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Abstract

Many machine learning applications require outputs that satisfy complex, dy-
namic constraints. This task is particularly challenging in Graph Neural Network
models due to the variable output sizes of graph-structured data. In this paper,
we introduce ProjNet, a Graph Neural Network framework which satisfies input-
dependant constraints. ProjNet combines a sparse vector clipping method with the
Component-Averaged Dykstra (CAD) algorithm, an iterative scheme for solving
the best-approximation problem. We establish a convergence result for CAD and
develop a GPU-accelerated implementation capable of handling large-scale in-
puts efficiently. To enable end-to-end training, we introduce a surrogate gradient
for CAD that is both computationally efficient and better suited for optimization
than the exact gradient. We validate ProjNet on four classes of constrained op-
timisation problems: linear programming, two classes of non-convex quadratic
programs, and radio transmit power optimization, demonstrating its effectiveness
across diverse problem settings.

1 Introduction

In many machine learning (ML) applications, model outputs must satisfy certain constraints to en-
sure feasibility, safety, or interpretability [22, 40]. A common approach to enforcing constraints
is through activation functions (e.g., Sigmoid, Softmax) in the output layer [41], which restrict
outputs to a predefined set. However, while effective for simple linear or box constraints, this ap-
proach is not applicable for more complicated types of constraints. Many real-world applications
require complex, data-dependent constraints. For example, in robotics, constraints can encode fea-
sible movements or collision avoidance [21, 54, 63]. Similarly, in energy systems, power generation
limits vary with demand fluctuations [48], and in industrial processes, physical constraints must be
respected [46]. Such tasks are often modelled as optimisation problems with convex constraints.

Several approaches have been proposed for enforcing a given set of convex constraints C in ML
models, each with distinct strengths and drawbacks. Many existing methods provide only approxi-
mate feasibility, typically by incorporating the constraints into the training loss using barrier func-
tions or duality [22, 27, 33]. Instead, we will only be considering methods which yield strict feasi-
bility guarantees. One common strategy involves first selecting an arbitrary reference point within
C, and then using an ML model to compute an adjustment vector about this reference, ensuring
that the final output remains feasible and accomplishes the desired task; we refer to this as the vec-
tor clipping method [39, 52, 59]. Typically, the reference point is obtained using a convex solver,
which is generally more computationally expensive than evaluating the adjustment vector. While
this approach works well for fixed constraint sets, it becomes significantly more costly when the
constraints vary with the model input, as a new reference point must be computed for each instance.
This limitation makes training vector clipping models with larger batch sizes impractical.
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A related line of research explores the integration of differentiable optimisation layers within ML
models [1, 3, 12]. These methods leverage convex solvers capable of solving batches of optimisa-
tion problems concurrently, with gradients computed analytically. As a result, optimisation layers
are more efficient in handling input-dependent constraints and have applications beyond constraint
satisfaction. However, a key limitation lies in their scalability to large problem instances. The solvers
used typically rely on interior-point methods, which require matrix factorizations that are difficult
to efficiently implement on GPUs, particularly for sparse matrices [4]. This makes it difficult to use
this approach with GNNs, since graph-structured data is typically sparse and leads to heterogenous
batches, requiring efficient exploitation of sparsity to sustain performance.

In addition, simple iterative algorithms have been embedded in ML models for constraint satisfac-
tion, sharing similarities with our approach. A prominent example is the Sinkhorn algorithm [19],
which has been used to compute stochastic matrices for learning permutations [24, 55] and for satis-
fying positive-linear constraints [61]. These iterative algorithms are well-suited for GPU implemen-
tations. However, their gradients are typically computed by unrolling the iterative procedure through
back-propagation, which can be both computationally expensive and memory-intensive. We argue
that unrolling is not always required: since many iterative algorithms—such as Sinkhorn—produce
solutions to specific optimisation problems, their gradients can often be derived analytically, leading
to more efficient methods of gradient computation [44].

Projection methods have long been used for finding feasible points in convex sets [16]. A classic
example is Von Neumann’s algorithm [6], which uses alternating projections to find a feasible point
in the intersection of two convex sets. While this algorithm produces feasible points, it generally
does not allow us to characterize which point in C is returned. In contrast, Dykstra’s projection
algorithm [34] can find the unique projection of a point onto the intersection of convex sets. For our
purposes, being able to determine the exact point produced by the algorithm is crucial, as it enables
the computation of a surrogate gradient. The Component-Averaged Dykstra (CAD) algorithm [14]
is a variant of Dykstra’s method which exploits problem sparsity by using component averaged
projections [15] on the constituent sets Ci. CAD can be efficiently accelerated using GPU scattering
operations [35] and works seamlessly on batches of problems. We present a convergence result for
the CAD and demonstrate its application to constraint satisfaction in ML models.

Building on these ideas, we introduce ProjNet, a GNN architecture designed for constraint satis-
faction. ProjNet leverages the CAD algorithm to guarantee feasibility, while incorporating a sparse
variant of the vector clipping method to improve model expressiveness. The architecture is end-end
differentiable and fully GPU accelerated. Although this work focuses on linear constraints, most of
the methods presented naturally extend to broader classes of convex constraints. We demonstrate
the effectiveness of ProjNet across four classes of constrained optimization problems.

1.1 Contributions

Our key contributions are as follows:

1. We establish theoretical foundations of our work by proving a convergence result for the CAD
algorithm, explicitly determining its limit, and incorporate these into an efficient GPU imple-
mentation, enabling significant speed-ups and scalability for large-scale applications.

2. We introduce a computationally efficiently surrogate gradient for the CAD algorithm, tailored
for ML applications.

3. We present a refined variant of the vector clipping method, which we refer to as sparse vector
clipping, which leverages problem sparsity and is well-suited for use in GNN models.

4. We propose ProjNet, a GNN architecture for constraint satisfaction problems which integrates
the CAD algorithm with sparse vector clipping. Unlike many existing approaches, our method
naturally supports batched graph inputs.

5. We demonstrate the effectiveness of our GNN-based approach on four constrained optimisa-
tion problems: linear programming, two classes of non-convex quadratic programs, and radio
transmit power optimisation.
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1.2 Overview

This paper is structured as follows. Section 2 describes the individual components of our GNN
architecture. We study the CAD algorithm in Section 3, providing a convergence result, a surrogate
gradient, and numerical experiments. In Section 4, the effectiveness of our method is demonstrated
on four classes of optimisation problems. Finally, Section 5 concludes the paper.

2 ProjNet: A GNN framework for constraint satisfaction

We propose ProjNet, a GNN-based framework for solving constraint satisfaction problems. After
introducing some preliminaries and notation in Section 2.1, we construct a constrained input graph
GC in Section 2.2 which embeds a set of linear output constraints C into a given input graph G. Pro-
jNet is then defined as a model GNNθ that maps any constrained input graph to a feasible solution,
i.e., GNNθpGCq P C for all GC . The architecture enforces constraint satisfaction through two core
components: a projection layer and sparse vector clipping layers, detailed in Sections 2.3 and 2.4,
respectively.

2.1 Preliminaries

Convex constraint sets We define a convex, non-empty constraint set C “
Şm

i“1 Ci Ă Rn as
the intersection of individual constraint, where each Ci “ tx P Rn : gippxjqjPNi

q ď 0u. Here,
Ni Ă t1, . . . , nu specifies the subset of variables affected by each constraint Ci, and gi : RNi Ñ R
is a convex function. Given component j P t1, . . . , nu, we write Lj “ ti : j P Niu Ă t1, . . . ,mu for
the set of constraints affecting j, and set lj “ |Lj |. We are especially interested in linear constraints
where gipxq “ Aix´bi for 1 ď i ď m, and Ai denote the rows of some matrix A “ rA1, . . . , Ams P

Rmˆn and b P Rm. For linear constraints, the constraint set C “ tx P Rn : Ax ď bu is a polytope.
We denote the unique projection of a point x onto a convex set C by PCpxq “ argminzPC ||x´z||2.

GNN inputs We assume that all problem instances are given as weighted graphs G “ pX,Eq

where the rows of X P Rnˆk correspond to n nodes of G, each with a k-dimensional node feature,
and E P Rnˆn encodes edge weights of all the edges connecting the n nodes. The input of the GNN
will be a constrained input graph GC which will be associated with graph G and constraint set C,
and will be defined in Section 2.2. We denote the output of the GNN by y P Rn where each output
component yi P R corresponds to the output feature of node i. Our aim is to enforce the constraint
y P C where the constraint C is input-dependant.

Batched inputs GNNs can be simultaneously applied to a batch of constrained input graphs as-
sociated with a batch of input graphs pG1, . . . ,Gβq of the form Gi “ pXi, Eiq for i P t1, . . . , βu

by interpreting them as one large disconnected graph G “ pcatpX1, . . . , Xβq,diagpE1, . . . , Eβqq.
Here, cat denotes concatenation and diag computes a block-diagonal matrix. This perspective al-
lows GNNs and all other forms of graph computation discussed in this paper to generalise seamlessly
to the batched case. Since these batched graphs are larger and more sparse than the individual input
graphs Gi, it is particularly important to develop methods that exploit their sparsity.

2.2 Constrained input graphs

Inspired by graph-based formulations in mixed-integer programming [17, 29], where a linear ob-
jective is combined with linear constraints into a single graph, we extend this methodology beyond
linear objectives to more general tasks represented by some graph G. Specifically, we construct a
constrained input graph GC from a given input graph G and a set of linear constraints Ax ď b. This
new graph GC “ pX, b,A,Eq is heterogeneous, comprising variable nodes X , constraint nodes b,
and two types of edges: E and A. The graph contains n variable nodes with k-dimensional features
from the rows of X , and m constraint nodes, each associated with a scalar feature bi. Edges in E rep-
resent relationships among variable nodes in X , while the matrix A serves as a weighted adjacency
matrix capturing connections between variable and constraint nodes. This unified graph represen-
tation enables the use of a single GNN to handle tasks that incorporate both problem instances and
their associated constraints.
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Some of the we methods we present exploit the sparsity of GC by identifying independent groups
of constraints. Specifically, we wish to identify the finest partition P of t1, . . . ,mu such that con-
straints from different components of P do not share any constrained variables. This partition corre-
sponds to the connected components of the bipartite graph pX, b,Aq and can be computed efficiently
using GPU graph processing software [62], or alternatively, via a simple label propagation scheme
outlined in Appendix D.1.

2.3 Component-averaged Dykstra (CAD) algorithm

To ensure feasibility, we wish to compute the projection of any vector x P Rn onto C, denoted by
PCpxq. To achieve this, we use the component-averaged Dykstra (CAD) algorithm [14], an iterative
scheme which exploits problem sparsity and is well suited for GPU implementations. CAD belongs
to a family of Dykstra-style projection algorithms, and is closely related to the two-set Dykstra
algorithm [34] and the Simultaneous Dykstra Algorithm [38]. All of these methods operate under a
common principle: computing the projection PC onto C by using the projections PCi

on individual
sets Ci. For m “ 2, i.e. C “ C1 X C2, the iterates of the two-set Dykstra algorithm are defined as:

ypkq “ PC1
pxpkq ` ppkqq,

ppk`1q “ xpkq ` ppkq ´ ypkq,

xpk`1q “ PC2
pypkq ` qpkqq,

qpk`1q “ ypkq ` qpkq ´ xpk`1q.

(2.1)

with initial values xp1q “ x and pp1q “ qp1q “ 0. Assuming C is non-empty, the sequence of points
xpkq defined by (2.1) is guaranteed to converge to PCpxq [16, 34].

A variation of Dykstra’s algorithm can be extended to m ą 2 by using a product space formulation
[38] to reduce the m constraint setting to the two constraint case (2.1), referred to as the Simultane-
ous Dykstra Algorithm which holds for any m P N:

xpk`1q “
1

m

m
ÿ

i“1

PCi
pxpkq ` p

pkq

i q,

p
pk`1q

i “ xpkq ` p
pkq

i ´ PCi
pxpkq ` p

pkq

i q, 1 ď i ď m,

(2.2)

where xp1q “ x and p
p1q

1 “ . . . “ p
p1q
m “ 0. The Simultaneous Dykstra Algorithm is well-

suited for GPU implementations as it only relies on simple vector operations and allows for parallel
computation of the projections PCi

pxpkq ` p
pkq

i q. However, the convergence of (2.2) can be slow
for sparse problems, as for a given constraint Ci, only a small number of components of xpkq ` p

pkq

i

and PCi
pxpkq ` p

pkq

i q differ when |Ni| ! n, and because of this, many components of the iterates
xk only slowly change. To overcome the slow convergence of (2.2), instead of averaging over all
constraints as in (2.2), averaging over constraints relevant for a given component has been proposed
in [14, 15]. Then, for any m P N, the CAD algorithm yields

x
pk`1q

j “
1

lj

ÿ

iPLj

´

PCipx
pkq ` p

pkq

i q

¯

j
,

p
pk`1q

i “ xpkq ` p
pkq

i ´ PCi
pxpkq ` p

pkq

i q, 1 ď i ď m.

(2.3)

To the best of our knowledge, no convergence results are available for (2.3).

2.3.1 The linear CAD algorithm

Dykstra-type algorithms assume that individual set projections PCi
pxq can be directly computed.

This is possible for many classes of constraint sets such as linear subspaces, half-spaces, and second-
order cones [9]. Even when PCi

pxq is not known in closed-form, we can use approximate hyperplane
projections [10]. For linear constraints of the form Ci “ tx P Rn : Aix ď biu, these individual
projections are given by

PCipxq “ x ` min

"

0,
bi ´ Aix

||Ai||
2

*

AT
i . (2.4)
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We refer to the CAD algorithm (2.3) with projections defined by (2.4) as the linear CAD algo-
rithm [37]. One of the key advantages of linear CAD is that it naturally lends itself to GPU imple-
mentations as the sparse multiplications in (2.3) and (2.4) can be efficiently computed using GPU
scattering operations [35]. This makes the linear CAD algorithm significantly more scalable than
traditional optimisers for computing projections onto convex polytopes.

2.4 Sparse vector clipping

Given a feasible point z P C, we propose a sparse vector clipping layer that transforms z into a
learned output y P C by leveraging the sparsity of GC . We start by learning an unconstrained
direction vector GNNv

θpGC ; zq “ v P Rn first. For each constraint Ci, we want to determine the
maximum scaling factor αCi so that z `αCiv P Ci, i.e. αCi “ maxtα ě 0 : z `αCi v P Ciu. Note
that only nodes j P Ni are relevant for constraint Ci, and as such only pzjqjPNi and pvjqjPNi need to
be considered in practice when finding αCi . Computing each factor αCi is tractable for many types
of convex sets Ci and for many such scaling factors, closed-form equations are provided in [59].

The overall scaling factor is the minimum over the individual constraints αC “

mintαC1 , . . . , αCmu. The standard vector clipping scheme ensures feasibility by computing out-
put y “ z ` mint1, αCuv P C, where mint1, αCuv is the clipped direction. As C is convex, any
point y P C can be reached from any feasible point z P C using the above construction. However,
when m is large, αC can become very small, limiting how far the the output y can move from z and
thus significantly reducing expressiveness.

To address this, we propose to exploit constraint independence. Let P be the partition of the con-
straints into independent sets, as defined in Section 2.2. For each component p P P , we compute
a local scaling factor αp “ miniPp αCi . This allows us to compute separate clipped directions for
each independently constrained set of variables. More precisely, for each p P P , we compute output
variables yj “ zj ` mint1, αpu vj for all j P Ni where i P p. . This definition is valid since, by
construction, no two components of P constrain the same variable.

By applying scaling locally within each independent constraint group, this approach leverages the
sparsity of C to allow more expressive model outputs. The resulting vector y P C remains feasible,
and the method is fully differentiable with respect to both the initial point z and direction vector v.

To summarise, a sparse vector clipping layer y “ SVCθpGC ; zq procedes as follows:

1. Compute unconstrained direction v “ GNNv
θpGC ; zq P Rn.

2. For each constraint i, compute individual factors αCi , only depending on pzjqjPNi and pvjqjPNi .

3. For each connected component p P P , compute factor αp “ miniPp αCi
.

4. Return output vector y P C, where for each component p P P and all constraints i P p, the
variables j P Ni are computed as yj “ zj ` mint1, αpu vj .

We can stack multiple sparse vector clipping layers to iteratively refine an input z P C. For this, let
zp0q “ z P C denote the input of the first layer and iteratively define xpk`1q “ SVCθkpGC ;x

pkqq,
this leads to a set of I ` 1 feasible points zp0q, . . . , zpIq P C. Notably, subsequent feasible points
pzpkqqkě1 are significantly less computationally expensive than the initial projection zp0q, which is
obtained using the CAD algorithm.

2.5 Network architecture

A common technique for enforcing output constraints in machine learning involves computing an
initial (unconstrained) output w and then projecting it onto the feasible set C. As shown in [47],
this projection-based strategy is a universal approximator for constrained functions. Our approach,
called ProjNet, follows this principle by applying the CAD algorithm to w which results in a feasible
solution z P C to the constrained problem. Since z lies on the boundary of C when w R C, we
propose to improve model expressiveness by making the interior of C more accessible using sparse
vector clipping layers, introduced in the previous section.

Given a constraint input graph GC as input, ProjNet, visualised in Figure 1, consists of three steps:
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1. GNN: Compute an unconstrained output w “ GNNw
θ pGCq P Rn using a GNN over the con-

strained graph GC .
2. CAD Projection: Compute z “ PCpwq using the GPU-accelerated CAD algorithm.

3. Sparse Vector Clipping: Compute a sequence of feasible points zp0q, . . . , zpIq P C using I sparse
vector clipping layers, starting from zp0q “ z with model output zpIq “ y.

ProjNet is fully GPU-accelerated, enabling efficient processing of large-scale inputs GC . Both the
CAD algorithm and sparse vector clipping layers are differentiable with respect to their input, mak-
ing ProjNet fully end-to-end differentiable allowing us to learn y using standard backpropagation.
We will further show in Section 3.3 that it is possible to compute a surrogate gradient for projections
without resorting to unrolling procedures.

Figure 1: An illustration of the ProjNet architecture. Shows forward pass on a constraint polygon
where points are colour coded with the modules used to compute them. Model takes as input a graph
G with n nodes and a set of linear constraints C Ă Rn, and outputs a feasible point y P C.

3 Analysis of the Component-averaged Dykstra (CAD) algorithm

3.1 Convergence of the CAD algorithm

While both the two-set (2.1) and simultaneous (2.2) Dykstra algorithms converge to PCpxq, we
show that the CAD algorithm (2.3) converges to a certain non-orthogonal projection determined by
the sparsity structure of C. We show this by using a sparse product space formulation, demonstrating
that (2.3) can be regarded as a special case of (2.1) under a certain transformation.
Theorem 1. For input x P Rn, the CAD algorithm (2.3) converges to the projection P l

Cpxq “

argminyPC

řn
j“1 ljpyj ´ xjq2. In particular, for input point pxj{

a

ljq1ďjďn and feasible set
tpxj{

a

ljq1ďjďn : x P Cu, the CAD algorithm converges to ppPCpxqqj{
a

ljq1ďjďn.

We prove Theorem 1 in Appendix A.1. To use the CAD algorithm for computing the orthogonal
projection PCpxq, we scale by its inputs by 1{

a

lj and rescale the outputs by
a

lj . We incorporate
this in our GPU implementation of CAD outlined in Appendix D.2.

3.2 Computational efficiency

We compare the linear CAD algorithm’s runtime against Gurobi [31] – a popular commercial solver
– for computing the projection PCpxq on polytopes C. We used the dual barrier method for Gurobi
as we found it to be the fastest amongst the available options for the class of problems considered.
Our results in Figure 2 demonstrate that the CAD algorithm can solve projection problems up to
two orders of magnitude faster than Gurobi when the both the numerical tolerance is relaxed and
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the initial point x is close to C. However, this advantage diminishes significantly when either of
these conditions is not met. To encourage the unconstrained vector w in ProjNet to be closer to the
feasible set, we add an additional penalty term ch ||w´PCpwq||2 to the loss function during training.
The hyperparameter ch provides a trade-off between speed and performance: increasing ch speeds
up the CAD algorithm by moving w closer to C, but may reduced task performance.

104 105 106
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10 2

10 1

100

101

102
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m

e 
(s

)

Gurobi ( =10)
Gurobi ( =1)
CAD ( =10)
CAD ( =1)

ϵ “ 10´2

104 105 106

Variables

ϵ “ 10´3

104 105 106

Variables

ϵ “ 10´4

Figure 2: Comparing runtimes of CAD algorithm and Gurobi for the linear projection problem as
a function of output dimension n. δ values in the legend are a measure of the distance between the
initial point and the feasible set. Legend and y-axis are identical for all figures.

3.3 Surrogate gradients

To embed the CAD algorithm into ML models, its derivative is required during the backward pass
which —according to Theorem 1— is identical to the derivative of PC . In this subsection, we first
present the exact gradient of PC before introducing a surrogate gradient that is both computationally
cheaper and more effective for optimization compared to the exact gradient. Surrogate gradients
have proven useful in scenarios where the exact gradient either doesn’t exist or is unsuitable for
optimisation, particularly in spiking neural networks [32, 49] and straight-through estimators [7].

For fixed linear constraints C, let Hx Ă Rn be the set of all points orthogonal to x´PCpxq. Define
the tangent cone [53] at PCpxq, denoted by Tx Ă Rn, as the set of all directions v P Rn that can be
approached by moving toward points in C from x. More formally, v is in Tx if there exist sequences
pxiqiPN Ă C and pτiqiPN Ă R` such that xi Ñ x, τi Ñ 0 and xi´x

τi
Ñ v.

Since PC is the projection onto a polytope, it is piecewise-affine and therefore differentiable almost
everywhere. Its Jacobian BxPC is given by the linear projection PTxXHx

[26] which can be computed
using the CAD algorithm – for instance. However, this gradient is not appropriate for training ML
models, as it can be expensive to compute and often has low rank, which may lead to poor local
optima during optimization.

To remedy, we propose to use a surrogate gradient by projecting onto Hx only, namely

BxPC « PHx
“

"

I ´ dx d
T
x , x R C,

I, x P C,
(3.1)

where dx “ px ´ PCpxqq{||x ´ PCpxq||2 and I denotes the identity operator.

Proposition 1 states some desirable properties of this surrogate gradient, proved in Appendix A.2:
Proposition 1. Let C Ă Rn be a polytope defined by non-redundant linear inequalities and let
x P Rn be a point where PC is differentiable. Then the surrogate Jacobian PHx , defined in (3.1),
satisfies the following properties:

1. Rank guarantee: rankpPHx
q ě n ´ 1, while no such bounds exist for rankpBxPCq.

2. Exactness: PHx
“ BxPC ðñ x P intpCq, or PCpxq P intpCiq for all but one half-space Ci.

3. Alignment with descent direction: For any v P Rn, xBxPCpvq, PHx
pvqy “ }BxPCpvq}

2, indi-
cating that PHx

pvq aligns with the descent direction of the true projected gradient.

4. Local equivalence of gradient steps: There exists β ą 0 such that PCpx`BxPCpvqq “ PCpx`

PHx
pvqq for all v P Rn with ||v|| ă β. This indicates that gradient-descent steps are identical

for surrogate and exact gradients for a sufficiently small step-size.
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Table 1: Average objective values and their standard deviation for each application problem. For
linear programming, optimality is measured instead. Last row combines programming methods.

Data is obtained for different training seeds and problem instances.
Type Method Linear Quadratic (ER) Quadratic (BA) Transmit power

ML

ProjNet (ch “ 0) 0.9973 ˘ 0.0001 6.83 ˘ 1.47 7.73 ˘ 1.52 3.01 ˘ 0.23
ProjNet (ch “ 0.01) 0.9905 ˘ 0.0004 6.78 ˘ 1.31 7.86 ˘ 1.59 2.82 ˘ 0.36
ProjNet (ch “ 1) 0.9632 ˘ 0.0015 6.75 ˘ 1.50 7.67 ˘ 1.38 1.79 ˘ 0.31
No SVC (ch “ 0) N/A 6.76 ˘ 1.67 7.72 ˘ 1.47 2.92 ˘ 0.26
No CAD 0.2954 ˘ 0.7644 1.93 ˘ 1.33 1.91 ˘ 1.16 1.79 ˘ 0.30
No SVC or CAD 0.3365 ˘ 0.2662 1.69 ˘ 1.29 1.43 ˘ 1.04 1.71 ˘ 0.30

Classic
trust-constr N/A 6.86 ˘ 1.51 7.98 ˘ 1.68 2.15 ˘ 0.59
LP / DCP / FP 1.0000 ˘ 0.0000 6.38 ˘ 1.80 7.60 ˘ 1.70 2.79 ˘ 0.61
Random 0.1585 ˘ 3.6216 0.05 ˘ 1.07 0.00 ˘ 0.80 1.59 ˘ 0.27

Numerical experiments in Appendix E demonstrate that the surrogate gradient is both faster and
more stable than the exact gradient when C is a polytope. While beyond the scope of this work, we
conjecture that the benefits of the surrogate gradient (3.1) extend to general convex constraints C.

4 Numerical results

To assess the performance of the ProjNet model, we test it on four classes of linearly constrained
optimisation problems. For comparison, we employ both classical optimization-based methods,
which are detailed for each specific task, as well as ML baselines in the form of ablations of the
two main components of ProjNet: sparse vector clipping (SVC) and CAD. For reference, we also
included a method which samples a random point in C using the hit-and-run algorithm [43]. All
methods considered are guaranteed to produce feasible outputs y P C.

The problem instances used in our evaluation were randomly generated using different graph distri-
butions, as outlined in Appendix B. In Figures 3 and 4, we report the runtime for selected methods
as a function of problem size.

Average objective values are shown in Table 1. For linear programming, we present the ratio of
achieved-to-optimal objective values, while for the other three applications, we report average ob-
jective values. Consequently, the standard deviations for linear programming appear smaller, since
they are normalized by each instance’s optimal value obtained from an LP solver.

4.1 Linear programming

Linear programs (LPs) are perhaps the simplest non-trivial class of convex problems. They are a
well-studied class of problems with very broad applications and some highly optimised solvers [28].

Most algorithms for LPs focus on obtaining numerically precise, exact solutions. Such methods are
usually CPU-based as they utilise sparse linear algebra computations that are not easily accelerated
using GPUs. Being reliant on CPU computation makes such classical methods less scalable to large
LPs, for this reason there has been some recent interest in using first-order methods to solve LPs [5,
64], but state-of-the-art solvers remain mostly rooted in CPU computation. We consider the problem
of finding fast, approximate solutions to large-scale LPs of the form

max
x

cTx, s.t. Ax ď b. (4.1)

Classical baselines We consider three LP solvers: Gurobi, a widely used commercial solver;
PDLP [5], a recent first-order method for large-scale LPs; and PDLP-GPU, its GPU-accelerated
implementation. We use the gurobipy interface for Gurobi, OR-Tools [51] for PDLP, and CVXPY
[20] for PDLP-GPU, which interfaces with NVIDIA’s cuOpt solver .
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Figure 3: Comparing runtime of ProjNet, PDLP, and Gurobi for linear programming. We trained
three ProjNet models with different ch values shown in legend. Error bars show upper/lower quar-
tiles for each point. Legend and y-axis are identical for all figures.

4.2 Non-convex quadratic programming

We consider quadratic programs of the form

max
x

xTQx ` cTx, s.t. Ax ď b. (4.2)

If Q is negative-definite then the problem is convex and can be solved efficiently using interior-
point solvers [9]. Alternatively, Dykstra-type algorithms can also be directly used to solve convex
quadratic problems [38], although this is not a popular approach due to its slower convergence.
We will instead be considering the general, non-convex case in which Q is an arbitrary symmetric
matrix.

Quadratic problems of the form (4.2) can be modelled as weighted graphs G “ pc,Qq, where the
linear coefficients c are treated as node features and the matrix Q defines undirected edge weights.
To evaluate our approach, we tested two types of graph topologies for G: Erdős-Rényi (ER) [25] and
Barabási-Albert (BA) [2] random graphs.

Classical baselines We tested a Difference of convex programming (DCP) method, which yields
approximate solutions to (4.2) by solving a sequence of approximating convex quadratic programs
[42], and trust-constr, a trust region method which yields feasible approximate solutions [13] imple-
mented in the scipy.minimize package [60].
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e 
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ProjNet (ch=1)

Transmit power

Figure 4: Comparing runtime of ProjNet, trust-constr, and programming baselines for three classes
of optimisation problems. We show two ProjNet models with different values for ch. Precision is set
to ϵ “ 10´3. Plots include error bars showing upper/lower quartiles for each point. Y-axis is shared.

4.3 Transmit power optimisation

Given n radio transmitters, let H P Rnˆn
ě0 be a channel gain matrix and let σ ą 0 denote background

noise. We study the problem of optimising a vector of radio transmit powers 0 ď xi ď pmax such
that the sum of channel capacities

ci “ log
´

1 ` Hiixi
ř

j‰i Hijxj`σ2

¯
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is maximised, subject to individual minimum capacity requirements si ą 0:

max
xPRn

1

n

ÿ

i

ci, s.t. si ď ci , 0 ď xi ď pm. (4.3)

This is a linearly constrained problem with a non-convex objective which can be shown to be NP-
hard in general [18]. We focus on feasible approximate solutions to (4.3).

Classical baselines We tested trust-constr [13], and Fractional programming (FP) [57], which
uses a quadratic transform that yields a sequence of convex optimisation problems whose solutions
converge to a local minimum to (4.3)

4.4 Discussion

As a result of its GPU-acceleration, ProjNet demonstrates a clear advantage in runtime over classical
optimization methods on large-scale problems. When it comes to solution quality, ProjNet is very
competitive with classical methods while outperforming them for transmit power optimization.

As anticipated in Section 3.2, the hyperparameter ch governs the trade-off between accuracy and
speed, enabling users to tailor ProjNet’s performance to specific application requirements. Ablation
baselines confirm that both the SVC and CAD components offer a meaningful increase in perfor-
mance over standard alternatives, with CAD providing the most substantial performance gains.

5 Conclusion

We presented ProjNet, a GNN architecture designed to solve constraint satisfaction problems in-
volving large-scale, input-dependent linear constraints. ProjNet leverages the CAD algorithm, for
which we present a convergence result, a GPU implementation, and an efficient surrogate gradient
for training ML models that embed the CAD algorithm.

We evaluated the ProjNet architecture on four classes of linearly constrained optimisation problems.
In comparison to both classical and ML baselines, we demonstrate that ProjNet offers a strong and
tunable trade-off between computational efficiency and solution quality.
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• The answer NA means that the abstract and introduction do not include the claims made in
the paper.
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the results can be expected to generalise to other settings.
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not attained by the paper.

2. Limitations
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olations of these assumptions (e.g., independence assumptions, noiseless settings, model
well-specification, asymptotic approximations only holding locally). The authors should
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tested on a few datasets or with a few runs. In general, empirical results often depend on
implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
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imental results of the paper to the extent that it affects the main claims and/or conclusions of the
paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: Implementation described in Appendix D.
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• The answer NA means that the paper does not include experiments.
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code and data are provided or not.
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make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways. For
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the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how to

reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe the

architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the case
of closed-source models, it may be that access to the model is limited in some way
(e.g., to registered users), but it should be possible for other researchers to have some
path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instructions
to faithfully reproduce the main experimental results, as described in supplemental material?
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Answer: [No]
Justification: While we are currently not able to provide code, we are hoping to eventually
release both code and data.
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• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be pos-
sible, so “No” is an acceptable answer. Papers cannot be rejected simply for not including
code, unless this is central to the contribution (e.g., for a new open-source benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how to
access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new pro-
posed method and baselines. If only a subset of experiments are reproducible, they should
state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized versions
(if applicable).

• Providing as much information as possible in supplemental material (appended to the pa-
per) is recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details
Question: Does the paper specify all the training and test details (e.g., data splits, hyperparame-
ters, how they were chosen, type of optimizer, etc.) necessary to understand the results?
Answer: [Yes]
Justification: Discussed in appendix.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: Our experimental results are equipped with error bars. For instance, the error bars
in Figures 6 and 4 represent upper and lower quartiles.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer ”Yes” if the results are accompanied by error bars, confidence

intervals, or statistical significance tests, at least for the experiments that support the main
claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialisation, random drawing of some parameter, or overall run
with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula, call to
a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error of the

mean.
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• It is OK to report 1-sigma error bars, but one should state it. The authors should preferably
report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality
of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how they
were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources
Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the exper-
iments?

Answer: [Yes]

Justification: Hardware is mentioned in appendix D. The computation involved was light so we
did not feel that detailed compute resource discussion was needed.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster, or

cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual exper-

imental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute than the

experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make
it into the paper).

9. Code Of Ethics
Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have carefully reviewed the NeurIPS Code of Ethics. The research conducted
in our paper conforms, in every respect, with the NeurIPS Code of Ethics.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a de-

viation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consideration

due to laws or regulations in their jurisdiction).

10. Broader Impacts
Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [NA]

Justification: While we are not aware of any immediate societal impact of this work, we demon-
strated the effectiveness of a method that may have some long-term social impacts.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal impact

or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses (e.g.,

disinformation, generating fake profiles, surveillance), fairness considerations (e.g., de-
ployment of technologies that could make decisions that unfairly impact specific groups),
privacy considerations, and security considerations.
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• The conference expects that many papers will be foundational research and not tied to
particular applications, let alone deployments. However, if there is a direct path to any
negative applications, the authors should point it out. For example, it is legitimate to point
out that an improvement in the quality of generative models could be used to generate
deepfakes for disinformation. On the other hand, it is not needed to point out that a generic
algorithm for optimizing neural networks could enable people to train models that generate
Deepfakes faster.
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• We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines
for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or non-
standard component of the core methods in this research? Note that if the LLM is used only for
writing, editing, or formatting purposes and does not impact the core methodology, scientific
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A Proofs

A.1 Convergence proof of the CAD algorithm

Proof of Theorem 1. Let xpkq, p
pkq

i denote the CAD iterates with initial point x P Rn and m convex
constraints Ci Ă Rn. We show that there exists two convex sets C1,C2 Ă Rmˆn and an initial
point X P Rmˆn which, when used as inputs for the two-set Dykstra algorithm 2.1, produce iterates
Xpkq,Ppkq,Qpkq P Rmˆn such that for all k we have

xpkq “ T pXpkqq,

p
pkq

i “ P
pkq

i , 1 ď i ď m
(A.1)

where T is a certain linear bijection. We do this by using a sparse product space formulation to
describe the component-averaging process as a linear projection. Using this idea, we can describe
both the simultaneous projections and component averages computed in (2.3) as projections onto
convex sets. The convergence result for CAD iterates xpkq then follows from the convergence of
xpkq to PC1XC2

pXq.

Let C1 “
Śm

i“1 Ci Ă Rmˆn be the Cartesian product of sets Ci, formulated as a set of matrices.
For any c “ pc1, . . . , cmq P C1, we interpret row ci P Ci as variable values satisfying constraint Ci.
Hence, C1 encodes the problem constraints, and is the set of all possible variable values satisfying
the constraints. Let Xi P Rn denote the i-th row of matrix X P Rmˆn. Then, the projection of X
onto C1 is simply the projection of its rows onto the indivisual constaint sets:

PC1pXq “ rPC1pX1q, . . . , PCmpXmqs “

m
ą

i“1

PCipXiq,

where we use the cross symbol to denote the stacking of row vectors into a matrix.

Define the set C2 Ă Rmˆn as the collection of matrices X such that:

• Xij “ 0 if variable j R Ni, i.e., j is not involved in constraint Ci,

• Xij “ Xkj for all i, k such that j P Ni XNk, i.e., a shared variable j has consistent values
across all constraints they appear in.

In other words, C2 encodes the sparsity and variable-sharing structure of the constraints C: only
relevant variables appear in each row, and any variable shared across constraints must take the same
value in those rows.

We now show that the linear projection PC2
pXq is the component average over the columns of

X P Rmˆn. For this, we define basis matrices Vpkq P Rmˆn for each variable k P t1, . . . , nu,
where each Vpkq encodes which constraints involve variable k. Specifically, the entries of Vpkq are
given by:

V
pkq

ij “

"

1, if j “ k and k P Ni,

0, otherwise.

That is, the i-th row of Vpkq is nonzero only if constraint Ci depends on variable k, and the nonzero
entry appears in column k. The subspace C2 Ă Rmˆn has an orthonormal basis given by the scaled
matrices pl

´1{2
k Vpkqqnk“1, where lk denotes the number of constraints involving variable k. The

linear projection is then given as

PC2pXq “

n
ÿ

j“1

Vpjq

lj

A

Vpjq,X
E

“

n
ÿ

j“1

Vpjq

lj

ÿ

iPLj

Xij .
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There is a natural correspondence between elements X “
řn

j“1 γjV
pjq P C2 and vectors x “

rγ1, . . . , γnsT P Rn, defined by the linear bijection T : C2 Ñ Rn,

T

˜

n
ÿ

j“1

γjV
pjq

¸

“ rγ1, . . . , γnsT .

This map identifies the representation of a matrix in C2 with its coefficient vector in Rn.

For an initial input x P Rn, let X “ T´1pxq P C2. The projection of X onto the constraint sets
followed by projection back onto C2, and mapped to Rn by T , yields:

T ˝ PC2 ˝ PC1pXq “ T ˝ PC2

˜

m
ą

i“1

PCipXiq

¸

“ T

˜

n
ÿ

j“1

Vpjq

lj

C

Vpjq,
m

ą

i“1

PCipXiq

G¸

The inner product
@

Vpjq,
Śm

i“1 PCi
pXiq

D

simplifies to:
C

Vpjq,
m

ą

i“1

PCipXiq

G

“
ÿ

iPLj

pPCipXiqqj “
ÿ

iPLj

pPCipxqqj ,

Hence,

T ˝ PC2
˝ PC1

pXq “ T

¨

˝

n
ÿ

j“1

Vpjq

lj

ÿ

iPLj

pPCi
pxqqj

˛

‚“

¨

˝

1

lj

ÿ

iPLj

pPCi
pxqqj

˛

‚

n

j“1

. (A.2)

Note that the right-hand side of (A.2) coincides with the component-average in (2.3). We can now
show two equivalences (A.1). For k “ 1 both equivalences hold by definition. For the induction
step, we assume they hold at iteration k ´ 1 and show they also hold at iteration k. For the first
equivalence we have:

xpkq “ T ˝ PC2
˝ PC1

pXpk´1q ` Ppk´1qq

“ T ˝ PC2

´

PC1
pXpk´1q ` Ppk´1qq ` Qpk´1q

¯

“ T pXpkqq

where the second equality follows from the fact that Qpk´1q is orthogonal to C2. To show the second
equivalence, recall that for all i P t1, . . . ,mu:

p
pkq

i “ xpk´1q ` p
pk´1q

i ´ PCipx
pk´1q ` p

pk´1q

i q.

For all j R Li, we have p
pkq

ij “ 0 and since x
pk´1q

j “ X
pk´1q

ij for all j P Li we have

p
pkq

i “

´

Xpk´1q ` Ppk´1q ´ PC1
pXpk´1q ` Ppk´1qq

¯

i
“ P

pkq

i .

The convergence of (2.1) implies the convergence of the CAD iterates xpkq to the projection

T ˝ PC1XC2
pXq “ T

ˆ

argmin
YPC1XC2

||Y ´ X||2
˙

“ T

¨

˝ argmin
YPC1XC2

n
ÿ

j“1

ÿ

iPLj

pYij ´ Xijq2

˛

‚

“ argmin
yPC

řn
j“1 ljpyj ´ xjq2 “ P l

Cpxq.

Finally, we derive the limit of the CAD algorithm for input pxj{
a

ljq1ďjďn. By scaling x and C,
we can use algorithm (2.3) to compute the orthogonal projection PCpxq instead. Given any two
vectors x, y P Rn with yi ‰ 0 and a set C Ă Rn, let x{y denote element-wise division and let
C{y “ tx{y : x P Cu. Setting l “ pl1, . . . , lnq and using inputs x{

?
l, C{

?
l in (2.3) converges to

P l
C{

?
l

´

x{
?
l
¯

“ argmin
yPC{

?
l

ř

ip
?
li yi ´ xiq

2 “
`

argminyPC ||x ´ y||2
˘ L

?
l “ PCpxq{

?
l.

Therefore, we obtain the projection PCpxq using the CAD algorithm (2.3) by scaling x and C by
1{

?
l, and scaling the output by

?
l.
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A.2 Properties of the surrogate Jacobian

Proof. We prove each part of the proposition separately.

1. Rank guarantee. As x ´ PCpxq “ 0 for x P C, this yields rankpPHx
q “ n. For x R C, we

have x ´ PCpxq ‰ 0, implying that the direction vector dx “
x´PCpxq

}x´PCpxq}
is well-defined. Then

PHx
“ I ´ dxd

T
x is the orthogonal projection onto the hyperplane normal to dx. Since dxd

T
x is

a rank-1 matrix, PHx
has rank n ´ 1.

It can be seen that there are no lower bounds on the rank of the exact gradient BxPC . We can
demonstrate this using a simple counter-example. Let C Ă Rn be the unit hyper-cube defined
by the inequality x ď 1. For x “ 2 ¨ 1 we have PCpxq “ 1 which is a vertex of C. The tangent
cone and supporting hyperplane at x are given by

Tx “ tx : x ď 0u

Hx “ tx :
ÿ

i

xi “ 0u.

These sets intersect only at the origin, therefore rankpBxPCq “ 0.

2. Exactness.

We prove each direction of the equivalence.

• Case 1: x P intpCq. Then PCpxq “ x, so dx “ 0 and the surrogate projection becomes
PHx

“ I . The projection map is locally the identity, so the Jacobian BxPC “ I as well.
Hence, PHx

“ BxPC .
• Case 2: PCpxq P intpCiq for all but one half-space Ci. In this case, PCpxq lies on the

boundary of exactly one of the half-spaces defining C, and in the interior of the rest. Then,
locally around x, the constraint set behaves like a single active hyperplane. Therefore, the
projection PC is locally the orthogonal projection onto that hyperplane. Since the Jacobian
BxPC in this case is the projection matrix onto the corresponding hyperplane, and Hx is
defined as the hyperplane orthogonal to x ´ PCpxq, we again have PHx

“ BxPC .
• Converse: If PHx “ BxPC “ PTxXHx , it must be that Hx Ă Tx. This occurs when no

constraints are active (i.e., x P intpCq), since then Hx “ Tx. If x R C then then Hx is a
hyperplane , which could only be contained in Tx if the boundary of C at PCpxq is locally
of dimension n ´ 1. Clearly, this only occurs if only one constraint set is active, i.e. when
PCpxq P intpCiq for all but one i.

3. Alignment with descent direction. Let v P Rn. Note that BxPCpvq P Tx X Hx, where Tx is
the tangent cone at PCpxq, and Hx is the hyperplane orthogonal to x ´ PCpxq. Since PHx

is
the orthogonal projection onto Hx, and BxPCpvq P Hx, applying the projection preserves the
vector:

PHx
pBxPCpvqq “ BxPCpvq.

Therefore, we have:
xBxPCpvq, PHxpvqy “ xBxPCpvq, BxPCpvqy “ }BxPCpvq}

2
.

4. Local equivalence of gradient steps: Since PC is piece-wise affine and differentiable at x,
there exists some β ą 0 such that PC is affine in the β-neighbourhood of x. In this affine region
we have

PCpx ` yq “ PCpxq ` PTxXHxpyq.

for any y P Rn with ||y|| ă β. Moreover, since projections are non-expansive we have
||BxPCpyq|| ď ||PHxpyq|| ď ||y|| ă β.

Therefore, both surrogate and exact gradient steps are in the affine region of PC . We then
compute

PCpx ` PHx
pyqq “ PCpxq ` PTxXHx

˝ PHx
pyq

“ PCpxq ` PTxXHx
pyq

“ PCpxq ` PTxXHx
˝ PTxXHx

pyq

“ PCpx ` BxPCpyqq.
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B Generating test problems

In this section, we describe the distributions of test problems which were used to train and test each
of the three application problems described in Section 4.

B.1 Generating problem objectives

Components of the linear objective terms in (4.1) and (4.2) were sampled i.i.d uniformly as ci „

Up´1, 1q. The sparse quadratic objective term in (4.2) was generated by first determining its sparsity
pattern, choosing each element Qij as non-zero with probability d{n. Each non-zero element was
sampled uniformly as Q „ Up´10, 10q. Finally, for the transmit power task, the channel gain
matrix was generated by sampling a geometric graph to determine the sparsity pattern of H then
setting non-zero entries to Hij “ pdij ` 1q´3 where dij is the distance between nodes i and j in the
geometric graph. This is a standard distribution to use for transmit power problems [22].

B.2 Generating linear constraints

We used sets of sparse, randomly generated linear constraints of the form Ax ď b which we now
describe. Let d denote the average degree of the adjacency matrix A P Rmˆn. To determine the
sparsity pattern of A, we use the method described in the pervious section with degree d ´ 1, and
then setting one additional random non-zero element Aij in each row i to ensure no constraints are
redundant . The value of d determines the average degree of the corresponding bi-partite constraint
graph. Then, each column Ai is sampled as random unit length vector satisfying the chosen sparsity
pattern. Finally, b “ u ` As where ui „ Up0.1, 1q and si „ N p0, 1q.

Our random linear constraints produce non-empty bounded polytopes such that a ball of radius
0.1 is guaranteed to fit inside C. Consequently, although the test problem distribution is appears
fairly diverse, all instances are well-scaled and feasible. We leave the handling of poor scaling and
infeasibility to future work.

C Stopping conditions

Stopping conditions are an essential part of any optimisation algorithm as they ensure that the com-
puted solution is within a specified tolerance to the true solution while minimising the number of
required iterations. We discuss stopping conditions for the CAD algorithm and outline some issues
with comparing solvers which use different stopping conditions.

C.1 CAD conditions

As shown in [8], Dykstra’s algorithm can be stopped by using a certain monotone sequence. How-
ever, we decided to use the feasibility condition maxtAxpiq ´ bu ď ϵ for a given precision ϵ ą 0
which appears to work well empirically. We provide a brief discussion of this condition and leave a
more detailed theoretical analysis for future work.

For an initial point x and CAD iterates xpiq, we observed numerically that the sequence p||x ´

xpiq||2qi is strictly increasing. We are not aware of this result in the literature but, assuming it does
hold, we may use the feasibility stopping condition maxtAxpiq ´ bu ď ϵ since the condition is then
satisfied with ϵ “ 0 ðñ xi “ PCpxq as

||x ´ PCpxq||2 ă ||x ´ y||2, @y P C ztPCpxqu.

Moreover, Hoffman’s lemma [36] guarantees the existence of an error bound of the form

dpxi, Cq “ min
yPC

||xpiq ´ y||2 ď cmaxtAxpiq ´ bu
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for some constant c ą 0 which depends only on C. This allows us to place lower and upper bounds
on the dual solution x ´ PCpxq as

||x ´ xpiq||2 ď ||x ´ PCpxq||2 ď ||x ´ xpiq||2 ` dpxpiq, Cq

ď ||x ´ xpiq||2 ` cmaxtAxpiq ´ bu.

C.2 Comparing solvers

When comparing different optimisation algorithms at a given numerical precision, it is often difficult
to equate numerical tolerance parameters ϵ due to differences in stopping conditions. We only use
a primal feasibility condition for the CAD algorithm while most solvers use both primal and dual
feasibility conditions. Gurobi appears to only use absolute values of ϵ while PDLP uses both absolute
and relative ϵ’s. The comparisons we offered are thus not completely precise but we would expect
the general trends to hold.

D Implementation details

In this section, we discuss some practical details regarding our numerical experiments. All experi-
ments were conducted on a single machine with an NVIDIA GeForce RTX 4090 GPU and an AMD
Ryzen 9 7950X3D CPU.

D.1 Computing graph connected components

For a given bipartite graph with n nodes of one type and m nodes of another, we describe a simple
label propagation method for computing the set P of connected components. Initializing node labels
as lp1q “ p1, . . . ,mq and iteratively updated them as

l
pk`1q

i “ min
jPNi

l
pkq

j .

Each label lki is the smallest node index in the k-hop neighbourhood of node i, therefore for any two
connected nodes i, j P t1, . . . , nu there exists some k1 ą 0 such that lk,i “ lk,j for all k ě k1. This
sequence of labels converges to a vector l P Rm where all constraints in the same connected com-
ponent share the same label. This algorithm can be efficiently implemented using GPU scattering
operations, described below.

D.2 CAD implementation

Our GPU implementation of the CAD algorithm relies on the scatter function which is used to
compute inhomogeneous sums. Efficient implementations of scatter are provided by most popular
ML frameworks including Pytorch [50] and TensorFlow [45]. Given an index array I P Nn and a
value array V P Rn, scattering computes

pscatterpI, V qqi “
ÿ

j:Ij“i

Vj .

Scattering allows us to compute both the half-space projections (2.4) and component inhomogeneous
averages without directly resorting to sparse matrix methods, which we found to be slower.

The full linear CAD algorithm is shown in Algorithm 1. The algorithm takes a sparse representation
of A as input where Arow, Acol denote the row and column indices of the non-zero values of A with
values AV , and includes tolerance ϵ. The matrix A is assumed to contain at least one non-zero
element in each row, as otherwise that row is redundant. The while loop in lines 9-15 includes
the GPU-accelerated CAD iterates in (2.3) while lines 3, 5, and 16 perform a change of variables
to ensure that the algorithm converges to the projection PCpxq as opposed to the non-orthogonal
projection, based on Theorem 1. Algorithm (1) is executed concurrently for each independent set of
constraints p P P with independent stopping conditions.
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Algorithm 1 The linear CAD algorithm

1: Input: Arow, Acol, AV , b, x, ϵ
2: l Ð scatterpAcol,1q

3: AV Ð AV ¨
?
lrArows

4: Anorm Ð
a

scatterpArow, A2
V q

5: x Ð x{
?
l

6: AV Ð AV {Anorm
7: b Ð b{Anorm
8: p Ð 0
9: while maxtAx ´ bu ą ϵ do

10: xV Ð xrAcols

11: z Ð xV ` p
12: s Ð mintb ´ scatterpArow, AV ¨ zq, 0u

13: p Ð ´AV ¨ srArows

14: x Ð scatterpAcol, z ´ pq { l
15: end while
16: x Ð x ¨

?
l

17: Output: x

D.3 Computational efficiency experiments

The results in Figure 2 were obtained for randomly generated initial points x where components
are sampled as xi „ Up´δ, δq, and random linear constraints Ax ď b. Random constraints where
sampled as described in B, but without the offset u. This ensures that the the origin-centred ball
with radius 0.1 is feasible. The parameter δ is hence a measure of the average distance of x to C.
Results were gathered for different values of δ and the tolerance parameter ϵ. Five data points where
sampled for each triple pδ, ϵ, nq tested. Besides Gurobi, we also tested the Clarabel [30] and OSPQ
[58] solvers but found them to be slower for this class of problems.

D.4 GNN architecture

GNN message passing layers on constrained graphs GC were computed using three separate mes-
sage passes between the two different node types in GC . Using the notation X Ñ Y to denote a
bipartite graph convolution which passes features of nodes X to nodes Y , we computed the follow-
ing message-passes in order:

1. Variables Ñ Constraints

2. Variables Ñ Variables

3. Constraints Ñ Variables

Each of these message-passes was performed using a Graph Attention Network with dynamic atten-
tion [11].

For linear programming, we trained ProjNet models with 8 message passing layers for GNNv
θ and

no SVC layers. We didn’t use any SVC layers since LPs always have solutions on the boundary of
their feasible set, hence the boundary bias of projections doesn’t negatively impact performance. As
a result, the no SVC baseline wasn’t relevant for LPs. For all other application problems we used
8 message passing layers and 3 SVC layers. As GNN and SVC components are fairly shallow, the
CAD algorithm was the most expensive element of our ProjNet models Architectures of ablation
baselines were adjusted to ensure that all models had a roughly equal number of learned parameters.

D.5 Ablation experiments

We provide more details regarding the three ablation models considered. These models were ob-
tained by replacing the CAD projection and sparse vector clipping (SVC) component in ProjNet. As
a substitute for SVC, we used a standard form of the vector clipping scheme which instead directly
uses the full constraint scaling value αC and as a substitute for the CAD algorithm we instead took
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z to be a point in the interior C which was computed by solving the following linear program

z “ argmax
xPC

pmintb ´ Axuq.

Runtime results for these ablation models were omitted from the main paper as they were generally
not competitive to ProjNet in terms of their accuracy-speed trade-off. We provide more complete
runtime results in Figure 5.
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Figure 5: Plots showing method runtime as a function of number of number of variables n for all
baseline methods and application problems considered. Error bars denote upper/lower quartiles.
Numerical tolerance was set to ϵ “ 10´3.

D.6 Difference of convex programming

The DCP method for solving non-convex quadratics is based on a heuristic method outlined in [42].
For a problem of the form (4.2), we write Q “ D ´ C where D is a diagonal matrix with entries
Dii “

ř

j c ¨ |Qij | where c ą 1. Choosing D this way ensures that C is diagonally dominant, and
hence ´C is negative-definite. Let x0 P Rn, by linearising the diagonal matrix D, we can obtain a
heuristic solution to (4.2) by solving the following sequence of convex problems:

xpn`1q P argmax
x

txT pc ` Dxpnqq ´ xTCx : Ax ď bu. (D.1)

These sub-problems were solved using the PIQP solver [56].

E Surrogate gradients experiments

In Figure 6, we provide empirical results comparing the exact and surrogate gradients from Section
3.3 for training ProjNet models. The exact gradient was computed using using the CAD algorithm
with subspace constraint sets Ci, which in this case reduces to the component-averaging method
presented in [23].
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Figure 6: Training curves comparing exact and surrogate gradients to train ProjNet models for solv-
ing linear and non-convex quadratic programs. Error regions denote upper/lower quartiles. Curves
are smoothed for visibility.
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