_t1b
ost,
step 4 : . hgt—l
? - hpost,c )
~ 2t—1
VtA post,d
h
d 2t—1
hg,
where pos := [t,t2,1]"; p;, X, are the mean and covariance of the distribution we sample W
from; vy, are approximations to vy, = logP(j = argmaxyc ) (as,k, Wt)). In addition, we use

h* % € {a,b, ¢, d} to denote the corresponding parts of a token vector h. After passing through the
transformer, we obtain the policy

exp(h5*%¢) exp(Vy) N
Algg(-|Di—1,5¢) := = — ISANGE
||eXP(h§fit1’c)||1 [ exp(Ve)ll1

In step 1—3 of (21), we use transformer to approximately generate the arguments

(ﬁzzl/zat,ly sy \/7:2;1/2315,14) </’Lt7 at,1> yeeey </J’t; at,A>)

of the function g, (or gi y,), and in step 4 of (21), we use transformer to approximate the truncated
log-probability gy, ,,, for some 7; € (0, 1) by exploiting Assumption B, C.

For any 0 < §p < 1/2, define B,, := ﬁ(\/& + 2\/10g(2/50)) and the event
Esy 1= {max|es| < /2rlog(27/d0)} U{||w*||2 < By}

te(T]

Then by a standard tail bound for gaussian variables {&;}7_;, a union bound over ¢ € [T, and
Eq. (4.3) in Laurent & Massart (2000), we have

P(&;o) >1—4dg.
We claim the following results which we will prove later.

Step 1 Under the high probability event &s,, for any £ > 0, there exists a transformer TFg(-) with

I P\/ﬁ szxlog ((2T(B§ +X) + NT By (BaBu + 27’10g(2T/50))ﬂ _ o0/,

A \2¢
max M® <4, maxD'"”) <4d, [0 <10+ (A +2)/(B2+ \),
LelL) Le[L]

where A := r/\ that implements step 1 in (21) with [|7i; — p¢]]2 < €.
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Step 2 For any € > 0, there exists s transformer TFg(-) with

L=0WT), ma MO = O(ATYY), mﬁp/(“ = O(TY*Ad), ||| < O(T+AT"*)
S €

that implements step 2 in (21) such that ||22/2at7k - Ei/zat)kng <eforall k € [A]

Step 3 Under the high probability event &, for any € > 0, assume Step 1, 2 above are im-

plemented with the approximation error less than £/B,, ) /+/4r respectively, then there
exists a transformer TFg(-) with

L = [2+421/2T(B2 4+ \)/Alog((1 + &)4/r\/ T(B2 + \) B, /¢)] = O(VT), ?1?51\4(” = 44,
€
max D' < 44d, 6] < O(T + A)
Le[L)]
that implements step 3 in (21) with [|\/72; " 2asx — S, Pagslls < e | (i, ars) —
(e, arg) | < eforall k € [A].
Step 4 Under Assumption B, C and the high propability event &;,, suppose the approximation
error £3 in Step 3 satisfies e5 < Ry, /2 = O(VAd), and suppose the vector

—_—

vi= (VS Pag, . ST Pag g, (i ac) - (i ara))

lies in D, /5, for any £ > 0 there exists an MLP-only transformer TFg(-) with

L=1, D'=MoA, [Wi|op <VMoA, [[Walop <Co

that implements step 4 in (21) such that |0, — gi ., (V)| < eforall k € [A] amd 1y = ce/A
for some universal constant ¢ > 0.!

To complete the proof, we in addition present the following lemma.

Lemma 24. Foranyn, € (0,1),7 > 0, gk, (X1,...,XA,Y1,-..,Ya) is 1/2-Holder continuous in
its arguments on D,, namely,

|Gy (X155 Xy XA YL, YA) = Gy (X1 -5 Xy XA, Y1, -, YA
/ /
S%( 2“Xj_xj||2+2||Xj_xj||2)’
Uit n n
|Gy (K15 XA YL+ Yoo > YA) = Ghoan (X1 -+ XA YL, 5 Yy YA
- 2Aly; — yj]
B nm
for any
(X1, Xy, XA, Y1, 5 YA), (X1, X, XA, Y1, -, Ya) € Dy,

(Xiye e XA Y15 Yoo YA), (X1 XA, Y1, U)o, Ya) € Dy
Sforallk,j € [A].
See the proof in Section E.5.
Now, we complete the proof by combining Step 1— 4 and using Lemma 24.

Letey, €2, €3, £4 denote the approximation errors € appearing in Step 1, 2, 3, 4, respectively. W.l.o.g.,
we assume €1, €9, €3, €4 < 1/4 A n/4. Define the vector

v = (\/;E;I/Qat,la e \/;E;l/zat,m (e, ae1) .. (e, a,a))-

"Note Mg, Cg in the formula implicitly depend on 1 /¢.

38



Published as a conference paper at ICLR 2024

By Assumption C and a triangular inequality, we have v, v* € D, /5. By the Lipschitz continuity of
f(z) = exp(z) on (—o0, 1.5], we have

| exp(Vyr) — Algpg(ag k| Di—1, 5¢)| < |exp(Vyx) — Algrg(ag k| Di—1,5:) Vil +m
< 2 ([Or — Gy (V)| + |9k (V) = Gros (V]) + 171,

. 24% / [2e5 2 2A2%¢
§€3/2(€4+7( 73+73>+ 3)+171::55,
m n n nm

where the second inequality uses

Grny (V') = log[Algrg(a k| Di—1, ) V],
and the third inequality uses Lemma 24 and Step 4. Therefore,

A

|Zexp(ﬁt,k) — 1] < Aes.
k=1

and the constructed transformer TF g satisfies (assume Aes < 1)

log Algrg(a¢,k|Di—1,5:) — log Algg(as x| Di—1, 5¢)
A

< (log[Algrg (ar k| De—1,51) V 1] — Brie) + log(D_ exp(@r,))
k=1

< [0tk = Gy (V) + |Gy (V) = Gy (VO)[ + Aes

S (A + 1)65,

where third line uses log(1 + x) < z. Finally, for the prespecified € > 0, choosing €1,¢€2,€3,€4, M1
such thates < ¢/(2A4) gives

log Algrg(at k| Di—1, st) — log Algg(ay | Di—1,s¢t) < €.

This can be done via choosing £ = c1e?, e = cae, 63 = c3e*, 64 = cue,m = ¢/(4A), where
¢; (i =1,2,3,4) hide values that could depend polynomially on (A, 1/n), such that 5 < e/(4A).

Combining the construction in Step 1— 4 yields Theorem 23.

Similar to the proof of Theorem 8, from the proof of each step, we can verify that the token dimen-
sion D can be chosen to be of order O(T"/* Ad) (see the proof of Step 2b for details). Moreover, due
to the convergence guarantee for each iteration of AGD in Proposition 19, we can be verified that

there exists some sufficiently large value R > 0 with log R = O(1) such that we have ||h§£) Il <R

for all layer £ € [L] and all token i € [277] in our TF construction. Therefore, TFg and TFg® yield
identical outputs for all token matrices considered, and hence we do not distinguish them in the
proof of each step.

Proof of Step 1 Note that y; is a ridge estimator of w, with parameter A=r /A and the noise
sup, |e:| < /2rlog(T/d). Step 1 follows immediately from the second part of Lemma 21.

Proof of Step 2 By the boundedness assumption of the actions, we have

5\ S Umin(zt) S Umax(zt) S T(Bg + S\)

Define the condition number &z = T'(B2 4+ A)/X and p1 := /TA(B2 + \). Using the Pade decom-

position for the square root function in Theorem 3.1 and the discussion afterward in Lu (1998), we
have

t—1
52 = (L + Y aja) )2 = \//j(Id n

Jj=1

(X — uld))l/2
I

b@L)(Et _ uId))*l aSm)(Et — ply)

=\//7[Id+Z(Id+ : p ]+Em
j=1
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for any m > 0, where

2
m .
al™ = sin?

m) _ JmT m
J 2m +1 om+1" om+1’

and the error term E,,, satisfies

[ Emlop

-1
2m—+1

IN

T(B2+ ) — /i Ji— VA
1/4_|_1 . 1/4+1 - B
- max{Q\/T(Bg+)\)[1+(1/47_l)2 VR 1/47_1)2 M) 1}

—2m— 1 3 [ 2m+1 _ 1} 71}
~1/4 ~1/4 :

Since (1 4 2/&1/4)F/*/2+1 5 ¢ it follows that choosing

= (5 41 o (VI g (22 1)} - 000

— +1
4 € +

gives |E,[lop < e forany 0 < e < 1.

< 2max{ T(B2 + M\)(1+

Thus, using Pade decomposition, we can write

—1

=, %y, = [at K+ Z (MI +08™ (3, - ,UId)) "™ (%)~ NId)at,k:| +E},
with ||[EX ||, < e forall k € [A] and some m = O(T'/*). Next, we show that there exists a
transformer that can implement the following intermediate steps that give Step 2.
re,{a,b,c
hg;e
1223
hpri,{a,b,c} OdA
2 ﬁf (3 — plg)ae
b step 2a
* — :
0 (Et - MId)at,A
pos «
0
L pos
i hgze ia b c} ]
Mt re,{a,b,c
OdA hgt i a
(¢ — pla)ag, e
2,},/23\@1
(Et - MId)at,A
step 2b (m) —1 (m) step 2¢ s (22)
(Mld +bp (B — MId)) ay (B — pla)ag, > a4 |7
L+ 50 (S, — ) a8, — ul *
plag + b (B — plg) ) am (B — plg)aga 0
*
L Pos |
0
L pos _

where x denotes additional terms in h? that are not of concern to our analysis.
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Step 2a There exists an attention-only transformer TFg(-) with
L=2, maxM® =3A, 0] <T+2+u<0O(T)
that implements step 2a in (22).

Step 2b Denote (X, — ulg)a , by qi and (uId + b%”)(Et — pId)) by M,,,. For any £ > 0, there

exists a transformer TFg(+) with

L = 2y/27(B2 + 3)/Mog((1 + R)B.T(B2 + )/ (3e))] = OWT),

max MO = 4Am = O(TY*A), max D' < O(Adm) = O(TY*Ad), 6] < O(Am) < O(TY*A)
€ €

—

approLirEltely implements step 2b in (22) such that the output component M;,,! q;, satisfies
||a§m)M,_nlqk - algm)Ml;lqk||2 <eforallj € [m]and k € [A].

Step 2¢ There exists an MLP-only transformer TFg(-) with
L=1,D = 2Ad(m+1) = O(TY*Ad), [[Willop = V2, [Wollop < vi(L+m) = OTY)
that implements step 2c in (22).

Combining the intermediate steps with the approximation error in Step 2b chosen as £/m gives
Step 2 as desired.

Proof of Step 2a For all & € [A], we choose le)’ k2.k30 K,(Cll) k2.3 V,(cll) k2.3 Such that for even
token indices 25 with j < ¢ — 1 and odd token indices with 57 < ¢

- 0
1 0 a 1 0 a; 1 0 1 0 1 0
Qgcl)hét)fl = Bk} ) Kl(ijl)hgj) = {Oj} ) Vl(cl)h(Qj) = [%J] ) Kl(cl)héj)—l = [0], Vl(cl)hgj)—l = [0]
(1) (1) 1) (1) (1) (1)
k2 — T =kl Kl(cQ :Kma Vk2 :*Vma
i 1 1 1 0
(1)1, (0) —(2t -1 (1)1,(0) 1 (1)1, (0) 1 (1)1,(0) 3
Qs hy”y = ( 1 ) » Kypghy g = 2j— 11" Kighy = 25| Vishy, 1 = |[(A—pa|
) 0 0 0

where for each k € [A], V,(Cll)h(;;), V,(Cl?))hé(z)_l are supported on the same d entries of h®. It is readily

verified that summing over the attention heads and k € [A] gives the updates
(Et - uId)at,k
2t —1

for all k € [A]. We assume the updated vectors are supported on some Ad coordinates of

04—

hd,_,. Moreover, one can choose the matrices such that \|(‘Q,(611)7,€2_,€3||Op <1, \\Kiﬁ)k27k3||op <
1, HVI(cll)k2k3 llop < max{1, |\ — p|} < 14 p. Therefore the norm of the first layer of the attention-
only transformer |||0(1) |” <24 .
The second layer is used to multiply the updated vectors by a factor of 2¢ — 1, namely, to perform
the map

(Et - MId)at,k

2t—-1

for all k£ € [A], where the output vectors are supported on coordinates different from the input

vectors (therefore we need 2Ad coordinates for embedding in step 2a). This can be achieved by
choosing [| Q@ ||op < T, K@ |lop < T,[[VP|lop < 1 such that

— (2 — MId)at,k

(2t —1)2 1 1

@nw | —T(2t—1)? @n) 1 O _ | 1
1 hy”, = 1 » Ky h2j71 = T(2j—1)2 » Kig h2j =722

0 0 0
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0
(Ei—plg)ag
@i—1)

2 1
Vi), -

(Et—ltid)at.A
(2t—1)
0

Therefore |||0(2) || < T + 1 and hence the two layer transformer we constructed has norm [|0]] <
T+2+ pu.

Proof of step 2b The construction is similar to the construction in Step 2 of the proof of Theo-
rem 8. Hence we only provide a sketch of proof here. Note that

( )M qi = argmin

erd 2(2t —1)

is the global minimizer of a A/(2t — 1)-convex and (B2 + \)-smooth function with the conditional
number 7 < 27(B2 + \)/\. Since

™ M el < Jaf™ 1M epllaill2 < BaT/(BZ + 3)/2.
Therefore by Proposition 19 we have L = [21/2T(B2 + X)/Alog((1 + &) B.T(B2 + \)/(Ae))]

—

1
x' M;x — %1 <x, ag )qk> =: aigeflgn Ly ;(x)

steps of accelerated gradient descent with step size n = 1/(B2 + \) gives ||a§m)M;1qk —

ag-m)Mj*lqug < e. Now, it remains to construct a transformer that can implement the accel-

erated gradient descent steps. Here we only provide the construction of the gradient VL ;(x)

at the [-th iteration x = xﬁ ! € R? which belongs to the output after / — 1 transformer lay-

ers. The full construction of AGD steps follows from similar techniques as in Step 2 of the
proof of Theorem 8. Concretely, for each layer ¢ € [L] and k € [A],j € [m], we choose
Q,(C?l’ka’m,K,(é)lﬁm’kﬂ,V,(C?ijz,kjg such that for even token indices 25 with s < ¢t — 1 and
odd token indices with s < ¢

0—1
£) 4 (0—1 X - £) 1 (£—1 as 0) 4 (-1
Qgcj)lhétfl) = { %’j } ) K/(ij)lh( )= [ } ) Kz(gj)lhgsq) =0,

0
0
4 (-1 " 14 {—1
Vl(cj)lhés ) =N bg L)as ) Vl(cg)lhgs—l) = 0’
0
¢ ¢ ¢ ¢ ¢ ¢
Ql(cj)Z = _Ql(cj)l’ Kl(q)z Kl(q)l’ VIEJ)Q _VI(CJ)D
1 1
-1 —(2t -1 AENU 1
Qk]?) éf 1) - ( 1 ) Ki:j)dhg‘;) 1= (28 _ 1) )
0 0
0
14 £—1 m m m) Y
VidhG Y = |al™aqr — 11— 6™ )+ b\ Nx !
0
Similarly, it can be verified that the constructed attention layer generates
(m)
0—1y _ n (m) (m)y 77% dk
= VL (1) = =5 [[0= 0™ )L+ ™ )+ 6" Zas T+ 5

Therefore, a construction similar to Step 2 of the proof of Theorem 8 y1e1ds Step 2b. Moreover, note
that for the construction to exist we need the embedding dimension D = O(Adm) = O(T* Ad)
and the number of hidden neurons D’ = O(Adm) = O(T'/* Ad).

Proof of Step 2¢  Note that step 2c is a linear transformation from a; ., a ( )M ar, k€ [A]l,j €

[m] to \/p[agk + ijl(uId + b;m)(Et plg)) =t ;m)(Et pwla)ay k] and we have the fact x =
o(x) — o(—x). One can thus choose W1 = [Ta(mt1)da  —Tamina 0] with D' = 24(m + 1)d
and Wy with [|[Ws|o, < \/z(1 + m) that implements the linear map.
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Proof of Step 3 Similar to the proof of Step 2b, given Etl/ 2at,k we can apprxoimate

b3 12% / Qat, [N Y 2at7 « using accelerated gradient descent. Concretely, note that

e . 1 o .
2718 = argmin o x ' Byx — o ( x,v/78,%a, ), ) = argmin Ly (x
\/; ’ ! b arxge]Rdln 2(% - 1) ' 2t—1 7\/; ¢ b ar)igERdm k( )

is the global minimizer of a A/(2t — 1)-convex and (B2 + \)-smooth function with the conditional
number 7 < 27(B% + \)/\. Since
—1 1/-/2\ —1 1/-/2\ 2 3
[VrEy 2 aklls < \/;HM] loplIZ¢ “as kll2 < 2¢/r\/ T (B2 + A)Ba,
where the last inequality uses the assumption in Step 3. Therefore for any ¢y > 0, it follows

from Proposition 19 that L = [24/2T(B2 + )/ log((1 + &)2+/r\/T(B2 4+ X\)B,/eo)] steps of
accelerated gradient descent with step size n = 1/(B2 + 5\) gives

||fz N> 1E/atk\|2<50

Following the construction in Step 2 of the proof of Theorem 8 it can be verified that there exists a
transformer TFg(-) with

L = [24/2T(B2 + X)/Mog((1 + 7)2v/r\/T(B2 + A)Ba/e0)] = O(VT), max MV = 44,

Le(L]

max D'V = 44d, 6] < O(A)
Le[L]

that implements the AGD steps. Therefore, the approximation error

||\[2_1/23tk *\[2_1/2& k||2
< VS Pas — VIS IS Panls + IVFSTIE s — Vi S as

<eot ﬁuzzlnwuzi/zat,k S SHE

7/. —_—
<ep+ %HZtlmaM — Zi/Qank”Q <ep+ 6/2,

where the last inequality uses the assumption on the approximation error in Step 2. Letting eg = /2

yields ||/7%; " at RN ik at7k\|2 <e.

—

In addition to the calculation of /7 2_1 2at &, We construct a two-layer attention-only transformer
that computes (fi¢, a; ;). Namely, we choose le 2 Kl(cll)kQ’ V,(ﬂ) 4o Such that

fe ] [07] [ ajr ] 0
1)4.(0 —(2t—1 1)4 (0 B 1)4 (0 B 1)1 (0
( )hgt) 1= ( B ) ) ngl)hgj) = 251 K( )hg]) 1= 25— 1| V( )hét) 1= [ek-]
L o | 10 o0 0
[ = ] 07 [ ajp | 0
1).(0 2t — 1 1)4.(0 B 1).(0 B 1)4.(0
Q( )hét) 1= ( B ) ) K]E:Q)héj) = 25| KgcQ)hgj)_l = 25— 1| V,(Q)hét),l = — [ek‘| )
0o | 0 o0 | 0

where B = 2T B2(B, B, + \/2r10g(T/50)))/\ = O(T) is an upper bound of (fi;, a; ;) for all
k € [A] under the event &5,, and e, = (0,0,...,1,0,...,0) € R4 is the one-hot vector supported
on the k-th entry. Summing up the attention heads gives the update

<ﬁt; at,k>
2t —1

0+—
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Note that one can choose the matrices such that

1 1 1
QLY wallop < B 1KLY ollop < B, IV jallop < 1.

Thus the norm of the attention layer m@(l) m <B+2.

Finally, as in the proof of Step 2a we can construct a single-layer single-head attention-only trans-
former with H|0(2) ||| < T + 1 that performs the multiplication

<ﬁt7at,k>

— (L .
2% 1 <,Ut7at,k>

To estimate the approximation error, note that ||a; x|l < B, and ||y — ]l < ¢/B, by our
assumption in Step 3, it follows immediately that | (i, ar k) — (e, ar )| < € for all k € [A].
Combining the construction of the transformer layers above gives Step 3.

Proof of Step 4 By Assumption B, g ,,, (v) are (e, Rs,, Mg, Co)-approximable by sum of relus
for some Mg, Co depend polynomially on (1/e,1/m1,1/n,1/d¢, A). Since

VS agklls < VrlB Yl llakllz < VABa, [ (e aek) | < llallalacklls = BuBa

and Rs, = 2(B, B, + \f)\Ba), it follows from the assumption €3 < Rj, /2 and a triangular inequal-
ity that ||v||, < Rs. Therefore, using Assumption B and stacking up the approximation functions
for each coordinate k € [A] we construct a two-layer MLP with [|[W1||op < v/ AMg, [|[W1||op < Co,
D’ = MgA such that

0
Vil
Wao(Wihy,! ) =
Via
0,
where (Vy1,...,V¢a) is supported on h§, | and [0y — gr,p, (V)| < € forall k € [A].

F.4 PROOF OF THEOREM 11
Denote the transformer constructed in Theorem 23 by TFg. From the proof of Theorem 23, we have

Algrg(at| D1, st) <

lo €
s Algg(ar|Di—1,81) —

under the event

€3, 1= {maxer] < V/2rlog(2T /o) U{IW"ll2 < By} forailt €[]
te

with probability at least 1 — &g, where By, := VA(vV/d + 2/10g(2/0)). Note that due to the un-
boundedness of the noise €, and parameter vector w*, Assumption A may not be satisfied. However,
setting o = 0/(2n) and applying a union bound gives

Algrs(@i|Di_y, s
grs(@|D;_1, 1) <e, forte[T)],ié€ [n]. 23)

log — - < g,
Algg(ai|Di_y, st)

with probability at least 1 — §/2. From the proof of Theorem 6 we see that Assumption A is only
used in Eq. (14) in the proof of Lemma 20. Moreover, it can be verified that the same result holds
with Assumption A replaced by the condition in Eq. (23). Therefore, we have

log [Ne - T/d]

9%A,Algé\(jﬂ) - E)%A,AlgTs (T)‘ S CT2\/7T\{< + vV 5rea|>

< CT2\/TZ< log[N@n-T/é]> VT
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with probability at least 1 — § as in Theorem 6, where the second inequality follows as in our setting
Ereal = € = 1/(T3R). Now, it suffices to show Thompson sampling has the expected regret with

T
Entn | D max (a6, W) = Rur aigy ()] = O(aVT log(Td).

The proof follows similar arguments as in Theorem 36.4 in Lattimore & Szepesvari (2020). Define

A=r/\, Bi= \/7?( 2rdlog(4d/ors) + \/210g(2/6rs) + dlog(1 +TB§/;\d)),
where dpg will be specified later, and recall ¥, = AI; + Zj 1aj T. Since ||w*||2

v/2X\dlog(4d/d1g) with probability at least 1 — d1s/2 by a union bound, it follows from Theo-
rem 20.5 in Lattimore & Szepesvari (2020) that

P(lw*|[2 < v/2Adlog(4d/drs), and |p —w*[|x, = B, for some i € [T]) < drs,
where the probability is taken over the both randomness of the noise and of the bandit instance M.

Let £ be the event where ||y — w*||s, < S forall i € [T, and let & be the event where {||w* ||z <
V/2Adlog(4d/érs)}. Then P(E N &y) > 1 — drs and the expected regret

T
S [t s )

tzfé?ﬁm Japk) — (W, ay)]

>_.

T T
— * _ * * _ *
_]E[;(;Iel?j{] (W ag ) — (w ,at))lgmgo} +E[t_1§2%((w cak) — (W5 ay)) Lengy)e
T
<E[ D (max (W' acs) — (W) ere, | + BB W 21 e, ]
t=1
T
SB[ Y (ma (wh ) — (', a0 Lere, | + 2B TE[lw 21 ereyye )
t=1"7
Since
Ellw* 21 (gnen)e] < P((E N E0)°)y/2Adlog(4d/o1s) + / P(w*[l2 > t)dt
v/ 2Xdlog(4d/d1s)
< /2 log(4d/drs )ors + d*2 / P(|lw}] > t)dt
\/2>\10g(4d/5TS)

< V/2Xdlog(4d/é1s)ors + 2v/2d%/2\1/? / exp(—t2)dt

log(4d/dTs)
2Adlog(4d/drs)dTs + \[ds/Q/\l/Q/ /2
log(4d/dTs) t
< 2v/2X\dlog(4d/dTs)dTs,

where the second line follows from a union bound over [d], and the third line uses properties of
subgaussian variables. Therefore, choosing d1s = 1/[TV/d] gives

exp(—t)dt

T
Em~a [Z max (ak, W) — R Algs (T)}
t=1
T

{Z max (W*,ay k) — <W*,at>)1gmgo} + 6B4\/ Alog(4d?T). (24)

=1 JEA
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Now define the event & := {||u; — w*||s, < 3}, then we have & € F;_; and N_, & = £. Also,
we define the upper confidence bound Uy (a) := (i, a) + 6Ha||2t—1, which does not depend on the

true parameter w*. Let (F;);>( denote the filtration generated by the data collected up to time ¢ and
the random parameter vector w*.

Let a; denote the optimal action at time ¢. Due to the construction of Thompson sampling, we
have the distribution of a; and a; are the same conditioned on F;_;. Therefore, E[U;(aj)|F;—1] =
E[Ut(at)|ft,ﬂ and

E{(<w*,a;> —(w*,a)) lene, \fH] gE[( w,a}) — Uy(a]) + Us(ay) — (w*,a,) ) 1g, \fH]
E[( (w*,a;) ) 1g, |]—"t_1}
E

{<|at||2 e =W s, + Bladllg) e, | Foot]
B lacll ;| Fia).

IN

IN

| /\

Moreover, we have
g1 < Bu/ VA

Combining the last two displays, we obtain

E[f}% (W' ani) = (W, a0) Lene,
< iE[wnatnz;l A (Bu/ V)]
2(8V (Ba/ V) [i (s )]

<2(8V (Ba/VI)VT [i (a2 AD)]

<2(8V (Ba/\ﬁ))ﬁ\/zdlog(l +TB2/(A\d))
= O(dVT log(Td)),

where the fourth line uses Cauchy-Schwartz inequality and the fifth line follows from Lemma 19.4
in Lattimore & Szepesvari (2020). Combining the last display with Eq. (24) completes the proof of
first part of Theorem 11. Moreover, the second part of Theorem 11 (i.e., the upper bound on log Ng)
follows directly from Lemma 16 and Eq. (9).

F.5 PROOF OF LEMMA 24
For any j # k, by definition of g, ,,

|Gk (X1, Xy oo, XA YL, -, YA) —gkml(xl,...,X},...XA,yl,---7yA)|
< % P({xy — x;,2) +yr — y; > 0, forall i € [A])
—P((xx — Xi,2) +yr — y; > 0, foralli # j, (xx —x},2) +yp —y; > 0)
< %(P((xk—x;,@—kyk—yj >0> (xk —X5,2) + Yr — Yj)
+P((xx —xj,z) +yp —y; <0 < <Xk_Xj7z>+yk_yj))
< %(WXJ' = Xjy7) = (x5 =%}, 2) + ys = y; 2 0)

+]P’(<Xk*X},Z>+yk*yj <0< <Xk*Xj,Z>+yk*yj)>
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1
< E<P(<Xj —Xj,z) > (xp —Xj,z) +yr —y; > 0) + P((x; — x},2) < (xi — X[, 2) +yr — y; §O>.

Note that conditioned on x;, x; we have

P(| (xj — x},2) | < [x; — xjll21/210g(2/61)) > 1 — &
for any 6; > 0. Therefore we further have

|gk,n1(X17~~~»Xj7~-~,XA7§l/1>~--7yA) _gk,nl(xlw"axga~-~XA7y17"'7yA)|
1

< —[P((xh =) + i — 5 € [y — % 2v/2108(2/01), 1x; — X112/ 21og(2/01)] ) + 61

m
1

— sup P((xx — X}, 2) € A) + 61]
M AeF pu(A)=2l|x; —x/ | 21/2 108(2/51)

1 2 Xy TR 1 2% =l
m V2 Y= nd1

for any ; > 0, where the last inequality follows from the fact that standard Gaussian has probability
density less than 1/+/27 everywhere, ||xj — x;-||2 < nand log(2/61) < 4/512. Choosing §; =

IN

<

+01)

R
2%, —x 2

1A gives

|gk7n1(xlﬂ"'axja"'aXAvyla"'ayA)7gk,?71(x17"'7xg'7"'XA7y17"'ayA)|

¢ 2 [l 2=l
T m Ui Ui

Similarly, for x5, # x},, we have

|gk7ﬂ1(xl7'"7Xk7"'7XAay17"-5yA) 7gk,n1(xla--'ax;ca'--XAaylw"ayA”
1 .
n—([?’((xk — X4, Z) + Yk — i > 0> (X}, — %;,2) + Yy — yi, for some i € [A])
1

IN

+P({x — %;,2) +yp — yi <0< (X}, —X;,2) + yx — yi, for some i € [A}))

IN

1
Z*(PKX/@—XmZ)‘*‘yk—yi > 02> (x}, —Xi,2) + Yr — ¥i)
#km

+P((xx —xi,2) +yr — ¥ <0< <X;€_xi,z>+yk_yi>)

A

A
< - (P((Xk—xz,@ > (X — X3 Z) + Yi — Yk > 0) + P((xi, — x},,2) < (x; — X}, 2) + ¥i — Y SO).
1 %

Following the same argument, we have

|gk,7]1(xl7"'7xkv"'aXAvyla"'ayA)7gk,771(xla""X;ca"'anyh"'5yA)|

<2 ( [l 2=y
T m Ui n

Likewise, for any j # k we have

‘gk,nl(xla---7XA7yla"'7yj7"'7yA)_gk,nl(xl7--~7XAayl7"'>y;’7"'7yA)|
1 .

< HOP’((X/C —x;,2) € [min{yx — yj, yr — v}, max{yrx — y;, yr — y;-}])

1

<l ap Bmexpaed)

T AeF,u(A)=2ly;—v}|
/ /
- 1 2ly; —y;l - 2ly; — yjl
m  2my nm
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and
‘gk,fh(xlﬂ"'?XA’ylv"'7yk7"'7yA)7gk,n1(xlv"'7xl45y17"'7y;c7"'7yA)|
1 .
< Zﬁ@«xk —x;,2) € [min{y; — y;, i — y; ), max{y, — y;, v — yj}])
Jj#k
A
<= sup P((xx — x;,2) € A)

M AeF u(A)=2ly; )]
' /
- A 2ly; — v - 2Aly; — v
m o 2mn nmm

G LEARNING IN-CONTEXT RL IN MARKOV DECISION PROCESSES

Throughout this section, we use ¢ > 0 to denote universal constants whose values may vary from
line to line. Moreover, for notational simplicity, we use O(-) to hide universal constants, O(-) to
hide poly-logarithmic terms in (H, K, S, A, 1/7).

This section is organized as follows. Section G.1 discusses the embedding and extraction formats
of transformers for Markov decision processes. Section G.2 describes the UCB-VI and the soft
UCB-VI algorithms. We prove Theorem 12 in Section G.3 and prove Theorem 13 in Section G.4.

G.1 EMBEDDING AND EXTRACTION MAPPINGS

To embed MDP problems into transformers, we consider an embedding similar to that for linear
bandits. For each episode k € [K], we construct 2H + 1 tokens. Concretely, for each ¢ € [T in the
k-th episode, we write t = H(k — 1) 4+ h and construct two tokens

0
S SAJLL o D51y Tk.h h3, 1.
) B L T S el [
hognype=| __0a | = |y L N i Vi B hgt—“rk ,
0 i(t—1)+k o 64, . hgt—l-&-k
h —
0Sqg(s_ 2(t—1)+k 2t—1+k
POSy(t—1)+k POSy;_ 11

where sy, 1, ax,p, are represented using one-hot embedding (we let s;, 741 = 0s), hg(t_l)Jrk is used
to store the (unnormalized) policy at time ¢ given current state s, ,, 0 in h? denotes an additional
zero vector. At the end of each episode k, we add an empty token
h =h¢™:= [0 pos !
(2H+1)k =y, = [ po (2H+1)k]
to store intermediate calculations. We also include in the tokens the positional embedding pos, :=
(k, h,v;,i,i%,1) T fori € [2T + K|, where v; := 1{n2—oy denote the tokens that do not embed ac-

tions and rewards. In addition, we define the token matrix H; := [hy, ... ho,_145] € RPX(2t=1+5)
forall ¢t € [T7.

Offline pretraining Similar to the bandit setting, during pretraining the transformer TFg takes in
HY'® := Hy as the input token matrix, and generates H>>*" := TFo(H""®) as the output. For each

post,c )
2(t—1)+k

I eXP(th’:i‘fHk)Hl

i-th entry is the probability of selecting the ¢-th action (denoted by the one-hot vector e;) given
(Ds_1, 8¢). We then find the transformer 6 € O by solving Eq. (3).

exp(h

time ¢ € [T'], we define the induced policy Algg(:|Dy—1,s¢) 1= € A4, whose

Rollout At each time ¢ € [T, given the current state s; and previous data D;_1, we first construct

the token matrix HP'} | € RP>*2(=D+k hat consists of tokens up to the first token for time ¢. The

transformer then takes HI))) | as the input and generates Hf(?lsl'tt = TFo(H},) ;). Next, the agent
. . . . exp(h50r0r L)
selects an action a; € A following the induced policy Algg (| D;—_1, 5¢) := 20Dtk o AA
I exp(hg(t,’lH,k)Hl

and observes the reward r; and next state s;41 (s¢+1 ~ gy if ¢ is the last time step in an episode).
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Embedding and extraction mappings To integrate the above construction into our general frame-
work in Section 2, for t = (k — 1) H + h, we have the embedding vectors
h(sy) == hog_1)4x, h(ag, ) :=ho_ 144
For N > 1, write
[(N+1)/2]=(kn —1)H + hy

for some hy € [H], and define the concatenation operator
Cat(hl? e 7hN) = [h17 .. 7h2H7himp7 h2H+17 e 7h4H7hgmp7 h4H+17 ey hN} S RN+kN71a

where we insert an empty token h{™ (i.e., a token with h%::¢} = 0) at the end of each episode k.

In this case, we have the input token matrix

H =H}, = cat(h(s1),h(a1,m1),...,h(a—1,7¢-1),h(s;)) € RP¥EEDHH

post

the output token matrix H = HP,

and the linear extraction map A satisfies

— —post t,
A-hoy=A-hyy_qy4, = h??ifmo

G.2 UCB-VI AND SOFT UCB-VI

We show that transformers with the embedding in Section G.1 can approximately implement the
UCB-VI algorithm in Azar et al. (2017). Namely, UCB-VI implements the following steps:

for each episode k € [K] and eachstep h = H,...,1

Ny (s,a,s")
Ny, (s,a)V1?
notes the number of times the state-action-next-state tuple (s, a, s’) has been visited in the
first k — 1 episodes, and Ny (s,a) = >, Ni(s,a,s’) (we assume Ny (s, a,s’) = 0 and let
Ny (s,a) be the number of times (s, a) is visited at timestep H).

1. Compute the estimated transition matrix Py (s'|s, a) 1= where Ny (s, a,s’) de-

2. Calculate the estimated Q-function

Qn(s,a) = min{H, (s, a) + bu(s,a) + Z Pu(s' | s,a) Vg1 (s)1,
s'eS

where the bonus by, (s,a) = 2H %, ‘7H+1(8) :=0forall s € S and ‘7h(s) =

maXge A @h (87 a)'
Throughout this section, we choose the small probability § = 1/(K H).

During policy execution, at each step h € [H], UCB-VI takes the greedy action aj, :=

arg max, Qn(sn,a) and observes the reward and next state (rp, sp+1). To facilitate pretraining,
in this work we consider a soft version of UCB-VI, which takes action a;, following the softmax
policy

exp(Qn(sn.0)/7)
exp(Qn(sn, @)/7)|

7 (alsy) = H

using the estimated )-function for some sufficiently small 7 > 0. Note that soft UCB-VI recovers
UCB-VIas 1 — 0.

G.3 PROOF OF THEOREM 12

Throughout the proof, we abuse the notations h} for x € {a,b, ¢, d} to denote the corresponding
positions in the token vector h;. For any ¢’ € [T, we let k(¢'), h(t') be the non-negative integers
such that ' = H(k(t') — 1) + h(¥') and h(t') € [H]. For the current time ¢, we use the shorthands
k = k(t),h = h(t). For a token index i € [(2H + 1)K], let k(), h(i) be the episode and time
step the i-th token corresponds to (for the empty tokens we set h = H + 1). Given the input token
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matrix HY'1 |, we construct a transformer that implements the following steps on the last token.

hg(tfl)Jrk = hggfjl)ﬂ for x € {a, b, c,d}
pre,{a,b,c} T
h2(t71)+k/
N- [ 1.pre,{a,b,c} 7
1(5,'a, s') I/I\Z(t—l)-i,-k
~ rppredab.el ] Q1(s,a,s)
Ny (s,a,s) EQ(t—l)-i—k .
hPree Ni(s,a) Py(s,a,s) R .
hggalnk . , . . Qu(s,a,s')
2£t21)+k step 1 . step R : step 7 (S)
h‘;(f’_mk Nu(s,a,s') Pr(s,a,s) )
hpre,d & N (37 a’)rl (37 a) * :
2(t—1)+ : 0 VH(s)
Ny (s,a,8)ru(s,a) LPOS2(t—1)+] 8
*
0 | POS2(t—1)+k ]
L POSy_1)4k |
. pre,{a,b} 7]
h}(t—l)-ﬁ-]f hpost,a
Qn(st,a1) 2(t—1)+k
step 4 T hgotSt ’f &
— = hpgslc” , (25)
~ 2(t—1)+k
Qn(st,a1) hpost,
hd T 2(t—1)+k
| P2 1)4k |

where Ny (s, a, s’),ﬁh(s7a,s'),@h(s7a,s') € RSQXA, Ni(s,a) € RSXA,‘A/h(S) e RS forall h €
[H], and * denote additional quantities in hg( t—1)4k Given the current state s, the transformer
TFpy(-) generates the policy
exp(hy0)) )
Algg(:|Di—1,5¢) := sé;,in
[exp@pe™s )l

We claim the following results which we will prove later.

e A4,

Step 1 There exists an attention-only transformer TFg(-) with

L =4, max MY < O(HS?A), ||0] <O(HK + HS?A)
S

that implements step 1 in (21).
Step 2 There exists a one-layer transformer TFg(-) with
L=1, M <O(HS%A), D' <O(K*HS?4), |0 <O(HS?A+ K*+ KH)
that implements step 2 in (21).

Step 3 There exists a transformer TFy(-) with

L=2H, maxM® <254, maxD'"V <3S4, ||6] < O(H + SA)
¢€e[L) Le[L]

that implements step 3 (i.e., value iteration) in (21).

Step 4 There exists an attention-only transformer TFg(-) with
L=3, macM® = O(HA), 6] < O(H(K +4)+1/7)
€

that implements step 4 in (21).
From the construction of Step 1—4, we verify that one can choose the constructed transformer
to have the embedding dimension D = O(HS?A). Moreover, due to the boundedness of the
reward function, Q-function and the fact that the bonus b(s, a) < O(H), we verify that there exists

some R > 0 with logR = O(1) such that ||h§£)||2 < R for all layer ¢ € [L] and all token i €
[K(2H + 1)]. Therefore, similar to what we do in the proof of Theorem 8, 10, we may w.l.o.g.
consider transformers without truncation (i.e., R = co) in our construction of step 1—4 in (25).
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Proof of Step 1 We prove this step by constructing a transformer that implements the following
two steps:

Step la For each ¢’ < t witht' = (k' — 1)H + I’/ for some 1’ € [H], we add sy 7, (@ p/s T 1)

b a d
fromhg,, 4y 4 and hg, g g tohg, .

Step 1b Compute Ny, (s, a, s"), Ny(s,a) for h € [H] and assign them to the current token hg(t_1)+k.

For step 1a, we can construct a two-layer attention-only transformer with leg 3 ngﬁ, Vggﬁ such
thatforalli < 2(¢t — 1)+ k

(1)1 (0) _ B WO _ | k(2) (1)1,(0) _ |0ap1
1 h 7 = 1 ; Kiy'hy' = i+3]° Vi h2(t’71)+k’_ Sk b
7 —1 0

0

a/k:' h'

1 0 ’

Vg )hétkuk’ = | Tk

S

0,

where we choose B = 4 and Vh(?) are supported on some entries in h(®)¢. Moreover, we choose
Q" = Q" =V, viY = v = —v{ and K§”, K" such that

-8B -B
W0 _ | k(i) W40 _ | k(i)
Koy'hi" = |, 15| Ke'him =79
1 1.

We verify that | Q" [lop, K [lop = 4, Vi |lop = 1 for x € [3]. Summing up the heads, we

obtain the following update on a subset of coordinates in h(2(t)/)fk/:

3 2t/ +k

Os+a+1 = Osyat1 + Z Z 0(<Q§1)h§(§3+k~Kﬁl)h§°)>>VJh§°)
j=1 i=1
L (VR VREL VIR,
= (ViVhg) s+ 2V g ) = ViV )]
Y i_ L/ (Vgl)hgt)’)—&-k’—Q + Vgl)h(z(?-rk'—ﬁ
1 g
e ]

Note that <Q(1)h§0), K(l)h§0)> < 0fori=2t' — 1+ k’ (i.e., all tokens that embed the action and
reward) since v; = 0, it follows that no update happens on the tokens in which we embed the action

and reward (i.e., the corresponding part of h? remains zero). Moreover, it should be noted that no
update happens on tokens with A = 1.
We then use another attention layer to multiply the updated vectors by a factor of 2¢’ + £/, namely,
to perform the map

ak’,h’ ak’, 1%

Tk',n' | /= |Tk’,n" | ,

Sk’ b/ Sk’ b/

1
2 + K
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where the output vector is supported on coordinates different from the input vectors. This can be
achieved by choosing [|Q\¥|lop < (2H + K, | K{? ||op < 2H + 1)K, |[V'?|op < 1 such that

-2 1 0

! ak’ h'!

@y _ | —(2H +1)Kd? @2)n1) _ 1 @pa 1 ’
Qi b = 1 Ky = o 2|0 Vi P = g [T
0 0 Sk b/

0

(26)

and noting that <Q§2)h§1), ng)h§.1)> = ¢ when j = ¢ and otherwise 0.
For step 1b, we show that it can be implemented using a two-layer attention-only transformer.

To compute Ny, (s, a, s'), in the first layer we construct M = 10HS? A heads with the query, key,
value matrices {Qﬁlkis 0., {KI(JiI)']S 0., {VS&&S 10, such that forall i < 2(t — 1) + k and i,k €
[5,) € [A],h € [H]

B(v; — 1) L
Be; SE(4),R(i)—1
Be; A% (i), m(3)—1

1 0 1 0 ’ 1 0
Qi(jk%,lhg )= Bfk ) Ki(jk%,lhi(' ) = Sk(i),h(i) | Vi(jk%,lhi(‘ = - ei]j\lih ’
—-3B 0

1 1—n(i)
h L1

where we choose B = 2H and ei'}k denotes the one-hot vector supported on the (i, j, k)-entry in
Ni(s,a,s"). We similarly construct

'B(’Ui — 1)_ I 1 i
Be; SE(4),R(i)—1
Be; A% (i), m(3)—1 0
1 0 1 0 ’ 1 0 Nj
Qi(jkiﬂhz(' )= Bey ) Ki(jk?n2h1(' ) = ONVONE Vi(jk%,th(' )= € |
1 —3B 0
1 —h(i)
L h i i 1 ]
rB(v; — 1) L
Be; SE(4),R(i)—1
Be; A% (i), m(3)—1
1 0 1 0 7 1 0 Nj
Qi(jkzm,shg )= Bex ) Ki(jk%,th(' ) = SEG),RG) | 0 Vi(jk%,3h1(' )= eijkh )
1 —3B 0
1 h(i)—1
L —h i 1 ]
B(v; — 1) L
Be; SEG),h(3)—1
Be; A% (i), m(i)—1 0
1 0 1 0 ’ 1 0 N,
Qi(jk%,zlhg = Bex |, Ki(ij\Ahz(' ) = OO E Vi(jk?w,thz(' )= € |
1 —3B 0
1 h(i) — 2
L —h i 1 ]
B(v; — 1)] 1]
Be; SE@),h(3)—1 0
1 0 1 0 T 1 0 N
Qi(jkL,Shz(' )= Be; ) Ki(jkzm,shz(' )= %) h(i)—1 | Vi(jk%ﬁhz(‘ ) = €
Bex SK(i).h (i) 0
L1 | 3B |
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Summing up the first five heads, we verify that such attention updates the token with h{ = 0 and
has the form

1~
0 — 0+ —Nu(i,j, k)ef)"
1

on h?, where Ny (i, ], k) denote the number of visits to the state-action-next-state tuple (i, j, k) at time

step h before token i. For x € [5], we choose V|Jk21 45 = _Vi(ji%,*—% and Qéi&y*%, KI(JR wi5 be
such that
1 0) 1 0)
() O R () ) Kbl
Qijn, 517~ = B o Kijhwashi " = | &)
—k(7) B

which adds positional embedding about the current episode k(7). We verify that summing up the
sixth to the tenth heads gives the update

00+ 1(Nh( .3, k) = Na(i,j, k))ely e

on hf fori < 2(t — 1) + k with h? = 0. Therefore, combining all the heads together we have the
update

1
0 — 0+ =Ni(i.j, k)egy foralli,k € [S],] € [4],h € [H]

on h¢ fori < 2(t — 1) + k with h¢ = 0, in particular when i = 2(¢t — 1) + k. Moreover, notice
that the matrices {Q.(ﬁ\ s io 1 {Klﬁ1 R 10 can be constructed with the operator norm less than

10B = 104, and {Vukh 10, with the operator norm equals 1.

Following a similar construction, we can also compute Ny (s, a), Ny(s, a)ry(s,a) forallh, s, a, s’ on
different supports of coordinates in h¢ via adding additional M = O(H SA) heads to the attention-
only layer.

Next, we construct the second attention layer to multiply the token vector by the index number
1 as in the proof of Step la. The construction is similar to that in Eq. (26) and we omit it here.
Moreover, note that Step 1b can be implemented with the embedding dimension D < O(H S?A) as
we need O(1) dimensions for each quadruple (i, j, k, h). Combining Step 1a, 1b concludes the proof
of Step 1.

Proof of Step 2 After Step 1, for the current token ¢ = 2(t — 1) + k, we have
Niu(s,a,s"),mh(s,a), Nn(s,a), Nn(s,a)rn(s,a) lie in h¢ for all h € [H]. Given these vectors that
store the number of visits and rewards, note that

Nu(s,a)rn(s,a)

= >
rh(s,a) NeGa) V1 when Ny (s,a) > 1,
log(SAT/6)
bus,a) = 2H7 [ VT
~ Niu(s,a,s’)
P &)
h(s,a,57) = Ni(s,a) V1’

Therefore, we may compute ﬁh,bh via using a transformer layer to implement the functions
T log(SAT/S x
fl(w7y) = yVl’fQ(y) = 2H Og(y\/ir/ )af?»(m?y) = yVv1 + Hly:0 for T,y € {0} U [K]

We demonstrate the computation of ﬁh(s, a,s’) (i.e., the computation of fi(z,y)) here. We start
with constructing an attention layer with M = O(HS?A) heads such that it implements x — 22

for £ = Np(s,a,s’),Nn(s,a). For Ny(s,a,s’), this can be done by choosing HQi(jlkf]HOp <
K, ||K.thHop <K, ||V.thHop = 1 such that

K j 0
agne =[5 L[k v <[]
Ni(ei, €, ex) Ni(ei, e, ex) 0
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where e;, e, denote the 4, j-th states and e,; denotes the k-th action. Similarly, we can construct
H S A additional heads to compute Ny, (s, a)? for all possible s, a.

Next, we compute the exact values of ﬁ(s a,s’) using an MLP layer. Namely, we construct

W%I) = W%)ngl),wg) Wg”WégWéll) such that for all h, s, a, s, on the corresponding
vector component we have

_ 1 - _ 1 -
Nh(s7a7$/)2 Nh(57a75/)2
ngl)hg()) = (Nh(saaa S/) _K)2 = Nh(S,a,S/)Z-i-KQ _2KNh(Saavs/) )
Nh(saa)Q —th(saa')2
L (Ni(s,a) — K)? | Ni(s,a)? + K2 — 2K Ny (s,a)

1 — Nu(s,a,s")? — Ny(s,a)?
WOWDRO = | 1 - (Nu(s,0,8) — 2)2 — (Nu(s,a) — )2 |,

1= (N(s,a, ') — K)2 — (Nu(s,a) — K)2

where x,y € {0} U [K]. Moreover, we construct W§1 so that on the entries corresponding to
h,s,a, s’ it implements

W o (W) = [, o1 = (Vi(s,0,8) = 2) = (Nu(s,0) =1)%) - 55| = [Rbzes) |

It can be verified that we can find such W§1)7 ng) with

W lop < W oW op < O(K?) - O(K) = O(K?),

HWél) lop < O(K), and the number of hidden neurons D’ = O(K2HS?A). Simlarly, we can

compute f>(-) (or f3(-)) exactly following the same construction but with a different Wél) that
records all possible values of f2(-) (or f3(-)). Combining the upper bounds on the operator norm of
the weight matrices, we further have ||0]| < O(HS?A + K3 + KH).

Proof of Step 3 Given 17H+1 = 17H+1 = 0, we show the there exists an transformer with

L=2 maxM® <254, maxD'') <3S4, ||6] <O(H + SA)
Le[L] e[L]

that implements one step of value iteration

@h(s, a) = max{min{H, ry(s,a) + bn(s,a) + Z ﬁh(s’ | 57(1)17;1“(3’)}70}7
s’eS

~

Vi(s) = max Qn(s. a)

for some h € [H ] Namely, we start with constructing an-attention layer with M = 2SA and
{Q4) Y2 K 32, [V )2, such that for all i < 2(t — 1) + k

ijh,s
B i 0

Qﬁh(o) =i | K.(Jlfh(o) B ’ V511)h(0) i

w‘+1(') Pthl('lS?a,) O7
WO _ 5 D) _ e v )

1)4.(0 . 1 L L .
Q2 o » Kija =K1, Vi =-Vi

—Vha ()
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where B = 3H and e?“ € R54 is a vector supported on some coordinates in h¢ reserved for Qp,.

Moreover, we have ||QIJh sllop> ||K.(Ji)s||0p <B, ”V.S?s”op = 1. Since

| (Fia () P (s )|

IN

i [Fstoal], <

as Viy1(s) € [0, H] and “ﬁh+1(~\s,a)“ = 1, it follows that summing up two heads gives the
1
update fori < 2(t — 1)+ k
1)4.(0 1)4.(0 1)4.(0 1)4.(0
00+ [o((Qfn” K1) — o((Qin® K{n ) |ef
1)y.(0 1)4.(0

— {(QIO, KN o2

Denote the resulting token vector by hl(- )

W lop = O(H), [W|lop <3, D' =354

such that for any state-action pair (s,a) € S x A on the corresponding coordinates

. Moreover, we can construct a two-layer MLP with

I A CROR NG @)+ Ygs s’ | 5,00V (5]
WRY = | r(s,a) + bu(s,0) + 3, esms | 5,0)Vhy1 (5) — H

Th(s; @) + bn(s, a)+Zs es B(s' | 5.0) Vi ()

and
W o(WiVh() = o(~[rn(s,a) + ba(s,a) + > Bu(s' | 5,0)Vhya ()
s’eS
—a(rn(s,a) + bn(s,a) + Z Po(s' | s,a)Vhga(s') — H)
s'eS
+o(rn(s,a) + bu(s,a) + D Pa(s' | 5,0)Vhsa (s))
s'eS
= max{min{H, rn(s,a) + ba(s,a) + Y _ Pa(s' | 5,a)Vh1(s)}, 0} = Qn(s, a).

s'eS

2)

Denote the resulting token vector by hg . Next, we construct a second MLP layer with

W op <2, WS |lop < VA, D' = AS

such that for any s € S on the corresponding coordinates we have

G
@n(s,a ) @n(s,a1)
ng)hgg) _ 2 h 1

~ ~

Qn(s,aa) — Qn(s,aa-1)

where a; denotes the j—th action, and
A
Wf)U(W?)hgm) (s,a1) —|—Za (s,a;) — Qn(s,a;-1))
J

~

= mechh(s,a) Va(s).

ac

Using the upper bounds on the operator norm of the weight matrices, we further have [|0] <
O(SA + H). Combining the steps concludes the construction in Step 3.
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Proof of Step 4 we start with constructing an-attention layer with M = 2H A and {Q

jh,s s 1
{Kj(hls s=1 {Vj(hl)s 2_, such that for all the current token i = 2(¢t — 1) + k and j < i
EZ0R0 Qn(, a;) 0
QR® = | "5 KWRO = T, v = ey,
. B j 0,
__SE(i) n(i)
1)1.(0 ) 1 1 1 1
Ql(h)2 E )= EZ ’ Kj(h,)Z = Kj(h,)17 Vj(h,)Q = *Vj(h,)p

where we choose B = 2H and Vj(h1 )1hz(.0) is a one-hot vector supported on some entry of h¢. We
verify that summing up the heads gives the update

0~ @h(sk hs @) €jh
for all h € [H],j € [A]. Moreover, we have ||QJh s”OP < 2H, HKJ(hl)gHOp < 2H, ||VJh ",Hop < 1 for

s = 1,2. Through this attention-only layer, we extract the values Qh(sk,h, a;) for all h € [H] from
the Q-function.

Similar to the proof of Step 1b, we construct a second attention-only layer with attention heads
(2) (2) 2
{QJh Yot {Kjp s =1 {Vih.s sz that

1 h 0
QJ(h2)1h£1) _EEZ) ’Kj(r?,)lhg'l): é ’ J(hz)lh(l) — | Qnlsen, a)ey | »
B j 0
h—1
QP =QP, KZn=| L |, v =V,
j

where Vj(ﬁ )1 hgl) are supported on some entry of h¢ for s = 1,2. Summing up the heads gives the
update

H 1 ~
00— — Z ng(Sk,haaﬁ-
s:ﬁ(i)-}-l

Similarly, we can construct attention heads {th s, {th2 ;

h(i)=
Oi—>77 Z skh,aJ

Moreover, we construct Q' i 50 K VJ(h2 )5 with

4 {Vv Jh . }s—3 that implements

Jh 57
(2) 4, (1) _ ! (2) 4,(1) ! (2) 1, (1) A 0
Qjh 5h; [Bi]v Kj5h; " = [B] Vb = Qh(sk(,)haaj)ej
j 7

that implements

1ot ~
0+ ; Z; Qs(sk,m aj).
Therefore, summing up the M = 5H A heads we obtain the update

1~
04— th(sk,h» ).
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Note that ||QJ-(|11LH0p <4H, ||K(1

o llop < 4H, [V |lop < 1 for s € [5].

Finally, we apply an attention-only layer to implement the multiplication by a factor of ¢/7 using a
similar construction as in Eq. (26) with HQ?)HOP = O(HK), HKgg’)Hop = O(HK), HV?)HOp =

O(1/7), and assign the resulting vector Q(sk,p,-)/7 to h§. Combining the three attention-only
layers completes Step 4.

G.4 PROOF OF THEOREM 13
By Theorem 6 and 12, it suffices to show the regret of soft UCB-VI satisfies
E[K V(") = R Algpom: (1) (T)] < O(H?VSAK + H?S? A)
for all MDP instances M, where 7 = 1/K and O(-) hides logarithmic dependencies on (H, K, S, A).

Throughout the proof, we may drop the dependence on M for notational simplicity when there is no
confusion. For each episode k € [K], let NF, B¥ QF, Vik, b denote the corresponding quantities
Ny, Ph, Qn, Vi, by, introduced in UCB-VI (see Section G.2).

For a policy 7 and time step h € [H], we define the Q-function Q[ and the value function V}™

H
Qn(s,a) = IE[Z r(st,at) | sn = s,an = a, 7,
t=h
H
Vi (s) :== E[Z r(st,a) | sh = s, 7.
t=h
We use 7% = (nf,...,75), mhy = (W1, @h s Th ) to denote the policies given

by UCB-VI and soft UCB-VI in the k-th episode, respectively. Note that we have Viy(w) =
Es~p. [Vi7 (s)] and cumulative the regret

K

E[K V() — Rt atg mn () (D] = B[ SV (s0) = V™ (s1.0)]
k=1

where the expectation is taken over the collected data

D = {(Skn, @hns Thp) bie[i] he[m] ~ Py OV

For any function f = f(s,a), we abuse the notation f (s, 7(+)) := Eqr[f(s, a)]. Lastly, we define

Esfmax = ke[K],Iﬁléa[};{],SGS[QE(S’Trf(.)) - Qﬁ(&ﬂfm,h('))]'

We claim the following which we will prove later
Esfmax < At (27)
The proof follows from similar arguments as in the proof of Theorem 1 in Azar et al. (2017) (see

also Theorem 7.6 in Agarwal et al. (2019)). Hence we only provide a sketch of proof here. First,
from the proof of Theorem 7.6 in Agarwal et al. (2019) , it can be shown that

ViE(s) > Vi (s)

for any k, h, s with probability at least 1 — §. Thus with probability at least 1 — 0 forall h € [H], k €
(K]

* ﬂ_k
Vi (8k,n) = Vi " (Skh)
o~ ﬂ_k
< Vi (sen) = Vi (sk,n)
Ak Ak k Ak k ok k
= QN (Skn T (1) — QN (Skns Tam (1)) + QF (Skh Mo (1)) = @™ (Skehs Tam 1 (+))

-~ k
< QF (Skhs o (1)) — Q™ (Skhs T 1 () + Esfmax
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~ k 1
= QF (skhy arn) — Q™ (Sk.hy arn) + MD;&% + Estmax;

/\

where the first equality uses V¥ (sy.) = arg max, QF (s, ax.n) = QF (sk.n, 75 (-)), and in the last
line
k

MDSh [QF (51 Ty () — Q::;‘(Sk,haﬁfm,h(')ﬂ — [@F (s1hy arn) — Qe (k.hy aen)]-

Note that for any fixed h € [H], {MDS,)1 K| is a bounded martingale difference sequence. Follow-

ing the proof of Theorem 7.6 in Agarwal et al. (2019), we further have

. ok
Vi© (sk,n) — Vi " (Sk,n)
~ ﬂ_k
< QF (S arn) — Qr™ (Skon, ann) + MD;(C 3, + Esfmax

1N~ i
< (1 + E) [WL(Sk,hH) - Vh-f-"i(sk,h+1)} + 2b (Sk,hs Qi)
C()L()st

) + MD(2) + MD(I + Esfmax
NE(sgn, an) oh

with probability at least 1 — ¢§ for some universal constant ¢ > 0, where Ly = log(SAKH/9),
co > 0 is some universal constant and

2 * 7Tk 7r51‘m
MD) = Rol- | sms ain) - (VW1 — Vigt) — (Vi (sknset) — Vird (Smet))
is a bounded martingale difference sequence for any fixed h € [H]. Using the recursive formula and
the fact that (1 + 1/H)# < e, we obtain
K k
E[ DIV (s11) = V™ (se0)]]

)

=1
K H He 1
coLoH?S
s ¢ > 2 e an, h)+#+MD(2) +MD{ || +EK ) eutmas]
k=1h=1 W (Sk,hs Qh,h) h:0
K H
C0L0H2S ( ) ( )
= 2b (k.hs ) + g ————= + MDyj, + MD ] + cKHAT
LX_:UZ_: " : N (sk,n, ak,n) k;h
< O(H*VSAK + H3S2A) + cKHAr
< ( 2VSAK + H*S?A),

where ¢ > 0 is some universal constant, O(-) hides logarithmic dependencies on (H, K, S, A),
and the last line follows again from the proof of Theorem 7.6 in Agarwal et al. (2019), and the
assumption that 7 = 1/K. We omit the detailed derivations here as they are similar to those in Azar
etal. (2017); Agarwal et al. (2019). Therefore, we conclude the proof of the first part of Theorem 13.
Moreover, the second part of Theorem 13 (i.e., the upper bound on log Ng) follows immediately
from Lemma 16 and Eq. (10).

Proof of Eq. (27) By definition of Qh and 7f', . sm,h» W have

X Aksa T ~
€ p(Qh(’ )/ ) Qﬁ(s,a)

OF (s 7k ()) — OF s,mE (- = max Qf (s, a) — A
Qb7 0) = Qi s (1) = max Qhosa) = 30 =0
:Z eXp( ﬁ(

7)/T) 'maXAksa_Aksa
S exp(OF (s a)y) e On( @) = Ch(sal]

k

Qh(s,

exp( a)/T)
<Zexp (max, QF (s,a)/T)
<A [iggtexp(ft/T)] < Ar.

- [max Qf (s, @) — Qh(s, 0)
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