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Abstract
Momentum is a critical and ubiquitous component of modern optimizers, while the role of momentum
remains unclear beyond restricted settings, especially in optimization for large-scale neural networks.
Recent studies suggest that the highly non-convex loss landscape for large language models exhibits
certain “river-valley” structure: a low-loss manifold (the river) bordered by sharp, high-loss directions
(the valley), where the essential optimization progress is determined primarily by the progress made
along river in the long run. Motivated by such a structure, in this work, we investigate the role
of heavy-ball momentum in such an emerging setting. Specifically, we analyze gradient descent
with heavy-ball momentum and show that compared to vanilla gradient descent, momentum can
accelerate the progress along the river by enabling use of a substantially larger learning rate. In
fact, momentum acts as a stabilizer in the presence of oscillations caused by an aggressive choice
of learning rate, which the vanilla gradient descent cannot tolerate. We validate the insights with
experiments on synthetic functions and language model training, offering practical guidance for
tuning learning rate and momentum parameters.

1. Introduction

Momentum is a foundational component of modern optimizers and is widely used in training large
neural networks. In practice, gradient descent variants with heavy-ball momentum [57], e.g., Adam
[32] and AdamW [42], are standard choices of optimizer, and empirical studies underscore its critical
role. Despite this ubiquity, however, the theoretical conditions under which momentum actually
accelerates learning remain poorly understood. Classical theory can only guarantee the acceleration
of heavy-ball momentum within restricted settings with quadratic-like properties via improving
the exponent in linear convergence [31, 57]. However, the loss landscapes of neural networks are
typically highly non-convex and linear convergence is rarely observed in practice. As a result, the
conventional intuition – that momentum accelerates local linear convergence – may not fully explain
its success in deep learning, calling for rethinking of the role of momentum in such complex loss
landscapes. In particular, theoretically answering this question requires understanding momentum in
the context of a tractable but still realistic and meaningful loss landscape beyond convex settings.

A recent work on optimization in language model pretraining has identified and proposed an
intriguing “river-valley” structure of loss landscape [69]. From this viewpoint, the training loss
surface can be depicted by a deep valley with a narrow, low-loss manifold at the bottom (“river”)
surrounded by orthogonal steep directions (“mountains”). Empirically, this picture of loss landscape
is evidenced by the loss curves of the Warmup-Stable-Decay (WSD) learning rate scheduler [26]
and the cosine learning rate scheduler [41]: WSD first uses a constant large learning rate, causing
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faster descent along the river than cosine scheduler but with higher loss due to oscillations across
valley walls. In the end, a sharp decay of the learning rate can suppress the oscillations, revealing the
genuine optimization progress along the river by WSD and resulting in lower final loss than cosine
scheduler. Wen et al. [69] also probe LLM pretraining loss landscape to showcase the existence of
such a landscape. We illustrate such structure through a synthetic loss function in Figure 1. The
black curve represents the river manifold. The red and the purple points represent GD with and w/o
momentum respectively (the lighter the points, the larger the step).
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Figure 1: river-valley example.

Within such a landscape of “a deep valley with a river at its
bottom”, the long-term optimization progress is essentially gov-
erned by the motion along the river, making the main challenge
how to move quickly along the low-loss river manifold while
damping out the instability in the high-curvature valley directions.
Motivated by the lack of theoretical underpinning of momentum
in complex loss landscapes, in this paper, we theoretically analyze
the dynamics of heavy-ball momentum gradient descent under
the emerging setting of river-valley loss landscape. Within such
a landscape, we ask the following fundamental questions:
What is the role of momentum? How does the momentum parameter interplay with learning rate?

How do they jointly accelerate optimization along the river?

1.1. Our Contributions

Theoretically answering these questions requires a new analysis for GD with momentum in such a
non-convex loss landscape, especially, how momentum shapes the interactions between the benign
progress in the river and the oscillating updates in the valley directions. We consider GD iteration
with heavy-ball momentum: given loss function L and initial parameter and momentum (w0,m0),

mk+1 = β ·mk + (1− β) · ∇L(wk), wk+1 = wk − η ·mk+1. (1.1)

Mechanism of momentum acceleration in river-valley. We show that momentum enlarges the
largest tolerable learning rate by the leading factor (1+β)/(1−β), i.e., ηGD-M

max ≈ (1+β)/(1−β)ηGD
max,

even when the flat and sharp eigenspaces rotate along the non-convex river-valley landscape. Thus,
momentum accelerates progress along the river mainly by stabilizing aggressive learning rates that
vanilla GD cannot tolerate. We also point out that this acceleration is primarily achieved through
stabilization rather than by substantially changing the river-direction speed.

Technical contributions for analyzing momentum. We prove that (1.1) can track the river without
exploding under this enlarged learning-rate range; see Lemma B.1. The key technique is an induction
argument that jointly controls the gradient and the momentum projections onto the river and valley
directions as the eigenspaces rotate. As a by-product, we also improve the largest tolerable learning
rate for vanilla GD in river-valley landscapes [69]; see Remark A.2.

Experiment on synthesis loss & language model training. We verify the theory on a synthetic
river-valley loss and in GPT-Neo pretraining on TinyStories. Across SGD-Momentum and Adam,
the largest stable learning rate consistently increases with the momentum parameter and induces
lower training loss within same training iterations. Meanwhile, same (tolerable) learning rates with
different momentum parameters lead to similar training loss, validating the theoretical prediction that
the main acceleration of momentum comes from its stabilization effect under a larger learning rate.
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2. Preliminaries

Notations. We denote the eigenvalues of A ∈ Rd×d as {λk(A)}dk=1 with λ1(A) ≥ · · · ≥
λd(A). We denote {vk(A)}dk=1 as the normalized eigenvectors of A with vk(A) corresponding
to λk(A). We denote ∥A∥Op as the operator norm of A. For the third derivative tensor, we
define ∥∇3L(w)∥Op := sup∥u∥2=∥v∥2=∥z∥2=1 |∇3L(w)[u, v, z]|, where ∇3L(w)[u, v, z] denotes
the corresponding trilinear form. We denote ⌊t⌋ as the largest integer smaller or equal to t. We denote
B(w, r) as the Euclidean ball of radius r centered at w. For β ∈ (0, 1), we use Oβ(·) to hide factors
polynomial in 1/(1− β).

2.1. River-Valley Loss Landscape: Setups and Key Assumptions

We use w ∈ Rd to denote the parameters. We denote L : Rd → R as the loss function and assume L
is smooth. The concept of the river-valley loss landscape is as follows.

Assumption 2.1 (Existence of the manifold of river) There exists a one-dimensional sub-manifold
M of Rd s.t. for ∀w ∈ M, ∇L(w) aligns with vd(∇2L(w)), i.e., ∇L(w)/∥∇L(w)∥2 = vd(∇2L(w)).

Along the river, the gradient ∇L(w) aligns with the flattest direction at w, i.e., vd(∇2L(w)),
which we refer to as the river direction or the flat direction. All the other directions orthogonal to
the river are dubbed as mountain directions or sharp directions, corresponding to the steep valley.
Intuitively, the river captures the path with the lowest loss locally, while the hill components reflect
the additional loss incurred by the deviations from the river.

Conceptually, the optimization process goes as follows: The parameter w starts from a neighbor-
hood U of the river M, and approaches the river M by decreasing the loss. Then the optimization
proceeds by flowing downstream for further optimization progress, which in the long term, is deter-
mined primarily by the progress along the river. To rigorously characterize this process, we introduce
technical assumptions following the prior work Wen et al. [69].

Assumption 2.2 (Existence and regularity of an open neighborhood around river) There exist
an open set U with M ⊂ U and constants γflat, γ, γmax, gmax, κ ≥ 0, s.t.:
1. Diameter of U: For any w ∈ M, B(w, 6gmax/γ) ⊂ U , where gmax satisfies ∥∇L(w)∥2 ≤ gmax.
2. Eigen-gap: the constants γflat, γ, γmax, κ satisfy that κγ ≤ γflat ≤ κ1/2γmax, γ ≥ κ1/32γmax,

and for any w ∈ U , λ1(∇2L(w)) ≤ γmax, λd−1(∇2L(w)) > γ + 4γflat, |λd(∇2L(w))| < γflat.
3. Slow spinning of flat direction and Hessian: For any w ∈ U , ∥∇(vd(∇2L(w)))∥Op ≤
κγ/2gmax and ∥∇3L(w)∥Op ≤ κγ2/2gmax.

4. Uniqueness of the river M: For any w ∈ U \M, ∇L(w) does not align with vd(∇2L(w)).

The first one simply requires that the size of the neighborhood is not too small. The last one
ensures the uniqueness of river in the neighborhood for the simplicity of analysis. The second and
the third assumptions are key to the river-valley model, which we explain in detail. The Eigen-gap
assumption posts conditions on the relative magnitude of the Hessian eigenvalues. It assumes a gap
of γ between the sharpness of the river direction and the other sharp directions, which formalizes the
picture of a flat river and steep mountains. Finally, the Slow spinning assumption limits the spinning
speed of the river by imposing third-order conditions on the loss. Note that under the Eigen-gap
assumption, the bound on ∥∇3L(w)∥Op implies the bound on the spinning speed of the flat direction.
Throughout our analysis, both κ ≪ 1 and γflatγ−1

max ≪ 1 are treated as very small dimensionless
constants, guaranteeing the flatness as well as slow spinning of the river.
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Definition 2.3 (River-valley landscape) If the loss function L satisfies Assumption 2.1 and Assump-
tion 2.2, we call the corresponding loss landscape a river-valley landscape.

Reference flow. Next, to formalize how close the iterates are to the river and how fast they flow
downstream, we introduce the concept of the reference flow. Specifically, the reference flow is a
Riemannian gradient flow on the river, representing the dynamics of gradient flow on the loss when
constrained to the river. We denote the projection matrix onto the tangent space of the manifold M
at w ∈ M as PM(w). Given an initial point x ∈ M, the Riemannian gradient flow is given by

d

dt
x(t) = −PM(x(t))∇L(x(t)), x(0) = x. (2.1)

Throughout the paper, x(t) always refers to points on the river M or the reference flow, and t is the
continuous time index of the reference flow (2.1).

Examples of river-valley loss landscape. We provide concrete examples to illustrate the landscape.
The simplest one is a convex function L(x1, x2) = γ · x21/2 − x2, where the river is just x1 = 0
and it does not spin, i.e., κ = 0. Another example is a non-convex function L(x1, x2) = (x2 −
sin(x1))

2 − α · x1 for some α ≥ 0. See Figure 1. The optimization progress for it is essentially
determined by how fast the variable x1 grows by tracking the river.

2.2. Gradient Descent with Heavy-Ball Momentum

Our theoretical analysis concerns vanilla GD and GD with heavy-ball momentum. Starting from
some w0 ∈ Rd, the vanilla GD iterates as following,

wk+1 = wk − η · ∇L(wk), (GD)

where η denotes the learning rate. Furthermore, for GD with heavy-ball momentum [57], when
initialized at some (w0,m0) ∈ Rd × Rd, it iterates as

mk+1 = β ·mk + (1− β) · ∇L(wk), wk+1 = wk − η ·mk+1. (GD-M)

where β ∈ [0, 1) is the momentum parameter. In particular, when β ≡ 0, GD-M reduces to vanilla
GD. There is another version of GDM where the 1− β is absent in the update of momentum, but it
is equivalent to the above formulation up to simple reparametrization.

3. Analysis of GD with Momentum in River-Valley

3.1. Main Theory: Momentum Acceleration in River-Valley Landscape

We investigate (GD-M) near the river by assuming that the initialization w0 is already on the river
w0 ∈ M. Our main theorem predicts how close and fast (GD-M) can track the river manifold. For
ease of presentation, we state an informal version of the main theorem as follows.

Theorem 3.1 (GD-momentum in river-valley (informal version of Theorem G.1)) Suppose that
Assumptions 2.1 and 2.2 hold. For a momentum parameter β ∈ (0, 1− ε), let η < ηGD-M

max , where

ηGD-M
max ≈

(
1 + β

1− β
−Oβ

(
κ+ γflatγ

−1
max

))
· 2

γmax
. (3.1)
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Then for (GD-M) with initialization w0 ∈ M on the river and initial momentum m0 = 0, there is
a time index T0 such that for any step k ≥ log(βηγflat/(1 − β))/ log β, there exists another T (k)
such that the following two things hold:
1. GD-M stays close to the river: ∥x(T0 + T (k))− wk∥2 = Oβ(κ

1/2/γ);
2. The speed on the river is proportional to the learning rate: |T (k)− η · k| = Oβ((κ+ ηγflat) · η).

Here Oβ(·) hides multiplicative factors depending on β.

Here we omit details of the error terms to convey the essential message in a clean way. When
β = 0, (GD-M) reduces to (GD), and Theorem 3.1 recovers Theorem A.1. We refer to Theorem G.1
for the complete statement of the above theorem. We outline the proof sketch of Theorem 3.1 in
Section B, with all details provided in Appendix G. In the remainder of this section, we discuss the
interpretation of the main theorem, as well as its predictions.

3.2. Theoretical Predictions by Theorem 3.1

For a constant β ∈ (0, 1), e.g. β = 0.9 as the default choice used in practice, Oβ(·) is a constant.
Then since κ and γflat are small, the error terms in Theorem 3.1 are negligible.

Heavy-ball momentum: acceleration via stabilization. As discussed in Section A, a key factor
that determines the optimization progress along the river is the largest learning rate that the algorithm
can tolerate. For (GD), recall from (A.1) that ηGD

max ≈ 2/γmax. In contrast, for (GD-M), in the regime
of γflat ≪ γmax (very flat river) and κ≪ 1 (very slowly spinning river), it follows from (3.1) that the
largest learning rate ηGD-M

max is larger than ηGD
max by a multiplicative factor of (1 + β)/(1− β). That is,

ηGD-M
max ≈ 1 + β

1− β
· ηGD

max. (3.2)

A larger learning rate η in-turn results in a faster speed along the river, because by Theorem 3.1, the
pace of tracking the river is approximately proportional to η.

For flat & slow-spinning river, momentum itself doesn’t alter the speed on river much. Another
interesting prediction by Theorem 3.1 is that for a flat and slow spinning river (γflatγ−1

max ≪ 1, κ≪ 1),
the speed of tracking the river is not influenced much by the momentum parameter β itself. Indeed,
the speed is approximately proportional to the learning rate and is similar to that of (GD). Given that,
the benefit of momentum for acceleration of tracking the river is mainly brought by its stabilization
effects under an aggressive choice of larger learning rates η. But still, if the landscape features
a quickly spinning or relatively sharp river, the influences from the factors of γflatη and κ are no
longer negligible. In that case, Oβ(·) would become especially large when β is very close to 1, for
which large momentum could hurt optimization due to failure of tracking the river closely. It is an
interesting future work to investigate in that regime how momentum works and how the momentum
parameter interplays with these geometric properties of the loss landscape in a quantitative manner.
See numerical verification in Appendix C, and language model training experiments in Section J.

4. Conclusions

We prove that in river-valley landscape, momentum enables a significantly larger learning rate than
vanilla GD by stabilizing oscillations across the sharp valley, thus accelerating progress along the
flat, low-loss river manifold. Our theory is validated by synthetic experiments and language model
training. Future directions include extending the analysis to adaptive optimization methods.
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Appendix A. Review: What Happens for Vanilla GD?

Before giving our results on (GD-M), we first review what happens for vanilla (GD) in the river-
valley landscape. As we mentioned in the previously, GD starting from the neighborhood would (i)
converge close to the river within distance of order O(κ/γ) (Theorem 3.1 of Wen et al. [69]), and
then (ii) closely track the river afterwards. We recap the results for the second stage as follows.

Theorem A.1 (Informal, GD in river-valley landscape (improved version of Theorem 3.2 in Wen et al. 69))
Suppose Assumptions 2.1 and 2.2 hold. Let η be a learning rate such that η < ηGD

max, where

ηGD
max ≈ 2−O(κ+ γflatγ

−1
max)

γmax
. (A.1)

Then there exists a time index T0 such that (GD) with initialization w0 ∈ M on the river satisfies
that for any step k, there exists T (k) s.t. the following two things hold:
1. GD stays close to the river: ∥x(T0 + T (k))− wk∥2 ≤ O(κ/γ);
2. The speed on river is nearly proportional to η: |T (k)− η · k| ≤ O(κ+ ηγflat) · η.

See formal version in Appendix I.1. By Theorem A.1, when GD closely tracks the river, the
larger the learning rate (if tolerable), the faster the iterates move along the river, which means faster
optimization progress. The theory partially demystifies the success and the non-trivial loss curve of
WSD scheduler in practice [26]. Using a large constant learning rate induces a larger training loss
before learning rate decay due to oscillations in the sharp directions, but after the learning rate decay,
the loss reflects the true progress it has made (Theorem 3.5 of Wen et al. [69]).

One key factor of Theorem A.1 is the upper bound on the learning rate, which ensures that the
iterates remain close to the river without exploding due to oscillations between the valley. Intuitively,
the bottleneck of using a large learning rate lies in the curvature of sharp directions and the spinning
of the river, for which ηGD

max is derived. Therefore, the dominant term in ηGD
max ≈ 2/γmax, roughly the

maximum learning rate for GD optimizing a quadratic with largest Hessian eigenvalue γmax.

Remark A.2 (Comparison with Wen et al. [69]) Theorem A.1 improves the largest tolerable learn-
ing rate ηGD

max compared to the original γ/2γ2max in Wen et al. [69]. The new proofs are in Ap-
pendix I.2. The improvement results from a tighter analysis of sharp direction dynamics.

Given all the results so far, the natural questions are that, how does the inclusion of momentum
in the optimization iteration effect the dynamics of tracking the river? and how does the additional
momentum parameter interplays with the learning rate? We answer the question in Section 3.

Appendix B. Proof Outline, Key Challenges, and Technical Novelty

In this section we sketch the proof of Theorem 3.1. We first introduce several key concepts used in
the proofs. Then we outline the main proofs and point out the key challenges. Then we walk through
the key components of the proof, highlighting technical novelties.

Projections onto flat and sharp directions. Recall that vd(∇2L(w)) is the river direction of the
loss Hessian at w. We abbreviate it as vd(w). On the river, vd(w) aligns with ∇L(w). This motivates
us to decompose the gradient and the momentum into the projections onto vd(w) and its orthogonal
space. To this end, we define projection matrices Pf(w) := vd(w)vd(w)

⊤ and Ps(w) := Id−Pf(w).
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Projection onto the river M. To formalize the idea of how the iteration {wk}k∈N tracks the river,
we introduce the projection onto the river of any point nearby. The definition of it is chosen as the
limit of an ODE flow starting from the point to be projected. Formally, consider any w ∈ U (the nice
set near the river M, see Assumption 2.2). We define the ODE flow {ϕ(w, t) : w ∈ U , t ≥ 0}:

ϕ(w, 0) = w,
d

dt
ϕ(w, t) = −Ps(ϕ(w, t))∇L(ϕ(w, t)), t ≥ 0.

As is shown in Lemma H.4, the ODE flow has a limit limt→+∞ ϕ(w, t) ∈ M, and we define it as
Φ(w), i.e., the projection of w onto the river. Other important properties are listed in Lemma H.4.

Continuous time linear interpolation of trajectory. To help characterize how the discrete-time
sequence {wk}k∈N tracks the continuous-time river {x(t)}t≥0, we consider a linear interpolation.
For any k ∈ N and τ ∈ [0, 1], we let

wk,τ := τ · wk+1 + (1− τ) · wk = wk − τη ·mk+1. (B.1)

We then obtain a continuous-time process {w⌊t⌋,t−⌊t⌋}t≥0. In the proof, we iteratively show that
{w⌊t⌋,t−⌊t⌋}t≥0 ⊆ U to make sure that the projection to the river Φ(w⌊t⌋,t−⌊t⌋) is properly defined
for any t ≥ 01. Thus, such an interpolated continuous-time sequence induces a trajectory on the river,
i.e., {Φ(w⌊t⌋,t−⌊t⌋)}t≥0. We fix the initialization x(T0) = Φ(w0,0) in the reference flow (2.1) and
define T (t) to be the time index associated with Φ(w⌊t⌋,t−⌊t⌋), i.e.,

x(T (t)) = Φ
(
w⌊t⌋,t−⌊t⌋

)
. (B.2)

B.1. Proof Outline and Key Challenges

Proof outline. With the above setups, we consider the following route of proof:
1. We first prove that for (GD-M) the gradient in the flat direction dominates the gradient and the

momentum in the sharp directions, and the maximal learning rate is limited by the dynamics in
sharp directions so that the iterates in the sharp directions do not explode.

2. Then, we are able to prove that (GD-M) always stays close to the river. In more specific, we
show that wk stays close to its projection onto the river Φ(wk).

3. Finally, we prove that the time index T (t) grows nearly proportional to η, finishing proof.

Key challenges. The essential challenge here is to establish the conditions under which the iteration
in such a non-convex landscape does not explode, and how the momentum stabilizes the training
process. This requires a delicate analysis of the dynamics of both the gradient and the momentum
in the river direction and the sharp directions. But due to the river spinning, the projections of the
gradient and the momentum onto these directions interfere with each other in a complicated manner,
necessitating a careful induction argument to clearly track all of their dynamics.

B.2. Key Lemmas and Technical Novelties

Analysis of projections onto flat and sharp directions. We first prove that the dynamics in the
flat direction dominate in the sense that the gradient and momentum mostly live in the flat direction.
Also, the dynamics in the sharp direction determine the maximal tolerable learning rate such that the
updates do not explode. This is the following lemma.

1. Concretely, B(w⌊t⌋,t−⌊t⌋, 2gmax/γ) ⊆ U , ∀t ≥ 0 to ensure existence of Φ(w⌊t⌋,t−⌊t⌋), see Lemma H.4.
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Lemma B.1 (Projections onto flat and sharp directions (informal and short version of Lemma G.2))
Under the conditions and assumptions of Theorem 3.1, taking the step size η and momentum param-
eter β satisfying η ≤ ηGD-M

max as defined in Theorem 3.1, for any iteration k ∈ N and τ ∈ [0, 1], it
holds that

max
{
∥Ps(wk,τ )∇L(wk,τ )∥2, ∥Ps(wk,τ )mk+1∥2

}
≤ Oβ

(
κ1/2 · ∥Pf(wk,τ )∇L(wk,τ )∥2

)
,

where κ characterizes the slow spinning speed of the river (item 3 of Assumption 2.2).

We refer the readers to Lemma G.2 in Appendix G.2 for the full version of Lemma B.1 as well
as the detailed proofs. One of the main technical novelty here is a delicate induction argument to
separately track the magnitude of the projections of the gradient and the momentum onto differ-
ent directions in the river-valley landscape. Compared with the corresponding result for vanilla
GD (Lemma I.2), momentum enlarges the maximum learning rate by a multiplicative factor of
(1 + β)/(1 − β). This is the key reason behind the larger learning rate blessed by momentum in
river-valley.

GD with momentum tracks the river closely. Then we establish that the GD momentum trajectory
can track the river closely by the following lemma. It demonstrates that the interpolated continuous
time trajectory {w⌊t⌋,t−⌊t⌋}t≥0 has a well-defined projection onto the river and the points in the
trajectory are not far away from their projected counterparts. See proofs in Appendix G.3.1.

Lemma B.2 (The trajectory tracks the river closely (informal and short version of Lemma G.10)
Under the conditions and assumptions of Theorem 3.1, taking the learning rate η and momentum
parameter β satisfying η ≤ ηGD-M

max as defined in Theorem 3.1, then for any iteration k ∈ N and
τ ∈ [0, 1] it holds that: (i) B(wk,τ , 2gmax/γ) ⊂ U and thus Φ(wk,τ ) exists; (ii) it holds that for any
step k ∈ N and τ ∈ [0, 1],

∥wk,τ − Φ(wk,τ )∥2 ≤ Oβ

(
κ1/2 · ∥Pf(wk,τ )∇L(wk,τ )∥2

γ + 2γflat

)
.

Time index grows almost linearly w.r.t. learning rate. Finally, with previous results, we are able
to show that the time index {T (t)}t≥0 defined in (B.2) approximately grows linearly with t, where
the linear coefficient approximately equals to the learning rate η. See proofs in Appendix G.3.2.

Lemma B.3 (Time index grows almost linearly with learning rate (informal and short version of Lemma G.11))
Under the conditions and assumptions of Theorem 3.1, taking the learning rate η and momen-

tum parameter β satisfying η ≤ ηGD-M
max as defined in Theorem 3.1, then for any iteration k ≥

log(βηγflat/(1− β))/ log β and τ ∈ (0, 1), by letting t = τ + k, the derivative of T (t) exists and
satisfies |dT/dt(t) − η| ≤ ϵ(β) · η. Equivalently, this bound holds almost everywhere on each
interpolation interval, with the integer breakpoints understood through one-sided derivatives. Here
ϵ(β) is defined as ϵ(β) := Oβ(κ+ ηγflat).

Combining Lemma B.2 and Lemma B.3 gives Theorem 3.1.

Appendix C. Synthetic 2-D Non-Convex Experiment

Experiment: a 2-d non-convex loss. We first verify our theory in a synthetic non-convex loss
function L(x1, x2) = 2 · (x2− sin(x1))

2− 0.1 ·x1. We run (GD-M) with extensive choices of (β, η)
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Figure 2: Results of experiment for L(x1, x2) = 2 · (x2 − sin(x1))
2 − 0.1 · x1. The left figure shows the

trajectories of (GD) and (GD-M) under the same learning rate. The former diverges while the
latter stabilizes the oscillation and tracks the river closely. The figure in the middle shows relation
between the final loss and η under different β. The right figure shows the scaling of the largest
tolerable learning rate w.r.t. β.

to validate theory. Results are in Figure 2. We start from w0 = (0, 1), a point near the river, and
run (GD-M) for 1000 steps. In Figure 2 (left), we plot the trajectories of (GD-M) with β = 0.9 and
β = 0 (corresponding to (GD)), where both η = 0.4. We can see (GD-M) with β = 0.9 manages to
stabilize the trajectory and tracks the river smoothly. In contrast, GD can not tolerate such a learning
rate and does not converge, bouncing between the valley. This matches the basic picture of our
theory.

Furthermore, we demonstrate quantitative results. In Figure 2 (middle), we plot the final loss
after 1000 steps under different (β, η) pairs. Here β ∈ {0, 0.1, 0.2, . . . , 0.8, 0.9}, while the learning
rate is taken from 0.1 to a threshold above which the iteration does not track the river closely and
diverges. We have three key observations from the results:
1. For larger β, the largest tolerable LR ηGD-M

max is larger.
2. Given β, the final loss is nearly proportional to the LR.
3. Given a LR η, for those β such that η is tolerable, the choice of β does not significantly change

the final loss.
All of these results demonstrate our theoretical predictions given by main theorem. Besides, we test
β = 0.999 and it does not converge for any η, which echos the condition on β not being too close to
1 when the river spins (see previous discussions). The detailed constraints on β are in Theorem G.1.

Finally, we extract the numerically obtained ηGD-M
max and plot its relation with β. See Figure 2

(right). As shown, they nearly lie in the curve of η(β) := ηGD
max · (1 + β)/(1− β + 0.05), matching

theoretical prediction (3.2). The 0.05 factor is caused by the spinning and the curvature of the river.

Appendix D. Experiments on Language Model Training

Experimental setup. We train GPT-Neo [16] (adjusted to about 20 million parameters) on the
TinyStories dataset [14], containing about 0.5 billion tokens. The training split contains about 2.2
million examples, and the validation split contains about 22000 examples. All experiments use
batch size 32 and context window size 256. We conduct two groups of experiments: one with
SGD-Momentum, which is closest to our theory, and one with Adam, which tests whether the same
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η β Train Val.

0.1 0 1.867 2.066
0.1 0.9 1.843 2.065
0.1 0.95 1.840 2.073

1 0 div. div.
1 0.9 1.594 1.781
1 0.95 1.602 1.783

Table 1: Fixed-grid SGD-M final
losses.

mechanism appears in practical language model training. For the Adam experiments, we train for 1
epoch, fix β2 = 0.95, and vary the learning rate η and the first-order moment parameter β1. For the
SGD-M experiments, we use the same model, data processing, and training protocol, but replace
Adam by stochastic gradients with heavy-ball momentum and vary the momentum parameter β. For
both optimizers, we warm up the learning rate linearly for the first 100 steps, and for the last 15% of
training steps, we decay the learning rate to 0.0001 to reduce the oscillations between the valley and
reveal the underlying progress along the river, similar to the WSD scheduler [26, 69]. Additional
experiment details and full grids are provided in Appendix J.

SGD-M: direct evidence for the learning-rate stabilization mechanism. We first test SGD-M,
which removes Adam preconditioning and is closest to the optimizer analyzed in Theorem 3.1. For
each momentum parameter β, we grid search the largest learning rate under which the training loss
curve does not diverge. Figure 3 shows that the largest tolerable learning rate ηSGD-M

max increases with
β, matching the increasing trend predicted by (3.2). The fitted curve uses two additional constants,
which soften the singularity near β = 1 and capture non-asymptotic effects from river spinning, river
curvature, and stochastic gradient noise. Thus, we interpret this sweep as empirical support for the
scaling trend rather than an exact realization of the idealized formula.

Table 1 gives a complementary fixed-grid comparison. With the large learning rate η = 1,
training without momentum diverges, while training with β = 0.9 or β = 0.95 converges to low
training and validation losses. In contrast, under the same stable learning rate η = 0.1, changing
β from 0.9 to 0.95 only has a marginal effect on the final losses. This supports the message of
our theory that momentum accelerates primarily by stabilizing larger learning rates, rather than by
substantially changing the river-direction speed at a fixed learning rate.

Adam: the same stabilization mechanism appears in practical training. We next test whether
the same qualitative behavior appears for Adam, a standard optimizer for language models.
We again first grid search the learning rate η under different momentum β1 for the largest learning
rate such that the training loss curve does not diverge. As shown in Figure 4, the largest tolerable
learning rate under Adam increases as β1 grows, which is consistent with the stabilization mechanism
predicted by our theory. When β1 approaches 1, we also observe a decrease in the largest tolerable
learning rate, which is interpreted by the role of river curvature and spinning discussed in Section 3.2.

We then examine whether the larger stability window translates into better optimization and valida-
tion performance. Figure 5 plots the training and validation curves for η ∈ {0.0001, 0.0006, 0.0008}
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Figure 5: GPT-Neo training on TinyStories [14]. Top: training loss; bottom: validation loss.
Columns correspond to η ∈ {0.0001, 0.0006, 0.0008}.

and β1 ∈ {0, 0.9, 0.95}. For the small learning rate η = 0.0001, different choices of β1 lead to similar
loss curves. For the larger learning rates η = 0.0006 and η = 0.0008, Adam with β1 ∈ {0.9, 0.95}
is more stable and reaches lower training and validation losses than Adam with β1 = 0. Moreover,
with momentum, using a larger learning rate gives lower training and validation losses than using the
small learning rate. These observations again support the acceleration-by-stabilization explanation in
practice: momentum improves training mainly by allowing a more aggressive stable learning rate.
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Appendix E. Related Works

Theoretical analysis of momentum. Momentum acceleration in convex optimization dates back
to Polyak’s heavy-ball method [57]. Accelerated convergence of heavy-ball momentum (stochastic)
gradient descent and its variants has been established in locally near-quadratic setups, including
the convex case [4, 11, 18, 27, 34, 39, 40, 52, 55, 58, 59, 67] and the non-convex case with the PL
condition [31, 62, 63], as well as non-convex convergence to stationary points [20, 39, 59, 61, 74, 77].
However, the understanding of momentum beyond such structured setups remains limited, especially
for the non-convex loss landscapes emerging from training large neural networks. Wang et al. [62]
analyze the convergence acceleration of heavy-ball momentum for wide ReLU neural networks and
deep linear networks. Plattner [56] empirically show that momentum enlarges the tolerable learning
rate in deep learning but cannot improve performance much. Wang et al. [64] demonstrate the
marginal value brought by momentum in the small learning rate regime. Other lines of work study the
implicit bias of heavy-ball momentum to understand its influence on generalization [6, 19, 54]. Chen
et al. [7], Lucas et al. [44], Pagliardini et al. [50] consider modifications of heavy-ball momentum
by mixing several exponential moving averages to better use past gradients with different patterns.
Besides heavy-ball momentum, another recent line of work studies Nesterov’s momentum [49];
see Liao and Kyrillidis [36], Liu et al. [38], Xu et al. [76]. This is a different approach, while we
investigate heavy-ball momentum due to its wide use in modern optimizers. Our theory takes an
abstract river-valley perspective of deep learning loss landscapes, providing insights for a wider
range of problems exhibiting such a landscape. Instead of following a structured convergence-rate
analysis, we customize the analysis of heavy-ball momentum in the river-valley loss landscape by
rigorously showing how it accelerates via enabling stable tracking of the river in the presence of
large learning rates.

Large learning rate training. The benefits of large learning rate training have been increasingly
investigated in recent years [9, 24, 73]. Meng et al. [48], Wu et al. [72], Zhang et al. [80] prove
accelerated optimization with large learning rates in logistic regression. Cai et al. [5] studies
large learning rate acceleration in non-homogeneous two-layer neural networks. Wen et al. [69]
demonstrates the benefits of large learning rate GD training in terms of tracking the low-loss river
manifold in the river-valley landscape. A recent line of work on the “Edge of Stability” [2, 9, 28]
demonstrates that large learning rate training can lead to flatter minima [1, 33, 43, 65, 66, 71, 75, 81],
which is believed to be crucial to better generalization. However, existing analyses are restricted
to setups without momentum. To fill this gap, we study GD with momentum and demonstrate that
momentum enables stable training with larger learning rates than vanilla GD, giving new insights
into modern optimizers.

Analysis of loss landscape. Understanding the interactions between the loss landscape and opti-
mization dynamics, as well as generalization capabilities, is key to demystifying and further boosting
the success of deep learning [15, 17]. The most relevant works to ours are Davis et al. [13], Wen
et al. [69], Xing et al. [73], which all consider a “river-valley” like landscape of the loss function to
understand the behavior of optimizers. Xing et al. [73] propose the conceptual picture where SGD
locally bounces around the valley on top of a valley floor. Davis et al. [13] identify the existence of a
manifold with vanishing gradient within the sharp directions of the Hessian for smooth loss functions
that exhibit fourth-order growth near minimizers. All these works demonstrate the ubiquity of the
river-valley like landscape. Pan et al. [51], Pan and Li [53], Zhang et al. [78, 79] study optimization
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dynamics in landscapes with large sharpness in certain directions and heavy-tailed noise, all of
which share a landscape similar to the “river-valley” one. Andriushchenko et al. [1], Blanc et al.
[3], Gunasekar et al. [23], Jiang et al. [30], Li et al. [35], Liu et al. [37], Lu et al. [43], Lyu et al.
[45], Ma et al. [47] examine the relationship between the loss landscape and generalization properties
and demonstrate the belief that flatter minima result in better generalization. Finally, there is a line
of work examining algorithmic implicit bias towards minima with different kinds of properties for
different variants of (stochastic) gradient descent, including Arora et al. [2], Blanc et al. [3], Chizat
and Bach [8], Damian et al. [10], Gu et al. [22], Ji and Telgarsky [29], Li et al. [35], Lu et al. [43], Lyu
et al. [45, 46], Soudry et al. [60], Wen et al. [68], Wu et al. [70]. See also the references therein.

Comparison with Wen et al. [69]. The closest prior work to ours is Wen et al. [69], which
introduces the river-valley loss landscape to explain WSD learning-rate schedules and analyzes how
vanilla GD/SGD can make fast downstream progress along a one-dimensional river under large
learning rates. Our work adopts this geometric framework as the starting point, but studies a different
optimizer and a different dynamical question: how heavy-ball momentum (1.1) changes the stability
threshold and the tracking dynamics near the river. This extension is not a direct consequence of the
vanilla-GD analysis because the flat and sharp projections of both the gradient and the momentum
interact with each other when the Hessian eigenspaces rotate along the trajectory. To handle this
coupling, we develop a new induction argument for momentum dynamics and prove that the leading
stability threshold is enlarged by the factor near (1+β)/(1−β). Regarding the technical assumptions
on river-valley, we differ from Wen et al. [69] in the following sense: since we focus on the stage-two,
on-river regime rather than the initial approach-to-river phase, so the gradient-norm lower bound
used for that first stage is not needed in our main tracking analysis. We also re-derive the vanilla-GD
tracking result with an improved largest tolerable learning rate (Theorem A.1). The one-dimensional
river model is inherited from Wen et al. [69], and extending the analysis to higher-dimensional river
manifolds is an important future direction.

Appendix F. Further Discussions

Interpretation of river-valley loss landscape. Here we provide a more concrete realistic situation
that induces the river-valley structure. In the standard next-token prediction loss, where the uncer-
tainty of the next token can vary significantly, the variations in the uncertainty can shape this type
of loss landscape. When the next token is predictable with high certainty, a larger learning rate can
help the model learn faster. In contrast, when the next token is inherently ambiguous, e.g., given a
phrase like “I am”, the model must learn a well-calibrated probability distribution, which may require
smaller updates. These fluctuations in uncertainty actually lead to the variations in the sharpness of
the loss landscape, giving rise to the river-valley structure [69].

The stochastic setting. Beyond the deterministic setting in this paper, it is also interesting to
consider the stochastic setting where gradients are corrupted by noise. However, it has been shown
by Wang et al. [64] that when the learning rate is small for SGD (or when the batch size is small
according to the linear scaling rule [21]), momentum has limited benefit. See Figure 1 of Wang
et al. [64]. In contrast, when the batch size increases (more deterministic setting), the gap becomes
significant. Therefore, it is more meaningful to study the benefit of momentum for large batch size,
which is close to the deterministic setting we study here. We leave it for future work to systematically
study SGD-momentum in river-valley.
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Second-order ODE interpretation. We clarify why Theorem 3.1 compares GD-momentum with
a first-order reference flow on the river, even though momentum methods are often interpreted
through a second-order ODE. The key point is that the apparent mismatch is caused by both the
parametrization of momentum and the very-flat-river regime. Eliminating mk from (GD-M) gives
the equivalent two-step recursion

wk+1 − 2wk + wk−1 = −(1− β)(wk − wk−1)− η(1− β)∇L(wk).

Ifwk is formally viewed as samples of a continuous curve y(s) with time spacing h, i.e., wk ≈ y(kh),
then the corresponding second-order ODE is

ÿ(s) + aẏ(s) + ab∇L(y(s)) = 0, a :=
1− β

h
, b :=

η

h
.

This differs from the common unnormalized heavy-ball parametrization wk+1 = wk − η∇L(wk) +
β(wk − wk−1), for which the gradient coefficient in the ODE is not multiplied by 1 − β. Our
parametrization is the normalized first-moment update used in (GD-M); it is also the parametrization
that matches the first-moment part of Adam and allows a controlled comparison with vanilla GD
under the same learning-rate parameter η.

Now focus on the motion along the river, and denote the projected flat gradient by gf(x) =
PM(x)∇L(x) for x ∈ M. In the river-valley regime, the Hessian along the flat direction is small
and the river spins slowly, quantified by γflat and κ. Therefore, over a short segment of the river,
gf(x) varies slowly and can be approximated by a local vector gloc. Projecting the above ODE onto
this local flat direction yields the local model

ÿf(s) + aẏf(s) + abgloc ≈ 0.

Solving this linear equation gives

ẏf(s) ≈ exp(−as)
(
ẏf(0) + bgloc

)
− bgloc.

Thus, after the momentum burn-in period, the velocity satisfies ẏf(s) ≈ −bgloc. Taking the discrete-
time parametrization h = 1, this gives the leading-order update direction −ηgloc, which is the same
first-order speed as vanilla GD with learning rate η. The lower bound on k in Theorem 3.1 is precisely
used to remove the transient momentum term; in the discrete proof, this transient appears through the
factor βk+1.

This explains why the time-tracking statement in Theorem 3.1 takes the form T (k) ≈ ηk and
has no additional leading factor depending on β. Momentum does not directly multiply the river
speed under the normalized parametrization (GD-M). Instead, its main effect is through stability in
the sharp directions: it permits a much larger tolerable learning rate, whose leading improvement is
the factor (1 + β)/(1− β). Once this larger η is chosen, the first-order tracking relation T (k) ≈ ηk
translates the enlarged stable learning rate into faster progress along the river.

Finally, the local constant-gradient calculation above should not be interpreted as a global
assumption. Theorem 3.1 compares the GD-momentum trajectory with the changing reference flow
on the river,

d

dT
x(T ) = −PM(x(T ))∇L(x(T )).
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The reference flow already captures the variation of PM(x(T ))∇L(x(T )) along the river. The proof
also controls this variation explicitly; for instance, Lemma G.11 bounds the difference between the
projected momentum direction and the tangent vector of the reference flow by terms of order κ and
ηγflat. Along the reference flow, the loss satisfies

d

dT
L(x(T )) = −∥PM(x(T ))∇L(x(T ))∥22.

Hence, if the loss is lower bounded, the projected flat gradient cannot remain bounded away from zero
forever. The second-order ODE calculation is therefore only a local explanation of the post-burn-in
behavior in a very flat segment of the river, while the theorem itself tracks the globally changing river
flow under the stated assumptions.
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Appendix G. Key Proofs of the Main Theorem

G.1. Formal Statement of Theorem 3.1

Theorem G.1 (GD-momentum in river valley loss landscape (formal version)) Suppose that As-
sumptions 2.1 and 2.2 hold. Define the following functions of momentum parameter β ∈ (0, 1),

A(β) :=
1

2
·

(
8
√
2

(1− β)4
+

22

(1− β)2

)
+ d ·

(
64
√
2

(1− β)4
+

88

(1− β)2

)
+

(
8

(1− β)3
+ 3

) 1
2

,

B(β) := 2 ·
(

16

(1− β)3
+ 6

) 1
2

·
(

10

1− β
+ 1

)
· 2

1− β
, C(β) := 1 + 5 · 1 + β

1− β
,

D1(β) := 1 + A(β) + B(β), D2(β) := 4
(
1 + 6C(β)

)
· 1 + β

1− β
,

and we denote ς(β) ∈ R as (for simplicity we sometimes omit the dependency on β when it makes no
confusion)

ς(β) := D1(β) · κ3/16 + D2(β) · γflatγ−1
max. (G.1)

Now we take the learning rate η and momentum parameter β satisfying

β ≤ 1− ς(β), η ∈ I(β), (G.2)

where ς(β) is defined in (G.1), and the interval I(β) is defined as I(β) := I1 ∩ I2 ∩ I3 ∩ I4 with2

I1 :=

(
κ1/32

γmax
,
2 · (1 + β)− κ1/16

1− β
· 1

γmax

)
, (G.3)

I2 :=
(
0,

1

2(1 + 6C(β))
· 1

γflat

)
, I3 :=

(
0,

1− β

12β + 2β(1 + 6C(β))
· 1

γflat

)
,

I4 :=
((

D1(β) · κ5/32 + D2(β) · κ15/32
)
· 2

γmax
,

(
1 + β

1− β
− 5β4 − 2β3 + 6β2 − 2β + 1

2(1− β)4
· ς −O(ς2)

)
· 2

γmax

)
.

Then there exists a time index T0 such that the GD-momentum iteration (GD-M) with initialization
w0 ∈ M on the river and initial momentum m0 = 0 satisfies that for any step k ≥ log(βηγflat/(1−
β))/ log β, there exists another T (k) such that the following two things hold:
1. GD-Momentum stays close to the river: ∥x(T0 + T (k))− wk∥2 ≤ 6B(β) · κ1/2 · gmax/γ;
2. The speed on the river is approximately proportional to the learning rate: |T (k)−η ·k| ≤ ϵ(β) ·η,

where

ϵ(β) := 9κ+

(
6
(
1 + C(β)

)
+ 8 +

100β

1− β

)
· ηγflat + o(κ+ ηγflat).

Proof [Proof of Theorem G.1] The proof of Theorem G.1 is outlined in Section B. The proof is
decomposed into several key lemmas (Lemmas G.2, G.10, and G.11) whose proofs are provided in
the subsequent sections.

2. The exact formula of the right endpoint of I4 is given in (G.41). Here we only present the asymptotic expansion for
better readability.
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About the range of learning rate and momentum parameter. Here we remark on the valid range
of learning rate η and momentum β specified in (G.2) and (G.3). Firstly, the condition on momentum
parameter β in (G.2) is mild since when both κ and γflat/γmax are considered sufficiently small in
our theory, the right hand side of β ≤ 1 − ς(β) is close to 1. That being said, we need β not too
close to 1 due to the existence of slow spinning and the small curvature of the river manifold.

Now given a fixed β satisfying the first inequality in (G.2), we discuss the non-emptiness of the
interval I(β) defined in (G.3). The second and third interval constraints I2 and I3 are relatively
mild since they only require the learning rate η to be not too large for the flat direction, and under
γflat ≪ γmax, the right endpoint of both I2 and I3 are larger than the right endpoint of I1 and I4. So
it suffices to consider I1 and I4. For the left endpoints, in the regime of κ≪ 1, both left endpoints
of I1 and I4 are close to zero and are smaller than the right endpoints of I1 and I4. Therefore, we
can conclude that the intersection I(β) = I1 ∩ I2 ∩ I3 ∩ I4 is non-empty, and the right endpoint of
I(β) is captured by that of I1 and I4 which approximates 2(1 + β)/(1− β) · 1/γmax when both κ
and γflat/γmax are sufficiently small.

G.2. Proofs for Projections onto Flat and Sharp Directions

G.2.1. MAIN RESULT AND PROOF OUTLINE

Lemma G.2 (Dominance of the flat direction) Suppose that the momentum iteration (GD-M)
starts from an initial point w0 ∈ M on the river and an initial momentum m0 = 0. Under
Assumptions 2.1 and 2.2, taking the learning rate η and momentum parameter β satisfying the
conditions in Theorem G.1, then for any iteration k ∈ N and τ ∈ [0, 1], the following conclusions
hold simultaneously,

∥Pf(wk,τ )∇L(wk,τ )∥2 ≥
(
1− q

k

)
· ∥Pf(wk)∇L(wk)∥2,

bk · ∥Pf(wk)∇L(wk)∥2 ≥

∥∥∥∥∥(1− β) ·
k∑

j=0

βj · Pf(wk)∇L(wk)− Pf(wk)mk+1

∥∥∥∥∥
2

,

max
{
∥Ps(wk,τ )∇L(wk,τ )∥2, ∥Ps(wk,τ )mk+1∥2

}
≤ c · ∥Pf(wk,τ )∇L(wk,τ )∥2,

where bk, q
k
, and c are defined as following,

c := 6B(β) · κ1/2,

bk := 12β · ηγflat ·
k∑

j=0

βj ·
(
1 + 2ηγflat ·

(
1 + 6C(β)

))j
,

q
k
:= 2ηγflat ·

(
1 + 2C(β) ·

(
1 + 4ηγflat ·

(
1 + 6C(β)

)))
· (1− β) ·

k∑
j=0

βj ,

and the constants B(β) and C(β) are defined in Theorem G.1.

Proof [Proof of Lemma G.2] The key idea to prove Lemma G.2 is by induction over k on the
relationships between four quantities: gradient in the sharp/flat direction and momentum in the
sharp/flat direction. We prove the result for τ = 1, and the result for general τ ∈ [0, 1] can be
obtained in the same manner.
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Induction objective. We are going to inductively prove the following augmented results: for each
k ∈ N, the following four induction conditions hold:
• Firstly, the sharp direction does not explode:∥∥∥∥P 1

2
k O⊤V ⊤

k

(
Ps(wk+1)mk

Ps(wk+1)∇L(wk+1)

)∥∥∥∥
2

≤
(
1− qk

)
·
(
1 + A(β) · κ3/16

)
·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

+ B(β) · κ15/16 ·
∥∥∥∥( β ·mk

(1− β) · ∇L(wk)

)∥∥∥∥
2

. (G.4)

• Secondly, the flat direction gradient keeps its magnitude:

∥Pf(wk+1)∇L(wk+1)∥2 ≥ (1− q
k
) · ∥Pf(wk)∇L(wk)∥2. (G.5)

• Thirdly, the flat direction momentum resembles the moving average of flat direction gradients:

bk · ∥Pf(wk)∇L(wk)∥2 ≥

∥∥∥∥∥(1− β) ·
k∑

j=0

βj · Pf(wk)∇L(wk)− Pf(wk)mk+1

∥∥∥∥∥
2

. (G.6)

• Lastly, the flat direction gradient dominates the sharp direction gradient and momentum:∥∥∥∥P 1
2
k O⊤V ⊤

k

(
Ps(wk+1)mk+1

Ps(wk+1)∇L(wk,τ )

)∥∥∥∥
2

≤ c · ∥Pf(wk+1)∇L(wk+1)∥2,

max
{
∥Ps(wk+1)∇L(wk+1)∥2, ∥Ps(wk+1)mk+1∥2

}
≤ c · ∥Pf(wk+1)∇L(wk+1)∥2.

(G.7)

Additionally, the induction condition (G.7) holds for a dummy step k = −1. Here A(β) and B(β) are
defined in Theorem G.1. The matrices {Pk,O,Vk}k≥0 are constructed in Lemma G.4: Vk duplicates
the eigenbasis of the sharp-direction Hessian Ps(wk)∇2L(wk)Ps(wk) in the momentum-gradient
product space, O is a fixed orthogonal matrix that groups each sharp eigen-direction into a two-
dimensional momentum-gradient block, and Pk is the block-diagonal Lyapunov weight obtained
from these two-dimensional blocks. The sequences {bk}k≥0, {qk}k≥0, and {q

k
}k≥0 are positive

sequences, and c > 0 is a constant, defined as following:

c := 6B2(β) · κ1/2,

bk := 12β · ηγflat ·
k∑

j=0

βj ·
(
1 + 2ηγflat ·

(
1 + 6C(β)

))j
,

q
k
:= 2ηγflat ·

(
1 + 2C(β) ·

(
1 + 4ηγflat ·

(
1 + 6C(β)

)))
· (1− β) ·

k∑
j=0

βj ,

qk :=

(
max

i∈[d−1]

(2β3 − 2β2 + 3β − 1) · (ηλk,i)2 + 2(1− β2) · ηλk,i + 2(1− β)2(1 + β)

ηλk,i(1− β)2 · (2(1 + β)− (1− β)ηλk,i)

)−1

.

In the sufficiently small river-valley regime of Assumption 2.2, all scalar error terms carrying the
small factors γflat/γmax and κ are taken to be below a fixed constant; in particular, q

k
≤ 1/2 for all

relevant k.
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Correctness for step k = 0. Firstly we show that all of (G.4), (G.5), (G.6), and (G.7) are correct
for step k = 0, and additionally (G.7) hold for a dummy step k = −1.

• The correctness of (G.4) at step k = 0 is given by Lemma G.4 for step k = 0.

• The correctness of (G.6) at step k = 0 is trivial since the right hand side of (G.6) is 0.

• The correctness of (G.7) at step k = −1 is also trivial since both sides are 0.

• The correctness of (G.5) at step k = 0 conditioning on the correctness of (G.6) at step k = 0 and
(G.7) at step k = −1 is given by Lemma G.7.

• Finally the correctness of (G.7) at step k = 0 conditioning on the correctness of (G.4), (G.5), and
(G.6) at step k = 0 and (G.7) at step k = −1 is given by Lemma G.8.

Main induction argument. Now suppose that all of (G.4), (G.5), (G.6), and (G.7) are correct up
to some step k − 1 with k ≥ 1. To prove the correctness for step k, we adopt the following strategy:

• Condition (G.4) can be directly proved correct for all k (proved by Lemma G.4). Then:

• First prove that Condition (G.6) is correct (with Lemma G.6).

• Then prove that Condition (G.5) is correct (with Lemma G.7).

• Finally prove that Condition (G.7) is correct (with Lemma G.8).

In the sequel, we show how to obtain (G.5), (G.6), and (G.7) for step k following the above strategy.
Proof of (G.6) for step k. By Lemma G.6, given the correctness of (G.5), (G.6), and (G.7) up to

step k − 1, we have that∥∥∥∥∥∥(1− β) ·
k∑

j=0

βj · Pf(wk)∇L(wk)− Pf(wk)mk+1

∥∥∥∥∥∥
2

≤ b̃k · ∥Pf(wk)∇L(wk)∥2, where

b̃k :=
(
1 + 2q

k−1

)
·

(
βbk−1 + β(1− β)

k−1∑
j=0

βjq
k−1

+ κηγβ

(
1 + (1− β)

k−1∑
j=0

βj + bk−1

))
.

Then it suffices to prove that the above b̃k ≤ bk. We first gather some useful properties needed in this
proof (and later induction proofs) in the following.

Proposition G.3 Under the same setups as Lemma G.2, we have the following results:
1. Under the condition that η ∈ I1, we have that

1 + 2ηγmax +
ηγ

2
≤ 1 + 5 · 1 + β

1− β
:= C(β). (G.8)

2. If we denote q(β) as following

q(β) := 2ηγflat ·
(
1 + 6C(β)

)
,

then by η ∈ I2, we have that

η ≤ 1

2(1 + 6C(β))
· 1

γflat
⇒ q(β) ≤ 1. (G.9)
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3. By η ∈ I3, we have that for any k ∈ N,

η ≤ 1− β

12β + 2β · (1 + 6C(β))
· 1

γflat
⇒ bk ≤ (1− β)

k∑
j=0

βj ≤ 1. (G.10)

4. By η ∈ I1 ∩ I2 ∩ I3, we have that for any k ∈ N,

q
k
≤ q(β). (G.11)

Proof [Proof of Proposition G.3] Most conclusions can be directly checked from the definitions. For
the third conclusion, recall that q(β) = 2ηγflat(1 + 6C(β)). Then

bk = 12βηγflat

k∑
j=0

βj
(
1 + q(β)

)j
≤ 12βηγflat ·

1− β

1− β(1 + q(β))

k∑
j=0

βj

≤ (1− β)

k∑
j=0

βj ,

where the last step uses η ∈ I3. This proves the third conclusion and the remaining conclusions
follow from the definitions.

Now we are ready to prove b̃k ≤ bk. Using (G.9), (G.10), and (G.11), we have the following,

b̃k =
(
1 + 2q

k−1

)
·

(
βbk−1 + β(1− β)

k−1∑
j=0

βjq
k−1

+ κηγβ

(
1 + (1− β)

k−1∑
j=0

βj + bk−1

))

≤
(
1 + 2q(β)

)
·

(
βbk−1 + β(1− β)

k−1∑
j=0

βjq(β) + κηγβ

(
1 + (1− β)

k−1∑
j=0

βj + bk−1

))

≤ 12β · ηγflat ·
k∑

j=1

βj ·
(
1 + q(β)

)j
+ β · q(β) ·

(
1 + 2q(β)

)
+ β · ηγflat · 3 ·

(
1 + 2q(β)

)
≤ 12β · ηγflat ·

k∑
j=1

βj ·
(
1 + q(β)

)j
+ 12β · ηγflat

= 12β · ηγflat ·
k∑

j=0

βj ·
(
1 + q(β)

)j
= bk,

where the first inequality uses (G.11), the second inequality combines (i) the definition of bk−1 and
(ii) (G.10) to bound bk−1 ≤ 1, and (iii) item 2 of Assumption 2.2 to obtain κγ ≤ γflat, the third
inequality uses (G.9) to bound q(β) ≤ 1 and obtain ηγflat ≤ 1. This proves that b̃k ≤ bk and thus
the induction condition (G.6) hold for step k.
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Proof of (G.5) for step k. By Lemma G.7, given the correctness of (G.5), (G.6), and (G.7) up to
step k − 1 plus (G.6) for step k, we have the following,

∥Pf(wk+1)∇L(wk+1)∥2 ≥
(
1− q̃

k
) · ∥Pf(wk)∇L(wk)∥2, where

q̃
k
:= ηγflat ·

(
(1− β)

k∑
j=0

βj + bk

)

+ 2ηγκ
(
1 + 2ηγmax + ηγ/2

)
·

(
(1− β) + β

(
(1− β)

k−1∑
j=0

βj + bk−1

)(
1 + 2q

k−1

))
.

Then it suffices to prove that q̃
k
≤ q

k
. To this end, consider the following,

q̃
k
≤ ηγflat ·

(
(1− β) ·

k∑
j=0

βj + bk

+ 2C(β) ·

(
(1− β) + β ·

(
(1− β) ·

k−1∑
j=0

βj + bk−1

)
·
(
1 + 2q(β)

)))
, (G.12)

where we apply (i) item 2 of Assumption 2.2 to obtain that κγ ≤ γflat, (ii) inequality (G.8) to bound
1 + ηγmax + ηγ/2, and (iii) inequality (G.11) to bound q

k−1
≤ q(β). To proceed, notice that by the

definition of bk,

(1− β) ·
k∑

j=0

βj + bk = (1− β) ·
k∑

j=0

βj

+ 12β · ηγflat ·
k∑

j=0

βj ·
(
1 + 2ηγflat ·

(
1 + 6C(β)

))j
. (G.13)

The second term on the right hand side of the above equality can be bounded by

12β · ηγflat ·
k∑

j=0

βj ·
(
1 + 2ηγflat ·

(
1 + 6C(β)

))j
≤ 12β · ηγflat ·max

k′∈N

{∑k′

j=0 β
j · (1 + 2ηγflat · (1 + 6C(β)))j∑k′

j=0 β
j

}
·

k∑
j=0

βj

= 12β · ηγflat ·
1− β

1− β · (1 + 2ηγflat · (1 + 6C(β)))
·

k∑
j=0

βj

≤ (1− β) ·
k∑

j=0

βj , (G.14)

where the last inequality uses η ∈ I3. Consequently, by (G.13) and (G.14), we have that

(1− β) ·
k∑

j=0

βj + bk ≤ 2(1− β) ·
k∑

j=0

βj . (G.15)
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Therefore, combining (G.12) and (G.15), we have that

q̃
k
≤ ηγflat ·

(
2(1− β) ·

k∑
j=0

βj + 2C(β)

(
(1− β) + β · 2(1− β) ·

k−1∑
j=0

βj

)
·
(
1 + 2q(β)

))

≤ ηγflat ·

(
2(1− β) ·

k∑
j=0

βj + 4C(β) · (1− β) ·
k∑

j=0

βj ·
(
1 + 2q(β)

))

= 2ηγflat ·
(
1 + 2C(β) ·

(
1 + 2q(β)

))
· (1− β) ·

k∑
j=0

βj

= q
k

This proves q̃
k
≤ q

k
, finishing the proof of induction condition (G.5) for step k.

Proof of (G.7) for step k. This follows by Lemma G.8 without extra proofs.
Thus, we finish the Main induction argument, completing the proof of Lemma G.2.

G.2.2. LEMMAS FOR INDUCTION ARGUMENT

Lemma G.4 (Analysis of the sharp directions) Suppose that Assumptions 2.1 and 2.2 hold. Take
the learning rate η and momentum parameter β satisfying

η ∈ I1 :=

(
κ1/32

γmax
,
2 · (1 + β)− κ1/16

1− β
· 1

γmax

)
,

then there exist orthogonal matrices O, {Vk}k≥0 ⊂ R2d×2d and positive definite matrices {Pk}k≥0 ⊂
R2d×2d such that for any k ∈ N and τ ∈ [0, 1], it holds that∥∥∥∥P 1

2
k O⊤V ⊤

k

(
Ps(wk,τ )mk

Ps(wk,τ )∇L(wk+1)

)∥∥∥∥
2

≤
(
1− qk

)
·
(
1 + A(β) · κ3/16

)
·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

+ B(β) · κ15/16 ·
∥∥∥∥( β ·mk

(1− β) · ∇L(wk)

)∥∥∥∥
2

.

Here qk, A(β) and B(β) are defined as

qk :=

(
max

i∈[d−1]

(2β3 − 2β2 + 3β − 1) · (ηλk,i)2 + 2(1− β2) · ηλk,i + 2(1− β)2(1 + β)

ηλk,i(1− β)2 · (2(1 + β)− (1− β)ηλk,i)

)−1

,

A(β) :=
1

2
·

(
8
√
2

(1− β)4
+

22

(1− β)2

)
+ d ·

(
64
√
2

(1− β)4
+

88

(1− β)2

)
+

(
8

(1− β)3
+ 3

) 1
2

,

B(β) := 2 ·
(

16

(1− β)3
+ 6

) 1
2

·
(

10

1− β
+ 1

)
· 2

1− β
,
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and λk,1 ≥ λk,2 ≥ · · · ≥ λk,d−1 are the largest d − 1 eigenvalues of ∇2L(wk). The matrices Vk,
O, and Pk are constructed explicitly in Step 1 of the proof: Vk diagonalizes the sharp Hessian, O
regroups the momentum and gradient coordinates into independent two-dimensional blocks, and Pk

is assembled from the Lyapunov solutions for those blocks.

Proof [Proof of Lemma G.4] By the iteration of GD momentum (GD-M), we have that

Ps(wk+1)mk+1 = β · Ps(wk)mk + (1− β)Ps(wk)∇L(wk) +
(
Ps(wk+1)− Ps(wk)

)
mk+1,

and that

Ps(wk+1)∇L(wk+1)

= Ps(wk)∇L(wk)− η · Ps(wk)∇2L(wk)Ps(wk)mk+1

− η ·
∫ 1

0

(
Ps(wk,τ )∇2L(wk,τ )Ps(wk,τ )− Ps(wk)∇2L(wk)Ps(wk)

)
mk+1dτ

− η ·
∫ 1

0
∇Ps(wk,τ )[mk+1]∇L(wk,τ )dτ.

Therefore, we have the following iteration formula,(
Ps(wk+1)mk+1

Ps(wk+1)∇L(wk+1)

)
= Tk

(
Ps(wk)mk

Ps(wk)∇L(wk)

)
+Ek (G.16)

where Tk and Ek are defined as following,

Tk :=

(
β · Ps(wk) (1− β) · Ps(wk)

−ηβ · Ps(wk)∇2L(wk)Ps(wk) Ps(wk)
(
Id − η(1− β) · ∇2L(wk)

)
Ps(wk)

)
,

Ek :=

(
Ek,1

Ek,2

)
,

and Ek,1 and Ek,2 are defined as following respectively,

Ek,1 :=
(
Ps(wk+1)− Ps(wk)

)
mk+1

Ek,2 := −η ·
∫ 1

0

(
Ps(wk,τ )∇2L(wk,τ )Ps(wk,τ )− Ps(wk)∇2L(wk)Ps(wk)

)
mk+1dτ

− η ·
∫ 1

0
∇Ps(wk,τ )[mk+1]∇L(wk,τ )dτ.

Step 1: Analysis of matrix Tk. We denote the eigenvalues of the matrix Ps(wk)∇2L(wk)Ps(wk)
as λk,1 ≥ λk,2 ≥ · · · ≥ λk,d, and we denote the corresponding orthonormal eigenvectors as {vk,i}di=1.
Specifically, we have that λk,d = 0 and that vk,i = vi(∇2L(wk)) for any i ∈ [d]. Then we denote
the orthogonal matrix Vk ∈ R2d×2d and a diagonal matrix Λk ∈ Rd×d as

Vk :=

(
vk,1, · · · , vk,d 0

0 vk,1, · · · , vk,d,

)
, Λk := diag

(
λk,1, · · · , λk,d−1, 0

)
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which allows us to transform the matrix Tk to

Tk = Vk

(
β · I1:d−1 (1− β) · I1:d−1

−ηβ ·Λk I1:d−1 − η(1− β) ·Λk

)
V ⊤
k .

Furthermore, we can find another constant orthogonal matrix O ∈ R2d×2d such that

Tk = VkOdiag
(
Tk,1, · · · ,Tk,d−1,02×2

)
O⊤V ⊤

k , where

Tk,i =

(
β (1− β)

−β · ηλk,i 1− (1− β) · ηλk,i

)
∈ R2×2, ∀i ∈ [d− 1].

Now for each block Tk,i with i ∈ [d− 1], consider the following Lyapunov equation,

T⊤
k,iPk,iTk,i = Pk,i − I2.

By η ∈ I1, especially using ηγmax < 2(1 + β)/(1 − β), the spectral radius of Tk,i satisfies that
ρ(Tk,i) < 1 for any k ≥ 0 and i ∈ [d − 1] (see Proposition H.2). Therefore, the above Lyapunov
equation admits a unique positive definite solution Pk,i ∈ R2×2, given by

Pk,i=

+∞∑
j=0

T⊤
k,iTk,i =

2(1−β)+(2β3−2β2+3β−1)ηλk,i

(1−β)2·(2(1+β)−(1−β)ηλk,i)

−β(2β−ηλk,i)
(1−β)·(2(1+β)−(1−β)ηλk,i)

−β(2β−ηλk,i)
(1−β)·(2(1+β)−(1−β)ηλk,i)

−2(−1+β2−βηλk,i)
ηλk,i(1−β)·(2(1+β)−(1−β)ηλk,i)

 ≻ I2.

Also, from the Lyapunov equation we can write P
1
2
k,iTk,i = Qk,i(Pk,i − I2)

1
2 for some othogonal

matrix Qk,i. Now we combine these Pk,i’s to form a block diagonal matrix Pk ∈ R2d×2d as

Pk := diag
(
Pk,1, · · · ,Pk,d−1, I2

)
.

Step 2: Bounding the next step in the sharp direction: main analysis. With the analysis of
matrix Tk, we can continue the analysis for upper bounding the sharp direction. We have(

Ps(wk+1)mk+1

Ps(wk+1)∇L(wk+1)

)
= Tk

(
Ps(wk)mk

Ps(wk)∇L(wk)

)
+Ek

= VkOdiag
(
Tk,1, · · · ,Tk,d−1,02×2

)
O⊤V ⊤

k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)
+Ek,

and thus

P
1
2
k O⊤V ⊤

k

(
Ps(wk+1)mk+1

Ps(wk+1)∇L(wk+1)

)
= P

1
2
k diag

(
Tk,1, · · · ,Tk,d−1,02×2

)
O⊤V ⊤

k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)
+ P

1
2
k O⊤V ⊤

k Ek.

Consider the ∥ · ∥2-norm on both sides, we have∥∥∥∥P 1
2
k O⊤V ⊤

k

(
Ps(wk+1)mk+1

Ps(wk+1)∇L(wk+1)

)∥∥∥∥
2
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≤
∥∥∥∥P 1

2
k diag

(
Tk,1, · · · ,Tk,d−1,02×2

)
O⊤V ⊤

k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

+

∥∥∥∥P 1
2
k O⊤V ⊤

k Ek

∥∥∥∥
2

.

In Step 2 we focus on the first term on the right-hand side. By the definition of Pk, we have∥∥∥∥P 1
2
k diag

(
Tk,1, · · · ,Tk,d−1,02×2

)
O⊤V ⊤

k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥2
2

=
d−1∑
i=1

∥∥∥∥P 1
2
k,iTk,i(VkO)⊤i

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥2
2

=
d∑

i=1

∥∥∥∥Qk,i

(
Pk,i − I2

) 1
2 (VkO)⊤i

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥2
2

=

d∑
i=1

∥∥∥∥Qk,i

(
I2 − P−1

k,i

) 1
2P

1
2
k,i(VkO)⊤i

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥2
2

≤ max
i∈[d−1]

∥∥I2 − P−1
k,i

∥∥
Op

·
d∑

i=1

∥∥∥∥P 1
2
k,i(VkO)⊤i

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥2
2

= max
i∈[d−1]

∥∥I2 − P−1
k,i

∥∥
Op

·
∥∥∥∥P 1

2
k O⊤V ⊤

k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥2
2

= max
i∈[d−1]

(
1−

∥∥Pk,i

∥∥−1

Op

)
·
∥∥∥∥P 1

2
k O⊤V ⊤

k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥2
2

. (G.17)

In the following, we upper bound the right hand side of (G.17). On the one hand, we have that

max
i∈[d−1]

(
1−

∥∥Pk,i

∥∥−1

Op

)
≤ 1−

(
max

i∈[d−1]
Tr
(
Pk,i

))−1

:= 1− qk

where we define qk := (maxi∈[d−1]Tr(Pk,i))
−1 and Tr(Pk,i) is given by

Tr(Pk,i) =
2(1− β) + (2β3 − 2β2 + 3β − 1)ηλk,i
(1− β)2 · (2(1 + β)− (1− β)ηλk,i)

−
2(−1 + β2 − βηλk,i)

ηλk,i(1− β) · (2(1 + β)− (1− β)ηλk,i)

=
(2β3 − 2β2 + 3β − 1) · (ηλk,i)2 + 2(1− β2) · ηλk,i + 2(1− β)2(1 + β)

ηλk,i(1− β)2 · (2(1 + β)− (1− β)ηλk,i)
.

On the other hand, we have that∥∥∥∥P 1
2
k O⊤V ⊤

k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

(G.18)

≤
∥∥∥∥(P 1

2
k − P

1
2
k−1

)
O⊤V ⊤

k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

+

∥∥∥∥P 1
2
k−1O

⊤V ⊤
k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

.

For the first term on the right-hand side of (G.18), we have∥∥∥∥(P 1
2
k − P

1
2
k−1

)
O⊤V ⊤

k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2
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≤
∥∥P 1

2
k − P

1
2
k−1

∥∥
Op

·
∥∥∥∥( Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

≤ 1

2
·
∥∥Pk − Pk−1

∥∥
Op

·
∥∥∥∥( Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

≤ 1

2
·
∥∥Pk − Pk−1

∥∥
Op

·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

,

where in the second and the third inequalities we use the fact that Pk ⪰ I2d. Furthermore, the
difference between Pk and Pk−1 can be bounded as

Pk,i − Pk−1,i =
η
(
λk,i − λk−1,i

)
D(ηλk,i)D(ηλk−1,i)

·

4β2(1+β2)
(1−β)2

2β(1+β2)
1−β

2β(1+β2)
1−β

2(βη2λk,iλk−1,i+(1−β2)η(λk,i+λk−1,i)−2(1+β)2)
ηλk,i·ηλk−1,i

 .

Here for simplicity we denote D(x) := 2(1+ β)− (1− β)x for any x ∈ R. This allows us to bound
the operator norm of the difference as (see details in Proposition H.3),∥∥Pk − Pk−1

∥∥
Op

≤ max
i∈[d−1]

∥∥Pk,i − Pk−1,i

∥∥
Op

≤ max
i∈[d−1]

∥∥Pk,i − Pk−1,i

∥∥
F

≤ max
i∈[d−1]

η
∣∣λk,i − λk−1,i

∣∣
D(ηλk,i)D(ηλk−1,i)

·

√
8β2(1 + β2)2(3β2 − 2β + 1)

(1− β)4
+

4(βη2λk,iλk−1,i + (1− β2)η(λk,i + λk−1,i)− 2(1 + β)2)2

(ηλk,i)2(ηλk−1,i)2
.

By η ∈ I1, we have that

η ≤ 2(1 + β)− κ1/16

(1− β) · γmax
≤ 2(1 + β)− κ1/16

(1− β) · λk,i
, ∀k ≥ 0, i ∈ [d− 1],

η ≥ κ1/32

γmax
≥ κ1/32

λk,i
· γ

γmax
≥ κ1/16

λk,i
, ∀k ≥ 0, i ∈ [d− 1],

where we have used item 2 of Assumption 2.2 that γ/γmax ≥ κ1/32. Therefore, we can lower bound

D(ηλk,i) ≥ κ1/16, ηλk,i ≥ κ1/16, ∀k ≥ 0, i ∈ [d− 1].

Thus we further simplify the difference as∥∥Pk − Pk−1

∥∥
Op

≤ max
i∈[d−1]

η · |λk,i − λk−1,i|
κ1/8

·

(
2
√
2β(1 + β2)

√
3β2 − 2β + 1

(1− β)2
+ 2β +

4(1− β2)

κ1/16
+

4(1 + β)2

κ1/8

)
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≤ max
i∈[d−1]

η · |λk,i − λk−1,i| · κ−1/4 ·

(
2
√
2β(1 + β2)

√
3β2 − 2β + 1

(1− β)2
+ 2β + 4(1− β2) + 4(1 + β)2

)

≤ max
i∈[d−1]

η · |λk,i − λk−1,i| · κ−1/4 ·

(
8
√
2

(1− β)2
+ 22

)
.

Now by Lemma H.11, we have the following,

∣∣λk,i − λk−1,i

∣∣ ≤ ∥∥∇2L(wk)−∇2L(wk−1)
∥∥
Op

=

∥∥∥∥η · ∫ 1

0
∇3L(wk−1,τ )[mk]dτ

∥∥∥∥
Op

≤ ηγ2κ

2
,

where we have applied item 3 of Assumption 2.2 and the fact that ∥mk∥2 ≤ gmax in the last inequality.
Then we can bound the difference between Pk and Pk−1 as

∥∥Pk − Pk−1

∥∥
Op

≤ η2γ2 ·

(
4
√
2

(1− β)2
+ 11

)
· κ3/4.

Consequently, the first term on the right-hand side of (G.18) is bounded as∥∥∥∥(P 1
2
k − P

1
2
k−1

)
O⊤V ⊤

k

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

≤ 1

2
η2γ2 ·

(
4
√
2

(1− β)2
+ 11

)
· κ3/4 ·

∥∥∥∥P 1
2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

.

Then we handle the second term on the right-hand side of (G.18). We want to bound the difference
between∥∥∥∥P 1

2
k−1O

⊤V ⊤
k

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

and
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

.

Consider the following twisted approach based on Lemma H.12 (Davis–Kahan sin θ theorem). [2]
consider a clustering mechanism to make sure that the eigenvalues of Hessian in different groups are
at least η away, and consecutive eigenvalues in a group is no more than η away. In this manner, the gap
condition in Lemma H.12 is satisfied because we can lower bound the gap between eigenvalues from
two groups using |λk,i − λk−1,i| ≤ O(η) and that the groups at step k−1 is already η away. However,
such a clustering mechanism is not friendly in our setting because the eigenvalues within a group
could differ a lot (up to d · η) and can make the weighting matrix P

1/2
k−1 very heterogeneous within

a cluster. To tackle this challenge, we observe that here we have already bounded the eigenvalues
between time steps via |λk,i − λk−1,i| ≤ O(ηγ2 · κ) which is small. So we can actually narrow the
grouping threshold to something related to κ. In this way, the difference between eigenvalues within
a group can be controlled by κ, which means that within a group we reduce back to the setting of [2].

To make it precise, consider the following clustering of the eigenvalues of the Hessian. At time
step k, we devide [d] into p(k − 1) disjoint groups S1, · · · , Sp(k−1) such that

∀ℓ, h ∈ [p(k − 1)], ℓ ̸= h, and i ∈ Sℓ, j ∈ Sh, |λk−1,i − λk−1,j | ≥ 2ηγ2κ1/2,
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∀ℓ ∈ [p(k − 1)], and i, j ∈ Sℓ, |λk−1,i − λk−1,j | < 2ηγ2κ1/2.

Then on the one hand, since |λk,i − λk−1,i| ≤ ηγ2κ/2 ≤ ηγ2κ1/2/2, we can obtain that the ∆ in
Lemma H.12 is lower bounded by 2ηγ2κ1/2 − 2 · ηγ2κ1/2/2 = ηγ2κ1/2, and thus by Lemma H.12
we have that for any ℓ ∈ [p(k)], it holds that∥∥∥Ṽk,Sℓ

Ṽ ⊤
k,Sℓ

− Ṽk−1,Sℓ
Ṽ ⊤
k−1,Sℓ

∥∥∥
Op

≤

∥∥∇2L (wk)−∇2L (wk−1)
∥∥
Op

∆
≤ ηγ2κ/2

ηγ2κ1/2
=

1

2
κ1/2.

Here we denote Ṽk,S := (vk,i)i∈S ∈ Rd×|S| for any index set S ⊆ [d]. On the other hand, within a
group Sℓ the difference between any two eigenvalues is bounded by 2dηγ2 · κ1/2. Denoting P̂k−1 as

P̂k−1 := diag
(
P̂k−1,S1 , · · · , P̂k−1,Sp(k−1)

)
, where

P̂k−1,Sℓ
:= diag

(
Pk−1,iℓ , · · · ,Pk−1,iℓ︸ ︷︷ ︸

|Sℓ|

)
, ∀ℓ ∈ [p(k − 1)],

where iℓ ∈ Sℓ denotes an arbitrary index in group Sℓ, we can bound the difference between Pk−1

and P̂k−1 as (see details in Proposition H.3),∥∥∥Pk−1 − P̂k−1

∥∥∥
Op

≤ max
ℓ∈[p(k−1)]

max
i,j∈Sℓ

∥Pk−1,i − Pk−1,j∥Op

≤ max
ℓ∈[p(k−1)]

max
i,j∈Sℓ

η · |λk−1,i − λk−1,j | · κ−1/4 ·

(
8
√
2

(1− β)2
+ 22

)

≤ dη2γ2 ·

(
16
√
2

(1− β)2
+ 44

)
· κ1/4. (G.19)

Then we can proceed as follows. Consider that by (G.19) we have∥∥∥∥P 1
2
k−1O

⊤V ⊤
k

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

−
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

≤
∥∥∥∥P̂ 1

2
k−1O

⊤V ⊤
k

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

−
∥∥∥∥P̂ 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

+ dη2γ2 ·

(
32
√
2

(1− β)2
+ 88

)
· κ1/4 ·

∥∥∥∥P 1
2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

.(G.20)

Now for the first term on the right-hand side above, we can decompose the norm by∥∥∥∥P̂ 1
2
k−1O

⊤V ⊤
k

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

=

 ∑
ℓ∈[p(k−1)]

∥∥∥∥P̂ 1
2
k−1,Sℓ

O⊤
Sℓ
V ⊤
k,Sℓ

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥2
2

 1
2

=

 ∑
ℓ∈[p(k−1)]

∥∥∥∥( Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥2
Pk−1,iℓ

⊗Ṽk,Sℓ
Ṽ ⊤
k,Sℓ

 1
2

,
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where OSℓ
is an orthogonal matrix corresponding to the transformation of O on the subspace spanned

by the eigenvectors in group Sℓ. Similarly, we have that∥∥∥∥P̂ 1
2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

=

 ∑
ℓ∈[p(k−1)]

∥∥∥∥( Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥2
Pk−1,iℓ

⊗Ṽk−1,Sℓ
Ṽ ⊤
k−1,Sℓ

 1
2

.

Thus we can bound the difference between the two terms by∥∥∥∥P̂ 1
2
k−1O

⊤V ⊤
k

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

−
∥∥∥∥P̂ 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

≤

 ∑
ℓ∈[p(k−1)]

∥∥∥∥( Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥2
Pk−1,iℓ

⊗
(
Ṽk,Sℓ

Ṽ ⊤
k,Sℓ

−Ṽk−1,Sℓ
Ṽ ⊤
k−1,Sℓ

)
 1

2

≤

( ∑
ℓ∈[p(k−1)]

∥Pk−1,iℓ∥Op ·
∥∥∥Ṽk,Sℓ

Ṽ ⊤
k,Sℓ

− Ṽk−1,Sℓ
Ṽ ⊤
k−1,Sℓ

∥∥∥
Op

·
∥∥∥∥P 1

2
k−1,Sℓ

O⊤
Sℓ
V ⊤
k−1,Sℓ

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥2
2

) 1
2

.

Specifically we have that for any ℓ ∈ p(k − 1),

∥Pk−1,iℓ∥Op ≤
(2β3 − 2β2 + 3β − 1) · (ηλk,i)2 + 2(1− β)2 · ηλk,i + 2(1− β)2(1 + β)

ηλk,i(1− β)2 · (2(1 + β)− (1− β)ηλk,i)

≤
4ηλk,iℓ

(1− β)2D(ηλk,iℓ)
+

2

D(ηλk,iℓ)
+

2(1 + β)

ηλk,iℓD(ηλk,iℓ)

≤ 8(1 + β)

(1− β)3κ1/16
+

2

κ1/16
+

2(1 + β)

κ1/8

≤
(

16

(1− β)3
+ 6

)
κ−1/8.

Also, we have already shown that the difference between the sub-projection matrices is bounded by
κ1/2/2. Therefore, we can conclude that∥∥∥∥P̂ 1

2
k−1O

⊤V ⊤
k

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

−
∥∥∥∥P̂ 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

≤
(

8

(1− β)3
+ 3

) 1
2

· κ3/16 ·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

Combing with (G.20), we have that the second term on the right-hand side of (G.18) can be bounded
by ∥∥∥∥P 1

2
k−1O

⊤V ⊤
k

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2
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≤

(
1 + dη2γ2 ·

(
32
√
2

(1− β)2
+ 88

)
· κ1/4 +

(
8

(1− β)3
+ 3

) 1
2

· κ3/16
)

·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

.

Now we can conclude that (G.18) can be bounded by∥∥∥∥P 1
2
k O⊤V ⊤

k

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

≤

(
1 +

1

2
η2γ2 ·

(
4
√
2

(1− β)2
+ 11

)
· κ3/4 + dη2γ2 ·

(
32
√
2

(1− β)2
+ 88

)
· κ1/4 +

(
8

(1− β)3
+ 3

) 1
2

· κ3/16
)

·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

≤

(
1 +

1

2
·

(
8
√
2

(1− β)4
+

22

(1− β)2

)
· κ3/4 + d ·

(
64
√
2

(1− β)4
+

88

(1− β)2

)
· κ1/4 +

(
8

(1− β)3
+3

) 1
2

· κ3/16
)

·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

≤
(
1 + A(β) · κ3/16

)
·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

,

where we denote A(β) as

A(β) :=
1

2
·

(
8
√
2

(1− β)4
+

22

(1− β)2

)
+ d ·

(
64
√
2

(1− β)4
+

88

(1− β)2

)
+

(
8

(1− β)3
+ 3

) 1
2

.

Thus we conclude Step 2 by the following,∥∥∥∥P 1
2
k O⊤V ⊤

k

(
Ps(wk+1)mk+1

Ps(wk+1)∇L(wk+1)

)∥∥∥∥
2

(G.21)

≤
(
1− qk

)
·
(
1 + A(β) · κ3/16

)
·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps (wk)mk

Ps (wk)∇L (wk)

)∥∥∥∥
2

+

∥∥∥∥P 1
2
k O⊤V ⊤

k Ek

∥∥∥∥
2

.

Step 3: Bounding the next step in the sharp direction: remaining terms. It then remains to
control the remaining terms due to the spinning of the river, i.e., ∥P 1/2

k O⊤V ⊤
k Ek∥2. To this end,

consider ∥∥∥∥P 1
2
k O⊤V ⊤

k Ek

∥∥∥∥
2

≤
∥∥∥∥P 1

2
k

∥∥∥∥
Op

· ∥Ek∥2.

For the first term ∥P 1/2
k ∥Op, as we have shown in Step 2, it holds that

∥Pk∥Op ≤
(

16

(1− β)3
+ 6

) 1
2

· κ−1/16. (G.22)
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For the second term ∥Ek∥2, by its definition in (G.16), we have that

∥Ek∥2 ≤ ∥Ek,1∥2 + ∥Ek,2∥2,

where we can bound ∥Ek,1∥2 and ∥Ek,2∥2 respectively. Firstly, the term ∥Ek,1∥2 can be bounded by

∥Ek,1∥2 ≤
∥∥(Ps(wk+1)− Ps(wk)

)
mk+1

∥∥
2
≤ κηγ ·

(
β · ∥mk∥2 + (1− β) · ∥∇L(wk)∥2

)
,(G.23)

where in the second inequality we use Lemma H.6. Secondly, the term ∥Ek,2∥2 can be bounded by

∥Ek,2∥2 ≤
∥∥∥∥η · ∫ 1

0

(
Ps(wk,τ )∇2L(wk,τ )Ps(wk,τ )− Ps(wk)∇2L(wk)Ps(wk)

)
mk+1dτ

∥∥∥∥
2

+

∥∥∥∥η · ∫ 1

0
∇Ps(wk,τ )[mk+1]∇L(wk,τ )dτ

∥∥∥∥
2

, (G.24)

We further have the following bounds for the right hand side of the above,∥∥∥∥η · ∫ 1

0

(
Ps(wk,τ )∇2L(wk,τ )Ps(wk,τ )− Ps(wk)∇2L(wk)Ps(wk)

)
mk+1dτ

∥∥∥∥
2

≤
∥∥∥∥η · ∫ 1

0

(
Ps(wk,τ )− Ps(wk)

)
∇2L(wk,τ )Ps(wk,τ )mk+1dτ

∥∥∥∥
2

+

∥∥∥∥η · ∫ 1

0
Ps(wk)

(
∇2L(wk,τ )−∇2L(wk)

)
Ps(wk,τ )mk+1dτ

∥∥∥∥
2

+

∥∥∥∥η · ∫ 1

0
Ps(wk)∇2L(wk)

(
Ps(wk,τ )− Ps(wk)

)
mk+1dτ

∥∥∥∥
2

≤ 2η · ηγκ · γmax · ∥mk+1∥2 + η · 1
2
ηγ2κ · ∥mk+1∥2

≤ ηγκ ·
(
2ηγmax + ηγ/2

)
·
(
β · ∥mk∥2 + (1− β) · ∥∇L(wk)∥2

)
, (G.25)

where the second inequality uses Lemma H.6 together with 2. and 3. of Assumption 2.2. Also,∥∥∥∥η · ∫ 1

0
∇Ps(wk,τ )[mk+1]∇L(wk,τ )dτ

∥∥∥∥
2

≤ ηγκ ·
(
β · ∥mk∥2 + (1− β) · ∥∇L(wk)∥2

)
, (G.26)

where we apply Lemma H.5. Consequently, by (G.22), (G.23), (G.24), (G.25), and (G.26), we can
conclude that∥∥∥∥P 1

2
k O⊤V ⊤

k Ek

∥∥∥∥
2

≤
(

16

(1− β)3
+ 6

) 1
2

ηγ ·
(
2 + ηγmax + ηγ/2

)
· κ15/16 ·

(
β∥mk∥2 + (1− β)∥∇L(wk)∥2

)

≤ B(β) · κ15/16 ·
∥∥∥∥( β ·mk

(1− β) · ∇L(wk)

)∥∥∥∥
2

, (G.27)

where we define B(β) as

B(β) := 2 ·
(

16

(1− β)3
+ 6

) 1
2

·
(

10

1− β
+ 1

)
· 2

1− β
.
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Step 4: Concluding the proof. Finally, combining (G.21) and (G.27) , we can conclude that∥∥∥∥P 1
2
k O⊤V ⊤

k

(
Ps(wk+1)mk+1

Ps(wk+1)∇L(wk+1)

)∥∥∥∥
2

≤
(
1− qk

)
·
(
1 + A(β) · κ3/16

)
·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

+ B(β) · κ15/16 ·
∥∥∥∥( β ·mk

(1− β) · ∇L(wk)

)∥∥∥∥
2

This completes the proof of Lemma G.4.

We recall again the river-valley regime specified by Assumption 2.2: the factors carrying
γflat/γmax and κ are regarded as small enough so that the scalar induction errors are below a fixed
constant. In particular, we use q

k
≤ 1/2 for all relevant k, which follows from q

k
= O(ηγflat/(1−β))

and that γflat/γmax ≤ κ1/2.

Lemma G.5 (One-step variation of the flat-direction gradient) Suppose that Assumptions 2.1
and 2.2 hold. Suppose that the momentum iteration (GD-M) starts from an initial point w0 ∈ M on
the river and an initial momentum m0 = 0. Take the learning rate η and momentum parameter β
satisfying η ∈ I1 ∩ I2 ∩ I3. Suppose that the induction conditions (G.5), (G.6), and (G.7) hold up to
step k − 1 for some k ≥ 1. Then

∥Pf(wk)∇L(wk)− Pf(wk−1)∇L(wk−1)∥2 ≤ q
k−1

(
1 + 2q

k−1

)
· ∥Pf(wk)∇L(wk)∥2.

Proof [Proof of Lemma G.5] Denote Gℓ := Pf(wℓ)∇L(wℓ) for each ℓ. For the boundary case k = 1,
we use the convention that

∑−1
j=0 β

j = 0, b−1 = 0, and q−1
= 0. We first bound the perturbation

from Gk−1 to Gk in terms of Gk−1. By Taylor’s formula along the segment {wk−1,τ}τ∈[0,1],

Gk −Gk−1 = −η · Pf(wk−1)∇2L(wk−1)Pf(wk−1)mk

− η ·
∫ 1

0

(
Pf(wk−1,τ )∇2L(wk−1,τ )Pf(wk−1,τ )

− Pf(wk−1)∇2L(wk−1)Pf(wk−1)
)
mkdτ

− η ·
∫ 1

0
∇Pf(wk−1,τ )[mk]∇L(wk−1,τ )dτ.

The first term on the right-hand side is controlled by induction condition (G.6) at step k − 1:

η · ∥Pf(wk−1)∇2L(wk−1)Pf(wk−1)mk∥2

≤ ηγflat ·

(
(1− β)

k−1∑
j=0

βj + bk−1

)
· ∥Gk−1∥2. (G.28)

For the two integral terms, the same estimates as in (G.25) and Lemma H.5, with the index shifted
from k to k − 1, give∥∥∥∥η · ∫ 1

0

(
Pf(wk−1,τ )∇2L(wk−1,τ )Pf(wk−1,τ )− Pf(wk−1)∇2L(wk−1)Pf(wk−1)

)
mkdτ

∥∥∥∥
2
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≤ ηγκ ·
(
2ηγmax + ηγ/2

)
·
(
β∥mk−1∥2 + (1− β)∥∇L(wk−1)∥2

)
, (G.29)∥∥∥∥η · ∫ 1

0
∇Pf(wk−1,τ )[mk]∇L(wk−1,τ )dτ

∥∥∥∥
2

≤ ηγκ ·
(
β∥mk−1∥2 + (1− β)∥∇L(wk−1)∥2

)
. (G.30)

By induction conditions (G.5), (G.6), and (G.7) up to step k − 1, together with Lemma G.9, the
factor multiplying the last two displays satisfies

β∥mk−1∥2 + (1− β)∥∇L(wk−1)∥2

≤ 2

(
(1− β) + β

(
(1− β)

k−2∑
j=0

βj + bk−2

)(
1 + 2q

k−2

))
· ∥Gk−1∥2, (G.31)

where the boundary case k = 1 follows from m0 = 0 and the initialization w0 ∈ M. Combining
(G.28), (G.29), (G.30), and (G.31), we obtain

∥Gk −Gk−1∥2 ≤ q̂k−1 · ∥Gk−1∥2, (G.32)

where

q̂k−1 := ηγflat ·

(
(1− β)

k−1∑
j=0

βj + bk−1

)
+ 2ηγκ ·

(
1 + 2ηγmax + ηγ/2

)
·

(
(1− β) + β

(
(1− β)

k−2∑
j=0

βj + bk−2

)(
1 + 2q

k−2

))
.

It remains to compare q̂k−1 with q
k−1

. By item 2 of Assumption 2.2 and Proposition G.3, κγ ≤ γflat,

1 + 2ηγmax + ηγ/2 ≤ C(β), and q
k−2

≤ q(β). Moreover, (G.10) gives bt ≤ (1− β)
∑t

j=0 β
j for

every t ≥ 0. Therefore,

(1− β) + β

(
(1− β)

k−2∑
j=0

βj + bk−2

)(
1 + 2q

k−2

)
≤ 2(1− β)

k−1∑
j=0

βj
(
1 + 2q(β)

)
.

Hence,

q̂k−1 ≤ ηγflat ·

(
2(1− β)

k−1∑
j=0

βj + 2C(β) · 2(1− β)

k−1∑
j=0

βj ·
(
1 + 2q(β)

))

= 2ηγflat ·
(
1 + 2C(β)

(
1 + 2q(β)

))
· (1− β)

k−1∑
j=0

βj

= q
k−1

. (G.33)
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Combining (G.32) and (G.33) gives

∥Gk −Gk−1∥2 ≤ q
k−1

· ∥Gk−1∥2.

Finally, induction condition (G.5) at step k − 1 and Lemma G.9 imply

∥Gk−1∥2 ≤
(
1 + 2q

k−1

)
· ∥Gk∥2.

The desired conclusion follows by substituting the last display into the previous one.

Lemma G.6 (Induction argument 1) Suppose that Assumptions 2.1 and 2.2 hold. Suppose that
the momentum iteration (GD-M) starts from an initial point w0 ∈ M on the river and an initial
momentumm0 = 0. Take the learning rate η and momentum parameter β satisfying η ∈ I1∩I2∩I3.
Also, suppose that the induction conditions (G.5), (G.6), and (G.7) hold up to step k − 1 for some
k ≥ 1, and that (G.7) holds for the dummy step k = −1. Then for step k,∥∥∥∥∥∥(1− β) ·

k∑
j=0

βj · Pf(wk)∇L(wk)− Pf(wk)mk+1

∥∥∥∥∥∥
2

≤ b̃k · ∥Pf(wk)∇L(wk)∥2, where

b̃k :=
(
1 + 2q

k−1

)
·

(
βbk−1 + β(1− β)

k−1∑
j=0

βjq
k−1

+ κηγβ

(
1 + (1− β)

k−1∑
j=0

βj + bk−1

))
.

Proof [Proof of Lemma G.6] By definition, we have the following decomposition of the left hand
side, ∥∥∥∥∥∥(1− β) ·

k∑
j=0

βj · Pf(wk)∇L(wk)− Pf(wk)mk+1

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥(1− β) ·
k∑

j=1

βj · Pf(wk)∇L(wk)− β · Pf(wk)mk

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥β ·

(
(1− β) ·

k−1∑
j=0

βj · Pf(wk−1)∇L(wk−1)− Pf(wk−1)mk

)∥∥∥∥∥∥
2

+

∥∥∥∥∥∥β(1− β) ·
k−1∑
j=0

βj ·
(
Pf(wk)∇L(wk)− Pf(wk−1)∇L(wk−1)

)∥∥∥∥∥∥
2

+
∥∥∥β ·

(
Pf(wk−1)− Pf(wk)

)
mk

∥∥∥
2
.

Now using induction condition (G.6) at step k − 1 and Lemma G.5, we can derive that∥∥∥∥∥∥(1− β) ·
k∑

j=0

βj · Pf(wk)∇L(wk)− Pf(wk)mk+1

∥∥∥∥∥∥
2
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≤

(
β · bk−1 + β(1− β) ·

k−1∑
j=0

βj · q
k−1

)
· (1 + 2q

k−1
) · ∥Pf(wk)∇L(wk)∥2

+ β ·
∥∥∥(Pf(wk−1)− Pf(wk)

)
mk

∥∥∥
2
,

where we have also applied Lemma G.9. Furthermore, the last term on the right hand side above is
bounded by the following,∥∥∥(Pf(wk−1)− Pf(wk)

)
mk

∥∥∥
2
≤ κηγ · ∥mk∥2

≤ κηγ · ∥Ps(wk−1)mk∥2 + κηγ · ∥Pf(wk−1)mk∥2,

where the first inequality uses Lemma H.6. On the one hand, by the induction conditions (G.5) and
(G.6) at step k − 1, applying Lemma G.9, we have that

∥Pf(wk−1)mk∥2 ≤

(
(1− β) ·

k−1∑
j=0

βj + bk−1

)
· (1 + 2q

k−1
) · ∥Pf(wk)∇L(wk)∥2.

On the other hand, by the induction condition (G.7) at step k − 2 and condition (G.5) at step k − 1,

∥Ps(wk−1)mk∥2 ≤ ∥Ps(wk−1)mk−1∥2 + ∥Ps(wk−1)∇L(wk−1)∥2
≤ 2c · ∥Pf(wk−1)∇L(wk−1)∥2
≤ (1 + 2q

k−1
) · ∥Pf(wk)∇L(wk)∥2,

where the last inequality applies Lemma G.9 and the condition that c ≤ 1/2. Therefore, by combining
all the above inequalities, we can conclude the proof of Lemma G.6.

Lemma G.7 (Induction argument 2) Suppose that Assumptions 2.1 and 2.2 hold. Also, suppose
that the induction conditions (G.5), (G.6), and (G.7) hold up to step k − 1, plus that the induction
condition (G.6) hold for step k, where k ≥ 1, then it holds that for such a step k and any τ ∈ [0, 1],

∥Pf(wk,τ )∇L(wk,τ )∥2 ≥
(
1− q̃

k
) · ∥Pf(wk)∇L(wk)∥2, where

q̃
k
:= ηγflat ·

(
(1− β)

k∑
j=0

βj + bk

)

+ 2ηγκ
(
1 + 2ηγmax + ηγ/2

)
·

(
(1− β) + β

(
(1− β)

k−1∑
j=0

βj + bk−1

)
(1 + 2q

k−1
)

)
.

Moreover, the above conclusion also holds for step k = 0 supposing that the induction condition
(G.7) holds for step k = −1 and that the induction condition (G.6) holds for step k = 0.

Proof [Proof of Lemma G.7] Suppose that the induction conditions (G.5), (G.6), and (G.7) hold up
to step k − 1, plus that the induction condition (G.6) hold for step k, where k ≥ 1. Then for such a
step k,

Pf(wk+1)∇L(wk+1)
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= Pf(wk)∇L(wk)− η ·
∫ 1

0
Pf(wk,τ )∇2L(wk,τ )Pf(wk,τ )mk+1dτ

− η ·
∫ 1

0
∇Pf(wk,τ )[mk+1]∇L(wk,τ )dτ

= Pf(wk)∇L(wk)− η · Pf(wk)∇2L(wk)Pf(wk)mk+1

− η ·
∫ 1

0

(
Pf(wk,τ )∇2L(wk,τ )Pf(wk,τ )− Pf(wk)∇2L(wk)Pf(wk)

)
mk+1dτ

− η ·
∫ 1

0
∇Pf(wk,τ )[mk+1]∇L(wk,τ )dτ

= Pf(wk)∇L(wk)− η · (1− β) ·
k∑

j=0

βj · Pf(wk)∇2L(wk)Pf(wk)Pf(wk)∇L(wk)

+ η · Pf(wk)∇2L(wk)Pf(wk)

(
(1− β) ·

k∑
j=0

βj · Pf(wk)∇L(wk)− Pf(wk)mk+1

)

− η ·
∫ 1

0

(
Pf(wk,τ )∇2L(wk,τ )Pf(wk,τ )− Pf(wk)∇2L(wk)Pf(wk)

)
mk+1dτ

− η ·
∫ 1

0
∇Pf(wk,τ )[mk+1]∇L(wk,τ )dτ,

Therefore, we can lower bound ∥Pf(wk+1)∇(wk+1)∥2 as

∥Pf(wk+1)∇(wk+1)∥2

≥

(
1− ηγflat · (1− β) ·

k∑
j=0

βj − ηγflat · bk

)
· ∥Pf(wk)∇(wk)∥2

−
∥∥∥∥η · ∫ 1

0

(
Pf(wk,τ )∇2L(wk,τ )Pf(wk,τ )− Pf(wk)∇2L(wk)Pf(wk)

)
mk+1dτ

∥∥∥∥
2

−
∥∥∥∥η · ∫ 1

0
∇Pf(wk,τ )[mk+1]∇L(wk,τ )dτ

∥∥∥∥
2

,

where we have applied item 2 of Assumption 2.2 and the induction condition (G.6) at step k.
Moreover, for the last two terms on the right hand above, we have the following upper bounds,∥∥∥∥η · ∫ 1

0

(
Pf(wk,τ )∇2L(wk,τ )Pf(wk,τ )− Pf(wk)∇2L(wk)Pf(wk)

)
mk+1dτ

∥∥∥∥
2

(G.34)

≤ ηγκ ·
(
2ηγmax + ηγ/2

)
·
(
β · ∥mk∥2 + (1− β) · ∥∇L(wk)∥2

)
≤ ηγκ ·

(
2ηγmax + ηγ/2

)
·
(
β ·
(
∥Pf(wk−1)mk∥2 + ∥Ps(wk−1)mk∥2

)
+ (1− β) ·

(
∥Pf(wk)∇L(wk)∥2 + ∥Ps(wk)∇L(wk)∥2

))
≤ ηγκ · (1 + c)

(
2ηγmax + ηγ/2

)(
β · ∥Pf(wk−1)mk∥2 + (1− β) · ∥Pf(wk)∇L(wk)∥2

)
≤ 2ηγκ ·

(
2ηγmax + ηγ/2

)
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·

(
(1− β) + β ·

(
(1− β) ·

k−1∑
j=0

βj + bk−1

)
· (1 + 2q

k−1
)

)
· ∥Pf(wk)∇L(wk)∥2,

where the first inequality follows from the same arguments as in (G.25), the third inequality applies
induction condition (G.7) at step k−1 and step k−2, and the last inequality uses induction conditions
(G.5) and (G.6) at step k − 1, and that c ≤ 1. Similarly, we have that∥∥∥∥η · ∫ 1

0
∇Pf(wk,τ )[mk+1]∇L(wk,τ )dτ

∥∥∥∥
2

≤ ηγκ ·
(
β · ∥mk∥2 + (1− β) · ∥∇L(wk)∥2

)
≤ 2ηγκ ·

(
(1− β) + β ·

(
(1− β)

k−1∑
j=0

βj + bk−1

)
(1 + 2q

k−1
)

)
· ∥Pf(wk)∇L(wk)∥2,

where the first inequality uses Lemma H.5, and the second inequality applies the same argument for
deriving the above (G.34). Consequently, we can conclude that

∥Pf(wk+1)∇(wk+1)∥2 ≥
(
1− q̃

k
) · ∥Pf(wk)∇L(wk)∥2, where

q̃
k
:= ηγflat ·

(
(1− β)

k∑
j=0

βj + bk

)

+ 2ηγκ
(
1 + 2ηγmax + ηγ/2

)
·

(
(1− β) + β

(
(1− β)

k−1∑
j=0

βj + bk−1

)
(1 + 2q

k−1
)

)
.

Finally, for the case of step k = 0 given the correctness of induction conditions (G.6) at step k = 0
and (G.7) at step k = −1, the conclusion can be proved similarly by additionally using the fact that
m0 = 0. This completes the proof of Lemma G.7.

Lemma G.8 (Induction argument 3) Suppose that the momentum iteration (GD-M) starts from
an initial pointw0 ∈ M on the river and an initial momentumm0 = 0. Suppose that Assumptions 2.1
and 2.2 hold. Also, suppose that the induction conditions (G.4), (G.5), and (G.6) hold up to step
k, plus that the induction condition (G.7) hold up to step k − 1, where k ≥ 0. Take the learning
rate η and the momentum parameter β satisfying η ∈ I1 ∩ I2 ∩ I3 ∩ I4 ∩ I5 (see definitions in
Theorem G.1). Then it holds that for such a step step k and any τ ∈ [0, 1],∥∥∥∥P 1

2
k O⊤V ⊤

k

(
Ps(wk,τ )mk+1

Ps(wk,τ )∇L(wk,τ )

)∥∥∥∥
2

≤ 3B(β) · κ1/2 · ∥Pf(wk+1)∇L(wk+1)∥2,

and consequently it holds that

max
{
∥Ps(wk,τ )∇L(wk,τ )∥2, ∥Ps(wk+1)mk+1∥2

}
≤ 3B(β) · κ1/2 · κ · ∥Pf(wk+1)∇L(wk+1)∥2.

Here the matrices {Pk,O,Vk}k≥0 ⊂ R2d×2d are defined in Lemma G.4.
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Proof [Proof of Lemma G.8] By the induction conditions (G.4) and (G.5) for step k, we have that∥∥∥∥P 1
2
k O⊤V ⊤

k

(
Ps(wk+1)mk+1

Ps(wk+1)∇L(wk+1)

)∥∥∥∥
2

≤
(
1− qk

)
·
(
1 + A(β) · κ3/16

)
·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

+ B(β) · κ15/16 ·
∥∥∥∥( β ·mk

(1− β) · ∇L(wk)

)∥∥∥∥
2

, (G.35)

and that

∥Pf(wk+1)∇L(wk+1)∥2 ≥
(
1− 2ηγflat ·

(
1 + 6C(β)

))
· ∥Pf(wk)∇L(wk)∥2. (G.36)

Note that here we also use η ∈ I1 ∩ I2 ∩ I3 to apply the following bounds (see Proposition G.3) to
obtain (G.36) from (G.5),

1 + 2ηγmax +
ηγ

2
≤ C(β), q

k
≤ 2ηγflat ·

(
1 + 6C(β)

)
.

By combining (G.35) and (G.36), we have that, for any coefficient c ∈ [0, 1],∥∥∥∥P 1
2
k O⊤V ⊤

k

(
Ps(wk+1)mk+1

Ps(wk+1)∇L(wk+1)

)∥∥∥∥
2

− c · ∥Pf(wk+1)∇L(wk+1)∥2

≤ (1− qk) ·
(
1 + A(β) · κ3/16

)
·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

− c ·
(
1− 2ηγflat ·

(
1 + 6C(β)

))
· ∥Pf(wk)∇L(wk)∥2

+ B(β) · κ15/16 ·
∥∥∥∥( β ·mk

(1− β) · ∇L(wk)

)∥∥∥∥
2

. (G.37)

Notice that the last term above can be bounded by the following,∥∥∥∥( β ·mk

(1− β) · ∇L(wk)

)∥∥∥∥
2

≤
∥∥∥∥( β · Ps(wk)mk

(1− β)Ps(wk)∇L(wk)

)∥∥∥∥
2

+

∥∥∥∥( β · Pf(wk)mk

(1− β)Pf(wk)∇L(wk)

)∥∥∥∥
2

.

On the one hand, for the first term above, we have that∥∥∥∥( β · Ps(wk)mk

(1− β) · Ps(wk)∇L(wk)

)∥∥∥∥
2

≤
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

.
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On the other hand, for the second term, we have,∥∥∥∥( β · Pf(wk)mk

(1− β) · Pf(wk)∇L(wk)

)∥∥∥∥
2

≤ ∥β · Pf(wk)mk∥2 + ∥Pf(wk)∇L(wk)∥2

≤

∥∥∥∥∥∥β · Pf(wk)mk − (1− β) ·
k∑

j=1

βj · Pf(wk)∇L(wk)

∥∥∥∥∥∥
2

+

∥∥∥∥∥∥(1− β) ·
k∑

j=1

βj · Pf(wk)∇L(wk)

∥∥∥∥∥∥
2

+ ∥Pf(wk)∇L(wk)∥2

≤
(
bk + 2

)
· ∥Pf(wk)∇L(wk)∥2

≤ 3 · ∥Pf(wk)∇L(wk)∥2,

where the third inequality uses induction condition (G.5) at step k and that bk ≤ 1 due to η ∈ I3 (see
(G.10) in Proposition G.3). Consequently, we obtain that∥∥∥∥( β ·mk

(1− β) · ∇L(wk)

)∥∥∥∥
2

≤
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

+ 3 · ∥Pf(wk)∇L(wk)∥2.(G.38)

Combining (G.38) with (G.37), we can conclude that∥∥∥∥P 1
2
k O⊤V ⊤

k

(
Ps(wk,τ )mk+1

Ps(wk,τ )∇L(wk,τ )

)∥∥∥∥
2

− c · ∥Pf(wk+1)∇L(wk+1)∥2

≤
((

1− qk) ·
(
1 + A(β) · κ3/16

)
+ B(β) · κ15/16

)
·
∥∥∥∥P 1

2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

−
(
c ·
(
1− 2ηγflat ·

(
1 + 6C(β)

))
− 3B(β) · κ15/16

)
· ∥Pf(wk)∇L(wk)∥2.

Now we let the right hand side of the above inequality be equal to((
1− qk) ·

(
1 + A(β) · κ3/16

)
+ B(β) · κ15/16

)
·

(∥∥∥∥P 1
2
k−1O

⊤V ⊤
k−1

(
Ps(wk)mk

Ps(wk)∇L(wk)

)∥∥∥∥
2

− c · ∥Pf(wk)∇L(wk)∥2

)
,

which is equivalent to letting

c ·
((

1− qk) ·
(
1 + A(β) · κ3/16

)
+ B(β) · κ15/16

)
= c ·

(
1− 2ηγflat ·

(
1 + 6C(β)

))
− 3B(β) · κ15/16,

or equivalently,(
qk ·

(
1 + A(β) · κ3/16

)
− A(β) · κ3/16 − B(β) · ηγ · κ15/16 − 2ηγflat ·

(
1 + 6C(β)

))
· c = 3B(β) · κ15/16.
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To this end, we let

qk ·
(
1 + A(β) · κ3/16

)
− A(β) · κ3/16 − B(β) · ηγ · κ15/16 − 2ηγflat ·

(
1 + 6C(β)

)
≥ κ7/16,(G.39)

By the definition of qk, a sufficient condition for (G.39) to hold is letting

max
i∈[d−1]

Tr(Pk,i) ≤
1

D1(β) · κ3/16 + D2(β) · γflatγ−1
max

:=
1

ς
. (G.40)

Here we denote D1(β) and D2(β) respectively as

D1(β) := 1 + A(β) + B(β),

D2(β) := 4 ·
(
1 + 6C(β)

)
· 1 + β

1− β
.

Solving the above inequality (G.40) is equivalent to the following inequality on η,

(2β3 − 2β2 + 3β − 1) · (ηλk,i)2 + 2(1− β2) · ηλk,i + 2(1− β)2(1 + β)

ηλk,i(1− β)2 · (2(1 + β)− (1− β)ηλk,i)
≤ 1

ς
, ∀i ∈ [d− 1].

This actually can be simplified to the following d− 1 quadratic inequalities on η,

P(ηλk,i) = c2 · (ηλk,i)2 + c1 · ηλk,i + c0, where i ∈ [d− 1],

c2 = a(1− β)3 +
(
2β3 − 2β2 + 3β − 1

)
,

c1 = 2(1 + β)(1− β)
(
1− a(1− β)

)
,

c0 = 2(1 + β)(1− β)2.

Given the condition on β that β ≤ 1− ς = 1−D1(β) · κ3/16 −D2(β) · γflatγ−1
max, solving the above

inequalities gives

(1− β)((1 + β)(a(1− β)− 1)−
√
(1 + β)R(β))

a(1− β)3 + (2β3 − 2β2 + 3β − 1)
≤ ηλk,i ≤

(1− β)((1 + β)(a(1− β)− 1) +
√

(1 + β)R(β))

a(1− β)3 + (2β3 − 2β2 + 3β − 1)
,

where we let a := 1/ς and R(β) is defined as

R(β) := (a2 + 2a− 4) · β3 − (a2 + 4a− 4) · β2 + (−a2 + 6a− 5) · β + (a2 − 4a+ 3).

This effectively requires that

ηλk,1 ≤
(1− β)((1 + β)(a(1− β)− 1) +

√
(1 + β)R(β))

a(1− β)3 + (2β3 − 2β2 + 3β − 1)
, and

ηλk,d−1 ≥
(1− β)((1 + β)(a(1− β)− 1)−

√
(1 + β)R(β))

a(1− β)3 + (2β3 − 2β2 + 3β − 1)
.
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For the first inequality above, since λk,1 ≤ γmax, we obtain that η need to satisfy

η ≤
(1− β)((1 + β)(a(1− β)− 1) +

√
(1 + β)R(β))

a(1− β)3 + (2β3 − 2β2 + 3β − 1)
· 1

γmax

=

(
2 · (1 + β)

1− β︸ ︷︷ ︸
main term

− 5β4 − 2β3 + 6β2 − 2β + 1

(1− β)4
· ς −O(ς2)︸ ︷︷ ︸

small terms caused by river spinning

)
· 1

γmax
. (G.41)

For the second inequality above, since λk,d−1 ≥ γ, we obtain that η need to satisfy

η ≥
(1− β)((1 + β)(a(1− β)− 1) +

√
(1 + β)R(β))

a(1− β)3 + (2β3 − 2β2 + 3β − 1)
· 1
γ
.

By Assumption 2.2 that γ/γmax ≥ κ1/32 and that γflat/γmax ≤ κ1/2, an upper bound of the right
hand side of above inequality is

(1− β)((1 + β)(a(1− β)− 1) +
√
(1 + β)R(β))

a(1− β)3 + (2β3 − 2β2 + 3β − 1)
· 1
γ

≤
(1− β)((1 + β)(a(1− β)− 1) +

√
(1 + β)R(β))

a(1− β)3 + (2β3 − 2β2 + 3β − 1)
· κ

−1/32

γmax

=

(
1 +

β2 + 3

2(1− β2)
· ς +O(ς2)

)
· ς · κ

−1/32

γmax

=

(
1 +

β2 + 3

2(1− β2)
· ς +O(ς2)

)
·
(
D1(β) · κ5/32 + D2(β) ·

γflat
γmax

· 1

κ1/32

)
· 1

γmax

≤
(
D1(β) · κ5/32 + D2(β) · κ15/32

)
· 2

γmax
,

This is the last interval I5. By η ∈ I5, we have(
D1(β) · κ5/32 + D2(β) · κ15/32

)
· 2

γmax
≤ η ≤

(
1 + β

1− β
− 5β4 − 2β3 + 6β2 − 2β + 1

2(1− β)4
· ς −O(ς2)

)
· 2

γmax

Thus (G.39) holds, and we can further obtain that

c ≤ 3B(β) · κ1/2,

By induction and initial condition, we can conclude that∥∥∥∥P 1
2
k O⊤V ⊤

k

(
Ps(wk,τ )mk+1

Ps(wk,τ )∇L(wk,τ )

)∥∥∥∥
2

≤ 3B(β) · κ1/2 · ∥Pf(wk+1)∇L(wk+1)∥2,

This completes the proof of Lemma G.8.

Lemma G.9 (Auxiliary inequality 1) Suppose that induction condition (G.5) hold for some q
k
≤

1/2 at step k, then it holds that

∥Pf(wk)∇L(wk)∥2 ≤ (1 + 2q
k
) · ∥Pf(wk+1)∇L(wk+1)∥2.

Proof [Proof of Lemma G.9] This follows from the fact that 1/(1−x) ≤ 1+2x for 0 ≤ x ≤ 1/2.
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G.3. Remaining Proofs in the Outline (Section B)

G.3.1. PROOF OF LEMMA B.2

We first give the formal version of Lemma B.2 in the following.

Lemma G.10 (The trajectory tracks the river closely) Under the conditions and assumptions
of Theorem G.1, taking the learning rate η and momentum parameter β ≤ 0.99 satisfying η ∈
I(β) defined in Theorem G.1, then for any iteration k ∈ N and τ ∈ [0, 1] it holds that: (i)
B(wk,τ , 2gmax/γ) ⊂ U and thus Φ(wk,τ ) exists; (ii) it holds that for any step k ∈ N and τ ∈ [0, 1],

∥wk,τ − Φ(wk,τ )∥2 ≤
6B(β) · κ1/2 · ∥Pf(wk,τ )∇L(wk,τ )∥2,

γ + 2γflat
.

Proof [Proof of Lemma G.10] We prove Lemma G.10 here by the following two steps.

Step 1: The GD trajectory has a well-defined projection onto the river. We first prove that the
interpolated GD trajectory {w⌊t⌋,t−⌊t⌋}t≥0 can be projected onto the river M by induction. According
to Lemma H.4, it suffices to check that any point w ∈ {w⌊t⌋,t−⌊t⌋}t≥0 satisfies B(w, 2gmax/γ) ⊂ U .

For the initial point w0 ∈ M, it holds directly due to item 1 of Assumption 2.2. Then assume
that {w⌊t⌋,t−⌊t⌋}0≤t≤k for some k ∈ N satisfies the desired property, which validates the projection
of wk onto M. For step k + 1, we have that

∥wk+1 − Φ(wk)∥ ≤ ∥wk+1 − wk∥2 + ∥wk − Φ(wk)∥2 = η · ∥mk+1∥2 + ∥wk − Φ(wk)∥2

≤ 1 + β

1− β
· 2

γmax
· gmax +

2gmax

γ
≤ 400gmax

γmax
+

2gmax

γ
≤ 4gmax

γ

where the second inequality η ∈ I1 and item 2 of Lemma H.4. Thus we have, B(wk+1, 2gmax/γ) ⊂
B(Φ(wk), 6gmax/γ) ⊂ U because of item 1 of Assumption 2.2 and Φ(wk) ∈ M. This extends the
desired property from t ∈ [0, k] to t ∈ [0, k+1] (notice that the interpolation is a linear interpolation).

Step 2: Control the distance between wk and Φ(wk). By item 2 of Lemma H.4, we can obtain
that for any k ∈ N and τ ∈ [0, 1],

∥wk,τ − Φ(wk,τ )∥2 ≤
2∥Ps(wk,τ )∇L(wk,τ )∥2

γ + 2γflat
. (G.42)

This shows that the distance between wk,τ and its projection Φ(wk,τ ) is bounded by the norm of the
gradient in the sharp direction at wk,τ . With this, we now further invoke Lemma G.2 to show that the
gradient is almost fully living in the flat direction, meaning that the norm of the gradient in the sharp
direction is dominated by its norm in the flat direction. More specifically, with η ∈ I(β), it holds that

∥Ps(wk,τ )∇L(wk,τ )∥2 ≤ 3B(β) · κ1/2 · ∥Pf(wk,τ )∇L(wk,τ )∥2, (G.43)

for any k ∈ N. With (G.42) and (G.43), we finally obtain that

∥wk,τ − Φ(wk,τ )∥2 ≤
6B(β) · κ1/2 · ∥Pf(wk,τ )∇L(wk,τ )∥2,

γ + 2γflat
,

for any k ∈ N. Combing Step 1 and Step 2, we can conclude the proof of Lemma B.2.
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G.3.2. PROOF OF LEMMA B.3

We first give the formal version of Lemma B.3 in the following.

Lemma G.11 (Time index grows almost linearly with learning rate) Under the conditions and
assumptions of Theorem G.1, taking the learning rate η and the momentum parameter β ≤ 0.99
satisfying η ∈ I(β) defined in Theorem G.1, then for any iteration k ≥ log(βηγflat/(1− β))/ log β
and any τ ∈ (0, 1), by letting t = τ + k, the derivative of T (t) exists and satisfies |dT/dt(t)− η| ≤
ϵ(β)·η. Equivalently, this derivative bound holds almost everywhere on each admissible interpolation
interval (k, k + 1). At the integer breakpoints, T (t) is continuous, and the corresponding one-sided
derivative bounds follow by taking limits from the adjacent open intervals whenever those intervals
are admissible. Here ϵ(β) is defined as

ϵ(β) := 9κ+

(
6
(
1 + 6C(β)

)
+ 4 +

100β

1− β

)
· ηγflat + o(κ+ ηγflat).

Proof [Proof of Lemma G.11]
We prove the lemma by the following steps.

Step 1: Differentiate two sides of (B.2). For each open interpolation interval t ∈ (k, k + 1), the
path w⌊t⌋,t−⌊t⌋ = wk,t−k is affine in t, and thus Φ(w⌊t⌋,t−⌊t⌋) is continuously differentiable as a
function of t. At an integer breakpoint t ∈ N, this projected path is continuous, but its derivative need
not exist because the affine segment changes. Therefore, all derivative statements below are made on
the open intervals (k, k + 1), or equivalently almost everywhere in t. The corresponding one-sided
statements at breakpoints follow by taking the limits τ ↓ 0 or τ ↑ 1 from the neighboring open
intervals. By the implicit function theorem, we know that T (t) is also a continuously differentiable
function of t whenever t /∈ N. Therefore, for any t = k + τ with k ∈ N and τ ∈ (0, 1), we can
differentiate Equation (B.2) and apply the chain rule to obtain that

d

dT
x(T (t)) · dT

dt
(t) = ∇Φ(wk,τ )

d

dt
w⌊t⌋,t−⌊t⌋ = −η · ∇Φ(wk,τ )mk+1, (G.44)

where the last equality is due to (B.1), and ∇Φ(·) ∈ Rd×d is the Jacobian matrix of Φ(·) : Rd 7→ Rd.
With (G.44), in order to prove Lemma G.11 which controls the magnitude of dT/dt(t), it suffices to
compare the two vectors dx/dT (T (t)) and −∇Φ(wk,τ )mk+1. For simplicity, we denote

u(t) :=
d

dT
x(T (t)),

which is the tangent vector of the manifold under the parametrization (2.1) {x(t)}t≥0 at time T (t).

Step 2: Compare the two vectors u(t) and −∇Φ(wk,τ )mk+1. Consider the decomposition:

∥u(t)− (−∇Φ(wk,τ )mk+1)∥2
≤ ∥u(t)− (−Pf(wk,τ )mk+1)∥2︸ ︷︷ ︸

Term (i)

+ ∥∇Φ(wk,τ )mk+1 − Pf(wk,τ )mk+1∥2︸ ︷︷ ︸
Term (ii)

. (G.45)

The approach is to show that along the (GD-M) trajectory the right hand side of (G.45) is bounded by
O(κ · ∥u(t)∥2), which means that the compared two vectors are actually quite similar. We approach
Term (i) and Term (ii) in (G.45) respectively in the following.
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Step 2.1: Bound Term (i) in (G.45). Bounding this term is nearly about to say that the momentum
in the flat direction is similar to the tangent vector of the projection of wk,τ on the river. To put it
formal, consider the following decomposition,

∥u(t)− (−Pf(wk,τ )mk+1)∥2 ≤ ∥u(t)− (−Pf(wk,τ )∇L(wk,τ ))∥2
+ ∥Pf(wk,τ )∇L(wk,τ )− Pf(wk)∇L(wk)∥2
+ ∥Pf(wk)∇L(wk)− Pf(wk,τ )mk+1∥2. (G.46)

The first term in (G.46) is how similar the gradient in the flat direction at wk,τ is to the tangent vector
of the river at Φ(wk,τ ) (recall that u(t) = dx/dT(x(T (t))), x(T (t)) = Φ(wk,τ )). The second term
in (G.46) is the difference of the gradient in the flat direction between time k and k + τ . The last
term in (G.46) characterizes the difference between the momentum projected onto the flat direction
and the gradient in the flat direction. We handle these terms respectively in the following.

For the first term, we invoke Lemma H.9 with F(β) := 6B(β) and ι := κ1/2, which shows that
given the conclusion of Lemma G.10,

∥u(t)− (−Pf(wk,τ )∇L(wk,τ ))∥2 ≤
(
4 +

36B2(β) · (1 + 4κ)

1− 6B(β) · κ1/2

)
· κ · ∥u(t)∥2, (G.47)

For the second term in (G.46), we invoke the first conclusion of Lemma G.2, which shows that

∥Pf(wk,τ )∇L(wk,τ )− Pf(wk)∇L(wk)∥2 ≤ 6ηγflat ·
(
1 + 6C(β)

)
· ∥Pf(wk,τ )∇L(wk,τ )∥2,

which, combined with (G.47), further gives that

∥Pf(wk,τ )∇L(wk,τ )− Pf(wk)∇L(wk)∥2

≤ 6ηγflat ·
(
1 + 6C(β)

)
·
(
1 +

(
4 +

36B2(β) · (1 + 4κ)

1− 6B(β) · κ1/2

)
· κ
)
· ∥u(t)∥2. (G.48)

Finally, for the last term in (G.46), we have the following upper bound,

∥Pf(wk)∇L(wk)− Pf(wk,τ )mk+1∥2
≤ ∥Pf(wk)∇L(wk)− Pf(wk)mk+1∥2 + ∥Pf(wk)mk+1 − Pf(wk,τ )mk+1∥2. (G.49)

For the first term on the right hand side above, we have that

∥Pf(wk)∇L(wk)− Pf(wk)mk+1∥2

≤

∥∥∥∥∥(1− β) ·
k∑

j=0

βj · Pf(wk)∇L(wk)− Pf(wk)mk+1

∥∥∥∥∥
2

+ βk+1 · ∥Pf(wk)∇L(wk)∥2

≤
(

24β

1− β
· ηγflat + βk+1

)
· ∥Pf(wk)∇L(wk)∥2

≤ 25β

1− β
· ηγflat · ∥Pf(wk)∇L(wk)∥2, (G.50)

where the second inequality uses the second conclusion of Lemma G.2 and η ∈ I3, and the last
inequality uses k ≥ log(βηγflat/(1 − β))/ log β. For the second term on the right hand side of
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(G.49), we have

∥Pf(wk)mk+1 − Pf(wk,τ )mk+1∥2 ≤ ηγκ · ∥mk+1∥2 (G.51)

≤ ηγκ · ∥Pf(wk)mk+1∥2 + ηγκ · ∥Pf(wk)∇L(wk)∥2

≤ ηγκ ·
(
2 +

25β

1− β
· ηγflat

)
· ∥Pf(wk)∇L(wk)∥2

≤ ηγflat ·
(
2 +

25β

1− β
· ηγflat

)
· ∥Pf(wk)∇L(wk)∥2,

where the first inequality applies Lemma H.10, the second inequality applies the last conclusion of
Lemma G.2, the third inequality uses (G.50), and the last inequality uses item 2 of Assumption 2.2.
With (G.50) and (G.51), we can upper bound the last term in (G.46) as

∥Pf(wk)∇L(wk)− Pf(wk,τ )mk+1∥2

≤
(
2 +

50β

1− β

)
· ηγflat · ∥Pf(wk)∇L(wk)∥2

≤
(
2 +

50β

1− β

)
· ηγflat

·
(
1 + 6ηγflat

(
1 + 6C(β)

))
·
(
1 +

(
4 +

36B2(β) · (1 + 4κ)

1− B(β) · κ1/2

)
κ

)
· ∥u(t)∥2

≤
(
4 +

100β

1− β

)
· ηγflat ·

(
1 +

(
4 +

36B2(β) · (1 + 4κ)

1− B(β) · κ1/2

)
κ

)
· ∥u(t)∥2. (G.52)

Here the first inequality is by (G.50) and (G.51), the second inequality is by (G.47) and (G.48),
and the last inequality is by η ∈ I2 (see the second conclusion of Proposition G.3). Consequently,
combining (G.47), (G.48), and (G.52), we conclude that the right hand side of (G.46) can be upper
bounded by

∥u(t)− (−Pf(wk,τ )mk+1)∥2

≤

(
4κ+

(
6
(
1 + 6C(β)

)
+ 4 +

100β

1− β

)
· ηγflat + o(κ+ ηγflat)

)
· ∥u(t)∥2. (G.53)

Here o(·) notation hides terms with multiplicative factor ηγflatκ or higher orders.

Step 2.2: Bound Term (ii) in (G.45). Bounding this term means to prove that the Jacobian of the
projection onto the river is similar to the projection onto the flat direction. This is shown through
Lemma H.10, by which we have that

∥∇Φ(wk,τ )mk+1 − Pf(wk,τ )mk+1∥2 ≤ 5κ · ∥Pf(wk,τ )mk+1∥2
≤ 5κ ·

(
∥Pf(wk,τ )mk+1 − (−u(t))∥2 + ∥ − u(t)∥2

)
≤
(
5κ+ o(κ+ ηγflat)

)
· ∥u(t)∥2,

where the first inequality is by Lemma H.10 and the last inequality is by Step 2.1, i.e., (G.53).
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Step 3: Summary up. In conclusion, combining Step 1 and Step 2, we can arrive at∣∣∣∣dTdt (t)− η

∣∣∣∣ ≤ ϵ(β) · η,

where the coefficient ϵ(β) is defined as following,

ϵ(β) := 9κ+

(
6
(
1 + 6C(β)

)
+ 4 +

100β

1− β

)
· ηγflat + o(κ+ ηγflat).

This completes the proof of Lemma B.3.
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Appendix H. Technical Lemmas

H.1. Analysis for Eigen-Decomposition

In this section, we study the eigen-decomposition of matrix in the form of

T :=

(
β 1− β

−β · ηλ 1− (1− β) · ηλ

)
∈ R2×2,

where η, λ ≥ 0 and β ∈ (0, 1). The characteristic polynomial ψT (α) of T is given by

ψT (α) = det(α · I2 − T ) = α2 −
(
(1 + β)− (1− β) · ηλ

)
· α+ β. (H.1)

The discriminant of ψT is then given by

∆T = (1− β)2 · (1− ηλ)2 − 4β(1− β) · ηλ = (1− β)[(ηλ− 1)2 − β(1 + ηλ)2].

Therefore, the two eigenvalues of T is calculated as

αT ,± =
(1 + β)− (1− β) · ηλ±

√
(1− β)2 · (1− ηλ)2 − 4β(1− β) · ηλ

2
∈ C

Lemma H.1 (Schur unit-disk stability test for a quadratic) A real-coefficient quadratic

z2 + a1z + a0

has both roots strictly inside the unit disk (|z| < 1) iff the Jury (Schur) inequalities hold:

|a0| < 1, 1 + a1 + a0 > 0, 1− a1 + a0 > 0.

Proposition H.2 (Spectral radius of matrix T ) Regarding the matrix T , the following holds:

ηλ <
2(1 + β)

1− β
=⇒ ρ(T ) < 1.

Moreover by the discrete-time Lyapunov stability criterion:

ρ(T ) < 1 ⇐⇒ ∃P ≻ 0 s.t. T⊤PT − P = −I ≺ 0.

Proof [Proof of Proposition H.2] We check the Schur unit-disk stability test Lemma H.1 for the
characteristic polynomial (H.1):

|a0| = |β| < 1,

1 + a1 + a0 = 1− (1 + β − (1− β)ηλ) + β > 0 ⇔ (1− β)ηλ > 0,

1− a1 + a0 = 1 + (1 + β − (1− β)ηλ) + β > 0 ⇔ ηλ <
2(1 + β)

1− β
.

This proves Proposition H.2.
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Proposition H.3 (Sensitivity of Lyapunov equation solution P ) Given P1,P2 with shared pa-
rameter η and β and different λ1, λ2. Denote

D(λ) := 2(1 + β)− (1− β)ηλ

C(λ1, λ2) := − 2

λ1λ2η2
·
(
2(1 + β)2 +

(
β2 − 1

)
(λ1 + λ2)η − βλ1λ2η

2
)
.

Then the difference operator norm can be bounded by:

∥P1 − P2∥Op ≤ |λ1 − λ2|η
|D(λ1)D(λ2)|

·

√
8β2 (β2 + 1)2

(1− β)2

(
2β2

(1− β)2
+ 1

)
+ C2(λ1, λ2).

Proof [Proof of Proposition H.3] By definition, we have

P1 − P2 =
(λ1 − λ2)η

D(λ1)D(λ2)
·M(λ1, λ2),

M(λ1, λ2) :=

(
4β2(β2+1)
(β−1)2

−2β(β2+1)
1−β

2β(β2+1)
1−β C(λ1, λ2)

)
,

C(λ1, λ2) := − 2

λ1λ2η2
·
(
2(1 + β)2 +

(
β2 − 1

)
(λ1 + λ2)η − βλ1λ2η

2
)
.

Therefore we have the following upper bound,

∥P1 − P2∥Op ≤ |λ1 − λ2|η
|D(λ1)D(λ2)|

· ∥M(λ1, λ2)∥F

=
|λ1 − λ2|η

|D(λ1)D(λ2)|
·

√
8β2 (β2 + 1)2

(1− β)2
·
(

2β2

(1− β)2
+ 1

)
+ C2(λ1, λ2).

This completes the proof of Proposition H.3.

H.2. Basics of the River

Recall that given w ∈ U , the projection ODE flow is defined as

ϕ(w, 0) = w,
d

dt
ϕ(w, t) = −Ps(ϕ(w, t))∇L(ϕ(w, t)), t ≥ 0. (H.2)

Lemma H.4 (Existence of projection onto the river & further properties) Under Assumptions 2.1
and 2.2, for any w satisfying B(w, 2gmax/γ) ⊂ U , it holds that
1. Φ(w) := limt→∞ ϕ(w, t) exists and Φ(w) ∈ M;
2. it holds that

∥w − Φ(w)∥2 ≤
2∥Ps(w)∇L(w)∥2

γ + 2γflat
;

3. the movement along the ODE flow (H.2) decays exponentially, that is,

∥Ps(ϕ(w, t))∇L(ϕ(w, t))∥22 ≤ exp(−γt/2) · ∥Ps(w)∇L(w)∥2;

4. finally, the Jacobian ∇Φ(w) is well defined.

Proof [Proof of Lemma H.4] See Lemmas C.4 and C.5 in [69] for a proof of Lemma H.4.
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H.3. Analysis of the River and the Projections

Lemma H.5 (River spinning) Under Assumptions 2.1 and 2.2, it holds that for any vector v and
weight w,

∥∇Ps(w)[v]∥Op ≤ γκ

gmax
· ∥v∥2.

The same conclusion also holds for the flat direction projection Pf .

Proof [Proof of Lemma H.5] Please refer to Lemma C.2 in [69] for a proof of Lemma H.5.

Lemma H.6 (Change of projection matrix) Under Assumptions 2.1 and 2.2, for any k ∈ N and
τ, τ ′ ∈ [0, 1], it holds that

∥Ps(wk,τ )− Ps(wk,τ ′)∥Op ≤ ηγκ.

The same conclusion also holds for the flat direction projection Pf .

Proof [Proof of Lemma H.6] This is a direct corollary of Lemma H.5.

Lemma H.7 (Tangent direction of the river) Under Assumptions 2.1 and 2.2, for any point w ∈
M on the river, it holds that

∥PM(w)∇L(w)−∇L(w)∥2 ≤ 4κ · ∥PM(w)∇L(w)∥2.

Proof [Proof of Lemma H.7] Please see Lemma C.10 in [69] for a proof of Lemma H.7.

Lemma H.8 (Auxiliary inequality 2) Under Assumptions 2.1 and 2.2, for anyw such that B(w, 2gmax/γ) ⊂
U , it holds that

∥Pf(w)∇L(w)−∇L(Φ(w))∥ ≤ (γflat + γκ) · ∥w − Φ(w)∥2.

Proof [Proof of Lemma H.8] Please see Lemma C.11 in [69] for a proof of Lemma H.8.

Lemma H.9 (Tangent vector and gradient in the flat direction) Under Assumptions 2.1 and 2.2,
suppose that w with B(w, 2gmax/γ) ⊂ U satisfies that

∥w − Φ(w)∥2 ≤
F(β) · ι · ∥Pf(w)∇L(w)∥2

γ + 2γflat
,

for some function F(β) and ι > 0, then it holds that∥∥∥∥ d

dT
x(T (w)) + Pf(w)∇L(w)

∥∥∥∥
2

≤
(
4κ+

F2(β) · ι2 · (1 + 4κ)

1− F(β) · ι

)
·
∥∥∥∥ d

dT
x(T (w))

∥∥∥∥
2

,

where x(T (w)) = Φ(w).
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Proof [Proof of Lemma H.9] According to Assumption 2.1, the tangent vector can be alternatively
represented as

d

dT
x(t) = −PM(x(t))∇(x(t)). (H.3)

By Lemma H.7, we have that

∥PM(x(T (w)))∇L(x(T (w)))−∇L(x(T (w)))∥2
≤ 4κ · ∥PM(x(T (w)))∇L(x(T (w)))∥2. (H.4)

By combining (H.3) and (H.4), we have that∥∥∥∥ d

dT
x(T (w)) + Pf(w)∇L(w)

∥∥∥∥
2

≤ 4κ ·
∥∥∥∥ d

dT
x(T (w))

∥∥∥∥
2

+ ∥Pf(w)∇L(w)−∇L(Φ(w))∥2. (H.5)

Now invoking Lemma H.8, we have that

∥Pf(w)∇L(w)−∇L(Φ(w))∥ ≤ (γflat + γκ) · ∥w − Φ(w)∥2
≤ F(β) · ι · ∥Pf(w)∇(w)∥2, (H.6)

which further gives that

∥Pf(w)∇(w)∥2 ≤
F(β) · ι

1− F(β) · ι
· ∥∇L(Φ(w))∥2

≤ F(β) · ι · (1 + 4κ)

1− F(β) · ι
·
∥∥∥∥ d

dT
x(T (w))

∥∥∥∥
2

. (H.7)

Consequently, with (H.5), (H.6), and (H.7), we have that∥∥∥∥ d

dT
x(T (w)) + Pf(w)∇L(w)

∥∥∥∥
2

≤
(
4κ+

F2(β) · ι2 · (1 + 4κ)

1− F(β) · ι

)
·
∥∥∥∥ d

dT
x(T (w))

∥∥∥∥
2

.

This completes the proof of Lemma H.9.

Lemma H.10 (Jacobian of projection to the river) Under Assumptions 2.1 and 2.2, it holds that
for any w such that B(w, 2gmax/γ) ⊂ U and any direction u,

∥∇Φ(w)u− Pf(w)u∥2 ≤ 5κ · ∥Pf(w)u∥2.

Proof [Proof of Lemma H.10] See Lemmas C.8 and C.9 in [69] for a proof of Lemma H.10.
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H.4. Matrix Inequalities

Lemma H.11 (Eigenvalue perturbation of symmetric matrices (Corollary 4.3.15 in [25])) Let
Σ and Σ̂ ∈ Rd×d be two symmetric matrices with real eigenvalues λ1 ≥ · · · ≥ λd and λ̂1 ≥ · · · ≥ λ̂d
respectively. Then for any i ∈ [d], it holds that∣∣∣λi − λ̂i

∣∣∣ ≤ ∥∥∥Σ− Σ̂
∥∥∥
Op
.

Lemma H.12 (Davis–Kahan sin(θ) theorem [12]) Let Σ, Σ̂ ∈ Rp×p be symmetric, with eigenval-
ues λ1 ≥ · · · ≥ λp and λ̂1 ≥ · · · ≥ λ̂p respectively. Fix 1 ≤ r ≤ s ≤ p, let d := s − r + 1, and
let

V = (vr, vr+1, . . . , vs) ∈ Rp×d, V̂ = (v̂r, v̂r+1, . . . , v̂s) ∈ Rp×d

have orthonormal columns satisfying

Σvj = λjvj , Σ̂ v̂j = λ̂j v̂j , j = r, r + 1, . . . , s.

Define
∆ := min

{
max{0, λs − λ̂s+1}, max{0, λ̂r−1 − λr}

}
,

where λ̂0 := +∞ and λ̂p+1 := −∞. Then for any unitary invariant norm ∥ · ∥∗,

∆ ·
∥∥sinΘ(V , V̂ )

∥∥
∗ ≤

∥∥Σ̂−Σ
∥∥
∗.

Here Θ(V , V̂ ) ∈ Rd×d is diagonal with

Θ(V , V̂ )j,j = arccos(σj), j ∈ [d],

and Θ(V , V̂ )i,j = 0 for i ̸= j, where σ1 ≥ σ2 ≥ · · · ≥ σd are the singular values of V̂ ⊤V . The
matrix sinΘ(V , V̂ ) is defined entrywise by [sinΘ]i,j = sin(Θi,j).
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Appendix I. Proofs for Improved Analysis of Vanilla GD

I.1. Formal Statement of Theorem A.1

Theorem I.1 (GD in river-valley loss landscape (improved version of Theorem 3.2 in Wen et al. 69))
Suppose Assumptions 2.1 and 2.2 hold. Let η be a learning rate such that η < ηGD

max, where

ηGD
max =

1.9− 2γflatγ
−1
max − 12κ

γmax
.

Then there exists a time index T0 such that iteration (GD) with initialization w0 ∈ M on the river
satisfies that for any step k, there exists another T (k) s.t. the following two things hold:
1. GD stays close to the river: ∥x(T0 + T (k))− wk∥2 ≤ O(κ · gmax/γ);
2. The speed on river is nearly proportional to η: |T (k)− η · k| ≤ ϵ · η, with ϵ := O(κ+ ηγflat).

I.2. Proofs for Improved Analysis

The key to the improved analysis of the largest tolerable learning rate of GD compared with [69]
is from the following lemma, which establishes a tighter condition on the learning rate such the
dynamics on the sharp directions do not explode. Given the following lemma, Theorem I.1 follows
from a similar proof to Theorem G.1 with β = 0.

Lemma I.2 (Gradient norm in the flat direction dominates) Under Assumptions 2.1 and 2.2,
with learning rate η ≤ (1.9− 2γflatγ

−1
max − 12κ)/γmax, it holds that for any k ∈ N and τ ∈ [0, 1],

∥Ps(wk,τ )∇L(wk,τ )∥2 ≤ 120κ · ∥Pf(wk,τ )∇L(wk,τ )∥2,

Proof [Proof of Lemma I.2] We present the proof for τ = 1, but the proof holds for general τ ∈ [0, 1].
To facilitate presentation, we break the proof into three steps.

Step 1: upper bounding ∥Ps(wk+1)∇L(wk+1)∥2. By the fundamental theorem of calculus,

Ps(wk+1)∇L(wk+1)− Ps(wk)∇L(wk)

= −η ·
∫ 1

0
∇Ps(wk,τ )[∇L(wk)]∇L(wk,τ ) + Ps(wk,τ )∇2L(wk,τ )∇L(wk)dτ

= −η ·
∫ 1

0
∇Ps(wk,τ )[∇L(wk)]∇L(wk,τ ) + Ps(wk,τ )∇2L(wk,τ )Ps(wk,τ )∇L(wk)dτ

= −η ·
∫ 1

0
Ps(wk,τ )∇2L(wk,τ )Ps(wk,τ )Ps(wk)∇L(wk)dτ + Errs1 + Errs2. (I.1)

where the first equality is from the fundamental theorem of calculus, the second equality uses the
fact that Ps(wk,τ )∇2L(wk,τ )Pf(wk,τ ) = 0. The terms Err1 and Err2 are given respectively by

Errs1 = −η ·
∫ 1

0
Ps(wk,τ )∇2L(wk,τ )Ps(wk,τ )Pf(wk)∇L(wk)dτ,

Errs2 = −η ·
∫ 1

0
∇Ps(wk,τ )[∇L(wk)]∇L(wk,τ )dτ.
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We now upper bound the norms of Err1 and Errs2 respectively. For Errs1, we have

∥Errs1∥2 = η ·
∥∥∥∥∫ 1

0
Ps(wk,τ )∇2L(wk,τ )Ps(wk,τ )Pf(wk)∇L(wk)dτ

∥∥∥∥
2

= η ·
∥∥∥∥∫ 1

0
Ps(wk,τ )∇2L(wk,τ )

(
Ps(wk,τ )− Ps(wk)

)
Pf(wk)∇L(wk)dτ

∥∥∥∥
2

≤ η ·
∫ 1

0
∥∇2L(wk,τ )∥2 · ∥Ps(wk,τ )− Ps(wk)∥2 · ∥∇L(wk)∥2dτ

≤ η2γmaxγ · κ · ∥∇L(wk)∥2, (I.2)

where the last inequality uses Lemma H.10 and Assumption 2.2 (2). For Err2, we have

∥Errs2∥2 ≤ ηγ · κ · ∥∇L(wk)∥2, (I.3)

where we use Lemma H.5 and item 3 of Assumption 2.2. By (I.1), (I.2), and (I.3), we have

∥Ps(wk+1)∇L(wk+1)∥2 (I.4)

≤
∥∥∥∥(Id − η ·

∫ 1

0
Ps(wk,τ )∇2L(wk,τ )Ps(wk,τ )dτ

)
Ps(wk)∇L(wk)

∥∥∥∥
2

+ ∥Errs1∥2 + ∥Errs2∥2

≤ max
{∣∣1− ηγmax

∣∣, ∣∣1− η(γ + 4γflat)
∣∣} · ∥Ps(wk)∇L(wk)∥2

+ ηγ
(
1 + ηγmax

)
· κ · ∥∇L(wk)∥2.

This upper bounds the gradient norm in the sharp direction.

Step 2: lower bounding ∥Pf(wk+1)∇L(wk+1)∥2. We use a similar way. Consider

Pf(wk+1)∇L(wk+1)− Pf(wk)∇L(wk)

= −η ·
∫ 1

0
∇Pf(wk,τ )[∇L(wk)]∇L(wk,τ ) + Pf(wk,τ )∇2L(wk,τ )∇L(wk)dτ

= −η ·
∫ 1

0
∇Pf(wk,τ )[∇L(wk)]∇L(wk,τ ) + Pf(wk,τ )∇2L(wk,τ )Pf(wk,τ )∇L(wk)dτ

= −η ·
∫ 1

0
Pf(wk,τ )∇2L(wk,τ )Pf(wk,τ )Pf(wk)∇L(wk)dτ + Errf1 + Errf2, (I.5)

where

Errf1 = −η ·
∫ 1

0
Pf(wk,τ )∇2L(wk,τ )Pf(wk,τ )Ps(wk)∇L(wk)dτ,

Errf2 = −η ·
∫ 1

0
∇Pf(wk,τ )[∇L(wk)]∇L(wk,τ )dτ.

Similar to (I.2) and (I.3), we can show that

∥Errf1∥2 ≤ η2γmaxγ · κ · ∥∇L(wk)∥2, ∥Errf2∥2 ≤ ηγ · κ · ∥∇L(wk)∥2. (I.6)
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Thus combining (I.5) and (I.6), we obtain that

∥Pf(wk+1)∇L(wk+1)∥2

≥
∥∥∥∥(Id − η ·

∫ 1

0
Pf(wk,τ )∇2L(wk,τ )Pf(wk,τ )dτ

)
Pf(wk)∇L(wk)

∥∥∥∥
2

− ∥Errf1∥2 − ∥Errf2∥2

≥ (1− ηγflat) · ∥Pf(wk)∇L(wk)∥2 − ηγ
(
1 + ηγmax

)
· κ · ∥∇L(wk)∥2. (I.7)

This lower bounds the gradient norm in the flat direction.

Step 3: summary up. Now with (I.4) and (I.7), we have that, for any coefficient α ∈ [0, 1],

∥Ps(wk+1)∇L(wk+1)∥2 − α · ∥Pf(wk+1)∇L(wk+1)∥2

≤ max
{∣∣1− ηγmax

∣∣, ∣∣1− η(γ + 4γflat)
∣∣} · ∥Ps(wk)∇L(wk)∥2

− α · (1− ηγflat) · ∥Pf(wk)∇L(wk)∥2 + 2ηγ
(
1 + ηγmax

)
· κ · ∥∇L(wk)∥2. (I.8)

By the fact that

∥∇L(wk)∥2 ≤ ∥Ps(wk)∇L(wk)∥2 + ∥Pf(wk)∇L(wk)∥2,

we can further upper bound the right hand side of (I.8) by

∥Ps(wk+1)∇L(wk+1)∥2 − α · ∥Pf(wk+1)∇L(wk+1)∥2

≤
(
2ηγ

(
1 + ηγmax

)
κ+max

{∣∣1− ηγmax

∣∣, ∣∣1− η(γ + 4γflat)
∣∣}) · ∥Ps(wk)∇L(wk)∥2

−
(
α · (1− ηγflat)− 2ηγ

(
1 + ηγmax

)
κ
)
· ∥Pf(wk)∇L(wk)∥2. (I.9)

Now we let the right hand side of (I.9) satisfying the equation

R.H.S. of (I.9) =
(
2ηγ

(
1 + ηγmax

)
κ+max

{∣∣1− ηγmax

∣∣, ∣∣1− η(γ + 4γflat)
∣∣})

·
(
∥Ps(wk)∇L(wk)∥2 − α · ∥Pf(wk)∇L(wk)∥2

)
. (I.10)

and finding for sufficient conditions on η to bound α. A sufficient condition for (I.10) is

α ·
(
2ηγ

(
1 + ηγmax

)
κ+max

{∣∣1− ηγmax

∣∣, ∣∣1− η(γ + 4γflat)
∣∣})

= α · (1− ηγflat)− 2ηγ
(
1 + ηγmax

)
κ,

or equivalently,(
1− ηγflat − 2ηγ

(
1 + ηγmax

)
κ−max

{∣∣1− ηγmax

∣∣, ∣∣1− η(γ + 4γflat)
∣∣}) · α

= 2ηγ(1 + ηγmax)κ.
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Let’s now narrow our focus on the regime η < 2/γmax (other wise in the sharp direction the iteration
explores). Consider two different sub-cases. Firstly, for 0 < η ≤ 2/(γmax + γ + 4γflat), the above
equation reduces to(

ηγ + 3ηγflat − 2ηγ
(
1 + ηγmax

)
κ
)
· α = 2ηγ(1 + ηγmax)κ.

This solves α as

α =
2γ(1 + ηγmax)

γ + 3γflat − 2γ(1 + ηγmax)κ
· κ ≤ 6γ

γ − 6γκ
· κ ≤ 7κ

Secondly, for η > 2/(γmax + γ + 4γflat), the equation reduces to(
2− ηγflat − 2ηγ

(
1 + ηγmax

)
κ− ηγmax

)
· α = 2ηγ(1 + ηγmax)κ.

Letting η further satisfy

η <
1.9− 2γflatγ

−1
max − 12κ

γmax
, (I.11)

then we can solve α as

α =
2ηγ(1 + ηγmax)

2− ηγflat − 2ηγ
(
1 + ηγmax

)
κ− ηγmax

· κ,

and under (I.11)

α ≤ 12

2− 2γflatγ
−1
max − 12κ− 1.9 + 2γflatγ

−1
max + 12κ

· κ ≤ 120κ.

Thus in conclusion, for learning rate η satisfying (I.11), we can guarantee that

∥Ps(wk+1)∇L(wk+1)∥2 − α · ∥Pf(wk+1)∇L(wk+1)∥2

≤
(
2ηγ

(
1 + ηγmax

)
κ+max

{∣∣1− ηγmax

∣∣, ∣∣1− η(γ + 4γflat)
∣∣})

·
(
∥Ps(wk)∇L(wk)∥2 − α · ∥Pf(wk)∇L(wk)∥2

)
,

for some α ≤ 120κ. Iterating the above inequality and use the fact that

∥Ps(w0)∇L(w0)∥2 − α · ∥Pf(w0)∇L(w0)∥2 = −α · ∥Pf(w0)∇L(w0)∥2 ≤ 0,

we can conclude the proof.
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Appendix J. More Results and Details of Experiments

J.1. Further Experiment Details

The training set of the TinyStories dataset is of about 2.2 million instances, and the validation set is
of about 22000 instances. The training loss curves are plotted every 100 steps, showing the training
loss of that specific training batch. The evaluation loss curves are plotted every 5000 steps, showing
the validation loss calculated on the entire validation set. All of the experiments are trained using a
single NVIDIA H100 (80G PCIe) GPU.

J.2. More Experiment Results

We conduct more experiments to continue the study of Section D via more different choices of the
learning rate η and the momentum β1. Specifically, we take η ∈ {0.0001, 0.0002, 0.0004, 0.0006, 0.0008}
and β1 ∈ {0, 0.85, 0.9, 0.95}, and plot the training loss curves and the validation loss curves.

J.2.1. FIX THE LEARNING RATE AND CHANGE THE MOMENTUM

We first fix the learning rate η and compare the loss curves under different choices of momentum β1,
see Figures 6 to 10. The results matches observations in Section D that momentum enables more
stable and faster training under larger learning rates. The effect is more significant for larger learning
rates.

J.2.2. FIX THE MOMENTUM AND CHANGE THE LEARNING RATE

We then fix the momentum β1 and compare the loss curves under different choices of learning rate η,
see Figures 11 to 14. The results show two trends, under the selected β1: (i) for larger momentum, the
training and validation loss curves are more stable (especially for the validation loss), demonstrating
the role of stabilizer of momentum as predicted by the theory; (ii) for the same momentum β1, during
the early phase of the training, the larger the learning rate, the lower the training and validation loss,
which matches our prediction of the speed on river by theory.
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Figure 6: Training loss and validation loss under η = 0.0001 and β1 ∈ {0, 0.85, 0.9, 0.95}.
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Figure 7: Training loss and validation loss under η = 0.0002 and β1 ∈ {0, 0.85, 0.9, 0.95}.

0 10000 20000 30000 40000 50000 60000
Step

2

3

4

5

6

Tr
ai

ni
ng

 L
os

s

Training Loss Curve ( = 0.0004)
= 0.0004, 1 = 0.0
= 0.0004, 1 = 0.85
= 0.0004, 1 = 0.9
= 0.0004, 1 = 0.95

30000 32000 34000 36000 38000 40000
1.7

1.8

1.9

2.0

5000 15000 25000 35000 45000 55000 65000
Step

1.8

1.9

2.0

2.1

2.2

2.3

2.4

Va
lid

at
io

n 
Lo

ss
Validation Loss Curve ( = 0.0004)

= 0.0004, 1 = 0.0
= 0.0004, 1 = 0.85
= 0.0004, 1 = 0.9
= 0.0004, 1 = 0.95

Figure 8: Training loss and validation loss under η = 0.0004 and β1 ∈ {0, 0.85, 0.9, 0.95}.
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Figure 9: Training loss and validation loss under η = 0.0006 and β1 ∈ {0, 0.85, 0.9, 0.95}.
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Figure 10: Training loss and validation loss under η = 0.0008 and β1 ∈ {0, 0.85, 0.9, 0.95}.
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Figure 11: Training and validation loss of η ∈ {0.0001, 0.0002, 0.0004, 0.0006, 0.0008}, β1 = 0.
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Figure 12: Training and validation loss of η ∈ {0.0001, 0.0002, 0.0004, 0.0006, 0.0008}, β1 =
0.85.
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Figure 13: Training and validation loss of η ∈ {0.0001, 0.0002, 0.0004, 0.0006, 0.0008}, β1 = 0.9.
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Figure 14: Training and validation loss of η ∈ {0.0001, 0.0002, 0.0004, 0.0006, 0.0008}, β1 =
0.95.
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