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Abstract

Multi-objective learning (MOL) often arises in emerging machine learning prob-
lems when multiple learning criteria or tasks need to be addressed. Recent works
have developed various dynamic weighting algorithms for MOL, including MGDA
and its variants, whose central idea is to find an update direction that avoids con-
flicts among objectives. Albeit its appealing intuition, empirical studies show
that dynamic weighting methods may not always outperform static alternatives.
To bridge this gap between theory and practice, we focus on a new variant of
stochastic MGDA - the Multi-objective gradient with Double sampling (MoDo)
algorithm and study its generalization performance and the interplay with opti-
mization through the lens of algorithm stability. We find that the rationale behind
MGDA - updating along conflict-avoidant direction - may impede dynamic weight-
ing algorithms from achieving the optimal O(1/+/n) population risk, where n
is the number of training samples. We further highlight the variability of dy-
namic weights and their impact on the three-way trade-off among optimization,
generalization, and conflict avoidance that is unique in MOL. Code is available
athttps://github.com/heshandevaka/Trade-0ff-MOL.

1 Introduction

Multi-objective learning (MOL) emerges frequently in recent machine learning problems such as
learning under fairness and safety constraints [49]; learning across multiple tasks, including multi-task
learning [39] and meta-learning [47]; and, learning across multiple agents that may not share a global
utility including federated learning [40] and multi-agent reinforcement learning [33].

This work considers solving the empirical version of MOL defined on the training dataset as S =
{z1,...,2n}. The performance of a model z € R? on a datum z for the m-th objective is denoted
as f..m : R? — R, and its performance on the entire training dataset S is measured by the m-th
empirical objective fg ,,, () for m € [M]. MOL optimizes the vector-valued objective, given by

min Fs(@) = [fs1(2),- -, fsm ()] (1.1)
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Figure 1: An example from [29] with two objectives (1a and 1b) to show the three-way trade-off
in MOL. Figures lc-1e show the optimization trajectories, where the black e marks initializations
of the trajectories, colored from red (start) to (end). The background solid/dotted contours
display the landscape of the average empirical/population objectives. The gray/green bar marks
empirical/population Pareto front, and the black +/green x marks solution to the average objectives.

One natural method for solving (1.1) is to optimize the (weighted) average of the multiple objectives,
also known as static or unitary weighting [18, 45]. However, this method may face challenges due
to potential conflicts among multiple objectives during the optimization process; e.g., conflicting
gradient directions (V fg ., (x), V fs.m/ (z)) < 0. A popular alternative is thus to dynamically weight
gradients from different objectives to avoid conflicts and obtain a direction d(x) that optimizes all
objective functions jointly that we call a conflict-avoidant (CA) direction. Algorithms in this category
include the multi-gradient descent algorithm (MGDA) [9], its stochastic variants [30, 10, 52]. While
the idea of finding CA direction in dynamic weighting-based approaches is very appealing, recent
empirical studies reveal that dynamic weighting methods may not outperform static weighting in
some MOL benchmarks [18, 45], especially when it involves stochastic updates and deep models.
Specifically, observed by [ 18], the vanilla stochastic MGDA can be under-optimized, leading to larger
training errors than static weighting. The reason behind this training performance degradation has
been studied in [52, 10], which suggest the vanilla stochastic MGDA has biased updates, and propose
momentum-based methods to address this issue. Nevertheless, in [45], it is demonstrated that the
training errors of MGDA and static weighting are similar, while their main difference lies in the
generalization performance. Unfortunately, the reason behind this testing performance degradation is
not fully understood and remains an open question.

To gain a deeper understanding of the dynamic weighting-based algorithms, a natural question is
Q1: What are the major sources of errors in dynamic weighting-based MOL methods?

To answer this question theoretically, we first introduce a proper measure of testing performance in
MOL - the Pareto stationary measure in terms of the population objectives, which will immediately
imply stronger measures such as Pareto optimality under strongly convex objectives. We then
decompose this measure into generalization error and optimization error and further introduce a new
metric on the distance to CA directions that is unique to MOL; see Sections 2.1 and 2.2.

To characterize the performance of MOL methods in a unified manner, we introduce a generic
dynamic weighting-based MOL method that we term stochastic Multi-Objective gradient with
DOuble sampling algorithm (MoDo), which uses a step size v to control the change of dynamic
weights. Roughly speaking, by controlling v, MoDo approximates MGDA (large ) and static
weighting algorithm (v = 0) as two special cases; see Section 2.3. We first analyze the generalization
error of the model learned by MoDo through the lens of algorithmic stability [3, 14, 24] in the
framework of statistical learning theory. To our best knowledge, this is the first-ever-known stability
analysis for MOL algorithms. Here the key contributions lie in defining a new notion of stability -
MOL uniform stability and then establishing a tight upper bound (matching lower bound) on the MOL
uniform stability for MoDo algorithm that involves two coupled sequences; see Section 3.1. We then
analyze the optimization error of MoDo and its distance to CA directions, where the key contributions
lie in relaxing the bounded function value/gradient assumptions and significantly improving the
convergence rate of state-of-the-art dynamic weighting-based MOL methods [10]; see Section 3.2.

Different from the stability analysis for single-objective learning [14], the techniques used in our
generalization and optimization analysis allow to remove conflicting assumptions and use larger step
sizes to ensure both small generalization and optimization errors, which are of independent interest.

Given the holistic analysis of dynamic weighting methods provided in Q1, a follow-up question is

Q2: What may cause the empirical performance degradation of dynamic weighting methods?
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Figure 2: An illustration of three-way trade-off among optimization, generalization, and conflict
avoidance in the strongly convex case; « is the step size for z, «y is the step size for weights A\, where
o(+) denotes a strictly slower growth rate, w(-) denotes a strictly faster growth rate, and O(-) denotes
the same growth rate. Arrows | and | respectively represent diminishing in an optimal rate and
growing in a fast rate w.r.t. n, while “\ represents diminishing w.r.t. n, but not in an optimal rate.
Visualizing MOL solution concepts. To reason the root cause for this, we first compare different MOL
algorithms in a toy example shown in Figure 1. We find MGDA can navigate along CA directions
and converge to the empirical Pareto front under all initializations, while static weighting gets stuck
in some initializations; at the same time, the empirical Pareto solution obtained by MGDA may
incur a larger population risk than the suboptimal empirical solution obtained by the static weighting
method; finally, if the step size y of dynamic weights is carefully tuned, MoDo can converge along
CA directions to the empirical Pareto optimal solution that also generalizes well.

Aligned with this toy example, our theoretical results suggest a novel three-way trade-off in the
performance of dynamic weighting-based MOL algorithm; see Section 3.3. Specifically, it suggests
that the step size for dynamic weighting  plays a central role in the trade-off among convergence to
CA direction, convergence to empirical Pareto stationarity, and generalization error; see Figure 2. In
this sense, MGDA has an edge in convergence to the CA direction but it could sacrifice generalization;
the static weighting method cannot converge to the CA direction but guarantees convergence to the
empirical Pareto solutions and their generalization. Our analysis also suggests that MoDo achieves a
small population risk under a proper combination of step sizes and the number of iterations.

2 Problem Formulation and Target of Analysis

In this section, we first introduce the problem formulation of MOL, the target of analysis, the metric
to measure its generalization, and then present the MGDA algorithm and its stochastic variant.

2.1 Preliminaries of MOL

Denote the vector-valued objective function on datum z as F,(z) = [f,1(x),. .., f-,m(x)]. The
training and testing performance of = can then be measured by the empirical objective Fs(x) and
the population objective F'(x) which are, respectively, defined as Fg(z) = = > 7" | F. (z) and
F(z) == E.p[F.(x)]. Their corresponding gradients are denoted as V Fs(z) and VF (z) € R¥*M,

Analogous to the stationary solution and optimal solution in single-objective learning, we define the
Pareto stationary point and Pareto optimal solution for MOL problem mirﬁ F(z) as follows.
z€R

Definition 1 (Pareto stationary and Pareto optimal). If there exists a convex combination of the
gradient vectors that equals to zero, i.e., there exists A € AM such that VF (x)A =0, thenx € R4
is Pareto stationary. If there is no v € R and x # x* such that, for all m € [M] f,(z) < f(z*),
With fo (2) < fmr(z*) for at least one m’ € [M), then x* is Pareto optimal. If there is no x € R?
such that for all m € [M], fm(x) < fm(x*), then x* is weakly Pareto optimal.

By definition, at a Pareto stationary solution, there is no common descent direction for all objectives.
A necessary and sufficient condition for x being Pareto stationary for smooth objectives is that
minycanm ||VE(z)A|| = 0. Therefore, minycan || VF (2) | can be used as a measure of Pareto
stationarity (PS) [9, 11, 42, 30, 10]. We will refer to the aforementioned quantity as the PS population
risk henceforth and its empirical version as PS empirical risk or PS optimization error. We next
introduce the target of our analysis based on the above definitions.

2.2 Target of analysis and error decomposition

In existing generalization analysis for MOL, measures based on function values have been used
to derive generalization guarantees in terms of Pareto optimality [7, 41]. However, for general



nonconvex smooth MOL problems, it can only be guaranteed for an algorithm to converge to Pareto
stationarity of the empirical objective, i.e., a small minycanm ||VEs(x)A|| [9, 11,30, 10]. Thus, it is
not reasonable to measure population risk in terms of Pareto optimality in this case. Furthermore,
when all the objectives are convex or strongly convex, Pareto stationarity is a sufficient condition for
weak Pareto optimality or Pareto optimality, respectively, as stated in Proposition 1.

Proposition 1 ([42, Lemma 2.2]). If f,,(z) are convex or strongly-convex for all m € [M], and
x € R? is a Pareto stationary point of F(z), then x is weakly Pareto optimal or Pareto optimal.

Next, we proceed to decompose the PS population risk.
Error Decomposition. Given a model z, the PS population risk can be decomposed into

F(z)A| = min |VF(z)A| — min |VFs(z)A in ||VFs(z)A 2.1
IVE@)A|l = min [[VE@)A - min [VEs(@)A|+ min |[VEs(@)A] @D

min
AeAM

PS population risk Rpop () PS generalization error Rgen () PS optimization error Ropt ()

where the optimization error quantifies the training performance, i.e., how well does model  perform
on the training data; and the generalization error (gap) quantifies the difference between the testing
performance on new data sampled from D and the training performance, i.e., how well the model x
performs on unseen testing data compared to the training data.

Let A : Z" — R? denote a randomized MOL algorithm. Given training data S, we are interested in
the expected performance of the output model = = A(S), which is measured by E 4 s[Rpop(A(S))].
From (2.1) and linearity of expectation, it holds that

EA7S[RPOP(A(S))] = EA,S[Rgen(A(S))] + EA,S[RODt(A(S))L (2.2)

Distance to CA direction. As demonstrated in Figure 1, the key merit of dynamic weighting over
static weighting algorithms lies in its ability to navigate through conflicting gradients. Consider an
update direction d = —V Fig(z) A\, where ) is the dynamic weights from a simplex A € AM := {\ €
RM | 17X =1, A > 0}. To obtain such a steepest CA direction in unconstrained learning that
maximizes the minimum descent of all objectives, we can solve the following problem [11]

1
CA direction d(z) = arg min max {<st m(z),d) + ||d||2} (2.3a)
deRrd  ME[M] ’ 2

equivalent to
—

d(z) = =V Fs(x)\*(z) s.t. \*(z) € argmin ||VFEg(z)\|?. (2.3b)
AeAM

Defining dy (7) = —V Fg(x)\ given z € R% and A € AM, we measure the distance to d() via [10]

CA direction error Eealz, ) = ||dx(z) — d(x)]?. (24)

With the above definitions of measures that quantify the performance of algorithms in different
aspects, we then introduce a stochastic gradient algorithm for MOL that is analyzed in this work.

2.3 A stochastic algorithm for MOL

MGDA finds A*(z) in (2.3b) using the - - . -
full-batch gradient V Fg(z), and then Algorithm 1 Stochastic MGDA - MoDo algorithm

constructs d(z) = —VFs(z)\*(z),a L input Training data .S, initial model x(, weighting co-
CA direction for all empirical objectives efficient Ao, and their learning rates {a: }{_, {7: }{=o-
fs.m(x). However, in practical statisti- fori=0,....,7—1do

cal learning settings, the full-batch gra- for objective m =1, R M do
dient V Fs(x) may be costly to obtain, Independent gradients V fy, -, . (z¢), s € [3]
end for

and thus one may resort to a stochas-
tic estimate of V Fg(x) instead. The di-
rect stochastic counterpart of MGDA, re-
ferred to as the stochastic multi-gradient
algorithm in [30], replaces the full-batch
gradients V fs ,, (x) in (2.3b) with their
stochastic approximations V f, ., (x) for z € S, which, however, introduces a biased stochastic
estimate of A}, ;, thus a biased CA direction; see [10, Section 2.3].

Compute dynamic weight A,y following (2.5a)
Update model parameter x;, following (2.5b)
end for
output zr

R A A




Table 1: Comparison of optimization error, generalization error, and population risk under different
assumptions for static and dynamic weighting. Use “NC”, “SC” to represent nonconvex and strongly
convex, and “Lip-C”, “S” to represent Lipschitz continuous and smooth, respectively.

Assumption | Method | Optimization Generalization Risk CA Distance
. 1 1 11 1
NC, Static (aT)"2 4 a2 T2n"2 n-e X
Lip-C, S Dynamic (ozT)’% +a? 442 Tin 2 n=s (yT)™' + aiyTI 4y
Static (aT)’% +az n-2 n-z X
SC, S -1 — o1 -1
Dynamic (oeT)’% +a? —&—’y% {n1 ,_;y ™) n_l (yT)™* —l—a%'y*% +
T2n"2, ow. n-s

To provide a tight analysis, we introduce a simple yet theoretically grounded stochastic variant of
MGDA - stochastic Multi-Objective gradient with DOuble sampling algorithm (MoDo). MoDo
obtains an unbiased stochastic estimate of the gradient of problem (2.3b) through double (in-
dependent) sampling and iteratively updates A, because E., , ., ,[VF.,  (2¢) ' VF., ,(z)N\] =

VFs(x;) "V Fs(x;) ;. Ateach iteration ¢, denote ;s as an independent sample from S with s € [3],

and VF, (z;) as a stochastic estimate of V Fs(x;). MoDo updates x; and \; as

)\t+l = HAIM ()\t — ’}’tVFZt,l(CCt)TVthz (act))\t) (258.)
T4l = Ty — OétVF‘IZtY3 (xt))\t+1 (25b)

where oy, ; are step sizes, and ITaw (-) denotes Euclidean projection to the simplex AM . We have
summarized the MoDo algorithm in Algorithm 1 and will focus on MoDo in the subsequent analysis.

3 Optimization, Generalization and Three-Way Trade-Off

This section presents the theoretical analysis of the PS population risk associated with the MoDo
algorithm, where the analysis of generalization error is in Section 3.1 and that of optimization error is
in Section 3.2. A summary of our main results is given in Table 1.

3.1 Multi-objective generalization and uniform stability

We first bound the expected PS generalization error by the generalization in gradients in Proposition 2,
then introduce the MOL uniform stability and establish its connection to the generalization in
gradients. Finally, we bound the MOL uniform stability.

Proposition 2. With || - ||r denoting the Frobenious norm, Rgen (A(S)) in (2.2) can be bounded by
Ea,5[Rgen(A(5))] < Eas[[VF(A(S)) = VFs(A(S))[[r]. 3.1

With Proposition 2, next we introduce the concept of MOL uniform stability tailored for MOL
problems and show that PS generalization error in MOL can be bounded by the MOL uniform stability.
Then we analyze their bound in general nonconvex case and strongly convex case, respectively.

Definition 2 (MOL uniform stability). A randomized algorithm A : Z" — RY, is MOL-uniformly
stable with e if for all neighboring datasets S, S’ that differ in at most one sample, we have

sup Ea[|[VEL(A(S)) ~ VE(A(S)F] < . (32)

Next we show the relation between the upper bound of PS generalization error in (3.1) and MOL
uniform stability in Proposition 3.

Proposition 3 (MOL uniform stability and generalization). Assume for any z, the function F,(x) is
differentiable. If a randomized algorithm A : Z™ — R% is MOL-uniformly stable with ey, then

Eas[IVF(A(S)) = VEs(A(S))[r] < der + /01 Es [V.un(VEL(A(S)))]  (33)
where the variance is defined as V.~.p(VF:(A(S))) = E.wp [||[VF: (A(S)) — E.np[VF:(A(9))][I7]-




Proposition 3 establishes a connection between the upper bound of the PS generalization error and
the MOL uniform stability, where the former can be bounded above by the latter plus the variance
of the stochastic gradient over the population data distribution. It is worth noting that the standard
arguments of bounding the generalization error measured in function values by the uniform stability
measured in function values [14, Theorem 2.2] is not applicable here as the summation and norm
operators are not exchangeable. More explanations are given in the proof in Appendix B.1.

Theorem 1 (PS generalization error of MoDo in nonconvex case). If sup, E4 [HVF L(A(S)) ||%] <
G? for any S, then the MOL uniform stability, i.e., €% in Definition 2 is bounded by ¢ < 4G2T/n.
And the PS generalization error E 4 [ Rgen (A(S))] = (’)(T% n=3 ).

Compared to the function value uniform stability upper bound in [ 14, Theorem 3.12] for nonconvex
single-objective learning, Theorem 1 does not require a step size decay a; = O(1/t), thus can enjoy
at least a polynomial convergence rate of optimization errors w.r.t. 7. Combining Theorem 1 with
Proposition 3, to ensure the generalization error is diminishing with n, one needs to choose 7' = o(n),
which lies in the “early stopping” regime and results in potentially large optimization error. We then
provide a tighter bound in the strongly convex case that allows a larger choice of 7'. Below we list
the standard assumptions used to derive the introduced MOL stability.

Assumption 1 (Lipschitz continuity of VF,(z)). For all m € [M], Vf, n(x) is £y 1-Lipschitz
continuous for all z. And NV F(x) is {p 1-Lipschitz continuous in Frobenius norm for all z.

Assumption 2. Forallm € [M], z € Z, f, () is u-strongly convex w.r.t. z, with i > 0.

Note that in the strongly convex case, the gradient norm ||V F,(z)||r can be unbounded in R<.
Therefore, one cannot assume Lipschitz continuity of f, ,,(7) w.rt. z € R? We address this
challenge by showing that {z;} generated by the MoDo algorithm is bounded as stated in Lemma 1.
Notably, combining with Assumption 1, we can derive that the gradient norm ||V F (x;)||F is also
bounded, which serves as a stepping stone to derive the MOL stability bound.

Lemma 1 (Boundedness of x; for strongly convex and smooth objectives). Suppose Assumptions 1,
2 hold. For {x+},t € [T] generated by MoDo algorithm or other dynamic weighting algorithm with
weight \ € AM step size oy = o, and 0 < o < E;} there exists a finite positive constant c,, such
that ||| < c,. And there exists finite positive constants Uy, L = /MUy, such that for all \ € AM,
we have ||V F (z)M|| < 4y, and |VF (z)||p < Cp.

With Lemma 1, the stability bound and PS generalization is provided below.

Theorem 2 (PS generalization error of MoDo in strongly convex case). Suppose Assumptions 1,
2 hold. Let A be the MoDo algorithm (Algorithm 1). For the MOL uniform stability ep of
algorithm A in Definition 2, if the step sizes satisfy 0 < oy < oo < 1/(2051), and 0 < 3 < v <

3 }/T, then it holds that
9,

. 1 1
min{ 1204, 1 (362 +2¢

12 +4M6 10M 4y
+
pin I

And there exist functions F,(x) that satisfy Assumptions 1, 2, neighboring datasets S, S’ that
differ in at most one sample, and MoDo algorithm with step sizes 0 < oy < o < 1/(20; 1), and

2
: 1 1
0 <y <~ < min{ T30(0, 1" S0, 1) }/T such that

48 _1
eggfn@eiﬂ7l(a+ ) and B4 s[Rgen(A(S))] = O(n~%). (3.4)

2

EA(IVE.(A(S) - VE(ASIR) 2 g 65)

Theorem 2 provides both upper and lower bounds for the MOL uniform stability. In this case, we
choose v = O(T~2), vy = o(T'), and T = ©(n?) to minimize the PS population risk upper bound,
as detailed in Section 3.3. With this choice, the MOL uniform stability upper bound matches the
lower bound in an order of n~2, suggesting that our bound is tight. The generalization error bound
in (3.4) is a direct implication from the MOL uniform stability bound in (3.4), Propositions 2, and 3.



It states that the PS generalization error of MoDo is O(n_%), which matches the generalization
error of static weighting up to a constant coefficient [22]. Our result also indicates that when all the
objectives are strongly convex, choosing small step sizes o and «y can benefit the generalization error.

3.2 Multi-objective optimization error

In this section, we bound the multi-objective PS optimization error minycan ||V Es(2) A [9, 30, 10].
As discussed in Section 2.2, this measure being zero implies the model = achieves a Pareto stationarity
for the empirical problem.

Below we list an additional standard assumption used to derive the optimization error.

Assumption 3 (Lipschitz continuity of F,(z)). Forallm € [M], f. . (z) are {;-Lipschitz continuous
for all z. Then F.(x) are {p-Lipschitz continuous in Frobenius norm for all z with {gp = /M {;.

Lemma 2 (Distance to CA direction). Suppose either: 1) Assumptions 1, 3 hold; or 2) Assumptions I,
2 hold, with £y and (g defined in Lemma 1. For {x.},{\:} generated by MoDo, it holds that

T-1
1 9 4 o "
T 2 Ealllda, (@) — d(ze)||7] < T + 6, /Méf,léfc; + M. (3.6)

Lemma 2 analyzes convergence to the CA direction using the measure introduced in Section 2.2. By,
e.g., choosing v = ©(T 1), and v = (T~ 1), the RHS of (3.6) converges in a rate of O(T~ 7).

Theorem 3 (PS optimization error of MoDo). Suppose either: 1) Assumptions 1, 3 hold; or,
2) Assumptions 1, 2 hold, with {; defined in Lemma 1. Define cp such that Ea[Fs(xo)Ao] —
min,ecpd Ea[Fs(xz)\o] < cp. Considering {x:} generated by MoDo (Algorithm 1), with oy =
a <1/(2l5n), v =7, then under either condition 1) or 2), it holds that

T-1

1 . Cr 3 1
=Y Ea [}\Igg}/] HVFS(xt)AH} <y \/27M€;% + \/Qaef,le;. 3.7)
t=0

The choice of step sizes o = ©(T~1), and v = ©(T~ 1) to ensure convergence to CA direction is
suboptimal for the convergence to Pareto stationarity (see Theorem 3), exhibiting a trade-off between
convergence to the CA direction and convergence to Pareto stationarity; see discussion in Section 3.3.

3.3 Optimization, generalization and conflict avoidance trade-off

Combining the results in Sections 3.1 and 3.2, we are ready to analyze and summarize the three-way
trade-off of MoDo in MOL. With A, (S) = x; denoting the output of algorithm A at the ¢-th iteration,
we can decompose the PS population risk Rp,op(A¢(S)) as (cf. (2.1) and (3.1))

E a5 [Bpop(44(5))] <Eas| min [VEs(A(S)A] +Eas|IVE(A(S)) ~ VEs(A(S))r].

M

The general nonconvex case. Suppose Assumptions 1, 3 hold. By the generalization error in
Theorem 1, and the optimization error bound in Theorem 3, the PS population risk of the output of
MoDo can be bounded by
T—1

1 1 1 1 1 1
3 Eas[Rpop(Ai(S)] = O (07in5 Fad At Tanfa) . (3.8)
t=0

L
T

Discussion of trade-off. Choosing step sizes o = O(T~2), v = O(T %), and number of steps
T = ©(n?#), then the expected PS population risk is O (n ™ ), which matches the PS population risk
upper bound of a general nonconvex single objective in [22]. A clear trade-off in this case is between
the optimization error and generalization error, controlled by 7'. Indeed, increasing 7" leads to smaller
optimization errors but larger generalization errors, and vice versa. To satisfy convergence to CA



direction, it requires v = w(«) based on Lemma 2, and the optimization error in turn becomes worse,
so does the PS population risk. Specifically, choosing a = O(T~2),y = O(T~1),and T = O(n?)
leads to the expected PS population risk in O(n~10), and the distance to CA direction in O(n~1).
This shows another trade-off between conflict avoidance and optimization error.

The strongly convex case. Suppose Assumptions 1, 2 hold. By the generalization error and the
optimization error given in Theorems 2 and 3, MoDo’s PS population risk can be bounded by

T-1

1 1 1 1 1 1

= O Eas[Rpop(Ai($))] = O (a—éT—f tab g n_f) . 3.9)
t=0

Discussion of trade-off. Choosing step sizes a = O(T~2), v = o(T~1), and number of steps

T= @(n?, we have the expected PS population risk in gradients is O(n_% ). However, choosing

v = o(T~1) leads to large distance to the CA direction according to Lemma 2 because the term %

in (3.6) increases with T'. To ensure convergence to the CA direction, it requires v = w(7T~1), under
which the tighter bound in Theorem 2 does not hold but the bound in Theorem 1 still holds. In this

case, the PS population risk under proper choices of a, v, T is O (n’é) as discussed in the previous
paragraph. Therefore, to avoid conflict of gradients, one needs to sacrifice the sample complexity of
PS population risk, demonstrating a trade-off between conflict avoidance and PS population risk.

4 Related Works and Our Technical Contributions

Multi-task learning (MTL). MTL, as one application of MOL, leverages shared information among
different tasks to train a model that can perform multiple tasks. MTL has been widely applied to
natural language processing, computer vision, and robotics [15, 38, 50, 43]. From the optimization
perspective, a simple method for MTL is to take the weighted average of the per-task losses as the
objective. However, as studied in [ 6], the static weighting method is not able to find all the Pareto
optimal models in general. Alternatively, the weights can be updated dynamically during optimization,
and the weights for different tasks can be chosen based on different criteria such as uncertainty [17],
gradient norms [6], or task difficulty [13]. These methods are often heuristic and designed for specific
applications. Another line of work tackles MTL through MOL [39, 48, 29, 12]. A foundational
algorithm in this regard is MGDA [9], which takes dynamic weighting of gradients to obtain a CA
direction for all objectives. Stochastic versions of MGDA have been proposed in [30, 52, 10]. Besides
finding one single model, algorithms for finding a set of Pareto optimal models rather than one have
been proposed in [28, 35, 31, 20, 46, 51, 32, 27, 34].

Theory of MOL. Optimization convergence analysis for the deterministic MGDA algorithm has been
provided in [ 1]. Later on, stochastic variants of MGDA were introduced [30, 52, 10]. However,
the vanilla stochastic MGDA introduces biased estimates of the dynamic weight, resulting in biased
estimates of the CA directions during optimization. To address this, Liu et al. [30] proposed to
increase the batch size during optimization, Zhou et al. [52] and Fernando et al. [10] proposed to
use momentum-based bias reduction techniques. Compared to these works on the optimization
analysis, we have improved the assumptions and/or the final convergence rate of the PS optimization
error. A detailed comparison is summarized in Table 2. While the community has a rich history of
investigating the optimization of MOL algorithms, their generalization guarantee remains unexplored
until recently. In [7], a min-max formulation to solve the MOL problem is analyzed, where the
weights are chosen based on the maximum function values, rather than the CA direction. More
recently, [41] provides generalization guarantees for MOL for a more general class of weighting.
These two works analyze generalization based on the Rademacher complexity of the hypothesis class,
with generalization bound independent of the training process. Different from these works, we use
algorithm stability to derive the first algorithm-dependent generalization error bounds, highlighting
the effect of the training dynamics. In contrast to previous MOL theoretical works that focus solely on
either optimization [ 10, 52] or generalization [7, 4 1], we propose a holistic framework to analyze three
types of errors, namely, optimization, generalization, and CA distance in MOL with an instantiation
of the MoDo algorithm. This allows us to study the impact of the hyperparameters on the theoretical
testing performance, and their optimal values to achieve the best trade-off among the errors. Our
theory and algorithm design can also be applied to algorithms such as PCGrad [48], CAGrad [29],
and GradNorm [6]. Specifically, for example, the implementation of CAGrad takes iterative updates
of the dynamic weight using a single stochastic estimate, resulting in a biased estimate of the update



Table 2: Comparison with prior stochastic MOL algorithms in terms of assumptions and the guarantees
of the three errors, where logarithmic dependence is omitted, and Opt., CA dist., and Gen. are short
for optimization error, CA distance, and generalization error, respectively.

Algorithm BS?;Ceh NC LBI\)*S (cgtz ]?l?rlllcrfoer? Opt (ig Gen.
SMG [30, Thm 5.3] oW | x v X =% - _
CR-MOGM [52, Thm 3] | O(1) | v/ X v T ; )
MoCo [10, Thm 2] o) | v X X 7% | T3 ]
MoCo [10, Thm 4] o | v X v T-i | 0(1) -
MoDo (Ours, Thms 1,2,3) | O(1) | / X X T-3i | O(1) | T2n 2
MoDo (Ours, Thms 1,2,3) | O(1) | / X X T-% | T-% | T3n~2

direction, thus no guarantee of convergence for the stochastic algorithm. This issue can be addressed
by the double sampling technique introduced in this paper. In addition, our analysis techniques have
been applied to improve the analysis of convergence rates for other algorithms [44, 5].

Algorithm stability and generalization. Stability analysis dates back to the work [8] in 1970s.
Uniform stability and its relationship with generalization were studied in [3] for the exact minimizer
of the ERM problem with strongly convex objectives. The work [14] pioneered the stability analysis
for stochastic gradient descent (SGD) algorithms with convex and smooth objectives. The results were
extended and refined in [ 1 9] with data-dependent bounds, in [4, 37, 23] for non-convex objectives,
and in [ 1, 24] for SGD with non-smooth and convex losses. However, all these studies mainly focus
on single-objective learning problems. To our best knowledge, there is no existing work on the
stability and generalization analysis for multi-objective learning problems and our results on its
stability and generalization are the first-ever-known ones.

Challenges and contributions. Our contributions are highly non-trivial as summarized below.

o The definition of PS testing risk in gradient (2.1) is unique in MOL, and overcomes the unnecessarily
small step sizes usually brought by the classical function value-based risk analysis. Specifically, prior
stability analysis in function values for single objective learning [14] requires 1/t step size decay
in the nonconvex case, otherwise, the generalization error bound will depend exponentially on the
number of iterations. However such step sizes lead to very slow convergence of the optimization
error. This is addressed by the definitions of gradient-based measures and sampling-determined MOL
algorithms, which yield stability bounds in O(T'/n) without any step size decay. See Theorem 1.

o The stability of the dynamic weighting algorithm in the strongly convex (SC) case is non-trivial
compared to single objective learning [14] because it involves two coupled sequences during the
update. As a result, the classical contraction property for the update function of the model parameters
that are often used to derive stability does not hold. This is addressed by controlling the change of \;
by the step size v, and using mathematical induction to derive a tighter bound. See Appendix B.4.
e In the SC case with an unbounded domain, the function is not Lipschitz or the gradients are
unbounded, which violates the commonly used bounded gradient assumption for proving the stability
and optimization error. We relax this assumption by proving that the iterates generated by dynamic
weighting algorithms in the SC case are bounded on the optimization trajectory in Lemma 1.

S Experiments

In this section, we conduct experiments to further demonstrate the three-way trade-off among the
optimization, generalization, and conflict avoidance of the MoDo algorithm. An average of 10
random seeds with 0.5 standard deviation is reported if not otherwise specified.

5.1 Synthetic experiments

Our theory in the SC case is first verified through a synthetic experiment; see the details in Ap-
pendix D.1. Figure 3a shows the PS optimization error and PS population risk, as well as the distance
to CA direction, decreases as T increases, which corroborates Lemma 2, and Theorem 3. In addition,
the generalization error, in this case, does not vary much with 7', verifying Theorems 2. In Figure 3b,
the optimization error first decreases and then increases as « increases, which is consistent with
Theorem 3. Notably, we observe a threshold for o below which the distance to the CA direction
converges even when the optimization error does not converge, while beyond which the distance
to the CA direction becomes larger, verifying Lemma 2. Additionally, Figure 3¢ demonstrates that
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Figure 3: Optimization, generalization, and CA direction errors of MoDo in the strongly convex case
under different 7', o, . The default parameters are 7" = 100, « = 0.01, v = 0.001.
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Figure 4: Optimization, generalization, and CA direction errors of MoDo for MNIST image classifi-
cation under different 7', o, and . The default parameters are 7" = 1000, o« = 0.1, and v = 0.01.

increasing y enlarges the PS optimization error, PS generalization error, and thus the PS population
risk, but decreases the distance to CA direction, which supports Lemma 2.

5.2 Image classification experiments

We further verify our theory in the NC case on MNIST image classification [21] using a multi-layer
perceptron and three objectives: cross-entropy, mean squared error (MSE), and Huber loss. Following
Section 2.2, we evaluate the performance in terms of Rpop (), Ropt (%), Rgen (), and Eca (2, A). The
exact PS population risk Rpop () is not accessible without the true data distribution. To estimate the
PS population risk, we evaluate minycanm ||V Fg,_(2)A]| on the testing data set S that is independent
of training data set S. The PS optimization error Rop () is obtained by minycanm ||V Fs(z)A||, and
the PS generalization error R, () is estimated by minycanm ||V Fs, (2)A|| — Ropi(2).

We examine the impact of differ-

ent T, o, v on the errors in Fig- Table 3: Classification results on Office-31 dataset.

ure 4. Figure 4a shows that in- Amazon DSLR Webcam

creasing T red imizati Method AA% |
g 1 reduces optimization Test Acct  Test Acct  Test Acc

error and CA direction distance

but increases generalization er- Static  84.62 +0.71 94.43 £ 0.96 97.44 £ 1.20 2.56 & 0.37

ror, aligning with Theorems 1, 2, MGDA 79.45 + 0.11 96.56 + 1.20 97.89 + 0.74 3.65 + 0.64

and 3. Figure 4b shows thatin-  njong 8513 +0.58 95.41 0,98 96.78 £ 0.65 2.26 + 031
creasing « leads to an initial de-

crease and subsequent increase

in PS optimization error and population risk. which aligns with Theorem 3 and (3.8). On the other
hand, there is an overall increase in CA direction distance with «, which aligns with Theorem 2.
Figure 4c shows that increasing ~ increases both the PS population and optimization errors but
decreases CA direction distance. This matches our bounds for PS optimization error in Theorem 3,
PS population risk in (3.8), and CA direction distance in Theorem 2.

6 Conclusions

This work studies the three-way trade-off in MOL — among optimization, generalization, and conflict
avoidance. Our results show that, in the general nonconvex setting, the traditional trade-off between
optimization and generalization depending on the number of iterations also exists in MOL. Moreover,
dynamic weighting algorithms like MoDo introduce a new dimension of trade-off in terms of
conflict avoidance compared to static weighting. We demonstrate that this three-way trade-off can be
controlled by the step size for updating the dynamic weighting parameter and the number of iterations.
Proper choice of these parameters can lead to decent performance on all three metrics.
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Broader impacts and limitations

This work has a potential impact on designing dynamic weighting algorithms and choosing hyper-
parameters such as step sizes and number of iterations based on the trade-off for MTL applications
such as multi-language translation, and multi-agent reinforcement learning. No ethical concerns arise
from this work. A limitation of this study is that the theory focuses on a specific algorithm, MoDo,
for smooth objectives in unconstrained learning. Future research could explore the theory of other
algorithms for non-smooth objectives or constrained learning, which would be interesting directions
to pursue.
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A Notations

A summary of notations used in this work is listed in Table 4 for ease of reference.

Table 4: Notations and their descriptions.

Notations | Descriptions

z € R? Model parameter, or decision variable
z€Z Data point for training or testing
Sez" Dataset such that S = {z1,...,2,}

A scalar-valued objective function evaluated on data point z,
fem (@), fs.m (@) with f, m : R? — R, or on dataset S, fs,m, with fg m = ‘—él > ses fem(x)

fm(x) A scalar-valued population objective function, f, () == E.[f.,m(z)]
V fm(z Gradient of f,,(z), with V f,,, () : RY — R?
A vector-valued objective function evaluated on data point z,
F(x), Fs(x) with F, : R? — R™ or on dataset S, with Fis := ﬁ Y es Fa(z)
F(z) A vector-valued population objective, F'(x) := E.[f.,m ()]
VF(z) Gradient of F(x), with VF(z) : R s R¥*M
Ae AM Weighting parameter in an (M — 1)-simplex
Ni(z) € AM CA weight, optimal solution to (2.3), when p = 0, it is simplified as A*(x)
1eRM All-one vector with dimension M
@ Step size to update model parameter x
0% Step size to update weight A
In the proof, we use || - || to denote the spectral norm, and || - ||r to denote the Frobenius norm.
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B Bounding the generalization error

B.1 Proof of Propositions 2-3

In this subsection, we prove Propositions 2-3, which establishes the relation between PS generalization
error and MOL uniform stability.

Proof of Proposition 2. For a given model z, it holds that
Rgen(z) = min ||VF(z)A]| — VFs(z)A
en(@) = min |[VF(@)A| — min [V Fs(2)A|

- —||VF(z)A —[[VFs(z)A
x| ()HJFAIQ%& IVFs(z)Al

< ey (V@A - IVFs@IAD < ma (I(VF() - VFs(a)A)

(c)
< max (IVF(@) - VFs(@) [ |\le) < V(@) = VEs(a) e (B.)

where (a) follows from the subadditivity of max operator, (b) follows from triangle inequality, (c)
follows from Cauchy-Schwartz inequality.

Setting x = A(S), and taking expectation over A, S on both sides of the above inequality, we have
Ea.s[Rgen(A(9))] < Eas[[VF(A(S)) = VEs(A(S))[[¥]. (B.2)
O

Proof of Proposition 3. The proof extends that of [22] for single objective learning to our MOL
setting. Recall that S = {21, ..., 2,}, which are drawn i.i.d. from the data distribution D. Define
the perturbed dataset S = {z,..., 2/, ..., z,} sampled i.i.d. from D with z/ independent of 25,
for all i, j € [n]. Let Z be an independent sample of z;, 2} , for all j € [n], and from the same
distribution D. We first decompose the difference of population gradient and empirical gradient on
the algorithm output n(VF(A(S)) — VFs(A(S))) as follows using the gradient on A(S(*). Since
E:[VF:(A(S))] = VF(A(S)), it holds that

n(VE(A(S)) — VE5(A(S))) = nE:[VE:(A(S))] — nVEs(A(S))

—nE:[VF(A (Z VE.,(A ) + Zn: (B [VF(A(SD))] — B [VF(A(S™))))
+ 3 (B [V (A(SD))] - By [V, (A(SD))])
i=1
= Xn: E: o [VF:(A(S)) — VE(A(SY)] + Zn: E; [E:[VF;(A(SY))] - VE, (A(S™))]
' = 6(5)
DB [VE (A(SD) = VE. (A(S)) (B3)

where the last equality follows from rearranging and that z;, 2, Z are mutually independent. Applying
triangle inequality to (B.3), it then follows that

nl| VF(A(S)) = VFs(4 ||F<ZE ITF(AS) - VEASD)]e] + | 3 05)

+ ZEz; [IVEL (A(S™)) = VE.,(A(S)) ). (B.4)

Note S and S differ by a single sample. By Definition 2, the MOL uniform stability ep, and
Jensen’s inequality, we further get

nE [|[VE(A(S)) — VEs(A(S))|lp] < 2nep + E[H igi(S)HF] (B.5)
i=1
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We then proceed to bound E[|| 37 &(5)||,]. which satisfies

(E[Hi&(&HFD <E[H§&<S>HQ} im[na B+ > EL&S).&6)).

i,jE[n]:i#£] Jai s
(B.6)
For .J; ;, according to the definition of &;(S) in (B.3) and Jensen inequality, it holds that
T = E[&(S)IE] = E [, [B=[VF(ASO)) - VE-(AGSD))] IF]
YE [E:[VF=(A(S©)] - VE, (A(S“’))Hi}
U g [|E[VF=(AS))] - VE,(AS))]}]
— E[V:(VF:(A(S)))], B.7)

where (a) follows from Jensen’s inequality, (b) follows from the symmetry between z; and z}. To
bound J ; ; with ¢ # 7, further introduce S” = {z7,..., z//} which are drawn i.i.d. from the data
distribution D. Then for each ¢, j € [n] with ¢ # j, introduce S; as a neighboring dataset of S by

replacing its z; with z}’ , and S](-i) as a neighboring dataset of S(i) by replacing its z; with zé-’ ,1.e.,
Sj = {Zl,...,Zj,1,2§l,2j+1,.‘.,zn}, (B8a)
SJ(Z) = {Zl, ey Zi—1, Z;, Zi+17 - ,ijl, Z;-I, Zj+1, ey Zn} (ng)
Then the idea is to bound J5; ; using the newly introduced neighboring datasets S; and S j@,

so as to connect to the definition of the stability ep. We first show that E [(;(S5),&;(5))] =

E[(&:(S) = &i(S5)), &5(5) — €;(5:))] because for i # j,

E[(&(5),6(S)] 20, BI&(S;), &S0 D0, E[&(S), &) Do, B9
For i # j, (c) follows from

where the second identity holds since 51( ;) is independent of z; and the last identity follows from
E., [£;(S)] = 0 due to the symmetry between Z and z;, and their independence with S (@), derived as

E., [6(5)] = E., [EL E[VE(A(SY))] - VE, (AS)]] =0, viel. @1

In a similar way, for i # j, (d) and (e) follow from
E[(£:(5),&(S0))] = EE-, [(§:(5),¢ ( i) =E[{&(S:), Bz, [&(S))] = (B.12)
E[(£:(55), €(S)] = EEz; [(§:(55), §(Si)] = E[(§;(S:), Bz, [€ (SJ)M (B.13)

Based on (B.9), for i # j we have

J2.i5 =E[(§i(5), & ()] = E[(&(S) — &(5;),&5(S) — &;(S0))]
<E [[1€:(S) = &(Si)ll 1€ (S) — & (Si)l]

S%E {H&(S) - gi(Sj)H%} + %E [Hfj(S) - §j(5i)llﬂ (B.14)

where we have used ab < 1 (a? + b?). According to the definition of &;(5) and &;(.S;) we know the
following identity for i # j

E [II&(S) — 5i(sj)||§} :E[

. . 2
+E. [VE.,(A(SY)) — V., (A(SD))] HF} . (B.15)

B E: [VF:(A(SY)) ~ VF5(A(S]")]
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It then follows from the inequality (a + b)? < 2 (a” + b®) and the Jensen’s inequality that
E[&:(S) — &(S))12] <2E[|VE:(A(SD)) — VE:(A(S)))12]
+2E[|[VE, (A(SS)) = VE,, (A(SD))|3]. (B.16)

Since S, § () and SU ), Sfj ) are two pairs of neighboring datasets, it follows from the definition of
stability that

E |[16:(S) = &i(S))llp| < 4€k, and E [[1€;(S) — &(Si)lI}| < 4ef, Vi # . (B.17)
We can plug the above inequalities back into (B.14) and bound J; ; ; by

Jaij = E[(&(5),&(9)] < 4ep, Vi# . (B.18)

Combining the bound for .Jy ; in (B.7) and J5 ; ; in (B.18) and substituting them back into (B.6), it
then follows that

n 2 n
E[| X ao)|| | =E[XIa®IE]+ > Els).&))
i=1 i=1 i,j€[n]:i#]
< nE[Vz(VE;(A(S)))] + 4n(n — 1)éz. (B.19)
Plugging the above inequality back into (B.5), using the subadditivity of the square root function, we
get

nE[||VF(A(S)) — VFs(A(S))llr] < dner + v/nE [Vz(VF:(A(S)))]- (B.20)

The proof is complete. O

B.2 Proof of Theorem 1 — PS generalization error in nonconvex case

In this subsection, we prove Theorem 1, which establishes the PS generalization error of MoDo in
the nonconvex case.

Organization of proof. To prove the PS generalization error of MoDo, we first define the concept
of Sampling-determined algorithms in Definition 3. This concept has been defined in [22] for
the analysis in single-objective learning. Then we show that MoDo is sampling-determined in
Proposition 4. Finally, combining Propositions 2-4, we can prove Theorem 1, the MOL uniform
stability and PS generalization error of MoDo.

Definition 3 (Sampling-determined algorithm [22]). Let A be a randomized algorithm that randomly
chooses an index sequence I(A) = {i, s} to compute stochastic gradients. We say a symmetric
algorithm A is sampling-determined if the output model is fully determined by {z; : i € I(A)}.

Proposition 4 (MoDo is sampling determined). MoDo (Algorithm 1) is sampling determined. In
other words, Let 1(A) = {i;} be the sequence of index chosen by these algorithms from training

set S ={z1,...,2n}, and z; big P for all i € [n] to build stochastic gradients, the output A(S) is
determined by {z; : j € I(A)}. To be precise, A(S) is independent of z; if j & I(A).

Proof of Proposition 4. Let [(A) = {I1,...,Ir}, I = {i;s}>_, andi; s € [n] forall 1 <t < T.
And Sya) = {#,,}. By the description in Algorithm 1, A(S) = G, oo G, (20), where
G (+) is the stochastic update function of the model parameter given random sample z. Therefore,
for all possible sample realization z, we have

P(A(S) = x| 2 = 2,5 ¢ 1(A)) =P(G Gep (w0) = | 2 = 2,5 ¢ I(A))
G

B(G.y 00 Gy, (w0) = x| j & 1(4))
—B(A(S) == | j ¢ I(A)) (B21)

ZITQ...O
O -~

where the last equality holds because z; ¢ S7(4), and z; is independent of all elements in Sy (4 by
ii.d. sampling. Therefore, A(S) is independent of z; if j ¢ I(A). The proof is complete. O
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Note that, besides MoDo, other popular stochastic randomized MTL algorithms such as SMG [30]
and MoCo [10] are also sampling-determined. Therefore, the result is also applicable to these
algorithms.

Lemma 3 ([22, Theorem 5 (b)]). Let A be a sampling-determined random algorithm (Definition 3)
and S, S’ be neighboring datasets with n data points that differ only in the i-th data point. If
sup, Ea [[[VF.(A(S))|} | i € I(A)] < G? forany S, then

supEA[||[VF,(A(S)) — VFE.(A(S")||Z] < 4G? - P{i € I(A)}. (B.22)

Proof of Theorem 1. From Proposition 4, algorithm A, MoDo is sampling-determined. Then based
on Lemma 3, its MOL uniform stability in Definition 2 can be bounded by

€& <4G? -Pli € I(A)}. (B.23)

Let i; be the index of the sample selected by A at the ¢-th step, and i* be the index of the data point
that is different in .S and S’. Then

S

T
P{i* € I(A)} < P{i;=i"} < —. (B.24)
t=0 n
Combining (B.23) and (B.24) gives
4G*T
< ¢ (B.25)
n
Then based on Propositions 2-3, we have
Ea,5[Rgen(A(9))]<Ea s[[[VF(A(S)) — VFEs(A(S))|l¥] by Proposition 2
<dep + /n1Eg [V.op(VF.(A(S)))] by Proposition 3
=O(T*n"?) by (B.25)
The proof is complete. O

B.3 Proof of Lemma 1 — Boundedness of z; in strongly convex case

Technical challenges. In this work, we focus on analyzing stochastic MGDA-based MOL algo-
rithms in the unconstrained setting. This is because in the constrained setting, MGDA with projected
gradient descent on = has no guarantee to find the CA direction, and a new algorithm needs to be
developed to achieve this [42]. However, a fundamental challenge in the unconstrained strongly
convex setting is that a strongly convex function is not Lipschitz continuous on R¢. We overcome this
challenge by showing that {x;}1_; generated by the MoDo algorithm is bounded on the trajectory, so
is the gradient |V f, ., (x¢)|| for all m € [M], and z € Z. Thereby, we can derive the upper bound
of PS optimization and generalization errors without the Lipschitz continuity assumption for strongly
convex objectives.

Organization of proof. Without loss of generality, we assume inf,cga f () < oo for all
m € [M] and z € Z in the strongly convex case. In Lemma 4, we show that the optimal solution
of F.(z)) given any stochastic sample z € Z, and weighting parameter A\ € A, is bounded. In
Lemma 5, we show that if the argument parameter is bounded, then the updated parameter by MoDo
at each iteration is also bounded by exploiting the co-coerciveness of strongly convex and smooth
objectives. Finally, based on Lemma 4 and Lemma 5, we first prove in Corollary 4 that with a
bounded initialization x¢, the model parameter {z;}7_, generated by MoDo algorithm is bounded
on the trajectory. Then based on Lemma 6, by the Lipschitz smoothness assumption of f, ., (z),
we immediately have that ||V £, ., ()| is bounded for z € {z,}_; generated by MoDo algorithm,
which completes the proof of Lemma 1. Lemma 1 paves the way for deriving the MOL uniform
stability and PS generalization error of MoDo in the strongly convex and unconstrained setting.
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Lemma 4. Suppose Assumptions 1, 2 hold. WLOG, assume inf cga fm .(x) < oo for all
m € [M] and z € Z. For any given N\ € AM, and stochastic sample » € Z, define
z} , = argmingega F5(2)A then inf,cpa F.(2)\ < oo and ||z} || < oo, i.e., there exist finite
positive constants cg~ and ¢~ such that

inf F.(z)A <cp- and [z} ,] < cpx. (B.26)
z€R ’

Proof. Under Assumption 2, for all m € [M], f,, .(x) is strongly convex w.r.t. z, thus has a unique
minimizer. Define the minimizer z7, , = arg min,cga fm, (). Since a strongly convex function is

coercive, infcga frn - () < 00, i.€., fin 2(2}, ) < oo, implies that ||z}, .|| < oo.

By Assumption 1, the ¢ -Lipschitz smoothness of f,, . (z), for z such that ||z|| < oo

. bra .
Fon (@) S Fim (@ )+ ey ) — 2 ) + 5w — P

lrq .
<z + 5w = 2 L < oo (B.27)

Since F, (z)\ is convex w.r.t. z, for all A € AM with A = [A1,..., AT, we have

1 M 1 M 1 M M
FZ(M mz_lxm,z)A S MTnZ:lFZ(mm,z)A = M Z Z fm’,Z(xm,z))‘m' < 0. (B28)

m=1m'=1
Therefore, for all A\ € AM, we have

M
inf F,(z)\ < F(% 3y x:jm>/\ < . (B.29)

reR4
xE m—1

Since F,(x)A is strongly convex, thus is coercive, we have ||z73 || < oo, which proves the result. [

Lemma 5. Suppose Assumptions 1, 2 hold, and define k = 3(;1/u > 3. For any given A € AM,
and a stochastic sample z € Z, define  , = argming F, (z)A\. Then by Lemma 4, there exists a
positive finite constant ¢z 1 > ¢y such that ||x’>‘\z|| < ¢+ < ¢g.1. Recall the multi-objective gradient
update is

Gi.(z) =2 — aVF,(z)A (B.30)

with step size 0 < a < E;& Defining c; 2 = (1 + V2K)cy 1, we have that

if ||zl < cp2, then |Gy :(2)| < cg2. (B.31)

Proof. We divide the proof into two cases: 1) when ||z|| < ¢z.1; and, 2) when ¢, 1 < ||z]| < ¢ 2.

1) For the first case, ||z]| < ¢z1 < ¢g,2, then we have

Gz (@) <Gz () = 2] + [J7]

(a) * * (b) * *
=Gxz(@) = Gaz ()| + 2" < |l — 2™ || + [[=]]
<)l + 2[|z*]| < 3cen < (1+V6)eon < (1+ V2k)crn < cuo (B.32)

where (a) follows from VF,(x*)\ = 0, and (b) follows from the non-expansiveness of the gradient
update for strongly convex and smooth function.

2) For the second case, ¢, 1 < ||z|| < ¢y,2, we first consider o = é;i Let 1/ = /3. Note that since

F,(x)\ is p-strongly convex, it is also p'-strongly convex. By strong convexity and smoothness of
F,(x)A, the gradients are co-coercive [36, Theorem 2.1.12], i.e., for any = we have

CHIVE@AM? e — o2
Fz T _ ¥ > f,l lu
(VE@N) (@ —a") > 2 5

(B.33)
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Rearranging and applying Cauchy-Schwartz inequality, we have

é_l VFZ )\ 2 / |2
(VE@N Tz > (VE@N) o + LIV plle = o]

1+x1 1+4x1
CAIVE@AI? e — 22
> o1 |VE (z)| + L2 B.34
Z —Co[VE(@A + == T (B.34)

By the definition of G (),
2

1
v — —VF.(2)A| = |lo]]* +

Gy, (2)|? =
IGr =@ = |- -

2
42 IVF,(x )AHQ—E(WZ(@A)% (B.35)

Substituting (B.34) into (B.35) yields

Ul VE(@)\]? Wz — x*||2>

2
G (@)II* <llz]* + z. IVE () + fl(c»uIIVF( 2)A|| =

0 , 14 k71 1+x71
2 11—k~ 74

—l2? + = (o ||V (2)A TR IVE(@)A)? - - *2)

o] +£f?1(c AVE@A - g (VR @R = - o)

2 1 1—/1’1 Wz —z*||?

<llall? \ ( e 2_ ) B.36

<] a4 Gl 2ng(lJr,fl)T g (B.36)

Iy

Since k > 3, thus i +“,1 > 0, then I; is a quadratic function w.r.t. 7, and is strictly concave, thus

can be bounded above by

1 1-x1 - Al + k1

sl T — . B.37
ilelﬁ Co1 ° T 251 1+ k71 = 2 1-—k1 ( )
Substituting this back into (B.36) gives that
2 /Al 14 k1 w
G . 2 112 ( z,1°f, _ _ )
[G=@)IP <loll? + = (=55 1 = e =
1+ k71 k1
2 * (|2
ol + &) Ty — 2 o = a7
1—4—/{ k1
2 * ()2
<ol +ega——= - T el = 2™
<lal? + 262, — w7 (2]l = co1)? (B.38)
I

where the last inequality follows from x > 3, thus 251 < 2 -2 " < k=1 and ||2*| <
y 1—k 1+k

¢z,1 < ||z|| by assumption.

For ¢, 1 < ||z|| < ¢g,2, I2 is a strictly convex quadratic function of ||z||, which achieves its maximum
at ||| = cg,1 or ||z]| = ¢z,2. Therefore,

IGx.(@)II* <max{3c 1, c50+2c5 1 — £ (o2 — €21)’}

9 max{3¢2 1,25} < 03’2 (B.39)

where (c) follows from the deﬁnition that ¢, 2 = (1 + v2k)cy, 15 (d) follows from k > 3, and thus
303;,1 < (1+V2k)%c zl = »L2
We have proved the case for a = E;i The result for 0 < o < E;} follows by observing that,
|Grx(@) ]| =]l — aVEL(@)A|
=1 = alpa)a+alpa(e = (1VE:(2)N)]|
<A —adyq)||z| + olyqllz— Z;iVFZ(;v))\H < eg2. (B.40)
The proof is complete. O
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Lemma 6. Suppose Assumptions 1, 2 hold. For all \ € AM and » € S, define zy, =
argming I (z), then there exist finite positive constants cp~ and c,~ such that I, (z3 )\ < cp~
and ||z3 || < cy. And forx € R such that ||z|| is bounded, i.e., there exists a finite positive
constant ¢, such that ||z|| < ¢, then

¢
IVE.(2)A]| < £y1(co + co),  and FX@A§A%H%+ny+fW~ (B.41)

Proof. Under Assumptions 1, 2, by Lemma 4, there exist finite positive constants cy+ and ¢« such
that F, (23 )\ < cp- and |23 || < cp-.

By Assumption 1, the ¢ -Lipschitz continuity of the gradient VF, (z)\, we have
IVE.(2)A| =[|VF.(2)A = VF. (23 ) Al
| <palllzl + a3 L) < €palea + cor) (B.42)

§£f71||x - x;,z
where the first equality uses the fact that VF, (23} ,)A = 0.

For the function value, by Assumption 1, the ¢ 1-Lipschitz smoothness of F,(x)\, we have
L
F.(a)X SFa (5 DA+ (VE(a3, )N @ — 3 .) + 55|l — a3
* 14 1 *
A L

14
<cp- + %(cz +cpe)? (B.43)
from which the proof is complete. O

Corollary 4 (z; bounded on the MoDo trajectory). Suppose Assumptions 1, 2 hold. Define k =
3lp1/pand T3 = argming I, (z)\ with \ € AM  Then there exists a finite positive constant ¢,
such that ||z3 || < cy~. Choose the initial iterate to be bounded, i.e., there exists a finite positive
constant ¢y, such that ||zo|| < ¢z, then for {x:} generated by MoDo algorithm with oy = o and
0<a< E;i we have

lzt]| < cpy, with ¢ = max{(1+ V2K)cy=, cz }- (B.44)

Proof of Corollary 4. Under Assumptions 1, 2, by Lemma 4, ||:z:’f\z|| < oo, i.e., there exists a
finite positive constant ¢, such that ||z} _|| < ¢z=. Let ¢;;1 = max{(1 + V2K)"teg,, car }, and
czo = (14 v2K)cp1 = max{cy,, (1 + V2k)c, } in Lemma 5. We then consider the following
two cases:

DI (1 4+ V25)car < €y, then |25 || < cor < (14 v/25) !¢y, Then it satisfies the condition in
Lemma 5 that ||z || < ¢;,1 and [|zo]| < ¢;2. Applying Lemma 5 yields [|21 ]| < ¢z 2.

2) If (1 + V2K)cg+ > Cap, then ||2o|| < ¢y < (14 V/2K)cy+. Then it satisfies the condition in
Lemma S that [[23 _[| < ¢z,1 and [|zo|| < ¢;,2. Applying Lemma S yields ||z < ¢z 2.

Therefore, (B.44) holds for ¢ = 1. We then prove by induction that (B.44) also holds for ¢t € [T].
Assume (B.44)holdsat 1 < kK <T —1,i.e.,

2kl < co = o (B.45)
Then by Lemma 5, at k + 1,
[Zkt1ll = (G xpsrzns (@0)] < €22 (B.46)
Since ||z1]| < ¢p2,fort =0,...,T — 1, we have
[@eall = [1Gx iz s (@) | < o2 (B.47)

Therefore, by mathematical induction, ||z|| < ¢, 2 = ¢, forall t € [T]. The proof is complete. [
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Proof of Lemma 1. By Corollary 4, for {z;} generated by MoDo algorithm with oz = « and
0<a< Eﬁ, we have

lze]| < cpy, with ¢ = max{(1+ V2K)cy, Cay }- (B.48)

According to Lemma 6, define £ = ;1 (c; + ¢z« ), and £ = /M, then it holds for all A € AM
IVF@A <6 and [VEF@)] < IVP() e <l (B.49)
0

B.4 Proof of Theorem 2 — PS generalization error in strongly convex case

Technical challenges. One challenge that the strongly convex objectives are not Lipschitz con-
tinuous for 2 € R is addressed by Lemma 1. Another challenge compared to static weighting or
single-objective learning is that the MoDo algorithm involves the update of two coupled sequences
{z;} and {)\;}. Consequently, the traditional standard argument that the SGD update for strongly
convex objectives has the contraction property [14] does not necessarily hold in our case since the
weighting parameter A is changing, as detailed in Section B.4.1. Nevertheless, we manage to derive a
tight stability bound when v = O(T 1), as detailed in Section B.4.3.

Organization of proof. In Section B.4.1, we prove the properties of the MoDo update, including ex-
pansiveness or non-expansiveness and boundedness. Building upon these properties, in Section B.4.3,
we prove the upper bound of argument stability in Theorem 5, and the upper bound of MOL uniform
stability. To show the tightness of the upper bound, in Section B.4.4, Theorem 6, we derive a matching
lower bound of MOL uniform stability. Combining the upper bound in Section B.4.3 and the lower
bound in Section B.4.4 leads to the results in Theorem 2, whose proof is in Section B.4.5.

B.4.1 Expansiveness and boundedness of MoDo update

In this section, we prove the properties of the update function of MoDo at each iteration, including
boundedness and approximate expansiveness, which is then used to derive the algorithm stability. For
2,721,290 € S, A € AM  recall that the update functions of MoDo is

Gayorza(A) =Tan (A=A VE, (2)TVE, (z)))
Gi.(z) =2 —aVF,(z)A.

Lemma 7 (Boundedness of update function of MoDo). Let ¢y be a positive constant. If
IVF.(z)\| < £y forall A\ € AM, z € S and x € {x,}]_, generated by the MoDo algorithm with
step size o < a, then G () is (aly)-bounded on the trajectory of MoDo, i.e.,

sup  ||Gxz(x) — x| < aly. (B.50)
ze{z: 3],
Proof. Forall z € {z;}7_1, A € AM and z € S, since | VF,(2)\|| < ¢, we have
|Gz (z) — x| <||aVE,(z)A]| < aly (B.31)
which proves the boundedness. O

Lemma 8 (Properties of update function of MoDo in convex case). Suppose Assumptions I, 2
hold. Let (¢ be a positive constant. If for all \,\' € AM, 2 € S, and x € {x;}]_,, 2’ € {x}}],
generated by the MoDo algorithm on datasets S and S’, respectively, we have ||V F,(z)\|| < ¢y,
IVF.(2")X|| < Uy, and |V F.(x)|| < Lp, |VF.(2")|| < £p, and step sizes of MoDo satisfy o < a,
v¢ < 7, it holds that

1Gx (@) = G (@) <(1 = 20p1 + 20263, ) o = o'
+2alp ||z — 2/ ||[|A = N|| + 20205 — N|)? (B.52)
1G a2 () = Gz g VI (14 G2 4 (1 7)1 ) 1IN = X |2

+ (U BNy + .97z — 2| (B.53)
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Proof. The squared norm of the difference of G .(z) and G . (z’) can be bounded by

IGx,2(2) = G 2 (")
=[x — 2'||* = 2a{x — 2/, VF, () — VE,(z")\) + o?||VE, (x)\ — VE,(z")\|?

(%)Hx — 2| = 2a(x — &', (VE.(x) — VE,(')A) 4 22| (VE.(x) — VE,(z')\|?
+ 2a(x — 2’ , VF, (2 )(N = \)) + 22|V E. (z') (A — \)||?

(®)
<(1—2ap+20%07 )|z — o'||* 4 20z — 2/, VF.(z') (N — X)) 4+ 20205 ||N = A[?

c

<(1—2ap+20°0 )|z — o'||* + 2alp|lz — ||| N = Al + 20205 ||N — AP (B.54)

—
~

where (a) follows from rearranging and that |la + b[|?> < 2|lal|? + 2||b]|?; (b) follows from the
p-strong convexity of F,(x)X, £ 1-Lipschitz continuity of VF,(x)\, and that || VF,(2')|| < ¢F for
2’ € {z}}L ;; and, (c) follows from Cauchy-Schwartz inequality.

And |Gy 2, 20 (A) — G 2, .2, (V)| can be bounded by

”Gx,zhzz ()‘) - Gz’,Zl,Zz ()‘/) ||
=Taw (A =7 (VF, (1) TV E, (2))A) = Tan (X = 5 (VE, (&) TV E, (&) X)]

QIN = X = A(VEe ()T VE, (2)A — VE (/) T E, (V)]
(E)HA — N[ +AIVE., () TVE, (@) (A = N)| +(VE, (2) T VE., (2) = VE., (2/) TVE, (2)X||
CIA = N +ABIA = N+ AV Fer (2)TV oy (2) — VE=, () TV Ey ()]
QIA = N 1B~ N 7 ([(VEo (2) — Ve, (&) TV Ey (@)
+ | VE., () (V. (x) = V., (2')X])
LA+ BN = N+ Uy + oty )z — 2| (B.55)

where (d) follows from non-expansiveness of projection; (e) follows from triangle inequality, (f)
follows from |V F(z)|| < ¢ for z € {z}}L_,, (g) follows from triangle inequality; and (k) follows
from ¢ ;-Lipschitz continuity of VF,(x)X, £ 1-Lipschitz continuity of VF,(z), |VF,(z)| < {p
forz € {z}}_, and | VF,(2)N|| < £y forz € {z:}1;.

Letly1 = {flpy + Lrly,1. Taking square on both sides of (B.55) yields
HGw,Z1,22 (/\) - G"L'/VZMZ? ()‘/)H2
2 / / 2
<((+ENIA= X+ vl — o))
=(1+ )N = N2+ 21 + GE)g v lIX = Nlllz — 2| + £ 17 || — 2’|
S+ A = NIP 4+ (U + G lgay(IX = NP + [lz = 2[1?) + £ 7 [l — 2|2
(0 72+ (1 N7 ) IA = N2+ (L4 Blgay + 2197 o =22 (B.56)

The proof is complete. O

B.4.2 Growth recursion

Lemma 9 (Growth recursion with approximate expansiveness). Fix an arbitrary sequence of updates
G1, ..., Gr and another sequence G, ..., Gl Let vy = x(, be a starting point in §) and define
0 = ||z} — x| where xy, ), are defined recursively through

T = Gi(ay), iy = Gy(xy) (> 0).
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Letn; > 0,14 > 0, and ¢ > 0. Then, for any p > 0, and t € [T, we have the recurrence relation
(with 50 =0)

07 + v, Gt = G is (n:, vi)-approximately expansive in square;

621 < (14 p) min{n67 + 14,672} + (1 + )4§t Gy and G}, are g-bounded,

Gy is (0, vi)-approximately expansive in square.

Proof. When G and G}, are ¢;-bounded, we can bound d;41 by
Oer1 = llzer1 — i | =[1Geze) — Gi(ay) |l
=Gi(xs) =z — Gy(xy) + 2 + 20 — 3|
<[|Ge(we) — el + (|G (1) — @il + [lwe — x|
<2 + 0. (B.57)
Alternatively, when G; and G, are ¢;-bounded, G is (1, v¢)-approximately expansive, we have
Or1 = [ze1 — wppq | =NGe(ae) — Gila) ||
=[|Ge(we) — Ge(@y) + Ge(ay) — Gilay) ||
<[|Ge(@e) — Ge(@)|| + |Ge(2}) — G|
<nebe + ve + [|Ge(h) — 2f — Gilay) + @l
<y + ve + [|Ge(@y) — 2yl + (|G (1) — 2|
<nede + v + 2. (B.58)

When G, = G, is (1, v;)-approximately expansive in square, given 62, 57 ', 1 can be bounded by
i1 = e — i 1P = 1Gi(ae) — Ge(a)) |1 < mellwe — 2|+ ve = mdf + v (B59)
When G, and G, are ¢;-bounded, applying (B.57), we can bound 67 1 by
0y < (0 +26)* < (L+p)o7 + (14 1/p)ds] (B.60)

where p > 0 and the last inequality follows from (a + b)? < (1 + p)a® + (1 + 1/p)b>.

Alternatively, when G; and G}, are ¢;-bounded, G is (1, v¢)-approximately expansive in square, the
following holds

0ts1 = lwerr — @i ? =[Ge(we) = Gip)?

) =
=[Ge(we) = Gi(a}) + Ge(ay) — Gy(ap)|®
|

S+ p)IGe(ae) = Ge(a)|” + (1 +1/p)[|Ge(2}) — Gi(a)|?
S+ p) (07 +ve) + (L +1/p)[|Ge(h) — 2 — Gilay) + x4
S +p)(medf +ve) +2(1+ 1/p)([|Ge(x}) — xt||2 + G (1) — i)
<14 p) (02 +v) + (1 4+ 1/p)ds?. (B.61)
The proof is complete. O

B.4.3 Upper bound of MOL uniform stability
In Theorem 5 we bound the argument stability, which is then used to derive the MOL uniform stability
and PS generalization error in Theorem 2.

Theorem 5 (Argument stability bound in strongly convex case). Suppose Assumptions 1, 2,
hold. Let A be the MoDo algorithm in Algorithm 1. Choose the step sizes oy < a <

. . 2 .
min{1/(20f.1), /(203 1)}, and 7 <~ < min{ 120[’%%’1, 8(3£§+12£g,1) }/T. Then it holds that

124+ 4ME2  10Mhy
+ ) .

BAllA(S) ~ AS)IF] < 2 ok —— ;

(B.62)
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Proof of Theorem 5. Under Assumptions 1, 2, Lemma 1 implies that for {z;} generated by the
MoDo algorithm, and for all A € AM and for all m € [M],

IVE, ()| < lpi(ce +cor) =4p. and ||VE,(zy)]| < [|[VF(2)|lr < \/Mﬁf =/r. (B.63)

For notation simplicity, denote &; = ||z, — x}||, (¢ = ||>\t = N, zr = Ap(S) and 2/ = Ap(5’).
Denote the index of the different sample in S and S’ as i*, and the set of indices selected at the ¢-th
iteration as Iy, i.e., Iy = {i; s}>_,. When i* ¢ I, for any c¢; > 0, based on Lemma 8, we have

701 <(1 =20+ 2007 1)87 + 206l p 611 + 20705:CFy
<(1 =2 + 20705 1)8; + arlp(er6] + e CPhy) + 207 05:CE1y
<1 = aep)d} + aulp (18] + e () + 20005 G (B.64)

where the second last inequality is due to Young’s inequality; the last inequality is due to choosing
ap < M/(%?u)-

When i* € I, from Lemma 7, the (¢ ;)-boundedness of the update at ¢-th iteration, and Lemma 9,
the growth recursion, for a given constant p > 0, we have

01 < (14 )67 + (1+1/p)4ail; (B.65)
Taking expectation of 67 1 over Iy, we have
Er,[671] <P(i* ¢ It)((l — )87 + aplper6f + (aulper ' + 20700 E L (G | i ¢ It])
+P(i* € 1) ((1+p)6F + (1+ 1/p)ae})
<(1 = aulp = re)P(* ¢ 1)+ pP(* € 1) )7

_ % % 1 -
oy (Cret + 2008 By, (G2 |6 ¢ LIPGH ¢ 1)+ (1+ ];)]P(z € I,)4a?03.
~—_— ——
co

(B.66)

At each iteration of MoDo, we randomly select three independent samples (instead of one) from
the training set S. Then the probability of selecting the different sample from S and S’ at the ¢-th
iteration, P(i* € I;) in the above equation, can be computed as follows

”*1)3<§. (B.67)

P(i*e]t):u( =

n

Consequently, the probability of selecting the same sample from S and S’ at the ¢-th iteration is

Letlyq = €plp1+Lplys . Recalling when i* ¢ I, (i1 < (140%7¢)Ct + 27:4,,16¢ from Lemma 8,
it follows that

(o < ((1 +G)? + (1 + f%%)ﬂg,m)@ + ((1 + o)l v + 33,1%2)53
<(L+ (30F +2051) 7e)GF + 3Ly 17207 (B.68)
N—————

c3
where the last inequality follows from £, 1, < 1, and éQnyt <1.

And since (; and §; are independent of I, it follows that

Er, [Py [ 1% ¢ 1) < (14 e3m) GE + 3Lg,1167 (B.69)

Combining (B.66) and (B.69), we have
; , o
Er, (03] <(1 = aoln = ped) PG ¢ 1)+ pP(" € 1) )07 + (1+ 5)1@(@ € I)4a202

+ agen ((1 +eam) 2+ 369,1%53)1@(1'* ¢ 1) (B.70)
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—(m+pP(* € 1)) 67 + auea (1 + cxm) PG ¢ 1) + (1

¢ Iy).

1
n 7)1@(1* € I)4a2 0
p

where we define 7, = 1 — a, (1t — {rper — 3caly 17 P(3*

While when ¢* € I, for a given constant po > 0, we have

Cra1 =|TLane (N — %ht,l(mt)Tth(mt))\t) — HAM(AQ _ %h;@(ﬂﬁé)Th;Q(xQ)\;)H
<|IAe — Ay — %(ht@(fft)Tht’z(xt))\t _ hé,l(xé)ThQ’Q(mg)A;)”
<[ = NIl + 2vlrly < G + 27V M

2y (L4 p2)C2 + (14 1/pa)dy? ML, (B.71)

Taking expectation of (? 1 over I; gives
Er[(P] =Er[¢P |7 € LIPG € L) + Er[GPy | i* & LJP(" ¢ 1)
<((1+p2)G + (14 1/p2)ay? M€4> (i 61})+ (14 esm)G? + 365,007 ) B(" ¢ 1)

3
S(l +c37: + Em)@? +(1+ - ) 2M€4 + 30417167 (B.72)

Based on linearity of expectation and applying (B.72) recursively yields

M~

E[¢7 1] <

((1+p )4 QME +3£g 1YE[67 ])( ﬁ (1—1—637-1-7?;172))
k=t'+1

+

Il
=)

Il
M~

(( + )472M£ + 3£q,1'yE[6t,]) (1 +c3v+ %pz)tit,

A
S
O
%
Il

M=~

(04 Eyrars® 430, 0m008) (14 )

RS
Il
o

—~

M“

b)

8T ,
< ((1+—)472M£4 +3€gnyE[6t/])e§

’

<2’yi:(

where (a) follows from choosing v; < v < 1/(8¢3T), p2 = n/(8T), (b) follows from ¢
and (1 + )7 < e, and the inequality (c) follows from er < 2.

Note that 69 = 0, ;3 = 0. Applying (B.66) at t = 0 gives

~+

47M€ + 30, 1]E[6t,]> (B.73)

_t/ST7

E[67] <

S|w

1
(1+ 5)40424;
which together with (B.72) gives

1 3
E[¢3] < 30,1707 + (1 2 )471Mf4

Therefore, for 0 < ¢ < 1, it satisfies that

o (3, 1 89T o) (=g, L8,
BI57) < | (14 40’6+ 24M ber(S - +9) (Z(1f§au+;) )

8’yT

n

3 1

+
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Next, we will prove by induction that (B.74) also holds for ¢ > 1.
Assuming that (B.74) holds forall 0 <t < k < T — 1, we apply (B.70) to the case where ¢t = k to
obtain
2 3P\ 1y 52 21 % 3 1N, 20
]E[5k:+1] S Nk + ; E[&k] + QCo 1 + C3Vk E[Ck]P(Z ¢ It) + ﬁ 1 + 5 40ék€f

< (n+ 2V

k 4
+zakcw<z<u+f>m2” + 36,1E[5 t&))( g1)+> <1+;>4aie§

t'=1

(b)

< ((nk+ )Bk+1+60kc2£g 1’7(2@’) “ ¢ It))

t'=1

J1

1 T
x (3 (1 + )404252 +24M ke <87 + ) a) (B.75)
n P n

where (a) follows from (B.73), and (b) follows from (B.74) for 0 < ¢ < k and that vk < AT < 1.
The coefficient J; in (B.75) can be further bounded by

k
o =(me+ )y 41+ 6aneaty (3 e P ¢ 1)
t'=1
©
< (nk + )ﬁk + 1+ 6agealy 1 kyBpP(i™ & i)

() " 3p
< (1 —ag(p—lpey — 3ealgay(1 + 2k))P(i™ & 1;) + ;)Bk +1

©, 1 3
< (1 — —au+ —p)ﬂk 1 (B.76)
2 n

where (c¢) follows from 8; < Bi11, 7t < ~yforallt =0,...,T; (d) follows from the definition of 7y;

(e) is because v < p?/(12003.0, 1T), o« < 1/(2051) < 1/(2u) and choosing ¢; = 1/ (4¢F) leads to
Cpcr + 3caly 1y (1 + 2k)y <lpey + 6(Lpcy ' + 200%) 0y 1 (K + 1)y

kE+1 p? <

.1 1
4 2 W
g 0T 4 20) e lo 7 oo 20,y = 2"

4

Combining (B.75) and (B.76) implies

1 3 1 89T
E[5§+1}_<(12au+ )BkJrl)( (1+ )4a2£ +24M£f02(1 +v)z>

1 T
=Cry1 <i(1 + 5)404% + 24M£ch(871 +7) O‘) (B.77)

n

where the equality follows by the definition of /3, given in (B.74). The above statements from
(B.75)-(B.77) show that if (B.74) holds for all t such that 0 < t < k < T — 1, it also holds for
t=Fk+1

Therefore, we can conclude that for 7" > 0, it follows
3 1 8T a
E[62] < =(1+ =)4a”(F + 24M ¢ -t
1 (20 Doy 2o (2 wn)
-1 1 3p T—k—1
> (1-gen+ )

= §(1 + 1)4a2£ + 24 M} CQ(SL +
n p f
k=0
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3 12 2,2 4 8")/1 « 1 -1 1 1

where the last equality follows from taking p = aun /12, and compute the sum of geometric series.
By plugging in ¢y = pu/(4F), co = Epcl_l + 203, c3 = 30% + 2(, 1, we have that

3 1

12 e’ oy _
21 (2 22 4 1@ 4 1 1
E[62] _(n(1 o0 UM sy 5+ 2M ey )(4au)

4 12 2M{eyest
< By (a4 =+ 22 oMby
LT LT n

(B.79)

12+4ME 10M Uty
=)

48
<—10; (a +
pn pn Iz

where the last inequality follows from ¢z = (%.(4u~! + 2a) < 5M€?c;f1, and cocy! <
S/ (302) < 2 E

B.4.4 Lower bound of MOL uniform stability

In this section, we construct Example 1 with a lower bound of stability for the MoDo algorithm.
Before proceeding to the example, we first define 1 as the all-one vector in RM, AM := {\ ¢ RM |
1"A=1},and Py := I — ;117. Then given any vector u € RM, Il (u) = Pyu+ 1.

Example 1. Recall that S = {z1,22,...,2j,...2n}, 8" = {21,22,..., 2}, ..., 2}, where S and
S’ differ only in the j-th data point. Define the m-th objective function as

1
fz,m(x) = 51,TA$ - meTQj (B.80)

where A is a symmetric positive definite matrix, |1 = 16n=3 > 0 is the smallest eigenvalue of A, and
v is the corresponding eigenvector of A. For the datasets S, and S', let z; = c;v, with B cg[z] = uv,

E.csrlz] = p'v, zj — 2 = v, i.e, p— p' = +. For simplicity, let M = 2, b= [1,1+ V2] T such

that P1b =bp = [—%, %]T where bp is the eigenvector of Py with eigenvalue 1.

Technical challenges. One challenge of deriving the lower bound lies in the projection operator
when updating A. Unlike deriving the upper bound, where the projection operator can be handled by
its non-expansive property, due to the nature of inequality constrained quadratic programming, neither
a simple closed-form solution can be obtained, nor a non-trivial tight lower bound can be derived in
general. We overcome this challenge by showing that when v = O(T 1), the Euclidean projection
onto the simplex is equivalent to a linear operator in Lemma 10. Another challenge compared to
deriving the lower bound for single-objective learning is that the update of MoDo involves two
coupled sequences, {z:} and {\;}. The update of z; and z} involves different weighting parameters
A+ and N}, where {z;}, {\;} and {z}}, {\}} are generated by the MoDo algorithm on neighboring
training data S and S’, respectively. We overcome this challenge by deriving a recursive relation of
the vector [z; — x}; Ay — \}] in Lemma 11.

Organization of proof. Lemma 10 proves that under proper choice of initialization of A and step
size v, the projection of the updated A onto simplex AM is equal to the projection of that onto the
set AM := {\ € RM | 1T\ = 1}. And thus the projection is equivalent to a linear transformation.
Thanks to Lemma 10, we are able to derive a recursive relation the vector [x; — x}; Ay — Aj] in
Lemma 11. Finally, relying on the recursive relation, we derive a lower bound for the recursion
of [Eallz: — x||; EallAs — A}||], depending on a 2 x 2 transition matrix. And based on its eigen
decomposition, we could compute the T'-th power of such a transition matrix, which is used to derive
the final lower bound of E 4 || A(S) — A(S’)|| in Theorem 6.

Lemma 10. Suppose Assumptions 1, 2 hold. For MoDo algorithm, choose \y = ﬁl, v < W,

and define
N =X —VE,,  (2) ' VE,, ,(z)\ (B.81)
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then the update of \; for MoDo algorithm is \yy1 = Ham (A)).

Define the set AM .= (N e RM | 1TA =1}, Py =1 — G110, Apy =z (A) = P + 571
Then fort =0,...,T — 1, it holds that

1 1
Aes1 = P ()\t - WVFZM(xt)TVFZm(xt))\t) + 1= P+ 1. (B.82)

Proof. By the update of )\, we have
IAesr = Al =ITane (A = AV, (@) TV E (20N ) = Aol
<[\t = YV E., , (2) TVE,, L (2) A — M|
HIVE,, , (21) VE,, ,(x) M| < ylrly (B.83)
where the last inequality follows from Lemma 6, with £ = {5 1(cy + ¢z« ).
Then for all ¢ € [T — 1], it holds that

t—1 t—1
t
- = — < — <t < — B.84
=0l = |32 s = Al €3 e = Ml Sty < g B84

where the last inequality follows from v < W.

Then for ¢t € [T — 1], it holds that
1A = Xoll <IN = Aell + [1Ae = ol

1
SYNVE.,  (2) "VE., (@)X + vtlply < y(t+ 1)lply < ATlply < —

2M’
(B.85)
By the update of A;, and the definition of projection,
Miy1 = Mam (NS) = argmin | X — A2 (B.86)
/\EAIM
Also we have
Apy = Hxu (A) = argmin A — A2 (B.87)

AEAM

Let )\pyt = [)\P,t717 ey )\Pyt’]\/[]—r. Then it holds that
. @ . 01
IAPtm = Aom| < lIApe = Aol = [Tz (A7) = Aoll < A" = Aoll < 577

where (a) follows from non-expansiveness of projection and that Ay € A (b) follows from (B.85).

Therefore, each element of Ap; satisfies

1 1 3
0< M - m < /\O,m - |)\P,t,m - >\O,m| < >\P,t,m < )\O,m + |/\P,t,m - /\O,m| < m <1
(B.88)
which shows that Ap; = Iz, (A7) € AM. Therefore it holds that,
© @ e
IApe = AFIP > min IA= A2 > min A= AF|2 2 ap, - AP (B.89)
AeAM AeAM

where (c) is because Ap; € AM; (d) is because AM C AM by the definition of the simplex; (e) is
because Apy = 113 (\]"). Then the equality holds that

a2 a2
b = A2 = min A= X (B.90)
and
1 .
P+ 171 = Ape = argminyean|]A - AP = Taean (A) = At (B.91)
The proof is complete. O

30



With the help of Lemma 10, which simplifies the Euclidean projection operator as a linear operator,
we then prove in Lemma 11, the recursive relation of z; — z} and A\, — Xj.

Lemma 11. Suppose Assumptions 1, 2 hold. Under Example 1, choose Aoy = ﬁl, v < m for

the MoDo algorithm. Denote {x;}, { i} and {z}}, {\}} as the sequences generated by the MoDo
algorithm with dataset S and S’, respectively. Then it holds that

Ty — T = PV, and A — )\; = @x,tbp (B.92)

and Qg 1, P ¢ satisfy the following recursion

Qar1 = (1 — a4 ayee see 1 1) pas + oces(1— yerice2)oae + L(ivs = j)a(b" A y)

+1(ig 1 = j)yaces(pv @) — crabT ) — 1(igo = j)fyacngc;lb—r)\g (B.93)
a1 = (L —=yeeace2)one +7ce11pa
+ L = )y (v @) = cra(0T X)) = Ui = j)yer 1 (BT A) (B.94)

where 1(-) is the indicator function.

Proof. Denote z; 5, and z; ¢, s € [3], as the samples selected in the ¢-th iteration from S and S,
respectively. According to the MoDo algorithm update of x;, and the definition of the problem
in (B.80), we have

Ti41 =Tt — OZVth,S (xt)>\t+1 =Xt — OZ[A.’Bt — b12t13, ey Al’t — bMZt’g} >\t+1
=Tt — OzAIt + Oth73(bT>\t+1). (B95)
The difference 2,4, — x;,; can be computed by
T — 2y =1 — ad) (v — 2)) + aze3b A1 — 2273bT)\;+1)
=(I — ad)(z — }) + aze3b " (Aeg1 — Nyy) +a(zes — 213)b Mgy
=(I — aA)(z; — 2}) + aze3bT (M1 — Njq) + L(ig3 = j)avb N, (B.96)
where 1(-) denotes the indicator function, and the last equation follows from that z; 3 — 2 3 = 0 if

. . , , e .
it3 # J,and 2p3 — 215 = 25 — 27 = vif i3 = j.

By Lemma 10, in Example 1, \; 11 = P; ()\t -9VE;,, , (:rt)—'—Vth_’2 (xt))\t) + ﬁl, which can be
further derived as

1
A1 =P1 (N — ’YVFzm(ft)TVFZt,Q(xt)/\t) + Ml

1
=P ()\t - ’y(l:c;rA - bz;—l) (Axt — Zt’QbT)\t)> + Ml
(i)At — ’y(Pl].l’;rA — Plbzgl) (AIt - Zt72bTAt)
©y, + Yz 1 (Aze — 2207 Ar) (B.97)

where (a) follows from rearranging the equation and that Py A¢+ ﬁ 1=TIxm(N) = Nras A € AM:
(b) follows from that P1b = bp and P11 = 0.

The difference A\; 1 — A}, can be derived as
Aea1 — A=\ = Ap) + ybp (2] Ay — 21 Axl) — ybp (2 12020 " N — 21 21 00T AY)

(é)(/\t - )+ ’)/bPZZlA(It —xy) +vbp(ze1 — 2271)TA502 — vbpz;ztng()\t - )
— ybp (21— 211) 2e2b T Ny — vbp2 (202 — 21 0)bT N

d
(:)()‘t - X))+ WbPZtTJA(% — 1) — VbPZ;—thQbT()\t - A1)

+Wiea = )ybp(po @) — vl 20" N) = U(irz = jhybpziivb N (B.9B)
where (c) follows from rearranging the equation; (d) follows from that z; , — 2 , = 0 if i, # 7,

and 2y s — 2z, , = z; — 25 = vif i, = j, and that Av = po.

S J
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Combining (B.96) and (B.98) gives

Lt+1 _$;+1 _ Cm,:z:,t Cz,)\,t Tt _372 C UbT)\2+1 T OéCt,gc,é’l’UbT/\;
[Atﬂ - /\;JJ _[CA,M Coane| [Ae—=N|T Lies =J)a | g Lirz =J)v bpc, 1bT N,

- e sv(po el — e 0b TN
+ ]l(lt,l = .])ry l: bP(M'UTIQ o Ct72bT/\;) (B.99)

where the matrices are defined as

Coap =I — aA+ ayz3b bpz/ A =T — A+ ayeyee oo’ (B.100a)
Coune =aze3b" (I — vbnglzt,ng) = ac;30b " (1 — e 1ce0) (B.100b)
Cxzt =7bp2[ 1A = e apbpo” (B.100c)
Cane = — W’bPZtT,1Zt,2bT) = (I — yerace2bpb"). (B.100d)

Next we show by induction that
Ty —xp =@z v, and A — A, = @y bp. (B.101)
First, when t = 0, zg — 2 = 0 = @z 0v and A\g — Ay = @ 0bp With ¢, 0 = 0 and @y = 0.

Therefore (B.101) holds at ¢ = 0. Supposing that (B.101) holds for ¢ = k, next we show that it also
holds att = k + 1.

Att =k + 1, applying (B.99) for xy41 — x§€+1, and substituting (B.100a), (B.100b) yields

T — T . .
LTh4+1 — .’13%_,_1 = [Cr,z,k Cr)\,k} |:)\II: _ )\z] + ]1(2]%3 = j)Oé’UbT/\;H_l
+ (ixg = j)yack sv(po ) — ceab’ Ay) — L(in2 = j)vacksch jvb" A,
DYpw i + ack 3v(1 — vep1¢k2)oxx + Lins = j)avb " N,

+ L(ing = J)yackzo(po ' @), — cpab’ AL) = Lz = j)yack sy, 06" Ay

=(I — A + ayep,3ck,1 VY

=(1 = ap + ayey 31 1) u kv + aca(1 = yep1cr2)oarv + Lling = f)a(d Ny )v
+ L(ig = jyackzo(po @), — cx b  Ny) = Lin2 = j)yackscy, vb ' X,

R (B.102)

where ¢, ;1 is computed by
Pa o1 =(1 — ap+ ayepscrap)pun + acks(l — yegpck2)ean + Lins = j)ad Npyy)
+ L = j)vacks(pv @ — crpb ' N) — L(ip2 = j)yacksci b’ Ay (B.103)

Therefore, for all t € [T, it holds that x; — &} = @4 4.
Att =k + 1, apply (B.99) for A\ 1 — )‘§c+1’ and substitute (B.100c), (B.100d) yields

Met1 — Mg =[Crze Caail xk—x%
k+1 @, APV

+ L(ig1 = §)v(pbpv ), — cr2bpb  Ay) — L(ig2 = j)vck 1bpb " A,
=vcp 1 pbpv ! P kv + (I — g 1ck2bpb " )bppa i
+ 1(ig1 = j)v(ubvax;C — Ck,gbpb—r)\;g) — L(ig2 = j)’ycﬁe’lbpr)\;C
=vct109,6bp + (1 — yeg1ck,2) 05 50P
+ Lipy = )y (v a}) = cr2(bTAL))bp — L(ix2 = J)vch 1 (b7 A)bp
=P k+1bp (B.104)
where @) 41 is computed by
Ox k1 =VCk 1Pz k + (1 — Yk, 1Ck 2) @Ak
+ L(ik1 = )y (v 2)) = era(0TAL)) = Lina = )7 (BTAL).  (B.105)
Therefore, for all ¢ € [T, it holds that Ay — A} = ¢ +bp. O
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Lemma 11 provides the recursive relation of z; — 2} and A; — \;. And Lemma 12 below provides
another property used to derive the lower bound of E[||z7 — /||] in Theorem 6.

Lemma 12. Suppose Assumptions 1, 2 hold. Under Example 1, choose xo = x{, = Tv, a = 4#% for

the MoDo algorithm. Denote {x}, {\+} and {x}}, {\}} as the sequences generated by the MoDo
algorithm with dataset S and S’, respectively. Then it holds that

v BalAz) — 220" N)] >0 and bTEA[N,4] > b Es[N. (B.106)

Proof. From the update of x}, we have
Ty =ry — aAry + az£73(b—r)\é+1)
=1} — aAz; +ac 50(bT X y) (B.107)

Suppose z} = ¢, ,v, then z} 4 = ¢, ;v with

C/a:,t+1 =(1- aﬂ)cgc,t + ac;&,B(bT)‘t+l)
and Ealz)y,] = (1 - ap)Eaz;] + ap'vEa(b" X, ,)
Applying the above inequality recursively gives

t—1
v Bl =v (1 — ap)tzy + a//( Z(l —au)ttt ]EA(bT)\;,H))

t'=0

1—(1—ap)
apu

=(1—ap)'(viae—p'p ') +1'p

v (1 —ap)tey + oy bTA > 1forall A\ € AM

-1
Since xg = Tv, u'pn~ ! < 1, it holds that

v Baley] =1 —ap) (T —p/n™") + p/p= > 6(1 —ap)' +p/n"
Then it follows that

0TEA[AZ] — 20207 N] =pEalv 2} — TN > (61— o)’ +p'p = (14 V2))
>u(6(1 - apt) = (1+2)) Wt >0
>u(6(1- )~ (14+2)) >0
By the update of A} from (B.97),
b EAN 1 — All=bT70pEa 2y (Ax) — 2{5b" ML)
B AT (A2 — b))
Ea[z; 1] = p'v, z; 1 independent of A} and x;

=yp'v Ea[Az, — p/vb" N} Ealz; 2] = p'v, i 5 independent of \j
>yu'v T Ea[Az, — pobT M) W <p,bTA>1forall A € AM
=yu'v Ex [Az) — 2, NPV 1> E4[zi,2] = pw, 22 independent of \;
The proof is complete. ]
Theorem 6. Suppose Assumptions 1 and 2 hold. Under Example 1 with M = 2, choose Ao = ﬁl,

xog=x(="Tv, 0 = 4;+T’ 0<~y < W, and T < 4n3 for the MoDo algorithm. Denote {x+},
{\e} and {x}}, {\}} as the sequences generated by the MoDo algorithm with dataset S and S',
respectively. Then it holds that

~T 1

—_— B.1
= o2 + 16n (B.108)

Elljzr — 7] =
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Proof. Denote 6; = ||z; — x}||, ¢ = ||A — A}||. From Lemma 11, it holds that

E[dt11] = Ellpz t+1lllvll] = E[l¢z,t+1] > Elpe,i41] (B.109)
E[¢t+1] = Elleas+1lllvll] = Elloa,t+11] = Elpa141] (B.110)

where @, ;, P, satisfy

Qo1 = (1 — ap+ ayersciip) e + aces(1—yepic2)oas + Livs = j)alb’ Aiyy)

+ 1(ir1 = j)yvacys(po’ @) — ci2b" Xy) — L(ir2 = j)vac,sch b A, (B.111)
a1 = (L —yerice2)one + 7011400,
+ 10 = )y (v @) — ca(bTN)) = L(ira = j)ves, (BT AY). (B.112)

The expectation of ¢, ;11 can be further bounded as
1
Elpg,t+1] =E[(1 — ap + ayerzerip) e + ace3(1 — yepice2)oae + Eo‘(bT)‘;—H)

1 1
+ ﬁ'yactyg(uv—r:cg —cab" \)) — E’yactygcéﬁlb—'—)\é]

(a) 1 1
> (1= ap(l —yp?))E[pad] + ap(l — yp?)Elpr ] + EaleE[ b1l — mauu’bTE[AQ]

1
>(1 = ap(l = 7)) Elped] + ap(l = vu®)Elpx ] + —ab EN](1 = ) (B.113)

where (a) follows from Ea[c; o] = p, Eac; ] = ' < p, E[A} 1] > E[X}] by Lemma 12, and the
fact that ¢,  is independent of ¢, ;.

Similarly, the expectation of ¢y ;41 can be further bounded as

1 1
Elpat11] =E[(1 = ver1ce2)9xt + Vet 1102, + ;V(M(UTID —c2(bTN))) — m%(bni)]

®) 1
> (1 =y )Efor ] + 11*Eln, o] — —yu'b E[X] (B.114)

where (b) follows from E[c; s] = p, Ea[c; || = ¢/ < p, and Lemma 12.
The above arguments prove that
Efi]] o [Blews]] 5 [ —ap( =) ap(l —yi®)| [Elpa]] 1 [a(l—yu?)
E[Gi41]] = [Elpaerl] = T (A =®) | [Eload] " n | —uy
B

(B.115)
where the inequality for vectors denotes the inequality of each corresponding element in the vectors,
and matrix B has vg 1 = [1,1]T as an eigenvector associated with the eigenvalue 1 because

_ 2 a2
Bug = {(1 aﬂy(;lﬂ Yu?)) aétl(l_ wzg) )} H _ H (B.116)
Similarly, since

B {a(l —wz)]

- (1= ap(1 —yp?) ap(l - Wﬁ)} {a(l _ wz)}

I T (1 —yp?) —H
(= ap(1 = yp?))a(l = yp?) — ypop(l — 7#2)}
I Pl —yp?) = yp(l —yp?)
[ =aw)( =yt —yp®)] _ ooy [a(l = yp?)
—(1 = ap)(1 = yu)yp ] = (o =) [ —u

)

(B.117)

thenvp o = [a(1—~u?), —yu] " is another eigenvector of B with a positive eigenvalue (1 —ay)(1—
yu?) < 1. Let Qp = [vp.1,vp 2], which can be expressed as

2
@p = [vB,1,vB2] = E a(l_wzu )} : (B.118)
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Then B has eigenvalue decomposition B = QpApQp', where Ap = diag([1, (1 — a)(1 —yu?)]),
and thus B! = QpAL Q5" fort € [T).

Let [a(1—yp?), —p'y]" = Qplep,cp2]”, where [cp,1,cp2] T = Qp'[a(1 = yp?), —p/~] " can
be computed by

[} 03! [au - wz)} v {—w —a(1- WQ)] [ a }

CB,2 o —H a(l —yp?) +yp | —1 1 —u'y
b Jey(e—p( - W)} [ﬁn}
T all — )+ { o+ pi'y = (B.119)

where the last inequality follows from p — ¢/ = L and a(1 — yp?) > 1o = 1/(8uT) > ~yp for
cB1 > 5=, and ap? = p/(4T) = dn~3T- 1 >n t=p—y/ sothat a4+ p'y = o+ y(p — i+
1) > a+y(p—ap®) = a(l —yp?) +ypforeps > 1.

Since all elements in B are positive, multiplying B on both sides preserves inequality. Applying
(B.115) recursively yields

T-1 T-1 T—1
E[o7] ro1-t 1 [a(l —yp?) r-1-t 1 [a(l —yp?) 71—t 1 CB,1
[E[CT] b n| —u7 ; n| —uv ; 098 ep
= = -
1t
:ﬁ Z 1T 1 tCB 1VB.1 + ﬁ Z ((]. — OZ/],)(]_ — 7}]/2)) CB,2UB2
t=0 =0
T 1 T 1
>—Cp,1VB,1 + T—CB2VB2 > LQUBJ + —vuB2 (B.120)
n 8na n 8na

where the last inequality follows from c¢p,1 > 5-7, and cg2 > 1. Plugging invg; = [1,1]" and
vp2 = [a(1 —yu?), —yu T, and since (1 — v42) > L, it follows that E[07] > 25 + 1. O

B.4.5 Proof of Theorem 2

Proof of Theorem 2. Combining the argument stability in Theorem 5, and Assumption 1, the MOL
uniform stability can be bounded by

SUpEA[| VF(A(S)) - VE.(A(S")3]

<EA[lF,]A(S) — A(S)|I?] by Assumption 1
48 12 + 4 M > 10M ¢4

S*W%l(wr LA ﬂ). (B.121)
pn pn H

Then based on Propositions 2-3, we have

E4,5[Rgen(A(S)]<E4 s[||VF(A(S)) — VEs(A(S))|¥] by Proposition 2
<dep + /n1Eg [V.op(VF.(A(S)))] by Proposition 3
=0(n"7). by (B.121)

The proof of the upper bound is complete. We then prove the MOL uniform stability lower bound
based on the argument uniform stability lower bound in Theorem 6. By the strong convexity of the
function f,, .(x), for all m € [M]

sup EA[|VE(A(S)) — VE(AGS)IF) 2EalMA? | A(S) = A(S)|*] by Assumption 2

2
> MM .
~256n2

The proof of the lower bound is complete. O

by Theorem 6 and Jensen’s inequality
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C Bounding the optimization error

C.1 Auxiliary lemmas

Lemma 13 (Uniqueness of CA direction). Given Q € R¥™>M  then dg = Q\* with \* €
argminyean ||QA||? exists, and dg is unique.

Proof. This is a standard result due to convexity of the subproblem. Proof is given in [9, Section 2].

O
Lemma 14. For any x € R, define \*(x) such that
A" i F(z)A|. C.1
(¢) € arg min |[VF(@)A| (eA)
Then, for any © € R? and A € AM, it holds that
(VF (@)X (2), VF(2)A) > [[VF @)\ (2)|, (C2)
and |[VF(@)\ - VE@X (@)|? < [VF@A? - V()3 ()] (C3)
Proof. By the first order optimality condition for (C.1) , for any z € R% and A\ € AM, we have
(VF(z) "VF(z)\*(x), A — \*(x)) > 0. (C4)
By rearranging the above inequality, we obtain
(VF(2)A\*(2), VF(2)A) > [[VF(2)\" ()|, (C5)

which is precisely the first inequality in the claim. Furthermore, we can also have
IVE(2)A = VF (@)X (@) = [VE@)A? + [VF (@)X (@)|* = 2(VF(2)A*(2), VF(2)A)

SVE@A? + [IVF (@)X ()7 = 2| VE ()X ()|

= [VF@)A]? = [[VF (@)X (2)]%, (C.6)
which is the desired second inequality in the claim. Hence, the proof is complete. O
Lemma 15 (Continuity of A*(z)). Given any p > 0 and x € RY define \i(x) =
argminyean 3||VFs(z)A|? + $pl| |2 then the following inequality holds

1Ny (@) = X (@)l < p~HIVE(2) TVF(x) = VF(2')TVE(2')]. (€7

Suppose either 1) Assumptions 1, 3 hold, or 2) Assumptions 1, 2 hold, with {r defined in Lemma 1.
Then for x € {x;}1_,, o' € {x}}]_, generated by MoDo algorithm on training dataset S and S',
respectively, it implies that

A5 (@) = Ay (@)l < 207 palpllz — 2’| (C8)
Proof. We provide proof leveraging the convergence properties of the projected gradient descent
algorithm on strongly convex objectives below. Consider the problem minycanm g(A\;z, p) =
$IVFs(x)A|> + 1pl|A[[%, which is p-strongly convex. Let {)\,(z)} for k = 0,1,..., K de-

note the sequence obtained from applying projected gradient descent (PGD) on the objective
g(hiz.p) = L [VEs(@A2 + Sl A2 ie.

Apei1 (@) =Taw (A (@) = 1V Fs (@) TV Fs(2)A k(@) = () )
—TIpn (((1 —np)I — nVFS(x)TVFS(:r))/\M(z)) (€.9)
where 1 is the step size that n < 1/(||V Fs(x) "V Fs(x)|| + p). Note that both p, 1) are independent

of K. By the convergence result of PGD on strongly convex objective, we know that A7 (z) is the
limit point of {\, x(x)}3,. By the non-expansiveness of projection, we have

Ao k41(2) = A rga ()]
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<I((1 = np)I =0V Fs(2) "V Fs(x))Ap,1e(x) = (1 = np)I = nVFs(z') "V Fs(a")) A1)
<[ (1 = np)I =V Es(x) "V Fs(@)[|[|Apk(x) = Ap ()]

+(VEs(2) " VFs(x) — VFs(z') T VEs(a")Ap 1 (2')]|
<X =np) | Xp(@) = Apie(2) | + 0l (VEs(2) T VEs(z) — VFS(xl)TVFS(x/)))\p,k(I/)”-(C 0

Since A, 0(z) = Ay 0(2’) = Ap0, apply the above inequality recursively from k = 0,1,..., K — 1,
we have

K-1
1Ag.sc (@) = Apuic (@] <n|(VFs(2) TV Fs(2) = Vs () TV Es(@ DA @)1 3 (1= np)")
k=0
— K
=n||(VFs(z) " VFs(z) — VFS(xI)TvFS(.’bI)))\p,k(l'/)||17(72p)
<p~' (1= (1)) |V Fs(2) TV Fs () = VEs(a') TV Fs(@)]. - (€11

Then it follows that
1A% () = A (@]l < lim (X (@) = Ao i (@) |+ N5 (") = A i (@) ]| 4 1A, () = Ap, i (2)]])
< Jim (I (@) = A @)+ IA5() = Mg (@)]])

+ Jim (1= (9p)") [V Fs(2)  VEs(x) - VEs(') TV Es(a)]

(i)p—lnvps(x)TVFS(x)—VFS(x’)TVFS(x’)||+ lim 2,/i
- K—00 pnK
<p Y VFs(z) VEs(x) — VFs(z') TV Es(z')| (C.12)

where (a) follows from lim g oo 1 — (np)K = 1, and from the convergence of PGD [2, Theorem 1.1]
on p-strongly convex objectives that

2 [Apo(z) = Aj (@) o4
p 2nK K

I35 (0) = A @)1 < 2 (90 (0): ) = gy )i ) <

This proves (C.7).
In addition, under Assumptions 1, 3, the above result directly implies that
X5 () = Xs()[| <p~IVEs(x) VFs(x) — VFs(2') ' VFs(a')]|
<p I VFs(x) + VFs(z)|[VFs(x) — VFs(a)|
<2p HMpilp|z — 2. (C.13)

While under Assumptions 1 and 2, and for ¢ defined in Lemma 1, and for x € {x;}-,, 2’ €
{2}, generated by MoDo algorithm on training dataset S and S’, respectively, |V Fs(z)|| < {F,
IVFs(z")|| < £, which along with (C.12) implies that

IX; (@) = A (@) <p~HIVFs(2) + VEs(@)|[IVFs(z) — VEs(2')]| < 2p™ palp|lz — 2|
The proof is complete. O

Lemma 16. For any p > 0 and x € RY, define \*(z) = arg minycan ||V Es(2)\||?, and M(z) =

argminyean |[VFs(2)A|” + pl| A

2, then we have

0< VRN @I - VRN @I <o (1- 5 ). C.14)

Proof. Since \*(r) = argminycanm ||V Es(2))||?, therefore

IVEs @)X, @)* = [VEs @)X (@)” = [VEs@)A;(@)[* = min [[VEs(2)A]* 2 0. (C.15)
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Since A(x) = argminycan [|[VEs(2)A||* + p[|A||?, therefore

IVEs (@)X (2)]7 + pllA* (@) 1* = [V Fs ()5 (@) = pll A5 ()* = 0. (C.16)

Rearranging the above inequality gives

* * * * 1
IVEs@)s(@)]12 = [V Fs(@)A" @)|2 <plX @) = pl N (@)]? < p(1 = 57)- €17
O
Lemma 17. Consider {x.}, {\;} generated by the MoDo algorithm. For all X € A, it holds that

2%E A\ — N, (VFs(z) " VEs () \)
<EalAt = AlI? = BallAee1 = AM? + WEall(VE, , () TV E, L (@)A1, (C.18)
and  EA([VFs(xe)Me]* — [V Fs () A?)
<EalAt = AlI? = Ealldig1r = AP + 7Eall(VE, , (2) T VE., , ()M (C.19)

Proof. By the update of ), for all A € AM we have
[ A1 — AlI?
=T (A = e (VE, 4 () TV E, o (20)Ae) = AlJ?
SHAt - ’Yt(VFZt,l(‘rt)TVFZt 2(3315)))‘15 - )‘HQ
=M = AP = 2% = A (VEs,  (21) TV E L (@0))A) + 372 1(V ., (20) TV E, , (m0)) A

Taking expectation over z; 1, z; 2 on both sides and rearranging proves (C.18).

By the convexity of the problem, minycan 3 ||VFg(z¢)A||, we have

WEA(IVEs(@)Mdl* = [VEs(z)A]?)

<2vEa(A — A, (VEs(z) ' VEs (1))
(C.18) ) ) T 9
< Ballde = AP = Ealldes1 = AP + ZEAI(VE., , (z:) T VE, , (@) (C.20)

Rearranging the above inequality proves (C.19). O

C.2 Proof of Lemma 2 — Distance to CA direction

Organlzatlon of proof. InLemma 18, we prove the upper bound of the distance to CA direction,
T t EA[HVFS(:rt))\t V Fs(z)\*(24)]|?], in terms of two average of sequences, S; 7, and
Sor. Then under either Assumptions 1, 3, or Assumptions 1, 2, we prove the upper bound of S 7,
and Ss,r, and thus the average-iterate distance to CA direction in Lemma 2.

Lemma 18. Suppose Assumption 1 holds. Let {x:},{\:} be the sequences produced by the MoDo
algorithm. With a positive constant p > 0, define

T—-1
Sir=r Z EAl[(VE, , (20) "VE,, , (¢)\e]? (C.21a)
t=0
1 T—-1
Sa,r =7 Ea|VEs(zi11) + VEs (@) [[[VEz, 5 A1 ]]- (C.21b)
t=0
Then it holds that
1 4
= EallVEs(z)M? = IVFs(z) N () *] <p+ — (1 + 5 'elpa TSar) + 7511
T = T
(C.22)
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Proof. Define \(z;) = argminyean 5[|VEs(2¢)A|* + §[|A|* with 5 > 0. Note that  is strictly
positive and is used only for analysis but not for algorithm update.

Substituting A = /\jg(xt) in Lemma 17, (C.19), we have
YEA(IVEs(@)Adl|* = IV Fs () Ay (20)]%)
<Eal| At — As(@o)lI” = Eallders — Ns(@o)lI” + 7Bl (VE., , (w) T VE, , (m))A]*. (C23)

Setting v, = v > 0, taking expectation and telescoping the above inequality gives

T-1
T Z IV Es(ze)Aell* = [V Fs () Ay () 7]
t=0

T-1 T-1
11 § . 1
<% ;EA[II& = 5@ * = [ Aerr = Ag(@) 1] + T D ARAI(VE., , (2) VE.,, (z)\ ]
t=0 t=0
1 T-1 1 T-1
-— (Z EallA = N5(@)ll? = At = M@ 7)) +7 30 ABAl(VE,, (2) T VE. o (@) Md]?
v t=| t=0
I
(C.24)
where I; can be further derived as
T-—1
=D Ealhe =A@ = EalAepr — Aj (o)
t=0
T-2
=Eal Ao — Ap(@o)l|* = Ealldr — Ap(@r)|” + D EallAesr = As(@er) 1P = [Aern = Aj(o)[|?)
t=0
<EallXo — As(zo)lI® — EallAdr — Xs(zr) ||
T-2
+ Y Eafll2hin = Ny(@ia) = Ny (@) [N (@ie1) — Np(@o)]
t=0
T-2
<A+4) Eal| Ny (@ig1) — Nyl (C.25)
t=0
where [|A5(z¢41) — N5(z4)]],
s (z41) = Ns(@o)|| <P IVEs(2i41) + Vs ()| [ VFs(2141) — VEs (2|
<p Ur1|[VFEs(zi41) + VEs (@) |24 — ]
<pralp|[VFs(we41) + VFs(2) [ [[VFz, g A (C.26)
Hence, it follows that
T-—1
I <4+4p 'alpy Y EallVFs(x41) + VEs (@) IV Es, jAeqa
t=0
=4+4p talp TS 7 (C.27)
plugging which into (C.24) gives
1= 4
— Z EAll[VEs(z)Aell® — [V Es(2) Ny () [?] < —T(l +p talp T Sa ) +vS17. (C28)
t=0

Define \*(x;) € argminycam ||V Fs(z;)A||%. Then
1

> EAllVFs(@NI? — [V Fs(e)N )
t=0
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T-1

1 . i §
=7 > EalllVEs(@)M|? = IVEs(m) Ny I” + [V Fs (@) A5 (20)1* = [V Fs (@) X (1))
t=0
(€28 4 ——1 1 -— * 2 * 2
S (T alraTSor) +981r + ST EA[IVEs(z)Ns(20)|? = [V Fs(ze) A (20)||)
t=0
4
S,TT(I +p Yalp TSor) +vSir +p (C.29)
where the last inequality follows from Lemma 16. The proof is complete. O

Proof of Lemma 2. Building on the result in Lemma 18, and by the convexity of the subproblem,
minyean 3| VFs(z;)A|?, and Lemma 14, we have

T-1 T—1
7 > EAllVFs(e)A - VEs(e)N @)l <3 3 BallVEs(eN | = [V FsaoX w0)]?)
t=0 t=0

4
<p+ 77(1 +p talp1TSa ) +vS1r. (C.30)

By Assumptions 1, 3 or Assumptions 1, 2 and Lemma 1, we have

1

Sir =7 > Eal(VE:,, (2) TVE., , (z))\® < (£rlp)* < ME; (C.31)
t=0
1 T-—1

Sor =7 > Eal|VFs(wis1) + VEs(ze) ||V, Mg || < 20505 (C.32)
t=0

Substituting S1, 7, So, 7 in (C.30) with the above bound yields

T-1

1 4
> EalllVFs(z)A — VEs(z) A (2,)]%] <p+ ﬁ(l + 20 aTlp lplr) + Y ML,
t=0

T
(C.33)

Because {p1¢p < Mly 14y, choosing p = Q(QMnylﬂic/'y)% yields

T-1
1 (a) 4
T > EallVEs(z)A — VFs(z) A () [IP] <p+ TT(I +2p 'aT My 03) + MU}
=0
— 1 6, a2 e (C.34)
where (a) follows from Lemma 14. This proves the result. O

C.3 Proof of Theorem 3 — PS optimization error

Technical contributions. The optimization error bound in Theorem 3 is improved with either
relaxed assumption or improved convergence rate compared to prior stochastic MOL algorithms [52,

, 30] (see Table 2). This is achieved by 1) instead of bounding the approximation error to \*(z;),
we bound that to the CA direction d(x;) = —V Fg(x¢)\*(z,) as a whole, and 2) instead of using the
descent lemma of Fg(x:)\*(x;) with a dynamic weight, we use that of Fis(x;)\ with a fixed weight
(see Lemma 19, (C.36)), thereby improving the tightness of the bound.

Organization of proof. In Lemma 19, we prove the upper bound of the PS optimization error,
% 3:01 EA||VEs(z:)A; (z¢)]|, in terms of three average of sequences, St 1, S3.7, and Sy 7. Then
we prove the upper bound of S; 7, S3 7, and Sy 7, and thus the PS optimization error either in the
nonconvex case under Assumptions 1, 3 or in the strongly convex case under Assumptions 1, 2.

Combining the results leads to Theorem 3.
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Lemma 19. Suppose Assumption 1 holds. Consider the sequence {x;},{\:} generated by MoDo in
unbounded domain for x. Define

T-1

1
Sir=r > EA|VE.,,(2)TVE., , (z)M]? (C.35a)
t=0
1 T-—1
S31 =77 > EA|VE.,, (2)TVE., ,(z) M|V Fs(2:) TV Es () M| (C.35b)
t=0
1 T-1
Sa,r =7 Z EAllVE;, 4 (@) Ao | (C.35c¢)
t=0
Then it holds that
T-—1
1EVF W 2o L pp F, ORI S, lfs
TZ@ alVEs(z)i (@) |” < 5 BalFs(21) = Fs(zrea)lh + 5781 + 7531 + jalyiSar.
t=

Proof. By the ¢ 1-Lipschitz smoothness of Fis(x)A for all A € AM we have

14
Fs(es)\ = Fs(@oX (Vs (@, zesr = 20 + -5 oegs — o

4
= — a{VEFs(#0)A VE:, (20 A1) + 52 [V Ex, (20 e |
(C.36)

Taking expectation over z; 3 on both sides of the above inequality gives

V4
E., ,[Fs(zi41)]A — Fs(@)A < —ai(VEs(x)\, VEs(x)As1) + L2aZE., [V E, (20|

2
(C.37)
By Lemma 17, (C.18), we have
29 E A (N — N, (VEs(x;) T VFs(2))\e)
<EalAe = A2 = Eall A1 — AI? + 7BV E., , (2¢) TVEL, (@) A (C.38)

Rearranging the above inequality and letting v, = v > 0 gives
~Ea(\, VEs(20) ' VFs(2)A) < —Ealhe, (VEs(2:) T VEs(x0) M) + %EA(HN = A2 = A1 = AlPP)
SRV E,, (20) T, ()M
< —Ea|[VEs(z)A]* + %EA(H/\t = AP = A1 =A%)

1
+ 571EAII(Vth,1(wt)TVth.z(xt))MF- (C.39)

Plugging the above inequality into (C.37), and setting o = v > 0, we have

/
EA[Fs(xi11)\ — Fs(x)A] < — aEA(VFs(z:)\, VEs(x:) A1) + ’;1 PEA||VE,, ,(2) At ||?
«Q
< — aE4||VFs(z)M|? + EJEA[H& = AI? = A1 = A7)
1
+ aBA(VEs(x)\ VFs(2:) (A — Aeg1)) + EazéﬁlEAHVFZm(xt))\tHHz

1
+ 3O BA(VE:, () TV, ()Ml (C.40)
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Taking telescope sum and rearranging yields, for all A € AM

T-1

1
= 3 Bl VEs (@)
t=0
1 T—1 1 T—1
<5y 2 Eallde = A = v = NP+ 7 32 BalFs(er) = Fs(arnlA

T-1
1
tor Z (’Y]EAHVFZt,l(xt)TVth,a(mt))\tHQ + b Bal|VE;, o (20 Mg |?
=0

—+ Q]EA<VF5($t))\, VFs(SL’t)(/\t - )\t+1)>>

1 1 1
7EA[H)\1 = AP = A1 = AP+ JEA[FS(QH) — Fs(zr41)]A + 5751,T +vS3 1+ §a€f,154,T~
(C41)

2T
Setting A = A; in the above inequality yields

T—1
1 1
— Z EA||VF5(:Ct))\t||2 <7EA[F5(.T1) Fs(xT+1)])\1 + 5’}/51’7“ +'YSS,T + Otff 1S4

t=0

. .. * 1 T—1 % 2
Flnally, the results follow from the definition of A} (2;) such that % >, ~ " EA[[V EFs(2¢) A} (2¢)[]* <
T Ym0 EallVEs ()M O

Proof of Theorem 3. Lemma 19 states that, under Assumption 1, we have

T-1

1 . 1 1

= > EallVEs(z)A; ()| SopBalFs(@y) = Fs(ara)lh + 5v81ur + 9531 + 5alraSer
t=0

Then we proceed to bound S; 7, S3 7, S4,7. Under either Assumptions 1, 3, or Assumptions 1, 2

with £, { defined in Lemma 1, we have that for all z € S and A € AM | VF,(z;)\|| < ¢y, and

| < ¢p. Then Sy 1, Ssr, Sar can be bounded below

[VE, ()
T-1
1
Sir=r EAll(VE., , (2:) "VE., () Ae]|> < MG (C.42a)
t=0
T-1
1
Sy =7 > EA|VE.,,(2)TVE., ,(z) M|V Fs(2:) TV s (2) A || < 6365 = M} (C.42b)
t=0
T-—1
Syr = Z Eal|VE:, ,(z) A1 | < 63 (C.42¢)
t=0
which proves that
1 1 3 1
2 4 2
1
2

We arrive at the results by = ST E4 |V s () Af ()| < (T TV, ||V Fs () A; (xt)||2)
from the Jensen’s inequality and the convexity of the square function, as well as the subadditivity of
O

square root function.
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Figure 5: Convergence of MGDA, static weighting and MoDo to the empirical (gray, upper)
and population (green, lower) Pareto fronts. Horizontal and vertical axes in figures in the first /
second row are the values of the two empirical / population objectives. Three colormaps are used
for the trajectories from three initializations, respectively, where the same colormaps represent the
trajectories of the same initializations, and darker colors in one colormap indicate earlier iterations
and lighter colors indicate later iterations.

D Additional experiments and implementation details

Compute. Experiments are done on a machine with GPU NVIDIA RTX A5000. We use MATLAB
R2021a for the synthetic experiments in strongly convex case, and Python 3.8, CUDA 11.7, Pytorch
1.8.0 for other experiments. Unless otherwise stated, all experiments are repeated with 5 random
seeds. And their average performance and standard deviations are reported.

D.1 Synthetic experiments
D.1.1 Experiments on strongly convex objectives

Implementation details. Below we provide the details of experiments that generate Figure 3. We
use the following synthetic example for the experiments in the strongly convex case. The m-th
objective function with stochastic data sample z is specified as

1
fom(z) = §b1’mxTAx — b27szx (D.1)

where b1 ., > 0 for all m € [M], and ba ,, is another scalar. We set M = 3, by = [b1,1;b1,2;01 3] =
[1;2;1], and by = [ba1;b2,2;b23] = [1;3;2]. The default parameters are ' = 100, o = 0.01,
~ = 0.001. In other words, in Figure 3a, we fix a = 0.01,~ = 0.001, and vary T'; in Figure 3b, we
fix T' = 100,y = 0.001, and vary «; and in Figure 3c, we fix 7" = 100, o = 0.01, and vary ~.

D.1.2 Experiments on nonconvex objectives

Implementation details. The toy example is modified from [29] to consider stochastic data. Denote
the model parameter as x = [z1, xz]T € R2, stochastic data as z = [21, zz]T € R? sampled from the
standard multi-variate Gaussian distribution. And the individual empirical objectives are defined as:
f21(@) = c1(@)hi (@) + c2(@) g1 (x) and f22(2) = c1(2)ha(z) + c2(2)gz2(x), where
hi(z) = log(max(|0.5(—x1 — 7) — tanh(—x2)|, 0.000005)) + 6,
ha(x) = log(max(]0.5(—z1 + 3) — tanh(—z2) + 2/,0.000005)) + 6,
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Figure 6: Trajectories of MoDo under different v on the contour of the average of objectives.
The black e marks initializations of the trajectories, colored from red (start) to (end). The
background solid/dotted contours display the landscape of the average empirical/population objectives.
The gray/green bar marks empirical/population Pareto front, and the black x/green * marks solution
to the average objectives.

g:1(z) = (=21 +3.5) + 0.1 % (—z9 — 1)?)/10 — 20 — 2 % 2121 — 5.5 * 2979,
gz2(z) = (=1 — 3.5)* + 0.1 (—z9 — 1)?)/10 — 20 + 2 % 2121 — 5.5 * 2079,
¢1(x) = max(tanh(0.5 * x3),0) and ¢ (z) = max(tanh(—0.5 * z3), 0). (D.2)

Since z is zero-mean, the individual population objectives are correspondingly:

f1(@) = ci(@)hi(z) + c2(2)g1(x) and fo(x) = c1(2)ha(z) + c2(x)g2(x), where
g1(z) = (=21 +3.5)2 + 0.1 % (—29 — 1)%)/10 — 20,
g2(x) = (=21 — 3.5)2 + 0.1 % (=29 — 1))/10 — 20. (D.3)

The training dataset size is n = |S| = 20. For all methods, i.e., MGDA, static weighting, and
MoDo, the number of iterations is 7" = 50000. The initialization of \ is A\g = [0.5,0.5] . The
hyperparameters for this experiment are summarized in Table 5.

Figure 5, in addition to Figure 1, shows the trajectories of different methods from different initializa-
tions to the empirical and population Pareto fronts (PF). With the visualized empirical and population
PFs, it is clear in Figure 5a, the first row, that the three trajectories of MGDA all converge to the
empirical PF, but, it stops updating the model parameter as soon as it reaches the empirical PF.
However, due to the difference between the empirical and population PFs caused by finite stochastic
training data, as shown in Figure 5a, the second row, not all three solutions from MGDA has small
population risk, implied from the distance of the solution (yellow point) to the population PF colored
in green. For static weighting method with uniform weights in Figure 5b, one trajectory is able to
converge to the center of the empirical PF, which is the optimal solution of the uniform average of
the two objectives. However, the other two get stuck and oscillate around suboptimal parameters
for a long time, corresponding to the clusters of scattered points in the figure. Nevertheless, in the
second row of Figure 5b, one empirically suboptimal solution (on the trajectory with red to yellow
colormap) is able to achieve small population risk. This example demonstrates that even though
static weighting method does not have small distance to CA direction, it might still be able to achieve
small testing error. Finally, for MoDo in Figure 5c, the first row shows that MoDo is slower than
MGDA in convergence to the empirical PF, since it only approximately solves the CA direction using

Table 5: Summary of hyper-parameter choices for nonconvex synthetic data.

Static MGDA MoDo
optimizer of x; Adam Adam Adam
x; step size () | 5 x 1073 5x 1073 5x 1073
¢ step size () - - 1074
batch size 16 full 16
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Figure 7: Convergence of MoDo to the empirical (gray, upper) and population (green, lower)
Pareto fronts under different . Horizontal and vertical axes in figures in the first / second row are
the values of the two empirical / population objectives. Three colormaps are used for the trajectories
from three initializations, respectively, where the same colormaps represent the trajectories of the
same initializations, and darker colors in one colormap indicate earlier iterations and lighter colors
indicate later iterations.

stochastic gradient. The second row shows that all three solutions of MoDo can achieve relatively
small population risk, demonstrating a good generalization ability.

To demonstrate how the choice of v has an impact on the performance of MoDo, we further conduct
experiments with different v, and show that MoDo can recover static weighting (v = 0) and
approximate MGDA (y = 10~2). Results are visualized in Figure 6, which plots the trajectories over
the contours of the average objectives, and Figure 7, which plots the empirical and population PFs.
Figure 6a and Figure 7a together verify that MoDo with v = 0 behaves the same as static weighting,
cf. Figure 1d and Figure 5b. Like static weighting, for two of the initializations, they either cannot
go through the valley or stuck in the valley for a long time. And if the trajectory converges, it will
converge to the optimal solution of the average empirical objectives. In addition, Figure 6d and
Figure 7d together indicate that MoDo with v = 10~2 behaves similarly as MGDA, cf. Figure Ic
and Figure 5a. Like MGDA, it can go through the valley without getting stuck in it for a long time,
and then converge to the empirical PF for all three initializations. But also like MGDA, it will stop
updating or oscillating around the parameters as soon as it reaches the empirical PF, resulting in a
worse population risk for one of the solutions with a trajectory colored from purple to pink to yellow.
We also conduct experiments on 0 < v < 10~2. With v = 107'2, as shown in Figures 6b, and 7b,
MoDo is able to go through the valley and converge to the empirical PF for all initializations, but
very slowly. And all initializations converge to the optimal solution of the average objectives. While
with v = 104, as shown in Figures 6¢, and 7c, MoDo is able to go through the valley and converge
to the empirical PF for all initializations quickly. And it stops updating the parameters as soon as
it reaches the empirical PF. The solutions of the three initializations are different from the optimal
solution of the average objectives. But compared to the case when v = 102, the three solutions are
closer to the optimal solution of the average objectives. This is because the weighting parameter A
does not change too much during the optimization procedure with a small .

D.2 Multi-task supervised learning experiments

In this section we present experiment details and additional results for comparison of static weight-
ing, MGDA, and MoDo algorithms, under synthetic and real world multi-task supervised learning
problems. We use MNIST, Office-31, Office-home, and NYU-v2 datasets.

D.2.1 MNIST dataset experiments

Implementation details. Below we provide the details and additional experimental results on
MNIST image classification. We simulate a synthetic multi-objective optimization problem using
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different loss functions applied for training an image classifier for MNIST handwritten digit dataset.
We consider three loss functions: cross entropy, mean squared error (MSE), and Huber loss. The
model architecture is a two-layer multi-layer perceptron (MLP). Each hidden layer has 512 neurons,
and no hidden layer activation. The input size is 784, and the output size is 10, the number of digit
classes. The training, validation, and testing data sizes are 50k, 10k, and 10k, respectively. Hyper-
parameters such as step sizes are chosen based on each algorithm’s validation accuracy performance,
as given in Table 6.

We then discuss the results of the experiments in Table 7, which shows the performance of the last
iterate for each method. Experiments are repeated 10 times with average performance and standard
deviations reported. Observed from Table 7, for cross-entropy loss, MGDA performs the worst
while static weighting performs the best. On the other hand, for Huber loss, MGDA performs the
best while static weighting performs the worst. This is not surprising as cross-entropy loss has the
largest scale and Huber loss has the smallest scale among the three losses. Since equal weights are
assigned for all three objectives in the static weighting method, it tends to focus more on optimizing
the loss with the largest scale. While for MGDA, it is the other way around. Compared to MGDA,
MoDo performs much better on cross-entropy loss, and in the meantime, it achieves comparable
performance on Huber loss. Comparing their PS population risks Ry, and the decomposed PS
optimization errors %,y and PS generalization errors Rge,,, MGDA has the smallest PS population
risk and PS optimization error. One potential reason is that MGDA performs best on Huber loss, with
smaller gradients. Another reason is that the generalization errors for all the algorithms are similar
and not dominating compared to optimization errors in this setting, making the PS population risk
close to the PS optimization error. Overall, MoDo demonstrates a balance among objectives with
different scales and performs reasonably well on all three objectives since it combines the properties
of static weighting and MGDA.

Table 6: Summary of hyper-parameter choices for MNIST image classification

Static MGDA MoDo

optimizer of x; SGD SGD SGD
x step size (o) 0.1 5.0 1.0
A¢ step size () - - 1.0
batch size 64 64 64

Table 7: MNIST classification with cross-entropy, MSE, and Huber loss as objectives.

Cross-entropy ~ MSE loss Huber loss

Method Rpop (1073) | Rop (1073 Rgen| (1073
Loss (1073) | Loss (1072) | Loss (107%) | wp (10759 4 Ropt (10754 [ Reen] (1075 4
Static  306.9+3.9  13240.14  2.2+0.03 2.140.56 1.940.5 0.240.19
MGDA  363.6+4.1  13.540.13  1.940.01 1.34+0.24 1.1+0.2 0.240.13
MoDo 317.9434  13.14013  2.1+0.05 2.140.38 1.9+0.4 0.1-0.09

D.2.2 Office-31 and Office-home dataset experiments

Implementation details. We give the details for the experiments conducted using Office-31 and
Office-home datasets, which consist of multi-domain image classification tasks. Both of these are
multi-input single-task learning problems. Office-31 and Office-home consist of 31 and 65 image
classes, respectively. The image domains for Office-31 are; “Amazon”, which includes object images
from Amazon, “DSLR”, which includes high-resolution images of objects, and “Webcam”, which
includes low-resolution images from objects. The image domains for Office-31 are “Art”, “Clipart”,
“Product”, and “Real-world” which include images of objects taken from the respective image
domains. We use the MTL benchmark framework LibMTL [26] to run experiments on both of the
aforementioned datasets. For both datasets, we tune the step size of x and weight decay parameters
for Static and MGDA algorithms and tune the step sizes of = and A for the MoDo algorithm. We use
batch size 64 to update static weighting and MGDA, and use 2 independent samples of batch size
32 to update MoDo, for both Office-31 and Office-home. A summary of hyper-parameters used for
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Table 8: Summary of hyper-parameter choices for Office-31 task

Static MGDA MoDo
optimizer of x; Adam Adam Adam
x4 step size (ay) 1074 107 1074
At step size (74) - - 1073
weight decay 1073 1077 1075
batch size 64 64 64

Office-31 and Office-home for each algorithm are given in Table 8 and Table 9, respectively. All
other experiment setup is shared for all algorithms, and the default LibMTL configuration is used.

The results of Office-31 and Office-home experiments are given in Tables 3 and 10, respectively
(average over 5 seeds, the error indicates standard deviation). Here, we use the average per-task
performance drop of metrics S 4 ,,, for method A with respect to corresponding baseline measures
SB,m as a measure of the overall performance of a given method. Specifically, this measure is

M

1
AA% =7 mz_:l(—nfm (Sam — S5.m)/SBm X 100, (D.4)
where M is the number of tasks. Here, ¢,, =1 if higher values for S 4 ,, are better and 0 otherwise.
We use the best results for each task obtained by dedicated independent task learners of each task as
SB,m- The independent task learners are tuned for the learning rate and weight decay parameter. For
Office-31, Sp,y, values are 87.50% for “Amazon”, 98.88% for “DSLR”, and 97.32% for “Webcam”.
For Office-home, Sg,,, values are 66.98% for “Art”, 82.02% for “Clipart”, 91.53% for “Product”,
and 80.97% for “Real-world”. It can be seen from Tables 3 and 10 that static weighting outperforms
MGDA method in some tasks and also in terms of AA%. However, by proper choices of hyper-
parameters, MoDo performs on par or better compared to both static weighting and MGDA, and
hence achieves the best overall performance in terms of A.A%.

Table 9: Summary of hyper-parameter choices for Office-home task

Static MGDA MoDo

optimizer of x; Adam Adam Adam

x4 step size (ay) 1074 107 1074

At step size (7:) - - 1073

weight decay 1073 107° 1075
batch size 64 64 64

Table 10: Classification results on Office-home dataset.

Art Clipart Product Real-world
Test Acc T Test Acc 1 Test Acc T Test Acc T

Method

AA% |

Static  64.14 £1.40 79.57 £1.09 90.00 £0.50 7894 £0.87 2.85+1.08
MGDA 61.71 £1.33 73.95+£043 90.17 £0.27 7935+ 1.15 5.29+ 047
MoDo 65.50 +0.55 79.44£0.29 89.72£0.94 79.65+ 0.67 2.24 1 0.48

D.2.3 NYU-v2 dataset experiments

Implementation details. We give the details for the experiments conducted using NYU-v2 dataset,
which consists of image segmentation, depth estimation, and surface normal estimation tasks. Un-
like Office-31 and Office-home datasets, this is a single-input multi-task learning problem. The
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dataset consists of images from indoor video sequences. We use the MTL benchmark framework
LibMTL [26] to run experiments with this dataset. We tune step size of x and weight decay parame-
ters for static weighting and MGDA algorithms, and tune step sizes of = and A for MoDo algorithm.
We use batch size 4 to update static weighting and MGDA, and use 2 independent batches of size 2 to
update MoDo. Experiments were run for 50 epochs for all methods. Since there was no validation set
for NYU-v2, we averaged and reported the test performance of the last 10 epochs. A summary of
hyper-parameters used for each algorithm is given in Table 11. All other experiment setup is shared
for all algorithms, and the default LibMTL configuration is used.

Table 11: Summary of hyper-parameter choices for NYU-v2 task

Static MGDA MoDo

optimizer of x; Adam Adam Adam

x; step size (ay) 1074 1074 1074

At step size (74) - - 1073

weight decay 1074 107° 107°
batch size 4 4 4

Table 12: Segmentation, depth, and surface normal estimation results on NYU-v2 dataset.

Segmetation Depth Surface Normal
Method o Angle Distance Within ¢t° AA% |
(Higher Better) (Lower Better) (Lower Better) (Higher better)
mloU Pix Acc Abs Err Rel Err Mean Median 11.25 22.5 30

Static  52.02 4+ 0.69 74.21 4= 0.57 0.3984 £ 0.0032 0.1645 £ 0.0010 23.79 £ 0.10 17.44 £ 0.15 34.07 £ 0.17 60.17 == 0.31 71.48 +0.29 3.98 £ 0.70
MGDA 46.39 4 0.17 70.27 = 0.24  0.4269 4 0.0024 0.1737 £ 0.0009 22.34 £ 0.03 15.70 &= 0.08 37.71 £ 0.21 63.96 £ 0.11 74.50 & 0.06 6.25 £ 0.38
MoDo 52.64 £ 0.19 74.67 £ 0.08 0.3984 £ 0.0020 0.1649 & 0.0018 23.45 + 0.06 17.09 & 0.05 34.79 = 0.11 60.90 &= 0.13 72.12 +0.11 3.21 £ 0.34

The results of NYU-v2 experiments are given in Tables 12 (average over 3 seeds, the error indicates
standard deviation). Again, we use the average per-task performance drop of metrics S 4 ,,, for method
A with respect to corresponding baseline measures Sz ,,, as a measure of the overall performance
of a given method. We use the best results for each task obtained by dedicated independent task
learners of each task as Sg . The independent task learners are tuned for the learning rate and
weight decay parameter. For segmentation task, Sg ,,, values are 53.94% for “mIoU”, and 75.67%
for “Pix Acc”. For depth estimation task, Sg , values are 0.3949 for “Abs Err”, and 0.1634 for
“Rel Err”. For surface normal estimation task, Sg ., values are 22.12 for “Angle Distance - Mean”,
15.49 for “Angle Distance - Median”, 38.35% for “Within 11.25°”, 64.30% for “Within 22.5°”, and
74.70% for “Within 30°”. It can be seen from Table 12 that MoDo outperforms both MGDA and
static weighting in some tasks and also in terms of A.A%. The worse performance of MGDA in terms
of AA% can be due to the large bias towards the Surface normal estimation task, which seems to
affect other tasks adversely.

D.2.4 Additional experiments for comparison with other MOL baselines

In this section, we provide a comparison between MoDo and other popular MOL baselines. For
this purpose, we use the same benchmark datasets as the previous section and use the experiment
setup provided in [25] to run experiments with MoDo. Hence, we use experiment results provided
by [25] for other baselines for comparison. Additionally, we implement MoCo [10], which is not
included in [25]. For results in this section we report two holistic measures: A.Ag;, which measures
performance degradation w.r.t. static scalarization (similar to [25], but lower the better), and AA;q,
which measures performance degradation w.r.t. independent task learners (as defined in our paper)

The results on Office-31, Office-home, and NYU-v2 are given in Tables 13, 14, and 15, respectively,
where MoDo outperforms all the baselines for most tasks, and has a better overall performance in
A A% and AA;q%. The hyper-parameters of MoDo for the above experiments are in Table 16.
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Table 13: Comparison with other methods on Office-31 dataset.

Method Amazon DSLR Webcam AA% | AAu% |

Static (EW) 81.02 96.72 96.11 0.00 2.96
MGDA-UB [39] 81.02 95.90 97.77 0.40 3.32
GradNorm [6] 83.93 97.54 94.44 -0.19 2.80
PCGrad [48] 82.22 96.72 95.55 0.40 3.35
CAGrad [29] 82.22 96.72 96.67 0.01 2.96
RGW [25] 84.27 96.72 96.67 -0.81 2.18
MoCo [10] 85.30 97.54 97.22 -1.70 1.32
MoDo (ours) 85.47 98.36 96.67 -1.86 1.17

Table 14: Comparison with other methods on Office-home dataset.

Method Art Clipart Product Real-world AA«% | AAiu% |
Static (EW) 62.99 76.48 88.45 77.72 0.00 5.02
MGDA-UB [25] 6432 7529 89.72 79.35 -1.02 4.04
GradNorm [6] 65.46  75.29 88.66 78.91 -1.03 4.04
PCGrad [48] 63.94  76.05 88.87 78.27 -0.53 4.51
CAGrad [29] 63.75 7594 89.08 78.27 -0.48 4.56
RGW [ 65.08  78.65 88.66 79.89 -2.30 2.85
MoCo [ 64.14  79.85 89.62 79.57 -2.48 2.68
MoDo (ours) 66.22  78.22 89.83 80.32 -3.08 2.11
Table 15: Comparison with other methods on NYU-v2 dataset.
Segmentation Depth i Surface Normal _ AAL AAL%
Method (Higher Better) (Lower Better) ?Efxc?g;?;if (H\i)\gh}::;l;uer) 1 J,d
mloU Pix Acc Abs Err Rel Err Mean Median 11.25 22.5 30
Static (EW) 53.77 75.45 0.3845 0.1605 23.57 17.04 35.04 60.93 72.07 0.00 1.63
MGDA-UB 50.42 73.46 0.3834 0.1555 22.78 16.14 36.90 62.88 73.61 -0.38 1.26
GradNorm 53.58 75.06 0.3931 0.1663 23.44 16.98 35.11 61.11 72.24 0.99 2.62
PCGrad 53.70 75.41 0.3903 0.1607 23.43 16.97 35.16 61.19 72.28 0.16 1.79
CAGrad 53.12 75.19 0.3871 0.1599 22.53 15.88 37.42 63.50 74.17 -1.36 0.26
RGW 53.85 75.87 0.3772 0.1562 23.67 17.24 34.62 60.49 71.75 -0.62 1.03
MoCo 54.05 75.58 0.3812 0.1530 23.39 16.69 35.65 61.68 72.60 -1.47 0.18
MoDo (ours) 53.37 75.25 0.3739 0.1531 23.22 16.65 35.62 61.84 72.76 -1.59 0.07

Table 16: Summary of hyper-parameter choices for MoDo
Office-31 Office-home NYU-v2
optimizer of x Adam Adam Adam
x¢ step size (at) 1x10~% 5x 1074 2.5 x 10~4
At step size (y¢) 106 10-3 10—3
weight decay 10—° 10~° 10~°
batch size 128 128 8
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