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Abstract

A central question about information processing systems is whether fundamentally
different optimization processes lead to similar internal organization. Cortical
networks exhibit small-world topology, modular communities, scale-free hubs,
and structural-functional dissociation, and sparse transcoders now provide the
interpretable units needed to test these same properties inside a large language
model. We use skip transcoders from Gemma Scope 2 to extract 16,384 sparse
interpretable features per MLP layer of Gemma 3 (270M and 1B), construct per-
layer co-activation networks from 1M tokens of FineWeb-Edu, and analyze them
with a standard network-neuroscience toolbox augmented by the Laplacian renor-
malization group and the spectral heat capacity. Both models exhibit analogues of
all four classical cortical signatures, though with threshold sensitivity in the small-
world case and quantitative differences in fractal dimension. Multi-scale analysis
further reveals a dual-regime fractal scaling with a local exponent dg ~ 1.35
below the Leiden community diameter, a single-peaked heat capacity that sharpens
with depth, and a non-monotonic cross-layer coupling trajectory. Hub features
and coarse-grained communities carry interpretable semantics organized along a
tokenization-syntax-semantics-morphology hierarchy. These findings indicate that
transformer representations trained on next-token prediction exhibit several network
properties that are statistically similar to those observed in cortical networks.

1 Introduction

A central question for any field that studies complex information processing systems is whether
systems shaped by very different processes converge on a common internal architecture. Biological
brains have been shaped by hundreds of millions of years of evolution under tight energy and
wiring constraints, and a long tradition in network neuroscience has shown that the resulting cortical
networks exhibit a small set of robust organisational principles. These include small-world topology
with high clustering and short path length [41, 4], modular community structure that segregates
and integrates information [35} 27, scale-free hubs that dominate global communication [1], and
a partial dissociation between structural and functional connectivity in which weight-based and
correlation-based connectomes are only loosely aligned [19]. Large language models, in contrast, are
shaped by gradient descent on text corpora over a few months of compute and have very different
inductive biases. Whether the trained models nevertheless converge on the same network signatures
is a question with theoretical motivation — modularity can emerge spontaneously under modularly
varying objectives [14], and sparse network topologies inspired by network science have already
improved ANN training [25] — but one that, until recently, could not be posed because the units of
analysis inside an LLM were not well defined.

Existing approaches to LLM internals have focused on tracing causal circuits behind specific com-
putations or comparing representational geometry with biological systems, but these approaches
do not characterize the network organization of the model as a whole. Recent progress on sparse
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decompositions of internal activations changes this picture. Sparse autoencoders and transcoders
learn to reconstruct each MLP block from a much wider dictionary of features that activate sparsely
on natural text [8} |38} 10}, 29]. With the public release of Gemma Scope and Gemma Scope 2 [18}24]],
every layer of the Gemma 3 family [36] now comes equipped with a per-layer skip transcoder whose
features are largely interpretable in isolation. These features supply a candidate analogue of the
neuron for network analysis. They are sparse, they fire on identifiable inputs, and they admit pairwise
correlation analysis in the same way that neural spike trains do. We can therefore treat an LLM as an
empirical network and apply the standard tools of network science to it, though the resulting networks
depend on the choice of decomposition.

This paper takes that step. For two scales of the Gemma 3 family (270M and 1B), we build per-
layer co-activation networks from transcoder features on a I M-token corpus alongside weight-based
structural networks from the transcoder parameters, and analyze both with the standard topology
toolbox of network neuroscience augmented by multi-scale tools from statistical physics. We ask
which of the classical cortical signatures hold, which fail, and where new structure appears. We then
attach semantics to the topology by labelling hub features and coarse-grained communities through
their maximally activating contexts.

The networks exhibit analogues of all four classical cortical signatures, and multi-scale analysis
reveals three further properties, including a dual-regime fractal scaling with a local exponent of about
1.35 below the Leiden community diameter, a single-peaked spectral heat capacity that sharpens
with depth, and a non-monotonic cross-layer coupling trajectory. The quantitative differences from
cortex are themselves informative. The LLM fractal dimension falls below the cortical value of
approximately 2.0 reported by Gallos et al. [12], and the heat capacity shows a single sharp peak
where cortical connectome data shows a broad plateau [31], both consistent with sparser and more
specialized internal connectivity. Hub features and coarse-grained communities carry interpretable
semantics organized along a depth-dependent tokenization-syntax-semantics-morphology hierarchy.
To our knowledge, this is the first systematic network-science analysis of an interpretable LLM
feature space at corpus scale.

2 Related Work

2.1 Mechanistic interpretability and circuit analysis

Mechanistic interpretability has made rapid progress in identifying the internal computations of
language models through causal analysis. Ameisen et al. [2] introduced circuit tracing, which
constructs attribution graphs that track how individual features and attention heads contribute to a
model’s output on a given prompt, and Lindsey et al. [21] used thousands of such graphs to catalog
recurring computational motifs. Marks et al. [23]] discovered task-specific sparse feature circuits
through causal mediation, and Dunefsky et al. [10] showed that transcoders facilitate the extraction
of interpretable causal graphs. Because each attribution graph is tied to a single prompt and a single
task, the cost of interpretation scales with the number of behaviors under study. These methods are
powerful for explaining individual computations, and the resulting circuits have revealed rich internal
structure, but they do not aggregate into a characterization of how the model as a whole is organized.

2.2 Brain-Al representational comparison

A separate line of work compares the internal representations of biological and artificial neural
networks. Representational Similarity Analysis [16] and related methods such as Centered Kernel
Alignment [15] quantify the similarity structure of population responses, providing a common
framework for comparing brains and models across architectures. This approach has shown that task-
optimized deep networks predict representational geometry in visual cortex [42] and that transformer
language models trained on next-word prediction explain a large fraction of neural variance in the
human language network [32]. Recent extensions incorporate topological features of representation
spaces beyond pairwise distances [20]. RSA and related methods measure whether two systems
encode similar information, and have established detailed correspondences between model layers and
brain regions. Representational geometry is a static description of encoding, and does not capture the
interactions among units that emerge during processing, as the well-documented structure-function
dissociation in cortical networks illustrates [[19].
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2.3 Graph construction from LLM features

Several recent works have constructed graphs from LLM features without applying network-science
analysis to them. Deng et al. [9] built co-activation graphs from sparse feature activations and
showed that connected components correspond to composable semantic modules. Balcells et al. [3]
tracked features across adjacent layers using Pearson and Jaccard scores on a 10M-token Pile sample,
identifying pass-through, gating, and disappearing features. Laptev et al. [[17] traced cross-layer
feature flow through cosine similarity of decoder weights. The circuit tracing programme at Anthropic
[2} 21]] produced thousands of attribution graphs at the prompt level and used manual supernode
grouping that effectively performs community detection by hand. None of these works compute
corpus-wide network statistics on the resulting graphs, and none frames the analysis in terms of
the cortical comparison. Two concurrent works move closer to network science. Zheng et al. [43]
computes topological metrics on graphs built from raw neurons, and Liu et al. [22] applies ICA to
neuron activations in the spirit of fMRI functional network analysis. Both operate on raw neurons
without multi-scale topological analysis on interpretable features.

3 Data and Methods

We work with two scales from the Gemma 3 family, Gemma 3 270M (18 layers, dyode1 = 640) and
Gemma 3 1B (26 layers, dimogel = 1152), loading the corresponding Gemma Scope 2 skip transcoders
with 16,384 features per layer 18| [24]]. For each layer we build a functional network by streaming a
1M-token sample of FineWeb-Edu [30] through the model, encoding MLP inputs with the transcoder,
and accumulating a 16K by 16K Pearson co-activation matrix in a single pass. We complement
these with structural networks built from the transcoder parameters, using cosine similarity between

decoder weight vectors within a layer and the virtual weight Mi(j¢—>z+1) = |Wd(fc) [i,:] - Wie) [4,:]]
across layers [[11,110]. Both matrices are converted to sparse graphs by density-matched thresholding
at a canonical density d = 0.001, with robustness checks at two additional densities. Details of the

streaming computation, feature filtering, and threshold selection are in Appendix [E]

The topology toolbox follows network neuroscience standards. We compute small-world indices,
Leiden modularity at multiple resolutions [39], degree distribution statistics, assortativity, and the
rich-club coefficient, testing every metric against both Erd6s-Rényi and Configuration Model nulls
[28]. Network robustness is assessed by percolation under random and targeted node removal [1]],
and structure-function coupling follows the methodology of Liégeois et al. [19], combining a Mantel
correlation with a conditional analysis of functional connectivity at the strongest structural edges. For
multi-scale structure we apply three renormalization group tools. Box covering [33}134] yields the
fractal dimension dp and, through a piecewise fit, a local exponent below a crossover length. The
Laplacian renormalization group of Villegas et al. [40] coarse-grains the network at a fixed diffusion
time into supernodes, and the spectral heat capacity C'(7) = 72[(A\?), — (\)2] [31]] diagnoses whether
the network has a single characteristic scale, approximate scale invariance, or multiple well-separated
scales. Full parameter settings and null model protocols are in Appendix [E]

To attach semantics to the topology, we identify the top hub features by degree and the largest
Laplacian renormalization group communities in each layer, and record their maximally activating
contexts on a held-out corpus. Per-feature word clouds aggregate content words weighted by activation
magnitude.

4 Results

We organize our results around five progressive questions about the internal organization of LLM
feature networks.

4.1 Do feature co-activation networks have non-trivial structure?

At the canonical density d = 0.001, the Telesford small-world index w ranges over [—0.17, 4+0.57]
for Gemma 3 270M and [—0.43, +0.32] for Gemma 3 1B, with the layerwise mean close to zero [37].
Early layers tend toward positive w (shorter paths relative to clustering) while deep layers shift toward
negative w (higher clustering relative to path lengths), consistent with the increasing modularity
reported in the next section. This property is threshold-sensitive and holds robustly only at sparse
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densities (d < 0.002). At d = 0.005, w shifts substantially toward positive values in both models
(Appendix Figure [8d), indicating that the small-world balance is carried by the sparsest, strongest
connections.

Degree distributions are heavy-tailed across all layers, with skewness typically in the range 2 to 8 and
maximum degree reaching up to 47 x the mean (270M) and 53 x the mean (1B) in early layers. These
hub features have direct structural consequences for graph connectivity. Progressive node removal
reveals that networks remain largely intact under random failure (the largest connected component
retains approximately 40% of nodes after 50% removal) but collapse rapidly when high-degree or
high-betweenness nodes are targeted (Figure [2). This differential vulnerability to targeted versus
random attack is a defining signature of heterogeneous, hub-dependent architecture [1].

Null model comparisons confirm that this structure exceeds what degree heterogeneity alone can
explain. Configuration Model z-scores for modularity range from 198 to 635 in 270M and 68 to 808
in 1B, all far exceeding statistical significance. Feature co-activation networks are therefore highly
structured, with small-world topology, prominent hubs, and modular organization that cannot be
reduced to the degree sequence.
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Figure 1: Layer evolution of four key topology metrics for Gemma 3 270M (blue) and 1B (red) at
density-matched Pearson networks (d = 0.001). Solid lines show observed values, dashed lines show
the Configuration Model null mean with shaded +2¢ bands.
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Figure 2: Network robustness under progressive node removal, averaged across all layers. Left:
Gemma 3 270M. Right: Gemma 3 1B. Random removal (green) decays gradually, while degree-
targeted (orange) and betweenness-targeted (red) removal collapse the largest connected component
much faster. Shaded bands show +1 standard deviation across layers.
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4.2 How does network organization evolve with layer depth?

Network organization could be uniform across layers or vary systematically with depth. Leiden
modularity () reveals a clear trend (Figure[I)). In the 270M model, @ rises from 0.48 at layer O to
0.88 at layer 16, a nearly twofold increase. In the 1B model, () rises from 0.46 (layer 2) to 0.93
(layer 24). Of all the properties we measure, this depth trend is the most consistent across density
levels and both model scales. Configuration Model z-scores confirm that the trend reflects genuine
organizational change, with modularity exceeding the degree-preserving null by hundreds of standard
deviations at every layer (Appendix Table [2).

The monotonic increase in modularity implies that features in early layers form weakly differentiated
groups with overlapping co-activation patterns, while features in deep layers form highly separated
functional modules. This depth-dependent specialization is reminiscent of the cortical hierarchy
in biological brains, where primary sensory areas show diffuse connectivity and association areas
exhibit stronger modular organization [35].

Spectral analysis on the unthresholded Pearson matrices provides independent, threshold-free con-
firmation. Fiedler values (\) increase from early to middle layers, reflecting growing algebraic
connectivity (Appendix Figure[8b). These spectral signatures confirm that the structural evolution is
a property of the correlation matrices themselves, independent of binarization.

Two layers in the 1B model (layers 1 and 5) are consistent outliers across multiple metrics, showing
extremely low modularity (QQ = 0.09 and 0.11), high mean Pearson correlation, extreme hub degrees,
and negative assortativity. These layers likely correspond to global attention layers in Gemma 3’s
interleaved local/global attention architecture [36], where all features share the same context window
and exhibit uniformly stronger co-activation. Their consistent anomalous behavior across every
analysis serves as a useful internal control, suggesting that our metrics are sensitive to structural
differences between layers.

4.3 What is the multi-scale geometry of these networks?

Biological neural networks exhibit multi-scale organization with fractal geometry within functional
modules and small-world shortcuts between them [5, [12]]. We ask whether LLLM feature networks
share this multi-scale organization.

Box-covering analysis of the thresholded graphs reveals two distinct scaling regimes in the relation
Ng(lg) ~ lgdB. A single power-law fit yields dp = 2.0 with moderate R? ~ 0.93 in both models,
but allowing a piecewise fit with a breakpoint dramatically improves the fit and clears the AAIC > 10
bar in most layers. Below the crossover length [7; ~ 6, the local fractal dimension averages 1.37+0.14
(270M) and 1.34 4+ 0.11 (1B), consistent across models. Both models show a gradual increase in dp
with depth, from approximately 1.0-1.25 in early layers to approximately 1.5 in late layers (Figure [3),
indicating that deeper layers develop denser intra-module connectivity. Above the crossover, steeper
scaling (dp > 3) reflects the small-world shortcuts connecting modules. The crossover length itself
corresponds approximately to the diameter of Leiden communities, consistent with the fractal-module
framework of Gallos et al. [12]. The local exponent of about 1.35 is lower than the cortical value
of approximately 2.0, suggesting sparser internal connectivity inside LLM communities than inside
cortical functional modules. With approximately ten data points per layer, the piecewise results are
suggestive and the single-fit d g with bootstrap CI serves as the primary conservative estimate.

Laplacian renormalization group coarse-graining probes compressibility at a fixed diffusion scale. A
single round of LRG reduces the network to progressively fewer supernodes with increasing depth.
Early layers yield 715-823 supernodes in 270M (9.7-11.2x compression), while late layers yield as
few as 191-209 supernodes (38—42x compression). The 1B model shows even stronger late-layer
compression, reaching up to 62.5x. This trend, despite some layer-to-layer variability, is consistent
with the increasing modularity reported above. Features within well-separated communities share
diffusive modes and can be merged, so higher modularity produces greater compressibility. The
supernode counts per depth are shown in Appendix Figure [TOb]

The spectral heat capacity C(7), computed from the full Laplacian spectrum, diagnoses whether
the networks possess one characteristic scale, multiple well-separated scales, or approximate scale
invariance [31]]. All layers in both models show a single C(7) peak with no plateau, ruling out
scale invariance in these networks. In the 270M model, the peak position T,k decreases from 17.5
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Figure 3: Box-covering fractal exponents across depth. Left: the local exponent d'3! from the
piecewise fit shows a gradual increase from approximately 1.0-1.25 in early layers to approximately
1.5 in late layers, with both models following the same trend. Right: the crossover length {7 has a
median around 6, matching the empirical Leiden community diameter.

(layer 0) to 9.9 (layer 16), and the peak height Cp.,x increases from 4.8 to 8.9 across depth (Figure E[),
indicating that the dominant structural scale shifts to shorter diffusion times and grows in contrast. In
the 1B model, Tpcax similarly decreases from 13.4 to 9.5. The Cpax values in the 1B model are more
variable, with the anomalous layers O—1 and 4-5 showing unusually large values (12—16) and the
non-anomalous layers falling between 7.4 and 10.7 with a modest increase toward late layers. The
peak width (FWHM) narrows with depth in the 1B model, indicating convergence toward a single
well-defined scale, while the 270M model shows more variable FWHM across layers.

These three analyses converge on a coherent multi-scale picture. LLM feature networks are fractal
within modules (dp ~ 1.35) and connected by small-world shortcuts across modules. Each layer
possesses a single dominant structural scale, and this scale becomes sharper and more compact with
depth. The networks are modular and hierarchical, but they are not scale-invariant.
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Figure 4: Evolution of spectral heat capacity peak parameters with depth. Left: 7,c. decreases.
Center: (' increases with depth in 270M, while 1B shows more variable values. Right: FWHM
narrows in 1B but varies in 270M.

4.4 How does information flow between layers?

Beyond within-layer organization, the residual stream mediates directed communication between
adjacent layers. Global correlation between structural (cosine) and functional (Pearson) connectivity
matrices is near zero across all layers (Figure [3)), with Mantel 7 values ranging from —0.007 to
+0.013 (270M) and —0.003 to +0.034 (1B). Despite this global dissociation, strong structural edges
carry a meaningful signal. The mean functional connectivity among the top 0.1% strongest structural
edges is approximately 20-25 times the global mean, and this enrichment decays monotonically
with relaxing threshold, reaching approximately 2x at the top 10%. The pattern parallels the well-
documented structure-function relationship in brain networks, where DTI structural connectivity and
fMRI functional connectivity show weak global correlation but strong local correspondence along
white-matter tracts [19]. A threshold-free Laplacian spectrum check with the same depth dependence
is reported in Appendix [B]

Turning to directed coupling between adjacent layers, we quantify the cross-layer weight overlap
using concentration_80, the fraction of downstream LRG communities accounting for 80% of
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Pearson matrices stays near zero across layers. Right: functional connectivity enrichment at the
top k% of structural edges, normalized by the global mean. The top 0.1% shows approximately
20-25-fold enrichment in both models.

the total coupling mass from a given upstream community. This measure follows a non-monotonic
trajectory across depth (Figure[6). In early layers, concentration_80 values are low (1-3% for
270M layers 0-2, 2.5-3% for 1B layers 0—1), indicating that each upstream community directs
its signal toward a small set of specific downstream targets. Through the first half of the network,
concentration_80 rises steadily, reaching peak values of 14.4% (270M, layer 9—10) and 19.0%
(1B, layer 11—12). At these peaks, each community’s coupling spreads broadly across many
downstream targets, reflecting a diffuse, broadcast-like communication mode. In the final third
of the network, concentration_80 decreases to 5-9% (270M) and 7.5-13.5% (1B), indicating
reconvergence toward focused coupling.

This inverted-U trajectory is consistent with three regimes of residual stream coupling. In early layers,
weight overlap is narrow and feature-specific, suggesting focused communication pathways. In middle
layers, coupling spreads broadly across downstream communities, consistent with a broadcast-like
mode of information distribution [L1]]. In late layers, coupling reconverges toward fewer downstream
targets, suggesting a return to focused processing. Whether this weight-space pattern corresponds
to actual information flow during processing remains to be tested through causal interventions. The
pattern is quantitatively consistent across both model scales.
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Figure 6: Cross-layer coupling trajectory. Left: concentration_80 versus layer depth, showing
the inverted-U shape. Right: cumulative coupling strength for representative layer transitions.

4.5 Do topological structures carry interpretable semantics?

Whether topological structures carry genuine semantic content is a crucial test of these networks’
functional relevance. For each layer, we identify the top-20 features by degree in the density-matched
graph and examine their maximally activating corpus examples. Hub semantics follow a systematic
three-phase evolution across depth in both models. In Gemma 3 270M, the input layer is dominated
by domain-specific content words (hub degree about 6x the mean), early layers (1-3) by format and
code mega-hubs such as punctuation and structural tokens (hub degree 34—47 x the mean), middle
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layers (9—14) by mathematical operators and digits (hub degree 11-17x the mean), and the output
layer by morphological roots (hub degree 23x the mean). The 1B model exhibits a qualitatively
similar progression with shifted indices fitting its 26 layers. The mega-hub phenomenon at the format
and code layers is the network manifestation of universal-connector tokens that co-occur with almost
everything else in the corpus and therefore form the backbone of the early-layer co-activation graph.
Figure [7 shows representative hubs and LRG communities for 270M, with the parallel 1B figures in

Appendix
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Figure 7: Semantic interpretation of topology in Gemma 3 270M. Each panel is a word cloud from the
maximally activating contexts of a hub feature or representative members of a community. Selected
hubs progress from domain content words at the input layer through format and code mega-hubs and
digits to morphological roots at the output. Communities range from geography and technology at
layer O through temporal and file-format clusters in middle layers to institutional terms in late layers.

LRG communities provide a complementary view at the module level. Features within a commu-
nity respond to the same semantic domain, syntactic category, or format type. Selected examples
include geography clusters (layer 0), temporal terms (layer 8), biology (layer 12), and morphological
paradigms (layer 13) in 270M, with comparable patterns in 1B (Appendix [D). The community hierar-
chy across layers follows established models of transformer processing stages. Layer 0 communities
cluster by semantic topic and early layers by syntactic categories, while middle layers shift toward
grammatical function and late layers toward word-formation and morphological structure. This
semantic alignment between topological structure and known linguistic processing stages [21] is
consistent with the interpretation that the network properties reflect functional organization, though
high-degree features may be interpretable simply because they are high-frequency.

5 Discussion

Our analyses paint a unified multi-scale picture of LLM feature network organization. Within
modules at path distances below the crossover length I3, ~ 6, networks exhibit fractal-like scaling
with dp ~ 1.35. Across modules at larger scales, small world shortcuts break the fractal scaling
and produce w =~ 0 topology. Each layer possesses a single dominant structural scale, as revealed
by the single peak in spectral heat capacity, and this scale becomes sharper with increasing depth.
Between layers, information flow through the residual stream follows a focused-to-broadcast-to-
focused trajectory. Throughout, topological structures (hubs and communities) carry interpretable
semantics aligned with known processing hierarchies.

This organizational profile parallels biological neural networks in several respects. Both systems
exhibit small-world topology, increasing modularity along processing hierarchies, fractal geometry
within functional modules, disproportionate vulnerability to targeted hub removal, and structure-
function dissociation coupled with strong local correspondence. The comparison is quantitative (Ta-
ble |I|) The main quantitative difference is the lower fractal dimension in LLM networks (dg =~ 1.35
vs = 2.0 in brain networks), suggesting that feature communities have sparser internal connectivity
than brain functional modules. This difference may reflect the lower-dimensional geometry of residual
stream representations compared to the three-dimensional embedding of biological cortex, or it may
arise from differences in how co-activation is defined in the two domains.
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Table 1: Comparison of organizational properties between biological brain networks and LLM feature
networks.

Property Brain networks LLM feature networks

Small-world topology w ~ 0 [4] w =~ 0 (this work)

Increasing modularity primary — association cortex early — late layers

Fractal within modules dp ~ 2.0 [12] dp =~ 1.35 (this work)

Hub vulnerability hub lesions cause disproportionate damage hub removal collapses LCC

SC-FC dissociation DTI # fMRI but locally correlated cosine # Pearson but locally enriched
Single characteristic scale ~ C(7) single peak C () single peak (this work)

The inverted-U coupling pattern carries specific implications for the “residual stream as commu-
nication bus” perspective in mechanistic interpretability [11l]. If early layers perform focused,
feature-specific processing and middle layers broadcast information broadly, then interventions on
the residual stream should have qualitatively different effects depending on depth. Ablating residual
stream directions in early layers should disrupt specific downstream features, while equivalent inter-
ventions in middle layers should produce more diffuse, distributed effects. This prediction is directly
testable through activation patching experiments.

The quantitative consistency between 270M and 1B models strengthens these conclusions. Fractal
dimensions (1.37 vs 1.34), crossover lengths (both approximately 6), single-peak heat capacity,
inverted-U coupling trajectories, and semantic evolution patterns are all qualitatively and quantita-
tively similar across a fourfold increase in parameter count. This consistency suggests that these
organizational principles are robust within the Gemma 3 family across a fourfold increase in parameter
count. Whether they generalize to other model families remains an open empirical question.

Several limitations warrant caution. Co-activation networks capture statistical associations, not causal
circuits. The topological centrality of hub features does not necessarily imply causal importance for
model behavior, and feature ablation experiments would be needed to test whether degree centrality
predicts functional impact. All graph metrics remain threshold-dependent. While density-matching
and multi-threshold robustness checks mitigate this concern, the small-world property in particular
is sensitive to density, holding at d = 0.001 but weakening at d = 0.005. Skip-transcoders explain
approximately 85-95% of MLP variance, and the unexplained variance may carry additional relevant
structure. The greedy box-covering algorithm provides an upper bound on Np, potentially biasing
fractal dimension estimates. Semantic interpretation through max-activating examples from 4,096
Pile samples may miss rare activation patterns, as evidenced by the 9% empty rate for 270M layer 7
hubs. Finally, our analysis covers two scales from one model family (Gemma 3). Establishing
whether these organizational principles are universal properties of language models or specific to the
Gemma architecture requires investigation across diverse model families, training procedures, and
scales.

6 Conclusion

We have presented, to our knowledge, the first systematic network-science analysis of an LLM’s
interpretable feature space at corpus scale, constructing and analyzing layerwise co-activation and
structural networks from Gemma 3 transcoder features. The networks exhibit analogues of all
four classical cortical signatures and additionally show a dual-regime fractal scaling, a single-
peaked spectral heat capacity that sharpens with depth, and a non-monotonic cross-layer coupling
trajectory. Hub features and coarse-grained communities carry interpretable semantics organized
along a processing hierarchy that matches known transformer computation stages. The similarity
to cortical organizational principles, consistent across two model scales, indicates that trained
transformer representations share several statistical network properties with cortical networks, though
whether this reflects convergent optimization pressures or properties common to heterogeneous
modular networks remains to be established. This work provides a foundation for a network-theoretic
approach to LLM interpretability and demonstrates that the toolbox of network neuroscience can be
productively applied to artificial information processing systems.
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A Preliminaries

A decoder-only transformer is a stack of identical blocks, each composed of a multi-head self-attention
sublayer and a position-wise MLP sublayer that read from and write to a shared residual stream
of dimension dpoqer [L1]. The MLP sublayers carry most of the parameter budget and most of the
compositional computation, so mechanistic interpretability work has typically located the units we
informally call “features” inside or around them.

A sparse autoencoder (SAE) approximates an activation x € R% a5 a sparse combination of
learned dictionary atoms through an encoder z = ¢(Wepe& + bene) € R4« and a linear decoder
T = Wiyeez + bgec With dge > dimoder [8), 38]]. Each column of Wy, is a feature direction in the
residual stream and each entry of z is its activation on the current token. A transcoder generalises this
to the input-output map of an MLP block [10} 29]], and a skip transcoder [24] adds a learned linear
shortcut,

@(w) = Wiec Z(x) + bdec + Wskip z, )]

where Wipa absorbs the purely linear part and z(z) carries the feature-like residual. The transcoders
we use are 16,384-dimensional with JumpReL U activations and an LO of about 50 active features per
token, yielding a sparsity of approximately 0.3%.

Treating each (layer, feature) pair as a node and weighting edges by co-activation across a fixed corpus,
we summarise the resulting graph using the standard network-science quantities. These include the
clustering coefficient C' and average shortest path length L combined into the Telesford small-world
index w = Lyana/L — C/Chagice 1371, the Leiden modularity @ [39], the degree assortativity r [26],
percolation under random and targeted node removal [1]], and Mantel correlations between weight-
based and activation-based matrices following the SC-FC methodology of Liégeois et al. [[19]. For
multi-scale structure we add three renormalisation group tools, namely box covering for the fractal
dimension dp [34}12], the Laplacian renormalisation group of Villegas et al. [40]], and the spectral
heat capacity C(7) of Poggialini et al. [31]]. This toolbox is standard in network neuroscience, which
is what makes the cortex-LLM comparison meaningful.

B Threshold-independent and Robustness Checks

This appendix collects additional figures and tables that support claims made in the main text. Table[2]
reports per-model summaries of the canonical density-matched graph statistics. Figure|8af shows the
modularity and small-world index at three density levels for Gemma 3 270M, Figure [8b|shows the
threshold-free Laplacian spectrum, and Figures[9aland [0b|show degree distribution properties and the
Configuration Model significance heatmap.

Table 2: Layerwise summary of density-matched (d = 0.001) topology metrics across all layers.
Model C L w Q@ (Leiden) T deg. skew

Gemma 3 270M 0.25t00.46 4.0to7.7 —0.17to +0.57 0.48t00.88 0.18t00.78 19t07.8
Gemma 3 1B 0.30t00.83 19t07.6 —0.43t0+0.32 0.09t00.93 —0.43t00.82 0.3to08.1

Modularity @
small-world w

(a) Density robustness (d = 0.0005, 0.001, 0.002). (b) Threshold-free Laplacian spectrum.

Figure 8: Robustness checks. (a) Modularity () and small-world w at three density levels for Gemma
3 270M, showing depth trends consistent across densities. (b) Fiedler value A, and normalised
spectral gap on unthresholded Pearson matrices, which display the same depth dependence as the
thresholded metrics without any threshold choice.
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Figure 9: Degree distribution and Configuration Model significance. (a) Degree skewness and
maximum degree as a function of layer depth, with the two anomalous layers in 1B (layer 1 and layer
5) visible as outliers. (b) Configuration Model z-score heatmap for clustering and modularity across
all layers and density levels, with almost every cell in the high-significance range.

196 C Renormalisation Group Supplementary Plots

a97  Figure[I0|collects the per-layer log-log box-covering curves and the Laplacian renormalisation group
498 supernode count.
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Figure 10: Renormalisation group supplementary plots. (a) Box-covering scaling curves for represen-
tative layers, with piecewise linear fits and the crossover band shaded around [; ~ 6. (b) Laplacian
renormalisation group supernode count as a function of layer depth. The monotonic decrease shows
progressively more compressible structure in deeper layers.

a Gemma 3 270M b Gemma 3 1B

— 16 — 0

—_— L — L8

— L9 — L3
£ L3 o oo Lre o
o u7 o 125
2 08 3 08
° <
16 [
o 06 € I 06 £
= 3 T 3
€] ¢ T 8 f g
> 4 04 T > 04 5
g E°
T \ 02 T 02
3 | g,
g2 §
T \ 00 T ) 00

. A AN 1§

10° 107 10° 10 10° 10° 10 10 10° 10 10 10

Diffusion time T Diffusion time T

Figure 11: Spectral heat capacity C(7) for each layer of Gemma 3 270M and 1B. All curves show a
single peak (no plateau), ruling out scale invariance. Peaks shift leftward and grow taller with depth.
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D Semantic Interpretation for Gemma 3 1B

Figure [I2]shows the parallel hub and community word-cloud panels for Gemma 3 1B. The semantic
patterns are qualitatively the same as in 270M (Figure[7) but with shifted layer indices that fit the 26
layers of 1B.
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(a) Hub features (Gemma 3 1B). (b) LRG communities (Gemma 3 1B).

Figure 12: Semantic interpretation in Gemma 3 1B. The depth-dependent semantic pattern matches
270M, with HTML and multilingual tokens taking the early role and Latin and morphological roots
taking the late role.

E Extended Methods

Network construction details. A forward hook on every MLP module captures the MLP input on
each forward pass and feeds it through the corresponding skip transcoder, producing a sparse vector
in R6:3%4, With about 50 active features per token, only (%) a 1225 feature pairs are updated

per token, compared to the full 1.34 x 108 pairs in a 16K square matrix. We accumulate sufficient
statistics for Pearson, Jaccard, cosine, and NPMI correlations in a single streaming pass without
storing raw activations, and the resulting sufficient statistics are computed exactly (without streaming
approximation). The output per layer is a 16K by 16K co-activation matrix together with a vector
of per-feature activation counts used as a quality filter. Features with activation count below ten are
excluded before any downstream analysis.

For the structural networks, taking absolute values of the virtual weight M, (6441 i5 a deliberate

choice that aligns the structural network with the unsigned co-activation network and keeps edge
weights compatible with modularity, box covering, and Mantel statistics, all of which require non-
negative weights. The signed driving relation between features, which would distinguish inhibition
from excitation, is left to follow-up work. The 270M model has dpoqe1 = 640, which makes its
within-layer cosine similarity matrix too low in contrast for meaningful thresholding, so for 270M we
report only cross-layer virtual weights as structural connectivity.

Density-matched thresholding. Graphs are obtained from the dense matrices by retaining the top
edges by absolute correlation until the graph reaches a target density. Density matching is preferred
over a fixed threshold because the scale of the correlation matrix varies systematically with depth.
The canonical density is d = 0.001, with d = 0.0005 and d = 0.002 as robustness checks. A
fixed-threshold control at § = 0.15 is also reported in the robustness analysis. All graph metrics are
computed on the largest connected component using igraph.

Topology metrics. The full set of computed metrics includes the clustering coefficient C, the
average shortest path length L, the Telesford small-world index w = Lyyna/L — C/Clagice [37]], the
Humpbhries-Gurney index o [[13]], Leiden modularity @ at resolutions v € {0.5, 1.0, 1.5,2.0} [39],
degree skewness, the Clauset-Shalizi-Newman power-law and lognormal fits to the degree distribution
[6], degree assortativity r [26]], and the rich-club coefficient at the median degree [[7].
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Null models. Every metric is tested against two null models using fifty realisations per layer.
The Erd&s-Rényi null preserves the number of nodes and edges. The Configuration Model null
additionally preserves the degree sequence [28]], providing a more demanding baseline because any
property that survives this comparison cannot be explained by the degree distribution alone.

Percolation protocol. Percolation removes 0 to 50 percent of nodes under three strategies and
tracks the fraction of the largest connected component remaining. Random removal averages
over twenty independent trials. Degree-targeted removal recalculates degrees after each step, and
betweenness-targeted removal recalculates betweenness centrality after each step. A Configuration
Model percolation control is run in parallel to separate genuine topological vulnerability from effects
that follow from the degree distribution alone.

Structure-function coupling. Following Liégeois et al. [[19], we report three complementary
measures. The Mantel correlation between the structural and functional matrices uses node-label
permutation to generate the null distribution, which tests whether structurally connected feature pairs
have higher co-activation than expected. The conditional analysis computes the mean functional
connectivity inside the top k percent of structural edges for k € {0.1,0.5,1, 5, 10}, normalised by the
global mean, to test whether alignment concentrates at the strongest structural ties. A threshold-free
check uses the Fiedler value A\, and the normalised spectral gap of the unthresholded Pearson matrix,
which display the same depth dependence as the thresholded metrics without any threshold choice.

Renormalization group details. For box covering, we run the greedy algorithm of Song et al.
[34] on each layer’s largest connected component, sweeping the box diameter /g from 2 to the
graph diameter and fitting the scaling law Ng(Ip) ~ l,}dB. To test for dual-regime scaling, we
additionally fit a piecewise linear model in log-log space with a breakpoint [7; chosen by minimising
the total residual sum of squares. The piecewise fit is accepted only when AAIC > 10 relative to
the single-regime fit, and the local exponent is bootstrapped to obtain a 95% confidence interval.
The Laplacian renormalization group of Villegas et al. [40] builds the normalised Laplacian Lorm =
I — D72 AD~'/? and the diffusion kernel K (7) = exp(—7 Lyom ), then merges nodes that share
diffusive modes by agglomerative clustering on the rows of K (7). The compression ratio, defined as
original nodes divided by supernodes, measures structural redundancy at scale 7.

Semantic interpretation pipeline. For each layer we select the top twenty hub features by degree
in the canonical d = 0.001 graph and feed 4,096 samples from Pile-uncopyrighted through the
hook-based pipeline, recording the top ten (token, context, activation) triples per hub. For Laplacian
renormalization group communities of size at least five, we take the top fifty communities per
layer and pick five representative features by within-community weighted degree, running the same
activation-recording pipeline for each.

Reproducibility. The streaming co-activation tracker is in
src/network_construction/activation_based.py. The weight-based and cross-
layer network builders are in src/network_construction/weight_based.py.  Topol-

ogy analysis scripts (compute_metrics.py, percolation.py, spectral_analysis.py,
structure_function_coupling.py, null_model_significance.py) and renormalization
group scripts (box_covering.py, 1rg.py, heat_capacity.py) reproduce every number reported
in this paper. Hub and community semantic labels are produced by hub_interpretation.py and
community_interpretation.py. All experiments run in a single environment on an NVIDIA
RTX 5090 with CUDA 12.8 and a recent PyTorch build.
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