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Abstract

s

Recent work in language modeling has raised the possibility of “self-improvement,
where an LLM evaluates and refines its own generations to achieve higher
performance without external feedback. It is impossible for this self-improvement
to create information that is not already in the model, so why should we expect
that this will lead to improved capabilities?

We offer a new theoretical perspective on the capabilities of self-improvement
through a lens we refer to as “sharpening.” Motivated by the observation that
language models are often better at verifying response quality than they are
at generating correct responses, we formalize self-improvement as using the
model itself as a verifier during post-training in order to ‘sharpen’ the model
to one placing large mass on high-quality sequences, thereby amortizing the
expensive inference-time computation of generating good sequences. We begin
by introducing a new statistical framework for sharpening in which the learner has
sample access to a pre-trained base policy. Then, we analyze two natural families
of self-improvement algorithms based on SFT and RLHF. We find that (i) the
SFT-based approach is minimax optimal whenever the initial model has sufficient
coverage, but (ii) the RLHF-based approach can improve over SFT-based self-
improvement by leveraging online exploration, bypassing the need for coverage.
We view these findings as a starting point toward a foundational understanding
that can guide the design and evaluation of self-improvement algorithms.

1 Introduction

Contemporary language models are remarkably proficient on a wide range of natural language
tasks [BMR*20, OWJ ™22, TMS™23, Ope23, Goo23], but they inherit shortcomings of the data
on which they were trained. A fundamental challenge is to achieve better performance than what
is directly induced by the distribution of available, human-generated training data. To this end,
recent work [HGH'22, WKM*22, BKK*22, PWL*23, YPC'24] has raised the possibility of
“self-improvement,” where a model—typically through forms of self-play or self-training in which
the model critiques its own generations—Ilearns to improve on its own, without external feedback.
This phenomenon is somewhat counterintuitive; at first glance it would seem to disagree with the
well-known data-processing inequality [Cov99], which asserts that no form of self-training should
be able to create information not already in the model, motivating the question of why we should
expect such supervision-free interventions will lead to stronger reasoning and planning capabilities.

A dominant hypothesis for why improvement without external feedback might be possible is that
models contain “hidden knowledge” [HVD15] that is difficult to access. Self-improvement, rather
than creating knowledge from nothing, is a means of extracting and distilling this knowledge
into a more accessible form, and thus is a computational phenomenon rather than a statistical
one. While there is a growing body of empirical evidence for this hidden-knowledge hypothesis
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Figure 1: Validation of the sharpening mechanism: Performance of Best-of-/V (inference time)
Sharpening—with self-reward rse1¢(y, ) = 10g Thase (y | #)—as a function of N on three reasoning
tasks (left: GameOf 24, center: GSM8Kk, right: MATH). Sharpening consistently improves model accuracy
with increasing N and outperforms greedy token-wise decoding with 7p,se. Details in Appendix F.

[FLT*18, GKXS19, DHLZ19, ADZ20, AZ1.20], particularly in the context of self-distillation, a
fundamental understanding of self-improvement remains missing. Concretely, where in the model
is this hidden knowledge, and when and how can it be extracted?

1.1 Our Perspective: The Sharpening Mechanism

In this paper, we posit a potential source of hidden knowledge, and offer a theoretical perspective
on how to extract it. Our starting point is the widely observed phenomenon that language models are
often better at verifying whether responses are correct than they are at generating correct responses
[HGH*22, WKM ™22, BKK™22, PWL*23, YPC"24]. This gap may be explained by the theory
of computational complexity, which suggests that generating high-quality responses can be less
computationally tractable than verification [Coo71, Lev73, Kar72]. In autoregressive language
modeling, for example, computing the most likely response for a given prompt is NP-hard in the
worst case (Appendix E), whereas the model’s likelihood for a given response can be easily evaluated.

We view self-improvement as any attempt to narrow this gap, i.e., use the model as its own verifier
to improve generation and sharpen the model toward high-quality responses. Formally, consider a
learner with access to a base model Tpase : X — A()) mapping a prompt z € X’ to a distribution
over responses (i.e., Thase (¥ | ) is the probability that the model generates the response y given the
prompt z)." In applications, we consider e to be trained either through next-token prediction, or
through additional post-training steps such as SFT or RLHF, with the key feature being that mp,se is @
good verifier, as measured by some self-reward function rse1¢(y | ; Thase ) measuring model certainty.
The self-reward function is derived purely from the base model 7,5, Without the use of external
supervision or feedback. Examples include normalized and/or regularized sequence likelihood
[MVC20], models-as-judges [ZCST24, YPCT24, WYG'24, WKG*24], and model confidence
[WZ24].

We refer to sharpening as any process that tilts 7p,se toward responses that are more certain
in the sense that they enjoy greater self-reward r¢.1¢. More formally, a sharpened model
7 is one that (approximately) maximizes the self-reward:

5'('\(37) ~ arg maXTself(y | x;ﬂ-base) (1)
yey

Note that, in Eq. (1), y denotes an entire response, rather than a single token. Sharpening may
be implemented at inference-time, or amortized via self-training (Section 3). Popular decoding
strategies such as greedy, low-temperature sampling, and beam-search can all be viewed as instances
of the former (albeit at the token-level).> The latter captures many existing self-training schemes
[HGH"22, WKM*22, BKKT22, PWL"23, YPC"24], and is the main focus of this paper; we use
the term sharpening without further qualification to refer to the latter.

'Our general results are agnostic to the structure of X', ), and Tpase, but an important special case for language
modeling is the autoregressive setting where Y = V¥ for a vocabulary space V and sequence length H, and
where Tpase has the autoregressive structure mpase (y1:5 | ) = HhH:1 Tbase,h (Yn | Y1:h—1, ) fory = y1.u € V.

*More sophisticated decoding strategies like normalized/regularized sequence likelihood [MVC20] or
chain-of-thought decoding [WZ24] also admit an interpretation as sharpening; see Appendix B.
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We refer to the sharpening mechanism as the phenomenon where responses from a model with the
highest certainty (in the sense of large self-reward r¢.1¢) exhibit the greatest performance on a task of
interest. Though it is unclear a-priori whether there are self-rewards related to task performance, the
successes of self-improvement in prior works [HGH 22, WKM*22, BKK ™22, PWL 23, YPCT24]
give strong positive evidence. These works suggest that, in many settings, models do have hidden
knowledge: the model’s own self-reward correlates with response quality, but it is computationally
challenging to generate high self-rewarding—and thus high quality—responses. It is the role of
(algorithmic) sharpening to leverage these verifications to improve the quality of generations, despite
computational difficulty.

1.2 Contributions

We initiate the theoretical study of self-improvement via the sharpening mechanism. We disentangle
the choice of self-reward from the algorithms used to optimize it, and aim to understand: (i) When and
how does self-training achieve sharpening? (ii) What are the fundamental limits for such algorithms?

Maximum-likelihood sharpening objective (Section 2). As a concrete proposal of one source of
hidden knowledge, we consider self-rewards defined by the model’s sequence-level log-probabilities:

rself(y | :L’) = log Wbase(y | :L') @)

This is a stylized self-reward function, which offers perhaps the simplest objective for self-
improvement in the absence of external feedback (i.e., purely supervision-free), yet also connects
self-improvement to a rich body of theoretical computer science literature on computational
trade-offs for optimization (inference) versus sampling (Appendix B). In spite of its simplicity,
maximum-likelihood sharpening is already sufficient to achieve non-trivial performance gains for
reasoning tasks such as GameOf24, GSM8k, and MATH over greedy decoding; cf. Figure 1. We believe
that it can serve as a starting point toward understanding forms of self-improvement that use more
sophisticated self-rewarding [HGH'22, WKM™'22, PWL 23, YPC24].

A statistical framework for sharpening (Section 2). Though the goal of sharpening is computa-
tional in nature, we recast self-training according to the maximum-likelihood sharpening objective
Eq. (2) as a statistical problem where we aim to produce a model approximating (1) using a polyno-
mial number of (i) sample prompts = ~ p, (ii) sampling queries of the form y ~ mpase (), and (iii)
likelihood evaluations of the form 7pase (v | ). Evaluating the efficiency of the algorithm through
the number of such queries, this abstraction offers a natural way to evaluate the performance of
self-improvement/sharpening algorithms and establish fundamental limits; we use our framework to
prove new lower bounds that highlight the importance of the base model’s coverage.

Algorithms for sharpening (Section 3). The starting point for our work is to consider two natural
families of self-improvement algorithms based on supervised fine-tuning (SFT) and reinforcement
learning (RL/RLHF), respectively, SFT-Sharpening and RLHF-Sharpening. Both algorithms amor-
tize the sharpening objective (1) into a dedicated post-training/fine-tuning phase:

* SFT-Sharpening filters responses where the self-reward rse1¢(y | ; Thase ) is large and fine-tunes
on the resulting dataset, invoking common SFT pipelines [AVC24, SDH24].

 RLHF-Sharpening directly applies reinforcement learning techniques (e.g., PPO [SWD™'17] or
DPO [RSM™23]) to optimize the self-reward function 7se1¢(y | Z; Thase)-

Analysis of sharpening algorithms. Within our statistical framework for sharpening, we show
that SFT-Sharpening and RLHF-Sharpening provably converge to sharpened models, establishing
several results: (i) SFT-Sharpening is minimax optimal, and learns a sharpened model whenever
Thase has sufficient coverage (we also show that a novel variant based on adaptive sampling can
sidestep the minimax lower bound); (ii) RLHF-Sharpening benefits from on-policy exploration,
and can bypass the need for coverage—improving over SFT-Sharpening.Informal results are given
in Section 3, and a formal discussion is deferred Appendix G.

1.3 Related Work

Our work is most directly related to a growing body of empirical research that studies self-
improvement/training for language models in a supervision-free setting with no external feed-
back [HGH'22, WKM™'22, BKK*22, PWL'23, YPC*24]. The specific algorithms for self-
improvement/sharpening we study can be viewed as applications of standard alignment algorithms
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[AVC24, SDH*24, CLB*17, BINT22, OWJ 122, RSM 23] with a specific choice of reward func-
tion. However, note that the maximum likelihood sharpening objective (2) used for our theoretical
results has been relatively unexplored within the alignment and self-improvement literature.

On the theoretical side, current understanding of self-training is limited. One line of work, focusing on
the self-distillation objective [HVD15] for classification and regression, aims to provide convergence
guarantees for self-training in stylized setups such as linear models [MFB20, FZCG22, DS23,
DDE™24, PD0O24], with

2 A Statistical Framework for Sharpening

This section introduces the theoretical framework within which we will analyze the SFT-Sharpening
and RLHF-Sharpening algorithms. We first introduce the maximum-likelihood sharpening objective
as a simple, stylized self-reward function, then introduce our statistical framework for sharpening.
We write f = O(g) to denote f = O(g - max{1, polylog(g)}) and & < b as shorthand for a = O(b).
Our theoretical results focus on the maximum-likelihood sharpening objective given by

reess(y | ) = 10g Toasely | 2). ©

This is a simple and stylized self-reward function, but we will show that it already enjoys a rich
theory. In particular, we can restate the problem of maximum-likelihood sharpening as follows.

Can we efficiently amortize maximum likelihood inference (optimization) for a conditional
distribution T,ase (y | ) given access to a sampling oracle that can sample y ~ Tpase (- | 2)?

The tacit assumption in this framing is that the maximum-likelihood response constitutes a useful
form of hidden knowledge. Maximum-likelihood sharpening connects the study of self-improvement
to a large body of research in theoretical computer science demonstrating computational reductions be-
tween optimization (inference) and sampling (generation) [KGIJV83, LV06, SV14, MCJ 19, Tal19].
We evaluate the quality of an approximately sharpened model as follows. Let y*(z) :=
arg max, cy, 1og Mpase (¥ | ); we interpret y*(z) C ) as a set to accommodate non-unique maximiz-
ers, and will write y*(z) to indicate a unique maximizer when it exists (i.e., when y*(x) = {y*(z)}).

Definition 2.1 (Sharpened model). We say that a model T is (e, §)-sharpened relative to Tpase if

P [f(y* (@) | 2) 21— 3] > 1 —e.

That is, an (¢, d)-sharpened model places at least 1 — ¢ mass on arg-max responses on all but an
e-fraction of prompts under . For small ¢ and €, we are guaranteed that 7 is a high-quality generator:
sampling from the model will produce an arg-max response with high probability for most prompts.

Maximum-likelihood sharpening for autoregressive models. Though our most general results
are agnostic to the structure of X', ), and mp,se, an important special case is the autoregressive
setting in which Y = V¥ for a vocabulary space V and sequence length H, and where 7,5 has

. H

the autoregressive structure mpase(Y1:1 | ©) = [[_1 Toase,n (Un | Y1:0—1,2) fory = y1.z € V.
We observe that when the response y = (y1,...,yg) € Y = VH is a sequence of tokens, the
maximume-likelihood sharpening objective (2) sharpens toward the sequence-level arg-max response:

arg max 10g Mase (V1.1 | T). @
Yi1:H

Although somewhat stylized, Eq. (4) is a non-trivial (in general, computationally intractable; see
Appendix E) solution concept. In particular, we view the sequence-level arg-max as a form of hidden
knowledge that cannot necessarily be uncovered through naive sampling or greedy decoding.

Empirical validation of maximum-likelihood sharpening. Empirically, we find that when
Thase 18 a pre-trained language model, inference-time maximum-likelihood sharpening leads to a
meaningful performance increase over both direct sampling and greedy decoding. We demonstrate
this by appealing to a practical approximation, inference-time sharpening via best-of-N sampling:
given a prompt z € X, we draw N responses 1, ..., YN ~ Tpase(- | ), and return the response
y = argmax,, log Thase(yi | x); this is equivalent to [SOW 20, GSH23, YSS*24], with reward
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rse1r(y | ®) = log Tpase(y | @), and is a popular approach in modern deployments.® Figure 1
demonstrates how maximum-likelihood sharpening via best-of-N sampling improves performance
on three challenging reasoning tasks: Game0f24 [YYZ124], GSM8k [CKB*21], and MATH [HBK " 21]
(with Tpase as fine-tuned L1ama2-7b* for the GameOf24 and with myase as gpt-3.5-turbo-instruct
for the latter two tasks). Observed improvements suggest that maximum-likelihood sharpening,
while stylized, is a desirable criterion.

Role of § for autoregressive models. As can be verified through simple examples, beam-search
and greedy tokenwise decoding do not, in general, return an exact solution to (4). There is one notable
exception, which implies that it always suffices to sharpen to level § = 1/2 (cf. Definition 2.1).

Proposition 2.1 (Greedy decoding succeeds for sharpened policies). Let m1 = mi.;p be an
autoregressive model defined over response space ) = VH. For a given prompt v € X, if
y*(z) = {y*(x)} is a singleton and w(y*(x) | ) > 1/2, then the greedy decoding strategy that
selects yp, = argmax,, ¢y Th(Yn | Y1, -, Yn—1,T) guarantees thaty = y*(z).

As described, sharpening in the sense of Definition 2.1 is a purely computational problem, which
makes it difficult to evaluate the quality and optimality of self-improvement algorithms. To address
this, we introduce a novel statistical/information-theoretic framework for sharpening, inspired by the
success of oracle complexity in optimization [NYD83, TWW88, RR11, ABRW12] and statistical
query complexity in computational learning theory [BFJ 94, Kea98, Fell2, Fel17].

Definition 2.2 (Sample-and-evaluate framework). In the Sample-and-Evaluate framework, the
algorithm designer does not have explicit access to the base model Tpase. Instead, they access Tpase
only through sample-and-evaluate queries. Concretely, the learner is allowed to sample n prompts
x ~ . For each prompt x, they can sample N responses y1,ya, ... YN ~ Tpase(+ | &) and observe
the likelihood myase (y; | ) for each such response. The efficiency, or sample complexity, of the
algorithm is measured through the total number of sample-and-evaluate queries m :=n - N.

This framework can be seen to capture algorithms like SFT-Sharpening and RLHF-Sharpening
(implemented with DPO) introduced below, which only access the base model 7p,se through 1)
sampling responses via y ~ Tpase(- | ) (generation), and ii) evaluating the likelihood mpase (Y |
x) (verification) for these responses. We view the sample complexity m = n - N as a natural
statistical abstraction for the computational complexity of self-improvement (exactly parallel to
oracle complexity for optimization algorithms), one which is amenable to information-theoretic
lower bounds.> We will aim to show that, under appropriate assumptions, SFT-Sharpening and
RLHF-Sharpening can learn an (e, §)-sharpened model with sample complexity polynomial in
1/€,1/6 and other natural problem paratmers.

2.1 Fundamental Limits

Intuitively, the performance of any sharpening algorithm based on sampling should depend on how
well Tpase covers the arg-max response y* (). Thus, we define the following coverage coefficient:®

C(cov = ]Ewwu[l/ﬂ'base(y*(x) | l‘)] (5)

Next, for a model 7, we define y” (z) = argmax,cy, 7(y | ) and Ceoy(7) = Ezny [W} .

Our main lower bound shows that for worst-case choice of II, the coverage coefficient acts as a lower
bound on the sample complexity of any algorithm.

Theorem 2.1 (Lower bound for sharpening). Fix an integer d > 1 and parameters ¢ € (0,1)
and C > 1. There exists a class of models 11 such that (i) log|Il| =~ d(1 + log(Ce™1)), (ii)
sup,cr Ceov(m) S C, and (iii) y™(z) is a singleton for all = € 11, for which any sharpening
algorithm 7 that achieves B[P, [T (y™=(x) | ) > 1/2]] > 1 — € for all Tpase € 11 must collect a

C log |11
€2-(1+log(Ce=1)) "

total number of samples m = n - N at least m 2,

3We mention in passing that inference-time best-of-N sampling enjoys provable guarantees for maximizing
the maximum-likelihood sharpening objective when NV is sufficiently large. See Appendix C for details.

4https ://huggingface.co/OhCherryFire/1lama2-7b-game24-policy-hf

SConcretely, the sample complexity m = n - N is a lower bound on the running time of any algorithm that
operates in the sample-and-evaluate framework.

SThis quantity can be interpreted as a special case of the L;-concentrability coefficient [FSM10, XJ20,
ZWB21] studied in the theory of offline reinforcement learning.
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We will show in the sequel that it is possible to match this lower bound. Note that this re-
sult also implies a lower bound for the general sharpening problem (i.e., general rse1¢), since
maximum-likelihood sharpening is a special case.

3 Sharpening Algorithms for Self-Improvement

This section introduces the two families of self-improvement algorithms for sharpening that we
study. While our algorithms can be implemented for arbitrary r¢1¢, all theoretical results use
maximum-likelihood self-reward in Eq. (3). We use arg max, cq; or arg min_ .y to denote exact
optimization over a user-specified model class II. Formal results are deferred to Appendix G.

3.1 Self-Improvement through SFT.

SFT-Sharpening amortizes inference-time sharpening via the effective-but-costly best-of-N sam-
pling approach [BJE*24, SLXK24, WSL*24] by applying standard supervised fine-tuning on the
resulting dataset [AVC24, SDH*24, GGV24, PMM™24]. Given a z1,...,,. For each prompt,
we sample N responses ¥ 1,...,Y; N ~ Thase(- | %;), then compute the best-of-N response

YN = arg max;c ] {rse1¢(vs,; | x;)}, scoring via the model’s self-reward function. We compute

n
7N = arg max g log w(y2N | ;).
mell 55

Theorem 3.1 (Informal). For N appropriately chosen, the sample complexity of T°°N matches the
lower bounds in Theorem 2.1 up to logarithmic factors. Using an adaptive sampling algorithm,
studied in Appendix D, obtains improved bounds that are tight in an adaptive-sampling query model.

3.2 Self-Improvement through RLHF.

A drawback of the SFT-Sharpening algorithm is that it may ignore useful information contained
in the self-reward function rse1¢(y | «). Fixing a regularization parameter 5 > 0 throughout, our
second class of algorithms solve a KL-regularized reinforcement learning problem in the spirit of
RLHF and other alignment methods [CLB*17, RSM*23]. Defining E,[] = Ey, yrm,... (=) [-] and

D (7 || Toase) = Ex [log %(‘;‘)w)}, we choose
T =~ arg Hﬁax{ﬂ*]7r [rserr(y | )] — BDkL(7 || Tpase) }- 6)
me

The exact optimizer 75 = arg max, cr{Ex[se1¢(y | )] — BDkL(7 || mbase) } for this objective has

the form m5(y | ) o< Thase(y | @) - exp (B 'reere(y | )), which converges to the solution to the
sharpening objective in Eq. (1) as 8 — 0. Thus Eq. (6) can be seen to encourage sharpening.

There are many possible choices for what RLHF/alignment algorithm to use to solve (6). For our
theoretical results, we first implement Eq. (6) using an approach inspired by DPO and its reward-based

variants [RSM 123, GCZ*24]. Given a dataset D = {(x,y,y’)} of n examples sampled via x ~
and y, Yy’ ~ Tpase(y | ), RLHF-Sharpening solves

7 € arg min Z (5 log M — Blog M - (Tself(y | z) — Tself(y/ | x))) .

" (ey)eD Moase (y | ) Thase(y/' | )

To analyze this algorithm, we require a margin condition: maxyecy mase (¥ | ) > (1 + Ymargin) -
Toase (Y | ) VY & y*(x), Va € supp(u); as discussed in Appendix G, this appears unavoidable
due to mismatch between the RLHF reward and the sharpening objective.

Theorem 3.2 (Informal). RLHF-Sharpening attains similar guarantees to SFT-Sharpening (i.e.
polynomial in relevant factors), up to polynomial factors in the margin v described above.

Finally, we propose a more sophisticated DPO variant that incorporates online exploration [XFK24]
(described in the appendix). Though this algorithm also requires the margin condition, it can
replace dependence on coverage (Coy) under m,,se Which potentially much more benign measure,
“coverability” [XFB*23], measuring ease-of-exploration of high-quality generations.

Theorem 3.3 (Informal). Exploration-augmented RLHF-Sharpening obtains similar guarantees to
RLHF-Sharpening (including margin dependence), but it replaces dependence on coverage with a
possibly much-smaller quantity. In the special case where Ty,se is “linearly-parameterizable”, this
yields unconditionally polynomial sample complexity irrespective of the base policy coverage.
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Part I

Additional Discussion and Results

A Concluding Remarks

We view our theoretical framework for sharpening as a starting point toward a foundational under-
standing of self-improvement that can guide the design and evaluation of algorithms. To this end, we
raise several directions for future research.

* Representation learning. A conceptually appealing feature of our framework is that it is agnostic
to the structure of the model under consideration, but an important direction for future work is to
study the dynamics of self-improvement for specific models (e.g. transformers), and understand
the representations these models learn under self-training.

* Richer forms of self-reward. Our theoretical results study the dynamics of self-training in a
stylized framework where the model uses its own logits for self-reward. Empirical research on
self-improvement leverages more sophisticated approaches (e.g. specific prompting techniques)
[HGH"22, WKM*22, BKK*22, PWL*23, YPC*24] and it is important to understand when and
how these forms of self-improvement are beneficial.

B Detailed Discussion of Related Work
In this section, we discuss related work in greater detail, including relevant works not already covered.

Self-improvement and self-training. Our work is most directly related to a growing body of
empirical research that studies self-improvement/self-training for language models in a supervision-
free setting in which there is no external feedback [HGHT22, WKM 22, BKK*22, PWL*23], and
takes a first step toward providing a theoretical understanding for these methods. This line of work
is closely related to a body of research on “LLM-as-a-Judge” techniques and related work, which
investigates approaches to designing self-reward functions rge1 ¢, often based on specific prompting
techniques [ZCST24, YPC 24, WYGT24, WKG*24].

There is a somewhat complementary line of research that develops algorithms based on self-training
and self-play [ZWMG22, CDY 724, WSY 724, QZGK24], but leverages various forms of external
feedback (e.g., positive examples for SFT or explicit reward signal). These methods typically out-
perform self-improvement methods, which do not use any external feedback [ZWMG?22]. However,
in many scenarios, obtaining external feedback can be costly or laborious; it may require collecting
high-quality labeled/annotated data, rewriting examples in a formal language, etc. Thus, these
methods are not directly comparable to methods based on self-improvement.

Lastly, we mention in passing that the self-improvement problem we study is related to a more
classical line of research on self-distillation [BCNMO06, HVD15, Dev18, PDXL21, RDRS21], but
this specific form of self-training has received limited investigation in the context of language
modeling.

Alignment and RLHF. The specific algorithms for self-improvement/sharpening we study can
be viewed as special cases of standard alignment algorithms, including classical RLHF methods
[CLB*17, BINt22, OWJ*22], direct alignment [RSM 23], and (inference-time or training-time)
best-of-N methods [AVC24, SDH124, GGV24, PMM™24]. However, the maximum likelihood
sharpening objective (2) used for our theoretical results has been relatively unexplored within the
alignment literature.

Inference-time decoding. Many inference-time decoding strategies such as greedy/low-temperature
decoding, beam-search [MVC20], and chain-of-thought decoding [WZ24] can be viewed as instances
of inference-time sharpening for specific choices of the self-reward function rs.;¢. More sophisti-
cated inference-time search strategies such tree search and MCTS [YYZ 24, WFW 124, MLG ™23,
ZBMG?24] are also related, though this line of working frequently makes use of external reward
signals or verification, which is somewhat complementary to our work.
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Theoretical guarantees for self-training. On the theoretical side, current understanding of self-
training is limited. One line of work, focusing on the self-distillation objective [HVD15] for binary
classification and regression, aims to provide convergence guarantees for self-training in stylized
setups such as linear models [MFB20, DS23, DDE*24, PDO24], with [AZL20] giving guarantees
for feedforward neural networks. Perhaps most closely related to our work is [FZCG22], who show
that self-training on a model’s pseudo-labels can amplify the margin for linear logistic regression.
However, to the best of our knowledge, our work is the first to study self-training in a general
framework that subsumes language modeling.

Our theoretical results for RLHF-Sharpening are also related to a recent body of work that
provides sample complexity guarantees for alignment methods [ZJJ23, XDY 123, YXZ*124,
HZX'24, LLZ 24, SSST24, XFK™24], but our results leverage the unique structure of the
maximum-likelihood sharpening self-reward function rse1¢(y | ) = log mpase(y | ), and provide
guarantees for the sharpening objective in Definition 2.1 instead of the usual notion of reward
suboptimality used in reinforcement learning theory.

Lastly, we mention that our results—particularly our amortization perspective on self-improvement—
are related to recent work that studies fundamental representational advantages of allowing additional
inference time [Mal23, LLZM24]. These work focus on truly sequential tasks, while our work
focuses on the complementary question of amortizing parallel computation. Thus the representational
implications are quite different.

Optimization versus sampling. The maximum-likelihood sharpening we introduce in Section 2
connects the study of self-improvement to a large body of research in theoretical computer science on
computational tradeoffs (e.g., separations and equivalences) for optimization and sampling [Bar82,
KGJV83, V06, SV14, MCJ* 19, Tal19, EKZ22]. On the one hand, this line of research highlights
that there exist natural classes of distributions for which sampling is tractable, yet maximum likelihood
optimization is intractable, and vice-versa. On the other hand, various works in this line of research
also demonstrate computational reductions between optimization and sampling, whereby optimization
can be reduced to sampling and vice-versa.

Our setting indeed includes natural model classes where one should not expect there to be a com-
putational reduction from optimization (arg max, ¢, Thase (¥ | )) to sampling (y ~ Tpase (- | Z)),
and hence inference-time sharpening is computationally intractable (Proposition E.1). Of course,
coverage assumptions eliminate this intractability. For training-time sharpening (where the goal is
to amortize across prompts by training a sharpened model, as formulated in Section 2) the obstacle
in natural, concrete model classes is not just computational but in fact representational (Proposi-
tion E.2). Regarding the latter point, we note that while amortized Bayesian inference has received
extensive investigation empirically [Bea03, GG14, SRDM20, BIK*21, HIE*23], we are unaware of
theoretical guarantees outside of this work.

C Guarantees for Inference-Time Sharpening

In this section, we give theoretical guarantees for the inference-time best-of- /N sampling algorithm for
sharpening described in Section 2, under the maximum-likelihood sharpening self-reward function
Tself(y | €, 71-base) = log 7Tbase(y | 33)

Recall that given a prompt z € X, the inference-time best-of-N sampling algorithm draws N
responses Y1, - - -, Yn ~ Tpase(* | ), then return the response § = arg max,, log Thase (Ui | ). We
show that this algorithm returns an approximate maximizer for the maximum-likelihood sharpening
objective whenever the base policy 7pase has sufficient coverage. Recall that for a parameter v € [0, 1)
we define

30 = {1 | oy [ ) > (1) i ol )

as the set of (1 — ~y)-approximate maximizers for log mpase (y | ).

Proposition C.1. Let a prompt x € X be given. For any p € (0,1) and v € [0, 1), as long as

log(p™")

N> —>2>" 2
N 7rbase(yé(x) | )

inference-time best-of-N sampling produces a response § € Yy (x) with probability at least 1 — p.
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Proof of Proposition C.1. Fix a prompt € X, failure probability p € (0, 1), and parameter
v € (0,1).

By definition of the set y3(z), ¥ € y} () if and only if there exists i € [N] such that y; € y3(z).
The complement of this event, i.e., that y; ¢ yZ(x) for all i € [N], has probability

* . * N
Py & yy(x),Vi € [N]) = (1 — Toase(y5 (@) | 7))
Rearranging the right-hand-side, we have

(1= Toase (0 | 2)) " = exp (—Nlog< ))> < exp(=N - Toase (9 | ),

1- '/Tbase(y; ‘ z

since log(x) > 1 — % for z > 0, which implies that 1og< ) > ﬂbase(yf/ | ). Thus, as

1
1—hase (y; ‘I)

—1
long as N > Lp*,)_, we have
7Tbase(yryl'l’)

P(yi ¢ y3(x), Vi € [N]) < exp(—=N - Toase (37 | 2)) < exp(—log(p™")) = p.
We conclude that with probability at least 1 — p, there exists i € [N] such that y; € y3(x), and
y € y3(x) as aresult.
O

D Guarantees for SFT-Sharpening with Adaptive Sampling

SFT-Sharpening is a simple and natural self-training scheme, and converges to a sharpened policy
as n, N — oo. However, using a fixed response sample size N may be wasteful for prompts
where the model is confident. To this end, in this section we introduce and analyze, a variant of
SFT-Sharpening based on adaptive sampling, which adjusts the number of sampled responses
adaptively.

Algorithm. We present the adaptive SFT-Sharpening algorithm only for the special case of the
maximum-likelihood sharpening self-reward. Let a stopping parameter i > 0 be given. For x; € X,
and y; 1, Y2 - .. ~ Thase (- | 2;), define a stopping time (e.g., [BH95]) via:

N, (x;) = inf{k: ! < k}. 3

maxi<; <k '/Tbase(yi,j | ICz) M

The adaptive SFT-Sharpening algorithm computes adaptively sampled responses ¥

7/4_\daBoN via

Y PN ~ arg max{log Moase (Yij | i) | Yi1s- - - YN, (@1 }>

then trains the sharpened model through SFT:

%AdaBoN ?daBoN | xz)

= arg max Z log 7(y

mell 5
Critically, by using scheme in Eq. (8), this algorithm can stop sampling responses for the prompt z; if
it becomes clear that the confidence is large.

Theoretical guarantee. We now show that adaptive SFT-Sharpening enjoys provable benefits

over its non-adaptive counterpart through the dependence on the accuracy parameter € > 0.

Given x € X, and y1,¥y2 ... ~ Tpase(x), let Ny (x) := inf{k : maxl<,;<k17rbase(yi|x) < k/u}, and
AdaBoN (1) ~ arg max{log Tpase (Y | T) | Y1, -+ YN, ~ Wbase(.%‘)}. Let

AdaBoN (), We make the following realizability assumption.

define a random variable y

mhd28N(z) denote the distribution over y

Assumption D.1. The model class 11 satisfies T/ ** € TL
Compared to SFT-Sharpening, we require a somewhat stronger coverage coefficient given by
1

maxyey Thase(y | )]
This definition coincides with Eq. (5) when the arg-max response is unique, but is larger in general.

C'cov = ]E;v~p

Our main theoretical guarantee for adaptive SFT-Sharpening is as follows.
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Theorem D.1. Let §,p € (0,1) be given. Set pn = In(26~1), and assume Assumption D.1 holds.
Then with probability at least 1 — p, the adaptive SFT-Sharpening algorithm has

1
Py (r) [ 2) <1 -] < 28O

—1
% ensures that with

and has sample complexity E[m] = n - Co, log(6~1). Taking n >
probability at least 1 — p,

Pop[m(y*(z) | 2) <1—-46] <,

and gives total sample complexity

E[m] = O (C 10g(|H|§€1)log(51)> ,

Compared to the result for SFT-Sharpening in Theorem G.1, this shows that adaptive
SFT-Sharpening achieves sample complexity scaling with % instead of Eiz We believe the

dependence on C.,, for this algorithm is tight, as the adaptive stopping rule used in the algorithm
can be overly conservative when |y*(z)] is large.

A matching lower bound. We now prove a complementary lower bound, which shows that the
e-dependence in Theorem D.1 is tight. To do so, we consider the following adaptive variant of the
sample-and-evaluate framework.

Definition D.1 (Adaptive sample-and-evaluate framework). In the Adaptive Sample-and-Evaluate
Jframework, the learner is allowed to sample n prompts x ~ p, and sample an arbitrary, adaptively
chosen number of samples y1,Ya2, -+ ~ Tpase(+ | ) before sampling a new prompt ©' ~ p. In
this framework we define sample complexity m as the total number of pairs (x,y) sampled by the
algorithm, which is a random variable.

Our main lower bound is as follows.

Theorem D.2 (Lower bound for sharpening under adaptive sampling). Fix an integer d > 1 and
parameters ¢ € (0,1) and C > 1. There exists a class of models 11 such that (i) log || =~
d(1 + log(Ce™1)), (ii) supep Ceov(m) < C, and (iii) y™ (z) is a singleton for all = € 11, for
which any sharpening algorithm T in the adaptive sample-and-evaluate framework that achieves
EPgpu[m(y™=(x) | ) > 1/2]] > 1 — € for all Tpase € I1 must collect a total number of samples
m =n- N at least

C'log |11
>
Elml 2 i o0y

Theorem D.2 is a special case of a more general theorem, Theorem 2.17, which is stated and proven
in Appendix J.

E Computational and Representational Challenges in Sharpening

In this section, we make several basic observations about the inherent computational and repre-
sentational challenges of maximum-likelihood sharpening. First, in Appendix E.1, we focus on
computational challenges, and show that computing a sharpened response for a given prompt x can
be computationally intractable in general, even when sampling y ~ Tpase (- | ) can be performed
efficiently. Then, in Appendix E.2, we shift our focus to representational challenges, and show that
even if my,se 1S an autoregressive model, the “sharpened” version of 7,5 may not be representable as
an autoregressive model with the same architecture. These results motivate the statistical assumptions
(coverage and realizability) made in our analysis of SFT-Sharpening and RLHF-Sharpening in
Appendix G.

To make the results in this section precise, we work in perhaps the simplest special case of autore-
gressive language modelling, where the model class consists of multi-layer linear softmax models.
Formally, let X' be the space of prompts, and let J := V* be the space of responses, where V is
the vocabulary space and H is the horizon. For a collection of fixed/known d-dimensional feature
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mappings ¢, : X x V" — R? and a norm parameter B, we define the model class I1, 5 7 as the set
of models

H
To(y1.m | ) = H 7o, (Yn | T, Y1:n—1) 9
h=1
where
7.‘-e(yh | z, yl:h—l) X exp(<¢(x7y1:h)7 0h>)
and 0 = (04,...,0m) € (RY)H is any tuple with ||0,, |2 < B forall h € [H].

E.1 Computational Challenges

Given query access to ¢, for any given parameter vector 6 and prompt x, sampling from a linear soft-
max model 7y (Eq. (9)) is computationally tractable, since it only requires time poly(H, |V|, d).
Similarly, evaluating mwg(y1.z | «) for given prompt x and response yi.py is computationally
tractable. However, the following proposition shows that computing the sharpened response
argmax, , cyH mo(y1.;m | x) for a given parameter 6 and response x is NP-hard. Hence, even
inference-time sharpening is computationally intractable in the worst case.

Proposition E.1. Set X = {1} and V = {—1,1}. Setd = d(H) := H + H? + H3. Identifying [d]
with [H] U [H)? U [H]3, we define ¢y, : X x VP — R% by ¢ (L, y1.0): = y; and qﬁh(J_,yl:h)(i’j) =
vy and ¢p( L, y1:n) i j.k) = YiYiYk- There is a function B(H) < poly(H) such that the following
problem is NP-hard: given 0 = (01,...,0p) with maxye(p)||0n |2 < B(H ), compute any element
of argmax, . cyu mo(y1.1 | @).

Note that our results in Appendix G and Appendix C bypass this hardness through the assumption
that the coverage parameter Ct,, is bounded.

Proof of Proposition E.1. Fix H and recall that d(H) = H + H? + H3. We define three
collection of basis vectors: {eh}he[H] cover the first H coordinates, {e(hyh/)}h’h,e[H]Q cover
the next H? coordinates, and {e(h’h'ah”)}h,h’,h”e[H]3 cover the last H? coordinates. Suppose
we define 61,...,0g_o = 0, so that mg(yp|z,y1.n—1) = 1/2forall 1 < h < H — 2. Define
Orn—1 = 1<i j<mr—o Jij€(jm—1) foramatrix J € R =2)x(H=2) {4 be specified later, and define
On = Z(e(r—1,m) + en). Then 282 . my(y1.y | L) < 1/2for any y1.5y with yyr—1 = —1 or

yg = —1, since this implies that 7y, (ygr | L,y1.7-1) < 1/2. Meanwhile, for any y;. with
Yyg—1 =Yg = 1, we have

eXp(Zi,ng—Q Jijyiyj) exp(B)

2H72~7T9(y1:H | J_) = . .
exp (Zi,jgmz Jijl/zﬂj) + eXP(— Y j<H-2 Jiﬂz‘l/j) exp(B) + exp(~B)

Let G be any graph on vertex set [H — 2] and let J = —A(G) where A(G) is the adjacency
matrix of G. Then among y1.; with yg_1 = yg = 1, 2772 . my(y1.5 | L) is maximized when
y1.H—2 corresponds to a max-cut in GG. If G has an odd number of edges, then some max-cut
removes strictly more than half of the edges, and for the corresponding sequence 1.7 we have
202 mp(yrm | L) > (1/2+ Q(1)) - (1 — exp(—(B))), which is greater than 1/2 when we
take B := H and H is sufficiently large. Thus, computing arg max, . cyr To(y1.m | L) yields a
max-cut of G. It is well-known that computing a max-cut in a graph 1s NP-hard, and the assumption
that G has an odd number of edges is without loss of generality. [

E.2 Representational Challenges

To give provable guarantees for our sharpening algorithms, we required certain realizability assump-
tions, which in particular posited that the model class actually contains a “sharpened” version of
Thase (Assumptions G.1 and G.3). In the simple example of a single-layer linear softmax model
classes (corresponding to H = 1 in the above definition), Assumption G.3 is in fact satisfied, and
the sharpened model can be obtained by increasing the temperature of 7p,se. However, multi-layer
linear softmax models with H >> 1 better capture autoregressive language models. The following
proposition shows that as soon as H > 2, multi-layer linear softmax model classes may not be closed
under sharpening. This illustrates a potential drawback of training-time sharpening compared to
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inference-time sharpening, which requires no realizability assumptions. It also provides a simple
example where greedy decoding does not yield a sequence-level arg-max response (since increasing
temperature in a multi-layer softmax model class exactly converges to the greedy decoding).

Proposition E.2. Let X = {1}, V = [n], and H = d = 2. For any n sufficiently large, there is
a multi-layer linear softmax policy class 11y g g and a policy Tyase € g g g such that yi.y =
argmax, , cym 7wo(y1.a | L) is unique but for all B' > B and © € Ily g/ g, it holds that
Ty | L) <1/2.

Proof of Proposition E.2. Throughout, we omit the dependence on the prompt L for notational
clarity. Since H = 2, the model class consists of models 7y of the form

exp({¢1(y1),01)) exp((P2(y1:2), 62))
Zé?l 292 (yl)

for Z91 = Zylev exp(<¢1 (yl)a 01>) and Z92 (yl) = Zyzev exp(<¢2(y1:2)a 02>)
Define ¢ by:

mg(a) = o, (Y1)ma, (Y2 | Y1) = (10)

er ifi=1
01(i)=<e ifi=2.
ey if1>3
Define ¢ by:
er ifi=2j=1
$2(i,j) = qex ifi=2,7#1.
0 ifi#2
Define mp,se := mg+ Where 05 := 65 := B-e; for a parameter B > log(n). Then mpase(1) = Tpase (2)

and Tpase (1) < e Brpase(2) forall i € {3,...,n}. Moreover, mMpase(+ | i) = Unif([n]) for all i # 2,
and Tpase (j | 2) < € Bpase(1 | 2) forall j # 1. Thus,

1 1
Wbase(Qa 1) 7Tbase(2)7‘—base(1 | 2) =97 (’fl — 2)6_3 1 (’fl — 1)6_3 > Q(l)

whereas Tpase (4, 7) = O(1/n) for all (4, j) # (2,1). Thus, (2, 1) is the sequence-level argmax for
sufficiently large n. However, for any my of the form described in Eq. (10), we have
9 (2) 1
m9(2,1) < mp(2) < — 0~
o@D < m@) < e T 2

since ¢(1) = ¢(2). This means that there is no B’ for which II4 g/ i contains an (e, §)-sharpened
policy for mpase for any 6 > 1/2. O
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Figure 2: Validation for Game0f24 on the training split. We compare greedy decoding against BoN
inference time sharpening in both accuracy and log-likelihoods and see that both increase nontrivially
over greedily decoding the base model. In the rightmost plot, we compare the CDF of the log-
likelihoods of sampled responses according to the base model conditioned on whether or not the
generated response is correct. We see that the distribution conditioned on correctness stochastically
dominates that conditioned on incorrectness, verifying that log-likelihood is a reasonable self-reward.

F Additional Experiments and Details

All of our experiments were run either on 40G NVIDIA A100 GPUs or through the OpenAl
API. To form the plots in Figure 1, for each (model, task) pair, we sampled N generations
per prompt with temperature 1 and returned the best of the N generations according to the
maximum-likelihood sharpening self-reward function 7se1¢(y | ) = log mpase(y | ©); we compare
against greedy decoding as a baseline. We considered four (model, task) pairs:

1. GameOf24: We used the model of [WFW124], which is a Llama-2 model finetuned on the
GameOf24 task [YYZ™24]. The prompts are four numbers and the goal is to combine the numbers
with standard arithmetic operations to reach the number 24.” Here we use both the train and test
splits of the dataset.” Results can be found in Figure 2 and Figure 3 for the training and testing
sets respectively.

2. GSM8k: We use gpt-3.5-turbo-instruct [BMR™'20] to generate responses to prompts from
the GSM-8k dataset [CKB*21] where the goal is to generate a correct answer to an elementary
school math question. We take the first 256 examples from the test set in the main subset.® The
results are presented in Figure 4.

3. MATH: We use gpt-3.5-turbo-instruct to generate responses to prompts from the MATH
[HBK*21], which consists of more difficult math questions. We consider “all” subsets and
take the first 256 examples of the test set where the solution matches the regular expression
(\d*).? The results are displayed in Figure 5.

4. ProntoQA: We use gpt-3.5-turbo-instruct to generate responses to prompts from the
ProntoQA dataset [SH23], which consists of chain-of-thought-style reasoning questions with
boolean answers. We take the first 256 examples from the training set.'” The results are shown in
Figure 6.

For GameOf24 we used three seeds, while for GSM8k, MATH and ProntoQA we used 10, 10, and 5
seeds respectively. For the latter three datasets, we simulated N for N < 50 by subsampling the 50
generated samples. In our experiments, we collected both the responses and their log-likelihoods
under the reference model. In Figures 2 to 6, we present the effect that the parameter N has on the
average accuracy of the best-of-/NV generation policy, as measured by sequence-level log likelihood,
i.e. the self-reward function we consider in our theoretical results. In all cases, we see improvements
over the naive sampling strategy, wherein we simply sample a single geneation with temperature 1.0.
In all results except for that of ProntoQA, we also see improvement over the standard greedy decoding

"https://github.com/princeton-nlp/tree-of-thought-11lm/tree/master/src/tot/data/24
8https ://huggingface.co/datasets/openai/gsmsk.

(’https ://huggingface.co/datasets/lighteval /MATH.

10https ://huggingface.co/datasets/longface/prontoga-train.
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strategy, with some tasks exhibiting greater improvement than others. Examining the generations in
ProntoQA, we see that many of the correct answers simply output the final boolean value of “True’ or
‘False’ without resorting to the chain-of-thought style reasoning required on more complicated tasks;
in such cases where the number of generated tokens is extremely small, we do not expect best-of-N
to improve over greedy decoding, as the greedy strategy is already essentially optimal.

In the center plots of Figures 2 to 6, we display the effect that best-of-/N sampling has on the
average log-likelihood of sampled generations. Unsurprisingly, the average log-likelihood increases
monotonically until it flattens out on what must be close to the argmax sequence for most prompts.
Indeed, examining the scale of average log likelihood, we see that, on average, the reference model’s
probability of the sampled sequence is on the order of 0.05; as we are generating at least 50 sequences
per prompt, the probability of there existing a higher probability sequence that is not found is
vanishingly small. In all cases, we are finding (on average) sequences with higher probability than the
greedily decoded sequence, although only marginally so in the case of ProntoQA, which is consistent
with the observation that the greedy strategy is already close to optimal in this task.

Finally, in the rightmost plots of Figures 2 to 6, we display the empirical Cumulative Density
Functions (CDFs) of the distribution of log-likelihoods of sampled generations from the reference
model conditioned on whether or not the generated response is correct. In all cases, we see that the
distribution of log-likelihoods conditioned on correctness stochastically dominates that conditioned on
the response being wrong, which lends further credence to the idea that log-likelihood is a reasonable
self-reward function for these model-task pairs.

Game?24 (test)

0.20 Accuracy 25 Average Log Likelihood 1.0 Log Likelihood CDF
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Figure 3: Validation for GameOf24 on the test split. We compare greedy decoding against BoN
inference time sharpening in both accuracy and log-likelihoods, as well as the CDFs of log likelihoods
of sampled generations according to the base model conditioned on correctness, and see more limited
stochastic domination than in the training split, suggesting that log-likelihood is a less reliable
self-reward.
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Figure 4: Validation for GSM8k. We compare greedy decoding against BoN inference time sharp-
ening in both accuracy and log-likelihoods, as well as the CDFs of the log-likelihoods of sampled
generations conditioned on correctness. We see substantial stochastic domination of the distribution
of log-likelihoods conditioned on correctness over that conditioned on incorrectness, verifying that
log-likelihood is a reasonable self-reward for GSM8k.
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Figure 5: Validation for MATH. We compare greedy decoding against BoN inference time sharpening in
both accuracy and log-likelihoods, as well as the CDFs of the log-likelihoods of sampled generations
conditioned on correctness. We see substantial stochastic domination of the distribution of log-
likelihoods conditioned on correctness over that conditioned on incorrectness, verifying that log-
likelihood is a reasonable self-reward for MATH.
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Figure 6: Validation for ProntoQA. We compare greedy decoding against BoN inference time
sharpening in both accuracy and log-likelihoods, as well as the CDFs of the log-likelihoods of
sampled generations conditioned on correctness. Here we see that the BoN accuracy and log-
likelihoods saturate close to the greedy benchmark, suggesting that greedy decoding already sharpens
in this task. Again, the distribution of log-likelihoods conditioned on correctness stochastically
dominates that conditioned on incorrectness, verifying that log-likelihood is a reasonable self-reward
for ProntoQA.
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Part 11

Proofs

G Formal Analysis of Sharpening Algorithms

Equipped with the sample complexity framework from Section 2, we now prove that the
SFT-Sharpening and RLHF-Sharpening families of algorithms provably learn a sharpened model
for the maximum-likelihood sharpening objective under natural statistical assumptions.

Throughout this section, we treat the model class II as a fixed, user-specified parameter. Our results—
in the tradition of statistical learning theory—allow for general classes II, and are agnostic to the
structure beyond standard generalization arguments.

G.1 Analysis of SFT-Sharpening

Recall that when we specialize to the maximum-likelihood sharpening self reward, the

SFT-Sharpening algorithm takes the form 7N = argmax_ ;> .+, 10g Thase (Y5 | ), where

y?ON = argmax;ecnj {log Wbase(yz,j ‘ xl)} for Yils-- - Yi, N ™~ 7Tbase( | xz)

To analyze SFT-Sharpening, we first make a realizability assumption. Let 75" (z) be the distribution
of the random variable 13 (z) ~ arg max{log Thase (¥i | ) | Y1, -, YN ~ Tbase(T)}.

Assumption G.1. The model class 11 satisfies 75" € I1.
Our main guarantee for SFT-Sharpening is as follows.

Theorem G.1 (Sample complexity of SFT-Sharpening). Let €,0,p € (0,1) be given, and

-1
suppose we set n = c - % and N* = c¢ - M for an approprlate constant

¢ > 0. Then with probablllty at least 1 — P, SFT Shar‘penlng produces a model T such that
that P, [T (y*(x) | ) <1 — 6] < ¢ and has total sample complexity'!

1 -1
o (Cennlon(Ip Y og ()
de2

(11)

This result shows that SFT-Sharpening, via Eq. (11), is minimax optimal in the sample-and-evaluate
framework when § is constant. In particular, the sample complexity bound in Eq. (11) matches the
lower bound in Theorem 2.1 up to polynomial dependence on ¢ and logarithmic factors. Whether the
1/6 factor in Eq. (11) can be removed is an interesting question, but—as discussed in Section 2—the
regime § = 1/2 is most meaningful for autoregressive language modeling, rendering such discussion
moot.

Remark G.1 (On realizability and coverage). Realizability assumptions such as Assumption G.1
(which asserts that the class 11 is powerful enough to model the distribution of the best-of-IN responses)
are standard in learning theory [AJK19, FR23], though certainly non-trivial (see Appendix E for a
natural example where they may not hold). The coverage assumption, while also standard, when
combined with the hypothesis that high-likelihood responses are desirable, suggests that Tyase gener-
ates high-quality responses with reasonable probability. In general, doing so may require leveraging
non-trivial serial computation at inference time via procedures such as Chain-of-Thought [WWST22].
Although recent work shows that such serial computation cannot be amortized [LLZM?24, Mal23],
SFT-Sharpening instead amortizes the parallel computation of best-of-N sampling, and thus has
different representational considerations.

Benefits of adaptive sampling. SFT-Sharpening is optimal in the sample-and-evaluate framework,
but we show in Appendix D that a variant which selects the number of responses adaptively based
on the prompt x can bypass this lower bound, improving the e-dependence in Eq. (11) from to 2

""'We focus on finite classes for simplicity, following a convention in reinforcement learning theory [AJK19,
FR23], but our results readily extend to infinite classes through standard uniform convergence arguments.
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G.2 Analysis of RLHF-Sharpening

We now turn our attention to theoretical guarantees for the RLHF-Sharpening algorithm family,
which uses tools from RL to optimize the self-reward function.

When specialized to maximum-likelihood sharpening, the RL objective used by RLHF-Sharpening
takes the form 7 ~ arg max_ c{Ex[log Tpase (¥ | )] — BDkL(7 || Tpase) } for 3 > 0. The exact op-
timizer 75 = arg max,c{Ex[log Moase(y | )] — BDkL(7 || Moase) } for this objective has the form

5y | ) o wg:sf N (y | =), which converges to a sharpened model (per Definition 2.1) as 5 — 0.

The key challenge we encounter in this section is the mismatch between the RL reward log mpase (¥ |
x) and the sharpening desideratum 7(y*(z) | x). For example, suppose a unique argmax—say,
y*(x)—and second-to-argmax—say, y’ (x)—are nearly as likely under 7,5se. Then the RL reward

E~[log Thase (¥ | )] must be optimized to extremely high precision before 7 can be guaranteed to
distinguish the two. To quantify this effect, we introduce a margin condition.

Assumption G.2 (Margin). For a margin parameter Ymargin > 0, the base model Ty,se satisfies

max Thase (Y | ) = (14 Ymargin) - Toase (' | ) VY ¢ y*(x), Vo € supp(u).

SFT-Sharpening does not suffer from the pathology in the example above, because once y*(x) and
y'(z) are drawn in a batch of N responses, we have y?" = y*(x;) regardless of margin. However, as
we shall show in Appendix G.2.2, the RLHF-Sharpening algorithm is amenable to online exploration,
which may improve dependence on other problem parameters.

G.2.1 Guarantees for RLHF-Sharpening with Direct Preference Optimization

The first of our theoretical results for RLHF-Sharpening takes an offline reinforcement learning
approach, whereby we implement Eq.(6) using a reward-based variant of Direct Preference
Optimization (DPO) [RSM 23, GCZ"24]. Let Dprer = {(z,y,y’)} be a dataset of n examples

sampled via x ~ p, Y,y ~ Tpase(y | ). For a parameter 5 > 0, we solve 7 € argmin g

> (6 log _mlyle) Blog BUCAL . (10g Tbase (y | ) — 10g Thase (y | w))) .12

(,9,5") €Dpret ﬂ'base(y | x) 7Tbase(y/ ‘ x)

Assumptions. Per [RSM™23], the solution to Eq. (12) coincides with that of Eq. (2) asymptotically.
To provide finite-sample guarantees, we make a number of statistical assumptions. First, we make a
natural realizability assumption (e.g., [ZJJ23, XFK24]).

Assumption G.3 (Realizability). The model class 11 satisfies 7; € IL.12

G o

The following result shows that both coefficients are bounded for the KL-regularized model 7.

Next, we define two concentrability coefficients for a model 7:

Cﬂ— = Eﬂ [M], and C”/W",B = ]Eﬂ—
71—base(y | LL’) '

Lemma G.1. The model wj; satisfies Cry < Ceoy and Crype/nsip < |V

Motivated by this result, we assume the coefficients in Eq. (13) are bounded for all = € II.

Assumption G.4 (Concentrability). All m € Il satisfy C; < Ceone for a parameter Ceone > Cooy,
and C”base/w;ﬁ < Closs for a parameter Closs > |y|

Per Lemma G.1, this assumption is consistent with Assumption G.3 for reasonable bounds on Conc
and C1ss; note that our sample complexity bounds will only incur logarithmic dependence on C'4ss.

12See Remark G.1 for a discussion of this assumption.
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Main result. Our sample complexity guarantee for RLHF-Sharpening (via Eq. (12)) is as follows.

Theorem G.2. Let€,6,p € (0,1) be given. Set 5 S Ymargin0€, and suppose that Assumptions G.2
to G.4 hold with parameters Cconc, Closs, and Ymargin > 0. For an appropriate choice for n, the DPO
algorithm (Eq. (12)) ensures that with probability at least 1 — p, Py, [T(y*(2) | z) <1—-0] <¢
and has sample complexity

02¢2

m=0 (C log3<closs|n|p—l>> |

2
rymargin

Compared to the guarantee for SFT-Sharpening, RLHF-Sharpening learns a sharpened model with
the same dependence on the accuracy ¢, but a worse dependence on §; as we primarily consider
0 constant (cf. Proposition 2.1), we view this as relatively unimportant. We further remark that
RLHF-Sharpening uses N = 2 responses per prompt, while SFT-Sharpening uses many (N = 1/e)
responses (but fewer prompts). Other differences include:

* RLHF-Sharpening requires the margin condition in Assumption G.2, and has sample
complexity scaling with vr;alrgin. We believe this dependence is fundamental for algo-
rithms based on reinforcement learning, as it is needed to translate bounds on subop-
timality with respect to the reward function rseir(y | ) = logmhase(y | ) G.e.,
By [maxycy 108 Toase (¥ | ©) — Eyms(z)[10g Toase (y | #)]] < €, the objective minimized by rein-
forcement learning) into bounds on the approximate sharpening error P, [7(y*(z) | ) < 1 —4].

* RLHF-Sharpening requires a bound on the uniform coverage parameter Ccopc, which is larger than
the parameter C,, required by SFT-Sharpening in general. We expect that this assumption can be
removed by incorporating pessimism in the vein of [LLZ*24, HZX*24]. Also, RLHF-Sharpening
requires a bound on the parameter C,ss. This grants control over the range of the reward function
log Tpase (¥ | ), which can otherwise be unbounded. Since the dependence on Ciess is only
logarithmic, we view this as a fairly mild assumption. Overall, the guarantee in Theorem G.2 may
be somewhat pessimistic in practice; it would be interesting if the result can be improved to match
the sample complexity of SFT-Sharpening whenever Ymargin is held constant.

G.2.2 Benefits of Exploration

The sample complexity guarantees we have presented scale with the coverage parameter Coy =
E[1/7base (¥* (x)|x)], which is unavoidable in general in the sample-and-evaluate framework via our
lower bound, Theorem 2.1. Although C.,, is a problem-dependent parameter, in the worst case it can
be as large as || (which is exponential in sequence length for autoregressive models). Luckily, unlike
SFT-Sharpening, the RLHF-Sharpening objective (6) is amenable to RL algorithms employing
active exploration, leading to improved sample complexity when the class IT has additional structure.

Our below guarantees for RLHF-Sharpening replace the assumption of bounded coverage with
boundedness of a structural parameter for the model class II known as the “sequential extrapolation
coefficient” (SEC) [XFBT23, XFK*24], which we denote by SEC(IT). The formal definition is
deferred to Appendix L.2. Conceptually, SEC(IT) may thought of as a generalization of the eluder
dimension [RVR13, JLM21], and can always be bounded by the coverability coefficient of the
model class [XFK24]. Beyond boundedness of the SEC, we require a bound on the range of the
log-probabilities of my,se.

Assumption G.5 (Bounded log-probabilities). For all # € 1II, (z,y) € X x ),
1
’log frbase(ylz)’ < Rmax-

We expect that the dependence on Rp,ax in our result can be replaced with log(Closs) (Assump-
tion G.4), but we omit this extension to simplify presentation as much has possible.

We appeal to (a slight modification of) XPO, an iterative language model alignment algorithm due to
[XFK'24]. XPO is based on the objective in Eq. (12), but unlike DPO, incorporates a bonus term to
encourage exploration to leverage online interaction. See Appendix L.2 for a detailed overview.

Theorem G.3 (Informal version of Theorem L.2). Suppose that Assumptions G.2 and G.5 hold with
parameters Ymargin, Rmax > 0, and that Assumption G.3 holds with B = “Ymargin/(210g(2|Y|/9)).
For any m € Nand p € (0,1), XPO (Algorithm 1), when configured appropriately, produces
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an (e, 0)-sharpened model T € 11 with probability at least 1 — p, and uses sample complexity
m= O((Vmargin§6)_2SEC(H) ’ 10g(|H‘p_1)).13

The takeaway from Theorem G.3 is that there is no dependence on the coverage coefficient for
Thase- Instead, the rate depends on the complexity of exploration, as governed by the sequential
extrapolation coefficient SEC(II). We expect similar guarantees can derived for other active
exploration algorithms and complexity measures [JKAT17, FKQR21, JLM21, XFB*23].

Example: Linearly parameterized models. As a stylized example of a model class IT where active
exploration dramatically improves the sample complexity of sharpening, we consider the class II4
of linear softmax models. This class consists of models of the form 7y (y | ) x exp({¢(x,y),0)),
where § € R? is a parameter vector with ||0||> < B, and ¢(x,y) € R? is a known feature map
with ||¢(z,y)|| < 1. The sequential extrapolation coefficient for this class can be bounded as

SEC(II) = O(d), and the optimal KL-regularized model 7 is a linear softmax model (i.e., 7 € II)
whenever the base model 7y, 18 itself a linear softmax model. This leads to the following result.

Theorem G.4. Fixe,d,p € (0,1) and B > 0. Suppose that (i) Thase = T+ is a linear softmax model
with ||6* ]2 < 313&%73}1\3/5); (ii) Tase satisfies Assumption G.2 with parameter “margin. Algorithm 1,
with reward function r(x,y) := 10g Tpase (€, y), and model class Iy g, returns an (e, )-sharpened
model with prob. 1 — p, and with sample complexity m = poly (e~ !, 5‘1,7;jrgin, d, B,1og(|Y|/p))-

Importantly, Theorem G.4 has no dependence on the coverage parameter Coy, scaling only with
the dimension d of the softmax model class. For a quantitative comparison, it is straightforward
to construct examples of models mpase Where Ceoy = E[1/Tpase (v (2)]2)] < | V] =< exp(£2(d)), and
Assumption G.2 is satisfied with Ymargin = €2(1). For such models, SFT-Sharpening will incur
exp(€2(d)) sample complexity; see Example L.1 for details. Hence, Theorem G.4 represents an
exponential improvement, obtained by exploiting the structure of the self-reward function in a way
that goes beyond SFT-Sharpening.

Remark G.2 (Non-triviality). Theorem G.4 is quite stylized in the sense that if the parameter vector
0% of Tpase is known, then it is trivial to directly compute the parameter vector for the sharpened
model 7j;. However, Algorithm 1 is interesting and non-trivial nonetheless because it does not have

explicit knowledge of 6%, as it operates in the sample-and-evaluate oracle model (Definition 2.2).

H Further Preliminaries

H.1 Guarantees for Approximate Maximizers

Recall that the theoretical guarantees for sharpening algorithms in Appendix G provide convergence
to the set y*(z) := argmax,cy mhase(y | x) of (potentially non-unique) maximizers for the
maximum-likelihood sharpening self-reward function log mase(y | ). These guarantees require
that the base model mp,se places sufficient provability mass on y* (), which may be unrealistic. To
address this, throughout this appendix we state and prove more general versions of our theoretical
results that allow for approximate maximizers, and consequently enjoy weaker coverage assumptions

For a parameter v € [0, 1) we define

3 (0) = {1 Tt | ) 2 (1) ey | )
as the set of (1 — +)-approximate maximizers for log myase(y | ). We quantify the quality of a
sharpened model as follows.
Definition H.1 (Sharpened model). We say that a model T is (e, d, v)-sharpened relative 10 Tpase if
Pow [F(yh(2) |2) >1—6] > 1 —e

That is, an (¢, ¢, y)-sharpened policy places at least 1 — § mass on (1 — +)-approximate arg-max
responses on all but an e-fraction of prompts under p.

BTechnically, Algorithm 1 operates in a slight generalization of the sample-and-evaluate framework for
accessing mpase (Definition 2.2), where the algorithm is allowed to query mpase (y | «) for arbitrary z,y. We
expect that our lower bound (Theorem 2.1) can be extended to this more general framework, in which case
Algorithm 1 is fundamentally using additional structure of II (via the SEC) to avoid dependence on Cloy.
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Lastly, we will make use of the following generalized coverage coefficient
1
C =Eonp| />
o g Lrbase(?ﬁ (z) | f)}
which has Ceoy y < Ceov.

H.2 Technical Tools

For a pair of probability measures P and Q with a common dominating measure w, Hellinger distance

is defined via
Di(P,Q) = <,/ P ,/ )

Lemma H.1 (MLE for conditional density estimation (e.g., [WS95, vdG00, Zha06])). Consider
a conditional density 7 : X — A(Y). Let D = {(x;,y;)}, be a dataset in which (xz;,vy;) are
drawn i.id. as x; ~ p € A(X) and y; ~ 7 (- | ). Suppose we have a finite function class
IT C (X — A(Y)) such that 7 € I1. Define the maximum likelihood estimator

T := arg max Z logn(y | x).
mell
(z,y)€D
Then with probability at least 1 — p,
. N 2log(|TI|p~")
Eomu [DAG( | ),7(- | 2))] < =202 ),

n

Lemma H.2 (Elliptic potential lemma). Let \, K > 0, and let Ay, ..., Ay € R¥*9 be positive
semi-definite matrices with Tr(A;) < K forallt € [T). FixTog = Mg and Ty = X4+ .\_, A; for
t € [T). Then

T To(C=1 A dK log THHK
2 T t)*Mg(HK/A)

t=1
Proof of Lemma H.2. Fix ¢t € [T]. Since Tr(4;) < 1, there is some p; € A(R?) such that
Ay = Eqp,aa’ and P[||al|2 < 1] = 1. Now observe that
log det(T';) = logdet(T's—1 + A;)
= log det(Ty_1) + log det(I4 + T, {* 4,1, %)
= log det(T';_y) + log det (anpt [Id + 1Y% Y QD
> log det(Ts—1) + Eqmp, log det(lq + T, {?aa T, {?)
=logdet(T';_1) + Eunp, log(1 +a'T; 1 a).
Now a'T';!;a < 1/\ with probability 1, where A\ = Ain(To). We know that Az log(1 + 1/)) <
log(1 + ) for all z € [0,1/A]. Thus,
logdet(T';) > logdet(I';_1) + Aog(1 + 1/N)Eqep,a' T Y a.
Summing over ¢ € [T, we get
T
log det(I'r) > log det(Ty) + Alog(1l + 1/X) Z Tr(T, Y Ay).
t=1
Finally note that Apax (') < T + 1 so logdet(I'r) < dlogT, whereas log det(T'g) > dlog .
Thus,
leg T+1
Tr(D L A) < —————2A
Z Al < 355 g(1+1/)\)

as claimed. O
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Lemma H.3 (Freedman’s inequality, e.g. [AHK14]). Let (Z;)L | be a martingale difference

sequence adapted to filtration (}}) . Suppose that | Z;| < R holds almost surely for all t. For any
6 € (0,1) and n € (0,1/R), it holds with probability at least 1 — ¢ that

ZZt <nZ]E 22| Fy1) 1°g(;/5)

Corollary H.1. Let (Z;)]_, be a sequence of random variables adapted to filtration (F¢)1_;".
Suppose that Z; € [0, R] holds almost surely for all t. For any § € (0,1), it holds with probability at
least 1 — 0 that

T T
> E[Zi|Fia] <2 Zi + 4Rlog(1/9).
t=1

t=1
Proof of Corollary H.1. Observe that for any ¢ € [T,
E[(Z; — E[Z; | Fi1])? | For] SE[ZF | Fii]
< R-E[Z, | Fi_1).

Applying Lemma H.3 to the sequence (E[Z; | F;_1] — Z;)L_, which is a martingale difference
sequence with elements supported almost surely on [— R, R], we get for any n € (0, 1/R) that with
probability at least 1 — 6,

T

T
log(1/6
S ELZ | Fod] - 20) <03 El(Z B2y | Fra)? | Fo] + 220
t=1 t=1
d log(1/9)
< WRZE[Zt | Feoa] + ——.
t=1
Set n = 1/(2R). Simplifying gives
T T
S E[Z | o] €2 Zi +4Rlog(1/9).
t=1 t=1
as claimed. O
I Proofs from Section 2
Proof of Proposition 2.1. We prove the result by induction. Fix z € X, and lety7, . .., v} == y* ().

Fix h € [H], and assume by induction that g5, = yj, for all A’ < h. We claim that in this case,

Wh(y; ‘ gla s 7§h—17x) = 7Th(y;: ‘ yfa s 7y;(z—17x) > 1/27

which implies that 3, = yj. To see this, we observe that by Bayes’ rule,
T, ym o) <7yl un | @)
=TI 7w @i Lot v @) <yl | s vhrs o).
h'=1

If we were to have 7, (Y7 | Y1, .-+, Yn—1,2) = Tn(Yr | ¥T, -, Yj_q,x) < 1/2, it would contradict
the assumption that w(y7, ..., ¥} | ©) > 1/2. This proves the result. O

J Proofs from Section 2.1

Below, we state and prove a generalization of Theorems 2.1 and D.2 which allows for approximate
maximizers in the sense of Definition H.1, as well as a more general coverage coefficient.
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To state the result, for a model 7, we define

v5(0) = {1 7ly 1 2) > (1) ‘magenty | o) .

Next, for any integer p € N, we define

Coovirp(m) = (E[WD/

with the convention that Ccoy ~.p = Ceov,v,p(Thase). For our negative results, we select v = 1/2.
Thus, our lower bounds which we are about to state and prove hold in a regime where the best y has
bounded margin away from suboptimal responses.

Theorem 2.1’ (Lower bound for sharpening). Fix integers d > 1 and p > 1 and parameters
€ € (0,1) and C > 1, and set v = 1/2. There exists a class of models 11 such that i) log |TI| =
d(1 + log(Ce=1/?)), ii) sup ey Ceovyip(m) S C, and iii) Y~ (x) is a singleton for all © € 1I,
for which any sharpening algorithm 7 that attains E[Py.,, [T (y7e==(x)) > 1/2]] > 1 — € for all
Thase € 11 must collect a total number of samples m = n - N at least

og |IT|
el/P(1+log(Ce—1/P))

7 ¢ log 11| 7 sample-and-evaluate oracle
1+1 —1 )
m Z € Pélﬁ»log(Ce P))

adaptive sample-and-evaluate oracle.

Proof of Theorem 2.1'. Let parameter d,p € N and € > 0 be given, and sety = 1/2. Let M € N
and A > 0 be parameter to be chosen later. Let X = {zg,21,...,2q4} and Y = {yo,¥1,---,Yn}
be arbitrary discrete setes (with |X| = d + 1 and |Y| = M + 1).

Construction of prompt distribution and model class. We use the same construction for the
non-adaptive and adaptive lower bounds in the theorem statement. We define the prompt distribution
L via

A d
,U/::(l_ EZ i

where 6, denotes the Dirac delta distribution on element .

As the first step toward constructing the model class II, we introduce a family of distributions
(Po, Py, ..., Py)on) as follows

. 1 1 Y
Py=5 >1, Pb=—""7-%,, — (1= ——15,..
=t bRt 35 (1 G )
Next, for or any index Z = (j1, ja, - - -, ja) € [M]?, define a model
P i=0
ey J4o
(@) {Pj,i i>0
We define the model class as
:= {x%: T € [M]%},
which we note has

log |TII| = dlog M.

Preliminary technical results. Define
= 1— L .
yr(x):={y: " (y|x) > ( 'Y)I;leagﬂ (y|z)}
The following property is immediate.

Lemma J.1. Let T = (jy,...,jq) € [d]™. Then yZ(x;) = {y;,} if i > 0, and yX (x0) = {yo}.
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In view of this result, we define y* (x) = arg max, 7% (y | x) as the unique arg-max response for z.

Going forward, let us fix the algorithm under consideration. Let PZ[-] denote the law over the dataset
used by the algorithm when the true instance is 77 (including possible randomness and adaptivity

from the algorithm itself), and let E* [-] denote the corresponding expectation. The following lemma
is a basic technical result.

Lemma J.2 (Reduction to classification). Let T be the model produced by an algorithm with access
to a sample-and-evaluate oracle for n*. Suppose that for some ¢ > 0,

Ezunir B ]P’mwu[%(y?/(x) |z) >1/2] > 1—e.

Define T = (31, .. Jd) via j; = arg max; 7 (y; | x;), and write T = (j7, ..., j;). Then,
d
1 ~ .
S a8 1 )] <
i=1

Proof of Lemma J.2. As established in Lemma J.1, under instance Z, yf (z;) = {yj»} for any
i € [d]. Thus, whenever 7 (yZ (z;)) > 1/2, j = argmax; 7(y; | z;) = ;. The result follows by
noting that the event {3i € [d] : # = x;} occurs with probability at least A under x ~ . O

Lower bound under sample-and-evaluate oracle. Recall that in the non-adaptive framework, the
sample complexity m is fixed. In light of Lemma J.2, it suffices to establishes the following claim.

Lemma J.3. There exists a universal constant ¢ > 0 such that for all M > 8, if m < cdM /A, then
Ezoumir EX []1{},- ” j;}} > 1/8 for all i.

With this, the result follows by selecting A = 16¢, with which Lemma J.2 implies that any algorithm
with Ez.ynis EX IP’mNM[%(yf(x) | ) > 1/2] > 1 — e must have m > dM /A, then. To conclude,

we choose M =~ 1+ Ce~ /P, which gives m =~ dM /A = dCe=(1H1/P) = e=(+1/P) 1og TT/ log(1 +
Ce'/P). Finally, we check that with this choice, all 7 € I satisfy

Ceovirip(™) = Bamplr = zo] + (M (L — 7)) Pyl # o))"
= ((1-A) + (M(1—7)PA)""
S((1-a)+@EC1-y)")P<c

Proof of Lemma J.3. Let i € [d] be fixed. Of the m = n - N tuples (z, y, log Thase (v | z)) that are
observed by the algorithm, let m,; denote (random) the number of such examples for which z = z;.
From Markov’s inequality, we have
1

Plm; < 2Am/d] > 5 (14)
Going forward, let D = {(x,y,log mase(y | ©))} denote the dataset collected by the algorithm,
which has |D| = m. Let &; denote the event that, for prompt x = x;, (i) there are at least two
distinct responses y; for which (z;,y;) ¢ D; and (ii) there are no pairs (z;,y) € D for which
Thase (Y | Ti) > ﬁ Since &; is a measurable function of D, we can write

Ezunir B {H{}\i # ]:(}:| > Ezunir E {H{; #iit-1 {&'}}

= Ezwunit E {H{gi} Ez pz=|D] {H{/J\z # Jf}” ) (15)
where Z ~ P[Z = - | D] is sampled from the posterior distribution over Z conditioned on the dataset
D. Observe that conditioned on &;, the posterior distribution over j7 under Z ~ P[Z = - | D] is

uniform over the set of indices j € [M] for which (x;,y;) ¢ D, and this set has size at least 2. Hence,

I{&} Bz piz=D] [H{}l # j;‘}} > 1, and resuming from Eq. (17), we have

-~ . 1 1
Ezunir EX [H{ﬁ # J; }} > Ezunit EX [I{&}] > 5 Ez~unis PL (€ N {m; < 2Am/d}]

1
> 1 Ezunit PZ [E | m; < 2Am/d],
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where the last inequality is from Eq. (14). Finally, we can check that, under the law IPZ, the probability
of the event &—conditioned on the value m;—is at least the probability that (z;, y;x), (i, y;/) ¢ D

for an arbitrary fixed index j’ # jZ, which on the event {m; < 2Am/d} is at least

m; 2Am/d
3 3
1-2) >(1-=2
( M) ( M) ’

where we have used that v = 1/2. The value above is at least i whenever m < ¢ - dM/A
for a sufficiently small absolute constant ¢ > 0. For this value of m, we conclude that

Ezunit EX []I{}i # JZ*}} > L Er e PLE | {m; < 2Am/d}] > 1. O

Lower bound under adaptive sample-and-evaluate oracle. In the adaptive framework, we let m;
denote the (potentially random) number of tuples (z, y, log Tase (y | )) observed by the algorithm
in which z = z;. Note that unlike the non-adaptive framework, the distribution over m,; depends on
the underlying instance Z with which the algorithm interacts.

To begin, from Lemma J.2 and Markov’s inequality, if 7 satisfies the guarantee
Ezotnit B Py [®(yZ(x)) > 1/2] > 1 — e, then there exists a set of indices Sgooq C [d] such that'*

. -~ - 26
[Seoodl 2 14/2), Vi € Sgooss Exzoumit BT [1(7: # 37}] < T (16)

We now appeal to the following lemma.

Lemma J.4. Aslong as M > 6, it holds that for all i € [d],
~ . 1
Eznunit B [IJ; # 37}] 2 1 Ezmumss EF [imi < M/3}].

Combining Lemma J.4 with Eq. (16), it follows that there exist absolute constant ¢y, ¢, cg > 0 such
that if A = ¢; - ¢, then for all i € Sgoo4,

Ezunit PX[m; > caM] > c3.

Thus, with this choice for A, we have that ¢ € Sgeoq,
Ez-unif EI [ml} 2, M,

and we can lower bound the algorithm’s expected sample complexity by summing over ¢ € Sgooq:

Ezunis EZ [m] > Ezounis EX | D mi| 2 |Sgoodl M 2 dM.
1€ Sgood

The result now follows by tuning M =~ 1 + Ce /7 as in the proof of the lower bound for
non-adaptive sampling, which gives E[m] > dM < dCe=/? = ¢='/PlogII/log(1 + Ce'/?) and
Ceov,y,p(m) S Coorall m e I

Proof of Lemma J.4. Leti € [d] be fixed. Let D = {(,y,10g Mase(y | 2))} denote the dataset
collected by the algorithm at termination, which has |D| = m. Let &; denote the event that, for
prompt « = z;, (i) there are at least two distinct responses y; for which (x;,y;) ¢ D; and (ii) there

are no pairs (z;,y) € D for which mpase(y | 2;) > 7. Since &; is a measurable function of D, we
can write

Ezunir B {H{E‘ # .]z*}:| > Ezunir EX {H{; #git-1 {51'}}

= Ezeunst E? (&} Ezupz—po) [10: #303]], ()
where Z ~ P[Z = - | D] is sampled from the posterior distribution over Z conditioned on the dataset
D. Observe that conditioned on &;, the posterior distribution over j* under Z ~ P[Z = - | D] is

'“We emphasize that the set Sgood is N0t a random variable, and depends only on the algorithm itself.

32



1es  uniform over the set of indices j € [M] for which (x;, y;) ¢ D, and this set has size at least 2. Hence,
1es  1{E} Ezopiz—.|p) []I{}i # jl*}:| > 1, and resuming from Eq. (17), we have

S 1
Ezunse B [10: # 35}] 2 5 Bz B [1{E)]
1
2 3 Ez~unir BT [€i N {m; < M/3}]
= L E, e [PTIE | m T,
=3 Ezunie[P* (& | mi < M/3]-P*[m; < M/3]].

115 The event &; is a superset of the event &; j» that (z;, y;+ ), (z;,y;7) € D for an arbitrary fixed index
1es  j' # j¥. Thus,

PL & | mi < M/3] > PL[E ;0 | my < M/3]

1167 Moreover, we can realize the law of PZ considering an infinite tape, associated to index ¢, of i.i.d.
1168 samples y ~ Tpase (- | 1), and letting values of y form the samples (z, y, log Tpase (¥ | ) € D with
169 x = x; corresponding to the first m; elements on this tape (see, e.g. [SJR17] for an argument of this
170 form). On the event {m; < M/3}, then, m; samples in (x, y, log Tpase (¥ | )) € D with x = x; are
1171 a subset of the first M /3 samples from the index-i tape. Viewed in this way, we can lower bound the

172 probability of &; ; of by the probability of the event c‘:'z j that the first M /3 y’s on the index-i tape
173 contain neither j7, nor the designated index j'. As these first M /3 y’s are not chosen adaptively, the

174 probability of 51-, 7 1s at least
mi M/3
1- 3 > | 1- 3 2 i,
M M 2e

175 as long as M > 6 and v = 1/2. We conclude that

R
Ezunit B (1 # j7}| 2 1 Ezeumss EF [I{mi < M/3}].

1176 []

177

1178 []

1179

1o K Proofs from Appendix G.1 and Appendix D

1181 The following theorem is a generalization of Theorem G.1’ which allows for approximate maximizers
12 in the sense of Definition H.1.

s Theorem G.1". Let p,§ € (0, 1) be given, and suppose we set N = N* log(26~1) for a parameter
184 N* € N. Then for any n € N, SFT-Sharpening ensures that with probability at least 1 — p, for any
1es 7y € (0,1), the output model T satisfies

1 log(Y) | ooy
~o n N*

Porep [F(y3(2) | 2) < 1—20]

1ss  In particular, given (e, 9, ), by settingn = Cg 1 % and N* = Cg 1 % for a sufficiently large
1187 absolute constant C 1 > 0, we are guaranteed that
Pemy [ﬁ(y;(x) |z)<1-46] <e

1es  The total sample complexity is

cov 1 p~1)1 -t
= 0 (Cona B og(67))

de2
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Proof of Theorem G.1'. Under realizability of 75" (Assumption G.1), Lemma H.1 implies that the
output of SFT-Sharpening satisfies, with probablhty atleast 1 — p,
~ 2log(|11]/p)

B [DR (R | 2), 78 | 2))] < gy = 2B P,

Henceforth we condition on the event that Eq. (18) holds. Let
1
Xegood ;= Sz €EX | N* > }
i (X IV
denote the set of prompts for which mp,se places sufficiently high mass on yf;(:z:) We can bound
P [F(W(2) | 2) <1 4]

<Pyep [ﬁ(y,’;(x) |z)<1-4¢,z¢€ Xgood] +Pooplz & Xgood)- (19)

To bound the first term in Eq. (19), note that if € Xgooa, then 73N (y2 () | 2) > 1 — §/2. Indeed,

observe that y ~ m3"(- | z) ¢ y2(x) if and only if y1, ..., yn ~ Toase(x) have y; ¢ y2(x) for all i,

which happens with probability (1 — myase (y7/() | )N < (1—-1/N*)N < §/2since & € Xygoog- It
follows that for any such x, we can lower bound (using the data processing inequality)

2
DR (7(- | ), w3 |x>),(¢1—wyw )12) = \J1- 7y (2) | )
20 -Hm(yy(x) |x) <1—d}. (20)
By Egs. (18) and (20), it follows that

(18)

Prp [ﬁ(y;(x) |z) <1-20,z € Xgood] < €s(t$at.

For the second term in Eq. (19), we bound

Parult ¢ Xgooa] = Pary [N . W}

1
P, >1
#|:N*7Tbase(y ( ) |Z‘) :|
1 1

S =Eep| /7=
- N {Wbase(yﬁ*/(@ | x)}
< C’cov,'y
S v

via Markov’s inequality and the definition of C,, .. Substituting both bounds into Eq. (19) completes
the proof.

Proof of Theorem D.1. The proof begins similarly to Theorem G.1. By realizability of 7y,
Lemma H.1 implies that the output of SFT-Sharpening satisfies, with probability at least 1 — p,

]E:nwp, [Da(%( | "E)77TN“(~ ‘ 1’))] < ztat = w

n
Condition on the event that this guarantee holds. We invoke the following lemma, proven in the
sequel.
Lemma K.1. Let P be a distribution on a discrete space ). Let y* = argmax,cy, P(y) and let
P* :=maxycy P(y). Let y1,Ya, ... ~ P, and for any stopping time T, define

yr € argmax{P(y) :y € {y1,-..,yr}}.
Next, for a parameter |1 > 0, define the stopping time

1
N, =inf{k: — <k .
g { maxi<i<k P(yi) ~ /M}
Then
*
E[N,] < %

In addition, for any stopping time T > N, (including T = N, itself), we have P[g, ¢ y*] < e~1¥"Ir,
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This lemma, with our choice of i, ensures that for all x € X,
N, (Y (x) [z) > 1 - =1-0/2.
Following the reasoning in Eq. (20), this implies that
DAF(- | @), mn, (- | 2)) 2 8- H{A(y () | ) < 1 -6},

so that

Povulf(y* (@) | 2) <1-0] S =22
as desired.

To bound the expected sample complexity, we observe that

E[m] =n-E[N,(z)] <E [7%349(11/1_(5)@

where inequality (¢) invokes Lemma K.1 once more. O

} = (14 1)Ceoy,

Proof of Lemma K.1. Define N* := p/P*. To bound the tails of IV, 1u» define
T=inf{k | k> N*"andy* N {y1,...,ys} # T}

It follows from the definition that N,, < 7, since for any k > N*, if there exists 7 < k such that
y; € y*, then

~
(S
g

*
=
=

Thus, for k¥ > N*, we can bound
P[N, > k] <P[r > K] =P[V* N {yr,.... 5} = 2] < (1 - [y"|P")",
and consequently
E[N,] < E[r] <E[rI{r < N*}] + E[rI{r > N*}]
< N*+ Z — |y*|P*)*

k>N~
1 1/|ly*
<Nty _ Bt /*Iyl
ly*|P(y*) P(y*)

To check correctness, observe that N, > N*, because for all y € Y, —) > N*/u. Hence,

any stopping time 7 > N, also satisfies 7 > N*, and moreover has §, € y* whenever y* N
{y1,92,...,yr} # @. This fails to occur with probability no more than

* * * /P*
w1\ " .
-2 =(1-21 < e lvlk
( P P =

L Proofs from Appendix G.2
The following result is a generalization of Lemma G.1.

Lemma G.1'. Forally € (0, 1), the model 7} satisfies Cﬂé < (1=7)"'Ceov,y and Cwbase/ﬂg;/g < |V
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Proof of Lemma G.1'. For any fixed z € X, we have

-1

m(y | ) B | 2) "
B Yy
Ew(l)[]:szw —pese | Y M (v | @)

71'base(y | x) 71-base(y | .I) y'ey

—1

1 L
< maxm (ylz) | Y mtl (| @)
vey y'ey
-1
_ -1 1+
< (=) e W) |0) [ D mld W )
y' ey
148~ -1
7Tbase (y;(x) | JE) 14871, 4
=(1- : 77 x
( 7) Wbase(y»’;(x) | x) yze:y base (y ‘ )
14471 -1
1 Zyey;(r) Thase (y ‘ SL’) 148~
:(1_ ) * : Zﬂbase y |(E)
Thase (Y5 (2) | 2) vy
1
<(1-—x P
) @ o)
It follows that Crry < (1 — ¥) "' Ceov, as claimed.
For the second result, we have
B
1 148~ { 1 }
CW ase, 7\'*A = E ase — /N 7T x S E ase TN = y :
b / 575 b Wbase(y | x) Z base y | ) b Wbase(y | {,C) ‘ |

y' ey

L.1 Proof of Theorem G.2

We state and prove a generalized version of Theorem G.2. In the assumptions below, we fix a
parameter € [0, 1); the setting v = 0 corresponds to Theorem G.2.

Assumption L.1 (Coverage). All w € I satisfy Cx < Ceonc for a parameter Ceone > (1—7) " Ceoy,»
and C”base/w;ﬁ < Closs for a parameter Closs > |y|

By Lemma G.1’, this is assumption is consistent with the assumption that s € 1L
Assumption L.2 (Margin). For all x € supp(u), the initial model Tyase satisfies

Toase (W2 (@) | ) = (14 Amargin) - Toase(y | ) ¥y & ()
for a parameter ~ymargin > 0.

Theorem G.2'. Assume that w € 11 (Assumption G.3), and that Assumption G.4 and Assumption G.2

hold with respect to some v € [0,1), with parameters Ceone, Choss, and Ymargin > 0. For any
3, p € (0,1), the DPO algorithm in Eq. (7) ensures that with probability at least 1 — p,

~/ % 1 I~ C’conc lo 3 C’oss II -1
]P)ﬂ?"‘lt [ﬂ(y,y(:c) | 'T) < - 6] /S Y in0 0 \/ : (nl ‘ |p ) +Blog( conc) +’Y
margin

where 5() hides factors logarithmic in n and Ceone and doubly logarithmic in 11, Closs, and p~ L.

We first state and prove some supporting technical lemmas, then proceed to the proof of Theorem G.2'.

36



1229 L.1.1 Technical lemmas

1250 Lemma L.1. Suppose 8 € [0,1]. For any model 7, with probability at least 1 — § over the draw of
1251 &~ p, Y,y ~ Tpase(- | ), we have that for all s > 0,

P[‘Blog () — o (”<y"“”))’ > 0B (2 ) + 5] < exp(-).

7Tbase(y | (E) Wbase(y/ | x
1252 Proof of Lemma L.1. Define

- e (25 T) e (i )|

1253 By the Chernoff method, we have that with probability at least 1 — ¢,

X < log(Elexp(X)]) + log(5_1)

b (o (227) 9 (2 )] v
(o (i) (25

T B y,y ~monse () {QXP (/5 log < Tonee () | 2) <7Tbase Wla) ))]) +log(67")
(2 B pt,y,y7 ~sse (@) [exp (ﬁ log (M) — Blog (Wbasij y' Tw ))D +log(67)

B
ﬂ(y | 17) Wbase(y/ | 17) —1
=1 E,.. forr (@ . +log(267 ).
Og< T, Y,y ~hase () l(ﬁbase(y o) w(y [2) og( )

1254 As long as 8 < 1, by Jensen’s inequality, we can bound

. Ty |z)  Toase(y' | ) ’
T, Y, Y ~Thase (T) ’ /

Tbase (Y | ) m(y' | z)

(oo [ (2812 2t 1)

_E 7T'base(y/ | .Z‘) ’
= gy ~mpase (z) W

= Cﬂ'base/«;ﬁv

<E

T,y ~Thase (2)

1255 which proves the result. O
1256

127 Lemma L.2. Let 8 € [0, 1]. For all models 7, we have

e Blog (LD Y g (@ 1) [
T, Y,y ~Tpase (4] ) g Wbase(g/'x) 7Tbase(y/|‘r)

1258 Proof of Lemma L.2. Define

X = ’6105; (M) ~flog (M)‘
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1268
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1271

Set k = 10g(2Cry,s/;5). We can bound

E[X*] = EUOOO {Xx*> t}dt]
= 4EUOOOH{X > t}t3dt}
= 4/000 P[X > t]t3dt
<k +4/:o PIX > t]t3dt

<k+ 4/ et dt
k

= k* + 4(k* + 3k* + 6k + 6)
= O(k* + 1),

where the third-to-last line uses Lemma L.1. O

L.1.2 Proof of Theorem G.2’

Proof of Theorem G.2’. For any model 7 € II, define J(7) := E[log Mpase(y | z)]. Let T € II
denote the model returned by the DPO algorithm in Eq. (12). Let E, /[-] denote shorthand for
Eyrppymr(a),y/~r (z)[]s and for any 7 : X x Y — R define A" (z,y,y') = r(z,y) — r(z,y).
Define

r*(z,y) := log mpase (¥ | ) = Blog(ﬂﬁ(ym)) + Z(x),

Tlhase (y ‘ :17)

and let 7(z, ) = f3 log( m(ylz) ) By a standard argument [HZX24], we have

“base(y|x)

7 € argmax E.[r(x,y)] — BDkL(T || Tpase)- 21
mX—=A(Y)

Therefore for any comparator model 7* : X — A()) (not necessarily in the model class IT), we have

J(7%) = J(@) = Exs [r" (2, y)] — Ez[r" (2, y)]
= Er [F(2, y)] — BDkL(7™ || Moase) — Ez[7(z, y)] + BDkL(T || Toase)
+ Er [r*(z,y) — 7(2,9)] + BDkL(7™ || Thase) + Ez[7(@, y) — (2, y)] — BDKL(T || Toase)
< B [r(2,y) — 7@, y)] + BDkL(7™ || Toase) + Bz [1(2, y) — 7" (2, y)] — BDL(T || Toase)
) —

= E‘ﬂ'*,ﬂ'base T (Z‘ Y, y, AT(m Y, y,):| + ]Eﬁ,rrbase [A?(x7 Y, y/) - AT‘* (33, Y, Z/)
+ BDKL(W H 7rbase) BDKL(W H 7rbase) (22)

where the inequality uses Eq. (21). To bound the right-hand-side above, we will use the following
lemma, which is proven in the sequel.

Lemma L.3. For any model w and any 1 > 0, we have that

}

* ~ 2 x
A" (z,y.y) —N(l‘,y,y’)‘ H{\A'

AT* (JU, Y, y/) - A?(SC, Y, y/)
SJ C}r/2 ! (Eﬂ'baseﬂ"'base |:

+ C7]';‘/2 (log(cﬂ'base/‘?\‘;ﬁ) + log(cﬂbase/ﬂ'g;ﬂ)) : (I[Dﬂ'baseaﬂ'base |:

]Eﬂ—vﬂ'base |:

P n}])m

A?| > 77} ) 1/4.

AT* | > 77:| + ]P)Trbaseyﬂ'base |:
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1272 Using Lemma L.3 to bound the first two terms of Eq. (22), and using the fact that all 7 € II have
1278 Cr < Ceone nd Crypo/rip < Closs, We have that

J(r*) — J(7)

* —~ 2 *
5 (CTr* + Cvconc)l/2 : (Eﬂ'base,ﬂ'base l: A" (ﬂ%y,y/) - Ar(ﬂf,%y/) H{’AT ’ < m,

AT| < U}DW

_ 1/4
AT > n]) "+ BDLE | Toase):
(23)

+ (Cﬂ-* + CV(:onc)l/Q log(closs) : (]P)ﬂ'base,ﬂ'base |:

AT* | > /’7:| + IED7""base77'rbase |:

1224 Let us overload notation and write A™(z,y,y’) = 5log( m(ylz) ) - ﬁlog(”(yil‘w)), so that

Thase (Y| T) Thase (Y’ |x)

1255 AT = AT and A™ = A"". Since 7w € 11, the definition of 7 in Eq. (7) implies that

~ . 2 . 2

> (AF@yy) - A yy)) <min Y (A7) - AT (@, y.y)
S

(%,9,y") € Dpres " (@,9,Y") € Dprer

* * 2
Z (Aﬂ.ﬂ (xayay/) — A8 (xvyvy/)>
(I’y7y/)e’Dpref
= 0.

IN

1276 Define B,, , := log(2nCless|II|p™!). It is immediate that

3 (M(x,y,y’) _ AT (x,y,y’))Qu{yAﬂ < B, |A™| < Bn,p} <.

(,9,9") €Dprer

1277z From here, Bernstein’s inequality and a union bound implies that with probability at least 1 — p,
Eﬂ'basevﬂ'base |: A% (1'7 y7 y/) - Aﬂz; (’ZE, y7 yl)

2 _
B2 loa(Mp™)

117 < B a7 < B,

= Estat-
~ n

1278 In particular, if we combine this with Eq. (23) and set n = B,, ,,, then Lemma L.1 implies that

J(Tr*) - J(%) S (Cﬂ'* + C’conc)l/2 * Estat + (Cﬂ'* + C’conc)l/2 log(closs) : 01/4 + BDKL(W* ” 7"'base)-
1279 Note that the above bound holds for any 7* : X — A(Y). We define 7* by
Thase (¥ | @)1y € y;(m)]
7Tbasez('!/»*y(x) | z)

120 which can be seen to satisfy Cx« < Ceovy < Ceone and Dk (77 || Tpase) < 10g(Crr) < 10g(Ceone)-
1281 With this choice, we can further bound the expression above by

J(W*) - J(%) f, (C‘conc)l/2 - Estat T (Cvconc)l/2 log(closs) . P1/4 + ﬁlog(cconc)

1282 Given a desired failure probability p, applying the bound above with p’ := p A (€stat/ 10g(Closs))*
1283 then gives

m(y | ) =

)

J(m*) = J(7) (Cconc)l/2 “Estat + B10g(Ceonc)-
1284 Finally, we observe that for our choice of 7*, under the margin condition with parameter , we have

J(5) — J(R) = Bup By yre 2 {m(”“"x))]

7Tbase<y/ ‘ LE)
Z Ymargin * Eacwu Ey’Nﬁ [H{yl g y; (.23)}] -7
Z 7margin6 . ]E;cwu [H{%(y;(ﬁﬁ) | .Z‘) < 1- 5}] -7

1285 where the first inequality uses Assumption L.2 together with the fact that y € y(z) with probability
1286 1 over z ~ pand y ~ 7*(- | ). This proves the result.
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1287 D

1288

1289 Proof of Lemma L.3. For any n > 0, we can bound
]Eﬂ'aﬂ'base |: AT* (x7 y’ y/) - A?($7 y’ y/) :| S IE7"77"'base |:

+ IE7"'77"base |:

A" (z,y,y) — AT (2,9, 9) H{M"! <n,|AT| < nH
A (@,y,y') = A7y, )[I{|A7] > 0 v [A7] >}
1200 For the second term above, we can use Cauchy-Schwarz to bound

Er roase [ A (z,y,y) — AT (z,y, y’)‘ﬂ{mr*! >nVI|AT| > 77”

< 0 (B | |87 @) = 7G| 5 v [a7] 5 0} )

Scy? (P A P A7 v
~ T Tbase s Thase | > T) + T'base s Tbase | > 77
N 4 1/4
' (Eﬂ'base;ﬂ'base I: AT (‘r7 Y, y/)‘ :| )

x _ 1/4
S C7lr/2 ! (Pﬂbaseyﬁbase[ A" { > 77] + ]P)ﬂ'base»ﬂ'base [ AT| > 77}) ! (1Og(C”base/%;ﬁ) + log(cﬂbase/wg;ﬂ))v

1291 where the last inequality follows from Lemma L.2.

1/2

A" (z,9,9)

4
:| + Eﬂ'base;ﬂ'base I:

1292 Meanwhile, for the first term, for any A > 0 we can bound

Er e [ A7 (@,0,8) = A7(z, 0| 1{ |47 <,

S (':’711'/2 (Eﬂ'basegﬂ'base |:

w7)]

x ~ 2 .
A (2, y') — A, y)| T{]A | <,

AT < U}DW.

1293 D

1294

1205 L.2 Proof of Theorem G.3 and Theorem G.4

1296 In this section we prove Theorem G.3 as well as Theorem G.4, the application to linear softmax
1297 models. For the formal theorem statements, see Theorem L.2 and Theorem L.3 respectively. The
1208 section is organized as follows.

1209 ¢ In Appendix L.2.1, we give necessary background on KL-regularized policy optimization, as well
1300 as the Sequential Extrapolation Coefficient.

1301 * Appendix L.2.2 presents a generic guarantee for XPO under a general choice of reward function.

1302 * Appendix L.2.3 instantiates the result above with the self-reward function r(x, y) := log Tpase (¥ |
1303 x) to prove Theorem G.3.

1304 ¢ Finally, Appendix L.2.4 applies the preceding results to prove Theorem G.4.

1305 L.2.1 Background

1306 To begin, we give background on KL-regularized policy optimization and the Sequential Extrapolation
1307 Coefficient.

1308 KL-regularized policy optimization. Let S > 0 be given, and letr : X X J — [— Rmax, Rmax| be
1300 an unknown reward function on prompt/action pairs. Define a value function Jg over model class II
1310 by:

Jp(m) := Ex[r(z,y)] — B - Do (PT || P,
1311 We refer to this as a KL-regularized policy optimization objective (we use the term “policy” following
1312 the reinforcement learning literature; for our setting, policies correspond to models). Given query
1313 access to r, the goal is to find 7 € II such that

Jp(m5) = Jp(T) < ¢
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1314

1315

1316

1317

1318

1319

1320
1321
1322

1323

1324
1325

1326

1327

1328
1329
1330
1331
1332
1333
1334

1335
1336
1337

Algorithm 1 Reward-based variant of Exploratory Preference Optimization [XFK™*24]

input: Base model mpase : X — A(Y), reward function r : X x Y — R, number of iterations
T € N, KL regularization coefficient 8 > 0, optimism coefficient o > 0.
Initialize: 71 <= Tpage, D)+ @.
for iterationt = 1,...,7 do
Generate sample: (2, ) 7)) via z(®) ~ p, y® ~ 7O (| 20), 5O ~ mppee(- | D).
Update dataset: D) < DD U {(z®), y® 71}
Model optimization with global optimism:

T S— {a Y log(r(y/ | o)

el (z,y,9")€D®

- 2 (pos 2 i TULD (o) — ) }

(w,y,y")€ED®) Thase (Y | 2) Thase (Y | ©

return: 7 < arg max,c 1) Jp(7"). > Can estimate .J5(7(*)) using validation data.

where 75 (y | ) o< Toase(y | ) exp(67'r(x, y)) is the model that maximizes J3 over all models
m: X = AY).

We make use of the following assumptions, as in [XFK™*24].

Assumption L.3 (Realizability). It holds that w5 € IL

Assumption L.4 (Bounded density ratios). Forall ™ € II, (z,y) € X x Y, ’ Blog w;;(ey(qu\)m) < Vinax-

Finally, we require two definitions.

Definition L.1 (Sequential Extrapolation Coefficient for RLHF, [XFK24)). For a model class 11,
reward function r, reference model Tp,se, and parameters T € N and 5, \ > 0, the Sequential
Extrapolation Coefficient is defined as

SEC(H, T, 8, 7Tbase)

T (t) 7 (y|z) 7® (y/|2) , 2
= sup = [6 log Toase (y[@) r(z,y) — Blog T e) T r(z,y )}
- ¢ t ’ 2
a0, Mel | 157 )y Zf;i E() {(ﬁ log % —r(z,y) — Blog % + r(%y/)) ]

where E®) denotes expectation over x ~ i, y ~ 7 (- | x), and y' ~ Tpase(- | ).

Definition L.2. Let € > 0. We say that V C Il is a e-net for model class 11 if for every w € 11 there
exists ™' € U such that

m(y | )
™ (y | x)
We write N (I, €) to denote the size of the smallest e-net for 11.

<e.

max max

lo
zeEX yey &

L.2.2 Guarantees for KL-regularized policy optimization with XP0O

In this section, we give self-contained guarantees for the XPO algorithm (Algorithm 1). XPO was
introduced in [XFK*24] for KL-regularized policy optimization in the related setting where the
learner only has indirect access to the reward function r through preference data (specifically, pairs
of actions labeled via a Bradley-Terry model). Standard offline algorithms for this problem, such as
DPO, require bounds on concentrability of the model class (see e.g. Eq. (13)). [XFK'24] show that
the XPO algorithm avoids this dependence, and instead requires bounded Sequential Extrapolation
Coefficient.

Algorithm 1 is a variant of the XPO algorithm which is adapted to reward-based feedback (as opposed
to preference-based feedback), and Theorem L.1 shows that this algorithm enjoys guarantees similar
to those of [ XFK™'24] for this setting. Note that this is not an immediate corollary of the results in
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138 [XFK*24], since the sample complexity in the preference-based setting scales with e?(#im=) and for
1338 our application to sharpening it is important to avoid this dependence. However, our algorithm and
1340 analysis only diverge from [XFK24] in a few places.

1341 Theorem L.1 (Variant of Theorem 3.1 in [XFK124]). Suppose that Assumptions L.3 and L.4
1342 hold. Forany T € N, egisc, p € (0,1), by setting v := Rmaxf’vmax log(Qgé&’ﬁd)‘;)T/p)
133 produces a model 7 € 11 such that with probability at least 1 — p,

SEC(IT) log (2N (I, €qisc )T’/ p)
T

, Algorithm 1

BDkw (7 [ 75) = J(73) — T5(7) S (R vmax>\/

+56di5¢ SEC(H)T
1344 where SEC(IT) := SEC(IL, 7, T, 3, V.2,.; Toase)-

1345 Proof of Theorem L.1. For compactness, we abbreviate SEC(IT) := SEC(IL, 7, T, 3, V,2,.; Thase)-
1246 From Equation (37) of [XFK*24], we have

T

1 *

=" Ts(m) = Ja(x )
t=1

T
« B8 Vi 1
< = (Rmax + Vinax)? - SEC(ID) + —— + —== 4+ 2 E log w® — Blog w5
~ B( a a ) ( ) aT T T —~ (fL’,y)Nﬂ'base[ﬂ g7T (y | .'I:) ﬂ gﬂ,@(y ‘ x)]
2

5 ( 7 (y | x) 7 (y | z) ; )

+ E log —————~ —r(z,y) — flog —————= + r(z,
(B VT 2w [\ P18 Ty —mw) =Bl H o)
t=2 g o/ 7Bz

1ae7 where 7" = 13" 7() @ 7,0 denotes the model that, given @ € X, samples i ~ Unif ([t — 1])

13 and then samples y ~ 7 (- | ) and ¥’ ~ Mpase(- | ). Forany 2 <t < T, define L™ : IT — [0, 00)
1349 by

LY () = y)]E [Blogm(y | z) — Blogmj(y | x)]
T,Y )~ Tbase
B ( m(y | x) m(y' | ) ' )2
+t E log—=——— —r(z,y) — flog ———— + r(x, .
a(vmax _|_ Rmax) :DN’z,t)‘ ﬂ g Tbase(y | IIJ) ( y) ﬂ g Wbase(y/ | "I}') ( y )
vy~
1350 Similarly, define
LO(m) = > [Blogn(y |z)— Blogmh(y' | )]
(z,y,y")ED®
B < m(y | z) m(y' | z) ’ )2
+ log———— —r(z,y) — flog ———— + r(z,
a<VmaX + Rmax)2 (a: y yz’):eD(t) ﬂ g 7Tbase(y | x) ( y) ﬂ g Wbase(y/ | ‘T) ( Y )

1351 where D) is the dataset defined in iteration ¢ of Algorithm 1. By Assumption L.3 we have w5 € 1L
w2 0 infrer L () < 0. Moreover by definition, 7() € arg min, .y L.

1353 Let U be an egisc-net over I1, of size N(II, €4isc). Fix any 7 € ¥ and 2 < ¢ < T, and define
1s4 increments X; := L) (7) — LU~V (x) for 2 < i < t, with the notation L(Y) (1) := 0 so that
wss  LW(m) = Y'_, X;. Let F; be the filtration induced by D) and define v; := E[X; | Fi_1].

136 Observe that (t — 1)L (1) = ZZ:Q ~;. For any 7, note that we can write X; = Y; + Z; where Y; €
1357 [—Vimax, Vimax) and Z; € [0, 6/04]. By Corollary H.1, it holds with probability atleast 1 — p/(2|II|T)

ZIEZ | Fiil 10g(2|\I'|T/p +Zz

=2
1358 By Azuma-Hoeffding, it holds with probability at least 1 — p/(2|TI|T) that

t t
STEY; | Fict] S VinaeV/Tlog2[¥[T/p) + 3 Y.
=2

1=2
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1359

1360
1361
1362

1363

1364

1365

1366

1367

1368

1369
1370

1371

1372
1373
1374
1375

Hence, with probability at least 1 — p/(|]¥|T") we have

(t =1L () < 2 108(218(T/0) + Voo TIoB T /) + L0 ().

With probability at least 1 — p this bound holds for all # € ¥ and 2 < ¢t < T'. Henceforth condition
on this event. Fix any 7 € Tl and 2 < t < T Since U is an e-net for II, we see by definition of L(*)
that there is some 7’ € U such that

L(t) —L(t) nE< isc # isc Vmax Rmax < isc 1 #
LEm=LE @S Besect e PeiseVmactHimas) < Besise {1 S 2

and similarly

L9 (m) = L(x")| < (¢ 1>5€d'sc<1+a(vmax+Rmax)>'

It follows that, for all 2 < ¢t < T, since Z(t)(w(t)) <0, we get

(t—1)LO(x") < glog@w/p)wmax Tlog(2¥[T/p)+ BeaiscT (1 * oz(VB+R) ) '

Hence,
1 T
7 2 Ja(ms) = Ja(x ™)
t=1
a 8V 1 &
N max max 2. EC(II e e — L(t) ®)
NB(R + Vinax)? - SEC(IT) + 5 + = +T§ (m®)
EC(II) log(2|W|T
S(Rmax+vmax)\/ SEC( )0§(| IT/0) | Begoer/SECMT
by taking
8 log(2|¥|T/p)

=

Rmax + Vinax SEC(INT

Since the output 7 of Algorithm 1 satisfies 7 € argmax,c) Jg (7)), the claimed bound on
Jg(ms) — J(7) is immediate. Finally, observe that by definition of 7%,

- m5(y | x) ] { 7(y | z) }
Jg(ng)—Jg(@ = E r(x,y) — log —27 7 | _ r(x,y) — flog ————
'8( B) B( ) (z,y)~m}h |: ( y) Plog 7Tbase(y | SU) (z,y)~7 ( y) Plog 7rbase(y | x)

5y | x) ] [ T5(y | @) }
= E r(z,y) — flog———| — E r(x,y) — flog ——
(@,y)~mj [ (@) = flog Thase (Y | 7) (z,y)~7 (@y) = Flog Tbase (Y | 7)
+ E Blog 772@ | 2)
zy)~F 5y | @)
=pBlog E [exp(r(z,y))]—Blog E [exp(r(z,y))] + BDkL (% I 772)
(,y) ~Tbase Z,Y) ~Thase
= ﬁDKL(% H 7TZ§)
This completes the proof. O

L.2.3 Applying XPO to maximume-likelihood sharpening

We now prove Theorem L.2, the formal statement of Theorem G.3, which applies XPO to
maximum-likelihood sharpening. This result is a straightforward corollary of Theorem L.1 with
the reward function 7se1¢(z,y) := log Mpase(y | ), together with the observation that low KL-
regularized regret implies sharpness (under Assumption G.2).
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1392

1393

1394

1395

1396

1397

Theorem L.2 (Sharpening via active exploration). There are absolute constants cy, 2,C1, 2 > 0 s0
that the following holds. Let €, 6, Ymargin, p, 8 € (0,1) and T € N be given. For base model Tpase,

define reward function r(z,y) := 1og Mpase (¥ | ). Let Rmax > 1 + max, , log m Suppose

that Tyase satisfies Assumption G.2 with parameter Ymargin, that =1 > 27;;@” log(2|Y|/9), and
that there is egisc € (0, 1) so that

RrQnaxSEC(H) log(QN(IL 6dISC)zj/p)
T>CLe 25232

and
€

€disc < CL2—F————=
disc L.2 SEC(H)T
where SEC(IT) := SEC(IL, 7, T, B, Ry, .; Thase)- Also suppose that 7}y, € 11 where wj(y | ) o

1+571
Thase (y ‘ 93)
Then applying Algorithm 1 with base model y,se, reward function r, iteration count T, regularization
B, and optimism parameter o := RL Wéfé&% vields a model 7T € 11 such that with

max

probability at least 1 — p,
Popum(y*(z) | z) <1—-6] <e

The total sample complexity is

m=0 (Rg"axSEC(H) log(N (I, egise ) / p) log® (|V[6~1) ) |

2 252
fymargine 4

Proof of Theorem L.2. By definition of r, we have |r(z,y)| < Rmax for all z, y. By assumption,
Assumption L.3 is satisfied, and by definition of R, Assumption G.5 is satisfied with parameter
Vinax := BRmax < Rmax- It follows from Theorem L.1 that with probability at least 1 — p, the output
7 of Algorithm 1 satisfies

SEC(IT) log (2N (1, egisc ) T/ p)
T

6DKL (% || '/TE) 5 (Rmax + Vmax)\/
+ ﬁedisc SEC(H)T

By choice of T" and €gjsc, so long as C1,» > 0 is chosen to be a sufficiently large constant and

c.2 > 0 is chosen to be a sufficiently small constant, we have 3Dk (% I wg) < ﬁﬂe&, sobye.g.
Equation (16) of [SV16], D (% 7r2§) < ed/(12).

Forany z € X andy’ € Y\ y*(z), by Assumption G.2 and definition of 75 we have

—1

1 maxyey ﬂ-g(y | x) o <maxy€)} 71—base(y | I))H—ﬁ
77[*3(?/ |z) — 77?3(?/ | ) Tbase (Y | @)

L4671 S o/ (28) 5 2]

> (1 + 'Ymargin) > e Tmarein > T

where the final inequality is by the assumption on /3 in the theorem statement. Therefore

5
Tyt @) [2)=1— Y mhy [e) =1 7
VeI (@)

Now for any x, we can lower bound

Y

(VIFw @ 1) -\ [1- w3 (@) [2))

2 IR (@) | 2) <10},

Di(R(- @), 75(- | @)

Y
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Hence,

Py [(y*(z) | 2) <10 < < Eanyy DR (R(- | 2), 7h(- | 7))

as claimed. O

L.2.4 Application: linear softmax models

In this section we apply Theorem G.3 to the class of linear softmax models, proving Theorem G.4.
This demonstrates that Algorithm 1 can achieve an exponential improvement in sample complexity
compared to SFT-Sharpening.

Definition L.3 (Linear softmax model). Let d € N be given, and let ¢ : X xY — R? be a feature map
with ||p(x,y)||2 < 1 forall x,y. Let Tpero : X — A(Y) be the uniform model Tryero(y | x) := ﬁ
and let B > 1.'5 We consider the linear softmax model class Ny g := {mp : 0 € R, ||0]|> < B}
where mg : X — A(Y) is defined by

(Y | 2) X Taero(y | ) exp((4(2,9), 0))-

Theorem L.3 (Restatement of Theorem G.4). Let €, 9, Ymargin, p € (0, 1) be given. Suppose that

. ‘margin B .
Tpase = Mo+ € 1Ly p for some 0% € RY with ||0% (|5 < W. Also, suppose that Tyase satisfies

Assumption G.2 with parameter Ymargin. Then Algorithm 1 with base model my,se, reward function
r(x,y) = log Tpase (2, y), regularization parameter 3 := Ymargin/(210g(2|Y|/9)), and optimism

parameter o(T') B+1og(\y|) \/ dlog(BdgT/(l?g)()TJr)log(T/ 2) returns an (¢, )-sharpened model with

probability at least 1 — p, and has sample complexity
m = poly(e™", 67",y agins & B; 1og(1Y1/p)).-

Before proving the result, we unpack the conditions. Theorem L.3 requires the base model 7p,se to lie
in the model class and also satisfy the margin condition (Assumption G.2). For any constant €,§ > 0,
the sharpening algorithm then succeeds with sample complexity poly(d, %:alrgin’ B, log(|)])). These
conditions are non-vacuous; in fact, there are fairly natural examples for which non-exploratory
algorithm such as SFT-Sharpening require sample complexity exp(§2(d)), whereas all of the above
parameters are poly(d). The following is one such example.

Example L.1 (Separation between RLHF-Sharpening and SFT-Sharpening). Set X = {z} and let
Y C R?be a 1/4-packing of the unit sphere in R of cardinality exp(©(d)). Define ¢ : X x Y — RY
by ¢(z,y) := y, and let B = C'dlog d for an absolute constant C' > 0. Fix any y* € Y and define
Thase := g+ € I, p by 8* := y*. Then for any y # y*, we have (y,y*) <1 —Q(1), so

Tlhase (y* | .23)

Wbase(y | (E) = eXp(<y* - yvy*>) = eXp(Q(l)) =1+ Q(l)

Thus, Tpase satisfies Assumption G.2 with Ymargin = 2(1). Moreover, [|0*]2 = 1 < 312%%

for any 6 = 1/poly(d), so long as C is a sufficiently large constant. It follows from Theorem G.4
that Algorithm 1 computes an (e, §)-sharpened model with sample complexity poly(e =1, 61, d).
However, since Thase (y* | ) < Tpase (¥ | ) - exp(2) for all y € ), it is clear that

Thase (Y*(2) | 2) Thase (Y* | )
Thus, the sample complexity guarantee for SFT-Sharpening in Theorem G.1 will incur exponential
dependence on d in the sample complexity. It is straightforward to check that this dependence is real
for SFT-Sharpening, and not just an artifact of the analysis, since the model that SFT-Sharpening
is trying to learn (via MLE) will itself not be sharp in this example, unless exp(£2(d)) samples are
drawn per prompt. N

ccosz[ ! }: L oY) = exp(2(d).

SWe use the notation ero to highlight the fact that 7,er0 = g for 6 = 0.
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We now proceed to the proof of Theorem L.3, which requires the following bounds on the covering
number and the Sequential Extrapolation Coefficient of 11 p.

Lemma L4. Let egisc > 0. Then Il p has an eqisc-net of size (6B /egisc ).

Proof of Lemma L.4. By a standard packing argument, there is a set {01,...,0n} of size
(6B /edisc)? such that for every § € R? with ||0||2 < B there is some i € [N] with [|6; —0||2 < €gisc/2-
Now forany z € X andy € ),

E ’ ’ AT /7 / 5 7
log mo(y | x) ~ log exp((¢(z,9),0)) 1 log 26w o EXP({@ (3:/ /) i)
o, (y | ) exp((¢(z,y), 0:)) B )~ exp((0(2,y'), 0))
E(2/ )~ [€XP((0(2", '), 0)) exp({p(z', '), 0; — 0))
:<¢( )6 9>+1O @) [ > 1o ]
E(I Y )~ Tero exp(< (LC Y )79>)
The first term is bounded by e4isc/2 in magnitude. In the second term, we have

exp({p(2',y'),0; — 0)) € [exp(—edisc/2), exp(€disc/2)], so the ratio of expectations lies in
[exp(—edisc/2), exp(€disc/2)] as well, and so the log-ratio lies in [—egisc/2, €disc/2]- In all, we get

‘log ::(é‘ﬁ)) } < édisc- Thus, {mg, ..., Ty } is an egisc-net for 1. O

LemmaL.5. Let 7 : X X Y — [—Rmax, Rmax| be a reward function and let T € N and > 0. If
A\ > 432B? + RZ  then for any n* € Il g,

SEC(Ily g, r, T, B, A, ) < dlog(T + 1).

Proof of Lemma L.5. Fix 7(1), ... #(T) ¢ 1,4, . By definition, there are some oW, .., 0T ¢ R?
with || ||, < B and

7 (y | ) o Toero(y | 2) exp((¢(z,y), 0D))

forall t € [T] and (z,y)
X

X . Similarly, there is some 0* € R? with ||#*|s < B and
7T*(y ‘ .17) X erro(y | m)e >

€ x Yy
p((&(z,y),0%)).

Define ¢ : X x ¥ — R 1 by (z,y) := [6(z,y), "
Then for any ¢ € [T] we have

] and define 6(*) = [B(OY — %), — Rimax].

£ O (y|a) Y (' [x) n1?
[Blog T2 — 1z, y) — Blog Tril2) + ()]

t 2
AV Y EO [(ﬁl s () - mog’::ﬁgydw(x,y'))}

_ E(®) W(fmy) - 5(x,y’),§(t)>}
AV YIS ED {((5(1:, y) — d(z, 1), §<t)>>2]

(@O Tx®HH)
< =17 o
AV S (O0) TE0)0
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1ss where for each i € [T] we have defined () := E() [(a(x y) — oz, v ) (d(z,y) — d(x,y')T

1asa  Observe that ||0(")||2 < 452 B2 + R2

max —

CRNOrC)

< A by assumption on .

(60T

AVIZHOO) TS0 N4 YITHH0) TE@h®

(9(t )Tz(t 9(t

Therefore,

<
@0)T (Id +y0d z(i)) o)
-1 -1/2 -1 -1/2
Amax (Id +y 2“)) n® (Id +y 2@))
=1 i=1

—1 -1/2 —1 -1/2
<1d +) 2“)) n® (Id +> z@)
i=1 =1

-1

t—1
<Jd +) z“)) n®
i=1

1ss  Observe that Tr(X(®)) < max, y||¢(x y)||3 < 1. Hence by Lemma H.2, we have

1456
1457

1458

1459

1460

1461
1462
1463
1464
1465

x®
E® |Blog Tl — r(z,y) - Blog T

()(y

) NG
[2) +7"(377y)}

VT Ee [(6 log

() (y|z
ﬂ*(ijv’l;)’ ~r(x,y) ~ Blog

= (' |z 2
Tr*(%‘x)) +7“(l“,y’)> ]

Since 7, ..., 7(T) € II were arbitrary, this completes the proof.

The proof is now immediate from Theorem L.2 and the above lemmas.

Proof of Theorem L.3. By the assumption on 6* and choice of 3, the model 7 defined

by 7Tg(y | ) o Thase(V | $)1+B_1

have N(H(zs B, €disc) < (6B/edisc)?.

satisfies 75 = m(14p-1)p« € Ilp p. By Lemma L.4, we

Take Rmax == /43282 +

+ (2B + log |V])2.

We know that

r(x,y) = logmpase(y | x) satisfies r z,y)| < 2B + log|))| for all x,y. By Lemma L.5, we
y
2 i Thase) < dlog(T + 1). Substltutlng these bounds into

therefore get that SEC(I1y 5,7, T, 5, R
Theorem L.2 yields the clalmed result
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