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Abstract

Uniform bounds on sketched inner products
of vectors or matrices underpin several im-
portant computational and statistical results
in machine learning and randomized algo-
rithms, including the Johnson-Lindenstrauss
(J-L) lemma, the Restricted Isometry Prop-
erty (RIP), randomized sketching, and approx-
imate linear algebra. However, many modern
analyses involve sketched bilinear forms, for
which existing uniform bounds either do not
apply or are not sharp on general sets. In this
work, we develop a general framework to ana-
lyze such sketched bilinear forms and derive
uniform bounds in terms of geometric com-
plexities of the associated sets. Our approach
relies on generic chaining and introduces new
techniques for handling suprema over pairs of
sets. We further extend these results to the
setting where the bilinear form involves a sum
of T independent sketching matrices and show
that the deviation scales as v/7T. This unified
analysis recovers known results such as the
J-L lemma as special cases, while extending
RIP-type guarantees. Additionally, we obtain
improved convergence bounds for sketched
Federated Learning algorithms where such
cross terms arise naturally due to sketched
gradient compression, and design sketched
variants of bandit algorithms with sharper
regret bounds that depend on the geometric
complexity of the action and parameter sets,
rather than the ambient dimension.
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1 Introduction

Sketching is a powerful technique for dimensionality
reduction, widely used across many areas of numerical
linear algebra and machine learning (ML). In linear
regression, it enables solving large-scale least squares
problems efficiently by reducing the size of the data ma-
trix while preserving key geometric properties [Clarkson
and Woodruff, 2013, Meng and Mahoney, 2013, Song
et al., 2017, Andoni et al., 2018] while in distributed or
federated learning, it facilitates communication-efficient
protocols for matrix multiplication and aggregation
[Song et al., 2023, Shrivastava et al., 2024, Boutsidis
et al., 2016]. In recent times, sketching has also been
applied to several other key areas, such as reinforce-
ment learning [Wang et al., 2020b, Shrivastava et al.,
2023, Kuzborskij et al., 2019al, training deep networks
[Song et al., 2021a,b, Gao et al., 2022], and convex
programming [Jiang et al., 2021, Song and Yu, 2021,
Qin et al., 2023] (see Appendix A for a detailed related
works).

A foundational result, the Johnson-Lindenstrauss (J-L)
Lemma formalizes such a geometric guarantee, showing
that random projections approximately preserve pair-
wise distances [Johnson and Lindenstrauss, 1984, Ailon
and Chazelle, 2006]. More generally, the Restricted
Isometry Property (RIP) [Banerjee et al., 2014, Negah-
ban et al., 2012, Vershynin, 2014] provides a framework
for understanding when a random matrix acts as an
approximate isometry over a structured set, and un-
derpins theoretical guarantees in compressed sensing
and high-dimensional estimation. A matrix S € R®*¢
is said to satisfy RIP for a sparse set &/ C R? with
constant 4, if the following holds for all u € U:

(=) lull3 < lISull3 < (1 +6)[ull3. (1)

In the context of sketching, the matrix S sketches
the d-dimensional vector u to a b dimensional vec-
tor Su. The above condition can be equivalently ex-
pressed as supyey [|Sulld — [lull3] < o,[lull3. How-
ever, in many applications one encounters sketched
bilinear forms such as (u'S'S v), for vectors u €
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U,v € V, and is required to provide uniform bounds
for sup,cy ey [u'STS v —uvl.

For example in linear regression the response is given
by y; = B x; + 1, where 8 € B C R? is the unknown
parameter, x; € X C R? is the input and 7; is some
noise. In linear bandits [Abbasi-Yadkori et al., 2011,
Chu et al., 2011] the reward is given by r; = 0, a; + n;,
0, € © C R? is the unknown parameter, a; € A C R?is
the chosen action and n; is a sub-gaussian noise. In high
dimensional cases, i.e., when d is very large, one might
sketch both the unknown parameter and the input, and
would naturally want to bound |6, ST Sa; — 6, a;|. In
Section 4 and 5, we develop sketched variants of linear
regression and linear bandit algorithms that leverage
bilinear sketching of both the unknown parameter and
the input vectors and yields sharper bounds on the error
and regret respectively, which scale with the geometric
complexity of the parameter and input sets—such as
their Gaussian width (see Section 2) rather than the
ambient dimension d.

In distributed or federated learning, clients perform
local gradient descent for multiple steps at every com-
munication round, sketch their updates using a random
matrix, and send the sketched updates to the server.
The server aggregates and returns the sketched up-
dates, which clients then de-sketch using the transpose
of the sketching matrix to recover and apply the update
to their local parameters [Song et al., 2023, Shrivas-
tava et al., 2024]. Obtaining finite-time convergence
guarantees for such sketched algorithms requires con-
trolling the deviation ‘gTSTSh - gTh}, where g ranges
over the set of possible loss gradients and h over the
eigenvectors of the loss Hessian (see Section 4.3).

Although such bilinear forms have been studied, using a
covering based analysis, that control bilinear forms via
Dudley’s entropy integral (e.g., Sarlos [2006], Woodruff
[2014]), in contrast, our approach uses generic chaining
[Talagrand, 2005, 2014], yielding bounds in terms of 7
functional and Gaussian-width (see Section 2), which
are strictly sharper on many sets than Dudley’s entropy
(cf. Talagrand [2005, 2014], Vershynin [2018]), while
recovering the classical finite-set rates.

A general framework to analyze such deviations is the
random quadratic form [Krahmer et al., 2014b, Baner-
jee et al., 2019]. Given a set of m X n matrices A and
a sub-gaussian random vector £ € R”

Ca(€) = sup ||| A€]3 — E||A€]3|
AeA
=sup [(TATAE —E £T AT AE|. 2)
AeA
Note that the term sup,, <, |||Sul|3 —||u[/3| can be equiv-

alently expressed as in (2) by converting the matrix
A into a vector u = vec(A) and converting € into the

matrix S (see Section C for details). In this work we
develop deviation bounds for the following random
variable with cross inner products:

Cun(€)= sup [€TMTNE—ES"MTNE| (3)
MeM,NeN

and show that this yields sharp statistical guarantees
for a variety of ML problems where such cross-terms
naturally arise—particularly in settings involving bilin-
ear sketches of the form (u'STS v).

We outline our main technical contributions below.

1. Uniform Deviation Bounds. Our main result
is a large deviation bound on Cpy a(§) defined in
(3) (cf. Theorem 3.1). This significantly generalizes
existing results in Krahmer et al. [2014b] that pro-
vide such bounds for C4(£) in (2). Our approach
relies on Generic Chaining [Talagrand, 2005, 2014]
and introduces new techniques for handling suprema
over pairs of sets, which would be of independent
interest (more details in Section 3.1). One such
result we develop is a double chaining bound (Theo-
rem 3.4) for stochastic processes indexed by pairs
(u,v) € U x V. Tt provides a uniform deviation
bound by chaining separately over ¢/ and V), yield-
ing a bound that scales with the sum of their v
functional (see Remark 3.2 for details and Section 2
for definitions).

2. Applications. This unified analysis recovers known
results such as the J-L lemma as special cases, while
also extending RIP-type guarantees to preserving in-
ner products over arbitrary sets (see Proposition 4.1
and 4.2 respectively). We also apply our results
to obtain improved finite time convergence guaran-
tees for sketched Federated Learning algorithms (see
section 4.3) and to obtain error bounds for linear
regression that scale with the geometric complexity
of the parameter and input sets rather than the
ambient dimension (see Theorem F).

3. Sum of Random Quadratic Forms. We ex-
tend our deviation bound to the random variable
Coan(€°7) & supye i ven | iy (€7 MTNE) -
E(¢] M TNE;)|, where &,t € [T] arei.i.d., and show
that the deviation scales by an extra /T factor (see
Theorem 5.1). This result is especially useful when
the sketching matrix needs to change at every iter-
ation, and is required in our bandit analysis. We
note two things about this result. (1) A standard
Hoeffding type argument does not apply here be-
cause of the sup and one has to extend the Generic
chaining analysis. We provide a simpler expected
analysis in Appendix F.1 to show how the scale v/T'
appears. (2) Such an analysis for sum of random
quadratic forms does not exist even for the single
set case as in (2).
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4. Sketched Bandits. We develop sketched versions
of linear bandit algorithms, under assumptions on
the action set - sk-LinUCB (sketched Linear UCB)
and sk-LinTS (sketched Linear Thompson Sam-
pling) and provide sharper regret bounds that de-
pend on the geometric complexity of the action and
parameter sets. Our analysis introduces a novel way
to decompose the regret into sum of the ‘regret in
the sketched space’ and a ‘restricted isometry term’,
and the latter is bounded using our new results (see
Section 5 for details). We also empirically show that
our sketched algorithms achieve lower regret and are
significantly faster than their un-sketched counter-
parts when the true parameter has some structure
(see Appendix G).

2 Preliminaries

Notation. The notation a < b means that the in-
equality holds up to a multiplicative constant; that
is, a < b implies the existence of a constant C' > 0
such that a < Cb. The notations y = O(x) (respec-
tively y = O(z), y = Q(z)) imply there exist absolute
constants ¢, ¢, c3, ¢4 such that ¢; -z <y < ¢y - x (re-
spectively y < ¢s-x, y > ¢4-x), and O(-), Q(-) and O(-)
notations hide the dependence on logarithm terms. We
interchangeably use = 'y and (z,y) to denote the inner
product.

Random Quadratic Forms: Quadratic forms involv-
ing random vectors arise naturally in high-dimensional
statistics, machine learning, and random matrix theory.
Consider || A€||2 = €T (AT A)¢ where & = (€1,...,&,) €
R™ is a random vector and A € R™*" is a fixed matrix.
When £ has independent coordinates, this expression
is referred to as a random chaos of order 2. A ma-
jor result in this area is the Hanson- Wright inequality
[Hanson and Wright, 1971, Vershynin, 2018|, which
gives exponential tail bounds for deviations of || A¢||3
from its mean.

Theorem 2.1 (Hanson—Wright). Let & =
(&1,...,&,) € R™ be a random wvector with indepen-
dent, mean-zero, sub-Gaussian entries. Let A € R"*"
be any fized matriz. Then, € > 0,

P(|14¢13 — EIA€13]| > ¢)

< exp | —cmin ¢* ¢
~ P JATAR [AT Aoz ) )

where || Al|r is the Frobenius norm, and ||A|2—2 is the
operator norm of A. O

However, many applications in high-dimensional statis-
tics and signal processing, such as restricted isom-
etry property (RIP) or sketching analysis, involve
the supremum of such quadratic forms over a set of

matrices. That is, instead of bounding deviations
of || A3 for fixed A, one is interested in bounding
sup e || A€|13 — E[|A&||3|, where A is a class of ma-
trices. Krahmer et al. [2014Db] significantly generalize
the Hanson-Wright result by analyzing such suprema of
chaos processes. They show using chaining arguments,
one can control this supremum in terms of geomet-
ric complexity measures of A. The results depend on
two types of complexity measures for the collection A.
The first type consists of the radii of A under different
matrix norms and is defined below.

Definition 2.1 (Radii of A). The radii of A under
the Frobenius norm and the operator norm, denoted by
dp(A) and da_,2(A), respectively. The Frobenius norm

is given by || A||F = /Tr(AT A), and the operator norm
is defined as ||All2—2 = supx,<1 |Ax|l2. For a given

set A, we define:
dp(A) = sup [[A|F,
AcA

da—2(A) = sup [|A]l2-2.
AcA

The second type of complexity measure involves Tala-
grand’s 75 functional [Talagrand, 2005, 2014], written
as 72(A, d), with distance metric d, and is defined as
follows.

Definition 2.2 (Talagrand’s +» functional [Tala-
grand, 2005, 2014]). For a metric space (A,d), an
admissible sequence of A is a collection of subsets
of A, {T.(A) : r > 0}, such that for every s > 1,
IT;.(A)| < 2% and |Ty| = 1. For B> 1, define

VB (A, d) = inf sup Z 2T/Bd(t’ T.(A)), (4)

teA iy

where the infimum is taken with respect to all admissible
sequences of A. O

The next theorem generalizes Hanson-Wright by giving
deviation bound uniformly for all A € A.

Theorem 2.2 (Theorem 3.1, [Krahmer et al., 2014D]).
Let A be a set of matrices, and let & be a random
vector whose entries &; are independent, mean-zero,

unit variance, and L-subgaussian random variables.
Set

W= 2(A ] - llz-s2) (G2(A, | - lla-s2) + dr(A))
+dp(A)da_a(A),
V= d2e2(~A) (72(“47 ” : H2H2) + dF('A))’ U= diaz(A)

Then, for € > 0, P(Ca(&) > W +¢€) < 2exp(—

¢ min( <

=, %)), where c1, ¢y depend only on L.

Finally, we define another geometric complexity of a
set — Gaussian width. Indeed y3(A, || - ||2—2) can be
upper bounded by the Gaussian width up to a constant
factor [Talagrand, 2014].
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Definition 2.3 (Gaussian Width). Let T C R? be a
bounded subset. The Gaussian width of T is defined as
w(T) = Eg [sup,e7(g,t)], where g ~ N(0,14). Further
let A CR™ ™ be a bounded set. The Gaussian width
of A is defined as w(A) := Eg [supye 4 |[Tr(GTA)|],
where G = [g; ;] € R™*™ is a random matriz with i.1.d.
standard normal entries, i.e., g; j ~ N(0,1).

3 Main Result

Let M be a set of (m x n) matrices and N be a set of
(n x m) matrices. We make the following assumption
on the stochastic process €.

Assumption 1. Suppose € be a random vector with
independent coordinates &;, each of which is a mean
zero L-subgaussian random variable.

We want to develop large deviation bound for Caq a(€)
defined in (2). Our analysis and results would rely
on radii of M, N under the Frobenius and operator
norms, denoted by dg(-) and da_,2(+), respectively (see
Definition 2.1) and Talagrand’s 7o functional (see Defi-
nition 2.2).

Theorem 3.1: (Uniform Deviation Bounds ]
for Cross Inner Products)

Let M and N be set of (m x n) and (n x m)
matrices respectively, and let € be a random vector
satisfying Assumption 1. We define

W=22(M, || las2) - [12(N; I+ l2-22) + dr (V) |

92N - llas2) - [12(M, [+ ll2-02) + di(M)]
V=72 (M, || - [l2—2)d2—2(N)
+ 2N, [ [l2»2)d2—2(M)

T {dF(M) oy (N), dp (V) - dg_,g(/\/l)}
U= dzﬁz(./\/l) (1242(./\/.).

Then, for € > 0, P(Cpmn(€) = W +¢€) <

2

€ €
2exp | —comin<{ —, — , where the constants
c1,co depend on the sub-gaussian parameter L.

Remark 3.1. Comparing Theorem 5.1 and 2.2 we
observe that W,V and U in our case depend on prod-
uct of geometric complexities of M and N and reduce
to the terms in Theorem 2.2 when M = N. Interest-
ingly the terms do not depend on the complexity of
a joint set such as {MTN : M € M,N € N}, but
rather on a symmetric combination of the individual
complezities of M and N, and is precisely because our

analysis decouples them. This decoupled structure al-
lows sharper bounds in applications where one set has
small vo functional or radii, even if the other is large.

3.1 Proof of Main Result

We outline the main steps in the proof of Theorem 3.1
along with the novel aspects of our analysis here. A
detailed version and proofs of intermediate technical
results provided in Appendix B.

Our approach to getting a large deviation bound
for Capqar(€) defined in (3) is based on bounding
||CM,N(§)||L,,’ where ||XHLp is the L, norm of X de-
fined as || X|z, = (E|X|?)/? . Specifically, our objec-
tive is to show that |[Cara(§)lz, <a+p-b+p-
c,Vp > 1, where a,b, c are constants that do not de-
pend on p, which using the moment-generating function
and Markov’s inequality [Williams, 1991, Vershynin,

2012] immediately implies P(|Cpn(€)] > a + u) <
exp {— min (%, 50

The proof consists of the following three main steps:

1. Decomposing Cy n(€) into off-diagonal and
diagonal terms. We define the following terms
corresponding to the off-diagonal and diagonal terms
of M TN respectively:

Dun(€) 2 sup | S (18512~ EIg%) (M, Ny,
MemM =
NeN J

where M; and N; are the i-th row of M and N
respectively. The next lemma relates the L, norm

of Cp nr(€) to that of Bagar(€) and Dag ar(€) using
symmetrization [Vershynin, 2018].

Lemma 3.2. For By (&) and Daar(§) as de-
fined above, the following holds

1Cxmn(©)l, < Brmn(©llr, + IIDM,N(ﬁ)IIL,(, |
5

2. Bounding the off-diagonal term. To bound
the L, norm of B (&) we consider £ to be an
independent copy of & and use symmetrization (eg.
Lemma 6.3 [Ledaux and Talagrand, 1991]) to get
the following upper bound:

[ Brma(€)llz, <4 sup
MeM,NeN

3

(MENE |, -

Next, unlike Krahmer et al. [2014b] the inner prod-
uct above contains two different matrices M and
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N, and therefore we consider two separate admissi-
ble sequences (cf. definition 2.2) {T,.(M)}>2, and
{T-(N)}22 of M and N respectively. We then use
a generic chaining argument by creating two sepa-
rate increment sequences for M and N to give the
following bound:

sup (Mg, N¢')
MeM,NeN

| ae. ve)

< sup
L. MeM,NeN
P

Ly

I

(M| ) - | sup V€|
NeN L

P

92N - o) - | sup [1M]L|
MeM Ly

11

In term I, the supremum has been pulled outside the
L,-norm, which allows us to apply standard concen-
tration bounds for sub-Gaussian random variables.
Since ¢ and ¢’ are independent and sub-Gaussian,
the quantity [[(M§&, N¢')||L, can be bounded in
terms of the operator norms of M and N. The
appearance of the cross-terms in term II, arises
specifically from the application of generic chaining
to (ME, N¢'), where we create separate admissible
sequences for M and N. Specifically, the chain-
ing decomposition of M contributes a sequence of
approximations whose increments are paired with
the worst-case realization over N, and vice versa.
Finally ||supyen [[V€']|2]|z, can be handled using
existing techniques in [Krahmer et al., 2014b] to
give the following upper bound on the off-diagonal
term.

Theorem 3.3. Let £ be a stochastic process satis-
fying Assumption 1. Then, for all p > 1, we have

| B (@),

< l“ﬁz(/\/l-, I lam2) - (22N 11 llz-s2) + (V) +
VB d22(N) )

+ 92N, l-2) - (92(M [+ las2) + dp(M)+
VP d2—2(M) )

+ /p min {dF(M) ~dayo(N), dp () - dmw)}

+p- dgiyz(/\/l) . dgiyg(./\”) 1

3. Bounding the diagonal term. We use sym-

metrization ([Ledaux and Talagrand, 1991, Lemma
6.3]) and contraction (|[Ledaux and Talagrand, 1991,

Lemma 4.6]) to get

IDsmn(EDL, < Dma(@)ly,

I
+ sup ’ ei(M;, N; ‘ , 6
ol Ezj 5(Mj, ) (6)
. L,
IT

where g is a Gaussian random vector with inde-
pendent entries g; and {,} is a set of independent
Rademacher variables independent of £&. Note that
term I is the same diagonal term with the Gaussian
random vector g instead of the sub-gaussian random
vector £, and is arguably easier to bound. However,
because of the cross terms (M;, N;), we cannot use
a standard decoupling argument as in Theorem 2.5
in Krahmer et al. [2014b]|. Instead we we prove a
stronger version of decoupling for Gaussian chaos
that holds even for non-hermitian matrices to upper
bound term I.

Bounding term IT is even more challenging. In the
single set case [Krahmer et al., 2014b] the term
inside the sup reduces to >, £;]|M;||3 and is a sub-
gaussian process relative to the metric d(A, B) =
(X2 1145113 — |B;]|2)'/? and therefore a standard
chaining argument follows (see Proof of Theorem 3.5
in Krahmer et al. [2014b]). Since we cannot use such
a technique, we device a new double tree argument
for generic chaining in the following theorem.

Theorem 3.4. Consider a stochastic process
{ X} where w € U, v € V, and let d be the
metric. Suppose for any t > 0, with probability at

least 1 — cg exp (—%) s AX )} satisfies

1 X (ur,0) = Xuz )| < Cut - d(ur,uz), Vv € V
|X(u,v1) - X(u,vg)‘ < Cpt- d(vlva)avu eU.

Then, w.p. 1 —2¢yexp (—%) y SUPyers vey [ Xuw| <
42t (Cyya (U, d) + Cyrya(V,d)) .

Remark 3.2 (Double Chaining Bound). In The-
orem 3.4 we consider a double indexed stochastic
process X indezed by elements from setsU and V.
We assume that the process varies smoothly in each
coordinate, i.e., for a fized v, the process is Lipschitz
in u, and vice versa, (with high probability) and pro-
vide a uniform deviation bound on the suprema of
the double indexed process that scales with the sum
of v2 functional of U andV . The proof idea involves
applying Generic Chaining by creating two separate
chains (or trees) over U and V and relating it to the
displacement in both the indices.
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The final result follows by defining the stochastic
process Xar,ny = |2 5=, 8i(M;, Nj>‘ and invoking
Theorem 3.4 and is as given below.

Theorem 3.5. Let £ be a stochastic process satis-
fying Assumption 1. Then, for all p > 1, we have

1D,
< lw I llas2) - (22N I las2) + dp(A)

+ VP dz2(V) )
+ 92N, lao2) - (22(M [+ las2) + dp(M)
+ VD d252(M) )
+ VB min {dr(M) - a2 (N), dp(N) - a2 (M) }

+p - doso(M) - doa(N) ]

The proof of Theorem 3.1 now follows by combining
the three steps (namely Lemma 3.2, Theorem 3.3 and
Theorem 3.5) and collecting terms corresponding to
W,V and U.

4 Applications

4.1 John-Lindenstrauss Lemma

We show how Theorem 3.1 can be used to recover
the J-L lemma [Johnson and Lindenstrauss, 1984].
The JLT is a randomized embedding that maps high-
dimensional vectors into a lower-dimensional space
while approximately preserving pairwise Euclidean dis-
tances [Clarkson and Woodruff, 2013, Woodruff, 2014].
Let X € R"*P_ with n < p, and let A be any set of
N vectors in RP. We say that X satisfies the Johnson—
Lindenstrauss Transform (JLT) if for every € > 0,

(= e)ul3 < [Xull5 < (1 +e)lull; for all w € A.
(7)
In Appendix C we show that with appropriate choices
of the matrices M and N we ensure that a random
matrix ﬁX’ whose entries are i.i.d. standard gaussian
would satisfy the JLT condition.
Proposition 4.1. Let X € R"*P be a matriz defined
as X = ﬁX’, where the entries ofX are i.i.d. stan-
dard normal. If we choose n = Q(e?log N), then
X is a Johnson—Lindenstrauss Transform (JLT) with
probability at least 1 — %, for some constant ¢ > 0.

4.2 Restricted Isometry Property

A closely related property to the J-L lemma is the
Restricted Isometry Property. Let X € R™ P and let A

denote the collection of all s-sparse vectors in RP. We
say that X satisfies the RIP with constant d, € (0,1)
if, for all u € A,

(1= ) ull3 < [IXull3 < (1 +8)llull3. (8)

Such matrices are of fundamental importance in high-
dimensional statistics and compressed sensing, where
the objective is to recover a sparse signal 0* € R? from
a limited number of noisy linear measurements [Plan
and Vershynin, 2013, Krahmer et al., 2014b]. We can
extend this to preserving inner products as follows.

Let U,V C RP be two subsets. Consider the following
condition: for every e > 0 we have

[(Xu, Xv) — (u,v)] < €llullz||v|le for all w € U,v € V.

9)

For finite sets with f = [U| = |V|, Woodruff [2014]
shows that X € R"*P be a matrix defined as X =
ﬁX , where the entries of X are i.i.d. standard normal
satisfies (9) for n = Q(e721log(f/5)) (see Theorem 4
in Woodruff [2014]). Their analysis uses a standard
concentration plus a union bound. We can significantly
generalize this result using Theorem 3.1, by considering
arbitrary sets U,V in the following proposition (see
Appendix C for the proof).

Proposition 4.2. Consider arbitrary sets U and V
such that |lull2 = |[v|l2 = 1, for allu € U,v € V and
let X € R"*P be a matriz defined as X = ﬁX, where

the entries of X are i.i.d. standard normal. Then for
every 0 < e < 1, if n = Q(& (w¥) + w(V))?), then (9)
holds with probability 1 — e~elw)+w(V))? for constant
¢ > 0, where w(T) is the Gaussian width of T (cf.
Definition 2.3)

For infinite sets, a standard approach is to dis-
cretize U,V via multiscale coverings and control
SUP, ez vey |(Xu, Xv) — (u,v)| by concentration plus
a union bound on the nets, yielding Dudley-type
complexities through the entropy integral D(7) =
f(;ilam(ﬂ 9og N(T,7)dr (cf. Sarlos [2006]; Woodruff
[2014]). Note that, w(T) =< v2(T,| - ||2) (see Talagrand
[2014]), whereas D(T) is an upper bound for 7, and
there exist sets where D(T) is not sharp [Talagrand,
2005, 2014]. On such sets, our Gaussian-width sample
complexity n > e~ 2(w(U) + w(V))? is strictly sharper,
while on finite sets we recover w(7T) < +/log|T| and
thus match the classical rates of Woodruff [2014] and
the cases analyzed by Sarlos [2006].

4.3 Sketching-based Distributed Learning

We consider the setup of Sketching-based Distributed
Learning (sketch-DL) as described in [Shrivastava et al.,
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2024, Song et al., 2023]. For a complete treatment, we
refer the reader to the Appendix D.

Consider a distributed learning framework with C'
clients. FEach client ¢ € C has access to a lo-
cal dataset D, = {xi’c,yi,c}i]\il. The goal is
to learn # € RP that minimises the joint loss
function: L(9) = %Zilﬁc(@), where L.(0) =
& o U(f(0,%i0), Vi), with £(-,-) being some loss
function and f being the output of a deep learning
model.

The sketch-DL algorithm (see Appendix D) proceeds
as follows: in each round, every client computes local
gradients and sends their sketched (sk) versions to
the server. The server aggregates these sk-gradients
and broadcasts the result. Each client then desketches
(desk) the aggregated gradient and uses it to update
its local model. The sk and desk operations reduce
communication by mapping p-dimensional gradients to
a lower b-dimensional space (with b < p) via a shared
sketching matrix. The sketch de-sketch operations are
sk(x) : R? — R? := Rx, desk(x) : R® = RP .= Rx.

The objective is to provide provide finite time con-
vergence guarantee by bounding the loss difference
L(07) — L(0*) after T rounds, where 0* = argmin £(6).
Towards this we provide the following theorem. The
precise statement along with the proof and all details
can be found in Appendix D.

We make the following assumptions on the loss function
L and the loss Hessian H:

Assumption 2 (PL condition). The loss function
L(+) satisfies the Polyak—Lojasiewicz (PL) condition
with constant i, i.e. |[VL(W)||> > 2u(L(w) — L(w,)),
where w, = argming, £L(w).

Assumption 3 (Anistropic Loss Hessian). For
any loss Hessian H; .., assume there exists a fized
positive definite H such that —H < H; .+ = H. Let
Ay, ..., Ay be the eigenvalues of H and define Apax =
max;|A;|. Then there exists a constant k= O(1) such
that Y20_ 1 [As] < K Amax.

With the above assumptions, we can state the conver-

gence guarantee of K-step sketch-DL as follows.

Theorem 4.1. Suppose Assumptions 2 and 3 hold
and let Let ||[Vol(0)|| < G. For suitable constant
e < 1, width of the network m, learning rate 77, sketch-

Q(Elg polylog(TN" )), and
Ca(m, k) = O(j—% + ), with probability at least
1 -6, we have

ing dimension b =

3l

L(Or) — L(6%) < (5(90) _ 5(9*)) o—26nKT
(nKCs(m, k) + C3) (G2 + €2)
+ .
2p

(10)

Remark 4.1. Our bound relies on Gaussian width
of two sets: the predictor gradients G == {Vf(0:¢)}
and the loss-Hessian eigenvectors H = {v;}. Using
Theorem 3.1 we bound supgyeg pey |gTRTRh — gTh| S
Z(G,H,0) in the analysis, where Z(G,H,d) is a func-
tion of geometric complexities of G and H (see Ap-
pendiz D for details).By combining these with the
gaussian-width estimates of Banerjee et al. [2024], we
obtain the stated inequality. In contrast to Shrivastava
et al. [2024], who introduce a fresh sketching matriz
at every iteration to avoid dependence with the gradi-
ent set, our approach allows reusing a single sketch-
ing matriz throughout. This is permissible because we
bound the error directly via the Gaussian width of the
predictor-gradient set, which falls outside the finite-set
framework employed in their analysis.

4.4 Linear Regression with Sketching

We observe n i.i.d. samples (x;,y;) from the linear
model y; = x;r B* +¢;, where x; € R? are sub-Gaussian
covariates with covariance Y and ¢; are independent
sub-Gaussian noise terms. Further 3 € B C R%. We
solve a least squares problem to compute BS using
the sketched inputs and corresponding responses, i.e.,
using (Sx;,y;). Subsequently we de-sketch the estimate
using ST BS and use this to make predictions. Note that
solving the least squares problem in a lower dimensional
sketched space is computationally faster. Our goal is
to bound the error (ST3* — g*)Tx, for x € X. In
Appendix E we show that one can provide error bounds
that do not depend on the ambient dimension d but
on geometric complexities of B and X.

5 Sum of Random Quadratic Forms

In this section we consider sum of random quadratic
forms. Specifically, we want to develop large deviation
bound for the following random variable.

Crn (€8T

T
sup | D (6T MTNE) —E(&/ MTNE)|

MeM NeN T

Theorem 5.1. Let M and N be set of (m x n) and
(n x m) matrices respectively, and &, t € [T]| be
i.1.d. random vectors satisfying Assumption 1. Fur-
ther let W,V and U be as defined in Theorem 3.1;

then, for e > 0, IP’(CM,N(ELT) > ch\/T—i—e) <

exp (—02 min{TE—;g, ﬁ}) , where the constants
c1,co depend only on the sub-gaussian parameter L.



Beyond Johnson-Lindenstrauss: Uniform Bounds for Sketched Bilinear Forms

Algorithm 1 sk-LinUCB (Sketched Linear UCB)

1: fort=1,2,....,T do
2:  Solve the least squares regression problem:
t—1

(0, 8ra:)

0; = argmin
O€ERY,[10]2<1, 7

—ri)" +All6)l2 (11)

3:  Construct the Confidence set C; as in (12).

4:  Compute the the optimistic estimates: (957 a3) =
argmaXaecg,aestva a)

5. De-sketch and play the action a; = 8, a$; observe
the reward r;.

6: end for

5.1 Sketched Contextual Bandits

In this section, we present a simplified bandit setup to
illustrate a concrete setting where Theorem 5.1 natu-
rally applies. We briefly describe our results here and
have pushed detailed descriptions to Appendx G. In
a bandit problem Auer et al. [2002b], Lattimore and
Szepesvari [2020] a learner needs to make sequential
decisions over T' time steps. We consider a simplified
setup where at any round ¢ € [T], the learner picks an
action a; from the action set A, and then the associated
reward of the arm r(a;) € [0, 1] is observed. We make
the following assumption on the reward.

Assumption 4 (Linear Reward). The reward r(a;)
is given by r(ar) = (at, 0%) + n, where 8* € OF is an
unknown parameter vector and 1 is a conditionally
sub-Gaussian noise, i.e.,

)\2

7T]t—1] S exp(i)'

YA € R, E[e* |ay,...a.,m,. .. 5

Further ||a|l2 = 1 for all a € A.

Definition 5.1 (Regret). For actions a.,t € [T, the
learner wants to minimize the regret defined as

T T
Reges(T)=E {Z (r(a*)—r(at))} =

t=1 t=1

where a* = argmax,c 4 (0*,a) .

We develop a sketched version of the popular algorithm
LinUCB (Linear Upper Confidence Bound [Abbasi-
Yadkori et al., 2011]) and is summarized in Algorithm 1.
At every round t the learner sketches the inputs using
8:R"*4 whose entries are drawn i.i.d. from N(0,1/b).
It then solves a regularized least-squares problem (cf
(11) in Algorithm 1) in the b-dimensional sketched space
to obtain an estimate é;f of the unknown parameter.
Subsequently, with V,* = 22:1 aia$’ + M, the learner
constructs a confidence set C; around the estimated

07, a*y— (0", as) ,

parameter:
cs = {9 ER’: 107 — 8,07y
[/5)1/2 —1/2
<\/10g(det(vt) ;et()\l) )+)‘1/2|5t9*||2} (12)

The algorithm then uses this confidence set to com-
pute an optimistic parameter and action pair (Gf, af)
(Line 4) where éf € C; and the action is in the sketched
action space a € 8;A. Once this sketched action is
identified, it is “de-sketched” (Line 5) to recover the
corresponding action a; in the original space. Finally,
the chosen action a; is played, and the observed re-
ward r; is used in subsequent rounds to refine future
estimates. Our primary result in this section is the
following decomposition for the regret.

P
Theorem 5.2 ((Informal) Regret Decomposi-
tion for sk-LinUCB). Suppose Assumption 4 holds
and the de-sketched actions selected by Algorithm 1
are in A. Then with high probability

Reges(T) = O <\/ITT {JB + \}Bw((%*)] )

1

T
+> 0T (I -8]8)a"
t=1
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where w(O.), is the Gaussian width of the set O, (cf.
Definition 2.3).

o

N\

Remark 5.1. Term I captures the regret in the
sketched b dimensional space while term I1 captures
the restricted isometry term due to random sketching.
Term 11 is exactly in the bilinear form that involves
a sum of T independent sketch matrices. Therefore
with suitable choices of M and N we can use Theo-
rem 5.1 to bound term Il. We also develop a similar
sketched version of Thompson sampling. We report the
full results and associated details in Appendiz G.

Remark 5.2. We note that the assumption the de-
sketched actions selected by Algorithm 1 are in A.
is in general a strong requirement. The goal of this
section is to illustrate how the general results developed
in Section 3 can be instantiated in concrete statistical
settings.
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6 Conclusion

We presented a unified theory for analyzing uniform
deviation bounds of sketched bilinear forms, extending
classical results on random quadratic forms to the set-
ting of cross-inner products over pairs of structured
sets. Our approach introduces new chaining techniques
for controlling suprema over product spaces, and pro-
vides tight control in terms of the geometric complexity
of the underlying sets. We also developed a uniform
bound for the sum of random quadratic forms with i.i.d.
random vectors, showing that the deviation scales as
V'T; notably, such a bound does not exist even for the
single-set case considered in prior works. We apply our
results on several ML problems and derive improved
bounds. Our work highlights several scenarios in which
sketched bilinear forms arise in modern ML algorithms
and opens up several future directions, including ex-
tensions to adaptive sketches, analysis of non-linear
predictors.
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Beyond Johnson-Lindenstrauss:
Uniform Bounds for Sketched Bilinear Forms

A Related Works

Sketching. Sketching is a key dimensionality reduction technique with applications in machine learning, including
federated learning [Ivkin et al., 2020] and low-rank approximation [Tropp et al., 2017]. The linearity property of
sketching makes it an attractive tool in communication efficient training [Song et al., 2023, Jiang et al., 2018].
Matrix sketching techniques have also been applied to linear bandits to improve computational efficiency. using
online sketching technique, Kuzborskij et al. [2019b] reduce the update time for OFUL and Thompson Sampling
from O(d?) to O(md). Randomized sketching has become a unifying primitive for fast numerical linear-algebra.
Clarkson and Woodruff [2013] first showed that a sparse subspace embedding lets one obtain (1 + ¢) low-rank
approximation and over-constrained least-squares solvers in time nearly proportional to nnz(A). Their idea was
sharpened in several directions: OSNAP matrices of Nelson and Nguyén [2013] make the embedding ultra-sparse
(constant non-zeros per column) while guaranteeing subspace preservation; Meng and Mahoney [2013] proved
that the same input-sparsity bounds extend to low-distortion embeddings for robust regression; and Boutsidis
and Woodruff [2014] established optimal relative-error CUR decompositions within the same computational
budget. Follow-up work moved beyond /¢ objectives—Song et al. [2017] give the first entrywise ¢; low-rank
approximation—and beyond the centralized RAM model: Woodruff and Zhong [2016] develop communication-
optimal sketches for distributed low-rank approximation of implicit matrix functions, while Boutsidis et al. [2016]
match information-theoretic limits for distributed and streaming PCA.

Song et al. [2019] extended sketching guarantees to tensor low-rank approximation, opening the door to high-order
data analysis. In data mining and clustering, sketch-based algorithms accelerate density-level-set estimation
(Esfandiari et al., 2021) and yield nearly-optimal coresets for (k, z)-clustering (Deng et al., 2022). Sketching
has also entered decision-making: Wang et al. [2020a] embed planning with general objective functions, and
Shrivastava et al. [2023] design value-iteration routines for linear MDPs whose runtime is sublinear in the action
space. On the optimization side, leverage-score maintenance lets Lee et al. [2019] solve empirical-risk-minimization
problems in matriz-multiplication time; fast inverse maintenance from Jiang et al. [2021] accelerates interior-point
and cutting-plane methods, complemented by the oblivious central-path sketch of Song and Yu [2021] and the
multi-layered cutting-plane scheme of Jiang et al. [2020]. Finally, Qin et al. [2023] provide an online, unified
framework for projection matrix—vector multiplication, yielding faster online ERM with either data-oblivious or
adaptive sketches.

Contextual Bandits. Contextual bandits generalize multi-armed bandits by incorporating feature vectors,
allowing decisions to be conditioned on context. The problem has been widely studied under linear payoffs [Chu
et al., 2011, Abbasi-Yadkori et al., 2011, Bietti et al., 2021, Lattimore and Szepesvari, 2020]. Linear stochastic
bandits have been extensively studied as a fundamental setting for decision-making under uncertainty. Auer
et al. [2002a] introduced an early upper confidence bound (UCB) algorithm for linear bandits, with subsequent
improvements in regret bounds by Dani et al. [2008] and Rusmevichientong and Tsitsiklis [2010]. The widely used
OFUL (Optimism in the Face of Uncertainty Learning) algorithm (also called LinUCB) Abbasi-Yadkori et al.
[2011] provides an O(dv/T) regret under the assumption that the action and parameter sets are d-dimensional
Euclidean balls. Agrawal and Goyal [2013] extended Thompson Sampling to contextual bandits with linear
payoffs, proving a regret bound of O(d3/ 2T ). More recently, neural contextual bandits have been proposed to
handle non-linearity in reward functions. Zhou et al. [2020] use neural networks with UCB-based exploration and
achieve near-optimal O(\/T ) regret. Ban et al. [2022] introduce a novel exploration strategy using an additional
neural network to estimate potential gains, outperforming traditional linear bandit baselines, while Deb et al.
[2024, 2025] extend the inverse gap weighting idea with neural networks.
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B Detailed proof of Main Result (Theorem 3.1)

To develop large deviation bounds on Caq ar(€), we decompose the quadratic form into terms depending on the
off-diagonal and the diagonal elements of M T N respectively as follows.

Bumwa(€) = ‘ Z &€k (M. ‘ :

MeM NGN
J;ﬁk

Dun(€) & sup D (1§17 - EI&1P)(M;, N)|

MeM,NeN J=1

where M; and N; are the i-th row of M and N respectively.

Our approach to getting a large deviation bound for Cyqar(§) is based on bounding ||Caq,ar(€)z,, Wwhere where
for a random variable X, the L, norm is defined as:

X, = (EIX[P)/7.

This in turn is based on bounding || Baq,(§)]|z, and [[Dag,ar(§) ||z, - Such bounds lead to a bound on |[Caqar(§) ]|z,
of the form

1CMmn (e, <W+Vp-V4+p-U, Vp=>1, (13)

where a, b, ¢ are constants which do not depend on p. Note that by using the moment-generating function and
Markov’s inequality [Williams, 1991, Vershynin, 2012], these L,-norm bounds imply, for all € > 0

P(Cun@I =W +V - Vet+U-€e)<e (14)
or, equivalently
2
PC (@) 2 W+ ) < exp { - min (17555 ) | (15)
which yields the desired large deviation bound.

The analysis for bounding the L, norms of Cyq ar(§) for any p > 1 will thus be based on bounding the L, norms
of Bpar(€), a term based on the off-diagonal elements of M T N, and that of D a(€), a term based on the
diagonal elements of M T N.

Lemma 3.2. For By n (&) and Dy n(€) as defined above, the following holds
ICmn ()L, S N1Brmn(E)llL, + 11 Drmn (@)L, (5)

Proof. Note that the contributions from the off-diagonal terms of M TN to E[(¢T M T N¢)] is 0. To see this, by
linearity of expectation we have

E &i&r(M = E E [€;&x](Mj, Ny) =0,
) &€k
7,k=1 7,k=1
J#k j#k

where the last equality follows by Assumption 1.

Now, using Jensen’s inequality, we have

Crn(€) = sup EN!(EMTNQ—E[@TMTN&)]I :
= MGJ?}II,IJ)VGN j;1535k< Jrj; €17 —E|&] )<M17N]>

i#k
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< sup > &€ (M, Ni)| + E (I&1* = El&1*)(M;, N;)
MeM.NeN | 4= ’ ’ M,N - ! ’ e
Gk

= Bumn(€§) + Dmn(§)

Therefore, for any p € [1,00), we have

Mm@z, < Brmn (@), + [1Drmn (€L, - (16)

O
We bound || Baqar(§)||z, and || Dagar(€)]|z, using Theorem 3.3 and Theorem 3.5 respectively. Note that collecting
terms corresponding to W, V and U and combining them with the observation in (15) completes the proof of

Theorem 3.1. The rest of the proof is devoted to bounding the off-diagonal term Baq ar(€) and the diagonal term
Dy, n(€) in section B.1 and B.2 respectively.

B.1 The Off-diagonal Term Bx (&)

The main result for the off-diagonal term is the following:

Theorem 3.3. Let € be a stochastic process satisfying Assumption 1. Then, for all p > 1, we have

Brma (€L, S [“/2(/\4 [~ 1l2—2) - (“»'2(/\/» [~ ll2=2) + dr(N) + /b d2—s2(N) )
321 o) - (oML - o) + di (M) + VB dasa(M) )

+ VB min {dr(M) - dys(N), dp(N) - ds s (M)} 4+ doa(M) - ds s (A) ]

B.1.1 Proof of Theorem 3.3

We start by using a decoupling inequality from [Krahmer et al., 2014b].

Lemma B.1 (Theorem 2.4, Krahmer et al. [2014b]). . Let & = (&1, ...,&n) be a sequence of independent, centered
random variables, and let F' be a convex function. If B is a collection of matrices and &' is an independent copy

of &, then

E sup F Zgjngjk <EsupF Zgjgk ik
Beb jk 1 7,k=1

We use Lemma B.1 with F'(x) = |z|P,p > 1 as the convex function and set B, = (M;, Ni). Then

n
I1Brn@©lle, = sup  F| > &&(M;, N,
MeM,NeN k=1

ik

<E sup  F |4 &G(M;,Ny)

MeM,NeN =1
ik

< H sup  |(Mg, NE)|
MeM,NeN

Lp
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Note that for fixed M, N, the term |[(ME&, N¢')| conditioned on &’ is sub-gaussian and therefore its L, norm can
be bounded. However, the sup e pq yens inside the || - ||z, does not let us use this approach. The next Theorem
therefore upper bounds ||sup e g ven [(ME, N§’>|HLP by suppreaq,ven [(ME NE)|, plus some additional
complexity terms. Unlike Krahmer et al. [2014b] the inner product contains two different matrices M and N, and
therefore we consider two separate admissible sequences (cf. definition 2.2) {7,.(M)}>2, and {7, (N)}>2, of M

and N respectively. We then use a generic chaining argument by creating two separate increment sequences for
M and N and is detailed in the following theorem.

Lemma B.2. Let & be a stochastic process satisfying Assumption 1, and &' be a decoupled tangent sequence to &.
Then, for every p > 1,

sup (Mg, N¢')
MeM,NeN

S Y2 (M- fl22) - [72(/\/» |- l22) + dr(N) + /pd2—2(N) ]

LIJ
+ 22N las2) - 1M - lasz) + dir (M) + Vdas2(M) |

+ sup (M NE|L, , (18)
MeM,NeN

Proof of Lemvma B.2. Without loss of generality, assume M and AN are finite Talagrand [2014]. Let
{T,(M)}2, and {T,.(N)}2, be admissible sequences for M and AN for which the minimum in the defini-
tion of 2 (M, || - l2—2) and y2(N, || - [|2-2) are attained respectively. Let

T M = da—yo(M,T,,(M)) = argmin ||B — Alla—2 and AM=mM—m._1M .
BeT, (M)

7N = do_o(N,T.(N)) = argmin ||B — Alla—o and AN =m.N—7,_1N .
BeT,(N)

For any given p > 1, let £ be the largest integer for which 2¢ < 2p. Then,

oo

(M€ NE) = ((reM)E, (meN)E') =Y ((mrpa M)E, (w11 N)E) = ((mr M)E, (m,N)E)

r=¢

M

(M + Ap1 ME, (mp 11 N)E) — (- M)E, (mrp1 N — A1 N)E')

ﬁ
1
~

M

(e M)E, (w1 N)E) + (Arpr M)E, (w711 N)E') = (e M), (w1 N)E) + (m: M)E, (A1 N)E)

1
I
~

<(AT+1M)€7 (7T’I"+1N)€/> + <(7T7‘M)£7 (AT+1N)£I>

o

<
I
~

Now by applying triangle inequality, we have

(ME,NE) — (meM)E, (reN)E)] < |S (D1 ME, (mr i1 N)E) |+ | ((m ME, (At NEY| - (19)
r=~¢ r=/{
Sl SZ

We first consider S;. Let us define
XT(Mv N) = <(Ar+lM)€v (7Tr+1N)€l> :
Conditioning X,.(M, N) on &', we note

XT'(M7 N) ’ 5/ = <(Ar+1M)€7 (7Tr+1N)€/> | 5/ = <€7 (Ar+1M)T(7TT+1N)€/> | 6/
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is a sub-Gaussian random variable and therefore using Azuma-Hoeffding bound [Boucheron et al., 2013, Vershynin,
2018] gives

P (1% (M, N)| > wll(Arsa M) (my 2 NJE |z | €) < 2exp(—u/2) .
Using u = 12"/2, we get
P (1X(M,N)| > 27/2)[(Arn M) (my 1 N)E 2 | €) < 2exp(~£227/2)
Since
[(Ar it M) (711 N)E'| < [ Arpi M a2 sup [NE|l2 .
NeN
we have

P (|XT(M, N)| > t2772|| Ay y1 M||2—s0 ASfuRfHN&’HQ ’ g') < 2exp(—t%27/2) .
S

Now, since [{m,M : M € M}| = |T,,(M)| < 22" and |{m,N : N € M}| = |T.(N)| < 2%, by union bound, we get

P( sup > |X.(M,N)| >t<sup Z2T/2||AMM||2H2> - sup ||NE||2 \ g')
MeM =, NeN

MeM,NeN =,

<2 [T (M)]- [Trr (M)] - [T (W) - exp(—£°27/2)
r={

o0
<2322 exp(—122"/2)

r=~{

< 2exp(—27)

for all t > tg, a constant. Next, note that

sup 32772 A a1 Mllano = 7o (M, | - [lams2)-
MeM

Therefore we have

P( sup > [X(M,N)| > ty2(M, || - [[252) sup [|NE||2 ‘ 6’) < 2exp(—pt?) ,
MeM,NeN "=, NeN

since p < 2¢ by construction which implies with V(€') = 72(M, || - [|2—2) supyen | N€'||2, for ¢ > to we have

P (S >tV(¢€) | ¢) < 2exp(—pt?) .

Note that
IS = E sszg,/ pPP(Sy > t | €)dt
PoogE 0
and
/ ptPTrP(Sy >t | €)dt < PV (¢ +/ ptP T P(Sy >t | €)dt
0 cV(¢')

S PV(EP+ V(L / h prP I P(Sy > TV (&) )dr
<aviE),
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where ¢ > 1o, c; are suitable constants that depend on L. As a result, [|Si||z, < ca1V(§) = ci||V(€)|L,, i.e., we
have the following bound on S;.

5101z, S A2(M, - las2) | sup V€]
NeN Ly

Note that a similar analysis follows for Sy, and we can bound [|Sz||z,. As a result

151+ Sallz, S (M - lasz) - | sup 1N
NeN

9Nl llz2) || sup gl ) 20)
Ly MeM Ly

Further, since [{mM : M € M}| < 22" < exp(2p), and [{m N : N € N'}| < 22" < exp(2p) we have

E  sup [((mM)E, (meN)E)P < > E|(Mg NE)P
MeM,NeN MET,(M),NET(N)

<22 sup  B|(AE AP =2 sup  |(ME NE)IP,

MeM,NeN MeM,NeN

so that

o mane g <16 s s v 1)

MeM,NeN L, MeM,NeN Lp
Combining (19), (20), and (21) and using triangle inequality we have
|z € NEY| S M o) | sup INE ] 422 - o) | sup 1]
MEM,NEN L, NeN Lyp MeM Lp
+ sup (ag N
MeM,NeN Ly
Using Theorem 3.5 from [Krahmer et al., 2014a] we have that
| sup 82l S (r2(M. I+ ll222) + di (M) + Vpdsa (M)
MeM Ly
| sup IN€ls|| S (NI lla2) + dr (V) + Voo (V)
Ne~N Ly
Combining all these completes the proof of Lemma B.2. O
Therefore using (17) and Lemma B.2 we get
1B (€)1, S A2 M - llas2) - [12 (NS ]+ lla2) + de(N) + Vpdzos2 (V) |
9N laos2) - 1ML ll2s2) + di(M) + Vpda-2(M) |
+ sup (M NED L, (22)
MeM,NeN

and bound it using the following Lemma.

Next we consider  sup H (Mg, NE) ;

MeM,NeN

Lemma B.3. Let £ be a stochastic process satisfying Assumption 1, and let & be a decoupled tangent sequence.
Then, for every p > 1,

sup | (aze, N¢)
MeM,NeN

S rnin {\/ﬁ . dF(M) . d2_>2(./\/), \/ﬁ dF(N) . d2_>2(./\/l)} +p . d2_>2(M) . d2_>2(N) .
(23)

Ly
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Proof of Lemma B.3. Fix M € M,N € N andlet S = {M'Nz : x € By, M € M,N € N}, where
By ={z € R": ||z[|2 < 1} . Conditioned on &, the random variable (£, M " N¢’) is sub-gaussian. Therefore for
some global constant C' > 0, we have

|care, ey

Lp

1/p
< é(i?f (( |£,MTN£/|p)1/p)p> < CE(LVP)"|MTNE'|E)”

1/p
S Lﬁ(lgsgg v W)
y

Now using Theorem 2.3 from Krahmer et al. [2014a] we have for every p > 1

1/p
Esup|(.€)" | < (Esuplig.y)|+sup(E €, 0)")"/7)
& yes g yes yes €
where g is a standard Gaussian vector. The first term in the rhs can be bounded as follows:
Esup |(g,y)| = E||MT Ng, < (E|MTNg[3)"/* = ||MTN|r
g yes g g
< min { || Mlla2 | NI 2, 1N 12,20 1 }

Next the second term in the rhs can be bounded as follows:

Sug(}s@, (€, y)|P)/? < L sup /p|M "Nzl < Ly/p|M||2s2| N[22
ye z€BY

Combining all the above bounds we get:

e, Ne)

S vpmin {[| M|l Ve N a2l M e 4+ plA oo V]| (24)
P

Now recall that for the set M, we have dp(M) = supy;cpq || M| F, and da—2(M) = sup gy | All2—2, which
implies

sup H<M€7N€’>
MeM,NeN

. 5 <\/ﬁmin {d2_>2(M)dF(N)7 dQQQ(N)dF(M)} + pd2—)2(M)d2_)2(N)> .
Combining Lemma 23 with (22) completes the proof of Theorem 3.5.

B.2 The Diagonal Term D (&)

For the diagonal terms, we have the following main result: Theorem 3.5 Let € be a stochastic process satisfying
Assumption 1. Then, for all p > 1, we have

1Dan (@), [MM, [ llam2) « (32N I+ ll2s2) + di (M) + /B daos2(V) )
%W laos2) - (2 (M - l2s2) + de (M) + VB dasa(M) )

-+ \/p min {dF(M) . dQHQ(N), dF(N) . dzﬂg(M)} + D (,ZQHZ(/’M) . dgﬁz(/\[) ]
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B.2.1 Proof of Theorem 3.5

By definition of D ar(€) and from Lemma 9 in Banerjee et al. [2019], we have

IDaexc@le, = || s | D61~ Ele )M, N)|
Jj=1 L,
<2 su ‘ € ‘ ,
MGMI?VGN ; J|€J > .
P

where {€;} is a set of independent Rademacher variables independent of £&. Let {g;} be a sequence of independent
Gaussian random variables. Since &; is a L-sub-Gaussian random variable [Vershynin, 2018], there is an absolute
constant ¢ such that for all ¢ > 0

P (|&* > tL?) < cP(gf > 1) .

Then, from contraction of stochastic processes ([Ledaux and Talagrand, 1991, Lemma 4.6]), we have

Dpn (€ L <2 sup ‘ 5~§-2M',N»‘
” ( ))HL MEMNEN ; J‘ j| < J J>

Lp

< 2¢L? sup ‘ gilg;l ‘

MeM,NeN Z J| ] >

LP
(2 2cL? sup ‘ Z e;(lg;1* — D(M;, N; >’ + 2¢cL? sup ‘ ZE ‘
N MeM,NEN T MeM,NEN !
Ly Ly

(Q 4eL? sup ‘ Z lg;|* — >) + 2¢L? sup ‘ Z £ ‘

MeM,NeN ! MeM,NeN !

L, Ly
< 4eL? [Dain (), +2eL2 || sup | S ey, N (25)
P MeM,NeN 17 .

where (a) follows from Jensen’s inequality and since E|g;|> = 1, and (b) follows by de-symmetrization following
[Banerjee et al., 2019, Lemma 11] and since the convex function here is 1-Lipschitz.

By triangle inequality, we have
1Dsn @, < ICun @l + 1Brun @, (26)

In order to handle ||Caqa(g)| 1, We require a stronger decoupling inequality for an order 2 Gaussian chaos than
the one used in Theorem 2.5 in Krahmer et al. [2014b].
Theorem B.4. There exists an absolute constant C such that the following holds for allp > 1. Letg = (g1,...,8n)

be a sequence of independent standard normal random variables. If B is a collection of matrices and g’ is an
independent copy of g, then

? P
Esup Zg]ng]k—i-Z < CPE sup ZgﬁngJ’“
Jk 1 Beng 1
J#k

Proof. For each B € B, denote C¥ = (CP} )nxn such that CF = M,Vj,k € [n] x [n], and denote C5 is
the collection of CB for all B € B. Then C? is a collection of Hermitian matrices. According to Theorem 2.5 in
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Krahmer et al. [2014b]|, we have

p
n n

E sup Zgjgk k+z 2-1) CB < ’E sup Zgjg;Cjk
CBecB Jk=1 CBecB k=1

In addition, the left-hand side is

E sup Zgjgk k+z 71 CB

CBecB =1
J#k

=Esup | Y gige 25—+ (& ~ 1) By
BeB| 4= =
it

=E sup Z g]ng i,k +Z j,_;

BeB Jh=1
J#k

Further the right-hand side can be upper bounded as follow.

p P
n n
B*J€ + Bk,‘
'E sup | > gigiChy| =c’Esup | gjgh ——
crees | 4= BeB| 4=,
p
—Esup g; 8, (Bjx+ B
2P BeB kz J k( J J)
p
:fIEsup gg Bjwk+ ggBk
P
(@) cP - ’
@) ¢
< —Esup 2? Z g8 Bk Z 85 8k Br.
2P Ben o
J,k=1 k=1
it
where (a) utilizes the inequality |a + b|” < 2P(|a|” + |b”). Therefore
P
P
PE sup < PEsup Z g;g.Bjk| + cPEsup Z g, 8 B
CBecB BeB | T, Be 1
7, 7,
pam
p
P
n
=cPE sup Z g;8.Bjk| + PEsup Z g 8k Bjk
BeB|; k=1 BeB | k=1
Js 3,
ik
p

Yorg sup Z g8, Bjk

BGBjk 1

J#k

(28)

(29)

(30)
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where (b) holds since g’ is an independent copy of g. Substituting (28) and (30) into (27), we can get that

P P
n n n
E sup Z g;8rBjk + Z (g2 —1) Bj;| <2¢°Esup Z g;8.Bjk
BeB| 42, = BeB| 42,
pps s
By setting C' = 2%0, we finish the proof. O
Now
n n
[Crn(@ll,, = sup > gige(M;, Ny) + > (Igil* — Elg;[*)(M;, N;)
MeM,NeN k=1 i=1
pps
(a) ° , ,
<Cl| osup | gig (M N)|| =| sup |(Mg Ng)
MeM,NeN =1 . MeM,NeN L,
P

b

(®)
S M- l22) - 12N, - las2) + dp(V) + yBdasa (V) |
N las2) - [12(M - las2) + die(M) + Vidasa(M) |

+ min {\/f)dp(/\/l) ~do—y2(N), /D - dp(N) 'dzﬁz(/\/l)}
+p- d2—>2(M) . d2_>2(./\/') .

where (a) uses Theorem B.4, and (b) holds because of Lemma B.2 and Lemma B.3. Term HBM,N(g)”Lp can be
bounded using Theorem 3.3 thus giving
DM@y, S lww, 1+ lam2) - 2OV 1 ll2s2) + dp(N) + VBda 2 (V) |
92N la2) - [2(M, |- lla2) + di (M) + Bdaa (M) |
+ min{\/ﬁdp(/\/l) < daya(N), /B - dp(N) -dH(M)}
+ - das2(M) - damsa(N) ] (31)

n
Next we bound the second term sup ‘ Z ej(M;, N;)
MeM,NeN "%

. We use the following theorem to bound this
Jj=1 L,
term.

Theorem B.5. Consider a stochastic process {X(u,v)} where u €U, v €V, and let d(-,-) is the metric. Suppose

for any t > 0, with probability at least 1 — ¢y exp (—%), { X} satisfies the following:

|X(u1,v) - X(uz,v)| <Oyt - d(u17u2)7
|X(u,vl) — X(u,v2)| < Cyt - d(’Ul, vg).

Then, with probability 1 — 2¢cq exp (—%)

sup | Xy.o| < 4V2t (CuyaU,d) + Coya(V,d)).
uel,veV
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Proof. Let (Uy;) be an admissible sequence of subsets of U, and denote Uy = ug. Let (V) be an admissible
sequence of subsets of V), and denote Vy = vy. We now walk from ug to a general point u € U along the chain

ug = mo(u) — m(u) = - = 7k, (u) = u,
of points 7 (u) € Uy, that are chosen as best approximations to u in Uy, i.e.
d(u, m(u)) = d(u,Us).
Similarly, We walk from vy to a general point v € V along the chain
vg = mo(v) = m(v) = -+ = 7K, (V) = v,
of points 7, (v) € Vi that are chosen as best approximations to v in Vi, i.e.
d(v, m(v)) = d(v, V).

The displacement X, ) — X(y0,0,) can be expressed as a telescoping sum:

KQ Kl
| X () = Xuowo)| = | D (Kwma)) = Xwmer ) + 2 (Xm(w)vo) = X1 (w).00))
k=1 k=1
KQ Kl
<D K wmew)) = Xwmr )|+ | D (K wyw0) = X () 0)) | - (32)
k=1 k=1

According to the assumption, with probability 1 — cg exp (—4t22kd (mi(v), Wk,l(v))), we have

| X (e () — X(wmero))| < 2V2C,12F/2d (1, (v), -1 (v)) -
We can now unfix v € V by taking a union bound over
ok+1

Vil Ve—1] < [Vil* =2

possible pairs (mx(v), m,—1(v)). Similarly, we can unfix k& by a union bound over all k¥ € N. Then with probability
at least

ad . 2
1— Z 92" p exp (—4t%2%) > 1 — cpexp <—2) ,
k=1

forallveVand k € N,

K2 K2
> Kwmew) = Xmea )| < D X e )) = Xwmeos (1) |
k=1 k=1
< 2v2C,t Y " 282d (mp (v), -1 (v))

k=1

<2VEC S 2 (d (0,7 (0) 4 d (0. w1 (0)
k=1

=2v2C,t Y 2"%d (v, V) +4Cua » | 28/2d (v, V)

k=1 k=0
< AV2C,ty2 (V, d) . (33)

Following a similar analysis, with probability at least 1 — cg exp (—%),
Ki

Z(X(Wk(")ﬂ)o) - X(”Ic—l(“)a”ﬂ))
k=1

< 4V20,ty, (U, d) . (34)
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Therefore, substituting (33) and (34) into (32), with probability at least 1 — 2¢q exp (—%),

K2 Kl
X (ww) = Xuowo)| < D (Kwma)) = Xwmes ) | + [ D (KXimitw)v0) = Xmes (w).00))
k=1 k=1

< 4V20,tys (U, d) +4V2C,tys (V, d)

Then we finish the proof.

According to [Banerjee et al., 2019, Lemma 7],

n
sup e;(M;, N;)
et e |2
j= L,
r p\ /P
n
=|E sup g;(M;, N;)
r 7\ /P
n
=|E sup g;(M;, N;)
7\ /P
n n
<E sup gi(M;, N)|| + sup E e;(M;, N;)
& MeM,Ne/\/jg1 S MeM,NeN : j;] e

in which g; ~ N(0,1) are independent. For the first term, define X5/ ny = Z g;(M;, N;)|. Then
j=1

[ Xy = Xz = |[ D085 (MJLN;)| = D g5 (M7, N;)
j=1 j=1

=D& (M) — M}, N;)
j=1

< Zsj (M} — M?, N;)
j=1

Since g; are standard normal random variables, therefore with probability 1 — 2e— %"/ 2

1
n 2
X(Ml)N) _X(M27N)| <u Z<Mjl —]\43-2,]\]J->2

j=1

Nl

n
<u | S| - M2 N1

j=1
<l (0|47 377,
Similarly with probability 1 — 2¢—u”/ 2

Xy = Xuwz| < udp (M) [N = N2[|,

(35)
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Using Theorem B.5, with probability 1 — 4e="/2

sup Z g; (M

Su(drN)yv2(M, || - ll2m2) + de(M)yN, | - [l2-2)) -
MeM,NeN

so we have

S drN)12(M, |- ll2-2) + de(M)ya (N || - [l2-2)- (36)

Zgj

Eg sup
MeM,NeN

For the second term, for each M € M,N € N, since ¢; are Rademacher random variables, therefore with

2 2 2
<u (Z (M;, Nj) ) <u (Z (15115 ||Nj2)
j=1 j=1

< min {dp (M) da—2 (N),dp (N) dayo (M)}.

probability at least 1 — 26_“2,

According to [Vershynin, 2018, Proposition 2.5.2],

BTN 8 ot

Substituting (36) and (37) into (35), we have

p

1/p
) S vpmin{dr (M) dzs2 (N),dr (N) da—2 (M)},

SO

p

1/p
) S vpmin{dr (M) dz2 (N) ,dp (N) das2 (M)} (37)

sup E;
MeM,NeN Z !
LP
P 1/p
n
SEg sup g +  sup E €;{M;, N,
[MEM NeN Z ! } MeM,NeN : ; ! J>

SR ) + A (M o) v min e (M) ) s V) s (M) (35
Substituting (31) and (38) into (25), we get
IDAA (O, S [72(/\4, - la2) - [32 V- o) + dr(N) + VBdaa (V) |

1 o) - [a(M, - o) + dr (M) + y/Bda2(M) |
+ vpmin {dr(M) - dso(V), dr(N) - dosa(M) }

+p - das2(M) - dayo(N) ]

That completes the proof of Theorem 3.5.
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C Johnson Lindenstrauss and Restricted Isometry Property

C.1 Proof of Proposition 4.1

Proof. Suppose the entries of X be i.i.d. standard normal. For any u € { we define both M € M and N € N as
follows:

ul 0 0
1 0 u' 0
M = N = —
0 0 ul
O
Further we define the random vector £ = [Xl,:, Xz,:, . ,X'ny:]—r where Xj,: is the j-th row of X. Observe that
sup || Xul3 —E[|Xul3|= sup |¢€'M'NE-EE MTNE|
uelU MeM,NeN

sup | [|ME|3 — E||ME]|]3 |
MeM

where U is a set of N vectors. Then,

n
> IIUII§> = sup [|uf2
i—1 ueU

1
da—a(M) = sup |M||2—2 = sup sup Mw = sup [lee/l2
Me MeM wesd n

1
dp(M) = sup ||M|r =sup —
(M) MeM 1]l uel \/ﬁ<

Further using the fact that the +5 functional can be upper bounded by the Gaussian width up to constants
[Talagrand, 2005, 2014 we get

T(M, |- l2) S wM) S TW( )

Now the Gaussian width of U/ is w(U) < sup, ¢y ||u/l2v/1og N [Vershynin, 2018]. Therefore,

W= 2%2(M, | - l2s2) - [32 (M, | - lla2) + dr(M) |
2

1
S —wld) |—=wUd) + sup ||u }
eaolth) | St ,,,éu” I

< 2sup ||ull3 { log N + \/logN}
ueU L f

V= 272(/\4 [ - ||2—>2)d2—>2(N) +dr(M) - day2(N)

< ) sup [|uf2

1
< sup [|ulls +
\/> \/>u€ H \/EHE
1 1
< —sup [|ull3/log N+ —= sup [Jul|2
n weu n

~
uel

1
sup |julla = — sup HuH2

1 1
sup ||u
\/ﬁ ueU || HZ \/E ueU n weu

Note that € satisfies Assumption 1 and therefore invoking Theorem 3.1 we have

U= (12%2(/\/[) dgﬁz(/\/‘).:

. 1 .
P{ sup ||| X w3 — E || Xul3| > sup ||ul3 logN + —+/log N} + esup ||u§}
ueY ueU \F ueU
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€2 sup,, ey ||u||‘2L esupy, ey [|ull3
7 -
( Sup, ey lull3vIog N + —= 7 SUDyeu [le]|2 ) %Supuebf [[ull3

<Sexp | —min

Now choosing n = Q(¢~?log N) immediately proves the theorem.

C.2 Restricted Isometric Property
C.2.1 Proof of Proposition 4.2

Suppose the entries of X be i.i.d. standard normal. For any u € ¢ and v € V we define the corresponding M € M
and N € N as follows:

u 0 0 v 0 0
1 0 u' 0 1 [0 v 0
M= — N=—
Vi A
0 0 ul 0 0 v
Further we define the random vector £ = [)N(L:, XQ,:’ ... ,XM]T where Xj,: is the j-th row of X. Observe that
sup  |[(Xu, Xv) — E(Xu,Xv)| = sup |6'M'N&E-E&" M NE|
uweU,veY MeM,NeN

We can now compute the various complexity measures required in Theorem 3.1 as follows:

1
dp(M) = sup |M||F=sup<
MeM ueld VT

n
> IUI|§> = sup [Jul]z =1
i—1 ueU

1
da—a(M) = sup (|1 M|l2—2 = sup sup Mw = sup

1
[ullz = —=
eEMwesd uvn Vn
Further using the fact that the +5 functional can be upper bounded by the Gaussian width up to constants
[Talagrand, 2005, 2014]| we get

1
T2 (M, |- l2) S wM) S Tw( )

Similarly, dp(N) =1, do(N) = ﬁ and 2 (N, || - [l2) S ﬁw(V). We can now compute W,V and U as follows:
W=2(M, |- 2 - [12 N I l2s2) + die () |
2N - flzs2) - [12(M - lase) + (M)

il | V) +1

jﬁww+ww»

< Lot
~ n NG
2

= gw(L{)w(V) +

w(U) { w(V) + 1} +

<
I

YoM, || - [l2s2)das2(N) + 72 (N, || - l2—s2)da—2(M)
+Hlin{dp( ) dQﬁQ(N) dF ) dQ*)Q(M)}

= Jmulll) =+ Jme(V) 2+ ming o
N VRN NG i Vi
= S +eV) +
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U= d2%2(-/\/l) d2%2(/\/’)-
bl
S Vnynoon

Note that &€ satisfies Assumption 1 and therefore invoking Theorem 3.1 we have

+

P{ uesuuvpev [(Xu, Xv) — E{(Xu, Xv)| > %W(Z/{)W(V) ! (wUh) +w(V)) + e}

< exp | —min T

1
Choosing n = Q ( (wd) + w(V))z) in the above we get

¢ e(wUd) + w(V)) }
Pe sup  [(Xu, Xv) — E(Xu, Xv)| 2 —————w(l)w(V) + +e
{ u€U,vEY (w(U) + w(V)) (wU) +w(V))

<exp [ —min ¢ 55 ;

( { (@) +wW)+ )"«
< exp (— min { ¢ 55 i

€+ saromy) @t

S exp (—(wUh) +w(V))?)

Now note that

€ e(w w
() 4 LU D)

(w(Z/{) + w(V))

+e>ed 42>

where the first inequality uses the fact that (w(l) + w(V))2 > w(l)w(V). Therefore with probability 1 —
exp (—c(w(ld) +w(V))?)

[(Xu, Xv) — E(Xu, Xv)| < €|lu||z2]|v]2 holds for all u € U,v € V.

C.2.2 Experimental Validation

We empirically validate Proposition 4.2 when U and V are different structured subsets of the sphere in R?. For
each configuration we fix p = 80, choose structured sets U,V C SP~!, and approximate

Zn, = sup ‘uTXTXv - uTv| ,
ueUweV
where X € R™*? has i.i.d. entries X;; ~ N(0,1/n) so that E[X " X] = I,,, over several independent draws of X,
and report the Monte Carlo mean E[Z,,]. Proposition 4.2 predicts that, for universal constants,

w(U) +w(V)
ElZn) S =

so we expect the normalized quantity

VnE[Z,]

w(U) +w(V)

to be constant in n. Below we consider two families of sets.
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(1) s-sparse sets

Here U and V consist of sy-sparse and sy-sparse unit vectors in R®°, respectively. The Gaussian widths are

approximated analytically as
Wsparse (5) ~ /28 log(ep/s)

VnE[Z,]

w(U)+w(V)

We report normalized deviation

Here we use w(U) = wsparse(sv) and w(V) = wsparse(sv).

nl(su,sv)— | (2,8) (2,16) (4,8) (4,16) (8,16)
200 0.336 0.294 0.301 0.271 0.255
400 0.328 0.309 0296 0.281 0.229
600 0.338 0295 0323 0269 0.243
800 0.355 0.286 0302 0.261 0.238
1000 0.337 0.287 0.294 0.261 0.234

For each pair (sy, sy), the normalized quantity stays in a narrow band as n varies, confirming that the 1//n
dependence is fully captured by /n and the scale is determined by w(U) 4+ w(V).

(2) ¢;-constrained sets

We now let U and V be ¢;-constrained unit vectors:
U={ueR%: Julb=1,]ulli <L}, V={veR: |lus=1,ofs <L}

The Gaussian width is approximated by the standard bound

we, (L) < Ly/2logp,

and we take w(U) = wy, (Ly,), w(V) = wy, (Ly), and report the normalized deviation

VnE[Z,]

w(lU)+w(V)’
200 0.172 0.141 0.112 0.097 0.085
400 0.175 0.127 0.111 0.094 0.088
600 0.160 0.128 0.111 0.095 0.083
800 0.161 0.135 0.108 0.094 0.092
1000 0.166 0.133 0.107 0.093 0.082

For each (L, L,) the normalized curves are nearly flat across n, with magnitudes decreasing as (L, L,) (and
hence w(U) + w(V)) increase, which is consistent with the predicted linear dependence on the Gaussian widths.

In both families, the values from Tables 1 and 2 are small (on the order of 1071), indicating that the theoretical
scaling in (w(U) 4+ w(V))?/e? is not only qualitatively correct but also quantitatively informative for picking n in
practice: one can achieve a target accuracy € with a sample size proportional to this quantity and a moderate
constant factor.

D Application in Distributed Learning

D.1 Sketching-based Distributed Learning

We outline the sketching-based distributed learning framework in Algorithm 2. Each client receives a random
seed from the server to initialize the local parameters 6.1, and generate a sketching matrix R. At each local
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Algorithm 2 Sketching-Based Distributed Learning.
Hyperparameters: server learning rate ngioba1, local learning rate nigcai-
Inputs: local datasets D, of size n,. for clients ¢ = 1,...,C, number of communication rounds 7.
Output: final model 6.
1: Broadcast a random SEED to the clients.
2: fort=0,...,7T do
3:  On Client Nodes:

4: forc=1,...,C do

5: if t =0 then

6: Initialize the local model 8y = 6.,0,0 € RP.

7 else

8: Receive sk(A;_1) from the server.

9: Desketch and update the model parameters ¢; < 6;_1 + desk(sk(A;_1)).
10: Assign the local model’s parameters 6. ;o < 0; to be updated locally.
11: end if
12: for k=1,...,K do
13: ec,t,k — gc,t,kfl — Mocal * V‘Cc(gc,t,k)

14: end for

15: Apt 0t — 00t i

16: Send sk(A. ) to the server.
17:  end for

18:  On the Server Node:

19:  Receive sk(A.;) from clients c=1,...,C.

20:  Aggregate: sk(Ay) < Nglobal ° % ZS:I sk(Acy)
21:  Broadcast sk(A;) to the clients.

22: end for

step k € [1,..., K], each client performs local gradient descent (GD) over their local dataset D.. At each
communication round, the client accumulates the changes over K-local steps, sketches the local updates, and sends
the sketched update to the server. The server then aggregates the sketched changes and sends the aggregated
sketched updates back to the clients. To update the local parameters, each client needs to recover an unbiased
estimate of the true vector from the aggregated sketched update. We call this the desk (desketching) operation
(Line 9), for which we use the transpose of the sketching matrix R. Each client then desketches the received
aggregated sketched updates by applying desk and updates their local parameters. We refer to the sketching and
desketching operations using the sk and desk operators defined as:

sk := R € R"*P (Sketching),
desk := R € RP*® (Desketching).

Denote R; € R?*? the sketching matrix at round ¢ € [T].

Choice of sketching matrix: We use a (1/v/b)-sub-Gaussian matrix as the choice of sketching matrix. We say
ReRPisa (1/ \/l;)—sub—Gaussian matrix if each row R; is an independent mean-zero, sub-Gaussian isotropic
random-vector such that || R; |y, < 1/vb. We assume E[RT R] = I,x,. From the above definition, we can see
that for g1, 92 € RP

R(g1 + g2) = Rg1 + Rg> (Linearity),
Er-ni [RTRg] =g (Unbiasedness).

In line with standard works Shrivastava et al. [2024], Banerjee et al. [2023], we study a fully-connected feedforward
neural network f of depth L, where each layer [ € [L] :=1,..., L has associated activations a® | defined recursively
as:

a9 (z) =z,
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(@) = 6 (A= W ol V@), vie L],

£(6:2) = ) () = w% o a® (@),

where Wt(l) € R™>*™i-1 denotes the weight matrix at the I*" layer, v; € R™ is the output-layer vector at time
t, and ¢ is a smooth pointwise activation function. The input dimension is my = dim(z) = d. The complete
parameter vector at iteration ¢ is given by

mY) " o\T T
0, = (veth ) ,...,(veth > , Uy € RP.

For notational simplicity, we assume all hidden layers have uniform width m, i.e., m; = m for every I € [L], so
that the total number of parameters is p = (L — 1)m? + md + m. We restrict our focus to scalar-valued networks
f(0;z) € R, though the analysis extends naturally to multi-output settings.

We now state the standard assumptions on the activation function, loss function, and initialization, which are
satisfied by most commonly used choices in practice.

Assumption 5 (Activation function). The activation ¢ is 1-Lipschitz and Bs-smooth, that is, |¢'| < 1 and
19" < Bo-

Assumption 6 (Initialization). The initial parameters are drawn as w&j ~ N(0,03) for each layer l € [L],

= 70-1 ) ) ) ) =
where o 2(1+¢%) with o1 > 0. The final layer vector vy is a random unit vector with |vg|a = 1.
Assumption 7 (Loss function). Let £; . = (i, yi,c) denote the per-example loss, with first and second
derivatives 0'i,c = 3512 and {"i,c = j@fgg. The loss satisfies: (i) Lipschitz continuity: |€'i,c| < cp, and (ii)

Smoothness: £"i,c < cs, for some constants cl,cs > 0.

D.2 Convergence Analysis for Sketching-based Distributed Learning

We begin by presenting a set of standard assumptions that are widely adopted in the literature on first-order
stochastic methods.

Assumption 8 (Bounded Loss Gradients). There exists a constant G > 0, such that for every (x,y),
IVE(O; (z,y))]l, < G.

Assumption 9 (Anistropic Loss Hessian). For any loss Hessian H; .., assume there exists a fized positive
definite H such that —-H =< H; . < H. Let Ay, ..., A, be the eigenvalues of H and define Apax = man‘Aj|.
Then there exists a constant k = O(1) such that Z§:1’Aj’ < KAmax-

From Theorem 3.1, we can derive the following sketching guarantee.
Theorem D.1. Let G and H be set of d-dimensional vectors respectively, and let R € R**¢ denote a random

ﬁ-sub-Gaussian matriz. Denote dy (G) = supgeg |9, and da (H) = sup,eqy [|hll,- We define

w@uwH) | w(G)da(H) + w(H)da(9)

A= 5 7 )

_ w(G)da(H) + w(H)d2(G)  da(G)da(H)
B= ; + 2
O dz(g)gz(ﬂ)

Then, for e > 0,

2
P sup ‘gTRTRh—gTh‘chA—&—e < 2exp (_szin{ez’e})
ge€G,heH B C
where the constants c1,cy are absolute constants. Equivalently, with probability at least 1 — 20,

sup |g'RTRh—g"h| < Z(G,H,0) = A+ /log(1/8)B + log(1/5)C (39)
geG,heH
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-
Proof. Denote r = \/Z;RL:, \/BRQ:, R \/ERb:} be a 1-sub-Gaussian random vector of length bd by concatenating
the rows of R and rescaling by v/b. For any g € G and h € H, define

g 0 -~ 0 R0 .. 0

1 0 ¢" -~ 0 1 o RT ... 0

My :=—| . | Ne=— .
RV IS T VR T SRV .
0o 0 - g7 o 0 --- AT

so M, € R" and N, € R"** are block diagonal matrices, and g" R"Rh = r'" M, Nyr. Denote Mg

and Ny be the sets of such M, and Nj, respectively. According to results in Talagrand [2014], we can see
that 2 (Mg, ||-[[55) < C%, Y2 (Nat, IFllays) < Cw\%). In addition, we can get that dp (Mg) = da(G),

dp (Ny) = da (H), da—sa (Mg) = ﬁdz (G), da—ya (Ny) = %dz (H). Therefore,

W =92(Ma. ||+ l242) - [12(N3e || a2) + dr(No0) | + 92N, [+ l2s2) - [12(Me [ - ll2-52) + dir(Mo) |
w(@) (w(H) w(H) (w(G)

B (B ree) 27 (SR o)

w(@u(H) , w(G)da (M) + w(H)ds(9)
b Vb

V =7(Mg, || 2o2)d2—2(Np) + 72Ny, || - [l252)da—2(Mg)

+ min {dp(/\/lg) oy (Nog), dr (N3 - dg_,g(/\/lg)}
( )

N

N

:A’

= . + . 4+ min§ do(G) - —==,da(H) -
_ w(G)da(H) + w(H)d2(G) | d2(G)da(H)
= + =B,
b Vb
d2(G) do(H) _ da(G)d2(H)
U=d Mg) d Ny ) = . = =C.
According to Theorem 3.1, we can see that
P < sup |gTRTRh — gTh’ > A+ e)
geG,heH
:IF’( sup ’rTM;—NhT—M;NJ‘ >01A—|—e>
MgEMg7NhE./\/'H
§IP’< sup ’rTM;—NhTfM;NJ‘ >01W+e>
MgeMg,NhENH
<2exp | —comin i £
<2exp | —¢2 VT
<2 —epmin{ £
<2exp | —co min 520
then we finish the proof. O

Theorem 4.1. Suppose Assumptions 2 and 3 hold and let Let ||Vl(0)|| < G. For suitable constant e < 1, width of
the network m, learning rate n, sketching dimension b = Q(Ei2 polylog(TJ:g]”2 )), and Cay(m, k) := O(s—\/% + \/%),

with probability at least 1 — §, we have
L(Or) — L(6%) < (5(90) _ ﬁ(g*)) o—26nKT
n (K Ca(m, k) + C3) (G + €%)
2u :

(10)
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Proof. Denote G and H the sets of all possible loss gradients and the eigenvectors of H respectively. According to
the algorithm, we can write the update in the sync step as:

0141 — 0y = —Nglobardesk (sk (A;_1))

C
= —T7)globardesk <C Z A, t)
C K
Z (nlocal Z Vﬁc(907t7k)> >

- _nglobaldeSk <

¢ k=1
" K
= _nglobalR: (%Cal Z Rt Z V»Cc(ec,t,k)>
c=1 k=1

1 C K
_ T
=g Z:; R/ ; VLe(0e1)

in which 7 = globalocal. By Taylor expansion, we have

1 A
£(0t+1) = £(9t) + VE<9t)T(9t+1 - at) + 5(0,54_1 - Ht)THLt(GH_l - 0,5) (40)

Bounding Ti:
For each term in T}, we have

VL©O) (0141 — 0r)

= VL))" (CZRTRtZVL Ctk)

K

Cvc (6,) CZ_;RTRt;VE Oc.t k)
1 C 1 C K
=K <vz(9t>,czvcc <9t)> <vc (00), 5> D (VELe(berr) — VL (0t))>
1 Cc:lK c:l k=1
- <vc (00, 5> (BRI RV Le (O k) — VL (ec,t,k))> (41)
c=1 k=1

SO

,_n

C
<va(9t), é > Vﬁc(et)> = [VL@:)ll5

C T—
VLB), 5D VE > V(0.2 (42)

t=0

For the second term, we have

c=1k=1

1 C K
<V£ 5 6 Z Z c t, k V‘Cc(et))>
1
c

<V£(0t), HEY (0 p — 9t)>

Sy

k
V»C(gt)a I:I[C:’t’k Z gc,t,n>
k=1
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7] C K k

local

2 D VLG Amax D ge.r.xl
k=1

c=1k=1
" K
o local 2
—*T'N‘G'AmaXZk
"710(:3»1Anw‘xl(sz:2 .

- = 2 )
For the third term, according to Theorem D.1, we have that with probability at least 2

<vc 0,), Z RTRtvcc(ac,t,k)—vzc(ec,t,k))>‘

C K
1
=5 |2 (VLO) BRI RV Lo(Berx) — vz(at)Tv,cC(ec7t,k))|

c=1 k=1
<K sup |g R, Rth—gTh|
geG,heg
<KZ (g,g, ;)
_x w?(G) N Gw(G) N Gw(G)+/log(T/6) G2\/log (T/9) G2 log(T/6)
b NG b NG b
_Kuw?(G)  KG log(T'/4)
1) 4 KD (i) o) (140 )

Substituting (42)-(44) into (41), we have that with probability at least 1 — £2

VL) (Or1 — 0r)

e | C.K
=-—nkK <V£(9t)7CZVﬁc(9t)> <Vﬁ (01), ZZ Oc,tk) — VL (at))>

c:l k=1
C K
<vz 00), 5 Z > (RIRNVLOck) — vcc(ec,t,k))>

oca AdeK2G2 6
< — K [VL@))|l; + TR +nKZ (g,g, T)

in which

6\ wiG) G log(T'/4)
Z<g’g’T) =3 Jr% (w(g)JrG\/log(T/(S)) <1+\/5)

Bounding T5:

According to Assumption 9, we can get that

‘(0t+1 — ‘9t)T HL,t(9t+1 - at)‘ < (O441 — ot)T H(0;11—0)
= Nglobal (deSk (gt»T (i Aww;) (desk (A¢))
)

p
— 2 E .
- nglobal AZ

i=1

(desk (At ’

Vi

For each i € [d], we have

’(desk(ﬁt))T v;

= ‘<desk(5t), vi>
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c
- % <desk (; sk (Ac,t)> ,vi>|

C
= nlocfal <Z R:RtAC,tavi>|
c=1
K
> RIR,VL( ct,k),vi>‘

_ MNocal <
c c=1k=1

According to Theorem D.1, we have that with probability at least 1 —

Mo

iT’

—

desk(At))

K
_ Mocal <ZZR RtV£ ctk) >‘

c=1 k=1

C K c K
= m‘“cfal SN (0 RIRVLAOee) — 0 VLo h)) + T2 NN 0T VL)
1 1 c=1k

b
Il

o
i

(v] R} ReVL(Oct 1) — v VLOct1:))

IA
=
QO
S
Mo

Mocal

C

Mo i
M 11>

IA

(v Ry RV L (Oct.6) — v VL(Oct 1))

1

b
Il

c 1

C K
Calzzvjvlcc ctk

c=1k=1

Mocal ii Tv£ 9
C V; c( c,t,k)

c=1 k=1
_nlocale(g)w(H) + nlocale(g) + nlocalKGw( nlocalK \V IOg T/(S + Gw H))
= b \/B

nlocalKG IOg(T/(S) mocalKG IOg(T/(S
+ 7 + ;

<Miocal K SUP ‘g Rt Rih — gTh‘ +
geG,heH

é
SnlocalKZ <g7H7 T) +

(48)

C K
ngal ZZUIV'CC o k-

c=1k=1

Substituting (48) into (47), we have that with probability at least 1 — £2

2

(30)) "

(Orsr — 01) " He o (01 — 0;) <

=1

p
§
= n;lobal Z Al (nlocalKZ (g, H, T)

C K
CIZZUZTV‘CC ¢tk

c=

2
i=1 )

c K 2
<27’]2K222(g7'[ )Z|A|+2772ZA (CZZ c ctk:)

< 2P K2 Ao 22 (Q,H, ;) + 2A ax* K2 G? (49)

in which

T b + Vb b
G\/log (T/0) Glog (T/0) (50)

N b

. (Q,?—L 6) _ w(@uH)  w(@)+Gud)  1og(T/) (w(g) + Gu(H))
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Substituting (45) and (49) into (40), and according to Assumption 2, we have that with probability at least
_ 48
T

L(B) - L(6;)
1 ~
=V£(9t)T(9t+1 —0:) + 5(9t+1 - et)THE,t(etJrl —0y)

nnlocalAmaxKQGQ
2

]
<— K [T+ iz (6.6, )

+ 20 K2 KA max (22 <g, H, ;) + G2)

nnlocalAmaxK2 G2
2

+ 20° K2 KA max (22 <g, H, ;) + G2)

< K -2 (VL(O) — L£7) +

+nKZ (g,g, ;)

According to [Banerjee et al., 2024, Theorem 4|, w (G) < O(1) when L = Q(logm). Since H is the finite set of d

TNp2
polylog(%)
=2

eigenvectors of H, w(H) < logp Vershynin [2018]. Substituting these adn b = into (46) and (50),

we have
§\  w(G) G log(T'/d)
1 G log(T'/§)
<3+ (1+ 6viogTR)) <1+w;>
SG+e%
5\ w@u(H)  w(G)+GuH) | ogTJ8) (w(g) + Gu(H))
g (Q’H’ T) T VI b
G+/log(T/9) Glog (T/0)
= ;
~ logd 1+ Glogd log(T/d) (1 4+ Glogd) G\/log (T/90) Glog (T/96)
~ T + NG + b b
Se(l+G).

In addition, according to Banerjee et al. [2023], Apax < CH—\/%’ + c;0%. Combining these with 1 = niocal, We can get
that

L(Op1) — L7
oca. AmaxK2G2 (5 6
<(1—2mK) - (VL) — £*) + Dhocal ; +nKZ (g,g, T) + 20° K2 kA max 22 <97H7 T) + 2n?
2K2G2
< (1~ 2m) - (VL(0) — £9) + T8 (F e ) LK (G +£2)
+ 2 K%k - a 50 ) - c26? (G? + 1) + 2> K G? - a cs0°
Jm Jm

=(1=2unK) - (VL(O:) = L") +

5772K2G2 (CHCl

2., .2
5 \F+csg>+ch(G +e%)

+ 2 K%k - (C\;{% + csgz) - cpE? (G2 + 1)

Iterating from 0 to T' — 1, we can get that

L(67) — L*
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<(1—2unK)" (L(6) — L) +

1 (5772K2G2 CHC
2unK 2 N

+ 22 K%k - (C\;{% + 0392> cepe? (GP + 1) )

_ 5nKG? [ che a (G2+e*) nKre? (G2+1) (cua
< _ 2unKT i 2 ) 2
< (€(00) - ) et 4 PIEC (S0t o)y AIEEE)  HERE o

then we finish the proof. O

+ 6592) + 1K (G? + €2)

E Linear Regression with Sketching

We observe n i.i.d. samples (x;,y;) from the linear model y; = x; 8* + &;, where x; € R? are sub-Gaussian
covariates with covariance ¥ and ¢; are independent sub-Gaussian noise terms. Further, 8* € B C R?. We assume
throughout that

sup [Ix[[2 <1,  sup||Bfl2 < 1.
xeX BeB

We solve a least-squares problem to compute BS using the sketched inputs and corresponding responses, i.e., using
(Sx;, ;). Subsequently, we de-sketch the estimate using ST BS and use this to make predictions. Note that solving
the least-squares problem in a lower-dimensional sketched space is computationally faster. Our goal is to bound
the error (ST3* — 8*)Tx for x € X.

We assume that the sketching matrix S has all its entries drawn i.i.d. from N(0,1/b). Now consider x € X. We
have

(S5 — ) Tx = (ST4%,x) — (SB*,Sx) + (SB*, Sx) — (B*,x)
= (B° - Sp*,Sx) + 5" (STS — I)x.

Let X € R™*? be the design matrix whose i-th row is x;r, and let X* € R™*® be the sketched design matrix

whose i-th row is (Sx;)T. Thus X* = XST. The sketched ordinary least-squares estimator is
Bs — (XsTXs)lesTy,

where y = (y1,...,y,)". Further, let € = (¢1,...,6,) " € R™

hnee y=XB " +e=XSTSA* + X(I —S"S)B3* +ec=X*(SB*)+ X(I —S"S)f* +¢,
we obtain

B -8B = (X*T X)X T (X(I-S"S)B* +¢).
Therefore,

18° = S8%1l2 < (X°TX*) T X Teflp + (X*T XTI XTX (L~ STS)B s -

Anoise Abias

Following a standard analysis, we have with probability 1 — 4,

Angise S~ (Vb + /2108 (1/0) ),

Amin (X5 7T X9)

where o is the sub-Gaussian parameter of the noise process ¢;.

For the second term, using
1

sT vsy— sT
[(X*TX5)TIXE |op = ————e=
Amin (X3 7 X9)

)
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we get
1
Abias < —”X(I - STS)B*HQ
AInin()(STAXVS)
) n 1/2
R (Z(xju - STS)B*)Z)
Amin (X T X5) \iz
< R sup|B*T(STS — I)X‘.

- /)\min(XSTXS) xEX

Hence, with probability 1 — 4,

15" =852 § e (Vi /2108(1/8)) + ——L— sup| 5" (STS — I)x]|.

Amin (X3 7 X9) A/ Amin (X3 T X 5) X€X

Therefore,

sup|[(ST4° — ) Tx| < ||8° — SB*[|l2 sup [|Sx|l2+ sup |BT(STS - I)x].

xeX XEX BeB, xeX

I 11

Term I can be handled using the one-set result from [Krahmer et al., 2014b]. Using a construction as in Section 4.1
and thereafter invoking Theorem 3.1 from [Krahmer et al., 2014b|, we have

1 1
Ps SQ—ESQ>[2X+ X]Jr
{:gglll x5 Isx|13| 2 bw( ) ﬁw( )| te

62

(%w()() + %)2’

Sexp | —min

STV

Since E||Sx||2 = ||x||3 < 1, this implies that on the above event,
1/2
= supl[Sxls < (1+ suplISxl3 ~ EIsxI3])
xeX xeX

Next, using Theorem 3.1, we have

P{ sup ‘5T(STSfI)x|leB (X) +i (B) +W(X))+€}
BEB, xeX b

g

< exp | —min

e-\»a
SN

X))+ﬁ)27

Choose

& = (2@(6) (X)) + \%) &,

and take a union bound over both events to get, with probability at least 1 — exp(—&2),

ilel21.;|||s><||g —E|ISx|3| £ [ll)w?(;c) - \}BW(X)} + (Zl)(w(B) +w(d)) + %) &
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1 1 1 1\ _
st [BT(8TS = Dx| S JuB)(X) + Zp(w(B) + w(X)) + (b(w(B) +w(X)) + \/B> e
Define
1 1 1 1\ _
Ay = gw2(X) + %w(?() + (b(w(B) +w(X)) \/5) €,
T v i= GlBW() + T8 + () + (§(B) +u(X) + 7 )

Then on the same event,
I<(1+Ax)Y? I1<Tpa.

Taking a union bound over all the high-probability events, we obtain that with probability at least 1 — §, for all
x € X,

(STH" — 5 x| S | (VB + v/2108(1/8)) + — =T | (L4 Ax)V2 + T .
)\min(XSTXS) )\min(XSTXS)

Equivalently, after substituting the definitions of Ay and I'z x and taking € < /log(d—1), we get

(STA" = 5)Tx| S | e (V0 + v/2108(1/0))

L/ Amin (X5 T X5)

L lw w —(w w lw w S 5 —
+ o (X1 X) (b (B)w(X) + —=(w(B) + (x>)+<b( (B) +w(X)) + ) a8 >>]

1/2
1 1 1 1 —
|14 ng(X) + %w(X) + <b(w(B) +w(X)) + \/5) log(d )]
1 1 1 1 _
+ gw(B)w(X) + %(w(B) +w(X)) + (b(w(B) +w(X)) + \/5) log(6—1).

The above bound depends on the Gaussian widths w(X) and w(B), instead of depending on the ambient dimension
d. In cases where w(X') and w(B) are small, one can choose the sketching dimension b to balance the terms and

obtain a tighter bound. The additional term proportional to v/nI's x/1/ Amin(X sTX $) is the sketch-induced bias
term arising from the fact that the sketched regression model is misspecified through the residual X (I —S'S)3*.

F Extension to Sum of Random Quadratic Forms

F.1 Expected Analysis

In this section we provide an expected deviation bound on the random quadratic form. For simplicity we consider
the single set version.

Theorem F.1. Let A C R™*™ be a set of matrices and let € be a Rademacher vector of length n. Then

By A& |5 — E[A&5 < C1 (r2(A, || - la=2)? + dp(A)72(A, || - l22) + dp(A)dasa(A)) .

Proof. By the decoupling inequality of Theorem 2.4 [Krahmer et al., 2014b], we have

T T

ECA(€") =Esup > [ A&~ E A& 5 =Esup |33 &4’ A)jn

t=1 €A =1 j£k
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T
< 4E sup Z ZEQ,jét,k(ATA)jvk

ACA T Gk

T
Sv2(A |- la2)ENAEYT) + sup B > (A€, Ag)]. (51)
AeA

where N 4(£T) := sup 4 || Ethl AE;l|2, and the inequality follows by Lemma F.3 by setting M = N = A. Since

T T T
(b)
E|Y (A&, Ag))] ¢ E[Y eifAgnAg)l < E D 1(A&, AP
t=1 t=1 &€ t=1
0 | &

< Zgﬂz, (A&, AE)1? = VT| AT Allp < VT Allas2]| Al r,

t

we have

sup E| Z A&y, AE))| < VTdyso(A)dp(A) < VTdp(A)°. (52)

AcA
Here (a) follows by symmetrization [Ledaux and Talagrand, 1991], (b) follows by Kinchinte [Vershynin, 2018] and
(¢) follows by Jensen’s inequality. We conclude that
(ENA(E"T))? <ENA(E'T)? <ECa(€"T) + VTdr(A)
S 2(A |- ll2=2)E Na(€'T) + VTdr(A)?,

so that
ENAE"") S ya(A | - l22) + VTdr(A).

Plugging this into (51) yields the claim.

F.2 High Probability Analysis

Our objective is to develop large deviation bound for the following random variable.

T
Cun(€™) & sup D (T MTNE&) - E(& MTNE) (53)
MeM,NeN |,

To develop large deviation bounds on Caqar (€17, as in the proof of Theorem 3.1 we decompose the quadratic
form into terms depending on the off-diagonal and the diagonal elements of M T N respectively as follows.

T n
BM,N(ﬁl:T) £ sup Z Z &€ k(M Nig)|

MeM,NeN | = 1 k=1
J#k
n

> (1es1* = El&r ;1)) (M;, Ny)|

1j=1

Dpn(€XT) 2 sup
MeM,NeN

M=

t

where M; and N; are the i-th row of M and N respectively.

Our large deviation bound for C (€57 is based on bounding |[Caa(€57)||z, via | Baa(€7)||z, and
[1Dan ()|, » yielding

|C N (€N e, <W - NT+p-V -NT+p-U-VT, ¥Yp>1. (54)
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Using standard moment bounds and Markov’s inequality [Williams, 1991, Vershynin, 2012], this gives for all
e > 0:

P (|CM,N(£1=T)\ >W-VT + e) < exp {— min (4 v€2 5 Uf ﬁ) } . (55)

Following the proof of Lemma 3.2 we can show that:
ICan (€ e, < IBMma (€ D)z, + 1D (€5, - (56)

Next we bound || By (€47)| 2, and [[Daga(€47)]| 1, using Theorem F.2 and Theorem 3.5 respectively. Note
that collecting terms corresponding to W, V and U and combining them with the observation in (55) completes
the proof of Theorem 5.1. Next we bound || Ba(€57)| 2, and | D ar(€5T)]I1, -

We first control the off-diagonal term in the following theorem.

Theorem F.2. Let & for allt € [T] be stochastic processes satisfying Assumption 1. Then, for all p > 1, we have

1B @ Dllz, S VT [120M, [ la2) - (32N, - 22) + dr (V) + VB daa(N) )

+ 32 W1 o) - (oM - o) + di (M) + VB dasa(M) )

+ VP min {dF(M) rda—y2(N), dp(N) - d2—>2(M)} +p - das2(M) - dasa(N) ]

F.3 Proof of Theorem F.2

We use Lemma B.1 with F(z) = |z|P,p > 1 as the convex function and set B, = (M;, Ni). Then

T n
B LT =E su F & (M, N,
| Brmn (€))L, v ZZ &1,j&k(Mj, Ny)

T n
<E sup F 42 Z & ;& 1 (Mj, Ni)

MeM,NeN =1 k=1
=
T
S|osup D (Mg, Ng (57)
MeM,NeN | I
P

Note that for fixed M, N, the term ’thl(M &, N&;)| conditioned on & is sub-gaussian and therefore its L,

norm can be bounded. However, the sup e o yea inside the || - [z, does not let us use this approach. The next
T
S, Ve
P

plus some additional complexity terms. Unlike Krahmer et al. [2014b] the inner product contains two different
matrices M and N, and therefore we consider two separate admissible sequences (cf. definition 2.2) {T,.(M)}2,
and {T.(N)}22, of M and N respectively. We then use a generic chaining argument by creating two separate
increment sequences for M and A and is detailed in the following theorem.

theorem therefore upper bounds HsupMeM NeN ‘ZtT_l<M£t,N££> H by SUParc m Nen
; = L, :

Lemma F.3. Let & for allt € [T] be stochastic processes satisfying Assumption 1, and &, be a decoupled tangent
sequence to &. Then, for every p > 1,

T

sup Y (M&, N§&)

MeM,NeN

S (M |- flas2) - [72(/\/» |- l2=2) + dr(N) + /pd2—2(N) ]

Ly

+ WL lam2) - [12 M- lase) + dr (M) + v/pda-2(M) |
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+ sup  |(M&,NE&Y|r, , (58)
MeM,NeN

Proof of Lemma F.3. Without loss of generality, assume M and N are finite [Talagrand, 2014]. Let
{T.(M)}22, and {T,.(N)}2, be admissible sequences for M and N for which the minimum in the defini-
tion of 'yg(./\/l | - [l2—2) and Y2(N, | - ||2—2) are attained respectively. Let

M = da_yo(M, T, (M)) = argmin ||B — Alla—o and AM =7 M — 71 M .
BeT. (M)

7N =doyo(N,T-(N)) = argmin |B — Al|2—2 and AN =mn.N—7,_1N .
BeT.(N)

For any given p > 1, let £ be the largest integer for which 2¢ < 2p. Then,

T

D (ME&, NE&) — (meM)&s, (meN)&D) :Z 7Tr+1M )€e; (et N)EL) — (e M), (N )E;)

t=1 t=1 r=

I
M=
NE

<(7TTM + Ar+1M)€ta (Wr+1N)££> - <(7rrM)€tv (7Tr+1N - Ar+1N)£;>

o~
Il
—
5
1
~

I
[M]=
M8

<(7TrM)§t7 (Wr+1N)§2> + <(Ar+1M)$t7 (7Tr+1N)§£>

~
Il
-
3
Il
~

— ((mp M)&y, (mr 1 N)EL) + (1 M)Er, (Ar 11 N)EL)

((Ara M)&, (M1 N)EY) + (e M)E, (Arpa N)EG)

[
[M]=
M8

~
Il
-
3
Il
~

Now by applying triangle inequality, we have

D AME&,NE) — ((meM)&r, (reN)ED| < DY ((Arpa M)y, (mr 1 N)E)
t=1 t=1 r=¢
S1
+ ZZ«%M)Eu (A 1N)E) (59)
t=1 r=¢

Sa
We first consider S;. Let us define

B

XT(M, N) = <(Ar+1M)£t7(7TT+1N)€1/€> .

o~
Il
s

Conditioning X, (M, N) on &,..., &}, we note

I
[M]=

X (M,N) | €€ = > (Aria M8 (e NIED | €. 1

-
Il
—

I
N

(€ (DraaM)T (1 NI | € €

o~
Il
-

is a sub-Gaussian random variable and therefore using Azuma-Hoeffding bound [Boucheron et al., 2013, Vershynin,
2018] gives

T
Z A M) (11 N)E

<|X (M, N)| > u ‘51,..., ;)gzexp(—u‘l/Q).
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Using u = t2"/2, we get

T
Z 7‘+1M 7TT+1N £t

<|X (M, N)| > t2"/?

‘ 51,...,5:,«) < 2exp(— t22r/2)

Since
T
Z A1 M) (mr A NJ&H| < 181 Ml sup | ZN&
we have
T
P (XT(M, N)| > 12728 1Moz sup || Y NE| | € gr ) < 2exp(~122"/2) .
NeN TS
Now, since |{m,M : M € M}| = |T.(M)| <22 and |{n,N : N € M}| = |T,.(N)| < 2%, by union bound, we get

oo T
P su X (M,N)| >t| su 22| Apyr M - sup H NE,
(i S0 (MEI?VI > 2 v ||M> s 3w

MeM,NeN

2\5'17...,5%)

< 22 Ty (M)] - [T r (M)] - [Ty 41 (V)] - exp(—£227/2)

<2 Z 22" . exp(—t22"/2)
r=~¢

< 2exp(-21%) ,
for all t > tg, a constant. Next, note that
o0
sup > 27| A1 Mll2 sz = Y2(M, || - 252).
MeM

Therefore we have

P( wp SO XN > (M. ) sup HZN&

MeM,NeN —r

]sl,...,sT) < 2exp(—pt?)

since p < 2¢ by construction which implies with V(&) = 72 (M, || - [[2—2) su b N¢E|| , for t >ty we
p y p 0 PNnen t=1 t|ly

have
P (S, >tV(€)|¢) < 2exp(—pt?) .
Note that
19117, = s]jEs' S? = Ee /OOO pt! T P(Sy >t | €)dt
and
/OOO ptPTIP(Sy >t | €)dt < PV (&P + /:)(gl)ptp_lP(S& >t | &)dt

<AV +V(E) / TSy > TV(E)|€)dr
<AV
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where ¢ > tg, ¢ are suitable constants that depend on L. As a result, ||S1||z, < c1V(€) =c1|V(§)|z,, i-e., we
have the following bound on 5;.

T
Sillz, Sv2(M, -2 2)H sup H N§;
151z, - ll2— Sup. ; t

2llL,

Note that a similar analysis follows for Sz, and we can bound || Sz||z,. As a result

SUP H ZN&

Further, since |{mM : M € M}| < 22° < exp(2p), and |{m,N : N € N'}| < 22° < exp(2p) we have

T
DY \Z M, N[

t=1 MET,(M),NET,(N)  t=1

150+ Sall, < 1M, [ - o) - sup | ZM&

MeM

(60)

R CANe ]

T
B o EN] > (Mg, (mN)ED)

)

T
=2 sup ‘Z Mée, NeD|

T
<9292 gup \Z Mg, Nep|
=1 MeM,NeN 1\

MeM,NeN

so that

T
<16 sup H Z (e Nep|
L, MeM,NeN '

T
sup ’Z ((meM)&s, WZN)€t>

MeM,NeN '\

Combining (59), (60), and (61) and using triangle inequality we have

T

sup » (MENE)|| <

Yo (M, [ - fl22) -
MeM,NeN \—{

sup H ZN{t
sup H ZM{t

Hp
T

+ swp || (g ey

MeM,NeN 1

sz

+ 72N |- flas2) -

(62)

Note that unlike in the proof of Theorem 3.1, we cannot use Theorem 3.5 from [Krahmer et al., 2014a] to control
T ’
H SUPaem H 2=t ME; 2’ L

Theorem F.4. Let & for allt € [T] be stochastic processes satisfying Assumption 1. Then

. Below we derive new results to handle them.
P

o 56l <0011 a0+ Tt

MeM

Proof. We apply Theorem 2.3 from Krahmer et al. [2014b] with the set S = {M "2 : 2 € B}, M € M}. Since &;
is L-subgaussian for all ¢ € [T'] we obtain

T 1/p T 1/p
= (E sup |Z Mg, x) ) = (Esupz &, u) )
t=1

MeM,zeBy

T
| |36,

MeM

T T 1/p
v g |3 s+ (13t
=1 ue t=1

MeM

T
<t E sup HZMgtH +/pT  sup  ||M Tz,
Mem T 2 MeM, zeBY
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T
St E sup HZMgt
mMem !l =

5 + AV pTd2_>2 (M)

Next we handle E sup ;¢ ag H Zle MgtH . Using Theorem 2.5 in Krahmer et al. [2014b] we have
2

ICMm(g" )z, = || sup Zzgmgtk (M7, N*) +ZZ D) M73
MeM 17 5k =1
ik L
T

S || sup Zzgtdgtk M7, M*¥) = || sup Z (Mg, Mg;)

MeM |13 ik MeM 7 L,
P
T T

Se (M, |- [l2s2 H sup H Mg ‘ + sup Mg, Mg
(M, H»)MeM; tllyll MeMg t, Mgy)

where in the last inequality we have used (62) with a single set M.

Fix M € M and set S = {M T Mz : x € B}}. Since the random vectors g;,t € [T] are subgaussian, the random
variable Z;r:l(gt, M T Mg}) is subgaussian conditionally on g},¢ € [T]. Therefore,

. T 1/p\ P\ 1/P
Z Mg, Mg))|| = | Eg ( (> (g, M" Mgt))
t=1 L, t=1
T P 1/p
< (Eg; (L\/f)p > M Mg >>
t=1 2
T p 1/p
:L\/13<]Eg ZMTMgQ )
t=1 2

T 1/p
=Lyp (Eg; sup | Z(y,g,’s)I”) :
ves 1o

Now we use Theorem 2.3 from [Krahmer et al., 2014b|. The first term in the rhs can be bounded as

1/2
T 2\ 1/

Eg sup| > (y,g))fF =E
yeSs =1

SVT|M M|, = VT |M| g [ M]ly,, -

T
<|E|> MTMg,

t=1

T
> MTMg;

t=1

2 2

For the second term,

T 1/p T 1/p
sup< Zyét ) = sup (EIZ (MM £t>|>

yes 2€BY =1

SL sup VT |MTMz|, = LT | M|f5_,, -
zeB3
Hence applying Theorem 2.3 from Krahmer et al. [2014b] and taking the supremum over M € M we get

S VT (Vpdp(M)daa (M) + pda_2(M))

T
t=1

Ly
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Therefore,

E( sup HZMgtH < Om(g"T) + dZ(M) < (M, | - | sup HZMgtH _~_\/> d2( ))

MeM

which implies

(sup HzMgtH < (M, )+ VTdp(M)

]\/IGM

Combining all these we get

T
P

|, <M )+ VTdr (M) + VpTdsa(M
P

MeM
which completes the proof of Theorem F.4. O
Therefore
1B (€2, S 72M [ l2) - 2N 1 la2) + VEdp(N) + /5T 2(A) |
+ 92N las2) - [12(M, ] - la-s2) + VT dr (M +\prd2ﬁz M) |
+ sup (M€ NE)|L, (63)
MeM,NeN
T

and bound it using the following Lemma.

Next we consider sup ‘
MeM,NeN

Lemma F.5. Let € be a stochastic process satisfying Assumption 1, and let &' be a decoupled tangent sequence.
Then, for every p > 1,

T
sup HZ Mg, NE)

MeM,NeN

S (VB dr(M) - daosa(N). B+ dr(A) - dassa( M)}

+p-dasa(M) - dasa(N) (64)

Proof of Lemma F.5. Fix M € M,N € N andlet S = {M'Nz : x € B¥, M € M,N € N}, where
= {z € R" : ||z|]]2 < 1} . Conditioned on &, the random variable Ele(&,MTNSQ is sub-gaussian.
Therefore for some global constant C' > 0, we have

HT

T 1/p
! < Lyp| Esup y, &P
1, = 2 Bampi S

Now using Theorem 2.3 from Krahmer et al. [2014a] we have for every p > 1

T 1/p T T
(?Sup|2<y,s;>lp> S (Bsupl (el +sup(E > 0)i)')
ves o1 § &

t=1

where g, t € [T] are standard Gaussian vector. The first term in the rhs can be bounded as follows:

Ebup\z gt,v)| —E”ZMTNgtHQ IEIIX:MTNgtII )2 <VT|MTN|F
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< VT min {|M -2 N lr, [N l22 | M| }

Next the second term in the rhs can be bounded as follows:

T
Sup |Z &, y)I")"? < L sup /pT(|M T Nz|lz < L/pT(|M|l35]|N 22
t=1 z€By

Combining all the above bounds we get:

|are. Ny < v/pT min {02l N, IV 22| M § + pVT M a2V 202 (65)

Now recall that for the set M, we have dp(M) = supy;cpq |M || F, and da—2(M) = sup ¢ aq [|All2—2, which
implies

sup Hi (Mg, NE) <<\/ﬁmin{dQHQ(M)dF(N),dzﬁg(N)dF(M)}

MeM,NeN

+ p\/fdg_g (M)d2_>2 (N)) .

Combining Lemma F.5 with (63) completes the proof of Theorem F.2. O

F.4 The Diagonal Term D (¢17T)

For the diagonal term, we have the following main result:

Theorem F.6. Let & be a stochastic process satisfying Assumption 1. Then, for all p > 1, we have

1DMN €T, S VT |22 M - o) - (2N - o) + de(N) + b daosa(N) )

NI la2) - (3 (M laa) + dp(M) + /B daa(M) )

P mm{dF(M) oy (N), dp(N) - dQ%(M)} Fp-dosyo(M) - daya(N) ]

F.4.1 Proof of Theorem 3.5

By definition of D ar(€) and from Lemma 9 in Banerjee et al. [2019], we have

T n
IDaa€ e, = || sup |3 (1€l — Bl (0, M)
= e o 35 e - Bl 00
LP
T n
<2 sup ‘ €t,51&t, ’
FEIN IENNR 8

Ly

where {e; ;} is a set of independent Rademacher variables independent of £&. Let {g;} be a sequence of independent
Gaussian random variables. Since &; ; is a L-sub-Gaussian random variable [Vershynin, 2018], there is an absolute
constant ¢ such that for all ¢ > 0

P (|¢]* > tL?) < cP(g? > t) .
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Then, from contraction of stochastic processes ([Ledaux and Talagrand, 1991, Lemma 4.6]), we have

T n
IDaA € TNl <2|| s | SN el B (M5, N;)

MeM,NeN ' ] i=1 L
T n
< 2¢L? sup ‘ €t,510t ‘|2<M'aN'>‘
NN )3 SORR LT
LP
(a) T n
< 2¢L? ‘ €t.il|ge 2 M;, N; + 2¢L? sup ‘ et i (M;, N
Iy ;; (lgegl? = 1){M;, Ny) ) I ;; ¢ )
() ) T n ) T n
<del?|| sup | (gl = (M5, N[l +2eL2]|  sup | 05 (Mj, Nj)|
< 4eL? | D@ )| +2¢L2|  sup ‘ e ’ : 66
T zz Y )
LP

where (a) follows from Jensen’s inequality and since E|g;|> =1, and (b) follows by de-symmetrization following
[Banerjee et al., 2019, Lemma 11] and since the convex function here is 1-Lipschitz.

By triangle inequality, we have
[Damn (8D, < Crmn (8" D, + ([ Bra (g™, (67)

In order to handle HCM,N(gl T we use our new Theorem B.4. We have

Mz,

T n T n
HCM,N(gl:T)HLP = sup D> ggew(My, N+ Y (gl — Elge 1) (M, N;)
o

1 t=1 j=1

T
Z Mg, N¢g/,)

8,581k (Mj, Ni.) = H sup
=1

MeM,NeN

Lp

(M| la2) - [32 N I ll22) + dE(N) + V/pdaos2 (V) |
+ WV ll2s2) - [72(/\4, |- l22) + dr(M) + /pd22(M) }
+ min {\/p- dp(M) - dayz(N), /B - dp(N) ~drH2(M)}
+p-dasyo(M) - dasa(N) .

where (a) uses Theorem B.4, and (b) holds because of Lemma F.3 and Lemma F.5. Term || Baqn(g"7

|, ca
L
be bounded using Theorem F.6 thus giving !

D& Iy, S VT |21+ lam2) - [32 N I lla2) + de(N) + Vidas2 (V) |

VTN [ l22) - [12(M ]+ o) + de(M) + VBda2(M) |
+min {5+ (M) - daa (V). VB dp (V) - dasa(M)}

+p . d2_>2(./\/l) . d2_>2(N) ] (68)
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Next we bound the second term ‘ E E e, (M using our new Theorem B.5.
MGM NeN —1j=1
LP

According to [Banerjee et al., 2019, Lemma 7],

sup Z Z e (M

MeM,NeN 1= 1j=1
LP

r p\ 1/p
n

T
= | E. sup ZZQJ(M N;)
t=1j

MeM,NeN 1

r P 1/p
n

T
= | E. sup ZZQJ(M N
t=1j

MeM,NeN 1
T Py /P
<E g +  sup E e i(M;, N
& MeM Nen ] Zl at MeMNeN \ t_zl Zl st
J =1j=
in which g; ; ~ N(0,1) are independent. For the first term, define X5/ n) Z Z g, (M . Then

t=1 j=1

T n T n
| X vy — Xz, vy = ZZ Nj> - ZZgw <M12’NJ’>
1 =1

t=1 j=1
T n
S S ar-a2
t=1 j=
T n
S th,] M2 N>
t=1 j=1
Since g; are standard normal random variables, therefore with probability 1 — 90— u?/ 2
n 2
X Ny — X(M2,N)| < uVT Z<Mj1 _ MJZ,NJ_>2
j=1
1
n 2
2 2
< VT | Y |Af = M7 1N
j=1
< w/Tde (W) [ =7,
Similarly with probability 1 — 2¢—u”/ 2
Xornny — Xy < wVTdp (M) [Nt = N?||,_,

Using Theorem B.5, with probability 1 — 46*“2/2,

Zzgm S VT (dpWN)2(M, || - [l2-2) + dp (M) 12N ||+ [[22)) -

MeMNeN =1 j=1



Beyond Johnson-Lindenstrauss: Uniform Bounds for Sketched Bilinear Forms

so we have

]Eg Z Zgj M N S \/T(dF(N)'h(Mv H : ||2%2) + dF<M)72(N> || : ||2~>2))' (7())

MeMNeN =1 j=1

For the second term, for each M € M,N € N, since ¢; are Rademacher random variables, therefore with
probability at least 1 — 26_“2,

T n n n
D> eni (M, Nj)| < uVT Z <V [ ST IMIE |2

t=1 j=1 j=1
< \/Tmin {dp (M) da—s2 (N) ,dr (N) da—2 (M)} :

According to [Vershynin, 2018, Proposition 2.5.2],

p\ /P
T n
D> e (M, N) < VpT'min{dp (M) da—o (N) ,dr (N) da—sa (M)},
t=1 j=1
Using (70) and (69), we have
S e
MeM NeN =1 j=1 .
T n T n p 1/p
SEg, su GM;, N | +  su E., et j(M;, N
& MEM,II)VGN ;;gm< 5 13) MeM,IJ)VeN ) ;; vt
SVT[de(N 2 (M, | ll2-2) + de (M), | - [l22)|
pT min {dF (M) d2_>2 (N) ,dF (N) d2_>2 (M)} (71)

Substituting (68) and (71) into (66), we get

DM €, S VT (1M - la2) - [12NV - las2) + dr(N) + VBdaa(N) |

+ 72N [ - ll22) - [72(/\47 [ - [l22) + dr(M) + \/pd2—2(M) }
+ vpmin {dp(M) - dao (V). dp(N) - dasa (M) }

+p-dasa(M) - dasa(N) ]
That completes the proof of Theorem F.2.

G Sketched Contextual Bandits

In a bandit problem, a learner needs to make sequential decisions over T' time steps. At any round ¢ € [T, the
learner observes the action set A C R%. The learner chooses an arm a; and then the associated reward of the arm
r(a¢) € [0,1] is observed. We make the following assumption on the reward.

Assumption 10 (Linear Reward). The reward r(a;) is given by r(az) = (at, 0*) + n¢, where 0* € ©* is an un-
lmown parameter vector and 1 is a conditionally sub-Gaussian noise, i.e., VA € R, E[e**|ay,...az,n1,. .., 1] <
exp(% ) Further we assume that ||a|l2 = 1 for all a € A,t € [T).
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Definition G.1 (Regret). The learner’s goal is to minimize the regret for the selected actions ay,t € [T, defined
as

Regas(T) = E [ (r(a*)=r(a)) | =D_(0".a") (9" @),

T T
t=1 t=1

where a* = argmax, c 4 (0%, a;), mazimizes the expected reward in round t.

G.1 Sketched Linear UCB

Algorithm 3 sk-LinUCB (Sketched Linear UCB)

1: fort=1,2,....,T7 do
2:  Solve the least squares regression problem given by

t—1
07 = argmingcgs j9),<1 Z ({0, 8vai) —15)* + A[1013 (72)

i=1

3:  Construct the Confidence Set C; according to (74).
4:  Compute the the optimistic estimates of the parameter and the action:

(07, a3) = argmaxgec.;il,aestfl(@, a) (73)
De-sketch the action a; = 8/ a3

5:
6:  Play the action a; and observe the reward r;.
7: end for

We develop a sketched version of the popular algorithm LinUCB (Linear Upper Confidence Bound [Abbasi-
Yadkori et al., 2011]) and is summarized in Algorithm 3. At every round ¢ the learner sketches the inputs using
8; C R**? whose entries are drawn i.i.d. from N(0,1/b). It then solves a regularized least-squares problem (cf
(72) in Algorithm 3) in the b-dimensional sketched space to obtain an estimate éts of the unknown parameter.
Subsequently, with V;* = 2221 8ta;(8ta;) T + I, the learner constructs a confidence set C; around the estimate:

. det(V,#)1/2 det(A)~1/2
= {a ER’: (|05 — Siblly. < \/log( ) : () >+)\1/2||8t9*||2}. (74)

The algorithm then uses this confidence set to compute an optimistic parameter and action pair (éf, af) (Line 4)
where 5 € C and the action is in the sketched action space a € 8;.A. Once this sketched action is identified, it is
“de-sketched” (Line 5) to recover the corresponding action a; in the original space. Finally, the chosen action a; is
played, and the observed reward r; is used in subsequent rounds to refine future estimates. Our primary result in
this section is the following decomposition for the regret.

( \
Theorem G.1 (Regret Decomposition for Sk-LinUCB). Suppose Assumption 10 holds, the actions are
selected according to Algorithm 3, and the de-sketched actions selected by Algorithm 3 are in A. Then after
some burn-in period tyyy, for some constant C > 0, with probability 1 —

1 2
RegCB(T)<C’[ blog (T/3) + \/B(w(@*)+\/log(6))1

\/Tb log(1 + T maxw?(A)/b?) log log(2/6)

T
+> 0T (I -8]8)a"

t=1

where w(M) = E[supge (9, 0)], g ~ N(0,14) is the Gaussian width of the set M.

. J
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Note that term I captures the regret in the sketched b dimensional space while term I1 captures the restricted
isometry term due to random sketching.

Before we move to the proof of Theorem G.1, we discuss what it entails. First note that we can bound term 17
following the analysis in Section E, Section 4.2 and invoking Theorem 5.1, we get

P{ sup_ 30677878, ~ Da| > VT(; (6. )l A) %w(@*)w(m)m}

0 €0,aeA ] )

62 €

T(3(w(0.) +w(A) + 5)* VT

<exp | —min

Choose €2 = T(3(w(0.) + w(A)) + %)2?, and take a union bound over both the events to get with probability
1-9
= 1 1
sup | 07T (8] 8 — Ia| S VT (;w(O.)w(A) + —=(w(©.) + w(A))
0*€0,aeA | b \/5

Combining with Theorem G.1 we have, with high probability

RegCB(T)O<\/ﬁ{f+\/5w( )D+\FT w(O0,)w(A) +

17

Note that the above bound depends on the Gaussian widths of the parameter and action set instead of the
ambient dimension d. In cases when the Gaussian widths are small (eg., sparse) one can choose the sketching
dimension b to obtain a tighter regret bound.
Proof of Theorem G.1 Recall that the regret is given by

T

Reges(T) = »_(0%,a") — (0%, ar)

t=1

T
=) (80", 8¢a”) + (07,a%) — (0%, as) — (S,07,8,a%)
t=1

To be able to use the optimistic estimates (éf,af ) computed in line 5 of Algorithm 3, we first show that the
sketched unknown parameter belongs to the confidence set.

Lemma G.2 (Confidence Ellipsoid). Suppose C; be the confidence set defined as in (74). Then for all t € [T,
with probability 1 — 0, we have 8,6* € C;.

Further note that 8y} € 8;.4 and therefore from the definition of the optimistic estimates, (S,;6*,8,a*) < (65, as).
Using this we have

<éf7a§> + <0*aa*> - <0*’at> - <8t0*a8ta*>

M=

RegCB (T) S
t

—~

a

=

M= L

(0, a5) — (8,607, a5) + (8,0, a5) + (0%, a*) — (0%, as) — (8,0%,8,a*)
¢

1

T
= (07 — 8:6%,a) + (8,0, a7) — (0%, az) + (67, a%) — (8,67, 8,a")

t=1
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T
® Z —8:0%,a3) + (8:0%,a5) — (0*,8) a) + (0%, a*) — (8;0%,8;a™)
where (a) follows by adding and subtracting ($;0*,a$) and (b) follows by noting that a; = 8] a3. Therefore

Rege(T) <

M’ﬂ

(05 — 8,607, a3) + (8407, a5) — (8,6*,a) + (0%, a*) — (8,6*%,8,a")

~
Il
—

(07 — 8,6 a3) + 0 (I —8)8;)a*

Il
e ITMH

1
T
165 — 80" lg.. llaillv, DY 0T (18] 8)a"

t=1 t=1

(4) (B)

where the last inequality follows by Cauchy Schwartz. Note that the inner products in term (A) are b-dimensional.
The price we paid for reducing the original d-dimensional inner product into this b-dimensional inner product

is term (B). Using the Confidence Ellipsoid in (74) and elliptical potential lemma we bound term (A) in the
following lemma.

Lemma G.3. Suppose (05,a$) be as computed in (73) and suppose X\ = 1. Then for some constant C' > 0, with
probability 1 — 6

16 - sl

t=1

< (’)( blog (1—;T> + %(w(@*) + 1/log(= )\/Tblog (14 Tw?(A )/bz)loglog@/é))

Finally using Lemma G.3 we have for some constant C' > 0 with probability 1 — §

!

”atH( s )t

Regen(T) < 0( blog (H(;T) + %(w(@g +/los(2))

\/Tb log(1 + Tm?xwz(A)/bQ) log 10g(2/5)>

T
+> 0TI -8/ 8)a" O
t=1

G.1.1 Proof of Auxiliary Lemmas

Proof of Lemma G.2. Suppose V,° = ZStai (Stai)T + AI. Then we can express éf as follows:

0; = (‘Z‘g)_l(i(stai)ri)
V)™ ( ti:l(‘stai)w*a 8 (81ai)) +mi + Ei)
i=1

where in (a), g; = (0*,a; — 8] 8;a;) and we have used the fact that r; = (0*,a;) + ;. Therefore

t—1

t—1 -1
b — (Vts)_l(Z(Stai)(stai)T8t9*> -1 Z Sra;)n; + -1 Z Siai)e
i=1 i=1

=1
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t—1 t—1 t—1
= ()7 (Yo (Sian)(Siai) " + AT ) 80" = MV) 180" + (V)71 Y (Seas)mi + (V)1 D (Suai)e
=1 i=1 =1
v
t—1 t—1
= 80" + (V)7 > (Seai)ni — AVP) 780" + (V) ™' > (Srai)e
=1 =1

Therefore

t—1 t—1
05 — 8,0%|| < H asnil| +H ajei||
it s < | St + | S,

I 11

+AV2)8,07]
——

111

Consider term [ first. Using the Self-Normalized Bound for Vector-Valued Martingales (Theorem 1, Abbasi-Yadkori
et al. [2011]) we have, with probability 1 — ¢

t-1 i7s)1/2 7.)-1/2
H Zafm ) <2, [log (det(‘/;5 )1/2 det(A ) )
P (Vo)1 0

Now using the fact that [ja|| < 1 and A =1 we have
1
< 24/blog ( j;t)

t—1
| et .,
i=1 V)
Next we handle term II. Note that ¢; is not sub-Gaussian and therefore we cannot use the above. It rather
follows a Bernstein type condition with the moment generating function given by: for every A with |[A| < 1/bgern,

2 2 1
2 . 1-— bBern|A|) .

where bpern = @(%) and 02 = ©(1/b). We use a recent result [Ziemann, 2025] that provides self-normalized

Eexp{A(X — )} < exp (A i

bounds for such Bernstein type processes. We invoke Theorem 1 from Ziemann [2025] to conclude that

. <\/e<1 + ) IS- v+ v 1) Vo

vvd+ 2

Then as long as V, + ' = e(1 4+ v)?V = (1 + v)%e~!(d + 2) BE, B%, we have that with probability at least 1 — ¢:

1+ a)? 1 det(V; + 1) 1
2 < ( 2 Z
157 v, +m)-2 = ( 1+2a 1 —e> o [1og( det(V) +2log 5]

where V, = V2 V = Al and S, = sz 1 @€

(V)=
We can set v = ¢ = 1/2 and after a burn-in period tpym such that V5 + T = (1 + v)%e~!(d + 2) B3, B% and
Vel +v) |SHlv,+r)-1v (v, +1r)-1 < vV d 4+ 2 we have that with probability at least 1 — o:

det(V;, +T) 1 1+t
2 4 <o? 1 —_ - 21 .5 1 —_—
||ST||(V.,.+F) ~ 00X |:Og < det(V) > + 2log (5):| ~ b 0og ( 5 )

Finally, to control term I11, since §; ~ N(0,1/b) we have with probability 1 — 2 exp(cw?(0,) — p?) for some
¢ > 0, (see Banerjee et al. [2014], Theorem 5)

18:0,]| < 1+ w(®.) +p
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Therefore with probability (1 — §), for some constant C' > 0

186, <1+ %w(@*) 4 Viog(2/5))

Combining all these it is immediate that 8;6* € C;. Further, plugging all the bounds back we get, with probability
(1 —¢), for some constant C > 0

. 1+t c
s || < -re ~
107 — 8:6%|| < 24/blog ( 3 ) +1+ \/B(W(G*) + /log(2/9))

O

Lemma G.3. Suppose (éf,af) be as computed in (73) and suppose A = 1. Then for some constant C > 0, with
probability 1 — &

Z 165 — 867,
< o( blog (HdT) n %(M(@ ) + 1 /log(%) )\/Tblog 1+ T2(A )/b2)loglog(2/6)>

Proof. Note that 05 € Cf = {0 € RV : ||§5 — 8:0%[|y: < O y/blog (L) + %(w(@*) + 10g(§)>>} which

”atH(V e

along with ¢ < T immediately implies that with probability 1 — ¢

ZH@S 867l llatllws ) 1<O< blog(HgT>+\}5(w(@> \/ los(5 ))leatH(vsl)l

Using Cauchy Schwarz

T
0 * S 1+T ]. 2
D18 = 8487l Magllewe -1 < O( blog (5) + ﬁ(w(@*) + log(é))>

t=1
T
: 5|2
73 min (a2, 1)

Using Lemma 11 from Abbasi-Yadkori et al. [2011] we have for ||af|| < L,

T
TL?
in([lag]l e y-1,1) < blog [ 1+ =~
t§:1mln(||at”(Vt,1) 1) < 0g< " bA)

Now since for any a € A, |ja]| < 1, using the same proof technique to bound [|8:0.]|| in Lemma G.2 we have that
with probability 1 — 4, |ja|| < 1 + C2EEV 822 A+ NG log(2/6 , for some C' > 0. Taking a union bound for all ¢ € [T] and
with the event that Gf € C; we have, with probablhty 1-96

ZH@S S

< (’)( blog (1—ET> + %(w(@ )+ 1/log(= 2 )>\/Tblog 14+ Tw?(A)/b%)loglog(2/9)

||at||( s )t
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Algorithm 4 sk-LinTS (Sketched Linear TS)

: Input: variance parameter v = 1/9blog(t/0)

:fort=1,2,... do
Sample 65 from N(ui, v*(E$)7h).
Play arm i; := argmax;c(k] X;,;, 0, and observe reward ry = ry, , (t).
Update X and p] according to (75).

end for

SR S ol e

G.2 Sketched Thompson Sampling

Next we show that a similar decomposition can also be obtained for Thompson Sampling algorithm ([Agrawal and
Goyal, 2013, 2012]). We consider a finite action set as in Agrawal and Goyal [2013], i.e., A = {X¢1,X¢t,2,.- -, Xt. K}
where K is the number of arms. The learner chooses an action i; € [K] and observes the reward (x;;,,0%) + n,
i.e., a; = X¢;, in Assumption 10.

We take a Bayesian approach by placing a Gaussian prior 8 ~ N(u§, 23), where puj = 0 € R® and
35 = Ipxp € R®*? are the prior mean and covariance matrix, respectively. Note that the mean vector and
covariance matrix are in the b-dimensional space. After ¢ observations, the posterior distribution of 8} is given by
07 | {xri, r(Xri ) ooy ~ N(pi_y, v3(2§_,)7"), where the posterior mean i and covariance X are given by
standard Bayesian linear regression update equations:

t—1
s __ s § : s sT
Et - <EO + X'r,aTX'r,a.,.>

T=1
t—1
pi=(Z)7" <Z Xi,z-f(xr,if)> (75)
T=1

where xj ; = 81X is the sketched context vector.

The regret decomposition for sk-LinTS is given by the following Theorem.

4 3\
Theorem G.4 (Regret Decomposition for Sk-LinTS). Suppose Assumption 10 holds and the actions are
selected according to Algorithm 3. Then for some constant C' > 0, with probability 1 — ¢

Regas(T) < C(6+/blog(KT)log(T/8) + /blog(T?/5))

(v/bTlog T + Z+/Tlog(1/5))
I

T

+2sup  sup > 07(STS—Day,
0cO, at€A7tE[T] t=1

11

where Z = O (ll)w(@*)> ,

and w(M) = E[supgers(9,9)], 9 ~ N(0, 1q) is the Gaussian width of the set M.

\ J/

As in the case of sk-LinUCB regret decomposition, term I captures the regret in the sketched b dimensional
space while term I captures the restricted isometry term.

Proof. The regret is given by
RegCB(T) = <9*7Xt,a*> - <9*3Xt7at> = <9*)Xt,a*> - <9*7Xt,at>
+ (807, %7 =) — ($e07, %7 ,) — (807, %7 +) + (8:07, %7 4,)
= (0", X¢,av) — (07, Xt ,0,) + (807, 8:Xp,ax) — (840™, 84Xt .a,) — (8:07, 8¢ 0+) + (8107, 8:X¢.a,)
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T

= (840°,x} ) — (8:07,x],,) +2sup sup > 07(STS - Da
0€0. are Ate[T]

Suppose a; = arg min;¢ g ,/xfﬁ—er*lx;i. Then

(810", Xp,0x) — (S8¢0", Xt,0,) = (8107, X[ o) — (Se07, X5 4,) + (S407, %7 5,) — (8:0", % 5,)
T

+2sup  sup > 07 (STS-IDa
0€O0. arcAte[T] —1

= (810", X} o) — (8:07,%75,) + (8107, %7 5,) — (8:67, % ,,)

I
T
+2sup  sup Y 07(STS—Iay (76)
0€0. areAte[T] 4
We define the following events
Bi= = {\ﬁ | xg, 0= x5, T80, | < (VOI(B/) + 1)y x5, T ks, } (77)
By — {w: | Gi—x3, 70, | < 6\/b10g(Kt) n(2t/8) x3, =8 'xs, } (78)

We bound term I in the following lemma.

Lemma G.5. Suppose E; and E; be as defined in Equation (77) and FEquation (78) and let g; =
61/blog(Kt)log(t/d) + /blog(t3/8) + 1 and p = 46{/;. Then for any filtration Fi_1 such that Ey is true,
we have

* S * S * S * S 3 s s—1_s 1
E[(8:0%, %7 o) — (8:0%, %} 5,) + (8407, %7 5,) — (8:0", % o, ) F—1] < P (E[\/Xt,iTEt xg | B+ 152>

Proof. Note that
(8107, x5 40 ) — (8:07, %7 5,) + (8:07, %7 5,) — (8:07,x3 )

s Tws—1_s s Twws—1l_s
Sth\/Xm 3 Xt,i+gt\/xt,&t 3 Xt,a4

follows when events F; and E5 are assumed to be true. Therefore
E[(8:0%, %7 0+) — (8:07, %7 5,) + (8:0", % 5,) — (8:6", %3 4,)]

< E[Rgi/x5, 257 Ix5 4 gy /x5, T B8 TIx5,, | Fe] + P(ES)

3 s Twws—1l_s 291

< ];gtE { Xia, i Xt,at|]:t:| + o2
where we have used Lemma 1 and 4 from Agrawal and Goyal [2013]. O
Now mnote that using Lemma G.5, we have Y, = >0 ((8:6%,x],.) — (8:0%,x7;,) + (8:0*,%x}5,) —

(8107, % 0, ) I{EL} — %gt (,/xf,iTEts*leJJr t%) is super-martingale with respect to the filtration 7, =

o{(ri,a;),1 <i<t—1,a:}. The following lemma provides a bound on the absolute value of super-martingale
process for every ¢ with high probability.
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Lemma G.6. Suppose Xi = ((8:0",%],) — (8:0%,x7;,) + (8:0°,x7;,) — (8:0%,x7,,)H{E1} —
%gt ( xf’iTfole’i + t2>7 where g; = 6+/blog(tK) In(t/8) + \/bIn(t3/8) + 1. Then with probability (1 — &) for
some constant C' > 0

(w(©.) + V1og(2/8)) (VIog(KT) + \/log(2/5)) + = 7

S =

X < C( 2% VIog(KT) + wog(z/é))

Proof. Note that

* S * S * S * S 3 S S S 1
Xi = ((8e0%, %} o) — (8407, %( 5,) + (807, %7 5,) — (8407, %7 4, ) ) L{EL} — % <\/xt,iT2t g+ t2>
* S * S 3 s Tws—1_s 1
= ((8:0 ’Xt,a*> — (80 axt,at>)]1{El} - ];gt \ Xt 3 X+ 2

Now consider ,/Xfﬂ-TEf*le’i. We know that X7 = Al implying )\min(Effl) < A. Therefore

1 .
VX TEE IR < VAl < Il

Since 8; ~ N(0,1/b) we have with probability 1 — 2exp(cw?(A) — ¢*) for some ¢ > 0, (see Banerjee et al. [2014],
Theorem 5)

A) +
ISxall < 14+ 20

where A = {x;,t € [T], k € [K]}. Therefore with probability (1 — ¢), for allt € [T,k € [K], for some constant
C>0

gl < 1+ %(w(A) + V108(2/9))

<1+ S (VoR(RT) + Vog(2/9)

Next, to control [(8:0%,%} ,) — (8:0%, % ,,)|, note that by Cauchy Schwarz

(8407, %7 0 ) = (8407, %7 4,)| < 2[18:07 ([0,

Using the same technique as above, we have with probability (1 — )

1867 <1+ 55<w<@*> + Viog(2/5)

Taking a union bound over all the events we have, with probability (1 — J) for some constant C' > 0

§g V1og(KT) + +/log(2/6)
P Vb

X < c<2<w<@*> + 10g(2/9)) (Viog(KT) + V/og(2/3)) +
O

Therefore taking a union bound over the event in Lemma G.6 and using using Azuma-Hoeffding inequality we
have with probability 1 — § we have

T
D (8:0%,%; 4) — (8:07,%5,) + (8:6%,% 5,) — ($:67,%5 )

t=1
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.3
ng < x,fJ-TEtsflxtz +C\/ Z—thZIOg 4/6)

< Zgp5VbTInT + gch 1> Z210g(1/9)
t

log(KT)++/log(2/6
where Z = 3 (w(0.) + v/log(4/6)) (v/1og(KT) + \/log(2/5)) + % v/ los( )\/5\/ &2/9) and the last step follows from
Lemma 11 of Chu et al. [2011]. Therefore with probability 1 — § we have

%

W

T
D (8:0%,%; 4o ) — (8:07,% 5,) + (8:60%,%] 4,) — (8167, %5 )

t=1
< Cgr(\/bTlog T + Z+/Tlog(1/5))

< C(6+/blog(KT)log(T/8) 4+ \/blog(T3/8) + 1)(\/bT log T 4+ Z+/T log(1/6))

Combining with Equation (76) we get with probability 1 — §

Reges(T) < C(6+/blog(KT)log(T/d) 4+ \/blog(T3/8) + 1)(\/bT log T + Z+/T log(1/4))
T

+Losup  sup Z 07 (STS —Day,
0€0. areA,te[T] 1=

completing the proof. O

G.3 Experiments

In this section, we evaluate the performance of sk-LinUCB and sk-LinTS in comparison to their unsketched
counterparts, LinUCB and LinTS, on synthetic datasets. We consider a contextual bandit setting with a context
dimension of d = 500 and K = 4 possible actions. The number of rounds is set to 7' = 10, 000.

Dataset: To illustrate the effects of sketching, we construct a dataset with low metric entropy through truncation.
The context vectors a; € A; and the unknown parameter 8, are sampled uniformly from the unit ball B(0,1). We
investigate three scenarios: (a) only the context vectors are sparse, (b) only the unknown parameter 6, is sparse,
and (c) both the context vectors and the unknown parameter 6, are sparse. For sparsity, we apply truncation to
both the context vectors and 6,. Specifically, for a vector of dimension d = 500, we retain only the first s = 50
coordinates (0.9 sparsity).

Sketching: In all experiments, we use a random Gaussian matrix S € R?*4, where each entry S;; ~ N(0,1/b).
The sketching dimension is set to b = 50. The reward function is given by: h(a;) = al . + n;, where 1, ~ N(0,1).

Results: The results for both the baseline and sketched algorithms are shown in Figure 1. In all three scenarios,
the sketched algorithms achieve lower regret than their unsketched counterparts, even with a sketching dimension
of b = 50. To compare computational cost, we also plot the cumulative runtime for each algorithm in Figure 2,
highlighting significant computational savings for the sketched methods.

We additionally consider linear bandit with a convex action set, where the action space is ¢ unit ball in R? with
d = 1000 and the unknown parameter 6* lies in an ¢; ball. At each round we select an action via projected
gradient descent (100 steps) and report the cumulative regret (mean with standard error in parentheses across 4
runs) in Table 1.

Finally we evaluate the performance on non-gaussian sketches for our bandit setup, and report the regret in
Table 2. For this, we set the sketching dimension to be 100. Similar to Appendix G, the contexts z;: and
parameter 6* are drawn from an /5 ball and we set sparsity to 95%.



Beyond Johnson-Lindenstrauss: Uniform Bounds for Sketched Bilinear Forms

—— sk-LinUCB (b=50)
LinUCB

401" — sk-LinUCB (b=50)
LinucB

—— sk-LinUCB (b=50)
LinUCB

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 [ 2000 4000 6000 8000 10000
Rounds Rounds Rounds

400y —— sk-LinTS (b=50)
LinTS

4001 —— sk-LinTS (b=50)
LinTS

4001 —— sk-LinTS (b=50)
LinTS

0 2000 4000 6000 8000 10000 o 2000 4000 6000 8000 10000 o 2000 4000 6000 8000 10000
Rounds Rounds Rounds

(a) (b) (c)

Figure 1: Comparison of cumulative regret of sk-LinUCB and sk-LinTS with the baselines LinUCB and LinTS
on a synthetic dataset, averaged over 5 runs. The results are shown for three sparsity cases: (a) context sparsity,
(b) parameter sparsity, and (c) both context and parameter sparsity. The sketching dimension b = 50.
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Figure 2: Comparison of run time (in seconds) for sk-LinUCB and sk-LinTS with the baselines LinUCB and
LinTS on a synthetic dataset, averaged over 5 runs. The sketching dimension is denoted by b.

Table 1: Cumulative regret for linear bandits with an /5 action set and an ¢;-constrained unknown parameter.
Entries report the mean regret with standard error in parentheses across 4 runs.

Algorithm Step 50 Step 100 Step 200 Step 500 Step 800 Step 999
LinearBandits 49.30 (0.40)  96.23 (0.47) 186.30 (1.19) 436.22 (3.91) 658.79 (11.34)  793.60 (15.98)
SketchLinearBandits ~ 48.43 (0.53) 92.38 (1.28) 172.04 (3.01) 356.80 (5.07)  503.76 (5.19)  600.12 (5.23)

Table 2: Cumulative regret for different sketching distributions in the linear bandit setup with sketch dimension
100. Entries report the mean regret with standard error in parentheses across 4 runs.

Algorithm Step 5000 Step 6000 Step 7000 Step 8000 Step 9000 Step 10000
LinUCB 57.51 (6.25) 68.52 (7.71) 78.62 (9.61) 89.13 (11.54) 99.68 (13.38) 110.20 (15.58)
SkLinUCB (Gaussian) 16.10 (0.77) 18.10 (0.85) 20.13 (0.84)  21.90 (1.05)  23.67 (1.04)  25.30 (1.11)
SkLinUCB (SRHT) 52.89 (0.04) 63.32 (0.02) 73.60 (0.06)  83.99 (0.04) 94.26 (0.03) 104.84 (0.02)
SkLinUCB (CountSketch) 54.28 (2.06) 65.10 (2.77) 75.96 (3.27)  87.05 (3.92) 97.68 (4.50) 108.39 (5.13)
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