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Abstract

Markov Decision Processes (MDPs) are a formal framework for modeling and solv-
ing sequential decision-making problems. In finite-time horizons such problems
are relevant for instance for optimal stopping or specific supply chain problems,
but also in the training of large language models. In contrast to infinite horizon
MDPs optimal policies are not stationary, policies must be learned for every single
epoch. In practice all parameters are often trained simultaneously, ignoring the
inherent structure suggested by dynamic programming. This paper introduces a
combination of dynamic programming and policy gradient called dynamic policy
gradient, where the parameters are trained backwards in time.

For the tabular softmax parametrisation we carry out the convergence analysis for
simultaneous and dynamic policy gradient towards global optima, both in the exact
and sampled gradient settings without regularisation. It turns out that the use of
dynamic policy gradient training much better exploits the structure of finite-time
problems which is reflected in improved convergence bounds.

1 Introduction

Policy gradient (PG) methods continue to enjoy great popularity in practice due to their model-free
nature and high flexibility. Despite their far-reaching history [Williams, |1992 Sutton et al., 1999,
Konda and Tsitsiklis), 1999 [Kakadel 2001]], there were no proofs for the global convergence of these
algorithms for a long time. Nevertheless, they have been very successful in many applications, which
is why numerous variants have been developed in the last few decades, whose convergence analysis,
if available, was mostly limited to convergence to stationary points [Pirotta et al., 2013} |Schulman
et al., [2015] |Papini et al.| |2018| |Clavera et al., 2018} |Shen et al., 2019 Xu et al., |2020b, [Huang
et al.| 2020, Xu et al.,|2020al [Huang et al., 2022]. In recent years, notable advancements have been
achieved in the convergence analysis towards global optima [Fazel et al., 2018, |Agarwal et al.,| 2021},
Mei et al.| 2020, [Bhandari and Russo, 1202112022 |Cen et al., [2022} [ Xiaol 2022} |Yuan et al., 2022}
Alfano and Rebeschini, 2023, Johnson et al., 2023|]. These achievements are partially attributed to
the utilisation of (weak) gradient domination or Polyak-F.ojasiewicz (PL) inequalities (lower bounds
on the gradient) [Polyakl |1963]].
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As examined in|Karimi et al|[2016] a PL-inequality and S-smoothness (i.e. S-Lipschitz continuity of
the gradient) implies a linear convergence rate for gradient descent methods. In certain cases, only a
weaker form of the PL inequality can be derived, which states that it is only possible to lower bound
the norm of the gradient instead of the squared norm of the gradient by the distance to the optimum.
Despite this limitation, O(1/n)-convergence can still be achieved in some instances.

This article deals with PG algorithms for finite-time MDPs. Finite-time MDPs differ from discounted
infinite-time MDPs in that the optimal policies are not stationary, i.e. depend on the epochs. While a
lot of recent theoretical research focused on discounted MDPs with infinite-time horizon not much
is known for finite-time MDPs. However, there are many relevant real world applications which
require non-stationary finite-time solutions such as inventory management in hospital supply chains
[Abu Zwaida et al., 2021]] or optimal stopping in finance [Becker et al.,[2019]]. There is a prevailing
thought that finite-time MDPs do not require additional scrutiny as they can be transformed into
infinite horizon MDPs by adding an additional time-coordinate. Seeing finite-time MDPs this way
leads to a training procedure in which parameters for all epochs are trained simultaneously, see
for instance |Guin and Bhatnagar| [[2023|]. While there are practical reasons to go that way, we will
see below that ignoring the structure of the problem yields worse convergence bounds. The aim
of this article is two-fold. Firstly, we analyse the simultaneous PG algorithm. The analysis for
exact gradients goes along arguments of recent articles, the analysis of the stochastic PG case is
novel. Secondly, we introduce a new approach to PG for finite-time MDPs. We exploit the dynamic
programming structure and view the MDP as a nested sequence of contextual bandits. Essentially,
our algorithm performs a sequence of PG algorithms backwards in time with carefully chosen epoch
dependent training steps. We compare the exact and stochastic analysis to the simultaneous approach.
Dynamic PG can bee seen as a concrete algorithm for Policy Search by Dynamic Programming,
where policy gradient is used to solve the one-step MDP [Bagnell et al.| 2003| [Scherrer] [2014]. There
are some recent articles also studying PG of finite-time horizon MDPs from a different perspective
considering fictitious discount algorithms [Guo et al., [2022]] or finite-time linear quadratic control
problems [Hambly et al., 2021} 2023| Zhang et al., 2021}, 2023bla, |Zhang and Basar, 2023|].

This article can be seen to extend a series of
recent articles from discounted MDPs to finite-
time MDPs. In [Agarwal et al| [2021], the 521
global asymptotic convergence of PG is demon-
strated under tabular softmax parametrisation,
and convergence rates are derived using log-
barrier regularisation and natural policy gradi- 4.6
ent. Building upon this work, Mei et al.| [2020]]
showed the first convergence rates for PG using
non-uniform PL-inequalities [Mei et al., 2021]],
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with H? for dynamic PG. Essentially, dynamic
PG offers a clear advantage. Examining the PG
theorem for finite-time MDPs reveals that early
epochs should be trained less if policies for later epochs are suboptimal. A badly learned Q-function-
to-go leads to badly directed gradients in early epochs. Thus, simultaneous training yields ineffective
early epoch training, addressed by our dynamic PG algorithm, optimizing policies backward in time
with more training steps. To illustrate this phenomenon we implemented a simple toy example where
the advantage of dynamic PG becomes visible. In Figure[T]one can see 5 simulations of the dynamic
PG with different target accuracies (blue curves) plotted against one version of the simultaneous PG
with target accuracy 0.1 (dashed magenta curve). The time-horizon is chosen as H = 5. More details
on the example can be found in Appendix [E}

Figure 1: Evolution of the value function during
training.

A main further contribution of this article is a stochastic analysis, where we abandon the assumption
that the exact gradient is known and focus on the model free stochastic PG method. For this type
of algorithm, very little is known about convergence to global optima even in the discounted case.



Many recent articles consider variants such as natural PG or mirror descent to analyse the stochastic
scenario [[Agarwal et al.| 2021} [Fatkhullin et al., 2023} |Xiaol 2022, |Alfano et al.,|2023]. Ding et al.
[2022] derive complexity bounds for entropy-regularised stochastic PG. They use a well-chosen
stopping time which measures the distance to the set of optimal parameters, and simultaneously
guarantees convergence to the regularised optimum prior to the occurrence of the stopping time by
using a small enough step size and large enough batch size. As we are interested in convergence
to the unregularised optimum, we consider stochastic softmax PG without regularisation. Similar
to the previous idea, we construct a different stopping time, which allows us to derive complexity
bounds for an approximation arbitrarily close to the global optimum that does not require a set of
optimal parameters and this is relevant when considering softmax parametrisation. To the best of
our knowledge, the results presented in this paper provide the first convergence analysis for dynamic
programming inspired PG under softmax parametrisation in the finite-time MDP setting. Both for
exact and batch sampled policy gradients without regularisation.

2 Finite-time horizon MDPs and policy gradient methods.

A finite-time MDP is defined by a tuple (#, S, A, r,p) with H = {0, ..., H — 1} decision epochs,
finite state space S = Sp U --- U Sy _1, finite action space A = J .5 A, a reward function
r: S x A — R and transition function p : § x A — A(S) with p(Sp+1]s,a) = 1 for every
h<H-—1,s €8y, and a € A,. Here A(D) denotes the set of all probability measures over a finite
set D. Throughout the article 7 = (75,)1_} denotes a time-dependent policy, where 7, : S, — A(A)
is the policy in decision epoch h € H with 7, (As|s) = 1 for every s € Sy,. It is well-known that in
contrast to discounted infinite-time horizon MDPs non-stationary policies are needed to optimise
finite-time MDPs. An optimal policy in time point & depends on the time horizon until the end of the
problem (see for example |[Puterman| [2005]]). The epoch-dependent value functions under policy 7
are defined by

H-—1
Vi un) =B [ S0 r(Sh, A hen, M
k=h

where p, is an initial distribution, 7,y = (ﬂ'k)kH:_hl denotes the sub-policy of 7 from hto H — 1

and ]EZEL’” is the expectation under the measure such that Sy, ~ pp, Ap ~ 7 (-|Sx) and Sk41 ~
p(+|Sk, Ag) for h < k < H — 1. The target is to find a (time-dependent) policy that maximises the
state-value function Vj at time 0. In the following we will discuss two approaches to solve finite-time
MDPs with PG: (i) An algorithm that is often used in practice, where parametrised policies are trained
simultaneously, i.e. the parameters for 7o, ..., mfy_1 are trained at once using the objective Vj. (i) A
new algorithm that trains the parameters sequentially starting at the last epoch. We call this scheme
dynamic PG because it combines dynamic programming (backwards induction) and PG.

In fact, one can also consider PG algorithms that train stationary policies (i.e. independent of h)
for finite-time MDPs. However, this violates the intrinsic nature of finite-time MDPs (optimal
policies will only be stationary in trivial cases). In order to carry out a complete theoretical analysis
assumptions are required. In this article we will assume that all policies are softmax parametrised, an
assumption that appeared frequently in the past years. It is a first step towards a full understanding
and already indicates why PG methods should use the dynamic programming structure inherent in
finite-time MDPs. This paper should not be seen as limited to the softmax case, but more like a
kick-off to analyse a new approach which is beneficial in many scenarios.

Simultaneous Policy Gradient. Let us start by formulating the simultaneous PG algorithm that is
often used in practice. The action spaces may depend on the current state and the numbers of possible
actions in epoch h is denoted by dj, = > s . | As|. To perform a PG algorithm all policies 7, (or
the entire policy 7) must be parametrised. While the algorithm does not require a particular policy
we will analyse the tabular softmax parametrisation

exp(0(sp,a))
Yo exp(0(sn,a’))’
where the notation S[*! defines the enlarged state space, containing all possible states associated to

their epoch (see Remark [A.T] for more details). The tabular softmax parametrisation uses a single
parameter for each possible state-action pair at all epochs. Other parametrised policies, e.g. neural

7% (alsy) =

6 = (6(sn, )5, es1 aca,, €R&=HM, ©)



networks, take states from all epochs, i.e. from the enlarged state space S!*!, as input variables.
The simultaneous PG algorithm trains all parameters at once and solves the optimisation problem
(to maximize the state value function at time 0) by gradient ascent over all parameters (all epochs)
simultaneously.

Algorithm 1: Simultaneous Policy Gradient for finite-time MDPs

Result: Approximate policy 7% ~ 7*
Choose initial §(°) € RX» 4 fixed step sizes 17 > 0, number of steps N and start distribution 1
forn=0,...,N—1do
(n)
p(n+1) — g(n) + nve%ﬂe (M)
end

R (N)
Set #* = 7

6‘(")

Most importantly, the algorithm does not treat epochs differently, the same training effort goes into
all epochs. For later use the objective function will be denoted by

H-1
6 6
J(0, 1) = Vi () =B [ 3 r(Sh, An) ©
h=0
Furthermore, let pze (s) = hH;01 ]P’Ze (Sh = s) be the state-visitation measure on S and dzg (s) =

+ pzﬂ (s) be the normalised state-visitation distribution. We denote by J*(u) = supy J (6, 1) the
optimal value of the objective function and note that J* (1) = V5" (1) = Sup,.. plicy Vo' (1) under the
tabular softmax parametrisation, as an optimal policy can be approximated arbitrarily well.

Dynamic Policy Gradient. First of all, recall that the inherent structure of finite-time MDPs is a
backwards induction principle (dynamic programming), see for instance [Puterman,|2005]. To see
backwards induction used in learning algorithms we refer for instance to Bertsekas and Tsitsiklis
[1996, Sec 6.5]. In a way, finite-time MDPs can be viewed as nested contextual bandits. The dynamic
PG approach suggested in this article builds upon this intrinsic structure and sets on top a PG scheme.
Consider H different parameters 6y, . . ., 0z _1 such that 8, € R . A parametric policy (we’b)th_Ol is
defined such that the policy in epoch h depends only on the parameter 6;,. An example is the tabular
softmax parametrisation formulated slightly differently than above. For each decision epoch i € ‘H

the tabular softmax parametrisation is given by
exp(0p(s,a))

Yarea xp(On(s, a))’

The total dimension of the parameter tensor (y, . .., 0 _1) equals the one of § from the (2) because

Or(sp,a) = O(sp,a) for s, € Sy, C S, The difference is that the epoch dependence is made more
explicit in (@).

ﬂﬁh (a|s) = On = (eh(sa aJ))sEé«'n,OLE.»ﬁlS € R 4

The main idea of this approach is as follows. The dynamic programming perspective suggests to
learn policies backwards in time. Thus, we start by training the last parameter vector f 1 on the
sub-problem V7 _1, a one-step MDP which can be viewed as contextual bandit. After convergence
up to some termination condition, it is known how to act near optimality in the last epoch and one can
proceed to train the parameter vector from previous epochs by exploiting the knowledge of acting
near optimal in the future. This is what the proposed dynamic PG algorithm does. A policy is trained
up to some termination condition and then used to optimise an epoch earlier.

A bit of notation is needed to analyse this approach. Given any fixed policy 7, the objective
function J;, in epoch £ is defined to be the h-state value function in state under the extended policy
(ﬂ-eh ) 7?-(h+l)) = (ﬂ-eha 7}h+17 s ﬁ-I'I—l)a

H-1
~ w0 7 ) woh & )
TnOns Ty, ) = Vi T () = LT [ S (s, A )
k=h

While the notation is a bit heavy the intuition behind is easy to understand. If the policy after epoch h
is already trained (this is 7(5 1)) then J, as a function of 0}, is the parametrised dependence of the



Algorithm 2: Dynamic Policy Gradient for finite-time MDPs

Result: Approximate policy 7* ~ 7*
initialise 0 = (60,..., 0% ) e ©
forh=H —1,...,0do

Choose fixed step size 1y, number of training steps Ny, and start distribution pp,

forn=20,...,N, —1do

n+1 n (7"0h’ xTAr*, 1 )
9’(1 ) _ 9}(L ) 4 I A (h+1) (Mh)’%ﬂ)

end

Set i} =70 "
end

value function when only the policy for epoch h is changed. Gradient ascent is then used to find a
parameter 6} that maximises Jp (-, T(ht1)s ds), for all s € Sy, where d the dirac measure on s. Note

that to train ¢, one chooses 7,41y = frE*h +1) in Algorithm

A priori it is not clear if simultaneous or dynamic programming inspired training is more efficient.
Dynamic PG has an additional loop but trains less parameters at once. We give a detailed analysis for
the tabular softmax parametrisation but want to give a heuristic argument why simultaneous training
is not favorable. The policy gradient theorem, see Theorem[A.5] states that

VIO.0) = > (sn) Y 7¥(alsn)Viog(n®(alsn))QF (sn,a),

Sh cSHI aEAsh

involving @-values under the current policyﬂ It implies that training policies at earlier epochs are
massively influenced by estimation errors of )7 . Reasonable training of optimal decisions is only

possible if all later epochs have been trained well, i.e. Qze ~ ()} . This may lead to inefficiency in
earlier epochs when training all epochs simultaneously. It is important to note that the policy gradient
formula is independent of the parametrisation. While our precise analysis is only carried out for
tabular softmax parametrisations this general heuristic remains valid for all classes of policies.

Assumption 2.1. Throughout the remaining manuscript we assume that the rewards are bounded in
[0, R*], for some R* > 0. The positivity is no restriction of generality, bounded negative rewards can
be shifted using the base-line trick.

In what follows we will always assume the tabular softmax parametrisation and analyse both PG
schemes. First under the assumption of exact gradients, then with sampled gradients a la REIN-
FORCE.

3 Convergence of Softmax Policy Gradient with exact gradients

In the following, we analyse the convergence behavior of the simultaneous as well as the dynamic
approach under the assumption to have access to exact gradient computation. The presented conver-
gence analysis in both settings is inspired from the discounted setting considered recently in|/Agarwal
et al.|[2021]], Mei et al.|[2020]. The idea is to combine smoothness of the objective function and a
(weak) PL-inequality in order to derive a global convergence result.

3.1 Simultaneous Policy Gradient

To prove convergence in the simultaneous approach we will interpret the finite-time MDP as an
undiscounted stationary problem with state-space S and deterministic absorption time H. This
MDP is undiscounted but terminates in finite-time. Building upon Agarwal et al.|[2021]], Mei et al.
[2020], [Yuan et al. [2022] we prove that the objective function defined in is #-smooth with

'See Appendix [A] (T2) and (T3) for the definition of the state-action value function @ and the enlarged state
visitation measure p.



parameter 3 = H?R*(2 — ‘—1|) and satisfies a weak PL-inequality of the form

. O % "
min, g w0 (a*(sp)|sk) 1 dy, -1
VJ(0, > €S £ J* —J(O, ).
IVI(, )ll2 > EEl ‘ i (J* () = J (0, 1))

Here 7* denotes a fixed but arbitrary deterministic optimal policy for the enlarged state space S*]
and a*(s;) = argmax,. 4 7*(alsp) is the best action in state s5,. The term
Sh

is the distribution mismatch coefficient introduced in|Agarwal et al.| [2021] Def 3.1]. Both properties
are shown in Appendix [B.I] To ensure that the distribution mismatch coefficient can be bounded
from below uniformly in 6 (see also Remark [B.4) we make the following assumption.

-
dy,

0
™
dy

:= max i () (6)

%) sES dze (S)

Assumption 3.1. For the simultaneous PG algorithm we assume that the state space is constant over
all epochs, i.e. S, = S for all epochs.

As already pointed out in|Mei et al.| [2020] one key challenge in providing global convergence is
to bound the term minges 7’ (aj(s)|s) from below uniformly in 6 appearing in the gradient ascent
updates. Techniques introduced in |Agarwal et al.| [2021]] can be extended to the finite-horizon
setting to prove asymptotic convergence towards global optima. This can then be used to bound
¢ = c¢(0©) = inf, minges o™ (ay(s)ls) >0 (Lemma. Combining smoothness and the
gradient domination property results in the following global convergence result.

Theorem 3.2. Under Assumption let 1 be a probability measure such that u(s) > 0 for all

s€ S, letn = ﬁ and consider the sequence (0(”)) generated by Algorithmwitfz a2rbitrary
5 p* ™
initialisation 8°). For € > 0 choose the number of training steps as N = %@‘Sl‘ % ‘ . Then
oo

it holds that

N

o(N)
Vo) =Vgo (n) <e

One can compare this result toMei et al.|[2020, Thm 4] for discounted MDPs. A discounted MDP
can be seen as an undiscounted MDP stopped at an independent geometric random variable with
mean (1 — «) L. Thus, it comes as no surprise that algorithms with deterministic absorption time H
have analogous estimates with H instead of (1 —~)~*. See Remarkfor a detailed comparison.
Furthermore, it is noteworthy that it cannot be proven that c is independent of H. We omitted this
dependency when we compare to the discounted case because the model dependent constant there
could also depend on ~y in the same sense.

3.2 Dynamic Policy Gradient

We now come to the first main contribution of this work, an improved bound for the convergence
of the dynamic PG algorithm. The optimisation objectives are .J;, defined in (3). The structure of
proving convergence is as follows. For each fixed h € ‘H we provide global convergence given that
the policy after h is fixed and denoted by 7. After having established bounds for each decision epoch,
we apply backwards induction to derive complexity bounds on the total error accumulated over all
decision epochs. The S-smoothness for different J;, is then reflected in different training steps for
different epochs.

The backwards induction setting can be described as a nested sequence of contextual bandits (one-step
MDPs) and thus, can be analysed using results from the discounted setting by choosing v = 0. Using
PG estimates for dicounted MDPs [Mei et al.| [2020, [Yuan et al.,2022]] we prove in Appendix@]that
the objective .J;, from () is a smooth function in 6}, with parameter 3, = 2(H — h)R* and satisfies
also a weak PL-inequality of the form

IV T (O Tt1)s )2 2 n0in w0 (azy (8)18) (i (Fnrays 1) = Tn(Ons T(ngay, in))-
It is crucial to keep in mind that classical theory from non-convex optimisation tells us that less
smooth (large 3) functions must be trained with more gradient steps. It becomes clear that the
dynamic PG algorithm should spend less training effort on later epochs (earlier in the algorithm) and



more training effort on earlier epochs (later in the algorithm). In fact, we make use of this observation
by applying backwards induction in order to improve the convergence behavior depending on H (see
Theorem . The main challenge is again to bound minges 7% (a} (s)|s) from below uniformly in
6}, appearing in the gradient ascent updates from Algorithm[2] In this setting the required asymptotic
convergence follows directly from the one-step MDP viewpoint using v = 0 obtained in|Agarwal

et al)[2021) Thm 5] and it holds ¢, = inf,>o mines, 7% (a;(s)|s) > 0 (LemmalB.10).

There is another subtle advantage in the backwards induction point of view. The contextual bandit
interpretation allows using refinements of estimates for the special case of contextual bandits. A
slight generalisation of work of Mei et al.|[2020] for stochastic bandits shows that the unpleasant
unknown constants c;, simplify if the PG algorithm is uniformly initialised:

Proposition 3.3. For fixed h € H, let ), be a probability measure such that py,(s) > 0 for all
s € Spandlet) < np < m Let 9,(:)) € R be an initialisation such that the initial policy

is a uniform distribution, then cp, = ﬁ > 0.

This property is in sharp contrast to the simultaneous approach, where to the best of our knowledge it
is not known how to lower bound ¢ explicitly. Comparing the proofs of ¢ > 0 and ¢, > 0 one can see
that this advantage comes from the backward inductive approach and is due to fixed future policies
which are not changing during training. For fixed decision epoch h combining S-smoothness and
weak PL inequality yields the following global convergence result for the dynamic PG generated in
Algorithm

Lemma 3.4. For fixed h € H, let py, be a probability measure such that jup,(s) > 0 for all s € S,
let np, = m and consider the sequence (Gzn)) generated by Algorithm |2| with arbitrary

w. Then it

initialisation 0,(10) and 7. For € > 0 choose the number of training steps as N, = =
h

holds that
(w0

V}fﬂh””(hﬂ))(ﬂh) -V, ’W(Hl))(uh) <e

Moreover, if 9,&0) initialises the uniform distribution the constants cy can be replaced by I%\\‘

The error bound depends on the time horizon up to the last time point, meaning intuitively that an
optimal policy for earlier time points in the MDP (smaller h) is harder to achieve and requires a
longer learning period then later time points (h near to H). We remark that the assumption on p,
is not a sharp restriction and can be achieved by using a strictly positive start distribution x on Sy
followed by a uniformly distributed policy. Note that assuming a positive start distribution is common
in the literature and Mei et al.|[2020] showed the necessity of this assumption. Accumulating errors
over time we can now derive the analogous estimates to the simultaneous PG approach. We obtain a
linear accumulation such that an £ -error in each time point / results in an overall error of € which
appears naturally from the dynamic programming structure of the algorithm.

Theorem 3.5. For all h € H, let yy, be probability measures such that u,(s) > 0 for all s € Sy, let

np = m. For € > 0 choose the number of training steps as N}, = AH-MHE || ﬁ‘ - Then

2
ChVS
(Np—1)

for the final policy from Algorithm T = (weéNO), oyl ), it holds for all s € Sy that

Vo(s) = Vg (s) <e.

If 9,(10) initialises the uniform distribution the constants cy, can be replaced by ‘7%'

Comparison of the algorithms: Comparing Theorem 3.5[to the convergence rate for simultaneous
PG in Theorem [3.2] we first highlight that the constant ¢, in the dynamic approach can be explicitly
computed under uniform initialisation. This has not yet been established in the simultaneous PG
(see Remark [B.T2) and especially it cannot be guaranteed that ¢ is independent of the time horizon.
Second, we compare the overall dependence of the training steps on the time horizon. In the dynamic
approach >, N}, scales with H? in comparison to H” in the convergence rate for the simultaneous
approach. In particular for large time horizons the theoretical analysis shows that reaching a given
accuracy is more costly for simultaneous training of parameters. In the dynamic PG the powers are
due to the smoothness constant, the 4 error which we have to achieve in every epoch and finally the



sum over all epochs. In comparison, in the simultaneous PG a power of 2 is due to the smoothness
constant, another power of 2 is due to the distribution mismatch coefficient in the PL-inequality which
we need to bound uniformly in  (see also Remark [B.3)) and the last power is due to the enlarged state
space |SIH]| = |S|H. Note that we just compare upper bounds. However, we refer to Appendlx E]
for a toy example visualising that the rate of convergence in both approaches is of order (9( -) and
the constants in the dynamic approach are indeed better then for the simultaneous approach.

4 Convergence Analysis of Stochastic Softmax Policy Gradient

In the previous section, we have derived global convergence guarantees for solving a finite-time MDP
via simultaneous as well as dynamic PG with exact gradient computation. However, in practical
scenarios assuming access to exact gradients is not feasible, since the transition function p of the
underlying MDP is unknown. In the following section, we want to relax this assumption by replacing
the exact gradient by a stochastic approximation. To be more precise, we view a model-free setting
where we are only able to generate trajectories of the finite-time MDP. These trajectories are used to
formulate the stochastic PG method for training the parameters in both the simultaneous and dynamic
approach.

Although in both approaches we are able to guarantee almost sure asymptotic convergence similar
to the exact PG scheme, we are no longer able to control the constants c and c¢j, respectively along
trajectories of the stochastic PG scheme due to the randomness in our iterations. Therefore, the derived
lower bound in the weak PL-inequality may degenerate in general. In order to derive complexity
bounds in the stochastic scenario, we make use of the crucial property that ¢ (and ¢y, respectively)
remain strictly positive along the trajectory of the exact PG scheme. To do so, we introduce the
stopping times 7 and 7, stopping the scheme when the stochastic PG trajectory is too far away from
the exact PG trajectory (under same initialisation). Hence, conditioning on {7 > n} (and {75, > n}
respectively) forces the stochastic PG to remain close to the exact PG scheme and hence, guarantees
non-degenerated weak PL-inequalities. The proof structure in the stochastic setting is then two-fold:

1. We derive a rate of convergence of the stochastic PG scheme under non-degenerated weak
PL-inequality on the event {7 > n}. Since we consider a constant step size, the batch size
needs to be increased sufficiently fast for controlling the variance occurring through the
stochastic approximation scheme. See Lemma|[D.4]and Lemma [D.8§]

2. We introduce a second rule for increasing the batch-size depending on a tolerance § > 0
leading to P(7 < n) < ¢. This means, that one forces the stochastic PG to remain close to
the exact PG with high probability. See Lemma [D.5]and Lemma [D.9]

A similar proof strategy has been introduced in [Ding et al.| [2022] for proving convergence for
entropy-regularised stochastic PG in the discounted case. Their analysis heavily depends on the
existence of an optimal parameter which is due to regularisation. In the unregularised problem this
is not the case since the softmax parameters usually diverge to +/ — oo in order to approximate a
deterministic optimal solution. Consequently, their analysis does not carry over straightforwardly
to the unregularised setting. One of the main challenges in our proof is to construct a different
stopping time, independent of optimal parameters, such that the stopping time still occurs with
small probability given a large enough batch size. We again first discuss the simultaneous approach
followed by the dynamic approach.

Simultaneous stochastic policy gradient estimator: Consider K trajectories (s, a h),’f 01, for
i=1,...,K, generated by s} ~ y, al ~ 7%(-|s}) and st ~ p(:|si _,,at |)for0 < h < H. The
gradient estimator is defined by

| K a1
VIR0, ) = 22> > Vieg(r’ (aj]s}) By, ™
1:1 h=0
where R, = "1 r(si, a) is an unbiased estimator of the h-state-action value function in (s, a’,)

under policy 7¥. This gradient estimator is unbiased and has bounded variance (Lemma [D.1)). Then
the stochastic PG updates for training the softmax parameter are given by

Gt = ™ 4 nVIK (O™, p). ®)



Our main result for the simultaneous stochastic PG scheme is given as follows.

Theorem 4.1. Under Assumption let 1 be a probability measure such that u(s) > 0 for all
s € 8. Consider the final policy using Algorithm [I] with stochastic updates from () denoted

. §(N) L .
by #* = 7% ", Moreover, for any 5, > 0 assume that the number of training steps satisfies

5px oflamt |14 % 112 N3 .
N > (M) ‘ £ ‘ ,letn = m and K > W. Then it holds true that
o0

edc?
P(Vy' () = Vg (1) <€) >1-3.

Dynamic stochastic policy gradient estimator: For fixed h consider K, trajectories (s, a};)kH:_hl,

fori =1,..., Ky, generated by si ~ pup, ai ~ 7% and ai, ~ 7y, for h < k < H. The estimator is
defined by
Kp,

VJh (8, T(h+1)s fh) ZVlog ah|52))R§w ©

Ai H=1 i i\ . . L
where R}, = >, 7(s}.,aj},) is an unbiased estimator of the h-state-action value function in (s},, aj, )

under policy 7. Then the stochastic PG updates for training the parameter 6, are given by
O = 0+ V(0 gy ). (10)

Our main result for the dynamic stochastic PG scheme is given as follows.

Theorem 4.2. For all h € H, let u;, be probability measures such that un(s) > 0 forall h € H,

s € Sy. Consider the final policy using Algorithm[2|with stochastic updates from denoted by
gNo) é(NH—l)

a*=(n% ..., wH-1 ), Moreover for any 6, € > 0 assume that the numbers oftraining steps

satisfy Nj, > il h)R*qu L H let =—L ___ and K . Then it holds
h = 5C’21€ Th 2(H7h)R*\/7 h — 252

true that

P(Vs € So: Vi(s) = Vi (s) <€) >1—34.

Comparison: In both scenarios the derived complexity bounds for the stochastic PG uses a very
large batch size and small step size. It should be noted that the choice of step size and batch size
are closely connected and both strongly depend on the number of training steps N. Specifically, as
N increases, the batch size increases, while the step size tends to decrease to prevent exceeding the
stopping time with high probability. However, it is possible to increase the batch size even further
and simultaneously benefit from choosing a larger step size, or vice versa.

An advantage of the dynamic approach is that ¢;, can be explicitly known for uniform initialisation.
Hence, the complexity bounds for the dynamic approach results in a practicable algorithm, while ¢ is
unknown and possibly arbitrarily small for the simultaneous approach. Finally, we will also compare
the complexity with respect to the time horizon. For the simultaneous approach the number of training
steps scales with H', and the batch size with H3", while in the dynamic approach the overall number
of training steps scale with H7 and the batch size with H?°. We are aware that these bounds are
far from tight and irrelevant for practical implementations. Nevertheless, these bounds highlight
once more the advantage of the dynamic approach in comparison to the simultaneous approach and
show (the non-trivial fact) that the algorithms can be made to converge without knowledge of exact
gradients and without regularisation.

5 Conclusion and Future Work

In this paper, we have presented a convergence analysis of two PG methods for undiscounted MDPs
with finite-time horizon in the tabular parametrisation. Assuming exact gradients we have obtained an
O(1/n)-convergence rate for both approaches where the behavior regarding the time horizon and the
model-dependent constant c is better in the dynamic approach than in the simultaneous approach. In
the model-free setting we have derived complexity bounds to approximate the error to global optima
with high probability using stochastic PG. It would be desirable to derive tighter bounds using for
example adaptive step sizes or variance reduction methods that lead to more realistic batch sizes.

Similar to many recent results, the presented analysis relies on the tabular parametrisation. However,
the heuristic from the policy gradient theorem does not, and the dynamic programming perspective



suggests that parameters should be trained backwards in time. It would be interesting future work to
see how this theoretical insight can be implemented in lower dimensional parametrisations using for
instance neural networks.
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A Preliminary results

Before we prove some preliminary results we will give a more detailed description of the enlarged
state space S[*! and introduce more functions and notation used throughout the proofs.

Remark A.1. The enlarged state space introduced for the simultaneous approach encompasses all
possible states across all epochs. Therefore initially, states are associated with their respective
epochs, resulting in disjoint state spaces between epochs, which are subsequently fused into a single
comprehensive state space SI*1. Formally, this means that for every state space Sj, = {st,... st}
one constructs disjoint sets D, = Sy, x {h} = {s},..., s,l;‘h} forh = 0,...,H — 1. Then,
Sl .— Do W --- WD contains all possible states associated with their epoch.

The h-state-action value function for every tuple (s,a) € Sp, x A, is defined by

Z(h+1) (S,a) = T(S,a) + Z p(s/‘s’ a)v}::'(j;#»l) (S/)a h, S H — 2, (11)

s'€Sh11

where V;7 (s) = V;7(d,) the h-state value function with start state s € Sj,. Note that @5, is independent
of policy 7, and for H — 1, Qg _1(s, a) := r(s, a) independently of any policy. Furthermore, define
the h-state-action advantage function

Ay (s,a) == Q" (5,a) = VM (s), s € Shac€ A (12)

In the following, we will suppress the dependence of 7(;,) and write 7 in the superscripts of Vj,, Qp,
and A, when the policy is clear out of context.

Remark A.2. Note that we can drop the subscript & in the value function, state-action value function
or advantage function, when we define them on the enlarged state-space S[*). Then, V is a vector
of dimension |S™!| and Q and A are matrices of dimension |SI™]| x | A|. Hence, using the state

s, € SIM assigned to the epoch h, we use the notation V™’ (sn) :==VT ! (sn) to denote the assigned
value function in epoch h. Similar also for () and A.

Moreover we define the state visitation measure on the enlarged state space as

7 (sn) =BT (S = sn), (13)

.. . . . . Tt O .
for every s, € S!™! and the state visitation distribution as d, = %pz . Note that it holds

~7‘r0 71_9
Yanesia P (sn) =2 espp (8) = H.

The performance difference lemma [Kakade and Langford, [2002] is a useful identity to compare
policies. It turns out to be very useful to prove convergence of PG methods [Agarwal et al., [2021]].
For finite-time MDPs we obtain the following version.

Lemma A.3 (Performance difference lemma). For any h € H and for any pair of policies  and 7'
the following holds true for every s € Sp:

Vi (s) Z ES, — S[Ak SkvAk)}
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Proof.

H-1
Vi (s) = Vi (s) = EZ2, [ D7 r(Sk, A)] = Vi (s)
“k=h
H-1 H-1 H-1
s (S Ar) + > VI (SK) = Y V(S } Vi (s)
~ k=h k=h k=h
H-1 H-1
—Eg™ | 37 r(Sk, Ar) + Z VE (S = D0 ViE ()]
“k=h k=h+1 k=h
H-1 H-2 H-1
=BG [ D0 r(Se A0 + Y Vi (Si) = Y V(0]
“k=h k=h k=h
H-1
=B, [ D0 (r(Sk Ai) + Vi1 (Sken) = Vi (51)]
k=h
H-1
= Esilh:)s |: A;: (Ska Ak)]
k=h

E T(h)
- ESh S

where we have used that r(Sk, Ag) + Vk+1(Sk+1) = Q7 (Sk, Ay). In the fifth equation we used the
notation Vi = 0 and note that QQy_; = r independent of any policy. O

[A sk,Ak)}

This implies a corollary for the two objectives J (6, 1) and J (0p, 7
Corollary A.4. For the objective J (9 u) defined in (3) and Jy, (6, 7

T (ht1)5 Hh)-
T (ht1), fn) defined in @) it holds

T (w) = J (6, ) =B | > ars an] = 30 A n AT (sna”(sn)
h=0 speSIH
and

* Trei" 41
I (T 1), ) = In(On, Tni1y, pn) = Ej [AEL o ))(Sh»Ah)]
Proof. The first claim follows directly from Lemma[A-3]and the definition of the state visitation
measure in (T3).

For the second claim, we proof a more general result: For any h € H and two policies 7 and 7’: If
T(ht1) = T‘—Zh+1)’ it holds that

Vir(s) = Vi () = E5/L, | AT (Sh, An).
To see this, let £ > h, then
e, [a7 51, A0)

= 3" malals) Y p(/ls, B [QF (S, A) = Vi (S0)]
acA s'eS
= > mulals) Y pls'ls, )BG |QF (Sks Av) = ViE(S1)]
acA s’eS
= 3 mlale) 3 pllno) (B3, [B21QF (Sk, 4] — BE22, [V (1))
a€ s'e
= z;lwh(a s) Zsp(sf‘s, a) (Egihﬂig [kar’ (Sk)] — Egi’il;s, [ka'(sk)D
a€ s'e
=0.
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The claim follows with Lemma[A3] O

Next we derive the policy gradient theorems for finite-time horizon MDPs in both, the simultaneous
and the dynamic approach.

Theorem A.5 (Policy Gradient Theorem for the simultaneous approach). Consider any parametri-

sation 7 on the enlarged state space S, then the gradient of the J (0, ) defined in (@) is given
by
A 6
V0, 1) =B | 3 Vlog(r”(Anl$0)QF (Sn, An)
h=0
= 3 5w Y 7alsn)Viog(n® (alsh))QF (shyan).
spESIH] aGASh

Proof. The second equality follows directly from the definition of the state visitation measure in (T3).
For the first equality consider the probability of a trajectory 7 = (sg, ag, - - ., SH—1, ag—1) under the
policy 7% and initial state distribution f, i.e.

6

H-1
pz (1) = M(Sh)ﬂg(adso) H P(5k|3k—17ak—l)ﬂe(aﬂsk)-
k=1
Then,
Vlog(p; (7)) =V (1og(u(s)) + log(n” (ao|s0))

H—
+ " Tog(p(slsk-1, ap1)) + log(x” (axlsi)))
k=1

=

=V log (7% (ax|sk)),
k=0
which is known as the log-trick. Let W be the set of all trajectories from 0 to H — 1. Note that WV is
finite due to the assumption that state and action space is finite. Then,

H-1
P IACHILCY
TEW k=0
H-1
6
= Z py (7)V log(p), (Sk, ar)
TEW k‘:O

T

Z p# Z V log(m ah|sh)) r(sk, ak)

3
m
<

T o

|

- O

Z pH Z V log(7? (an|sn)) r(sk,ak)

TEW k=h
or H—
—ET ZVIog (An|Sn)) Z Sk,Ak}
| 2 2
o _H—l H-1
=K} V log(” (An|Sh) Es [ r SkaAk)|Sh7AhH
" h=0 k=h
L Hl ,
=B [ Y Vieg(x”(44]S1)) QF (Sh,Ah)].
" h=0

In the forth equation we have used that for every & < h it holds
Er’ [v log(® (Ap|Sn))r(Sk, Ak)} — &7’ [Eg“’ [v log(ﬂe(Ah\Sh))‘Sm Aoy Snot, An_1, Sh} (S, Ak)}
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and furthermore
Er’ [v log(wo(Ah|Sh))’S0, Ao, Sho1, An_1,Sh

=B} [V log(r’ (44]51))|54]
= > 7%(alSy)V log(n?(An|Sh))

ae'ASh

:v( 3 7r9(a|Sh)> —0.

aG.Ash

O

Theorem A.6 (Policy Gradient Theorem for the dynamic approach). For a fixed policy ® and h € H
the gradient of Jy, (O, 7 (h+1), 0s) defined in @) is given by

VI (0n, T(h+1); ds) = ES;Lzs,A;waeh(~\s)[v log(WH(AHSh))QZ(Sh, Ap)]-

Proof. The probability of a trajectory 7 = (Sp,ap,...,Sg—1,am—1) under the policy
(7%, T (ht1)) = (7, Fhy1, ..., T—1) and initial state distribution d, is given by
(% F(h+1)) 6 = -
ps (r) = 6(sn)m”(anlsn) [] psklsk—1,an—1)7r(ax|sk).
k=h+1
Then,

%
Viog(p™ " (7)) = 9 (1og (8 (50)) + los(x” (anlsn)
H—1
+ 3 log(plsklsko1,ax-1) + log(7(axlsi)))
k=h+1
= Vlog(n®(an|sn)),
which is known as the log-trick. Let W be the set of all trajectories from h to H — 1. Note that W is
finite due to the assumption that state and action space is finite. Then for s € S},
H-1

VIu(On, T(ht1),05) =V Z o) Z r(sk; ak)
rew k=h
(= F(nt1)) Adr® R i) =
= 3 B () T g ) 3 (54 )
TEW k=h
. H-1
- Zpgﬂ ’W(h“))( )V log (7% (an|sn)) Z (S, ar)
rew k=h
H-1
=BG 1 [Vioa(r® (AnlSi) 3 (S, Ar)]
k=h
H-1

= IEg; ’7;<h+1) {V log( Ah|sh { Z 7(Sk, Ak)’Sh, Ah”

=Eg,—s, Ap~rd(|s) {Vlog(ﬂ (An|Sh)) Z(Sh»Ah)]-
]

Using these two theorems we can explicitly derive the derivatives of our objective functions under
the softmax parametrisation. First, we compute the derivative of the softmax policy for every s € S,
and a € A,,

eﬁ(s,a)

0 _
m (Cl|8) - Za/GA 69(S’a/)7

17



with parameter § € R%:

0log(x"(als))
o) = to=(emay — 7 @S))

Hence,
V log(7%(als :(1 st (Ligeanr — 70 (d'|s' ) € R,
g(m" (als)) {s=s'} (L{a=a'} (a'ls")) veShared,
Lemma A.7. The partial derivative of the objective defined in (3)) is given by:

a‘](gvﬂ) _ =’ 0 m°
89(sh,a) *p,u, (Sh)ﬂ. (a’lsh)Ah (5h7a)a

for every s, € SM and a € A,, .

Proof. Lets;, € S and a € A,, . Using Theorem it holds that

0 (50 st

H-1

E;’ [ Z 1iS,=sn} (L{an=a} — We(a\Sh))QZG(Sh,Ah)}
(S = sn Zw a'|s1) (Liar—ay — 7°(alsn))QF (sn,a’)
=7 (sh>( ()@ (sn,0) = 3w () alsn) QO o, )
= 77y (s)7”(alsn) AT, (sn, ).
Lemma A.8. For fix h € H, the partial derivative of the objective defined in () is given by:
OO0 I0) a7 5,0,

90(s,a)
forevery s € Sy, and a € A,

Proof. By the policy gradient Theorem[A.6]
V']h(ea ﬁ—(h+1)7 Mh) = VESNM;L [Jh (67 ﬁ(h+1)u 65)]
= ZMh(S)VJh(eﬁ(hH)ﬁs)

seS

= pn(8)Es, s a, rt (1) [V 108 (77 (An|Sn))QF (Sh, An)].
seS
Next we plug in the derivative of the softmax parametrisation and obtain

VJn(0, 7 (hy1), 1)
= 1n(9)Es, s a4, ro(5) [(1{Sh:s/}(1{Ah:a/} - 7re(a’IS'))) Qh (Sh, An)

ses s'€Sh,a’ €A

= <Z.U’h(s) Z Tre(a|s)1{s:s’}(1{a:a’} - ﬂ-e(al|5/))QZ(57a)>
sES ac A,
= (1 ()" (@) QE (5 a) = ()" (@ 1s') D 7 (als) Qi (5

a€A,

S/Esh,a’GAsl
0))
S/ES;HQ/EAS/
~ we,fr 1
= ()7 (@)@ (5 a) = VT ()
6 (779 T(h+1))
= () (@) AT T ()

- w7
where we used that Y-, 7 (a|s")QF (s, a) = Ju(0, T (1), 6sr) = fo ’ ”‘“))(5’).

s'€Sp,a’ €Ay

)
s’ESh,a/G.AS/

18



B Proofs of Section
B.1 Proofs of Section[3.1]
Lemma B.1. The objective J (0, 11) from @) is smooth in 6 with parameter 3 = H?R*(2 — ﬁ)

Comparing this result to Lemma E.1. in|Yuan et al.| [2022] where the smoothness constant of a
discounted MDP under softmax parametrisation is given by (11_?'77)2 (2 TAT ) we can see that — .

the expectation of a geometric r.v. and the expected length of a discounted MDP, is replaced by H ,
the expected length of the finite-time MDP.

Proof. We are going to bound the norm of the hessian. Therefore, we first calculate the first and second

derivative if J for finite-time horizon stationary MDPs. So, let 7 = (so, ag, $1,...,SH—1,aH—1) be
a trajectory of the MDP under policy 7? and denote by pﬁ the discrete probability density. Then,
H-1

(S0 )
= ZpZ(T)( Z Vlog( ah\sh Z 7(Sh,an) )

h=0 h=0

m

Ll H-1
=K} {ZVlog( (an|sn)) Zr Sh,an ]
h=0 h=0
For the second derivative we have
H-1 H—-1
V2J( (Zp# Z V log (7’ (an|sn)) Z r(sh,an) )
h=0 h=0
H-1 H-1 TH 1
= ZpZ(T)(( Z V log (7 (anlsn))) ( Z V log(n®(an|sn))) Z r(Sh, an )
r h=0 h=0 h=0

(1)

H-1
+ 2ol (X Vol (anlsn) z wean))
T h=0

I

(2
Using the bounded reward assumption we get for the second term, that

2)|| <ET [ Z [V? log(m ah|3h))”}HR*

— HR* Z Er [||V2 log(m (ah|3h))”}’

By Lemma 4.8 in [Yuan et al. [2022] we have for the softmax parametrisation that
By’ 192 1og(” (an]sn)) ] < 1. Hence,

12)]] < H*R".
Next for the first term,
» H-1
I < B (1Y Viog(n? (anls)) 12| HR"
h=0
H-1 )
= HR* " E; [V 1og(x” (anlsn)) 2]
h=0
< H°R*(1 - i)
Al
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where we first used the bounded reward assumption, then Lemma 3.6 and again Lemma 4.8 from

Yuan et al.|[2022]. Finally, we obtain that
1
V256, mll < H*R*(2 = 7).

Lemma B.2. It holds that

dr”
- . (J* () — J(O, ).

(2
us
dr,

ming, ¢ g 7% (a* (sn)|sn) ‘

VIS

Proof. The idea of the proof follows the outline of Mei et al.|[2020, Lem. 8] from the discounted
setting. It holds

o= 3 3 (5E )

é;GSH] a

OVE (1 241/2
>[Z(M)]

spES [H]

VIO, 1)z =

vy

\/\ST Z 90(sn, a ))‘

1 ~T * o *
- 5 el o)
‘S ‘ ShES[’H]
: 0, *
ming, g m° (a*(sp)|sh) ) .
> hES h g Z pu Hd A (sn,a™(sn))
|S | ShGS[H]
: 0 % *
ming, e st T (a*(sp)|sn) | d (|71 - 0 .
= h€ = ‘ dZT’ Z Pu (sn)A™ (sp,a”(sn))
|S | M Sh,ES[H]
=Er" [0 AR (Sn,An)]
: 0/, % "
ming, c s T (@ (sh)|sh)’ TR .
= —— J — J(0, ).
s | ORI

The third line is due to Cauchy-Schwarz, afterwards we used the derivative of the objective function

from Lemma For the firths line, not that ’ p“

measures and the distribution mismatch coefﬁment (see @) Finally, the last equation is due to
Corollary from the performance difference lemma. O

by definition of the state visitation

Remark B.3. Note that in order to use this weak PL-inequality uniformly we also have to bound
the distribution mismatch coefficient uniform in 6. Therefore, under Assumption it holds

dze (s) = 2 u(s) by definition for any 6, since

1 =, 1
=5 Z P7 (Sh = s) > ﬁu(s) (14)
h=0
Hence, we obtain that

min,, csm 7 (a*(sp)|sn)
H/[SIH

Remark B.4. Without Assumption @] the expression

ZZIP’” (Sh=s)=Y_ P(Sh=sn) (15)

s€S h=0 ShESh

VIO, w)ll2 =

1 - a0,
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cannot be bounded from below by p, since the probability to visit states in later epochs depends
crucially on . This cannot be covered by p as the state s;, might not belong to Sp.

Lemma B.5. Let u be a probability measure such that u(s) > 0 forall s € S and let 0 < n <
ﬁ. Consider the sequence (9(”)) generated by Algorithm or arbitrary ©) € R2n % Then,

¢ =c(0?) = inf, min,, c i o™ (a*(sp)|sn) > 0.

The proof is adapted to the finite-time horizon from Mei et al.|[2020, Lem. 9].

Proof. We will drop the  in .J (6, ;1) for the rest of the proof. Define for all s, € S,

A*(sp) = Q*(sh,ar(s)) — max Q°(sp,a) >0, and A" = min A%(sy) >0,
aF#a*(sn) spESIH

where Q° is the optimal Q-function from Lemma|[C.2]

Now consider for any s;, € S the following sets

9.J(0) 8.J(0) .
90(sna* (sn) > 9005 a)’ foralla # a (Sh)},
Rals) = {0 Q" (sn.a*(51)) 2 @ soa” () = =42,

Ralon) = {a(n) v (sn) = " (sn,a”(sn)) — A7en)

Ri(sn) = {9:

, forall n > 1 large enough}.

Furthermore, we define ¢(s;) = ‘ﬁli’:; —1and

. * C(S L)
No(sp) = {9 -7 (ak(sn)]sn) > m}

We divide the proof into the following Claims:

Claim 1. R(sp) = R1(sn) NRa(sp) N Rs3(sy) is a nice region, i.e.
i) 00 € R(sp) = 0D € R(sp).
i) o (0" (s)|sn) > 7 (@ (sn)sn).
Claim 2. N (sp) N Ra(sp) NR3(sp) € Ri(sn) NRa(sn) NRa(sn)-
Claim 3. For every s, € S[*], there exists a finite-time no(syp) > 1, such that
9(o(sn)) e N, (s,) N Ra(sn) N Ra(sn) € Ri(sn) N Ralsn) NRs(sn)
and thus

(n) (n)
inf 777 (a*(s1)|sn) = min " (a*(sp)|s
inf (a”(sn)|sn) Lo in (a”(sn)|sn)

If all three claims hold true, we can finally define ng = maxg, ¢ s 10(sn), such that
. . o(m) . . IO
inf min 7 "(a*(sp)|sp) = min  min 7 (a*(sn)|sn) > 0.

n>1scSHl 1<n<ng s, eSHI

Due to the positiveness of the softmax parametrisation the assertion follows.
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Claim 1. We first prove|(i)} Let 0™ € R(sy,) and a # a*(sp,). Then 0"F1) € R3(sy,) by definition
of R3(sp,). To see that 01 € Ry(sy,) note that

p(n+1) p(n+1)
N (sn,a"(sn)) = Qp (8n,a"(sn))
g(n) p(n+1) g(n)
=Qh  (sn,a*(sn) +Qf (sn,a™(sn)) = Qn  (sn,a™(sn))
o(n) g(n+1)
=Qh  (sn,a"(sn) + (s a”(sn) + D p('lsn,a(sn))Viry  (8)
s/ S[H]
9(")
—r(sn,a”(sn)) = Y p(s'sn,a (sn))Viley (s))
s/ S[H]
o(n) p(n+1) o(n)
= Q" (e )+ Y p(slsna ) (Vi ) - Vit ()
s/ S[H]
o(n) o(n)

>Qn  (sn,a™(sn) =Q"  (sn,a"(sn))

> Q™ (sp,a*(sp)) — A*;Sh),

. . - p(nt1) .
where the first inequality is due to monotonicity of V'™ (s') in n for every s € S and the last

inequality follows from 6(™) € Ry (sy,).

Next we show §("+1) € R, (s,). Therefore we first show that

0" (s (1)~ @ (0 = 2L

(16)

for all a # a*(sy). This holds true, because
ﬂ_g(") % Trs(")
QT (sn,a™(sn)) — Q" (sn;q)
o(n) o(n)
=Q"  (sn,a"(sn)) — Q% (sn,a"(sn)) + Q% (sn,a"(sn)) = QT (sn,a)

> _M + Q% (sn,a"(sn)) — Q™ (sn,a) + Q> (sn,a) — Qﬂg(n) (sn,a)

a(n)
()

+A%(sn)+ Y p(s|sna)(VE(s) — V
s’ €SI

The first inequality follows from 6(™) € R(s), second by the definition of A*(s;,) and the last from
(n)
mononicity of V™’ (s") for every s’ and V' °° beeing the limit. Using Lemma|A.7| we obtain for any
a # a*(syp,) that
a.J(6™) - a.J(0™)
09(sp,a*(sp)) — 00(sh,a)
e(n) 3(%)

s (a*(Sh)‘Sh)(Qme (snra*(sn)) = ViE (sn)) > %" (als)(ng) (sn,a) = Vi ((lsh))).
7

We divide into two cases:

(n) (n)
a) 70 (a* (sn)|sn) = 7" (alss),

™ . ()
b) 70" (a*(sn)|sn) < 7% (alsh)-
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In a) the assumption 70" (a* (s3)|sp) > 70" (a|sn) implies 0 (s, a*(sp)) = 0 (s, a). Thus,
2.J(0™)
90" (sp,, a*(sp))
J(6™)
00 (sp,, a)

0t (s,a*(sn)) = 0" (s,a*(s1)) + 1

> 0™ (s,a) +1

= 0"+ (s,q),

which implies oY (a*(sn)|sn) > ro" Y (a|sp). Moreover, we have
o(n+1) g(n+1) A* Sh
P e ) @ e > 2 5 0
o(n+1) o(n+1) p(nt1) o(n+1)

R (snea™(sn)) = Vit (sn) 2QF (snoa) = VT (sn).
Thus, both together yields

g(n+1) g(n+1)

(alsn)(QF (swa) = VT (sn)),

g(n+1) g(n+1)

* rre(n+1) * T
(@ (sn)lsn) (@ (sn,a™(sn)) = Vi (sn)) >
which is by equivalent to

(n+1)
7'('0

dJ (A1) - dJ (A1)
90+ (s a*(sp)) — 00+ (s, a)’
Hence, 0("T1) € Ry (sp,).
In b) assume now that 7" (a*(s;)|s,) < 70" (alsy). As 0V € Ry(sy) ([T is also true in this
case and rearranging of terms gives
aJ(0™) - aJ(0™)
90 (sp,,a*(sp)) — 00 (sy,,a)

o(n o(n 0" (g* o(n o(n
o 01" oo () = @1 ono) > (1= T (0 (s () - v o)
9(71) g(") 9(") 9(")
S QF  (sha*(sh) —QF  (sn,a) > (1—exp(0™ (sn,a*(sn)) — 0" (s1,a)) (QF  (sn,a*(sn)) — Vi (sn)).
(18)

Note next that by #) € R, (s;,) and definition of R, (s,) we have

0V (sp,,a*(s1)) — 07 (54, 0)

Y 2J (0™
= 0" (s, a*(sp)) +7789(n)(si a*zsh))

> a(n)(shv a* (Sh)) - e(n)(S}“ CL)

aJI(O™)

=M n ) = 15 )

and is follows (1 — exp(0" V) (sp,a*(sp)) — 0+ (sp,,a))) < (1 — exp(0™ (sp,a*(sn)) —
0 (sp,a))) < 1 by assumption b). We already know 9"+1) € Rs(s;) and therefore

ﬂ_g(nJrl) g(n+1)

% (sn) > QF (sn,a*(sn)) — #. This leads to

o(n+1) o(n+1) A*(s) g(n-+1) o(n+1)
Qn (sn,a”(sn)) = Vi (sn) < —— < @i (sn,a”(sn)) — Qf (8n,a),

where the last inequality is due to (I6). Combining everything leads to

(1= exp(6™ (s, a7 (5)) — 00 (s, ) [ @1 (s (sn)) — V7" (0]

LoD . LoD
< Qh (shaa (Sh)) 7Qh (shaa)a

which is by (T8)) equivalent to 6"+ € R, (sy,).
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Now we come to Claim [(iD)]

7" (@ (sn)|sn)

_ exp(0" T (sp,a* (sp)))

> exp(0" (s, a))
acA

n * 8J(0™
exp(0™ (sn, a (Sh))+ﬁm)

aJ(6(m)
X exp(00) (s, ) + g, o)

* 8J (6™
_ exp(0(sn, 0" (5n))) exp (1575 (o)

9J(6(m)
G;A exp(@(") (5h7 a)) eXp(?’]m)

(n)
= 7" (a*(sn)|sn),

where the inequality follows by (™) € Ry (sp,).

Claim 2. Assume 0 € MN.(sp) N Ra(sp) N Rs(sp) and divide again in two cases. If a)
7% (a* (sp)|sn) > meaj(ﬂ‘g(abh), then for all a # a*(s;,) we have

_9JO)

09 (sp,a*(sp))

= 7 (sn)m®(a (sn)lsn)A™ (sn, a* (s1))

> pu “(sn)m® (alsn)A™ (sn, a)
)

_0J(0)
89(8}“ )

Where the inequality follows from A’ (Sh, a*(sh))—A”3 (sp,a) = Q' (Sh, a*(sh))—Qﬂe (sp,a) >
# > 0 by (I6). Hence, 6 € R+ (sp).
The case b) where 7 (a*(s3,)|s) < max 7% (a|sy) is not possible for @ € N (s;,). Assume there

exists a # a*(sp,) such that 7% (a*(sp,)|sn) < 7%(alsy). Then

7 (a*(sn)|sn) + 7°(alsn) > 2e(sn)_ _ 2|£‘*IEISI;* 2 24%(s) >2— 2 > 1,
hI1oh Ml +1 AER CJAJHR =7 A

because A*(s) < HR* by definition and |A| > 2. This is a contradiction as 7% is a probability
distribution and Claim 2 is proven.

Claim 3. By the asymptotic convergence of Theorem we have that 70" (a*(sp)|sn) — 1
for n — oo. Thus, there exists an Ny(sy) > 0, such that 70" (a*(sp)|sn) > C(CS(:)"J)FI for all
n > No(sp), ie. 00 € N.(sp) forall n > Ny(sp).

Furthermore, as Q™ " (sh,a*(sp)) = Q> (sn,a*(sp)) for n — oo there exists Ny (sy,) such that
0(") € Ry(sy,) forall n > Ny(sp).

Moreover, as Q™' (sn, a*(sn)) — Q™ (sn,a*(sn)) = Vo(sp) and V™' (sn) = V>°(sp) for

n — oo there exists No(sy,) such that ") € R3(sp,) for all n > Na(sp,).
We choose ng(sp,) = max{No(sp), N1(sp), Na(sp)} which proves Claim 3.

O

Theorem 3.2. Under Assumption let 1 be a probability measure such that u(s) > 0 for all
s €S, letn = ﬁ and consider the sequence (9(”)) generated by Algorithmwith arbitrary

« 7 12
10H®R \5|‘ dy, ‘

initialisation 8(). For € > 0 choose the number of training steps as N = . Then

it holds that

c2e

oo

o(N)

Vo) =Vg (w) <e
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Proof. We will show that

» n . o) 10H5R*
T () = T, ) = Vo () = V5 () € ——5——

For any -smooth function f : R? — R the descent lemma gives [see|Beck, 2017, Lemma 5.7]

then the claim follows immediately from this.

1) < 1) + VI @) (g~ 2) + Sy — ]

—f is also S-smooth we follow

~(9) < ~ (@)~ VI @y~ )+ Dy — P,

which is equivalent to

F) > F@) + V1@ ()~ Dy (19)
Now for gradient ascent updates
Tr1 = ok + aV f(x))

we have that
Flwrs) 2 Fw) + 9 F @) e = 26) = 5z —ail?

a?
= flan) + V)P = Z 19 )

O[2
= )+ (o= Z) vl

It follows for the maximum f* of f that

P = Fa) < = ) — (o= Z) )2

Now assume that there exists a b > 0 such that |V f(z)|| > b(f* — f(xy)) forall k£ > 0, then

f*—f(:vk+1)§f*—f(xk)—( DOV~ pa®

We choose the step size o <3 , then
* * OéC2 * 2
Jr = f @) < 7 = flaw) — T(f = flzr))”

When f* — f(z1) < 225, then f* — f(z,,) < —%— (see Lemma|B.7).

We apply this to our objective J(6, u) with o = = 5H>R* and b = Z |~1. Note for b,

\S|HH
that dﬁg (s) > 4pu(s) by definition for any ¢ (see also Remark So, we only need to check that

.

This is directly given by the bounded reward assumption and the fact that ¢ < 1 and ‘ L

2H*R*5HH|S)| ’ -

T () = J (0, ) < =

2

Then, we yield the claim >

10H5R*

T () = T (6", ) <
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of 3 is due to their smoothness constant a power of 2 is due to the distribution mismatch

coefficient and the additional power is due to comparing value functions with a different start
distribution p instead of y. Comparing to our results, directly using /. leads also to a factor (1 —~)~>.
For the simultaneous PG the smoothness of order H2R* leads to a H? in the convergence rate, then
the distribution mismatch coefficient adds another H? and the additional H comes from the PL-
inequality, as the cardinality of the enlarged state space under Assumption|3.1|is |S*| = |S|H. As
mentioned in the article, it cannot be proven that c is independent of H. We omitted this dependency
when we compare to the discounted case because the model dependent constant there could also
depend on ~y in the same sense.

Remark B.6. In the discounted setting Mei et al. [2020] obtain the factor (1 — v)~%, where a power
3
(1—7)3

Lemma B.7. Let (d,,)nen, be a positive sequence, such that d, 1 < d,, — qd2 for some g > 0 and
do < %, then d,, < qi.

n

Proof. We use an argument similar to Nesterov| [2013| Thm. 2.1.14]. It holds

1 1 qd, 1
> - > — +gq,
dn+1 dy dn+1 dy,

where the first inequality is due to dividing by d,,d,,+1 and the second inequality follows by mono-
tonicity. Using a telescope-sum argument we obtain

n—1

Finally,

B.2 Proofs of Section[3.2]

Lemma B.8. Let h € H, then the objective Jy(0n, T (hi1), pin) from @) is smooth in 6y, with
parameter By, = 2(H — h)R*.

Proof. Note that we can interpret the objective function .J; (0, (541, ti) as a value function of
a one-step discounted MDP with v = 0 and bounded rewards between [0, R*(H — h)]. Hence, we
can use [Yuan et al.| [2022} Lem 4.4 and 4.8] to obtain that the softmax policy 7" fulfills the desired
properties with

1
E,. o [||Vlog7r9h'(A|s)||§] S1-Tp Sl Vses
Eepon |92 log 7% (4]3) 2] <1,
which leads to a smoothness constant 8, = 2(H — h)R* for the objective function Jj,. ]

Lemma B.9. It holds that

IVIW(On, 7T (ht1) n)ll2 > 1161}91’1 7 (a5 (9)]8) (J5 (Fht1)s n) — Tn (O, F(ng1)s n)-

Proof. First note that by the definition of 7, we have J; (7 (1), pin) = V,l(ﬁh"ﬂ(h'“)) (un), because
the tabular softmax parametrisation can approximate any deterministic policy arbitrarily well. Using

Choosing the learning rate (1 — ) /8 leads to the (1 — )™ factor in the convergence rate. Using recent
results in [Yuan et al.} 2022, Lem 4] one can improve the smoothness constant for discounted MDPs. Still, the
global convergence result in [Agarwal et al.l 2021, Thm 5] holds only for a learning rate (1 — ) /8 and hence
does not lead to direct improvement in the convergence rate.
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the performance difference lemma in the dynamic setting from Corollary [A.4]and the derivative of
the objective given in Lemmal[A.8] we obtain

H OJn(On, T (ht1)» Hn) H
00,

8Jh (Ons T(ht1),0s)
- H ; Hn(s a0y,

8Jh H}L,W(thl) 5) 2 %

[S%‘;}la;, (sgs: 00 (s',a") ) }
OJn(On; T(hy1), 0s)
= 3 o) 00n (s, aj,(5))

‘ 2

SESH
* (7%r & (ht1)) *
= > mn(s)n® (aj (s)|s) AT (s, 0 ()
SESH
= 3 1nl)n” (@5 ()1s) (i (Fonsn), 0.) = TnOns Ty, 65))
SESH
> min " (az<s>\s>(J2<ﬁ<h+1>,uh> = In(Ons Ty, i) ).
The first inequality is due to the non-negativity of all other terms, and we just drop them. O

Lemma B.10. Let uy, be a probability measure such that pp(s) > 0 for all s € Sy, and let

0 < np < m. Consider the sequence (Ql(ln)) generated by Algorithm for arbitrary

0)) € R and . Then, ci, = en(0") = infz0 minses, 7% (af (s)[s) > 0.
The idea of the proof is based on Mei et al.| [2020, Lemma 5] for bandits and extended to the

contextual bandit case.

Proof. Throughout the proof we abuse notation as follows:

» As we consider a fixed time point & we will only write 6,, instead of Hgn)

* We denote the objective function by .J;,(0) instead of Jj, (6, 7,41y, ptn) for a fixed policy 7
and start distribution 41, Furthermore, we will just write .J;; instead of J; (7 (p4-1), i )-

» We will write Jj, 5(0) for the objective function which starts almost surly in s € Sy, i.e.
In,s(0) = Jn(0, T (g1, 0s).

First note that

s (O) = 3 7% (als)Q] (s, a),

a€A,

where Q7 (s, a) is independent of 6. We will drop the subscript 7 in @, for the rest of the proof and
define for all s € S,

A*(s) = Qn(s,a;(s)) — max @Qp(s,a) >0, and A* = min A*(s) >0
a#aj (s) SESH

Consider the following sets

0y s(0) OJp.<(0) .
Ra) =10 ggts ar(s)) = D0(s,0) "7 @)}

Ri(s) = {0: 7°(aj,(s)]s) > 7°(als)Va # aj(s)}
Ni(s) = {0 : 7%(aj(s)ls) > a1
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for cp(s) = % — land A} (s) = Qn(s,a"(s)) — maxazq+ Qn(s,a). Then consider the

following Claims:

1. 0, € Ri(S) = Opt1 € Ri(5),
2. If 0, € R} (s), then 7o+1(aj (s)|s) > 7o (a} (s)]s),
3. Nu(s) CR2(s) CR}(s).
Claim 1. Let 0,, € R} (s) and a # aj(s). Using the derivative of the value function we obtain
0Jp,s(0n) S 0Jp,s(0n)
00(s,az(s)) — 00(s,a) (20)
& 7 (a;,(5)|5) (Qn(s,a4(5)) = Jns(0n)) = 7 (als) (Qn(s, @) = Jn,s(6n)).

We divide into two cases:

a) 7 (aj,(s)]s) > 7" (als),

b) 7% (a}(s)|s) < 7 (als).

In a) the assumption 7% (a (s)|s) > 7% (a|s) implies 0, (s, a} (s)) > 0,.(s,a). Thus,

hu(5.659) = 50500 0

OJp.s(0n)
> gn , —_2
> On(s,a) + nnpn(s) 20, (5.a)
= 97L+1(87 a),
which implies 7%+1 (a} (s)|s) > 7%7+1(a|s). By the optimality of aj;(s) we follow
Ont1/ x * On+t1

™ (ag (5)]5) (Qn (s, a3, (5)) = Jns(On41)) = " (als) (Qn(s, a) = Tn,s(Onr1)),

which is by (20) equivalent to

6Jh,s(0n+1) > ale,s(9n+1)
00ni1(s,a5(s)) = 0ngi(s,a)

Hence, 0,41 € R}, (5).
In b) assume now that 7% (a} (s)|s) < 7% (als). As 0, € R} (s) @0) is also true in this case and
rearranging of terms gives

at]h,s(o'n) > aJh,s(en)
00, (s,a5(s)) — 00n(s,a)
' (az,()]s)
0

& Quls,ah(5)) = Qnls,0) 2 (1= 5 %) (Qn(s, 1 (6) = Tns(60)

© Qn(s,a;,(s)) — Qn(s,a) > (1= exp(fn(s, aj(s)) — On(s,a)) (Qn(s, aj(s)) — Jh,s(9n)()2~
1y

Note next that by (™) € R} (s) and definition of R}, (s) we have

Bt (5,3 (5)) — Ot (5. 0)

=0,(s,ap(s)) + Uhuh(s)(m — On(s,a) — nhﬂh(s)m

> 0,(5,},(5)) — Ou(s,a)

and is follows (1 — exp(6,11(s,a},(s)) — Opt1(s,a))) < (1 — exp(b,,(s, a}(s)) — On(s,a))) < 1
by assumption b). By the ascent lemma for smooth functions we get monotonicity in the objective
function, so

Qn(8,4(5)) = Jn,s(Ons1) < Qn(s, an(s)) = Jn,s(0n),
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where the last inequality is due to the definition of A*(s). Combining everything leads to
(1= exp(Bus1(5, @5(5)) = ns1(5,0)) [@n(s, 41 (5)) = Jns (O s1)]

< (1= exp(On (5, a(s)) — On(s,))) [Qh(s, at(s)) - Jh,s(an)}
< Qh(&aZ(S)) - Qh(87 a)7
which is by 1) equivalent to 6,11 € R1(s).

Claim 2. If 6,, € R} (s), then
" i (5)])

_exp(Ont1(s,a;(s)))

2 exp(bnii(s, a))
acA

* 0Jn,s(0n
exp(Bn (s, a7, (5)) + niin () ggotsinieds)
OJh,s(On
2, o®0n(s,a) +mpin(s) Ftet)
acAs

* h,s(On
_ OXP(0n(5,05,5))) exp(min () gty

Jn, s (On
3 exp(0a(s, @) exp(inin () g tiartoy)

= 7" (aj(s)]s),

where the inequality follows by 6,, € R} (s).

Claim 3. Let 6,, € R7(s), then by the optimality of a*(s),

O (a*(5)]5)(Qn(s, @ (8)) = Jn,s(0n)) = 7 (als)(Qn(s, @) = Jns(6n)) (22)
aJh s(en) > aJh s(en)

On(s,a%(s)) — 00n(s,a)
Hence, 0,, € Rh(s).

On the other hand, let 6,, € Nj,(s), then assume there exists a # aj (s) such that 7(a}(s)|s) <
7% (als). Then

(23)

0( *( )‘ )+ 9( | ) > 20(5) 2|A‘(AI;Z5})L)R* —2 92 QAZ(S) >9 2 > 1
' (a;(s)|s) + 7" (a|s = " =2 22— 2> 1,
4 c(s) +1 \Al(fi—(h)ﬂ% |A|(H — h)R Al

because A*(s) < (H — h)R* by definition and |.A| > 2. This is a contradiction as 7 is a probability
distribution and Claim 3 is proven.

To follow the claim of the lemma from the claims 1 to 3, we need asymptotic convergence to the
global optimum. This is given by |Agarwal et al.| [2021, Theorem 5], since we can interpret the
objective J, as a one-step MDP with v = 0. Then, assuring that the step size is smaller than one over
the smoothness parameter is enough to use the same proof as provided in|Agarwal et al.|[2021]].

So, there exists a time ¢ such that § € Ny, (s) for all s € S. Finally,

inf min 7% (a*(s)|s) = min min 7 (a*(s)|s) > 0.
n s 0<n<ty s

O

Proposition B.11. For fixed h € H, let uy, be a probability measure such that up(s) > 0 for all
s € Spandlet0 < np < m. Let 9;10) € R be an initialisation such that the initial policy

is a uniform distribution, then c, = ‘7¥| > 0.
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Proof. If we initialise uniformly, then 6, € R3(s) for all s € S, from the proof of the previous
Lemma Therefore, 6,, € R} (s) for all n > 0 and from Claim 2 we have

1
¢p, = inf m1n7r (a*(s)|s) = min o (a*(s)]s)

n s :W

0(”)

O

Remark B.12. Let us shortly discuss why the constant ¢;, in the dynamic case can be bound explicitly,
but c in the simultaneous case can not. In the dynamic case, the future policy is fixed and the optimal
action a* () is chosen with respect to the best policy 7}, dependent on the fixed future policy 7 (j,1).
This leads to monotone improvements in epoch A (due to smoothness), and so the probability to
choose the best action increases over the training steps. In the simultaneous approach the future
policy changes in ever training step, as 6 changes after every update. Smoothness just guarantees
improvement in the value function, i.e. improvement in expectation over the time horizon. As 7* is
the final best policy, we have to bound min,, ¢ 7%(a*(s5)|sp) for every sy, in the enlarged state
space. This the cannot be followed from improvement in expectation.

Lemma B.13. For fixed h € H, let uy, be a probability measure such that up,(s) > 0 for all s € Sp,
let gy, = m and consider the sequence (957)) generated by Algorithm 2| with arbitrary

M. Then it

2
CL€

initialisation 020) and 7. For € > 0 choose the number of training steps as N =
holds that

(Np)

V(ﬂ;vﬁ'(thl)) _ V(ﬂgh S (ht1)) <
h (Hh) h (Hh) S €

Moreover, if Q,SO) initialises the uniform distribution the constants cy, can be replaced by ﬁ.

(n)

* A~ ) ~
Proof. First, note that Vh(ﬂ’”“w(h“))(uh) = Jr(T(h+1), un) and V}fﬁ " ’W“L“’)(Mh) =
Jh(Gl(ln), T (h+1)s Mn) by definition of .J;, and choice of 7. We will proof
./~ n) ~ 4(H — h)R*
Ji (R (hg1), ) — T (6 )77T(h+1)>ﬂh) < (cT)’
h

Then the claim follows directly from this.

We use the same arguments as in the proof of Theorem [3.2] for our objective function
Jn(On, T(h41), ). Thus, we only need to assure, that

. 1
T Fgnys i) = IO Ry i) < h
forqg=2-, witha =n, = B and b = ¢;,. It holds that
* ([~ * (H — h)R* 2ﬂh 1
T F gy i) = Tn(08) Fnny pin) < (H = )R* < =i = S50 = =
h h q
and the claim follows as in the proof of Theorem O
Theorem 3.5. For all h € H, let uy, be probability measures such that Mh( ) > 0forall s € Sy, let
np = m. For € > 0 choose the number of training steps as N}, = AH= h)HR || o | . Then
(Ng—1)
for the final policy from Algorithm T = (WO(SNO), e ,7T0H*h; ), it holdsfor all s € Sy that
Vo(s) = Vg (s) <e.
If 9( ) initialises the uniform distribution the constants c;, can be replaced by + TAT-
Proof. First note that by our choice of the future policy 7 = 7* we have
In(O") Fg1y. 05) = ViF (s). (24)
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By Lemma 3.4 we obtain
A(H — h)R*
C%Nh

Ny)

Ti Ry i) — (O™ Ty, i) <

For every s € Sp,

* [~ ~ 58 5/ * [~
Tr(Fneny 0s) = Jn (O Ty, 05) = > /Jh(S')'uh((s,)) Tr(Fns1y 05) — Jns (O™ Fnen, 0s)
s'€Sy
< ’ H (Jn(7 h+1)nuh) Jh(a( ST (ht1)s k)
el ol I
Nh
(25)
where H%}H = maxses,, ;- ( > 0 by assumption. As N, = %Hﬂ%“ , it holds that
" oo “h v o0
. ) - €
TRy, 0) = Ju(05") Ry, 0) < (26)

for every s € S. For h = H — 1 it follows directly by (24) and the specialty of the last time point
that forall s € Sy_1,

* L * H-1 €
Via() = Vi Za(8) = Ti_a(6) = Ju—a (057, 80) < .

Note that the last epoch is independent of 7. Assume now that for all s € Sy,

Vii(s) = Vil (s) < @ 27)

Then it holds for all s € S;,_1 that,

Jia (i 00) = max (r(s,0) + 3 p(s/ls.a)Vir () = Y- pl(s'ls.a) (Vi () = ViT" (s))

s'e€Sy, s’ €Sy,

e(H — h)
> max (r(s,a) + Z p(s's, )V (s)) — ——4—
aGAs( SES) ) H

* G(H - h)
=Vi_1(s) — g

(28)

by the Bellman expectation equation for finite-time MDPs (Puterman|[2005]). We close the backward
induction using (24) such that for all s € Sj,_1,

Vi1 (s) = Vil i (s) = Vi_y(8) = Ty (Fny, 0s) + iy (R, 6s) — Vi1 (s)

<6(H—h) €
_e(H—(h—1))
H .

Finally, it holds for h = 0 and all s € Sy that
Vi(s) = Vi (s) <e.

C Asymptotic convergence for simultaneous PG

In this section we will proof asymptotic convergence of simultaneous softmax PG towards the global
optimum. Therefore, we use the extended notation of the state value, state-action value and advantage

function introduced in Remark For the rest of the section we will write §,, = 6(™ to save
notation.
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Theorem C.1. Let pi be a probability measure such that p(s) > 0 forall s € S and let 0 < n <
ﬁ. Consider the sequence (9(")) generated by Algorithm or arbitrary 0(©) € RXn % Then,

(n) (n)
forall s, € S™ we have V™° (sn) — V*(sp) as n — oo. Especially we have V07T9 (s) —
Vi (s) asn — oo forall s € Sy.

Before we can proof this result we have to proof a row of lemmata. The outline follows the proof of
Agarwal et al.[[2021}, Theorem 5]. For the rest of this section we will just write J(6) or J* instead of
J(0, p) or J* ().

Lemma C.2 (Monotonicity). If the learning rate satisfies 0 < n < L =1

1

< — =
S S )
then V' (sn) = V™" (s1) and Q! (sn,a) > Q™" (sn,a) forall s, € S and all a € A.
Furthermore, there exist limits V°°(s) and Q*° (s, a) such that

. xon _ 00
nh_}n;OV (s) =V(s) < 0.

lim Q™" (s,a) = Q> (s,a) < 0.
n—oo

Proof. We will show that Vhﬂen (s) <VF s (s) for each state s € S (in the not enlarged state
space) and each epoch h. Then by the bounded reward assumption there exists V,>°(s) such that

on . .
Vi (s) — Vi° for n — oco. If this holds true we see the mononicity and convergence of the
Q-functions from the relation

Q7 (s,a) =r(s,a) + > pls']s, ) VT (5),

s'eS
with Vg = 0.

In order to show the claim we first see from the performance difference lemma, that

On

H-1
Vi ) = Vi () = B[ 3 A7 (S A0

t=h
’rL+1
= Z Psn (81 Zﬂ' 1 (a|s;)A (sl,a),
s €SIH] acA
where p’r M (sy) = ! ]P”Srh”Jrs1 (S; = s;) the state visitation measure from epoch h to H — 1

on the enlarged state space S ("], Note that Pin bl (s1) = 0forl < h, as we cannot visit states from
previous epochs.

We will prove that ) , ”+1(a\sh)A”9" (sh,a) > > ,eam(a \sh)A’r (sn,a), for any sp €
S, Then the fact that 3, , 7% (a|s) A™" (s, @) = 0 leads to the desired result.

Therefore, we consider the function
Sh 08h : Z @ a|3h S}Ma) Sp € S[H]v
acA

for 05" = (0(sp,a))aca € RAL We will set c(sp,a) = AZG" (sn,a), but for 0, fix, i.e. the
following derivatives with respect to #°» of F' are independent of A™" . From Agarwal Lemma C.2
we know that

OF, (6°)

00(sp, a) losr
Furthermore, Fj, (05, ) is 5H R*-smooth for every s;, by Lemma D.1 in Agarwal and the bounded
reward assumption. Considering our gradient ascent updates from simultaneous training we get

V™" (w)

(n n
= 7% (asn) AT (1, a). (30)

On+1(sh,a) = On(sn,a) + UW 3D
= On(sn,0a) + 77/% " (sn)m% (] sp) AT " (s, a) (32)

—On 0Fs, (0,
= Hn(sha a) + 77/)”6 (Sh)ae}(s(h}a; gin (33)
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As nﬁf" (sn) = anzen (sp) and dﬁgn (sr) a probability measure we see that nﬁzgn (sn) < spp
by our choice of < ﬁ. Then the descent lemma for the 5H R*-smooth function Fj, gives the
desired inequality

Z 7-r0"+1 (a|sh)Aﬂ—9n (Sh, a) > Z 7T9" (a|sh)Aﬂ—9n (Sha a)-

acA acA

O

Remark C.3. We want to point out that the proof of Lemma|C.7]is crucial for the choice of the step
size in the convergence analysis of the simultaneous PG algorithm. As we can only use the descent
lemma for a step size 0 < n < ﬁ, we can only achieve asymptotic convergence towards global
minima under this assumption. Hence, we also need this step size requirement in the convergence
analysis.

We introduce the following definitions:

min |A(sp,a)]
{(sh,a)E(SH)XA: A= (s,a)#0}

where A% (sp,, a) = Q% (sp,a) — V>(sp).

We define the sets for each s, € S (7,
Ig’l = {a € AlQoo(Shva) = Voo(sh)}’
I ={ac AlQ>(sn,a) > V=(sp)},
I’ ={ae AlQ®(sn,a) < V™(sp)}.

We aim to prove that I} is an empty set, then V> (sj,) = V*(s,) the optimal value function (epoch
wise true).

Lemma C.4. There exists a time N1 > 0 such that for all n > N1, and s, € S™ we have

A A
A% (sp,,a) < —Zfora eI, A% (sp,a) > Zfora e,

Proof. Fix s;, € S arbitrarily. As v (sn) — V>°(sp,) for n — oo and S is finite, we have that
there exists N; > 0 such that for all n > N; and s;, € S[*],
A

V™ (s1) > V2(sp) — T

It follows for all n > Ny, s, € Sl and a € I°" by the definition of A:

n [o'e) o) A A A
A% (sp,a) = Q% (s, a) — V™ " (sn) < Q™ (sn,a) — V>(sn) + TS -A+ T< 7T

Similarly, for alln > Ny, s, € S M anda el j_”' we obtain from monotonicity Lemma and the
definition of A,

Al (s,a) = Q% (sp,a) — Vﬂen(sh) > Q>(s,a) — a_ Ve(sp) > A—— >

4

| >
»p.\[>

O

Lemma C.5. It holds that % — 0asn — oo forall s, € SM, a € A,. This implies that

fora € I3 UI, w9 (alsy) — 0 and that ", o 70 (a|sp) — 1 for n — occ.

aelg

Proof. From [Beck, 2017, Theorem 10.15] we deduce for any S-smooth function f : R? — R,
that ||V f(2*)|| — 0 for k — oo, if zF+1 = zF — nV f(2¥), when 1 < % By Lemma J(+) is
1

H?R*(2 — ﬁ)—smooth. It follows by our choice of 17 < =777+ that 8(997;]((59:,)(1

)—>0asn—>oof0r
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all s, € S, 4 € A,. Now remember the derivative of the softmax parametrisation in the stationary
case

On

0J(0,) .

_ On On
aan(s}“a) p;,a (Sh)ﬂ- (a‘Sh)A (sh’a’)7

and by Lemma |A% (sp,a)] > & forallm > Ny and a € I" UT*". As ﬁZG" (sn) > 0 by
assumption on £ and the positivity of the softmax parametrisation. It follows that 7~ (a|s) — 0 for
n — oo forall a € I7* U I°" from % —0asn — 0.

The last claim, Zaelé 7% (alsp) — 1 forn — oo, follows immediately from ), . , 7% (a|sp) =1
by:

nh_)H;Q Z O (a|spy) = hm (ZTK‘ "(alsp) — Z ﬂe"(a|sh))

llel Sh acA aEIihUIih’
=1- E lim 7% (alsy)
T n—o00
aglihur’h
=1.

O

Lemma C.6. For a € I3}", the sequence (0,,(sp, a))n>0 is strictly increasing for n > Ny and for
a € I°", the sequence (0,,(sy, a))n>0 is strictly decreasing for n > Nj.

Proof. With Lemma[C.4]we know that for n > N;
AV (sp,a) >0 fora € I5; A% (sp,a) <0 fora € I*",
and by the derivative of the value function

0 (On) _ _ zn (o) pbn 0,
90, (s, a) =py, (sn)m " (alsn) Ay (sn,a).

As ﬁzen (sn) > 0 by the assumption x(s) > 0 and the positivity of the softmax parametrisation, we
have for all n > N,

dJ(6,) 9J(0)
S50 fora € I3 0 fora € I°".
aen(5h7Q)> ora € I, 39n(sh,a)< ora € I”
This implies for a € I5",
9J ()
gn ) - 971 9 =N > 07
+1(Sh a‘) (sh a) naa(sh’ a)
i.e. (0,(sn,a))n>0 is strictly increasing for n > N7 and similar for a € I°",
9J ()
an ) - en 5 =57 07
+1(5h a’) (Sh a‘) n89n(sh, a) <
i.e. (0,(sn,a))n>0 is strictly decreasing for n > Nj. O

Lemma C.7. Forall sp, € S where I # 0, we have that

max 6, (sp,a) > 00 and minb,(sp,a) = —oco  forn — oo.
aelgh acEA

Proof. By assumption 13" # () there exists an a4 € I}" and by Lernma we have 7¢

0, as n — oo. Hence, by softmax parametrisation this is equivalent to

"(ay|sn) =

exp(0n(Sn,a4))

2. exp(bn(sn, a))

acA

— 0, forn — oo.
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Using Lemma|[C.] i.e. 0,,(s,, a.) is strictly increasing for n > Ny, we imply that exp(6,, (sp, a4 ))
is strictly increasing for n > ;. This implies that

Zexp (sp,a)) = oo, forn — co.
acA

Again by Lemma[C.5] we know that
Z 7 (alsp) — 1, forn — oo,
a€lyh

i.e. by definition

exp (0, (sp,a))
2 > exp(On(sn,a’))

— 1, forn — oo.

aelsh a'€A
As > exp(0n(sn,a’)) = oo it follows that
a’€A
Z exp (0, (sp,a)) — oo, forn — oo
aclgh
implying

max 0,,(sp,a) — oo, forn — oo.
acl, o

For the second claim it holds that

0J(0,) o . .
Aa(an((sh,)a):'0/7I (Sh)(;”e"(abh)@ﬁ (sn.a) — Vi¥ " (sn))

9 n On On

s ™ won
=Py (sn)(ES, =@k (sn,a)] = Vi (sn))
rOn O O

=pn (sn)(Vir (sn) = Vi7 (sn))

= 0.
By induction, we obtain ZaeA 0 (sp,a) = ZaeA Oo(sh,a) := cfor every n > 0 and hence

2%129 Sh, G 29 (sn,a rnax9 (sp,a) = —I{?eajcﬁn(sma)—i-c.

acA

Since maxgeq 0,(sp,a) — 00, because max, ¢ < 0n(sp,a) — oo, we conclude

minge 4 0, (sp,a) = —oo forn — oo. O

Lemma C.8. Suppose ay € I3". If there exists a € 13" such that for some n > Ny, n% (a]sy) <
7% (ay|sp), then for all m > n it holds that ™% (a|sy) < 7% (a|sp).

Proof. Suppose there exists a € I§ such that for an n > 0, 7% (a|s;,) < 7% (a|s;). We show that
mfn+1(alsy) < w%+1(ay |sp), then the claim follows by induction. We have

8‘]h(0n) _ ~qn On won won
50 oy = P ()7 @l (@R (sn, ) = V7 (50)
~mfn mon won
<5 " (sn)m (ay|sn) (QF " (snaq) = Vi7" (sn))
__0J(0n)
00, (sh,ay)’
where the inequality follows with
on o A
Qn  (sn.ay) = Qp (sn,a4) — 1
A

> Qi(sh,a) + A — —

4
> Qh "(sh,a).
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The first inequaility is due to Lemma and the second by the definition of A and a € I;". Now by
assumption we have 79 (a|s;) < 7 (a4 |s;,) and thus 0, (sp,, a) < 0, (sp, ay ). It follows
0J(6,) a0J(0y)

_Z2\In) _Ze\Tn)
+ naen(sfma') o 0(8h7a+) * 7780”(8}“0;4,_)

Ont1(sh,a) = 0, (sp,a) =0Opy1(sn,a4).

Now define for every a € I}" the set
Bi*(ay) = {a € Ig* |7 (ay|sp) < 7% (a|sy) for all I > 0}

and denote its complement in 13" as By (ay) = I3" \ Bg" (a+).
Lemma C.9. Suppose I" # (. For all a4 € I3}", we have that By" (a4.) # 0 and

Z 70 (alsp) = 1, asn — co.
a€By (ay)

This implies:

max  6,(sp,a) = oo, forn — oo.
a€By" (ay)

Proof. Let ay € I3* and consider a € Bj"(ay). Then by definition of Bg"(ay) there exists
n’ > Ny such that 7% (ay|sy) > 7%’ (alsy,). Hence, by Lemmafor all n > n/ we have
7% (ay|sp) > w0 (alsp). As 7% (a|sp) — 0 for n — oo. We obtain 7% (a|s;,) — 0 for n — oo,
for all a € By (ay). Since by Lemma Zaeljh, 7% (a|sp) — 1 for n — oo, we have that

Bj"(ay) # 0 and that ZaEth (as) 7% (a|sp) — 1, as n — oo. The second claim follows from this
as in Lemma|[C.7/] O

Lemma C.10. Consider s, € S x H such that I?" # (. Then, for any a € I3", there exists an
Ng, such that for all m > N, we have

7 (ay|sp) > 7% (alsy) forall a € Bi* (ay).

Proof. For every a € By" (a4 exists time n, such that
7 (ay|sp) > 7% (a|sp,) foralla € By (ay)
for all n > n, by definition. Set N,, = max, B (ay) Ma and the proof is completed. O

Lemma C.11. Assume again I3" # (. For all actions a € I3", we have that 0,,(sp, a) is bounded
from below as n — oo. And for all a € I°", we have that 0,,(s,a) — —o0 as n — oo.

Proof. The first claim follows directly with Lemma as 6, (sp, a) is strictly increasing for all
a € Ii"*, n > Ny, and thus for all n > N; we have 6, (sp,a) > 6n, (sn,a). Now suppose a € I*",
then by Lemma we have that 0, (sp,, a) is strictly decreasing for n > N;. Assume there exists
b such that nlLII;O 0., (sp,a) = b, then 0,,(sp,a) > bforalln > N;. By Lemma there exists an

action a’ € A such that 0,,(sp,a’) = —oo forn — oo. Consider & > 0 such that O, (sp,a’) > b—4.
Define for all n > N;

7(n) = max{k € (N1,n] : Ok (sp,a’) > b—d}.

Define also



as the set of all indices n’ in (7(n),n), where 0,/ (sp,a’) is decreasing. Next we define Z,, :=
Yo %, then it holds that

Zn:Z@H (s

n’ €T (m) ho @
n—1
8. (0r)

< D Boterd

n’—‘r(n)-‘rl 00 (51, a')

0J (0, (n
< Z o+ Orm) |
39 Sh, 897(n)(8h,a/)

n'=r(n)

By Lemma[A7]and the bounded reward assumption we have

— ~71'87(") 07(") / Ae'r(n) / < HQR*
897‘(”) (Shaa/) pﬂ (Sh)ﬂ- (a |Sh)| h (Sh,a )| a .

Hence,

Z 5‘0 (s +H2R*

n’=1(n) hy @

1
= - On(s0: @) = Oy (s, 0) + H'R*
< L (0u(sna') —b+8)+ H2R".

n

Then 6,,(sp,a’) — —oo for n — oo implies that Z,, — —oo for n — oo. As we chose a € IT°" it
holds that |A(ZL" (sh,a)| > & forn > Ny with Lemmaand so for all n’ € T("):

8.J(6,,1)

WG | _ | 7 (alsn) A (sn, a)
aJ (0, - en
ﬁ w0 (@[ sn) Ay (sn, ')

7% (a|sp) A
mon' (a'|sp) 4H R*

A
= exp(@n/ (Sh, (L) - en’(sfw a/))4HR*
A
A
= oP0) g

where we used in the last inequality that 0,/ (s, a’) < b— 6 foralln’ > 7(n) and 6,,(sp,a) > b for
all n’ > Nj. By the definition of 7(") these inequalities holds especially for all n’ € 7). Using
this we can imply that for all n > Ny with 7(") = (),

n—1

0J(0,)
00, (s, a)
0J(6,,)
00, (s, a)

%(GNl(sh, a) — Gn(sh,a)) =

n’=N;+1

IN

n’ €T (")

A dJ(0,,7)
< 4
= exp(5)4HR* EZT( : 80,/ (Sh, )

= eXp(é)mZn,
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where the first inequality holds because 0,,/ (s, a) is strictly decreasing for n’ > Ny, i.e. %
Oforalln’ € {N7 +1,...,n — 1}. In the second inequality we used

8.J(6,,)
69n’ (Sh ,a)
9J(0.,)
90,/ (sp,a’)

A
4HR*"

> exp(d)

Note that % < 0Oand % < 0forn’ € T(™ so that the sign of the inequality reverses.

Finally, we deduce from Z,, — —oo that 6,,(sp,a) — oo for n — oo, which is a contradiction to
0, (sp, a) strictly decreasing for all n > Nj. O

Lemma C.12. Consider s € SU! such that I" # 0. Then for any ay. € I3" it holds that

Z 0, (sp,a) = 00,  for n — oo.
a€BJ (ay)

Proof. Letay € IT" and a € B3" (ay ). Then by definition of Bg" (a4.) we have
707 (0 sn) < 70" (alsn)

for all n > 0 and hence by softmax parametrisation 6,,(sp,ay) < 0,(sp,a) for all n > 0. By
Lemma we have that ,,(s;,, a4 ) and thus also 8,,(sy, a) is bounded from below for n — oc.
Together with

max  6,(sp,a) — oo, forn— o0
{a€B," (a4)}

by Lemma[C.9 we deduce the claim. O

Finally, we are ready to prove the asymptotic convergence of simultaneous PG with tabular softmax
parametrisation.

Proof of Theorem|C.1] We have to show that I P =10foralls, €S "], So assume there exists
sn € S such that I5" # () and let a; € I3". Then by Lemma we have

Z 0, (sp,a) = oo, for n — co. (34)

a€By" (ay)
For any a € I°" we have by Lemma that

0
' (alsp)
m = exp(On(sp,a) — 6O,(sp,ar) )— 0, n— oco.
——00 bounded from below

Hence, there exists No > N7 such that for all n > Ny

7% (alsp) A
7o (ay|sy) ~ 16|A|HR*’

which leads for n > N to

. A

—HR Z 7' (alsp) > —1—67r9” (ay|sh)- (35)
aEI;h

Note that if 7°” = () we can just ignore this sum later on.

Next consider a € Bj"(ay) C I3". By the definition of I;" we have that A% (s),,a) —
Ap°(sn,a) = 0 for n — oco. By Lemma|C.10|we have forn > N,

' (at|sn)

1< .
o (alsn)
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Thus, there exists N3 > max{Na, N, } such that for all n > N3

w0 (ay|sy) A

Afn )
A (sn, @) < 7o (a|sy) 16|A]

This implies
0 0 A
Y m"(alsn) Ay (shya)] < 7 (a+lsn) g
a€BJ (ay)
and so
A A
—nfn (a+|5h)ﬁ < % (als)Ap (sn, a) < 7 (a+‘3h)T6a (36)

a€By" (a+)

for all n > Nj3. We can conclude again for n > N3,

0= Z non (a|sh)A,9L" (sh,a)

acA
= Z 7% (a)sn) AV (51, a) + Z 7% (alsn) AY (sn, a)

a€By" (ag) a€By" (agt)

+ Z (alsp)A (sh,a)+ Z 7r9"(a|sh)Az"(sh,a)

acl acl®h
0 (gls, ) A" 0. AL o, A _ g 6.

> A alen) A (sn,0) — 7 (asbsn) o+ 0 (0l G~ HR Y P (alsn)

a€By" (a) acr’h

A A A

> Z 7% (a|sp) AV (sp, a) — 70 (a+|5h)T6 + mfn (a+|s)z - —67r9" (a4 |sn)

a€By" (ay)
> Z WG“’(a\sh)AZ"(sh,a),

aGB;h(a+)

where we used Equation (36) and Lemma[C.4]in the first inequality and Equation (33) in the second
inequality. Finally, by our assumption and Equation (34) for n > N3,

00 "N (Bu(s,a) — On,(sn,a))
a€By" (a4)
n
AJ(0,)
=12 ) 90, (51, )
n'=N3 a€By" (at)
n , 0,/
=1 Z ,0# (sn) Z 'n (alsh)Ah (sn,a),
n/=N3 a€By" (agt)

which contradicts ZaEBS(a+) 7o (als )Ae”(s a) < 0forall n > Nj. O

D Proofs of section 4]

D.1 Simultaneous Approach

We first proof that the gradient estimator is unbiased and has bounded variance.
Lemma D.1. Consider the estimator from (7). For any K > 0 it holds that

S 7K
EL (VIR (0,1)] = VJ(0, 1)
and
3H*max{R*, 1}4 £

w? - 7K 2 ’
_ < -
EL [[[VI® (0, 1) — VIO, w)]|7] < % 7
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Proof. By the definition of V.JX we have

0 _~
Ep (VIR0 )]
K H-1

—E] [ Z Z V log(r? (Al |S;‘L))R;;}

= EZ:G [ VlOg(WG(AHSh))Rh}

H-1 H-1

—E['[ 3 Vioa(x’(Anls) 3 (S, Av)],

h=0 k=h

where we used that we consider independent samples for i = 1, ..., K. From the proof of the policy
gradient Theorem, we obtain that

S 7K _
For the second claim we first see that

IV (0, )| = ( ST N @wdy (s)n%(als)A™ (s, a))z)5

se€SIHl acA

<HR( Y (@ ()7 (als))?)

seSHl ace A
< H*(R)?,

N

because 70 (-|s) < 1, d” (s) <1 and both are probability distributions.

Next we have that

H-1
) ~ ] A
B 19710, m1) < BR[| D 1V 108(n (An]Sn)) |17
h=0

sa?
< HR'E]; |||V log(x’ (4,/Sn)l
< H*R*,
where the last inequality follows with by |Yuan et al.[[2022, Lem 4.8] and Jensen’s inequality.
Thus,

ET

B WJ (0, 12) = VI (0, )]

B (197 0.0) = VI 0. )]

B (19O + 219746, wllIV IO + 976, )]

<

<

N HN\HN\H

[H‘*(R*) + HYRY)? + H4(R*)4} .

Define ¢ = 3H* max{R*,1}* > H*(R*)? + H*(R*)? + H*(R*)* proves the claim. O
Recall the stochastic PG updates for training the softmax parameter from (8]

B — g0 T IK (G ).

In the following denote by (9("))n>0 the deterministic sequence generated by Algorlthrnl such that
the initial parameter agree, (°) = #(9), and the step size 7 is the same for both processes. The natural
filtration of (02 ))nZO is denoted by (F ("))nzo- Recall that for the deterministic scheme we could
assure ¢ = inf,, min,, c g0 7 (a*(s)|s,) is bounded away from 0 by Lemma This cannot be
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guaranteed for the stochastic trajectory. The idea of the convergence analysis for stochastic softmax
PG is now to define the following stopping time

r o= min{n > 0: [0 60, > .

This means, 7 is the first time when the stochastic process (9_("))720 is too far away from the PG

trajectory (9("))7120. Hence, all challenges encountered in the deterministic case transfer to the
stochastic context, indicating that the model dependent constant c naturally appears in the error
bounds of the stochastic case. We emphasise that 7 is a stopping time with respect to the filtration

(F™),,>0 by construction.
First, consider the event {n < 7}, i.e. [|§(™) — (|5 < <. Then, it follows from the v/2-Lipschitz
continuity of § — 7%(a*(s)|s) that ming<, <, minges o™ (a*(s)]s) > § > 0.

Lemma D.2. The softmax policy 7°(als) is V/2-Lipschitz with respect to @ € R® for every s, a.

Proof. The derivative of the softmax function is
or?(als) 4 [la,:a exp(f(s, a))(ZaeAs exp(f(s, EL))) —exp(0(s,a)) exp(f(s, a’))}
06(s',a’) (Yaca. exp(B(s, d)))2
=1y [la/:awe(a\s) - We(a\s)we(a’|s)]

Therefore,

IV (als)llz = [ 3 (Lar=an?(als )—r9<a|s>w6<a'|s>)2

acAg

s\/w9<a|s> —2m0(als? + 3 w0 (a/]s)n?(als)?
acAg
V3.

IN

O

Lemma D.3. Let 1 be a probability measure such that u(s) > 0 for all s € S

and consider the sequence (é(n))nzo generated by ®). Then, it holds almost surely that

ming<,<, Minges, o™ (a*(s)|s) > § is strictly positive.

Proof. For every n < T we obtain by the v/2-Lipschitz continuity in Lemma that

7 (@ (s)]s) = 7 (@ (s)]s) — 17" (@ (s)]s) = 77" (0" (5)])
> 7" (a*(s)]s) — V2(8) — 00

C
>-=>0,
2

holds almost surely. The claim follows directly. O

This allows us to use the weak PL-inequality of Lemma[B.2]to derive a convergence rate on the event
{n < 7} in the following sense:

Lemma D.4. Under Assumpfion let 11 be a probability measure such that ji(s) > 0 forall s € S
and consider the sequence (9("))n20 generated by ). Suppose that

9 c? max{R*,
N3/2|S|H19

.
.
4

w

2

* the batch size K™ > n* is increasing for fix N > 1,

) —2

oo

1

* the step size 1) = s
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Then,
d;;* 2

E[(J* (1) = J(0™, 1)1 {n<ry] < “

20|S|H°R* ‘
¢ \/>(1 T2

-

T)
Proof. Throughout the proof we drop the 4 in J and J*.
First, we deduce from the S-smoothness of .J, as in the proof of Theorem@ that almost surely

JEY) > J70™) 4 (VIE™))T @ — gy §||9<"“) _ g2,

We continue with
JED) 2 ) () I E) — P9 o
= J(O™) + (VIO VI@™) + (VIO (VIEE™) - v.I1(6™))
= D95 0) - v @) + VIE).
Thus,

JEH) 2 3G, + (- 2L SIVIE)] + <nfﬂn2)<W<9‘<">>7¢n>f*ll%ll?

where ¢, := VJX(A() — V.J(#(™). Next we take the conditional expectation on F,,. Then by
Lemma[D.1l we obtain

_ _ 2 ~ 2
BlJ@")|F,]| = 5@0) + (n - ﬁ%)uw(mm)w - 5”75,

Subtracting this equation form J* and taking the expectation under the event {n + 1 < 7} results in:
E[(J" = T )1 gn1r)]
= E[E[(" ~ 10" )| F] 1 niizn]
< E[(J* _E [J(é("“))\]-‘n} ) 1{7@}}

< E:(J* _ J(O_(")))l{nér}} B (77 - B%) [||VJ( n))H21{n§T}} " g;’;f

o . 1 . B¢
< ]E_(J — J(¢ >))1{n§7}} — (1 - m)IE[HVJ((;( >)||21{n9}} + 277Kn’

where we used that {n+1 < 7, } = {7, < n}® is F,,-measurable and that Tingi<ry < in<r,) as.

With the PL-type inequality Lemma and ming<, <, Minges 0" (a*(s)|s) > ¢ by Lemma
we have

E[(J" = JO" )L ns1<r)]

_ ) ) 5

< E[(J* _ J(9<n)))1{n§7}] —n(l— 2\ﬁ ‘S|H dwe [(J* _ J(9<n>))1{n9}} " g;{&
* Aln 1 2 dTr -2 N ~n 2 2

e v e e E{U ~IONzn] + g

where we used in the last inequality that under Assumption we have d”e (s) > +u(s) (see
Remark . For d,, := {(J * — J (0" )))1{n<7}} we obtain the recursive inequality

2
|| e S

dn+1 S dn - 77(1 Kn

2\f ISIH3
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-
123
m

We define w := n(1 — —=) &

—2
2V N/ |S|H? ‘

and B = ’877225 > 0 such that
o0

dpt1 < dp(1 —wdy,) +

K,
Note that w > 0 by the assumption p(s) > 0 for all s € S. Then by our choice of K, it holds that
9 9Bl — 575 )€  dT -2
o = | e
17T |S|H3 "
_oc n?(1— 2W)§‘ dr’ ’7 2 _ g ¢ max{R*, 1}*(1 Nﬁ)Hdz H,Q -
||| n°<- 1 n n-
S8 UNsIEE " S8 NS wlle™ =
Furthermore, we have for n = W that
4 4s|E? ‘ dr’ ‘2 ~ 20[S|H°R* ’ dr’ ‘
Bw 31— 7o)l g llee 21— 2o lloo
We obtain that
4 4
di <HR* < — < ——
! 3w = 3w-1’
112
because ¢ < 1,’ L . > 1 and \ﬁ(l_ﬁ) <1lforall N >1.

Suppose the induction assumption d,, < ﬁ holds true. First, recall the recursive inequality

dpr1 < d,, —wd? .
1S W

The function f(z) = r — wa?

dyp < 70— < 5. Thus,

— 4wn

is monotonically increasing in [0, ﬁ], and by induction assumption

B
dpi1 < dp —wd? + —

K,

4 16 E
~— 3wn 9Ywn? K,
< 4 7 16 4B
~ 3wn 9wn? YwBn?
4 12
~ 3wn  9wn?
_4 (1 _ L)
" 3w n?

4
< Y]
— 3wn

by the choice of K,, > %anz. We deduce the claim
dZ
L

4 20|S\H5R*

‘ oo

@1
O

Secondly, consider the complementary event {7 < n}. We can bound the probability of this event by
0 for a large enough batch size K. The proof is inspired by a similar result obtained by |Ding et al.
[2022, Lem. 6.3] for discounted MDPs.

Lemma D.5. Let pu be a probability measure such that w(s) > 0 forall s € S and consider the
sequence (0(™),,>q generated by ). For any § > 0, suppose that
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* 2.3
* the batch size K > W,
o 1
* the step size 1) = =y

Then we have P(T < n) < 4.

Proof. By the definition of 7 we have

Ch
B(r < n) = P [0 - 60 = %),

so we first study ||0) — A()||. We emphasise that [Ding et al., 2022, Lemma 6.3] established a
similar recursive inequality.

t—1 t—1
69— 60 = 6+ 3" gV (0N, ) = (6 + 3" VIO, )]
k=1 k=1
t—1 . _
< S llVIE @R, ) = VIO, )|
k=1

t—1
<Y _(IVIEEOW, w) = VIOF, w)| + [VIOF), p) = VIOF, p)]).
k=1

We define again ¢ = V.J5(9*), 1) — V.J(6®), 11) and continue using the S-lipschitz continuity
of VJ(8) such that

t—1
169 — 8@ <Y (ot ||+ B1e™ —8®)
k=1

t—1 t—1
=) llgill +n8Y 0% —0®|.
k=1 k=1

Using this inequality sequentially leads to
B t—1 t—1 -
169 =801 <n ) llox | +ns Y _llo™ — 0@
k=1 k=1

1 (=2 =2 t—2
<0 Y9811+ n8 S10%) = 801+ 08 (n 3k 1l + 05 YJ16% — 6] )

k=1 k=1 k=1 k=1
t—1 t—2 t—2

—nan I +n252||¢k |+ (1+n8) nﬁZHe |

= nll¢fSo [l + n(1 +nB) ZII¢>§II +(1+nB)nB Zne(’ﬂ — g
k=1 k=1

Z (L +nB) = oK.
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Applying Markov’s inequality results in
<) — ® _gy > €
P(r <n) = B(max ) — 9] = {)

n—1
<B(Y n(+n8)" ol | = T
k=1

435z (L +nB)" P E [ of ]

c

_ (1 + nB)" 1/ &

f— 3

C

where in the last inequality E[[| o5 ||] < /E[||¢X 2] < 4/ % by Jensen’s inequality and Lemma
Now we plug in the choice of 7 = m < ﬁ,

9

1 1 n—1
4n\/ﬁ5H2R*(1+Wﬂ) K

P(r < n)

C
dy/n(1+ ﬁ)”*l Ch _ Ay/nin/E
5H2R*cVK T BH2R*eVK'

where the last step is due to f(z) = (14 ﬁ)"”’l < zforall z > 1. We follow that P(7 < n) < § if

16n3 16n* H* max{R*,1}*3 _ 48max{R*,1}?>n® _ 10max{R* 1}2n3
= < <

- =K.
25 H (R*)2¢252 25HY(R*)2¢262 5c252 = 252

O

Theorem 4.1. Under Assumption let p be a probability measure such that p(s) > 0 for all
s € 8. Consider the final policy using Algorithm [Z] with stochastic updates from (8) denoted

. () L .
by #* = 7% ", Moreover, for any 5, > 0 assume that the number of training steps satisfies

x4 b
21|S|H° R* \2|| 4}, _ 1 10 max{R*,1}2N?3 .
N Z (T) T Oo, let n= m and K Z Y - E— Then it holds true that

B(Vy (1) — Vi (1) <€) > 1 3.

— a(N)
Proof. First note again, that by definition J*(u) = Vi () and J(OW), p) = VOWG (1). We
separate the probability using the stopping time 7 and obtain

P((J* (1) = JON, ) = €) <P({r = N} 1 {(T" () = JOW), ) = €} )
+P({r < N} () = IO, 1)) = ¢})

E[(J*(M) - J(é(N)vu))l{eN}}

< +P(r <N)
€

1 20|S|H5R* ‘d;:* ‘2 L9

= 1 1 T )
€CZW(1— W)N 1% [e’e) 2

L0

-2 2

:67

where the second inequality holds due to Lemma[D.-4]and Lemma[D.3] The last inequality follows by
our choice of N:

20|S|H’ R* ’dzr 9
02\/ﬁ<1—ﬁ) 12 oo 2
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. . sre |4z |2 2 . SR\ 2] dp”
if and only if N > (20@% e + %) , which is satisfied if N > (msl#) ’ L

RN (P8 edc 1
Note that we can use Lemma|[D.4]in the equation above with a constant batch size, because by our

choice of n

’ 4

i {96 ?max{R*, 1}%( H H 2. 10 max{R*, 1}21\73} 10 max{R*,1}2N?3
X —_— =
] N3/2|S|H19 252 252 )
-2
< 1. O

D.2 Dynamic Approach
We start again by showing that the gradient estimator is unbiased and has bounded variance.
Lemma D.6. Forany h € H and K}, > 0 it holds that
E(Wev(ﬁ')(h-f—l)) - Ky, 0 ~ _ 9 ~
o (VI " (0, T (hs1ys tn)] = VIR (0, T g1y 1n)

and

71'9,7?L = ~ ~ 5H—h2R*2
EG 0 1F.750 (0, 741y, ) — VI (0, gy un) |7 < DL A" n

Ky K
Proof. By the definition of V.JX we have
779, T)(h < ~
By V6, o)
7r9, T)(h 1] Qi 7
:]ELh ( )(;+1))[ ZVlog (AYSH)R: ]
= Byl [V log(r (41 51) i
(7 ,( ) —
= ]Eu: ey {V log(m?(An|Sh)) > 7(Sk, Ax }
k=h
where we used that we consider independent samples for i = 1, ..., K}. From the proof of the policy

gradient Theorem [A.6] we obtain that

719, T < ~
EE% ( )(Hl))[v'];fh (0, T(hs1)> )]

T

-1
= Epp D) [Vlog(n” (Ar]Sh) Y (S, Av)]
h

=
Il

= VJn(0, T (1) Hn)-
For the second claim we have
E( 7(7")(h+1))|: JKh 0.7 0.7 2
iin IV TS0, F g1y 1) — VIn (0, T gy 1on) |

1 (7 1 A
< B P (19 10g(x (An]S1))Qu(Sh An) = Tu(6)]]

H-1

_ K1Vh ;Z; Tr)(h+1))[ Z Z ( s=5, (La=a, —71'9((1|S)) ZT(SkyAk)

SESH aEA, k=h

0 (7 1 2
—,uh(s)ﬂe(a|s)A§l (it ))(s,a)) }7
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by the definition of @J,f(h (0, T (h41), pn,) and the derivative of V.Jy, (6, 7,41y, pin) for the softmax
parametrisation. Further,

E(?r (T (ht1)) [HVJ 9 7T(h+1) Nh) VJh(eaﬁ'(h+1)aMh)||2}

H—-1 2
< ?E(w ,(ﬂ)<h+1>)[ Z (]-a:Ah o 7T0((Z|Sh))2( Z T(Sk,Ak))
aEA, k=h
- (7%, (®) (ht))
~2 ) (Laza, — 7°(a|Sh)) Z r(Sk, Ax)pn(s)n® (alSp) A, " (Sn, a)
a€EA;
+ ) un(s)’x(als )QA(ﬂ ’(W @0)(s,a) }
sESH aEAs

We consider all three terms separately. For the first term we have

EIS:07(%)(h+1)) [ Z (1a:Ah _ 71-9(@|Sh)>2(HZ_1 T(S]W Ak))Q}
a€A, k=h
(= B o) [ [ (0 B s [ o = 2
~E [ (];r(sk,Ak)) ] —9E] [ (Ah\Sh)( ;lr(Sk,Ak)) ]
FBE O 5 52 ( T S 40)
acAg k=h

< ((H—h)R*)* 0+ ((H — h)R")?
=2((H — h)R")?,
by bounded reward assumption and the fact that 7% is a probability distribution. For the second

0 /~
term, we note that AE;F ’(W)(”l))(Sh, a) can be negative, therefore we consider the absolute value
and obtain

T

7 (F) (hat 7 (7 (har
2B, DS (e, =7 (alS1)) 3 r(Sk, Ak () (@S| AT T (5,0)]

acAg k=h
< 2E(ﬂ- () (ht+1)) [ Z 1. H h .1 779(&|Sh) . (H — h)R*}
a€A,

=2((H — h)R*)2.
For the last term we have
E(ﬂ' (@) (1)) {Z Z Hh 2 0 a| ) (n® 7")(h+1))( )2} < ((H_h)R*)2
SESH aEA,
In total, it holds that
0 (% =~ . . 5((H — h)R*)?
E ¢ )(hH)){Hv‘]li{h(ovﬂ(h-i-l)aﬂh) _VJh(eaﬂ'(h-i-l)a,uh)”Q} < S — W) Kh) S
O

Recall (égn))nzo be the stochastic process from (I0) and let (9#)%20 be the deterministic sequence
generated by PG with exact gradients,
0y = 05+ VI, Ry, )

such that the initial parameter agree, 0(0) 0(0) and the step size 1y, is the same for both processes.

The natural filtration of (5,(1"))720 is denoted by (F, ,5"))"20.
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L . . (n) .
For the deterministic scheme we could assure ¢;, = min,,>o minges 7% (a*(s)|s) is bounded away
from 0 by Lemma[B.T0] As for the simultaneous PG this cannot be guaranteed for the stochastic
trajectory. Define for every epoch the following stopping time

7 :=min{n > 0: |6 — 8, > %}

We emphasise that 77, is a stopping time with respect to the filtration (F, }(Ln))nZO by construction.

It follows again by the +/2-Lipschitz continuity of § — 7%(a*(s)|s) (Lemma |D.2) that

Ming<p<r, Minges 70 (a*(s)]s) > % > 0.

Lemma D.7. Let pj be probability measures such that pp(s) > 0 for all s € Sy
and consider the sequence (0}(:1))”20 generated by (I0). Then, it holds almost surely that

. i ISR cho: . L.
ming<n<r, Minges, 70 (a*(s)|s) > % is strictly positive.

Proof. For every n < 7 we obtain by the v/2-Lipschitz continuity in Lemma that

7 (0% (s)]s) > 70 (a7 (s)]s) — 2% (a* (s)]s) — 70" (" (s)]s)]

(n) aln n
> 70 (a*(s)]s) — V2)10 — 02

ch
> >0,
2

holds almost surely. The claim follows directly. O

We derive a convergence rate on the event {n < 73} in the following sense:

Lemma D.8. Let puj, be probability measures such that un(s) > 0 forall s € Sy, and consider the
sequence (9,(;1))”20 generated by (10). Suppose that

. 45¢2 1 2 . . .
e the batch size K™ > k(11— )n? is increasing for some Nj, > 1
h 64N 2 2V NR
o th / -1
the step size np, = ARV

Then,

_ 32VNa(H — W)R*

- 301 - 2\/1]V7)c}21n ’

E[(J5 Gy in) = Tn (O Fgn)s 1)Lz, )]

Proof. As in the proof of Theorem 1] we deduce from the (3;,-smoothness and Lemma[D.6] that

E J(é}(y,n+1)7 ﬁ-(h+1)7 /-‘Lh) |ff(1n):|

Brnibn
2K "™

(n) ~ Bunj, () ~
> J(aé )77T(h,+1)»ﬂh) + (Uh - %) IV.J (6 )77T(h,+1):,ufh)||2 -
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We take the expectation of this inequality on both sides under the event {n + 1 < 75, }. Note that
{n+1<7,} = {m <n}Cis F,-measurable and that Tinti<m) < lin<s,} as., thus

E[(J;T(W(hﬂ) pn) — Jn (03" l)a7~r(h+1)7ﬂh))1{n+1§‘m}}

:E{]E{ T (R (hg1)s n) — Jh(é}(Ln+1)77~T'(h+1)aNh))|f}sn)]1{n+1§7h}}
< E{(J 7T(h+1) fn) {Jh(é;anrl)?ﬁ(h—o—l)vﬂh)‘flsn)})1{"5%}}
SE{(J T (ht1)s Bh) — Jh(é}(zn)77~r(h+1)aﬂh))1{n§7h}]
B S(n) ~ Brnibn
Nh — h) [HVJh(@(L )77T(h+1),uh)\|21{n§n,}} K}z")
=E {(Jﬁ (Fnrnys 1) = Jn (O 7y, :u'h))l{nSTh}:|
1 A(n) ~ 2 5(H—h)R"
(1= —E[|vI.(8™, ) P Lipen ] 4 22 W
77h< 2m> {H n( B T (h+1) )| {n< ;L}} 2K;(Ln)Nh
By Lemma[B.9| we have that

IV IR (O T 1y, ) |2 > 21161‘1;1”9" (a* (1)) (T Ry 1) — Tn(OS Ty 1n))?

. 5
almost surely, and by Lemma we have that ming<,<,, minges 7% (a*(s]s))? > < > 0
almost surly. Therefore,

E[(Jh( T(h+1)> Bn) — Jh(é(nJrl)a7~T(h+1)7/14h)1{n+1§7—h}]

§E[(J2(ﬁ(h+l)vﬂh) Tn(0 7 g1, Mh))l{n<m}]
5(H — h)R*

1 : [ 2/ 7% (~ 2
= (1= 5= B min 7« (0" (s]3))2 (i (Feur 1), 1n) = Jn(0n))*Lgnsry ] + KN,

2+/Np, s€S
[(Jh( Fanys n) = Ja (O Ry, Mh))l{nSTh,}}
S(H — h)R*

1 h g(n) ~ 2.5
_77h(1 m) E[(Jh(ﬂ(hﬂ) pn) — Jn(0), 77T(h+1)a/~Lh))1{n§Th}} + KN,

where we used Jensen’s inequality in the last step.

Ford, :=E [(J,’: (R (h41)s ) — Jh(g,(l”), T(h+1)s Nh))l{nST;L}:| we imply the recursive inequality

c 5(H — h)R*
o < =1 = ) SR
2\/ 2K\ Ny,
Define w := nh(l — 2\/1N7h)% > 0and B = % > 0, then
B
dn+1 § dn(]. — wdn) + W
K,
and by our choice of 7,
” 4 1
K( R > 5¢h (1 — )n? = ngnz,
64N 2V 4
Moreover, it holds that
1 4 4
hG<H-MWR<—< —<——



because ¢;, < 1 and ﬁ(l - ﬁ) < 1 for all N, > 1. Suppose the induction assumption

d,, < ﬁ holds true, then for d,, 41,

B
dns1 < dy —wd} + —o.
Kh

1
? 2w

2

The function f(z) = z — wz* is monotonically increasing in [0, 5] and by induction assumption

1 A o 4 N
dn < gom < 55 S0 dy — wdy, < 5~ which implies

dn+1 S dn — ’U)dgl +

(n)
Kh

4 16 B

< — st —
3wn 9wn? K,

< 4 16 4B
— 3wn  9wn?  9YwBn?

4 12

3wn  9wn?2
4 /1 1

=500 22)
_ 4

~ 3w(n+1)’

where we used that K ,(L") > 2wBn?. We follow the claim

4 32yNy(H - h)R*
"= 3wn 31— 2\/1]\[7)0271 '

d

Secondly, consider the complementary event {7 < n}. We can bound the probability of this event by
0 for a large enough batch size K. The proof is again inspired by similar results obtained in|Ding
et al.| [2022, Lem. 6.3] for discounted MDPs.

Lemma D.9. Let pu, be probability measures such that ju,(s) > 0 for all s € Sy, and consider the

(n)

sequence (0, ), >0 generated by (10). For any 6 > 0, suppose that

. Eon3
e the batch size K;, > 3

c3 62
* the step size Ny, = ﬁ

Then, we have P(1;, < n) < 4.

Proof. The proof follows line by line the one of Lemma[D.5] One obtains

- (n) _ pn) h
P(m, <n) = ]P’(Oréltaanth i = Z)
_ g (14 Bn)" 1 3

— )

Ch
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where 1), from Lemma Now we plug in the choice of 1;, = \/7%6; = 5= hl) v

_1 _1 n—1_/&n
4nﬁﬁh (1 + \/ﬁﬁh,ﬂh) K}h

P(Th S n) S n
AR+ )V
- BrenVKn

< 2n/n\/y,  nV/on
= BuenVKn  envEKn'

where the last step is due to f(z) = (1 + %)”’_1 < x forall z > 1. We follow that P(1;, < n) < ¢
if
5n3

Ky > ——.
h_c%c??

We are now ready to proof the epoch wise statement.
Lemma D.10. Let j1y, be probability measures such that piy,(s) > 0 for all s € Sy, and consider the

sequence (9}&"))”20 generated by (10). Moreover, for any 6, € > 0, assume that

12(H—h)R* )2

V)
edcy,

(i) the number of training steps Np, > (

5N}
c2 62"

(ii) the step size nn, = m and the batch size Ky, =

Then, it holds true thatIP’(J;{ (T (ht1)> Hh) — Jh(él(lN”‘), T (ht1)> Hh) > 6) <.

Proof. We separate the probability using the stopping time 7, and obtain
P<J;(ﬁ(h+1>7/~‘h) — In (O Ty 1n) = 6)
<P({m > Nk 0 (i Gy, i) = T oy, n) > €})

+ P({Th < Ny O {5 (Fhgr)s Hn) — Tn(@N, T(ht1)s Mh) > €}>

E{(J;(ﬁ(h+1)7ﬂh) - Jh(é](—LNh)vﬁ-(h+1)nu’h))1{7'h,21\’h}} n

]P(Th S Nh)
€

_132VNy(H - W)R*

~ e 3(1- szfh)c%n 3
a

-2 2

=9,

where the second inequality it due to Lemma|D.8|and Lemma[D.9] The last inequality follows by our
choice of Ny,:

82N (H — WR* _ 11VNu(H = )R* _§
2

3e(l — ﬁ)c%n (11— ﬁ)e%n -
for N;, > (% + %)2 which is satisfied for N}, > (%)2. Note further that we could
h h
use Lemma@in the equation above with a constant batch size K}, because
450% 1 9 5N}? 5N3
max 1- n-, } = h ,
{64N}§( 2\/Nh) 0%62 C%(SQ
for all n < Ny, as (1—2\/11\,T)<1andch<1. O
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Theorem 4.2. For all h € H, let uy, be probability measures such that py(s) > 0forall h € H,
s € Sy. Consider the final policy using Algorithm 2 with stochastic updates from (10) denoted by

— —(N
Tt = (ﬂ'eéNO), . ,ﬂeille_l) ). Moreover, for any 9, ¢ > 0 assume that the numbers of training steps
) 1o(H-n) R H?|| || \2 1 5N H? .
satisfy Np > ( 5c7e °°) , let gy, = RV and K, > TR Then it holds
true that

P(Vs € So: Vi(s) — Vi (s) <€) >1—34.
Proof. As in the proof of the exact gradient case (Theorem [3.5) (24) we have by our choice of the
future policy m = 7* that
TN F (1), 65) = Vi (). (37)
By Lemma [D.10] we have that

* [~ gy & ‘ )
P(wam+n4%)Jﬁwﬁ“%ww+n4%>2}41)S

Hh

oo

by our choice of Ny, n;, and Kj,.
For every s € Sy, denote by J, the dirac measure on state s, then as in @)

i S(Np) =~ 1 o~ Nu) =~
T Ry 8a) = IO Ry, 8) < HEHOO(Jh(W(h-H)n“h) — In (O Ty ) as.
Thus, for all h € H it holds that

€

P(ELS S Sh : Jf;(fr(hﬂ),és) - Jh(g}(LN"),fr(hH),és) > E)

%/~ ~ €
< P(Jh(ﬂ(hﬂ),uh) - Jh(Q}(LNh)aW(h-i-l)vﬂh) > W
m

E

o

Define the event A;, := {J} (R (h41),0s) — Jh(é,(LNh),ﬁ(hH),és) < %,Vs € Sp}. Then (3§) is
equivalent to P(A$) < %. For h = H — 1 it follows directly with and the special property of
the last time point that

* w* €
IP’(ES €8h: Vi_1(s) = Vi_1(s) > E)
* ~A(N € 6
_ ]P’(Hs €Sh: Ihy 1 (8s) = J_1 (0N 5,) > E) <
We close the proof by induction. Assume for some 0 < h < H that
e(H—h)) < 6(H —h)
H - H

Define By, := {V*(s) — Vi (s) < 21 s € ). Similar to (28), on the event By, it holds that

Jh_1(R(n),0s) = max (r(s, a) + Z p(s'|s,a)Vi(s) — Z p(s'|s,a) (Vi (s) — Vhfr*(s)))

aEA,

IP’(EIS € Sh: Vi(s) — Vi (s) > . (39)

s'eSp s'eSy
/ * _ G(H B h)
> max (r(s,a) + Y- pl]s, Vi (s)) - S
s'eSp
e e(H — h)
- Vh*l(s) H .

We obtain on the event Aj,_1 N By, that (compare to (29))

Vii(s) = Vi (s) = Vi (8) = Tn o1 (R 0) + i1 (Fny, 65) = Vil (s)
< e(H — h) L £
H H
e(H—(h—1))
I ;
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for every s € S,_1. Hence, Ap,_1 N By, C By_1. Finally, we close the induction by

P(3s € Sumr £ Vi (o) — iy () = L= =1y

=1-P(By_1) <1—-P(Ay_1NBy) =P(AY , UBY) <P(AS_|) + P(BY)
= ]P’(ELS € Sh_1: J;,l(ﬁ'(h),(ss) — Jh,l(eg’i_l),ﬁ(h),&) > i)

H
+]P>(Els €Sn: Vi(s) — Vi (s) > M)

=T H
_ 0 8(H -
=" H

O(H — (h—1))

H

Finally, for h = 0 we have shown the assertion

IP’(EIS €Sy Vi(s) =V (s) > e) <.

E Example

We enclose a numerical toy example of a very simple MDP problem of optimally stopping when
throwing a dice H = 5 times. This is a non-trivial example for which exact policy gradients can be
computed. The simulations show that the theoretical results (in the exact gradient setup) are sharp up
to constants.

The MDP corresponding to this example is defined as follows:

* a constant state space over the epochs S = {1,...,6, A} containing all sides of the dice
1,...,6 and a terminal state A,

* a constant action space A = {0, 1}, where 1 indicates stopping and jumping into the
terminal state and 0 indicates continuing to the next epoch,

* a transition function p
p(s' | s,a) =P(Shs1=5"| Sp=a, Ay =a)
+, ifs,5€{0,1...,6}, a=0,
=11, ify=A,s€S,a=1lors =s=A,a=0,
0, otherwise.
Thus, we throw the dice iid until stopping for the first time, then we jump into the terminal
state and stay there for the rest of the game.
* areward function r

_[s, ifse{0,1...,6},a=1,
ris,e) = {O, otherwise.

We only observe a reward when we choose action 1 to top the game and the reward equals
the number on the dice.

Having this model with known transition probabilities allows us to implement the simultaneous
and dynamic PG under the exact gradient assumption. In the simulation we always initialised the
parameters uniformly and chose § = 0. Furthermore we chose the suggested learning rates from
Theorem [3.2)in the simultaneous approach and from Theorem [3.5)in the dynamic approach.

First, note that Figure 2] (a) is the same as Figure [I] from the introduction. The dotted red line in
this plot shows the target: V;". On the z-axis we count the number of gradient computations in the
algorithms, a way of measuring the computational complexity. The dashed magenta curve shows the
evolution of the estimated value function trained with the simultaneous training of all parameters. As
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Figure 2: (a) shows the behavior of VO’TG during the training steps over all epochs. (b) shows the
log-log plot of the same simulation visualizing the convergence rate towards V.

c is unknown for the approach, we trained the parameters until an error of 0.1 was achieved. The
blue curves show the evolution of the estimated value function trained with our algorithm backwards.
Note that the number of gradient steps varies for different epochs, as suggested by Theorem [3.5]
less training for later epochs. This can be seen in the plot by the different lengths of the plateaus
of the blue lines. One plateau shows the training of one parameter. Just when the last parameter 6

is trained, the value function Voﬂg finally converges towards the target. In this simulation we chose
€ ="5,1,0.5,0.25,0.12 to define the length of the training steps according to Theorem [3.3] Note that
the uniform initialisation lead to ¢, = 0.5 such that N}, could be explicitly calculated. From light to
dark blue e decreases. It can be seen that the final error is better than the chosen epsilon, indicating
that the rate of convergence from the dynamic approach is tight up to constants.

In Figure [2| (b) for comparison the red line is a constant times % The dashed magenta line is the
optimal value minus the dashed magenta curve from (a) of the simultaneous approach. Also, the
blue curves are the optimal value minus the blue curves from (a). The dotted blue line is the linear
interpolation of the end points of the blue lines. As the dotted blue line, the magenta line and the
red line have the same slop, this shows the %—convergence rate in the accuracy level e. The larger
difference from the dashed magenta line to the red line in comparison the dotted blue line to the red
line indicates the larger constant in the rate of convergence.

Both plots show that the dynamic PG algorithm converges faster than the simultaneous one. As
suggested by the upper bounds the effect gets much stronger for larger H.
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