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Abstract

In this work, we investigate the general-
ization properties of random feature meth-
ods. Our analysis extends prior results for
Tikhonov regularization to a broad class of
spectral regularization techniques and fur-
ther generalizes the setting to operator-
valued kernels. This unified framework en-
ables a rigorous theoretical analysis of neural
operators and neural networks through the
lens of the Neural Tangent Kernel (NTK). In
particular, it allows us to establish optimal
learning rates and provides a good under-
standing of how many neurons are required
to achieve a given accuracy. Furthermore, we
establish minimax rates in the well-specified
case and also in the misspecified case, where
the target is not contained in the reproducing
kernel Hilbert space. These results sharpen
and complete earlier findings for specific ker-
nel algorithms.

1 INTRODUCTION

Operator learning has become a powerful paradigm
in machine learning. It is particularly well suited
for surrogate modeling in areas such as uncertainty
quantification, inverse problems, and design optimiza-
tion. The central objective in these applications is
to approximate potentially nonlinear operators, for in-
stance solution operators of partial differential equa-
tions (PDEs), see Kovachki et al. (2023a). Among
the most widely used approaches in this context are
Neural Operators (NOs), which generalize classical
neural networks to the broader task of learning op-
erators, i.e., mappings between (potentially) infinite-
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dimensional function spaces (Kovachki et al., 2023b; Li
et al., 2021c; Qin et al., 2024; Wang et al., 2021; Raissi
et al., 2019; Li et al., 2020; Sharma et al., 2024).

Despite their practical success in scientific comput-
ing, the theoretical understanding of Neural Opera-
tors (NOs) is still limited. Existing work has primar-
ily focused on approximation properties (Huang et al.,
2024; Schwab and Zech, 2021; Marcati and Schwab,
2023; Kovachki et al., 2021, 2024), while generaliza-
tion results are comparatively scarce (see, e.g., Kim
and Kang (2022); Lara Benitez et al. (2024)). Re-
cent progress has been made in the neural tangent ker-
nel (NTK) regime, where Nguyen and Mücke (2024)
established minimax rates for operator learning. At
the same time, gradient descent (GD) dynamics sug-
gest a connection to random feature approximations
of vector-valued reproducing kernels, but convergence
guarantees for such methods are not yet available. To
date, only Tikhonov regularization has been analyzed
in this setting (Lanthaler and Nelsen, 2023). In this
work, we contribute by deriving minimax rates for a
broad class of spectral regularization schemes, includ-
ing GD, thereby enabling the derivation of generaliza-
tion bounds for NOs.

In addition to bridging this theoretical gap, random
feature approximation (RFA) is of independent in-
terest. Kernel methods remain state-of-the-art in
many non-parametric statistical applications and pro-
vide an elegant framework for developing new theoret-
ical insights (Lin and Cevher, 2018; Lin et al., 2020a;
Zhang et al., 2024). However, their benefits come
at a substantial computational cost, making them in-
feasible for large-scale datasets. Classical kernelized
algorithms require storing the kernel Gram matrix
K ∈ Rn×n, with entries Ki,j = K(ui, uj) for kernel
function K(·, ·) and data points ui, uj . This entails
a memory cost of O(n2) and a time cost of up to
O(n3), where n denotes the dataset size (Schoelkopf
and Smola, 2002).

RFA alleviates these costs by exploiting integral rep-
resentations of kernels that can be approximated via
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finite sums of random features. For kernel ridge regres-
sion (KRR), this reduces memory and computational
costs to O(nM) and O(nM2), respectively, where M
is the number of random features (Rudi and Rosasco,
2016). For gradient descent (GD), the cost becomes
O(nMt), with t denoting the number of iterations, and
can be further reduced by acceleration methods such as
Heavy-Ball or Nesterov, which achieve the same gen-
eralization error as GD in only

√
t iterations (Pagliana

and Rosasco, 2019). Our analysis further suggests that
M should typically exceed t, which explains why ran-
dom feature methods often perform best when com-
bined with iterative regularization schemes. This ob-
servation highlights the need for rigorous theoretical
guarantees in such settings.

For kernel ridge regression (KRR), the central question
of how many random features are required to achieve
optimal convergence rates has been studied extensively
(Rahimi and Recht, 2007; Li et al., 2021b; Zhen et al.,
2020; Rudi and Rosasco, 2016; Lanthaler and Nelsen,
2023). Rahimi and Recht (2007) first established op-
timal rates for M = O(n) random features in the case
of real-valued kernels (rvk). This was later improved
by Rudi and Rosasco (2016) to M = O(

√
n log n),

and further extended to stochastic kernel ridge regres-
sion in Carratino et al. (2019). Most recently, Lan-
thaler and Nelsen (2023) removed the logarithmic fac-
tor, showing that M = O(

√
n) suffices in the more

general setting of vector-valued kernels (vvk). A de-
tailed comparison is provided in Table 1. These re-
sults for M hold in the well-specified case where the
target function belongs to the RKHS. The question of
how many random features are required for broader
smoothness classes, where the target function may lie
outside the RKHS, remains open.

Contribution. Our main motivation for studying
vector-valued kernels and random feature approxima-
tion (RFA) is to derive generalization guarantees for
Neural Operators (NOs).

To the best of our knowledge, RFA with vector-valued
kernels has previously been analyzed mainly in the
setting of KRR. In this work, we develop a unified
framework based on spectral filtering (Caponnetto and
De Vito, 2007), which yields optimal convergence rates
for a broad class of learning methods with either ex-
plicit or implicit regularization. This includes gradient
descent and acceleration techniques, and it recovers as
special cases the KRR results of Rudi and Rosasco
(2016) for real-valued kernels and of Lanthaler and
Nelsen (2023) for vector-valued kernels.

Our framework further accommodates kernels repre-
sented as sums of integral kernels, covering in partic-
ular operator-valued neural tangent kernels. This ex-

tension provides, for the first time, convergence rates
for random feature methods with vector-valued kernels
beyond KRR, thereby opening the door to rigorous
statistical guarantees for NOs in the NTK regime.

A key advantage of our approach is that both the con-
vergence rates and the number of random features re-
quired for optimality are independent of the dimension
of the input space. This makes the results directly
applicable to NOs, where inputs are functions rather
than finite-dimensional vectors. At the same time, the
number of random features scales only quadratically
with the feature dimension of the combined input rep-
resentation per neuron, yielding generalization guaran-
tees for NOs that combine minimax-optimal statistical
rates with computational efficiency.

Table 1: Comparison of random feature require-
ments (M) for achieving generalization error of or-

der O(n− 1
2 ). The last column indicates the smooth-

ness classes where optimal rates are known; see As-
sumptions 3.2, 3.3 for the meaning of r, b > 0.
[1]=Rahimi and Recht (2007), [2]=Rudi and Rosasco
(2016), [3]=Lanthaler and Nelsen (2023)

References M Method Smoothness

[1] O(n) KRR (rvk) r ∈ [0.5, 1]
[2] O(

√
n logn) KRR (rvk) r ∈ [0.5, 1]

[3] O(
√
n) KRR (vvk) r = 0.5

Our O(
√
n logn) Spec. (vvk) 2r + b > 1

The rest of the paper is organized as follows. Section
2 introduces the setting, recalls key definitions in the
context of random feature methods, and motivates the
framework by linking it to Neural Operators. Section
3 presents and discusses our main results. Section 4
concludes with a summary of our findings. Appendix
A provides further details on learning with Neural Op-
erators and includes numerical illustrations that sup-
port our theoretical results. All proofs are deferred to
Appendix B.

Notation. By L(H1,H2) we denote the space
of bounded linear operators between real separable
Hilbert spaces H1, H2. We write L(H,H) = L(H).
For Γ ∈ L(H), we denote by Γ∗ the adjoint oper-
ator. If h ∈ H, we write h ⊗ h := ⟨·, h⟩h. For
a compact operator Γ ∈ L(H), the trace is defined
by tr(Γ) =

∑∞
k=1⟨Γek, ek⟩, where {ek}∞k=1 is any or-

thonormal basis of H. We denote by F(U ,V) the
space of measurable operators from U to V. We write
L2(U , ρU ) := L2(U , ρU ;V) for the L2 space equipped
with the norm ∥f∥2L2(ρU ) :=

∫
U ∥f(u)∥2V dρU (u). We

let [n] := {1, . . . , n} and denote the output vector by
v = (v1, . . . , vn) ∈ Vn with norm ∥v∥22 :=

∑n
i=1 ∥vi∥2V .
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2 MATHEMATICAL FRAMEWORK

We consider an input space (U , || · ||U ), where U is a
Banach space, and an output space (V, || · ||V), where
V is a separable Hilbert space. These assumptions
facilitate the use of the theory of vector-valued kernels
(Carmeli et al., 2005, 2008). The data space is given
by Z = U×V, equipped with an unknown distribution
ρ. We denote by ρU the marginal distribution on U ,
and by ρ(· | u) the regular conditional distribution on
V given u ∈ U ; see Shao (2003).

Given a measurable operator G : U → V we further
define the expected risk as

E(G) := E[ℓ(G(u), v)] , (2.1)

where the expectation is taken w.r.t. the distribution
ρ and ℓ : V ×V → R+ is the least-square loss ℓ(v, v′) =
1
2∥v − v′∥2V . It is known that the global minimizer of
E over the set of all measurable functions is given by
the regression operator Gρ(u) =

∫
V vρ(dv|u).

We consider a standard statistical learning setting
where we are given data (uj , vj)

n
j=1, sampled identi-

cally and independently with respect to ρ on U × V.

2.1 Motivation: Generalization Bounds for
Neural Operators

Shallow NOs. To connect shallow Neural Operators
(NOs) with vector-valued kernels, it is useful to re-
call their definition and highlight how their training
dynamics give rise to neural tangent kernels (NTKs).
Following Nguyen and Mücke (2024), the class of two-
layer NOs is defined as follows. Let U denote the
function input space, mapping from the measure space
(X , ρx) to Y ⊂ Rdy , and let V be the target function
space, containing measurable functions mapping from
(X , ρx) to Ỹ ⊂ R. For a network of width M ∈ N, let
σ : R → R be an activation function acting pointwise,
and let A : U → F(X ,Rdk) be a continuous operator.
We then define the class of shallow NOs by

FM :=
{
Gθ : U → V

∣∣∣ Gθ(u)(x)

=

〈
a, σ

(
B1A(u)(x) +B2u(x) +B3c(x)

)〉
√
M

,

θ = (a,B1, B2, B3)

∈ RM × RM×dk × RM×dy × RM×db ,

c : X → Rdb

}
.

where ⟨·, ·⟩ denotes the Euclidean inner product. We
collect all parameters in θ = (a,B1, B2, B3) = (a,B),

with B = (B1, B2, B3) ∈ RM×d̃, and feature dimension
d̃ := dk+dy+db. The goal is to minimize the expected

risk (2.1) over the set FM , i.e.,

min
Gθ∈FM

E[ℓ(Gθ(u), v)] .

Relation to vector-valued kernels via the NTK.
The connection between kernel methods and stan-
dard neural networks is established via the neural
tangent kernel (NTK), see Jacot et al. (2018); Lee
et al. (2019). For fully connected neural networks, it
is known that under gradient descent (GD) training
and in the infinite-width limit, the network function
linearizes around initialization, and the dynamics are
governed by the NTK.

In complete analogy, the training dynamics of shallow
NOs correspond to kernel gradient descent in the re-
producing kernel Hilbert space (RKHS) induced by a
vector-valued kernel. We define for neural operators
the NTK feature map

ΦM : U → F(L2(X , ρx),Θ), ΦM (u) := ΦM
u ,

with random initialization θ0 ∈ Θ and

ΦM
u (v) := ∇θ

〈
Gθ0(u), v

〉
L2(ρx)

, v ∈ L2(X , ρx).

For any u, ũ ∈ U , the vector-valued kernel KM :
L2(X , ρx) → L2(X , ρx) is defined by

KM (u, ũ) := (ΦM
u )∗ΦM

ũ

and expands as

KM (u, ũ) =
1

M

M∑
m=1

ψm(u)⊗ ψm(ũ)

+
1

M

M∑
m=1

d̃∑
j=1

ψ′
m,j(u)⊗ ψ′

m,j(ũ).

Here, for u ∈ U and x ∈ X , we set

J(u)(x) :=
(
A(u)(x), u(x), c(x)

)⊤
,

ψm(u) := σ
(
⟨b(0)m , J(u)⟩

)
,

ψ′
m,j(u) := σ′(⟨b(0)m , J(u)⟩

)
J(u)(j)

and denote the collection of initial weight vectors by

B(0) = (b
(0)
1 , . . . , b

(0)
M )⊤ ∈ RM×d̃, see Nguyen and

Mücke (2024).

Relation to Random Feature Approximation.
The representation of KM shows that the NTK of
shallow NOs admits the form of a random feature ap-
proximation. Indeed, each term ψm(u) ⊗ ψm(ũ) and
ψ′
m,j(u)⊗ψ′

m,j(ũ) constitutes a nonlinear random fea-

ture, sampled through the random initialization b
(0)
m .
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Thus, KM is a Monte–Carlo approximation of the lim-
iting kernel

K(u, ũ) := (2.2)

Eθ0

[
ψ(u)⊗ ψ(ũ) +

d̃∑
j=1

ψ′
j(u)⊗ ψ′

j(ũ)
]
,

where ψ(u) = σ
(
⟨b(0), J(u)⟩

)
, ψ′

j(u) =

σ′(⟨b(0), J(u)⟩)J(u)(j) and the expectation is taken
w.r.t. the initialization distribution of θ0, see Nguyen
and Mücke (2024), Proposition 2.3.

Consequently, training shallow NOs with gradient de-
scent in the NTK regime is equivalent to performing
kernel gradient descent in the vector-valued RKHS as-
sociated with K, using KM as a random feature ap-
proximation. This interpretation provides the bridge
between Neural Operators and the statistical theory
of random features for vector-valued kernels.

Generalization Bound. Assume a NO is trained
with gradient descent by empirical risk minimization
over the class FM and let θt denote the parameter up-
date after t ∈ N iterations. The excess risk of the
corresponding neural operator Gθt ∈ FM can be de-
composed as

∥Gθt −Gρ∥2L2(ρU ) (2.3)

≲ ∥Gθt − FM
t ∥2L2(ρU ) + ∥FM

t −Gρ∥2L2(ρU ) ,

where FM
t denotes the random-feature estimator asso-

ciated with the vector-valued kernel KM , trained with
the same GD dynamics. The first term captures the
discrepancy between the finite-width NO and its NTK-
based random feature approximation, while the sec-
ond term measures the generalization error of the ran-
dom feature method itself. The central objective
of this paper is to establish optimal learning
guarantees for the second term, and to extend
the analysis to a broader class of regularization
schemes and kernels.

2.2 Kernel Methods, Random Features, and
Regularization: General Setup

Vector-valued Kernels. Let K : U × U −→ L(V)
denote a reproducing V-valued kernel of positive type,
where L(V) denotes the Banach space of bounded lin-
ear operators on V. For u ∈ U , we write Ku : V →
F(U ,V) for the operator that maps v ∈ V to the func-
tion Kuv ∈ F(U ,V) given by

(Kuv)(ũ) = K(ũ, u)v, ũ ∈ U . (2.4)

By H we denote the associated unique V-valued
RKHS on U , which can be continuously included into

F(U ,V). We assume that K is 2-bounded, imply-
ing that the inclusion S : H ↪→ L2(U , ρU ;V) is a
bounded linear map. A brief review of the key defi-
nitions related to vector-valued kernels is provided in
Appendix A, see also Carmeli et al. (2005, 2008).

Assumption 2.1 (Kernel). Assume that the kernel K
admits an integral representation of the form

K(u, ũ) =

p∑
i=1

∫
Ω

φi(u, ω)⊗ φi(ũ, ω) dπ(ω), (2.5)

where φi : U ×Ω → V for i = 1, . . . , p, and (Ω, π) is a
probability space. Moreover, assume that for all u ∈ U ,

p∑
i=1

∥φi(u, ω)∥2V ≤ κ2 π − almost surely . (2.6)

Note that Assumption 2.1 implies the Hilbert–Schmidt
bound ∥K(u, ũ)∥HS ≤ κ2 ρU -almost surely. Exam-
ples of (2.5) include the Gaussian kernel and Random
Fourier features (Rahimi and Recht, 2007; Rudi and
Rosasco, 2016). In contrast to these works, we al-
low for the additional sum over i, which enables us
to cover special cases of Neural Tangent Kernels (2.2),
see also Jacot et al. (2018); Nitanda and Suzuki (2020);
Li et al. (2021a); Munteanu et al. (2022); Oymak and
Soltanolkotabi (2019); Nguyen and Mücke (2023).

Random Feature Approximations. The idea of
RFA is to approximate kernels that admit an integral
representation (2.5) by a kernel represented by a finite
sum, i.e., K(u, ũ) ≈ KM (u, ũ) for u, ũ ∈ U andM ∈ N,
where

KM (u, ũ) :=

p∑
i=1

1

M

M∑
m=1

φi(u, ωm)⊗ φi(ũ, ωm).

Here, φi : U×Ω → V for some probability space (Ω, π),
and {ωm}Mm=1 are drawn i.i.d. from π.

The associated RKHS is denoted by HM . Un-
der Assumption (2.6), the inclusion SM : HM ↪→
L2(U , ρU ;V) is a bounded linear map.

The main benefit of RFA is that it renders kernel meth-
ods computationally feasible on large datasets while
preserving their statistical guarantees. Classical kernel
methods require storing the full n×nGram matrix and
solving linear systems at cost O(n2) in memory and
O(n3) in time. In contrast, RFA replaces the kernel
with an explicit M -dimensional feature map, reducing
the computational cost to O(nM2) (for ridge regres-
sion) or O(nMt) (for t gradient descent iterations),
with only O(nM) memory. Statistically, it has been
shown that for many kernelsM = O(

√
n) features suf-

fice to achieve minimax-optimal learning rates. Thus,
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RFA provides a scalable and flexible framework for
kernel methods.

Regularization. Since the expected risk (2.1) cannot
be minimized directly, the standard procedure is em-
pirical risk minimization (ERM) over the hypothesis
space H,

min
F∈H

Ê(F ), Ê(F ) = 1

n

n∑
j=1

ℓ
(
F (uj), vj

)
.

However, direct ERM in an RKHS setting is typically
ill-posed. To avoid overfitting and to obtain consistent
estimators, regularization is introduced.

Definition 2.2 (Regularization function). Let ϕ :
(0, 1] × [0, 1] → R and set ϕλ(t) = ϕ(λ, t). The fam-
ily {ϕλ}λ is called a family of regularization functions
if there exist constants D,E, c0 > 0 such that for all
0 < λ ≤ 1:

i) sup
0<t≤1

|tϕλ(t)| ≤ D, (2.7)

ii) sup
0<t≤1

|ϕλ(t)| ≤ E
λ , (2.8)

iii) sup
0<t≤1

|rλ(t)| ≤ c0, rλ(t) := 1− tϕλ(t). (2.9)

This family of methods, known as spectral regulariza-
tion, encompasses both explicit regularization, such
as Tikhonov regularization, and implicit regularization
through iterative schemes, including gradient descent
and accelerated methods. Originally developed for
(statistical) inverse problems (Engl et al., 1996), these
techniques have since been applied in machine learn-
ing, in particular to non-parametric least-squares re-
gression (Caponnetto and De Vito, 2007; Bauer et al.,
2007; Blanchard and Mücke, 2017; Lin et al., 2020b).

It has been shown in Gerfo et al. (2008); Blanchard
and Mücke (2017) that attainable learning rates are
essentially determined by the qualification of the reg-
ularization {ϕλ}λ, i.e., the largest ν > 0 such that for
all q ∈ [0, ν] and 0 < λ ≤ 1:

sup
0<t≤1

|rλ(t)| tq ≤ cq λ
q, (2.10)

for some constant cq > 0.

A principled approach is to exploit the spectral struc-
ture of the empirical operators Σ̂M : HM → HM and
Ŝ∗
M : Vn → HM , defined as

Σ̂M =
1

n

n∑
j=1

KM,uj
K∗

M,uj
,

Ŝ∗
Mv =

1

n

n∑
j=1

KM,uj
vj .

With these operators, spectral regularization estima-
tors combined with RFA take the form

FM
λ = ϕλ(Σ̂M ) Ŝ∗

Mv ∈ HM . (2.11)

3 MAIN RESULTS

3.1 Assumptions and Main Results

In this section we formulate our assumptions and state
our main results.

Assumption 3.1 (Data Distribution). There exists
positive constants Q and Z such that for all l ≥ 2 with
l ∈ N, ∫

V
∥v∥lV dρ(v | u) ≤ 1

2
l!Zl−2Q2

ρU -almost surely.

This assumption is satisfied, for example, if v is
bounded almost surely. It further implies that the re-
gression operator Gρ is bounded almost surely, since

∥Gρ(u)∥V ≤
∫
V
∥v∥V dρ(v | u)

≤
(∫

V
∥v∥2V dρ(v | u)

) 1
2

≤ Q .

To characterize the smoothness of Gρ relative to the
kernel, we impose a so-called source condition. This
condition links Gρ to the spectral properties of the
kernel integral operator and plays a central role in de-
termining the attainable learning rates.

Denote by L : L2(U , ρU ) → L2(U , ρU ) the kernel inte-
gral operator associated to K, i.e.

LG =

∫
U
KuG(u) ρU (du).

Assumption 3.2 (Source Condition). Let R > 0, r >
0. We assume Gρ = LrH, for some H ∈ L2(U , ρU ),
satisfying ∥H∥L2(ρU ) ≤ R .

This condition links Gρ to the spectral properties of
the kernel integral operator and plays a central role
in determining the attainable learning rates. The pa-
rameter r > 0 quantifies the degree of smoothness of
Gρ: larger values of r correspond to higher regular-
ity. In particular, the case r = 1

2 corresponds to the
well-specified setting where Gρ lies in H, while r > 1

2
reflects additional smoothness, and r < 1

2 corresponds
to a misspecified setting. For more details, we refer to
e.g. Bauer et al. (2007); Lin et al. (2020b).

While the source condition controls the regularity of
the target function, a complementary assumption is
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required to capture the complexity of the hypothesis
space. This is typically expressed in terms of the ef-
fective dimension, which measures the capacity of the
RKHS relative to the kernel operator spectrum.

Assumption 3.3 (Effective Dimension). For some
b ∈ [0, 1] and cb > 0, assume that for all λ > 0 the
operator L satisfies

N (λ) := tr
(
L(L+ λI)−1

)
≤ cbλ

−b. (3.1)

Moreover, we assume that 2r + b > 1.

Here, N (λ) is the effective dimension of the kernel,
which quantifies the number of effective degrees of free-
dom of the hypothesis space. Intuitively, it reflects the
decay of the eigenvalues of L: smaller values of b cor-
respond to faster decay (lower capacity), while larger
values of b indicate slower decay and hence higher com-
plexity. The condition (3.1) is always satisfied with
b = 1, since L is trace class and its eigenvalues {µi}
satisfy µi ≲ i−1. If, more generally, the eigenvalues
decay polynomially as µi ∼ i−c with c > 1, then (3.1)
holds with b = 1/c; if L has finite rank, then b = 0.
The case b = 1 is often called the capacity-independent
case. Smaller values of b allow for faster convergence
rates of the learning algorithms.

The choice of the regularization parameter λ and the
number of random features M in (2.11) is crucial for
balancing approximation, estimation, and optimiza-
tion errors (see Appendix B). In practice, both param-
eters are determined as functions of the sample size n,
in order to guarantee optimal statistical performance.
The following result establishes that, under the source
and capacity assumptions, our RF estimator achieves
the minimax-optimal convergence rate. Moreover, it
provides explicit conditions on λn and Mn that en-
sure the desired statistical guarantees. The proof is
provided in Appendix B.

Theorem 3.4. Suppose Assumptions 3.1–3.3 hold.
Let {ϕλ}λ be a family of regularization functions with
qualification ν > 0. Let δ ∈ (0, 1) and choose

λn = C n−
1

2r+b log3
(
2
δ

)
.

Then, with probability of at least 1−δ, the RF estima-
tor (2.11) satisfies

∥Gρ − SMn
FMn

λn
∥L2(ρU ) ≤ C̄ n− r

2r+b log3r+1
(
1
δ

)
,

provided that ν ≥ r ∨ 1, n ≥ n0 := exp
(

2r+b
2r+b−1

)
, and

the number of random features satisfies

Mn ≥ p · C̃ · log(n) ·


n

1
2r+b , r ∈ (0, 12 ),

n
1+b(2r−1)

2r+b , r ∈ [ 12 , 1],

n
2r

2r+b , r ∈ (1,∞).

Here C, C̃, C̄ are constants independent of n,M, λ.

Since our framework encompasses operator-valued
RFA trained via GD, Theorem 3.4 can be directly ap-
plied to derive generalization bounds for NOs. Re-
call the excess-risk decomposition for shallow NOs in
(2.3). Nguyen and Mücke (2024) showed that the first
term is bounded by O(log n/Mn). Hence, when the
number of neurons scales with the number of random

features, i.e., Mn = O

(
n

2r
2r+b log n

)
, Theorem 3.4 im-

plies that NOs achieve the same minimax rates as non-
parametric kernel methods.

Corollary 3.5 (Nguyen and Mücke (2024), Theo-
rem. 3.5). Suppose the assumptions of Theorem 3.4
hold. Let GθTn

denote the NO as defined in Section
2.1, where Tn is the number of GD iterations. Let Mn

denote the network width. Assume

λn = T−1
n = C n−

1
2r+b ,

Mn ≥ d̃2 · C̃ B6
Tn

(
T 2r
n ∨ Tn

)
log2 n ,

where BTn
> 0 bounds the parameter drift,

∥θt − θ0∥2 ≤ BTn
for all t ∈ [Tn],

and C, C̃ are positive constants independent of
n,Mn, Tn, BTn

. Then, with probability of at least 1−δ,

∥GθTn
−Gρ∥L2(ρU ) ≤ C̄ n− r

2r+b log3
(
2/δ
)
,

for some constant C̄ > 0 independent of
n,Mn, Tn, BTn

.

Further details on the training, the initialization of θ0,
and the above corollary are provided in Appendix A.

3.2 Discussion

Discussion of Theorem 3.4. Theorem 3.4 estab-
lishes minimax rates for a broad class of spectral fil-
tering methods. In the well-specified case (r = 1

2 ,
b = 1), achieving a squared L2-error bound of order
O(1/

√
n) requires tn = 1/λn = O(

√
n) iterations and

Mn = O(
√
n logn) random features. For smoother

target functions with regularity r ≥ 1, the optimal

convergence rate is attained with tn = O(n
1

2r+1 ) it-
erations, but requires Mn = O(t2rn log n) random fea-
tures. This highlights an interesting trade-off: higher
smoothness reduces the number of necessary iterations
but increases the number of random features required
for optimal generalization.

In contrast, in the misspecified case r < 1
2 , the at-

tainable rate of order O(n−
r

2r+1 ) is slower, reflecting
the limited regularity of the target function. In this
regime, the required number of random features is only

Mn = O(n
1

2r+1 log n), which is significantly smaller
than in the well-specified or smooth cases. Overall,
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Theorem 3.4 shows that random feature methods with
spectral regularization achieve the same minimax-
optimal rates as exact kernel methods (Caponnetto
and De Vito, 2007; Blanchard and Mücke, 2017), while
offering improved computational scalability.

Comparison with prior work. Compared to the
results of Rudi and Rosasco (2016); Lanthaler and
Nelsen (2023), our work extends the analysis from
KRR to general spectral filtering methods and estab-
lishes optimal convergence rates for all smoothness
levels r < 1

2 satisfying 2r + b > 1 (the easy learn-
ing regime). With respect to the number of required
random features, we recover the same order as Rudi
and Rosasco (2016), namely Mn = O(

√
n logn). The

analysis in Lanthaler and Nelsen (2023) is based on
slightly different source assumptions, which coincide
with ours in the well-specified case. Using a random
kitchen sinks approach (Rahimi and Recht, 2008), they
further showed that the logarithmic factor can be re-
moved, proving that Mn = O(

√
n) random features

suffice to achieve optimal rates. However, their results
do not exploit prior knowledge about the effective di-
mension and therefore only establish optimal rates in
the well-specified setting b = 1, r = 1

2 .

NNs and NOs. A connection between learning with
neural networks and random feature approximation
(RFA) was already observed in Yehudai and Shamir
(2019). Roughly speaking, they noted that learning
with neural networks is possible whenever learning
with random features is possible. At the same time,
they showed that neural networks cannot be used to
learn even a single ReLU neuron under Gaussian in-
puts in Rd with poly(d) weights, unless the network
size (or the magnitude of its weights) is exponentially
large in d. For smoother activations in the NTK
regime, Nguyen and Mücke (2023) improved on this
result by showing that optimality can be achieved with
only a polynomial number of random features in both
the input dimension d and the sample complexity n.

Our approach extends these insights to the operator-
valued setting relevant for Neural Operators (NOs).
In contrast to the vector-input case, our rates are
dimension-free in the input space U . However, the
sum structure of the kernel representation (2.5) intro-
duces a linear dependence on the number of summands
p, as reflected in Theorem 3.4. For NOs, the input
space U is typically a function space, e.g., continuous
mappings from X to Rdy . In this case, the output di-
mension dy of the input functions enters the feature

dimension d̃ = dk + dy + db, which directly determines
the number of required random features. This results
in an overall dependence of order d̃2 (see Section 2.1)
in our bounds, as stated in Corollary 3.5. Thus, our

results reveal a clear trade-off: generalization rates are
independent of the (possibly infinite) dimension of U ,
but the computational cost scales quadratically with
the feature dimension d̃.

4 CONCLUSION

We developed a unified spectral filtering framework
for RFA with vector-valued kernels, motivated by the
goal of deriving generalization guarantees for NOs.
Our analysis extends beyond KRR to a broad class of
learning algorithms with explicit or implicit regular-
ization, and recovers previous results as special cases.
A key advantage of our approach is that both conver-
gence rates and feature requirements are dimension-
free in the (possibly infinite) input space, making the
results directly applicable to NOs. At the same time,
our bounds scale only quadratically with the feature
dimension per neuron, providing the first minimax-
optimal guarantees for NOs that combine statistical
efficiency with computational tractability.

The main theoretical result, Theorem 3.4, establishes
minimax rates for RFA under standard source and
capacity assumptions, matching those of exact kernel
methods while requiring significantly fewer resources.
Our discussion highlights trade-offs between smooth-
ness, iteration complexity, and the number of random
features, as well as the contrast between well-specified,
smooth, and misspecified regimes. Compared to prior
work, our framework delivers optimal rates for all
r < 1

2 in the easy learning regime and covers operator-
valued neural tangent kernels, linking neural networks,
RFs, and NOs within a single theoretical setting. An
interesting direction for future work is to investigate
whether the quadratic dependence on the feature di-
mension d̃ can be further reduced, and to extend the
analysis beyond the NTK regime to deeper architec-
tures.
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A Additional Material

This appendix begins by reviewing the key definitions related to vector-valued kernels. We then provide additional
background on Neural Operators and present a more detailed version of Corollary 3.5, accompanied by a brief
discussion of its implications. Finally, we include numerical illustrations that support our main theoretical result,
Theorem 3.4.

A.1 Preliminaries on Vector-Valued Kernels

The classical theory of real-valued reproducing kernel Hilbert spaces (Steinwart and Christmann, 2008), including
fundamental results such as Mercer’s theorem, has been extended to the vector-valued setting in Carmeli et al.
(2005, 2008). These extensions provide a rigorous mathematical foundation for analyzing operator learning
problems within a kernel framework (Minh, 2016; Brault et al., 2016; Mollenhauer et al., 2024; Lanthaler and
Nelsen, 2023), and have become standard tools in the operator learning literature. For completeness, we briefly
recall the key definitions below.

Let U be a topological space and let V be a separable Hilbert space. A map

K : U × U → L(V),

where L(V) denotes the space of bounded linear operators on V, is called a V-reproducing kernel on U if, for any
finite set of points u1, . . . , uN ∈ U and vectors v1, . . . , vN ∈ V, it holds that

N∑
i,j=1

⟨K(ui, uj)vj , vi⟩V ≥ 0.

This condition is the natural generalization of positive definiteness from the scalar- to the vector-valued setting.

For each u ∈ U , we define the linear operator

Ku : V → F(U ;V),

where F(U ;V) denotes the space of measurable V-valued functions on U . Its action on v ∈ V is given by

(Kuv)(ũ) = K(ũ, u)v for all ũ ∈ U .

Given a V-reproducing kernel K, there exists a unique Hilbert space HK ⊂ F(U ;V) such that

Ku ∈ L(V,HK) for all u ∈ U ,

and for every F ∈ HK ,

F (u) = K∗
uF for all u ∈ U ,

where K∗
u : HK → V denotes the adjoint of Ku. This is the vector-valued analogue of the classical reproducing

property. In particular, it implies

K(u, ũ) = K∗
uKũ.

The space HK is called the vector-valued reproducing kernel Hilbert space (RKHS) associated with K, and it is
given by

HK = span
{
Kuv

∣∣u ∈ U , v ∈ V
}
.

Finally, a reproducing kernel K : U × U → L(V) is called a Mercer kernel if HK is a subspace of C(U ;V), the
space of continuous V-valued functions on U .
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A.2 Learning with Neural Operators

In this section we present a detailed version of Corollary 3.5, based on Nguyen and Mücke (2024, Theorem 3.5).
For completeness, we briefly recall the neural operator learning setup considered in their work, including the
training procedure via gradient descent.

Neural Operator Setting. We consider the general operator learning framework introduced in Section 2,
where the input and output spaces U and V are viewed as infinite-dimensional function spaces. To enable
practical training based on function-valued data, an additional discretization step is required. This involves
so-called second-stage samples drawn from the input domain of the functions.

Specifically, let X ⊆ Rdx denote the input domain, and let µ be an unknown probability measure on X . The
spaces U and V consist of functions mapping X → Y ⊂ Rdy and X → Ỹ ⊂ R, respectively. We observe nU i.i.d.
first-stage samples {

(ui, vi)
}nU

i=1
⊂ U × V,

each evaluated at nX i.i.d. second-stage samples (x1, . . . , xnX ) ∈ XnX . These discretized evaluations are then used
to train a shallow neural operator via gradient descent.

Gradient Descent and Initialization. Recall the class of shallow NOs introduced in Section 2.1. Following
Nguyen and Mücke (2024), the parameters are trained by gradient descent on the empirical loss computed from
the first-stage samples evaluated at the second-stage points:

θjt+1 = θjt − α∂θj Ê
(
Gθt

)
= θjt −

α

nU

nU∑
i=1

〈
Gθt(ui)− vi, ∂θjGθt(ui)

〉
nX

, (A.1)

where α > 0 is the step size and

⟨f, g⟩nX :=
1

nX

nX∑
k=1

f(xk)g(xk)

denotes the empirical inner product over the second-stage samples.

Nguyen and Mücke (2024) employ a symmetric initialization scheme for the network parameters θ0 to ensure
that Gθ0 ≡ 0. Importantly, this symmetric trick does not affect the limiting neural tangent kernel (NTK); see
Zhang et al. (2020) for details.

Specifically, the weights in the output layer are initialized symmetrically as

a(0)m = τ for m = 1, . . . ,M/2, a(0)m = −τ for m =M/2 + 1, . . . ,M,

where τ > 0 is a fixed constant. The input layer parameters are initialized in a coupled manner,

b(0)m = b
(0)
m+M/2 for m ∈ {1, . . . ,M/2},

where the first half of the parameters {b(0)m }M/2
m=1 are drawn independently from the initialization distribution π0.

Now we are ready to state the original theorem from Nguyen and Mücke (2024), which provides a generalization
bound for Neural Operators trained via the empirical GD algorithm.

Theorem A.1 (Nguyen and Mücke (2024), Theorem 3.5). Suppose Assumptions 3.1, 3.2, and 3.3 hold. Let
GθTn

denote the Neural Operator as defined in Section 2.1, where Tn is the number of GD iterations in (A.1).

Let MnU denote the network width. Assume that α ∈ (0, κ−2), nU ≥ n0 := e
2r+b

2r+b−1 , and

TnU = Cn
1

2r+b
U , MnU ≥ C̃B6

TnU
log2(nU)T

2r∨1
nU

, nX ≥ C̃B2
TnU

T 2r
nU

log2 TnU ,

with
∥θt − θ0∥Θ ≤ BTnU

for all t ∈ [TnU ]. (A.2)

Then, with probability at least 1− δ,

∥GθTnU
−Gρ∥L2(ρU ) ≤ C̄ n

− r
2r+b

U log3
2

δ
, (A.3)

where C, C̃, C̄ > 0 are independent of nU , nX ,MnU , TnU , BTnU
.
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Discussion. Nguyen and Mücke (2024, Theorem 3.7) show that (A.2) holds with high probability for BT =
O(log T ). Consequently, a two-layer Neural Operator trained by gradient descent achieves the minimax-optimal

learning rate n
− r

2r+b
U . Notably, the required network widthM matches the number of random features needed for

kernel gradient descent and is independent of nX . The lower bound on nX arises from controlling the first term in
the error decomposition (2.3), which accounts for the discretization of function-valued samples. To ensure that
the empirical gradient descent in (A.1) closely tracks the population gradient flow, the empirical inner product
over second-stage samples must uniformly approximate the L2(X , µ) inner product. Hoeffding-type concentration
inequalities yield an O(n−1/2

X ) discretization error, which must match the minimax-optimal learning rate. This
requirement leads to the stated lower bound on nX .

A.3 Numerical Illustration

We analyze the behavior of kernel gradient descent with respect to the real-valued NTK. In our simulations, we
use n = 5000 training and test samples drawn from two datasets: (i) a standard normal distribution with input
dimension d = 1, and (ii) a subset of the SUSY1 classification dataset with input dimension d = 14. All reported
results are averaged over 50 independent runs of the algorithm.

Our theoretical analysis suggests that a number of random features of order M = O(
√
n p), where p = d + 2,

is sufficient to achieve optimal learning performance. Indeed, Figure 1 shows that for both datasets, once M
exceeds a threshold of order O(

√
n p) and the number of GD iterations T is fixed, further increasing M does not

lead to any improvement in the test error.

Figure 1: Heat plot of the test-error for different numbers of RF M and iterations T .
Left: Error of SUSY data set. Right: Error of random data set.

B Proofs

In this section, we provide the proofs of our main results.

Notation. Throughout the proofs, we use the following shorthand notation. For any bounded linear operator
mapping between two Hilbert spaces A and λ > 0, we write Aλ := A+λI, where I denotes the identity operator.
For G : U → V and (u1, ..., un) ∈ Un, we define the vector Ḡ :=

(
G(u1), . . . , G(un)

)
∈ Vn. Furthermore,

let C• > 0 denote a generic constant that may change from line to line but depends only on the quantities
κ, r, b, cq, cb, E,D,Q,Z, and not on δ, p, λ, or n.

We recall the following operator definitions. Let SM : HM ↪→ L2(U , ρU ) denote the inclusion operator of HM

into L2(U , ρU ) for M ∈ N. Its adjoint S∗
M : L2(U , ρU ) → HM is given by

S∗
MG =

∫
U
KM,uG(u) ρU (du).

The covariance operator ΣM : HM → HM and the kernel integral operator LM : L2(U , ρU ) → L2(U , ρU ) are

1https://archive.ics.uci.edu/ml/datasets/SUSY

https://archive.ics.uci.edu/ml/datasets/SUSY
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defined as

ΣMG :=

∫
U
KM,uK

∗
M,uGρU (du),

LMG :=

∫
U
KM,uG(u) ρU (du).

The empirical counterparts of these operators, obtained by replacing ρU with the empirical measure, are given
by

ŜM : HM → Vn, (ŜMG)j = K∗
M,uj

G,

Ŝ∗
M : Vn → HM , Ŝ∗

Mv =
1

n

n∑
j=1

KM,uj
vj ,

Σ̂M : HM → HM , Σ̂M =
1

n

n∑
j=1

KM,ujK
∗
M,uj

.

B.1 Proof Organization and Error Decomposition

In the classical kernel setting without random features, the standard analysis introduces the idealized population
estimator

F ∗
λ := S∗ ϕλ(L)Gρ,

which enables a decomposition of the error into bias and variance components:

Gρ − SF̂λ =
(
Gρ − SF ∗

λ

)
+
(
SF ∗

λ − SF̂λ

)
= rλ(L)LrH +

(
SF ∗

λ − SF̂λ

)
,

where the bias is controlled via the residual polynomial rλ, while the variance is handled through Hoeffding-type
concentration inequalities (Blanchard and Mücke, 2017).

In the random feature setting, our analysis adapts this approach by introducing the idealized estimator

F ∗
λ := S∗

M ϕλ(LM )Gρ,

which naturally leads to an additional approximation error due to the finite-dimensional random feature space.
Specifically, we decompose the excess risk as

∥Gρ − SMF
M
λ ∥L2(ρU ) ≤ ∥Gρ − SMF

∗
λ∥L2(ρU ) + ∥SMF

∗
λ − SMF

M
λ ∥L2(ρU )

=: Approximation Error + Estimation Error. (B.1)

A key technical challenge lies in controlling the approximation error, which requires comparing the population
operator Lr with its random feature counterpart Lr

M . While prior work (Rudi and Rosasco, 2016) focuses on
the case r ∈ [0.5, 1], we develop in Section B.5 novel operator inequalities that allow us to treat arbitrary r > 0.
For the estimation term, classical analyses rely on the specific structure of kernel ridge regression. In contrast,
our approach uses a refined decomposition that exploits the polynomial structure of the residual rλ, enabling us
to obtain variance bounds uniformly over all regularization filters.

We bound the approximation and estimation errors separately in Sections B.2 and B.3, respectively, and then
combine these bounds in Section B.4 to prove our main result, Theorem 3.4. The required operator inequalities
are deferred to Section B.5, while the necessary concentration inequalities are collected in Section B.6.
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B.2 Bounding the Approximation Error

Proposition B.1. Suppose that Assumptions 3.1, 2.1, 3.2, 3.3 and ν ≥ r ∨ 1 hold. For any λ ∈ (0, 1], assume
that

M ≥ pC• log2
(
δ−1
)
log
(
λ−1

)
·


λ−1, r ∈

(
0, 12

)
,

λ b(1−2r)−1, r ∈
[
1
2 , 1
]
,

λ−2r, r ∈ (1,∞),

then the approximation term in (B.1) satisfies, with probability at least 1− δ,

∥Gρ − SMF
∗
λ∥L2(ρU ) ≤ C• λ

r.

Proof. From Assumption 3.2, we have Gρ = LrH with ∥H∥L2(ρU ) ≤ R. Hence,

∥Gρ − SMF
∗
λ∥L2(ρU ) =

∥∥(LMϕλ(LM )− I
)
LrH

∥∥
L2(ρU )

≤ R
∥∥rλ(LM )Lr

∥∥, (B.2)

where rλ denotes the residual polynomial defined in (2.9).

For the remaining term, we obtain

R
∥∥rλ(LM )Lr

∥∥ ≤ R
∥∥rλ(LM )L(r∨1)

M,λ

∥∥∥∥L−(r∨1)
M,λ Lr

λ

∥∥
≤ 3Rcr∨1 λ

r,

where the last inequality follows from the bounds ∥rλ(LM )L(r∨1)
M,λ ∥ ≤ cr∨1λ

(r∨1) from (2.10) and ∥L−(r∨1)
M,λ Lr

λ∥ ≤
3λ−(1−r)+ from Proposition B.16, which holds with probability at least 1− 3δ.

B.3 Bounding the Estimation Error

We now turn to bounding the variance-type error in (B.1). To this end, we decompose it into two parts: (i)
a classical estimation error term, which can be controlled via standard concentration inequalities, and (ii) an
additional approximation-type term, whose contribution is bounded using properties of the residual polynomial.

Proposition B.2. Suppose that Assumptions 3.1, 2.1, 3.2, and 3.3 hold, and let ν ≥ r ∨ 1. Then, for any
s ∈ [0, 12 ] and λ ∈ (0, 1], the following holds with probability at least 1− δ:∥∥∥Σ 1

2−s

M (FM
λ − F ∗

λ )
∥∥∥
HM

≤ C• log
1

δ
λr−s,

provided that

M ≥ pC• log2
(
δ−1
)
log
(
λ−1

)
·


λ−1, r ∈

(
0, 12

)
,

λ b(1−2r)−1, r ∈
[
1
2 , 1
]
,

λ−2r, r ∈ (1,∞),

and

n ≥ C• log3(2r+b)
(
δ−1
)
λ−(2r+b) , n ≥ n0 := exp

(
2r+b

2r+b−1

)
.

Proof. We begin with the decomposition∥∥Σ 1
2−s

M (FM
λ − F ∗

λ )
∥∥
HM

≤
∥∥Σ 1

2−s

M

(
ϕλ(Σ̂M )Ŝ∗

Mv − ϕλ(Σ̂M )Σ̂MF
∗
λ

)∥∥
HM

+
∥∥Σ 1

2−s

M

(
ϕλ(Σ̂M )Σ̂M − I

)
F ∗
λ

∥∥
HM

=
∥∥Σ 1

2−s

M ϕλ(Σ̂M )Ŝ∗
M

(
v − ŜMF

∗
λ

)∥∥
HM

+
∥∥Σ 1

2−s

M rλ(Σ̂M )F ∗
λ

∥∥
HM

=: (I)+ (II). (B.3)
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We bound the two terms (I) and (II) separately. Specifically, by Proposition B.3, with probability at least 1−δ,

(I) ≤ C• log 1
δ λ

r−s,

and

(II) ≤ C• λ
r−s.

Combining these bounds yields the stated result.

Proposition B.3. Suppose the assumptions of Proposition B.2 hold. Then, for any s ∈ [0, 12 ] and λ ∈ (0, 1],
with probability at least 1− δ,

(I)
∥∥Σ 1

2−s

M ϕλ(Σ̂M ) Ŝ∗
M

(
v − ŜMF

∗
λ

)∥∥
HM

≤ C• log 1
δ λ

r−s, (B.4)

(II)
∥∥Σ 1

2−s

M rλ(Σ̂M )F ∗
λ

∥∥
HM

≤ C• λ
r−s. (B.5)

Proof. (I) We begin with the decomposition∥∥Σ 1
2−s

M ϕλ(Σ̂M ) Ŝ∗
M

(
v − ŜMF

∗
λ

)∥∥
HM

≤
∥∥Σ 1

2−s

M ϕλ(Σ̂M )Σ
1
2

M,λ

∥∥∥∥Σ− 1
2

M,λŜ
∗
M

(
v − ŜMF

∗
λ

)∥∥
HM

=: i · ii. (B.6)

Step (i). By Proposition B.15, with probability at least 1− 4δ,

∥Σ̂− 1
2

M,λΣ
1
2

M,λ∥ ≤ 2. (B.7)

Hence ∥∥Σ 1
2−s

M ϕλ(Σ̂M )Σ
1
2

M,λ

∥∥ ≤ λ−s
∥∥Σ 1

2

M,λϕλ(Σ̂M )Σ
1
2

M,λ

∥∥
≤ λ−s

∥∥Σ̂M,λϕλ(Σ̂M )
∥∥∥∥Σ 1

2

M,λΣ̂
− 1

2

M,λ

∥∥2 ≤ 4Dλ−s,

where D is defined in (2.7).

Step (ii). We decompose∥∥Σ− 1
2

M,λŜ
∗
M

(
v − ŜMF

∗
λ

)∥∥
HM

≤
∥∥Σ− 1

2

M,λŜ
∗
M

(
v − Ḡρ

)∥∥
HM

+
∥∥Σ− 1

2

M,λŜ
∗
M

(
Ḡρ − ŜMF

∗
λ

)∥∥
HM

=: a+ b.

Term (a): Using Proposition B.22 together with Proposition B.18, we obtain, with probability at least 1− 3δ,

∥∥Σ− 1
2

M,λŜ
∗
M

(
v − Ḡρ

)∥∥
HM

≤

4QZκ√
λn

+
8Q
√
(1 + 2 log 2

δ )NL(λ)
√
n

 log 2
δ

≤ C•

 1√
λn

+

√
log 1

δ

nλb

 log 1
δ ≤ C• λ

r log 1
δ ,

where the last inequality follows from the assumption on n.

Term (b): From Proposition B.15,∥∥Σ− 1
2

M,λŜ
∗
M

∥∥2 ≤ 2∥Σ̂− 1
2

M,λŜ
∗
M

∥∥2 = 2
∥∥Ŝ∗

M ŜM (Ŝ∗
M ŜM + λ)−1

∥∥ ≤ 2.
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Therefor we obtain by Proposition B.23, with probability at least 1− δ,∥∥Σ− 1
2

M,λŜ
∗
M (Ḡρ − ŜMF

∗
λ )
∥∥
HM

≤ 2√
n
∥Ḡρ − ŜMF

∗
λ∥2

≤ 2

√∣∣∣∣ 1n∥Ḡρ − ŜMF ∗
λ∥22 − ∥Gρ − SMF ∗

λ∥2L2(ρU )

∣∣∣∣+ ∥Gρ − SMF
∗
λ∥L2(ρU )

≤ C•

√√√√(λ−2( 1
2−r)+

n
+
λ−( 1

2−r)+∥Gρ − SMF ∗
λ∥L2(ρU )√

n

)
log 1

δ + ∥Gρ − SMF
∗
λ∥L2(ρU ).

Applying Proposition B.1 yields, with probability at least 1− 3δ,

∥∥Σ− 1
2

M,λŜ
∗
M (Ḡρ − ŜMF

∗
λ )
∥∥
HM

≤ C•

√√√√(λ−(1−2r)+

n
+
λ−( 1

2−r)+λr√
n

+ λ2r

)
log 1

δ

≤ C• λ
r
√

log 1
δ ,

where the last inequality follows from the assumption on n. Therefore,

ii ≤ C• λ
r log 1

δ .

Combining (i) and (ii) in (B.6) proves (B.4). Collecting all probabilities and applying Proposition B.5 gives
total probability at least 1− 11δ. Redefining δ completes part (I).

(II) We next bound the term in (B.5). With probability at least 1− 4δ,

∥Σ
1
2−s

M rλ(Σ̂M )F ∗
λ∥HM

≤ λ−s∥Σ
1
2

M,λrλ(Σ̂M )F ∗
λ∥HM

≤ λ−s∥Σ
1
2

M,λΣ̂
− 1

2

M,λ∥ ∥Σ̂
1
2

M,λrλ(Σ̂M )F ∗
λ∥HM

≤ 2λ−s∥Σ̂
1
2

M,λrλ(Σ̂M )F ∗
λ∥HM

,

where we again used Proposition B.15. Writing out F ∗
λ = S∗

Mϕλ(LM )LrH gives

2λ−s∥Σ̂
1
2

M,λrλ(Σ̂M )F ∗
λ∥HM

≤ 2Rλ−s∥Σ̂
1
2

M,λrλ(Σ̂M )S∗
Mϕλ(LM )Lr∥. (B.8)

We distinguish two cases.

Case r ≤ 1
2 . We have

∥Σ̂
1
2

M,λrλ(Σ̂M )S∗
Mϕλ(LM )Lr∥ ≤ ∥Σ̂

1
2

M,λrλ(Σ̂M )S∗
Mϕλ(LM )Lr

M,λ∥∥L−r
M,λL

r
λ∥

= ∥Σ̂
1
2

M,λrλ(Σ̂M )Σr
M,λS∗

Mϕλ(LM )∥∥L−r
M,λL

r
λ∥

≤ ∥Σ̂
1
2

M,λrλ(Σ̂M )Σr
M,λ∥∥L

1
2

Mϕλ(LM )∥∥L−r
M,λL

r
λ∥.

By Proposition B.10, ∥L
1
2

Mϕλ(LM )∥ ≤ Dλ−1/2. Moreover, by Proposition B.7 and Proposition B.14, ∥L−r
M,λLr

λ∥ ≤
2 with probability at least 1− 4δ. Hence,

∥Σ
1
2−s

M rλ(Σ̂M )F ∗
λ∥HM

≤ 4DRλ−s− 1
2 ∥Σ̂

1
2

M,λrλ(Σ̂M )Σr
M,λ∥. (B.9)

To bound the remaining term, use Proposition B.15: ∥Σ̂−r
M,λΣ

r
M,λ∥ ≤ 2. Together with (2.10), this yields

∥Σ̂
1
2

M,λrλ(Σ̂M )Σr
M,λ∥ ≤ 2c 1

2+rλ
1
2+r.

Plugging this into (B.9) gives

∥Σ
1
2−s

M rλ(Σ̂M )F ∗
λ∥HM

≤ 8DRc 1
2+rλ

r−s.
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Case r > 1
2 . We proceed analogously:

∥Σ̂
1
2

M,λrλ(Σ̂M )S∗
Mϕλ(LM )Lr∥ ≤ ∥Σ̂

1
2

M,λrλ(Σ̂M )S∗
Mϕλ(LM )L(r∨1)

M,λ ∥∥L−(r∨1)
M,λ Lr

λ∥

≤ ∥Σ̂
1
2

M,λrλ(Σ̂M )Σ
(r∨1)− 1

2

M,λ ∥∥LMϕλ(LM )∥∥L−(r∨1)
M,λ Lr

λ∥.

By the spectral method properties and Proposition B.16, ∥LMϕλ(LM )∥ ≤ D and ∥L−(r∨1)
M,λ Lr

λ∥ ≤ 3λ−(1−r)+ .
Hence,

∥Σ
1
2−s

M rλ(Σ̂M )F ∗
λ∥HM

≤ 6DR

λs+(1−r)+
∥Σ̂

1
2

M,λrλ(Σ̂M )Σ
(r∨1)− 1

2

M,λ ∥. (B.10)

Using (2.10) and Proposition B.17, with probability at least 1− δ,

∥Σ̂
1
2

M,λrλ(Σ̂M )Σ
(r∨1)− 1

2

M,λ ∥ ≤ 2cr∨1λ
(r∨1). (B.11)

Substituting this into (B.10) yields

∥Σ
1
2−s

M rλ(Σ̂M )F ∗
λ∥HM

≤ 12DRc 1
2+rλ

r−s.

Combining both cases establishes (B.5). Collecting all concentration bounds and applying Proposition B.5 gives
probability at least 1− 8δ. Redefining δ completes the proof.

B.4 Combining the Error Bounds

Theorem B.4. Suppose that Assumptions 3.1, 2.1, 3.2, and 3.3 hold, and let ν ≥ r∨1. Then, for any s ∈ [0, 12 ]
and λ ∈ (0, 1], the following holds with probability at least 1− δ:

∥Gρ − SMF
M
λ ∥L2(ρU ) ≤ C• log 1

δ λ
r,

provided that

M ≥ pC• log2
(
δ−1
)
log
(
λ−1

)
·


λ−1, r ∈

(
0, 12

)
,

λ b(1−2r)−1, r ∈
[
1
2 , 1
]
,

λ−2r, r ∈ (1,∞),

and

n ≥ C• log3(2r+b)
(
δ−1
)
λ−(2r+b) , n ≥ n0 := exp

(
2r+b

2r+b−1

)
.

Proof. We begin with the following decomposition:

∥Gρ − SMF
M
λ ∥L2(ρU ) ≤ ∥Gρ − SMF

∗
λ∥L2(ρU ) + ∥SM (FM

λ − F ∗
λ )∥L2(ρU ) =: T1 + T2. (B.12)

We now bound T1 and T2 separately.

Step 1: Bounding T1. By Proposition B.1, with probability at least 1− δ,

∥Gρ − SMF
∗
λ∥L2(ρU ) ≤ C• λ

r. (B.13)

Step 2: Bounding T2. Using Mercer’s theorem (see, e.g., Steinwart and Christmann (2008)) and Proposi-
tion B.2, we have, with probability at least 1− δ,

∥SM (FM
λ − F ∗

λ )∥L2(ρU ) = ∥Σ
1
2

M (FM
λ − F ∗

λ )∥HM
≤ C• log 1

δ λ
r.
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Conclusion. Combining the bounds for T1 and T2 in (B.12) establishes the result:

∥Gρ − SMF
M
λ ∥L2(ρU ) ≤ C• log 1

δ λ
r.

We finally note that Theorem 3.4 follows directly from Theorem B.4.

B.5 Technical Inequalities

Proposition B.5. Let Ei be events with probability at least 1− δi and set

E :=

k⋂
i=1

Ei.

If we can show for some event A that P(A|E) ≥ 1− δ then we also have

P(A) ≥
∫
E

P(A|ω)dP(ω) ≥ (1− δ)P(E)

= (1− δ)

(
1− P

(
k⋃

i=1

(Ω/Ei)

))
≥ (1− δ)

(
1−

k∑
i=1

δi

)
.

Proposition B.6 ( Aleksandrov and Peller (2009), Blanchard and Mücke (2017) (Proposition B.1.) ). Let B1, B2

be two non-negative self-adjoint operators on some Hilbert space with ∥Bj∥ ≤ a, j = 1, 2, for some non-negative
a.

(i) If 0 ≤ r ≤ 1, then
∥Br

1 −Br
2∥ ≤ Cr∥B1 −B2∥r,

for some Cr <∞.

(ii) If r > 1, then
∥Br

1 −Br
2∥ ≤ Ca,r∥B1 −B2∥,

for some Ca,r <∞.

Proposition B.7 (Fujii et al., 1993, Cordes inequality). Let A and B be two positive bounded linear operators
on a separable Hilbert space. Then

∥AsBs∥ ≤ ∥AB∥s, when 0 ≤ s ≤ 1.

Proposition B.8 (Rudi and Rosasco (2016) (Proposition 9)). Let H,K be two separable Hilbert spaces and X,A
be bounded linear operators, with A : H → K and B : H → H be positive semidefinite.

∥ABσ∥ ≤ ∥A∥1−σ∥AB∥σ, ∀σ ∈ [0, 1].

Proposition B.9. Let H1, H2 be two separable Hilbert spaces and S : H1 → H2 a compact operator. Then for
any function f : [0, ∥S∥] → [0,∞[,

f(SS∗)S = Sf(S∗S).

Proof. The result can be proved using singular value decomposition of a compact operator.

Proposition B.10 (Lin and Cevher (2018) (Lemma 10)). Let L be a compact, positive operator on a separable
Hilbert space H such that ∥L∥ ≤ κ2. Then for any λ ≥ 0,

∥(L+ λ)αϕλ(L)∥ ≤ 2Dλ−(1−α), ∀α ∈ [0, 1],

∥Lαϕλ(L)∥ ≤ Dλ−(1−α), ∀α ∈ [0, 1],

where D is defined in (2.7).
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Proposition B.11. With probability at least 1− δ, the following bounds hold:

∥F ∗
λ∥∞ ≤ 2κ2r+1RDλ−( 1

2−r)+ ,

∥F ∗
λ∥HM

≤ 2κ2r RDλ−( 1
2−r)+ ,

provided that

M ≥ 8 p κ2 β∞
λ

, with β∞ = log
4κ2

(
NL(λ) + 1

)
δ ∥L∥

.

Proof. Since F ∗
λ ∈ HM , we obtain from the reproducing property and the definition Gρ = LrH that, for any

x ∈ X ,

∥F ∗
λ (x)∥Y = ∥K∗

M,xF
∗
λ∥Y ≤ κ ∥F ∗

λ∥HM
= κ ∥S∗

Mϕλ(LM )Gρ∥HM

= κ ∥L
1
2

Mϕλ(LM )LrH∥L2(ρx).

Using ∥H∥L2(ρx) ≤ R, we find

∥F ∗
λ∥∞ ≤ κR ∥L

1
2

Mϕλ(LM )L(r∧ 1
2 )

M,λ ∥ ∥L−(r∧ 1
2 )

M,λ Lr∥ = κR (I) (II), (B.14)

∥F ∗
λ∥HM

≤ R ∥L
1
2

Mϕλ(LM )L(r∧ 1
2 )

M,λ ∥ ∥L−(r∧ 1
2 )

M,λ Lr∥ = R (I) (II). (B.15)

Step (I). By Proposition B.10,

I =
∥∥L 1

2+(r∧ 1
2 )

M ϕλ(LM )
∥∥ ≤

{
D, r ≥ 1

2 ,

D λr−
1
2 , r < 1

2 ,

≤ Dλ−( 1
2−r)+ .

Step (II). From Propositions B.7 and B.14, with probability at least 1− δ, we obtain

II =


∥L− 1

2

M,λLr
λ∥ ≤ ∥L− 1

2

M,λL
1
2

λ ∥∥Lr− 1
2 ∥ ≤ 2κ2r−1, r ≥ 1

2 ,

∥L−r
M,λLr

λ∥ ≤ ∥L− 1
2

M,λL
1
2

λ ∥2r ≤ 4r ≤ 2, r < 1
2 ,

≤ 2κ2r.

Combining the bounds on I and II in (B.14) and (B.15) yields

∥F ∗
λ∥∞ ≤ 2κ2r+1RDλ−( 1

2−r)+ ,

∥F ∗
λ∥HM

≤ 2κ2r RDλ−( 1
2−r)+ .

Proposition B.12. Let H be a separable Hilbert space and let A and B be two bounded self-adjoint positive
linear operators on H and λ > 0. Then

∥∥∥A− 1
2

λ B
1
2

λ

∥∥∥ ≤ (1− c)−
1
2 ,

∥∥∥A 1
2

λB
− 1

2

λ

∥∥∥ ≤ (1 + c)
1
2 ,

with

c =
∥∥∥B− 1

2

λ (A−B)B
− 1

2

λ

∥∥∥.
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Proof. The proof for the first inequality can for example be found in Rudi and Rosasco (2016) (Proposition 8).
Using simple calculations the second inequality follows from∥∥∥(A+ λI)

1
2 (B + λI)−

1
2

∥∥∥2 =
∥∥∥(B + λI)−

1
2 (A+ λI)(B + λI)−

1
2

∥∥∥
≤
∥∥∥(B + λI)−

1
2 (A−B)(B + λI)−

1
2

∥∥∥+ ∥I∥ ≤ 1 + c.

Proposition B.13 (Rudi and Rosasco (2016) (Lemma 9)). For any M ≥ 8κ4∥L∥−1 log2 2
δ we have with proba-

bility at least 1− δ

∥LM∥ ≥ 1

2
∥L∥.

Proof. For M ≥ 8κ4∥L∥−1 log2 2
δ we have from Proposition B.21 (E6) that with probability at least 1 − δ,

∥L − LM∥HS ≤ 1
2∥L∥ and therefore

∥LM∥ ≥ ∥L∥ − ∥L − LM∥HS ≥ 1

2
∥L∥.

Proposition B.14. Providing Assumption 2.1 we have for any M ≥ 8pκ2β∞
λ

where β∞ = log 4κ2(NL(λ)+1)
δ∥L∥ with probability at least 1− δ∥∥∥L− 1

2

M,λL
1
2

λ

∥∥∥ ≤ 2,
∥∥∥L 1

2

M,λL
− 1

2

λ

∥∥∥ ≤ 2.

Proof. From Proposition B.21 (E2) we have for any λ > 0 ,

∥∥∥L− 1
2

λ (LM − L)L− 1
2

λ

∥∥∥ ≤ 4κ2β∞
3Mλ

+

√
2pκ2β∞
Mλ

. (B.16)

From M ≥ 8pκ2β∞
λ we therefore obtain ∥∥∥L− 1

2

λ (LM − L)L− 1
2

λ

∥∥∥ ≤ 3

4
. (B.17)

The result now follows from Proposition B.12

Proposition B.15. Providing Assumption 2.1 we have for any n ≥ 8κ2β̃
λ with

β̃ := log
4κ2((1+2 log 2

δ )4NL(λ)+1)

δ∥L∥ and M ≥ 8pκ2β∞
λ ∨ 8κ4∥L∥−1 log2 2

δ , where β∞ = log 4κ2(NL(λ)+1)
δ∥L∥ that with

probability at least 1− 4δ ∥∥∥Σ̂− 1
2

M,λΣ
1
2

M,λ

∥∥∥ ≤ 2,
∥∥∥Σ̂ 1

2

M,λΣ
− 1

2

M,λ

∥∥∥ ≤ 2.

Note that we use this bound for the variance term in (B.7). Furthermore, a short calculation shows that the
above assumption on n is indeed satisfied under the sample size condition stated in Proposition B.2, namely,

n ≥ C• log3(2r+b)
(
δ−1
)
λ−(2r+b), n ≥ n0 := exp

(
2r+b

2r+b−1

)
.

Proof. From Proposition B.21 (E1) we have for any λ > 0 with probability at least 1− δ,

∥∥∥Σ− 1
2

M,λ

(
Σ̂M − ΣM

)
Σ

− 1
2

M,λ

∥∥∥ ≤ 4κ2βM
3nλ

+

√
2κ2βM
nλ

, (B.18)
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with βM = log
4κ2(NLM

(λ)+1)

δ∥LM∥ . For M ≥ 8pκ2β∞
λ we obtain from Proposition B.18 that with probability at least

1− 2δ,

NLM
(λ) ≤

(
1 + 2 log

2

δ

)
4NL(λ). (B.19)

From Proposition B.13 we have with probability 1− δ,

∥LM∥ ≥ 1

2
∥L∥. (B.20)

Note that the bounds of (B.19) and (B.20) imply βM ≤ β̃ = log
4κ2((1+2 log 2

δ )4NL(λ)+1)

δ∥L∥ . Using this together

with n ≥ 8κ2β̃
λ we obtain for (B.18)

∥∥∥Σ− 1
2

M,λ

(
Σ̂M − ΣM

)
Σ

− 1
2

M,λ

∥∥∥ ≤ 4κ2βM
3nλ

+

√
2κ2βM
nλ

(B.21)

≤ 4κ2β̃

3nλ
+

√
2κ2β̃

nλ
≤ 3

4
. (B.22)

Note that from Proposition B.5 we have that the above inequality holds with probability at least 1 − 4δ. The
result now follows from Proposition B.12

Proposition B.16. Providing Assumption 2.1 we have for any

M ≥


8pκ2β∞

λ r ∈
(
0, 12

)
(8pκ2β∞)∨C

1
r
1

λ ∨ C2

λ1+b(2r−1) r ∈
[
1
2 , 1
]

C3

λ2r r ∈ (1,∞)

with probability at least 1− 3δ, ∥∥∥L−(r∨1)
M,λ Lr

λ

∥∥∥ ≤ 3

λ(1−r)+
,

where C1 = 2(4κ log 2
δ )

2r−1(8pκ2β∞)1−r , C2 = 4(4cbκ
2 log 2

δ )
2r−1(8pκ2β∞)2−2r,

C3 := 4κ4C2
κ,r log

2 2
δ and with Cκ,r from Proposition B.6.

Proof. For the proof we need to differ between the following three cases:

• CASE (r ≤ 1
2 ) : From Proposition B.14 we have with probability at least 1− δ,∥∥∥L−(r∨1)

M,λ Lr
λ

∥∥∥ =
∥∥∥L−1

M,λL
r
λ

∥∥∥
≤ λr−1

∥∥∥L−r
M,λL

r
λ

∥∥∥
≤ λr−1

∥∥∥L− 1
2

M,λL
1
2

λ

∥∥∥2r ≤ 22rλr−1 ≤ 3λr−1.

• CASE (r ∈ [12 , 1]) : Using
∥∥L−1

λ Lr
λ

∥∥ ≤ λr−1 we have

∥∥∥L−(r∨1)
M,λ Lr

λ

∥∥∥ =
∥∥∥L−1

M,λL
r
λ

∥∥∥ (B.23)

≤
∥∥∥(L−1

M,λ − L−1
λ

)
Lr
λ

∥∥∥+ λr−1. (B.24)
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For the norm of the last inequality we have from the algebraic identity
A−1 −B−1 = A−1(A−B)B−1:∥∥∥(L−1

M,λ − L−1
λ

)
Lr
λ

∥∥∥ =
∥∥∥L−1

M,λ(LM,λ − Lλ)Lr−1
λ

∥∥∥
and from Proposition B.14 we further have with probability at least 1− δ,∥∥∥L−1

M,λ(LM,λ − Lλ)Lr−1
λ

∥∥∥
≤ λ−

1
2

∥∥∥L− 1
2

M,λL
1
2

λ

∥∥∥∥∥∥L− 1
2

λ (LM,λ − Lλ)Lr−1
λ

∥∥∥
≤ 2λ−

1
2

∥∥∥L− 1
2

λ (LM,λ − Lλ)Lr−1
λ

∥∥∥.
Since σ := 2− 2r ≤ 1 we have from Proposition B.8∥∥∥L− 1

2

λ (LM,λ − Lλ)Lr−1
λ

∥∥∥
≤
∥∥∥L− 1

2

λ (LM,λ − Lλ)
∥∥∥2r−1∥∥∥L− 1

2

λ (LM,λ − Lλ)L
− 1

2

λ

∥∥∥2−2r

.

Using Proposition B.21 (E2 and E5) we have for the last expression with probability at least 1− 2δ,

≤

[(
2κ√
λM

+

√
4κ2NL(λ)

M

)
log

2

δ

]2r−1(
4κ2β∞
3Mλ

+

√
2pκ2β∞
Mλ

)2−2r

,

with β∞ = log 4κ2(NL(λ)+1)
δ∥L∥ . Using this together with M ≥ 8pκ2β∞

λ and the simple inequality (a+ b)2r−1 ≤
a2r−1 + b2r−1 we have∥∥∥(L−1

M,λ − L−1
λ

)
Lr
λ

∥∥∥
≤ 2λ−

1
2

4κ log 2
δ√

λM
+

√
4κ2NL(λ) log

2
δ

M

2r−1(
4κ2β∞
3Mλ

+

√
2pκ2β∞
Mλ

)2−2r

≤ 2λ−
1
2

4κ log 2
δ√

λM
+

√
4κ2NL(λ) log

2
δ

M

2r−1(
2

√
2pκ2β∞
Mλ

)2−2r

≤ C1

λMr
+

√
C ′

2NL(λ)2r−1

Mλ3−2r
≤ C1

λMr
+

√
C2

Mλ3−2r+b(2r−1)
,

where we used in the last inequality the assumption NL(λ) ≤ cbλ
−b and set

C1 = 2(4κ log 2
δ )

2r−1(8pκ2β∞)1−r , C2 = 4(4cbκ
2 log2 2

δ )
2r−1(8pκ2β∞)2−2r. From M ≥ C

1
r
1

λ and M ≥
C2

λ1+b(2r−1) we obtain ∥∥∥(L−1
M,λ − L−1

λ

)
Lr
λ

∥∥∥ ≤ C1

λMr
+

√
C2

Mλ3−2r+b(2r−1)
≤ 2λr−1.

Plugging this bound into (B.24) leads to ∥∥∥L−(r∨1)
M,λ Lr

λ

∥∥∥ ≤ 3λr−1.

• CASE (r ≥ 1) : ∥∥∥L−(r∨1)
M,λ Lr

λ

∥∥∥ =
∥∥∥L−r

M,λL
r
λ

∥∥∥
≤ 1 +

∥∥∥L−r
M,λ

(
Lr
λ − Lr

M,λ

)∥∥∥
≤ 1 + λ−rCκ,r∥Lλ − LM,λ∥,
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where Cκ,r is defined in Proposition B.6. From the bound of Proposition B.21 (E6) we therefore obtain∥∥∥L−(r∨1)
M,λ Lr

λ

∥∥∥
≤ 1 + λ−rC1,r

(
2κ2

M
+

2κ2√
M

)
log

2

δ
≤ 3,

where used M ≥ C3λ
−2r, with C3 := 4κ4C2

1,r log
2 2

δ .

Proposition B.17. For any q > 0, n ≥ max{8C2
κ,qκ

4λ−2q log2 2
δ , 100κ

2NL(λ)λ
−1 log3 2

δ } and M ≥ 8pκ2β∞
λ we

have with probability at least 1− δ,

∥∥∥Σ̂−q
M,λΣ

q
M,λ

∥∥∥ ≤ 2.

Note that we use this bound for the variance term in (B.11), with q = (r ∨ 1) − 1
2 . Furthermore, the above

assumption on n is automatically satisfied in the case q = (r ∨ 1)− 1
2 (with r ≥ 1

2 ) by the sample size condition
stated in Proposition B.2, namely

n ≥ C• log3(2r+b)
(
δ−1
)
λ−(2r+b).

Proof. • Case q < 1:

From Proposition B.21(E3) we obtain with probability at least 1− δ,∥∥∥Σ̂−q
M,λΣ

q
M,λ

∥∥∥ =
∥∥∥Σ̂−1

M,λΣM,λ

∥∥∥q
≤
∥∥∥Σ̂−1

M,λ

(
Σ̂M − ΣM

)∥∥∥
HS

+ 1

≤ 1√
λ

∥∥∥Σ̂− 1
2

M,λΣ
1
2

M,λ

∥∥∥∥∥∥Σ− 1
2

M,λ

(
Σ̂M − ΣM

)∥∥∥
HS

+ 1

≤ 1√
λ

∥∥∥Σ̂− 1
2

M,λΣ
1
2

M,λ

∥∥∥( 2κ√
λn

+

√
4κ2NLM

(λ)

n

)
log

2

δ
+ 1.

We have from Proposition B.15 with probability at least 1− δ,∥∥∥Σ̂− 1
2

M,λΣ
1
2

M,λ

∥∥∥ ≤ 2

and therefore ∥∥∥Σ̂−q
M,λΣ

q
M,λ

∥∥∥ ≤ 2√
λ

(
2κ√
λn

+

√
4κ2NLM

(λ)

n

)
log

2

δ
+ 1. (B.25)

From B.18 we have with probability at least 1− 2δ,

NLM
(λ) ≤

(
1 + 2 log

2

δ

)
4NL(λ).

Plugging this bound into (B.25) leads to

∥∥∥Σ̂−q
M,λΣ

q
M,λ

∥∥∥ ≤ 2√
λ

 2κ√
λn

+

√
4κ2
(
1 + 2 log 2

δ

)
4NL(λ)

n

 log
2

δ
+ 1 ≤ 2, (B.26)

where we used n ≥ 100κ2NL(λ)λ
−1 log3 2

δ in the last inequality.
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• Case q ≥ 1: From Proposition B.6 and Proposition B.21(E7) we have with probability at least 1− δ,

∥∥∥Σ̂−q
M,λΣ

q
M,λ

∥∥∥ ≤ λ−q
∥∥∥Σ̂q

M − Σq
M

∥∥∥
HS

+ 1

≤ λ−qCκ,q

∥∥∥Σ̂M − ΣM

∥∥∥
HS

+ 1

≤ λ−qCκ,q

(
2κ2

n
+

2κ2√
n

)
log

2

δ
+ 1 ≤ 2,

where we used n ≥ 8C2
κ,rκ

4λ−2q log2 2
δ for the last inequality.

Proposition B.18. For any M ≥ 8pκ2β∞
λ we have with probability at least 1− 2δ,

NLM
(λ) ≤

(
1 + 2 log

2

δ

)
4NL(λ).

Proof.

NLM
(λ) ≤ Tr[LML−1

λ ]
∥∥∥L 1

2

λL
− 1

2

M,λ

∥∥∥2
=
(
NL + Tr[(LM − L)L−1

λ ]
)∥∥∥L 1

2

λL
− 1

2

M,λ

∥∥∥2
= (NL + ∥B∥HS)

∥∥∥L 1
2

λL
− 1

2

M,λ

∥∥∥2,
where B := L− 1

2

λ (LM − L)L− 1
2

λ . Proposition B.21(E4) we have with probability at least 1− δ,

∥B∥HS ≤ 2

(
2κ2

λM
+

√
κ2NL(λ)

λM

)
log

2

δ
.

Using λ > 4κ2M−1 we obtain

∥B∥HS ≤ 2NL(λ) log
2

δ
.

Further we have from Proposition B.14 with probability at least 1− δ,

∥∥∥L 1
2

λL
− 1

2

M,λ

∥∥∥2 ≤ 4.

To sum up, we obtain

NLM
(λ) ≤ (NL + ∥B∥HS)

∥∥∥L 1
2

λL
− 1

2

M,λ

∥∥∥2 ≤
(
1 + 2 log

2

δ

)
4NL(λ).

B.6 Concentration Inequalities

Proposition B.19. Let X1, · · · ,Xm be a sequence of independently and identically distributed selfadjoint Hilbert-
Schmidt operators on a separable Hilbert space. Assume that E[X1] = 0, and ∥X1∥ ≤ B almost surely for some
B > 0. Let V be a positive trace-class operator such that E

[
X 2

1

]
≼ V. Then with probability at least 1−δ, (δ ∈]0, 1[),

there holds ∥∥∥∥∥ 1

m

m∑
i=1

Xi

∥∥∥∥∥ ≤ 2Bβ

3m
+

√
2∥V∥β
m

, β = log
4 trV
∥V∥δ

.
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Proof. The proposition was first established for matrices by Tropp (2011). For the general case including oper-
ators the proof can for example be found in Lin and Cevher (2018) (see Lemma 26).

Proposition B.20. The following concentration result for Hilbert space valued random variables can be found
in (Caponnetto and De Vito, 2007 Caponnetto and De Vito (2007)).

Let w1, · · · , wn be i.i.d random variables in a separable Hilbert space with norm ∥.∥. Suppose that there
are two positive constants B and σ2 such that

E
[
∥w1 − E[w1]∥l

]
≤ 1

2
l!Bl−2V 2, ∀l ≥ 2. (B.27)

Then for any 0 < δ < 1/2, the following holds with probability at least 1− δ,∥∥∥∥∥ 1n
n∑

k=1

wn − E[w1]

∥∥∥∥∥ ≤
(
2B

n
+

2V√
n

)
log

2

δ
.

In particular, (B.27) holds if

∥w1∥ ≤ B/2 a.s., and E
[
∥w1∥2

]
≤ V 2.

Proposition B.21. For any λ > 0 define the following events,

E1 =

{∥∥∥Σ− 1
2

M,λ

(
Σ̂M − ΣM

)
Σ

− 1
2

M,λ

∥∥∥ ≤ 4κ2βM
3nλ

+

√
2κ2βM
nλ

}
, βM = log

4κ2(NLM
(λ) + 1)

δ∥LM∥
,

E2 =

{∥∥∥L− 1
2

λ (LM − L)L− 1
2

λ

∥∥∥ ≤ 4κ2β∞
3Mλ

+

√
2pκ2β∞
Mλ

}
, β∞ = log

4κ2(NL(λ) + 1)

δ∥L∥
,

E3 =

{∥∥∥Σ− 1
2

M,λ

(
Σ̂M − ΣM

)∥∥∥
HS

≤

(
2κ√
λn

+

√
4κ2NLM

(λ)

n

)
log

2

δ

}
,

E4 =

{∥∥∥L− 1
2

λ (LM − L)L− 1
2

λ

∥∥∥
HS

≤

(
4κ2

λM
+

√
4κ2NL(λ)

λM

)
log

2

δ

}
,

E5 =

{∥∥∥L− 1
2

λ (LM − L)
∥∥∥ ≤

(
2κ√
λM

+

√
4κ2NL(λ)

M

)
log

2

δ

}
,

E6 =

{
∥L − LM∥HS ≤

(
2κ2

M
+

2κ2√
M

)
log

2

δ

}
,

E7 =

{∥∥∥Σ̂M − ΣM

∥∥∥
HS

≤
(
2κ2

n
+

2κ2√
n

)
log

2

δ

}
.

Providing Assumption 3.1 we have for any δ ∈ (0, 1) that each of the above events holds true with probability at
least 1− δ .

Proof. The bound for E1 follows exactly the same steps as in the proof of Lin and Cevher (2018) (Lemma
18). The events E2 − E7 have been bounded in Rudi and Rosasco (2016) ( see Proposition 6, Lemma 8 and
Proposition 10). However, due to different assumptions and a different setting we attain slightly different
bounds and therefore give the proof of the events E2 − E7 for completeness.

E2) First note that LM can be expressed as

LM =
1

M

M∑
m=1

p∑
i=1

φ(i)
m ⊗ φ(i)

m ,
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where φm(·) = φ(·, ωm), and the tensor product is taken with respect to the L2(U , ρU ) inner product. The above
identity follows by straightforward calculation:

(LMG)(u) =

∫
KM (u, ũ)G(ũ) dρU (ũ)

=
1

M

M∑
m=1

p∑
i=1

∫
φ(i)
m (u)⊗V φ

(i)
m (ũ)G(ũ) dρU (ũ)

=
1

M

M∑
m=1

p∑
i=1

φ(i)
m (u)

∫ 〈
φ(i)
m (ũ), G(ũ)

〉
VdρU (ũ)

=
1

M

M∑
m=1

p∑
i=1

(
φ(i)
m ⊗ φ(i)

m

)
(G)(u).

Similarly, we have L = E[
∑p

i=1 φi ⊗ φi].

Now define Xm := L− 1
2

λ (L(m)
M − L)L− 1

2

λ , with L(m)
M :=

∑p
i=1 φ

(i)
m ⊗ φ

(i)
m . We now obtain

∥X1∥ ≤
∥∥∥L− 1

2

λ L(m)
M L− 1

2

λ

∥∥∥+ E
∥∥∥L− 1

2

λ L(m)
M L− 1

2

λ

∥∥∥ ≤ 2
κ2

λ
:= B,

where we used for the last inequality ∥∥∥L− 1
2

λ L(m)
M L− 1

2

λ

∥∥∥ ≤ λ−1
∥∥∥L(m)

M

∥∥∥ ≤ κ2

λ
.

For the second moment we have from Jensen-inequality

E
[
X 2
]
≼ E

[(
L− 1

2

λ L(m)
M L− 1

2

λ

)2]
≼ E

[
p

p∑
i=1

(
L− 1

2

λ φ(i)
m ⊗ φ(i)

m L− 1
2

λ

)2]

= E

[
p

p∑
i=1

∥∥∥L− 1
2

λ φ(i)
m

∥∥∥2
L2

ρx

L− 1
2

λ φ(i)
m ⊗ φ(i)

m L− 1
2

λ

]

≼ E

[
p
κ2

λ
L− 1

2

λ L(m)
M L− 1

2

λ

]
=
pκ2

λ
LL−1

λ := V

For β = log 4 trV
∥V∥δ we have

β = log
4NL(λ)

∥LL−1
λ ∥δ

= log
4NL(λ)(∥L∥+ λ)

∥L∥δ

≤ log
4NL(λ)∥L∥+ 4 trL

∥L∥δ
≤ log

4κ2(NL(λ) + 1)

∥L∥δ
.

The claim now follows from Proposition B.19.
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E3) Set wi := Σ
− 1

2

M,λξi, where ξi := KM,uiK
∗
M,ui

. Note that E[ξi] = ΣM . Then, we have

∥wi∥HS =
∥∥Σ− 1

2

M,λKM,uiK
∗
M,ui

∥∥
HS

≤ ∥Σ− 1
2

M,λ∥ ∥KM,ui
K∗

M,ui
∥HS

≤ λ−
1
2 ∥KM (ui, ui)∥HS ≤ κ2√

λ
=: B.

For the second moment, we obtain

E∥wi∥2HS = E tr
[
Σ

− 1
2

M,λξiΣ
−1
M,λξiΣ

− 1
2

M,λ

]
≤ κ2 E tr

[
Σ

− 1
2

M,λKM,uiK
∗
M,ui

Σ
− 1

2

M,λ

]
= κ2 tr

(
Σ−1

M,λΣM

)
= κ2 NLM

(λ) =: V 2.

The claim then follows directly by applying Proposition B.20.

E4) Set wm := L− 1
2

λ (L(m)
M − L)L− 1

2

λ . Note that we have

∥wm∥HS ≤
∥∥∥L− 1

2

λ L(m)
M L− 1

2

λ

∥∥∥
HS

+ tr
[
LL−1

λ

]
≤

∥∥∥∥∥L− 1
2

λ

(
p∑

i=1

φ(i)
m ⊗ φ(i)

m

)
L− 1

2

λ

∥∥∥∥∥
HS

+NL(λ)

≤ λ−1

p∑
i=1

∥∥∥φ(i)
m ⊗ φ(i)

m

∥∥∥
HS

+NL(λ)

≤ λ−1

p∑
i=1

∥∥∥φ(i)
m

∥∥∥2
L2

ρx

+NL(λ) ≤
2κ2

λ
=: B.

For the second moment we have,

E∥wm∥2HS ≤ E tr

[(
L− 1

2

λ L(m)
M L− 1

2

λ

)2]
≤ κ2

λ
E tr
[
L− 1

2

λ L(m)
M L− 1

2

λ

]
=
κ2

λ
NL(λ) =: V 2,

where we used ∥L− 1
2

λ L(m)
M L− 1

2

λ ∥ ≤ κ2

λ for the last inequality. The claim now follows from Proposition B.20.

E5) Set wm := L− 1
2

λ L(m)
M . Note that we have

∥wm∥HS ≤
∥∥∥L− 1

2

λ L(m)
M

∥∥∥
HS

≤

∥∥∥∥∥L− 1
2

λ

(
p∑

i=1

φ(i)
m ⊗ φ(i)

m

)∥∥∥∥∥
HS

≤ λ−1/2

p∑
i=1

∥∥∥φ(i)
m

∥∥∥2
L2

ρx

≤ κ2√
λ
=: B.

For the second moment we have,

E∥wm∥2HS ≤ κ2E∥L− 1
2

λ L(m)
M L− 1

2

λ ∥HS ≤ κ2E tr
[
L− 1

2

λ L(m)
M L− 1

2

λ

]
= κ2NL(λ) =: V 2



Mike Nguyen, Nicole Mücke

The claim now follows from Proposition B.20 together with the fact that the operator norm can be bounded by
the Hilbert-Schmidt norm: ∥.∥ ≤ ∥.∥HS .

E6) Set wm := L(m)
M . Note that we have

∥wm∥HS ≤
∥∥∥L(m)

M

∥∥∥
HS

=

∥∥∥∥∥
p∑

i=1

φ(i)
m ⊗ φ(i)

m

∥∥∥∥∥
HS

≤
p∑

i=1

∥∥∥φ(i)
m

∥∥∥2
L2

ρx

≤ κ2 =: B.

For the second moment we have,

E∥wm∥2HS ≤ κ4 =: V 2.

The claim now follows from Proposition B.20

E7) Set wi := ξi = KM,xi
K∗

M,xi
. Note that

∥wi∥HS =
∥∥KM,xiK

∗
M,xi

∥∥
HS

≤ κ2 =: B.

For the second moment we have,

E∥wi∥2HS ≤ κ4 =: V 2.

The claim now follows from Proposition B.20.

Proposition B.22. Provided Assumption 3.1, the following event holds with probability at least 1− δ:

E8 =

{∥∥∥Σ− 1
2

M,λŜ
∗
M

(
v − Ḡρ

)∥∥∥
HM

≤

(
4QZκ√
λn

+
4Q
√

NLM
(λ)√

n

)
log

2

δ

}
.

Proof. We use Proposition B.20 to prove the statement. Define

wi := Σ
− 1

2

M,λKM,ui

(
vi −Gρ(ui)

)
.

Note that E[wi] = 0 and

1

n

n∑
i=1

wi = Σ
− 1

2

M,λŜ
∗
M

(
v − Ḡρ

)
.
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Moreover, by Assumption 3.1, we have

E
[
∥w∥ l

HM

]
=

∫
U

∫
V
∥v −Gρ(u)∥lV ρ(dv|u) ∥Σ

− 1
2

M,λKM,u∥lρU (du)

≤ 2l−1

∫
U

∫
V

(
∥v∥lV +Ql

)
ρ(dv|u) ∥Σ− 1

2

M,λKM,u∥lρU (du)

≤ 2l−1
(
1
2 l!Z

l−2Q2 +Ql
) ∫

U
∥Σ− 1

2

M,λKM,u∥lρU (du)

≤ 2l−1
(
1
2 l!Z

l−2Q2 +Ql
)
sup
u∈U

∥Σ− 1
2

M,λKM,u∥l−2

∫
U
tr
(
Σ−1

M,λKM,uK
∗
M,u

)
ρU (du)

≤ 2l−1
(
1
2 l!Z

l−2Q2 +Ql
)(

κ√
λ

)l−2

tr

(
Σ−1

M,λ

∫
U
KM,uK

∗
M,uρU (du)

)
≤ 1

2 l!
(

2QZκ√
λ

)l−2(
2Q
√
NLM

(λ)
)2

= 1
2 l!B

l−2V 2.

Therefore, the statement follows directly from Proposition B.20.

Proposition B.23. Suppose that ∥Gρ∥∞ ≤ Q and that the bound from Proposition B.11 holds:

∥F ∗
λ∥∞ ≤ Cκ,R,D λ

−( 1
2−r)+ , where Cκ,R,D = 2κ2r+1RD.

Then, the following event holds with probability at least 1− δ:

E9 =

{∣∣∣∣ 1n∥∥Ḡρ − ŜMF
∗
λ

∥∥2
2
−
∥∥Gρ − SMF

∗
λ

∥∥2
L2(ρU )

∣∣∣∣ ≤ 2

(
Bλ

n
+
Vλ√
n

)
log

2

δ

}
,

where

Bλ := 4
(
Q2 + C2

κ,R,D λ
−2( 1

2−r)+
)
, Vλ :=

√
2
(
Q+ Cκ,R,D λ

−( 1
2−r)+

)∥∥Gρ − SMF
∗
λ

∥∥
L2(ρU )

.

Proof. We apply Proposition B.20. Define

wi :=
∥∥Gρ(ui)− F ∗

λ (ui)
∥∥2
V .

Then E[wi] = ∥Gρ − SMF
∗
λ∥2L2(ρU ), and therefore∣∣∣∣∣ 1n

n∑
i=1

wi − E[w1]

∣∣∣∣∣ =
∣∣∣∣ 1n∥∥Ḡρ − ŜMF

∗
λ

∥∥2
2
−
∥∥Gρ − SMF

∗
λ

∥∥2
L2(ρU )

∣∣∣∣.
It remains to bound |wi| and E[w2

1]. Using ∥Gρ∥∞ := supu∈U ∥Gρ(u)∥V ≤ Q and Proposition B.11, we obtain

|wi| ≤ 2
(
Q2 + C2

κ,R,D λ
−2( 1

2−r)+
)
,

and further,

E
[
w2

1

]
≤ 2
(
Q2 + C2

κ,R,D λ
−2( 1

2−r)+
)

E[w1]

= 2
(
Q2 + C2

κ,R,D λ
−2( 1

2−r)+
)∥∥Gρ − SMF

∗
λ

∥∥2
L2(ρU )

.

Hence, the claim follows directly from Proposition B.20.
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