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Abstract
Offline policy optimization is often sample-inefficient, especially when the action space is large,
a problem that commonly arises in healthcare applications and multi-agent tasks. Many domains,
however, admit a combinatorial action space, where sub-actions affect future states and rewards
independently of one another. Past work either makes a priori assumptions about sub-action inde-
pendence leading to efficient but potentially biased policy optimization, or fails to leverage poten-
tial independence, sacrificing sample efficiency. In contrast, we propose a two-step framework that
leverages causal discovery for efficient policy optimization without introducing bias. Our approach
(i) discovers the causal structure underlying the environment’s dynamics from observational data,
and (ii) exploits this structure to restrict the admissible policy class to a simpler, unbiased class. We
provide theoretical guarantees characterizing settings under which our approach leads to efficient
unbiased policy learning. Empirically, we demonstrate that our approach leads to more efficient
policy optimization in settings with limited observational data, across both single-agent healthcare
tasks and multi-agent settings. Our code is available at https://github.com/cehr123/DiFaRL.
Keywords: Reinforcement Learning, Causal Discovery, Sample Efficiency

1. Introduction

Offline reinforcement learning (RL) has achieved significant success in environments with small
action spaces or large datasets (Levine et al., 2020), (Antos et al., 2007), (Fujimoto et al., 2019),
(Kostrikov et al., 2021). However, many real-world applications, such as healthcare (Hargrave
et al., 2024) and education (Riedmann et al., 2025), exhibit high-dimensional action spaces and
have limited observational data. In such settings, learning an optimal policy is challenging due
to the combinatorial nature of the number of possible actions, which induces a prohibitively large
policy class and results in statistical inefficiency.

To mitigate this, prior work imposes strong structural assumptions to constrain the policy space.
For example, Tang et al. (2022) assume that different actions affects the transition function and the
reward function independently of other action. While this independence assumption can simplify
learning and improve sample efficiency, it is often unrealistic in practice leading to biased learn-
ing. In many domains, actions exhibit complex interactions that jointly influence outcomes. For
instance, when managing blood pressure, the effect of phenylephrine may depend on the concurrent
administration of steroid (Richards et al., 2023), an interaction that would be missed by treating the
actions independently.

© 2026 C. Ehrlichman, S. Tang, M. Dykstra & M. Makar.



EHRLICHMAN TANG DYKSTRA MAKAR

In this work, we take a different approach: we propose to learn if and where such independence
holds by recovering the underlying causal structure from observational data. Our key insight is that
many environments admit a sparse and structured causal graph over actions and state variables. By
first learning this structure from observational data, we can steer policy learning to be consistent
with the learned causal interaction patterns. This results in improved sample efficiency and better
generalization, without relying on overly restrictive assumptions. Our proposed framework connects
ideas from causal discovery and offline RL to address a key statistical bottleneck in policy learning
with limited data.

We present our main analysis in the single-agent offline RL setting. However, our framework
is directly applicable to offline multi-agent RL (MARL) scenarios, where actions corresponds to
individual agents, and the interaction terms capture collaboration between agents. We demonstrate
this extension in our experiments through an illustrative MARL example.

Our contributions are: (1) We propose a two-step approach that first identifies key causal struc-
tures from observational data and then leverages these structures to guide offline policy optimiza-
tion; (2) We provide theoretical guarantees for the identifiability of the relevant causal structure and
prove that our approach improves the finite-sample efficiency of the policy learning task; (3) We
validate our framework empirically on three domains: two single-agent healthcare tasks and one
multi-agent environment.

2. Related Work

Several prior works address the problem of RL environments with large combinatorial action spaces.
Tang et al. (2022) proposes a linearly decomposed Q-function in the setting where the action space
factors. Their solution requires assuming that the transition function and policy decompose mul-
tiplicatively and the reward decomposes additively over individual sub-actions, effectively treating
sub-actions as independent. Their proposed approach leads to bias in settings where the action
space does not satisfy these strict assumptions. Landers et al. (2025a) study offline RL with discrete
combinatorial actions and suggest BraVE, a regularized tree-structured traversal approach. Their
approach reduces the computational complexity of the task by evaluating only a subset of the ac-
tions selected by a greedy tree traversal procedure, but unlike us, they do not study factorization of
the general (discrete/continuous) actions. Additionally, their approach does not leverage sub-action
independence, which could harm sample efficiency. Landers et al. (2025b) propose an attention-
based architecture that captures dependencies among sub-actions in an online, policy-based RL
setting, and does not leverage any independencies or causal relationships between variables. Our
attention-only baseline can be viewed as an extension of this work to the offline, value-based setting.

Similar to our approach, other work uses causal discovery to address the challenges inherent
to RL problems with large combinatorial spaces. Zhu et al. (2022) leverage conditional indepen-
dence tests to uncover all causal relationships between sub-states and sub-actions and employ the
learned structure to create a model of the transition and reward function based on the learned causal
relationships. This approach is similar to ours as we also utilize conditional independence testing.
However, their method has three key limitations that our approach overcomes. First, it requires
learning the entire causal structure underlying the environment, whereas we only recover the subset
of causal relationships relevant to the action factorization, making our method substantially more
lightweight. Second, their approach is model-based, inheriting issues such as error compounding
Jiang (2024) and model bias, as we show in the experiment section. Third, unlike ours, their ap-
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proach relies on meaningful factorization in the state space. Another model-based approach, Lei
et al. (2024) propose learning a sparse world model via regularized attention weights to encourage
sparsity. Like FOCUS, their approach learns the full transition function and requires disentangled
state representations, whereas our method does not. Huang et al. (2022) learn minimal sufficient
representations for the states by building a generative model of the environment with causal struc-
tural relationships. This differs from our approach as we do not attempt to compress or abstract
the state or action space but rather we recover the causal interaction structure among action com-
ponents in order to restrict the admissible policy class. Similar to us, Cao et al. (2025) attempt to
solve the challenges imposed by large action spaces using causal reasoning: they show that it is
possible to improve sample efficiency by leveraging learned causal relationships for counterfactual
data augmentation and improved exploration. However, unlike us, they study an online setting.

3. Preliminaries

Problem setup. We consider finite-horizon Markov Decision Processes (MDPs), defined by the
tuple M = (S,Z,A, p, r, µ, γ,H), where S is the Ds-dimensional observed state space, Z is a
possibly empty latent variable space that influences the state distribution, A is the Da-dimensional
action space, p(st+1 | st,at) denotes the transition dynamics, r(st,at) is the reward function, µ(s0)
is the initial state distribution, γ ∈ [0, 1] is the discount factor and H is the time horizon. We define
a policy π(at|st) as a probabilistic mapping from a state to a distribution over possible next action.

Throughout, we use uppercase letters to denote random variables, lowercase letters for their
instantiations, and bold lower case letters for vectors. We let S denote the observed state, Z the
latent (unobserved) state, and A the action. We assume that S is a deterministic, invertible function
of Z. We denote by P the joint distribution over all MDP variables induced by the transition
dynamics and the initial state distribution.

We assume access to an offline dataset D = {(s(i)t ,a
(i)
t , s

(i)
t+1)}i=1,...,N ; t=0,...,H−1, collected by

executing an unknown behavior policy πb. For simplicity, we assume that the reward is the terminal
state sH−1, but as we show in the experiment section, our results are applicable to more general
reward functions.

We define the state-value function as V π(s) = Eπ

[∑H−1
t=0 γt−1rt | s0 = s

]
. We define the

action-value function, Qπ(s,a), by further restricting the action taken from the starting state. Our
goal is to learn an optimal policy π∗ using only D, such that π∗ = argmaxπ Es∼µ[V

π(s)] using
observational data only without online exploration.

Causal Structure of the MDP. We consider MDPs with structured action spaces where a can be
partitioned into groups, Ga = {g(1)a , . . . , g

(K)
a }. Each group g

(k)
a ⊆ {1, . . . , Da} indexes a subset

of actions such that g(j)a ∩ g
(i)
a = ∅ and

⋃
k g

(k)
a = {1, . . . , Da}. We assume that each group affects

the state transition and reward independently, meaning the transition dynamics and reward function

factor over groups. We let ga(d) denote the group of d-th dimension of a. We use the notation ag
(k)
a

t

to denote the vector of values indexed by g
(k)
a , at timestep t.

If the latent spaceZ is non-empty, we assume that there is one dimension ofZ per action group,
meaning Z is K-dimensional and z = [z(1) . . . z(K)]. We assume that each action group g

(k)
a ∈ Ga

only effects one latent sub-state z(k).
Definition 1 states these independence properties of the MDP formally.
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Definition 1 [MDP factorization] Given st,at, st+1 the following holds:

p(st+1 | st,at) =
K∏
k=1

pk(z
(k)
t+1 | z

(k)
t ,ag

(k)
a

t ), r(st,at) =
K∑
k=1

rk(z
(k)
t ,a

(k)
t )

where pk : Z(k) ×Ag
(k)
a → ∆(Z(k)) and rk : Z(k) ×Ag

(k)
a → R.

The first equation states that the MDPs transition function factors over the action groups and the
second states that the MDP’s reward function factors over the action groups.

Furthermore, we assume the data-generating process is represented by a causal Directed Acyclic
Graph (DAG) over the variables {St,At,St+1}. Specifically, we assume that the distribution P
satisfies the following:

Assumption 1 [MDP DAG] The MDP is sampled from a distribution P that satisfies:
(i) Acyclicity: There exists no cycles between any subset of the variables. 1

(ii) Markov property: P obeys the Markov property i.e.,
P (St+1,At+1|S0:t,A0:t) = P (St+1,At+1|St,At).

(iii) No hidden confounders: All common causes of A(i)
t , A(j)

t are observed.

Z1
t Z1

t+1

Z2
t Z2

t+1

A1
t

A2
t

A3
t

St St+1

S1
t S1

t+1

S2
t S2

t+1

S3
t S3

t+1

A1
t

A2
t

A3
t

Figure 1: DAGs show causal relationships between MDP
variables. Grey nodes are observed, white nodes are un-
observed. Arrows denote a possible causal relationship be-
tween the variables. Left: Entangled DAG with latent vari-
ables. Right: Disentangled DAG with no latent variables.
Since A1

t and A2
t affect Z1

t+1 (in entangled DAG) and S1
t+1

(in disentangled DAG) A1
t and A2

t are in the same action
group. The DAGs show MDPs where the factored groups
are {{1, 2}, {3}}.

To facilitate our exposition, we
present our analysis on a canoni-
cal DAG that satisfies assumption 1.
Figure 1 (left) depicts this DAG,
where action variables influence the
next state via interactions mediated
through the latent space Z. We
refer to this DAG as the entan-
gled setting because the observed
state variables are an entangled mix-
ture of underlying latent components
Z. The figure illustrates a set-
ting with D = 3 and grouping
Ga = {{1, 2}, {3}}—meaning that ac-
tion dimensions 1 and 2 interact while
3 acts independently. For example,
when treating a patient, a clinician
may observe the patient’s vitals (S)
but not the underlying latent health
state (Z) that determine how treat-
ments (A) affect their body.

In addition, we consider a special case that satisfies assumption 1 and further assumes that the
observed states also factor in a way that corresponds to the action groupings Ga. This corresponds

1. The acyclicity assumption refers to the causal DAG, which represents the transition unfolded over time. Note that
this is different from a state diagram, which is often used to represent the transition dynamics of an MDP, which
could have cycles under our assumptions.
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to a variant of the main setting where there is no latent Z. We state this additional assumption
formally:

Assumption 2 [Disentangled State Factorization]
(i) There exists a state grouping Gs = {g(1)s , . . . , g

(K)
s } where each group g

(k)
s ⊆ {1, . . . , Ds}

indexes a subset of the state dimensions. We use the notation gs(d) to denote the state group

that the dth dimension of S belongs to and the notation sg
(k)
s

t to denote the vector of values
indexed by g

(k)
s , at timestep t. There exists a one-to-one mapping Ga → Gs such that each

action group g
(k)
a ∈ Ga affects only one state group, g(k)s ∈ Gs and each state group only

effects itself.
(ii) No hidden confounders: All common causes of A(i)

t , A(j)
t , S(l)

t , S(l)
t+1, S(m)

t+1 are observed.

Similar to before, we present our analysis on a canonical DAG shown in figure 1 (right). This
DAG retains the same action grouping Ga as figure 1 (left) but assumes that the observed state itself
decomposes in accordance with the action groupings. This DAG, and generally assumption 2, is
more relevant for MARL settings where the observable states of different agents are distinct from
each other.

We stress that our analysis applies to any DAG satisfying our assumptions and is not limited
to the examples in Figure 1. For example, although the figure depicts relatively simple behavior
policies πb, our results extend to more complex DAGs with richer dependencies among Z, S, and
A. Additional examples consistent with Definition 1 and Assumption 1 are in Appendix F.

4. Theory

Our goal is to leverage independencies implied by the causal structure to improve policy learning.
To that end, we investigate two questions: (1) Can the causal structure be exploited to constrain
the policy class leading to efficient policy learning? (2) Are this structure and the associated action
groupings identifiable from observational data?

We answer both questions in the affirmative. The causal structure induces action groupings that
constrain the policy space to factored policies, yielding more efficient learning. We also provide
conditions under which the action groupings Ga are identifiable from observational data and develop
minimal causal discovery methods to recover them. These results form the theoretical foundation
of our causal structure learning and policy optimization framework.

4.1. Optimal policies of factored MDPs also factor

We show that if the data satisfies Assumption 1 and factors according to Definition 1, then there
exists a factored policy that achieves the optimal value.

Formally, we define the factored policy class as follows:

Π(Ga) =

{
π : π(at|st) =

K∏
k=1

πk(a
g
(k)
a

t |st), π ∈ Π

}
,

where Π is the set of all permissible (factored and unfactored) policies. Π(Ga) is a restricted policy
class in which each policy factorizes: at every time step the policies in this class are a product of the
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sub-policies corresponding to each action group. Note that Π(Ga) ⊆ Π and that Π(Ga) assumes
knowledge of the true Ga, an assumption that we will relax later in this section.

Our next result shows that whenever Definition 1 holds, any policy π ∈ Π has an equivalent
factored policy π′ ∈ Π(Ga) that achieves the same value.

Theorem 1 Given an MDP which factors according to definition 1, then any policy π ∈ Π has
some corresponding policy π′ ∈ Π(Ga) with the same value function:

Qπ(s,a) = Qπ′
(s,a) =

K∑
k=1

qπ
′
k(s,ag

(k)
a ).

The proof for theorem 1 and all other statements in the main text is included in appendix. Intu-
itively, when each action group ag

(k)
a influences the transition dynamics and rewards independently

of the other groups, any unfactored policy admits an equivalent factored policy that selects ag
(k)
a

independently from other groups without altering the expected return.
Theorem 1 implies that when the MDP structure induces an action grouping Ga, the optimal

value can always be achieved by a factored policy. This finding is valuable: it reduces the search
space for an optimal policy from the full space Π to the smaller, structured class Π(Ga), leading to
better sample efficiency. However, to make use of this insight, we need to know the action groupings
Ga. Next, we address this limitation by showing that Ga is identifiable from observational data.

4.2. Identifiability of the groupings Ga

Our key finding is that the action groupings Ga are identifiable via testable independence signatures
that evaluate whether multiple actions are causal parents of the same sub-state. We first study the
more general entangled setting depicted in figure 1 (left) and then examine the disentangled setting
depicted in figure 1 (right) as a special case.

Identifiability under entangled observed states. First, we study the setting where the observed
states are entangled and do not admit a factorization that corresponds with that of the actions.

Proposition 1 Suppose P satisfies definition 1 and assumption 1, then for any pair of sub-actions
A(i), A(j) with i ̸= j, we have that A(i)

t ⊥ A
(j)
t | St,St+1 ⇐⇒ ga(i) ̸= ga(j)

Proposition 1 says that there is an independence signature that we can test for to identify if a
pair of sub-actions belong in the same action group. Importantly, this independence signature relies
on observed data only. The test checks if A(i)

t and A
(j)
t effect the state transition independently

as follows. Conditioning on the current state St blocks all confounding (backdoor) paths between
the two actions. Conditioning on the future state St+1 is equivalent to conditioning on the latent
Zt+1 since the mapping from Z to S is deterministic and invertible. Conditioning on Zt+1, opens
collider paths only when both actions jointly cause a sub-dimension of Zt+1. Thus, conditioning on
St induces independence by blocking confounding, while St+1 induces dependence if and only if
the actions interact causally to shape the next state distribution.
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Identifiability with disentangled observed states. Next, we study the disentangled setting in
which the observed state space factorizes. Under Assumption 2, there exists a state partition Gs

whose groups align with the action groups in Ga. As our next proposition shows, identifying the
appropriate state groupings can help recover the corresponding action groups.

Proposition 2 Let S(−l)
t denote all the dimensions of St excluding l, and suppose P satisfies

definition 1, and assumptions 1 and 2.

(a) For some S(l) there exists m ∈ g
(k)
s such that at least one of S(l)

t ⊥̸ S
(m)
t+1 | S

(−l)
t ,At, and

S
(m)
t ⊥̸ S

(l)
t+1 | S

(−m)
t ,At holds ⇐⇒ gs(l) = k.

(b) For a pair A(i), A(j) there exists l,m ∈ g
(k)
s and S

(l)
t+1 ⊥̸ A

(i)
t | St, and S

(m)
t+1 ⊥̸ A

(j)
t | St hold

⇐⇒ ga(i) = ga(j) = k.

Algorithm 1: Generic algorithm for
estimating Ga

Input: D
K ← 0;
Ĝa ← ∅;
for each (i, j) do

if A(i)
t ̸⊥ A

(j)
t | St,St+1 then

if ga(i) = k or ga(j) = k then
g
(k)
a ← g

(k)
a ∪ {i, j};

end
else

g
(K)
s ← {i, j};
K ← K + 1;

end
end

end
Output: Ĝa

Proposition 2 provides an additional indepen-
dence signature to identify the groupings when the
observed state is disentangled. In part (a), the tests
are symmetric: the first test, S(l)

t ⊥̸ S
(m)
t+1 | S

(−l)
t ,At

checks if there exists an edge from S
(l)
t to S

(m)
t+1 and

the second test S(m)
t ⊥̸ S

(l)
t+1 | S

(−m)
t ,At checks if

there is an edge from S
(m)
t to S

(l)
t+1. If either edge

is present, the states transition jointly and therefore
belong to the same state group, according to assump-
tion 2. The tests in part (b) check if there is an edge
between each action and any state in the grouping.

While Propositions 1 and 2 both yield valid
tests in the disentangled setting, the test implied by
Proposition 2 is preferable when the state dimen-
sion exceeds the action dimension (i.e., Ds > Da).
This is because it avoids conditioning on a 2Ds-
dimensional variable, resulting in a simpler test.

4.3. Finite sample considerations

In practice, the independence tests required for both the entangled and disentangled settings are con-
ducted using finite samples and are therefore subject to statistical error. In the following corollary,
we study the impact of using an estimated grouping Ĝa with a bounded false negative rate ≤ δ on
the value of the optimal policy. We focus on the false negative rate because false positives do not
result in a biased policy.

Corollary 1 Let Ĝa be a learned grouping such that Pr[Ga ̸⊆ Ĝa] ≤ δ, let
π∗
Ga

:= argmaxπ:π∈Π Es∼µ[V
π(s)] and π∗

Ĝa
:= argmax

π:π∈Π(Ĝa)
Es∼µ[V

π(s)]. We have that
Pr[Vπ∗

Ga
< Vπ∗

Ĝa
] ≤ δ.

Corollary 1 implies that if the probability of missing any true dependencies in the estimated
groupings Ĝa is at most δ then the probability that the resulting policy fails to achieve the optimal
value is also bounded by δ.
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5. Approach

Leveraging our findings from section 4, we propose the Discovered Factorization RL approach
(DiFaRL) which first learns the action groupings Ĝa then identifies the optimal policy based on the
learned factorization.

5.1. Learning the groupings Ĝa

We test the independence signatures in Propositions 1 and 2 using kernel conditional independence
tests (KCIT) (Zhang et al., 2012). In settings where additional parametric assumptions about the
relationship between different variables is available, more efficient parametric tests can be used. To
account for the fact we are conducting multiple hypothesis testing, we set the p-value to be low
= 0.005, following Zhang et al. (2012). Alternatively, a Bonferroni correction can be applied. We
state the full procedures for the entangled settings in algorithm 1. We include the procedure for the
disentangled setting in appendix A.

5.2. Policy optimization with learned groupings

Q(s, a) Q(s, a)

ss

s
⨁

Figure 2: Two Q-network architectures for a bi-
nary action space with 3 sub-actions. Left: Dense
network that evaluates all sub-action combina-
tions. Right: Linearly decomposed network over
learned action groupings.

Having obtained the estimated groupings, Ĝa,
we use that grouping to inform the policy op-
timization step. We propose two fitted Q-
iteration (FQI) (Riedmiller, 2005) approaches,
though most offline RL algorithms can be
adapted similarly.

5.2.1. LINEARLY DECOMPOSED FQI

A direct way to exploit the learned grouping Ĝa

is to incorporate it into the architecture of the Q-
function. This induces a linear decomposition
of Q consistent with Ĝa, as illustrated in Figure 2. We initialize Q̂0(st,at) = 0, and for t =
1, . . . , T perform the iterative update

Q̂t(s,a) = rt + γ
∑

g
(k)
a ∈Ĝa

max

a
g
(k)
a

t

Qt−1

(
st+1,a

g
(k)
a

t+1

)
. (1)

For each update the input to the Neural Network is the state-action pair and the output is the
estimated Q-value. This decomposition can be interpreted as an extension of Tang et al. (2022),
where we replace their fully factored action space with a learned factorization that better captures
the underlying interaction structure. Equation 1 encodes the interactions based on the causal discov-
ery results. However, a limitation of this linear decomposition is that it does not exploit the internal
sub-action structure within the group. Meaning it treats all actions within a subgroup as equally in-
fluential in the interaction term, failing to capture heterogeneous contributions of individual actions
within each subgroup. This shortcoming motivates our attention-based approach.
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5.2.2. FQI WITH ATTENTION

Attention-based architectures (Vaswani et al., 2017) provide a flexible and expressive mechanism
for modeling complex, state-dependent interactions among sub-actions Landers et al. (2025b). In
settings with nonlinear and context-specific dependencies, attention layers can effectively capture
these relationships.

To that end, we represent each sub-action with a learnable embedding, and state information is
incorporated through Feature-wise Linear Modulation (FiLM) (Perez et al., 2018), yielding state-
conditioned sub-action embeddings. Compared to simple concatenation of state and action features,
FiLM offers a more parameter-efficient and structured means of modulating action representations
based on the current state.

We then apply a masked self-attention layer that learns sub-action interactions. The attention
mask is informed by the estimated grouping Ĝa: it enforces that only sub-actions within the same
group may attend to one another. Attention weights between different groups are fixed to zero and
are not updated during training. Specifically, let A(h) be the attention matrix for the h-th attention
head. Then, we set A(h)

ij = 0 if ga(i) ̸= ga(j).

Figure 3: Overview of DiFaRL: the sub-action embeddings are conditioned on the state using FiLM.
These are passed through a multi-headed self attention layer which is masked using the discovered
groups Ĝa, injecting information from relevant sub-actions into each action embeddings. These
embeddings are passed through an MLP and summed for the final Q-value estimate.

Finally, each attended sub-action representation is passed through its corresponding MLP, and
the outputs are summed to produce the Q-value. The full architecture is shown in Figure 3.

6. Experiments

We evaluate our approach on a multi-agent setting, a simulated benchmark, and a healthcare task to
assess the validity of our approach.
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Baselines We compare our proposed approach against several baselines: (1) Dense: Dense net-
work that not incorporate any factorization of the action space, (2) Factored: Assumes a full fac-
torization of the sub-actions (Tang et al., 2022), (3) Unfactored Attention: FQI with an atten-
tion architecture between sub-actions, an offline value-based version of SAINT (Landers et al.,
2025b), (4) FOCUS: A causal-discovery model based approach, only applies in the disentangled
setting (Zhu et al., 2022), (5) BraVE: Dense network that selects and evaluates actions using a tree-
structured action traversal (Landers et al., 2025a), (6) Attention Oracle: An unattainable model
utilizes our attention architecture but has access to the ground truth mask Ga.

For our approach and FQI-based baselines, we set the maximum number of iterations for the
fitted Q-iteration to 30 iterations using a neural network function approximator.

6.1. MARL: Simple Spread

We evaluate our method in the Multi-Particle Environments (MPE) Petting Zoo Simple Spread
multi-agent environment. In this setting, agents must learn to cover landmarks while avoiding col-
lisions. To test our approach, we construct a simulation where some agents interact while others
behave independently by instantiating three parallel environments: one containing two interacting
agents, and two additional environments each containing a single agent. Agents in the same envi-
ronment interact by coordinating their behavior such that each agent navigates to a distinct landmark
while simultaneously avoiding collisions with other agents; cross-instance interactions are not al-
lowed.

Figure 4: Performance in the Simple Spread sim-
ulator with a uniformly random behavioral policy
over varying sample sizes. Plots display the me-
dian performance of the best FQI iteration over 5
runs. Performance is measured by evaluating in
an online fashion in the simulator over 25 trials.

This is an example of a disentangled set-
ting, where the sub-actions correspond to the
action of each agent and the sub-states corre-
spond to the agent’s states. We collect data us-
ing a uniformly random policy.

The results are shown in figure 4. Our ap-
proach performs comparably to the unattain-
able oracle model, and outperforms all mod-
els (excluding FOCUS) at all sample sizes. We
achieve a median false negative rate (FNR) of
0 across all sample sizes. In very small sam-
ples, FOCUS achieves the best performance
by leveraging state-space factorization for next
state generation. However, since model-based
approaches introduce bias through their struc-
tural assumptions, FOCUS stagnates with more
data where other approaches continue to im-
prove. In this example, FOCUS learns that each
sub action effects only one sub-state, missing
the fact that these actions interact through the
state group. DiFaRL outperforms FOCUS with
more data, because as a model-free approach it does not rely on a biased world model.

The factored approach is unable to attain high policy values since it introduces bias by ignoring
interaction between the two agents in the same environment. The dense network and the unfactored
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attention can in principle achieve high policy values but are unable to do so in small samples due to
the higher complexity of their corresponding function classes.

6.2. Simulated Dataset

We evaluate our approach in a simulated setting with an entangled MDP. The objective is to stabilize
patient’s observed blood pressure (BP), which is influenced by the following unobserved factors:
blood volume (BV), heart contraction strength (HC), and vascular resistance (VR). The clinician’s
action vector is A = (AIV, ABB, APH, AS), where each binary variable indicates whether the corre-
sponding treatment (intravenous fluid, beta-blockers, phenylephrine, or steroid) is administered.

We set up the simulation such that APH and AS interact to jointly affect the state transition and
reward while ABB and AIV influence the transition and reward independently. The clinician receives
a non-negative reward if all unobserved variables are within their normal range. Full details of the
transition and reward function are in appendix C.

We generate datasets with different sample sizes following different behavior policies, and run
each episode for 20 time steps. We consider behavior policies that take the optimal action for each
sub-action with probability ϵ and select randomly among non-optimal sub-actions with probability
1 − ϵ. We repeat each setting of sample size and behavior policy 10 times with a different random
seed. We learn the policies offline with pre-collected data, but use the simulator to evaluate them in
an “online” fashion, avoiding the need for off policy evaluation (OPE).

Figure 5: Performance in the blood pressure sim-
ulator with an ϵ greedy behavior policy (ϵ = 0.5).
Each plots displays the median performance of
the best FQI iteration over 10 runs. The sample
size is the number of training episodes and perfor-
mance is measured analytically from the ground
truth MDP.

Figure 5 shows the results. The x-axis
shows the sample size and the y-axis shows
the policy value calculated analytically from the
MDP’s transition and reward function. Our ap-
proach performs better than all other feasible
approaches across all sample sizes, especially
when the sample size is small. Across all sam-
ple sizes, we have a median false negative rate
of 0. The advantage of our model is most pro-
nounced in small samples, indicating greater
statistical efficiency than competing methods.
By ignoring the interaction between APH and
AS , the factored policy introduces bias that per-
sists even with large sample sizes. BraVE per-
forms poorly especially in small samples be-
cause its tree traversal procedure does not lever-
age the underlying causal structure. FOCUS is
excluded from the analysis since it requires that
the state space be disentangled.

When the behavioral policy is non-uniform
(0 < ϵ < 1), certain states and actions are un-
likely to be observed, causing all models to per-
form worse. We include results for ϵ = 1 and
ϵ = 0.2 in appendix E.
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Additionally, we include a stress-test relaxing the invertibility of the latent Z to the observed
S. We incorporate a NOTEARS based attention method as an additional baseline. We include both
these results in appendix E.

6.3. Healthcare Data: Sepsis Treatment in MIMIC-III

We apply our model to the task of ICU sepsis treatment using real healthcare data. To that end, we
follow the same data extraction and experiment setup as Tang et al. (2022). Specifically, we extract
a sepsis cohort from MIMIC-III and use a 70/15/15 split for training, validation and testing.

The data consists of 10 time-invariant demographic features and 33-dimensional time series
data collected at 4-hour intervals. These measurements are from up to 24 hours before the onset
of sepsis and up to 48 hours after. We use a recurrent neural network (RNN) with long short-term
memory (LSTM) cells to create an approximate state that summarizes a patient’s medical history
into a Ds-dimensional S representing the entangled state vector.

Following Tang et al. (2022), we model the reward as 100 if the patient survives 48 hours and 0
if they do not; all intermediate rewards are 0. The actions are the volume of IV fluid administered
and the amount of vasopressors. This results in a 5×5 action space. We adopt batch-constrained Q-
learning (BCQ) (Fujimoto et al., 2019) and implement BCQ variants of Dense, Factored, Unfactored
Attention, BraVE and DiFaRL. We do not implement FOCUS because it does not apply to the
entangled setting.

We select the best model using OPE with the validation data set. We estimated the policy value
using weighted importance sampling (WIS). We define the effective sample size (ESS) to be the
equivalent number of samples that would yield the same amount of information if we could execute
our policy in the MDP. Higher ESS implies that we can more accurately estimate the WIS from the
test data. Following Tang et al. (2022), we estimate the behavioral policy using K nearest neighbors
(KNN) in the embedding space and select our final policy to be the one with the highest value in the
validation set and an ESS > 200 to ensure accurate value estimation. Because BraVE is not a BCQ
variant, it does not remain close enough to the behavioral policy to achieve an ESS > 200, so we
exclude it from the test data evaluation.

Figure 6 (left) shows the Pareto frontiers of the validation performance for the candidate poli-
cies. The figure shows that DiFaRL outperforms the baselines on the validation set, achieving a
higher estimated policy values for the same ESS.

Policy Test WIS
DiFaRL (Ours) 93.49 ± 1.83
Dense 93.47 ± 1.67
Factored 92.88 ± 1.85
Unfactored Attention 92.42 ± 1.93
Clinician 90.30 ± 0.64

Figure 6: Left: Pareto frontiers of the validation performance on the candidate policies. Shaded
region is the region where the ESS is less than our prespecified cutoff (ESS < 200). Right: Perfor-
mance on the test dataset. Standard deviation is measured from 100 bootstraps.
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Figure 6 (right) shows test-set results, confirming that our approach achieves the best perfor-
mance. Examining the learned groupings Ĝa, we observe that our method recovers a fully factored
model, consistent with the findings from Tang et al. (2022). The improved performance over the
Factored FQI, however, stems from architectural differences: the attention mechanism learns a
weighted aggregation, enabling more influential sub-actions to exert greater impact on the Q-value.

7. Conclusion

We designed a two-step algorithm for efficient offline reinforcement that leverages sub-action group
independence, without assuming complete factorization. By combining conditional independence
testing for group discovery with a linear decomposition of the Q-function, our method enables
scalable offline value-based RL while preserving expressivity. We further proposed an attention-
based variant that constrains interactions within groups. Theoretically, we established that when
an underlying grouping exists, any policy has a corresponding factored policy with identical action
values. Empirically, we demonstrated that our approach achieves improvements over baselines,
particularly in data-limited regimes. Together, these results highlight the promise of exploiting
structured action spaces for advancing offline RL.
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Appendix A. Algorithm for Estimating the Action Groupings with Disentangled
States

Algorithm 2: Estimating Ga and Gs with disentangled states
Input: D
Ks ← 0;
Ka ← 0;
Ĝs ← ∅;
for each (l,m) do

if S
(l)
t ⊥̸ S

(m)
t+1 | S

(−l)
t ,At then

if gs(l) = k or gs(m) = k where g
(k)
s ∈ Ĝs then

g
(k)
s ← g

(k)
s ∪ {l,m};

end
else

g
(Ks)
s ← {l,m};
Ks ← Ks + 1;

end
end

end
for each (i, l) do

if S(l)
t+1 ⊥̸ A

(i)
t | St then

if gs(l) = k ∈ Ĝa then
g
(k)
a ← g

(k)
a ∪ {i};

end
else

g
(Ka)
s ← {i};
Ka ← Ka + 1;

end
end

end
Output: Ĝa, Ĝs

Appendix B. Detailed Theoretical Analyses

B.1. Identifiably Proofs

Proposition A1 (Restatement of Proposition 1) Suppose P satisfies definition A1 and assumption 1,
then for any pair of sub-actions A(i), A(j) with i ̸= j, we have that A(i)

t ⊥ A
(j)
t | St,St+1 ⇐⇒

ga(i) ̸= ga(j)

Proof sketch. The proof proceeds by establishing that if A
(i)
t , A

(j)
t do not interact, any potential

pathways between the two will be blocked by conditioning on St If and only if A(i)
t , A

(j)
t do interact,

the pathway between them is opened by conditioning on St+1, which is equivalent to conditioning
on Zt+1 by the assumption that St+1 is an invertible deterministic function of Zt+1. This means that
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the conditional independence will be satisfied if A(i)
t , A

(j)
t do not interact but it will not be satisfied

if they do interact.

Proof [Proof of Proposition 1]
First, we will look at the causal structure induced by the MDP’s transition function. For an MDP

which admits a factored structure, there exists K latent sub-states corresponding to the K groups
in Ga. By definition 1, the definition of a factored transition function, Z(k)

t+1, depends only on Z
(k)
t ,

and all actions A(i)
t ∈ Ag

(k)
a

t , the group of actions indexed by g
(k)
a .

That means that the DAG will contain an edge A
(i)
t → Z

(k)
t+1 from each A(i) ∈ Ag

(k)
a . So, if

there are two actions A(i), A(j) ∈ Ag
(k)
a there will be the edges A(i)

t → Z
(k)
t+1 ← A

(j)
t . Z(k)

t+1 acts as
a collider on this path.

We are now ready to proceed with the main proof.
Step 1. First, we will show that if A(i), A(j) with i ̸= j, and A

(i)
t ⊥ A

(j)
t | St,St+1 then ga(i) ̸=

ga(j) We will proceed by contrapositive, showing if i, j ∈ gk, i.e., if ga(i) = ga(j) then A
(i)
t ̸⊥

A
(j)
t | St,St+1.

By assumption, S is an invertible function of Z. Therefore, conditioning on S is equivalent to
conditioning on Z because no information is lost.

First, note that St precedes A
(i)
t , A

(j)
t . This means that if St affects A

(i)
t , A

(j)
t , it can only be

a parent to either. That implies that any correlation induced due to St between A
(i)
t , A

(j)
t must

be because St is a common cause. By conditioning on St, and by the assumption of no hidden
confounders (assumption 1), all backdoor paths between A

(i)
t , A

(j)
t are blocked. Since St can only

be a parent to either A(i)
t , A

(j)
t , it cannot be a collider on a pathway between A

(i)
t and A

(j)
t .

Then, since Z
(k)
t+1 is a collider on a pathway between A(i) and A(j) and conditioning on St+1 is

equivalent to conditioning on Zt+1, conditioning on St+1 opens a pathway between A(i) and A(j)

if and only if Z(k)
t+1 is affected by both A(i) and A(j), which occurs when A

(i)
t ̸⊥ A

(j)
t | St,St+1 i.e.,

when ga(i) = ga(j).
Step 2. Next, we will show that if ga(i) ̸= ga(j) then A

(i)
t ⊥ A

(j)
t | St,St+1 holds. We will proceed

by contrapositive, showing if A(i)
t ̸⊥ A

(j)
t | St,St+1 then ga(i) = ga(j).

Assume that A(i)
t ̸⊥ A

(j)
t | St,St+1 holds. That means that an open pathway exists between

A
(i)
t and A

(j)
t . Following the same logic as step 1, conditioning on St, and by the assumption of no

hidden confounders (assumption 1), all backdoor paths between A
(i)
t , A

(j)
t are blocked.

By the definition of the policy π, actions are only a function the previous state, so a direct edge
from A

(i)
t is impossible A(j)

t . Therefore, there must be a pathway induced by conditioning on St+1.
Since St+1 is an invertible function of Zt+1, conditioning on St+1 is equivalent to conditioning on
Zt+1. So, since conditioning on Zt+1 opens a pathway between A

(i)
t and A

(j)
t , it must be a collider

on this path, meaning A
(i)
t and A

(j)
t must both be causal parents of at least one dimension of Zt+1.

So, by definition 1 which states that each Z
(k)
t+1, depends only on Z

(k)
t , and all actions A(i)

t ∈ Ag
(k)
a

t ,

these actions must be in the same g
(k)
a , ie ga(i) = ga(j).
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Proposition A2 (Restatement of proposition 2) Let S(−l)
t denote all the dimensions of St excluding

l, and suppose P satisfies definition 1, and assumption 2.

(a) For some S(l) there exists m ∈ g
(k)
s such that at least one of S(l)

t ⊥̸ S
(m)
t+1 | S

(−l)
t ,At, and

S
(m)
t ⊥̸ S

(l)
t+1 | S

(−m)
t ,At holds ⇐⇒ gs(l) = k.

(b) For a pair A(i), A(j) there exists l,m ∈ g
(k)
s and S

(l)
t+1 ⊥̸ A

(i)
t | St, and S

(m)
t+1 ⊥̸ A

(j)
t | St hold

⇐⇒ ga(i) = ga(j) = k.

Proof sketch. If A(i)
t and A

(j)
t interact, then they will both be a causal parent of at least one sub-state

in the corresponding state group.
If S(l)

t and S
(m)
t+1 are not conditionally independent given the other previous states and actions,

then S
(l)
t must be a causal parent to S

(m)
t+1 meaning these states belong to the same state group. If

A
(i)
t is not independent to S

(l)
t+1 conditioned on the previous state, then A

(i)
t is a causal parent of

S
(l)
t+1. If A(i)

t and A
(j)
t are causal parents to states in the same state group, they belong to the same

action group.

Proof [Proof of Proposition 2]
Proof of part (a).
Step 1. If for some S(l) there exists m ∈ g

(k)
s such that at least one of S(l)

t ⊥̸ S
(m)
t+1 | S

(−l)
t ,At and

S
(m)
t ⊥̸ S

(l)
t+1 | S

(−m)
t ,At hold then gs(l) = k.

If S(l)
t ⊥̸ S

(m)
t+1 | S

(−l)
t ,At holds then S

(l)
t is a causal parent of S(m)

t+1 . By the Markov property in
assumptions 1, states and actions can only depend on previous states and actions. In assumption 2,
we assume no hidden confounders between A

(i)
t , A(j)

t , S(l)
t , S(l)

t+1, S(m)
t . So, by conditioning on

S
(−l)
t and At, we have blocked all pathways between S

(l)
t and S

(m)
t+1 other than a direct edge from

S
(l)
t to S

(m)
t+1 . Furthermore S

(¬m)
t and At cannot be colliders on this pathway. The transition func-

tion is defined as p(st+1 | st,at) meaning S
(¬m)
t cannot have an edge to S

(l)
t . By the definition of

a policy π(at|st) there cannot be an edge from At to S
(l)
t . So, S(¬m)

t and At will not be colliders
on this path.

It follows that if S(l)
t ⊥̸ S

(m)
t+1 | S

(−l)
t ,At then S

(l)
t is a causal parent of S(m)

t+1 . Following the

same reasoning, if S(m)
t ⊥̸ S

(l)
t+1 | S

(−m)
t ,At holds then S

(m)
t is a causal parent of S(m)

t+1 . Since S(l)

either affects or is affected by a state in g
(k)
s then by assumption 2 gs(l) = k.

Step 2. If gs(l) = k, then there exists m ∈ g
(k)
s such that at least one of S(l)

t ⊥̸ S
(m)
t+1 | S

(−l)
t ,At

and S
(m)
t ⊥̸ S

(l)
t+1 | S

(−m)
t ,At hold.

Assume gs(l) = k. Then by assumption 2 there must exist some m ∈ g
(k)
s such that either S(m)

t

is a causal parent of S(l)
t+1 or S(l)

t is a causal parent of S(m)
t+1 . Therefore, by the same logic as step 1,

if S(l)
t is a causal parent of S(m)

t+1 then S
(l)
t ⊥̸ S

(m)
t+1 | S

(−l)
t ,At will hold. If S(m)

t is a causal parent

of S(l)
t+1 then S

(m)
t ⊥̸ S

(l)
t+1 | S

(−m)
t ,At will hold.
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Proof of part (b).
Step 1. For a pair A(i), A(j) if there exists l,m ∈ g

(k)
s and S

(l)
t+1 ⊥̸ A

(i)
t | St, and S

(m)
t+1 ⊥̸ A

(j)
t | St

hold then ga(i) = ga(j) = k.
Assume that for a pair A(i), A(j) there exists l,m ∈ g

(k)
s such that S(l)

t+1 ⊥̸ A
(i)
t | St, and

S
(m)
t+1 ⊥̸ A

(j)
t | St. First, let’s show that if S(l)

t+1 ⊥̸ A
(i)
t | St then A

(i)
t is a causal parent of S(l)

t+1.
By the Markov property in assumptions 1, states and actions can only depend on previous states

and actions. In assumption 2, we assume no hidden confounders between A
(i)
t , A(j)

t , S(l)
t+1, S(m)

t+1 .

So, by conditioning on St, we have blocked all pathways between S
(l)
t+1 and A

(i)
t other than a direct

edge from A
(i)
t to S

(l)
t+1. It follows that if S(l)

t+1 ⊥̸ A
(i)
t | St then A

(i)
t−1 is a causal parent of S(l)

t . By

the same logic, S(m)
t+1 ⊥̸ A

(j)
t | St implies that A(j)

t is a causal parent of S(m)
t+1 . If A(i)

t and A
(j)
t are

both causal parents to at least one state in a state group k, then A(i) and A(j) are in the same action
group ga(i) = ga(j) = k by assumption 2.

Step 2. If ga(i) = ga(j) = k then for A(i), A(j) there exists l,m ∈ g
(k)
s such that S(l)

t+1 ⊥̸ A
(i)
t |

St, and S
(m)
t+1 ⊥̸ A

(j)
t | St hold.

Let ga(i) = ga(j) = k. Then, by assumption 2 A(i), A(j) affect actions one state group g
(k)
s , so

A(i) and A(j) will both be causal parents to at least on state in g
(k)
s . Meaning, there exists l,m ∈ g

(k)
s

such that A(i) is a causal parent to S
(l)
t+1 and A(j) is a causal parent to S

(m)
t+1 . By the same reasoning

as step 1, it follows that S(l)
t+1 ⊥̸ A

(i)
t | St, and S

(m)
t+1 ⊥̸ A

(j)
t | St hold.

B.2. Factored Value Functions

We first review some important background on state abstractions, which allow us to prove the fol-
lowing statements in a more general setting.

Background on State Abstractions. A state abstraction (also known as state aggregation) Li
et al. (2006), is a mapping ϕ : S → Ω that converts each element of the primitive state space S to
an element of the abstract state space Ω. Intuitively, if two states s1 and s2 are mapped to the same
element under ϕ, i.e., ϕ(s1) = ϕ(s2), then they are treated as the same (abstract) state under the
abstraction. Therefore, we can view an abstraction as a partitioning of the primitive state space into
non-overlapping subsets. Since a state abstraction is a many-to-one mapping, we define its inverse
as ϕ−1(ω) = {s̃ : ϕ(s̃) = ω}, a set containing all primitive states that are mapped to the abstract
state ω.

We have the following property of summations involving state abstractions, where for any func-
tion f : S → R, ∑

s∈S
f(s) =

∑
ω∈Ω

∑
s̃∈ϕ−1(ω)

f(s̃)

To understand this property, let us consider the sum of f(s) for all states in S which can be obtained
in two different ways: i) directly iterating through the elements of S, ii) first iterating through
the partitions of S (induced by the abstraction), and then iterating through the elements in each
partition, giving rise to the double summation. This property allows us to change the index of
summation from primitive states to abstract states. For multiple abstractions ϕ = [ϕ1, · · · , ϕK ]
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where ϕk ̸= ϕk′ if k ̸= k′, denoting ω = ϕ(s) = [ω1, . . . , ωK ], we can similarly define the inverse
abstraction ϕ−1(ω) = {s̃ : ϕ(s̃) = ω}, and the summation property similarly applies.

We restate definition definition 1 using state abstractions to prove the following statements more
generally.

Definition A1 (Restatement of definition 1 using state abstractions) For an MDP which admits a
factored structure, there exists K state abstractions corresponding to the K groups in G. ϕ =
[ϕ1, · · · , ϕK ] where ϕk : S → Ωk, ωk = ϕk(s), such that for all st,at, st+1 the following holds:

∑
s̃∈ϕ−1(ϕ(st+1))

p(s̃|st,at) =
∏K

k=1 pk(ω
(k)
t+1|ω

(k)
t ,ag

(k)
a

t ) (2)

r(st,at) =
∑K

k=1 rk(ω
(k)
t ,ag

(k)
a

t ) (3)

For some pk : Ωg ×Ag
(k)
a → ∆Ωk and rk : Ωk ×Ag

(k)
a → R.

Theorem A1 (Restatement of Theorem 1) Given an MDP which factors according to definition A1,
then any policy π ∈ Π has some corresponding policy π′ ∈ Π(G) with an equivalent value function:

Qπ(s,a) = Qπ′
(s,a) =

K∑
k=1

qπ
′
k(s,ag

(k)
a ).

Proof [Proof of Theorem 1] Without loss of generality, we consider the setting with D = 2, the
extension to D > 2 is straightforward. The proof is based on mathematical induction on a sequence
of h-step Q-functions of π defined as Qπ,(h)(s,a) = E[

∑h
t=1 γ

t−1rt|s1 = s,a1 = a,at ∼ π].
Base case. For h = 1, the one-step Q-function is the reward, which by assumption is r(s,a) =

r1(ω1,a
g
(1)
a ) + r2(ω2,a

g
(2)
a ). By virtue of being the first time step (h = 1), the policy does not

affect the Q value except through ag
(1)
a ,ag

(2)
a . So for any policies π′

1 and π′
2, Qπ,(1)(s,a) =

Qπ′,(1)(s,a) = Qπ′
1,(1)(ω1,a

g
(1)
a ) +Qπ′

2,(1)(ω2,a
g
(2)
a ).

Inductive Step. Suppose Qπ,(h)(s,a) = Qπ′,(h)(s,a) = Qπ′
1,(h)(ω1,a

g
(1)
a ) +Qπ′

2,(h)(ω2,a
g
(2)
a )

where π′
1(a

′g
(1)
a , ω′

1) =
∑

ω′
2
p(ω′

2|ω2,a
g
(2)
a )

∑
a′g

(2)
a

π(a′g
(1)
a ,a′g

(2)
a |ω′

1, ω
′
2) and π′

2(a
′g

(1)
a , ω′

1) =∑
ω′
1
p(ω′

1|ω1,a
g
(1)
a )

∑
a′g

(1)
a

π(a′g
(1)
a ,a′g

(2)
a |ω′

1, ω
′
2). We can express Qπ,(h+1)(s,a) in terms of

Qπ,(h)(s,a) using the Bellman equation:

Qπ,(h+1)(s,a) = r(s,a) + γ
∑
s′

p(s′|s,a)
∑
a′

π(a′|s′)Qπ,(h)(s,a)
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Qπ,(h+1)(s,a) = r(s,a) + γ
∑
s′

p(s′|s,a)
∑
a′

π(a′|s′)Qπ,(h)(s,a)

= r(s,a) + γ
∑
ω′

∑
s̃∈ϕ−1(ω′)

p(s̃|s,a)
∑
a′

π(a′|s̃)Qπ,(h)(s̃,a)

= r(s,a) + γ
∑
ω′

∑
s̃∈ϕ−1(ω′)

p(s̃|s,a)
∑
a′

π(a′|s̃)

×
(
Qπ′

1,(h)(ω1,a
g
(1)
a ) +Qπ′

2,(h)(ω2,a
g
(2)
a )

)
= r(s,a) + γ

∑
ω′
1

∑
ω′
2

p(ω′
1|ω1,a

g
(1)
a ) p(ω′

2|ω2,a
g
(2)
a )

×
∑
a′g

(1)
a

∑
a′g

(2)
a

π(a′
g
(1)
a ,a′

g
(2)
a |ω′

1, ω
′
2)
(
Qπ′

1,(h)(ω1,a
g
(1)
a ) +Qπ′

2,(h)(ω2,a
g
(2)
a )

)
= r1(ω1,a

g
(1)
a ) + r2(ω2,a

g
(2)
a )

+ γ
∑
ω′
1

∑
ω′
2

p(ω′
1|ω1,a

g
(1)
a ) p(ω′

2|ω2,a
g
(2)
a )

∑
a′g

(1)
a

∑
a′g

(2)
a

× π(a′
g
(1)
a ,a′

g
(2)
a |ω′

1, ω
′
2)Q

π′
1,(h)(ω1,a

g
(1)
a )

+ γ
∑
ω′
1

∑
ω′
2

p(ω′
1|ω1,a

g
(1)
a ) p(ω′

2|ω2,a
g
(2)
a )

×
∑
a′g

(1)
a

∑
a′g

(2)
a

πa′
g
(1)
a ,a′

g
(2)
a |ω′

1, ω
′
2)Q

π′
2,(h)(ω2,a

g
(2)
a ).

Gathering all the terms that can be written as a function of ω1,a
g
(1)
a , we get:

r1(ω1,a
g
(1)
a ) + γ

∑
ω′
1

∑
ω′
2

p(ω′
1|ω1,a

g
(1)
a )p(ω′

2|ω2,a
g
(2)
a )

×
∑
a′g

(1)
a

∑
a′g

(2)
a

π(a′
g
(1)
a ,a′

g
(2)
a |ω′

1, ω
′
2)Q

π′
1,(h)(ω1,a

g
(1)
a )

=r1(ω1,a
g
(1)
a ) + γ

∑
ω′
1

∑
a′g

(1)
a

p(ω′
1|ω1,a

g
(1)
a )

∑
ω′
2

p(ω′
2|ω2,a

g
(2)
a )

×
∑
a′g

(2)
a

π(a′
g
(1)
a ,a′

g
(2)
a |ω′

1, ω
′
2)Q

π′
1,(h)(ω1,a

g
(1)
a )

=r1(ω1,a
g
(1)
a ) + γ

∑
ω′
1

∑
a′g

(1)
a

p(ω′
1|ω1,a

g
(1)
a )π1(a

′g
(1)
a , ω′

1)Q
π′
1,(h)(ω1,a

g
(1)
a )

=Qπ′
1,(h+1)(ω1,a

g
(1)
a )
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A similar argument can be made with respect to terms that can be written as a function of ω2

and ag
(2)
a . Specifically,

r2(ω2,a
g
(2)
a ) + γ

∑
ω′
1

∑
ω′
2

p(ω′
1|ω1,a

g
(1)
a )p(ω′

2|ω2,a
g
(2)
a )

×
∑
a′g

(1)
a

∑
a′g

(2)
a

π(a′
g
(1)
a ,a′

g
(2)
a |ω′

1, ω
′
2)Q

π′
2,(h)(ω2,a

g
(2)
a )

= Qπ′
2,(h+1)(ω2,a

g
(2)
a )

It follows that Qπ,(h+1)(s,a) = Qπ′
1,(h+1)(ω1,a

g
(1)
a ) +Qπ′

2,(h+1)(ω2,a
g
(2)
a ).

By mathematical induction, this decomposition holds for any h-step Q-function. Letting h →
∞ shows that this holds for the full Q-function.

B.3. Error Bounds

Corollary A1 Given a grouping Ĝa such that Pr[Ga ̸⊆ Ĝa] ≤ δ, let π∗
Ga

:= argmaxπ:π∈Π Es∼µ[V
π(s)]

and π∗
Ĝa

:= argmax
π:π∈Π(Ĝa)

Es∼µ[V
π(s)]. We have that

Pr[Vπ∗
Ga

< Vπ∗
Ĝa

] ≤ δ.

Proof [Proof of Corollary 1] We have that Pr[Ga ̸⊆ Ĝa] ≤ δ, so Pr[Ga ⊆ Ĝa] > 1−δ. If Ga ⊆ Ĝa,
then Π(Ga) ⊆ Π(Ĝa) meaning that Vπ∗

Ga
= Vπ∗

Ĝa
. Pr[Vπ∗

Ga
= Vπ∗

Ĝa
] > 1 − δ so it follows that

Pr[Vπ∗
Ga

< Vπ∗
Ĝa

] ≤ δ.

Appendix C. Blood Pressure Simulation Details

The observed blood pressure (BP) is a function of the underlying latent health states: blood volume
(BV), heart contraction rate (HC) and vascular resistance (VR).

BP = V R ∗ 52 +HC ∗ 5 +BV

Transition Function:
The latent state variables transition acording to the following tables:

Reward Function: The rewards are defined per latent state to reflect the respective significance
of each on patient health.
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AIV BVt+1 Probability
1 clip(BVt + 1, 0, 4) 0.56
1 clip(BVt + 2, 0, 4) 0.14
1 BVt 0.3

0 clip(BVt − 1, 0, 4) 0.10
0 BVt 0.90

ABB HCt+1 Probability
1 clip(HCt − 1, 0, 4) 0.80
1 clip(HCt, 0, 4) 0.20

0 clip(HCt + 1, 0, 4) 0.10
0 HCt 0.90

APH AS V Rt+1 Probability
1 1 clip(V Rt + 1, 0, 4) 0.90
1 1 clip(V Rt, 0, 4) 0.10

1 0 clip(V Rt, 0, 4) 1.00

0 1 clip(V Rt − 1, 0, 4) 0.10
0 1 clip(V Rt, 0, 4) 0.90

0 0 clip(V Rt − 1, 0, 4) 0.10
0 0 clip(V Rt, 0, 4) 0.90

rBV (x) =



−4, x = 0,

−2, x = 1,

0, x = 2,

0, x = 3,

−1, x = 4,

rHC(x) =



−3, x = 0,

−1, x = 1,

0, x = 2,

0, x = 3,

−1, x = 4,

rV R(x) =



−4, x = 0,

−2, x = 1,

0, x = 2,

−2, x = 3,

−4, x = 4.

The total reward is a sum of the per-substate reward:

r(z) =
∑

i∈[BV,HC,V R]

ri(zi)

Appendix D. Simulation Implementation Details

D.1. Simple Spread

Attention Models
We use an embedding dimension of 64 and 8 attention heads. We have 2 hidden layers and 512
hidden units. We use a learning rate of 1e-3 and a weight decay of 0.
Dense Model
We have 2 hidden layers and 512 hidden units. We use a learning rate of 1e-3 and a weight decay
of 1e-5.
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Factored Model
We have 2 hidden layers and 512 hidden units. We use a learning rate of 3e-4 and a weight decay
of 1e-5.
FOCUS
For the world model we have 3 hidden layers, with dimension 512. We use a learning rate of 3e-4
and a weight decay of 1e-4. For the Q-network we use an action-in architecture with 1024 hidden
units and 2 layers. We use a learning weight of 1e-4 and weight decay of 1e-4.
BraVE
We follow the hyperparameters in the original implementation of BraVE. We have 6 hidden layers
with dimension 256. We use a learning rate of 2.5e-4 and a weight decay of 0.

D.2. Blood Pressure Simulator

Attention Models
We use an embedding dimension of 32, 4 attention heads, a hidden size of 128 and a hidden dimen-
sion of 2. We use a learning rate of 3e-4.
Dense Model
We use a dimension of 128 with 3 hidden layers. We use a learning rate of 3e-4.
Factored Model
We use a dimension of 128 with 3 hidden layers. We use a learning rate of 3e-4.
BraVE
We use a hidden size of 256 with a hidden dimension of 2. We use a learning rate of 1e-3. We ran
a version of BraVE with the same hyperparameters as the other models (A dimension of 128 with
3 hidden layers and a learning rate of 3e-4) which caused it to perform worse. We include those
results here.

Figure 7: BraVE results with the same hyperparameter config as the other baselines.
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Appendix E. Additional Blood Pressure Simulation Results

Figure 8: Linearly decomposed FQI results.

Figure 9: Blood pressure simulation results for three values of epsilon. As the value of ϵ decreases,
the behavioral policy becomes closer to deterministic. It therefore becomes more difficult to avoid
false positives, making our model more similar to the baseline attention model.
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Figure 10: Modified blood pressure simulation with a non-invertible mapping from the latent Z to
the observed S.

Figure 11: Blood pressure simulation with a NOTEARS based attention implementation.
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Appendix F. DAG Variations

Z1
t Z1

t+1

Z2
t Z2

t+1

A1
t

A2
t

A3
t

A4
t

A5
t

St St+1

S1
t−1 S1

t

S2
t−1 S2

t

A1
t−1

A2
t−1

A3
t−1
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