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Abstract

Reinforcement Learning with Verifiable Rewards (RLVR) has emerged as a pow-
erful approach to enhancing the reasoning capabilities of Large Language Models
(LLMs), while its mechanisms are not yet well understood. In this work, we un-
dertake a pioneering exploration of RLVR through the novel perspective of token
entropy patterns, comprehensively analyzing how different tokens influence rea-
soning performance. By examining token entropy patterns in Chain-of-Thought
(CoT) reasoning, we observe that only a small fraction of tokens exhibit high en-
tropy, and these tokens act as critical forks that steer the model toward diverse
reasoning pathways. Furthermore, studying how entropy patterns evolve during
RLVR training reveals that RLVR largely adheres to the base models entropy
patterns, primarily adjusting the entropy of high-entropy tokens. These findings
highlight the significance of high-entropy tokens (i.e., forking tokens) to RLVR.
We ultimately improve RLVR by restricting policy gradient updates to forking
tokens and uncover a finding even beyond the 80/20 rule: utilizing only 20% of
the tokens while maintaining performance comparable to full-gradient updates
on the Qwen3-8B base model and significantly surpassing full-gradient updates
on the Qwen3-32B (+11.04 on AIME’25 and +7.71 on AIME’24) and Qwen3-
14B (+4.79 on AIME’25 and +5.21 on AIME’24) base models, highlighting a
strong scaling trend. In contrast, training exclusively on the 80% lowest-entropy
tokens leads to a marked decline in performance. These findings indicate that
the efficacy of RLVR primarily arises from optimizing the high-entropy tokens
that decide reasoning directions. Collectively, our results highlight the potential
to understand RLVR through a token-entropy perspective and optimize RLVR by
leveraging high-entropy minority tokens to further improve LLM reasoning.

1 Introduction

The reasoning capabilities of Large Language Models (LLMs) have advanced substantially in do-
mains like mathematics and programming, propelled by test-time scaling methodologies employed
in OpenAl ol [4], Claude 3.7 [0], DeepSeek R1 [6], Kimi K1.5 [B4], and Qwen3 [41]. A piv-
otal technique driving these improvements is Reinforcement Learning with Verifiable Rewards
(RLVR) [IZ, &, &11], where models optimize outputs through RL objectives tied to automated cor-
rectness verification. While recent RLVR advancements have stemmed from algorithmic inno-
vations [B7, A4, 0], cross-domain applications [40, X1, 6], and counterintuitive empirical in-
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Figure 1: (a) In CoTs, only a minority of tokens exhibit high entropy and act as "forks" in reasoning
paths, while majority tokens are low-entropy. (b) RLVR using policy gradients of forking tokens
delivers significant performance gains that scale with model size. With a 20k maximum response
length, our 32B model sets new SoTA scores (63.5 on AIME’24 and 56.7 on AIME’25) for RLVR
on base models under 600B. Extending the maximum response length to 29k further boosts the
AIME’24 score to 68.1.

sights [B7, &3, 6], existing implementations directly train over all tokens with limited understanding
of which tokens actually facilitate reasoning. These approaches neglect the heterogeneous functional
roles tokens play in reasoning processes, potentially hindering further performance gains by failing
to prioritize critical decision points in sequential reasoning trajectories.

In this paper, we analyze the underlying mechanisms of RLVR through an innovative lens of token
entropy patterns, investigating how tokens with varying entropy impact reasoning performance. We
first point out that in the Chain-of-Thought (CoT) processes of LLMs, the entropy distribution ex-
hibits a distinct pattern where the majority of tokens are generated with low entropy, while a critical
minority of tokens emerge with high entropy. Through comparing the textual meanings of these
two parts of tokens, we observe that the tokens with lowest average entropy primarily complete the
ongoing linguistic structures, while the tokens with highest average entropy function as pivotal de-
cision points that determine the trajectory of reasoning among multiple potential pathways (referred
to as forks), as depicted in Figure [(a). In addition to qualitatively anslysis, we conduct controlled
experiments by manually modulating the entropy of forking tokens during decoding. Quantitative
results reveal that moderately increasing the entropy of these high-entropy forking tokens leads to
measurable improvements in reasoning performance, while artificially reducing their entropy results
in performance degradation, confirming the importance of maintaining high entropy and the role as
"forks" for these high-entropy tokens. Furthermore, by analyzing the evolution of token entropy dur-
ing RLVR training, we find that the reasoning model largely retains the entropy patterns of the base
model, exhibiting only gradual and relatively minor changes as training progresses. Additionally,
RLVR primarily changes the entropy of high-entropy tokens, while the entropy of low-entropy to-
kens varies only within a small range. The above observations highlight the critical role high-entropy
minority tokens may play in CoTs and RLVR training.

Building upon the discovery of forking tokens, we further refine RLVR by retaining policy gradi-
ent updates for only 20% of tokens with the highest entropy and masking gradients of the remain-
ing 80%. We observe that although solely utilizing 20% of tokens, our approach can still achieve
competitive reasoning performance on Qwen3-8B base model compared to full-gradient updates.
Moreover, its effectiveness increases with model size, yielding reasoning improvements of +11.04
on AIME’25 and +7.71 on AIME’24 for the Qwen3-32B base model, and +4.79 on AIME’25 and
+5.21 on AIME’24 for the Qwen3-14B base model, as shown in Figure M(b). Notably, the 32B
model trained with only 20% high-entropy tokens attains scores of 63.5 on AIME’24 and 56.7 on
AIME’25, setting a new state-of-the-art (SoTA) for reasoning models trained directly from base
models with fewer than 600B parameters. Extending the maximum response length from 20k to 29k
further elevates our 32B model’s AIME’24 score from 63.5 to 68.1. Conversely, training exclusively
on the 80% lowest-entropy tokens results in severe performance degradation. These observations
show that 20% of tokens achieve performance comparable to or exceeding 100%, even surpassing



the 80/20 rule. The results demonstrate that the high-entropy minority tokens, functioning as critical
decision points in reasoning trajectories, account for nearly all performance gains in RLVR.

Finally, we explore why retaining a small fraction of the highest-entropy tokens leads to strong per-
formance in RLVR via a series of ablation studies. We adjust the chosen fraction of forking tokens,
either by decreasing it from 20% to 10% or increasing it to 50% or 100%, and report the corre-
sponding reasoning metrics and overall entropy during the training process. Experimental results
demonstrate that retaining approximately 20% of the highest-entropy tokens optimally balances ex-
ploration and performance, while deviating from 20% reduces the overall entropy with diminished
exploration and incurs worse performance. This suggests that only a critical subset of high-entropy
tokens meaningfully contributes to the exploration during RL while others may be neutral or even
detrimental. Reducing the proportion to 10% removes certain useful tokens, which weakens explo-
ration. Increasing the proportion to 50% or 100% adds low-entropy tokens, which also reduces the
effectiveness of exploration. Last but not least, retaining the top 20% of high-entropy tokens results
in the largest performance gains for the 32B model, followed by the 14B model, and the smallest
gains for the 8B model. This may be due to the insufficient capacity of the smaller model, which
restricts its ability to benefit from increased exploration. These findings highlight the importance of
preserving an appropriate proportion of high-entropy tokens in RLVR. As model size increases, the
strategy of selecting high-entropy tokens appears to scale effectively.

In summary, our findings emphasize the pivotal role of high-entropy minority tokens in shaping
the reasoning abilities of LLMs. We hope this inspires further analyses from the perspective of
token entropy and informs more effective RLVR algorithms that strategically leverage these tokens
to enhance reasoning performance. The key takeaways of our paper are as follows:

* In CoTs, the majority of tokens are generated with low entropy, while only a small subset exhibits
high entropy. These high-entropy minority tokens often act as "forks" in the reasoning process,
guiding the model toward diverse reasoning paths. Maintaining high entropy at these critical
forking tokens is beneficial for reasoning performance. (§I)

* During RLVR training, the reasoning model largely preserves the base model’s entropy patterns,
showing only gradual and minor changes. RLVR primarily adjusts the entropy of high-entropy
tokens, while the entropy of low-entropy tokens fluctuates only within a narrow range. (§B)

* High-entropy minority tokens drive nearly all reasoning performance gains during RLVR,
whereas low-entropy majority tokens contribute little or may even hinder performance. One pos-
sible explanation is that, prior to performance convergence, a subset (~ 20% in our experiments)
of high-entropy tokens facilitates exploration, while low-entropy tokens offer minimal benefit or
may even impede it. ($H)

* Based on the insights above, we further discuss (i) high-entropy minority tokens as a potential
reason why supervised fine-tuning (SFT) memorizes but RL generalizes, (ii) how prior knowledge
and readability requirements shape the different entropy patterns seen in LLM CoTs compared
to traditional RL trajectories, and (iii) the advantage of clip-higher over entropy bonus for RLVR.
(Deferred to Appendix )

2 Analyzing Token Entropy in Chain-of-Thought Reasoning”

Although prior works [&1, 42, &4] have highlighted the importance of generation entropy in chain-
of-thought reasoning, they typically analyze the entropy of all tokens collectively. In this section,
we take a closer look at generation entropy in chain-of-thought reasoning by examining it at the
token level. To this end, we use Qwen3-8B [41]], one of the most recent and capable reasoning
models within a comparable parameter scale, to generate responses for queries from AIME’24 and
AIME’25, using a decoding temperature of 7' = 1.0. We enforce the use of the thinking mode
for every question and collect over 10° response tokens. For each token, the entropy is computed
according to the formulation in Equation (B). The statistical analysis of the entropy values of these
106 tokens is presented in Figure 2. Furthermore, a visualization of token entropy for an entire long
CoT response is provided in Figures [ to [ in the Appendix. From these analyses, we identify the
following entropy patterns:

"Due to the page limit, the preliminaries and related work are deferred to Appendix B and B, respectively.
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Figure 2: Entropy patterns in the chain of thoughts of LLMs. (a) Token entropy distribution. The
Y-axis frequency is on a log scale. A minority of tokens exhibit high entropy, while the majority
have low entropy, often approaching zero. (b) & (c) Word clouds of the top 100 tokens with the
highest and lowest average entropy, respectively, selected from the set of frequently occurring
tokens. A larger font size indicates a higher average token entropy. Tokens with the highest average
entropy typically function as "forks" to determine reasoning directions, whereas tokens with the
lowest average entropy tend to execute reasoning steps along the established path.

Entropy Pattern 1 in CoTs: Typically, only a minority of tokens are generated with high en-
tropy, while a majority of tokens are outputted with low entropy. We can observe in Figure D(a)
that the entropy of a large amount of tokens are quite small, and only a small amount of tokens have
high entropy. Specifically, the entropy of over half the tokens (approximately 50.64%) is below
10~2, while only 20% of tokens have entropy greater than 0.672.

Entropy Pattern 2 in CoTs: Tokens with the highest entropy typically serve to bridge the
logical connection between two consecutive parts of reasoning, while tokens with the lowest
entropy tend to complete the current part of a sentence or finish constructing a word. Other
tokens combine these two functions to varying degrees. In Figure D(b) and (c), we select the 100
tokens generated with the highest average entropy and the lowest average entropy from a total of 10°
tokens, respectively. To mitigate the impact of noise on the average entropy, we only consider tokens
with frequencies above 100. High-entropy tokens often act as logical connectors within and across
sentences, such as "wait," "however," and "unless" (indicating contrasts or shifts), "thus" and "also"
(showing progression or addition), or "since" and "because" (expressing causality). Similarly, tokens
like "suppose,” "assume," "given," and "define" frequently appear in mathematical derivations to
introduce assumptions, known conditions, or definitions. Conversely, low-entropy tokens are often
word suffixes, source code fragments, or mathematical expression components, all of which exhibit
high determinism. Additionally, Figures [ to 7 provide detailed visualization of token entropy in
a long CoT, showing that most tokens outside the highest-entropy or lowest-entropy groups blend
bridging and continuation functions to varying degrees.

High-entropy tokens as ''forks' in chain-of-thoughts Based on the two observed patterns above,
we refer to high-entropy tokens as "forking tokens", as they often lead to different potential branches
with high uncertainty in the reasoning process. To further confirm the role of forking tokens in
a quantitative way, using Qwen3-8B [41] with a maximum response length of 28,672, we assign
different decoding temperatures to the forking tokens and the other tokens in the evaluation on
AIME 2024 and AIME 2025. Specifically, to analyze the effects of varying combinations of these
temperatures on their behavior, we adjust probability distribution p; € RV for each token ¢ as
follows:

Z¢ Thigh if Hy > Dipreshold
' = Soft — h T = € ’ 1
bt ormax <Tt’ > ’ where 5 {Tlow otherwise. M

Here, z; € RY denotes the pre-softmax logits for token ¢, and 7] € R represents the adjusted
temperature for token ¢; Agpreshord = 0.672 is the entropy threshold used to distinguish forking tokens
from the other tokens, and is estimated by calculating the 80th percentile among the sampled 10°
tokens above; Thin € R and Tiow € R correspond to the temperatures for forking tokens and the
other tokens, respectively.
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3 RLVR Preserves and Reinforces Base Model Entropy Patterns

In this section, building on the observations of entropy patterns in CoTs discussed in Section O, we
further investigate how these patterns evolve throughout RLVR training.

RLVR primarily preserves the existing entropy patterns of the base models To analyze the
evolution of entropy patterns during RLVR training, we apply DAPO [227] to the Qwen3-14B base
model (details in Section H). Using the reasoning model after RLVR, we generate 16 responses
per question across the six benchmarks in Table O. For each token in these responses, we compute
logits using reasoning models from various RLVR stages and identify those in the top 20% entropy.
We then calculate the overlap ratio (i.e., the fraction of shared top 20% high-entropy positions)
between each intermediate model and both the base and final RLVR models. As shown in Table [,
although overlap with the base model gradually decreases and overlap with the final RLVR model
increases, the base model’s overlap still remains above 86% at convergence (step 1360), suggesting
that RLVR largely retains the base models entropy patterns regarding which tokens exhibit high or
low uncertainty.

Table 1: The progression of the overlap ratio in the positions of the top 20% high-entropy tokens,
comparing the base model (i.e., step 0) with the model after RLVR training (i.e., step 1360).

Compared w/ ‘ Step 0 Step 16 Step 112 Step 160 Step 480 Step 800 Step 864 Step 840 Step 1280 Step 1360

Base Model | 100% 98.92% 98.70% 93.04% 93.02% 93.03% 87.45% 87.22% 87.09% 86.67%
RLVR Model (86.67% 86.71% 86.83% 90.64% 90.65% 90.64% 96.61% 97.07% 97.34%  100%

RLVR predominantly alters the entropy of high-entropy tokens, whereas the entropy of low-
entropy tokens remains comparatively stable with minimal variations. Using the same setup
as Table [, we compute the average entropy change after RLVR for each 5% entropy percentile
range of the base model. It is observed in Figure B that tokens with higher initial entropy in the base
model tend to exhibit larger increases in entropy after RLVR. This observation could also further
reinforce that RLVR primarily preserves the entropy patterns of the base model. More experimental
results and analyses are presented in Appendix .

4 High-Entropy Minority Tokens Drive Effective RLVR

Reinforcement learning with verifiable rewards (RLVR) has become one of the most widely used
approaches for training reasoning models [#1, B, 42, &4]. However, there is a lack of research on
which types of tokens contribute the most to the learning of reasoning models. As highlighted in
Section @ and Section B, high-entropy minority tokens are particularly important. In this section, we
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Figure 4: Average entropy change after RLVR within each 5% entropy percentile range of the base

model. =% percentile means that % of the tokens in the dataset have entropy values less than or

equal to this value. It is worth noting that the Y-axis is presented on a log scale. Tokens with higher

initial entropy tend to experience greater entropy increases after RLVR.

investigate the contribution of these high-entropy minority tokens, also referred to as forking tokens,
on the development of reasoning capabilities during RLVR.

4.1 Formulation of RLVR Using Only Policy Gradients of the Highest-Entropy Tokens

Building on DAPO’s objective in Equation (B), we discard the policy gradients of low-entropy tokens
and train the model using only the policy gradients of high-entropy tokens. For each batch 3 sampled
from the dataset D, we calculate the maximum objective as:

G o'

HHZ>
Zlewl]I[HfL— p ;tzl T

- min (ri(&)/li, clip(r;(0),1 — €iow, 1 + ehigh)A%>

B
jHighEm(G) Egp (g,a)~B, {0} | ~mg,, (0) [

, s.t.0 < [{0' | is_equivalent(a,0’)}| < G.

, @
Here, H} denotes the entropy of token ¢ in response ¢, I[-] is the indicator function that evaluates to
1 if the condition inside holds and 0 otherwise, p € (0,1] is a predefined ratio specifying the top
proportion of high-entropy tokens to be selected within a batch, and TB is the corresponding entropy

threshold within the batch B such that only tokens with H; B comprising the top-p fraction of
all tokens in the batch, are used to compute the gradient.

Comparing Equation (B) with Equation (B), there are only two differences, as highlighted in red
in Equation (2): (i) The advantage term is multiplied by I [H} > 77|, ensuring that within each
(micro-)batch B, only tokens o! whose corresponding entropy H; > 7% are involved in the pol-
icy gradient loss calculation; (ii) The normalization term for the number of tokens is adjusted to

Zz 1 Z‘o i [H [>T ] meaning that only tokens whose entropy is at least the threshold Tf are
considered.

4.2 Experimental Setup

Training details We adapt our training codebase from verl [B2] and follow the training recipe of
DAPO [&2], one of the state-of-the-art RL algorithms for LLMs. Both configurations, RLVR with
full gradients (vanilla DAPO depicted in Equation (H)) and RLVR with only policy gradients on fork-
ing tokens (described in Equation (1)), employ techniques such as clip-higher, dynamic sampling,
token-level policy gradient loss, and overlong reward shaping [42]. For fair comparisons, we apply
the same hyperparameters as recommended by DAPO: for clip-higher, epign = 0.28, €0y, = 0.2;
for overlong reward shaping, the maximum response length is 20480 and the cache length is 4096.
Furthermore, we use a training batch size of 512 and a mini-batch size of 32 in verl’s configura-
tion, resulting in 16 gradient steps per training batch, with a learning rate of 10~¢ and no learning
rate warmup or scheduling. Importantly, the training process excludes both KL divergence loss
and entropy loss. To evaluate the scaling ability of these methods, we perform RLVR experiments
across the Qwen3-32B base and Qwen3-8B base models, using DAPO-Math-17K [42] as the train-



Table 2: Comparison between vanilla DAPO using all tokens and DAPO using only the top 20% high-
entropy tokens (i.e. forking tokens) in policy gradient loss, evaluated on the Qwen3-32B, Qwen3-14B
and Qwen3-8B base models. "Acc@16" and "Len@16" denotes the average accuracy and response
length over 16 evaluations per benchmark, respectively.

Benchmark DAPO w/ All Tokens DAPO w/ Forking Tokens Improvement
Acc@16 Len@16 Acc@16 Len@16 Acc@16 Len@16
RLVR from the Qwen3-32B Base Model
AIME’24 55.83 9644.15 63.54 12197.54 +7.71 +2553.39
AIME’25 45.63 9037.48 56.67 11842.25 +11.04 +2804.77
AMC’23 91.88 5285.03 94.22 5896.47 +2.34 +611.44
MATHS500 94.36 2853.51 94.88 3366.01 +0.52 +512.5
Minerva 45.70 2675.28 45.82 2759.88 +0.12 +84.6
Olympiad 66.16 5597.37 69.02 7300.01 +2.86 +1702.64
Average 66.59 5848.80 70.69 7227.03 +4.10 +1378.22
RLVR from the Qwen3-14B Base Model
AIME’24 45.21 7945.15 50.42 11814.36 +5.21 +3869.21
AIME’25 38.13 7056.98 42.92 12060.48 +4.79 +5003.5
AMC’23 89.53 4509.37 91.56 7095.13 +2.03 +2585.76
MATHS500 92.23 2348.22 93.59 3970.10 +1.37 +1621.88
Minerva 42.16 2011.16 43.20 2959.32 +1.03 +948.16
Olympiad 61.14 4642.07 64.62 7871.25 +3.48 +3229.18
Average 61.40 4752.16 64.39 7628.44 +2.99 +2876.28
RLVR from the Qwen3-8B Base Model
AIME’24 33.33 6884.89 34.58 9494.29 +1.25 +2609.40
AIME’25 25.42 5915.91 26.25 8120.20 +0.83 +2204.29
AMC’23 77.81 3967.91 77.19 5450.62 -0.625 +1482.71
MATHS500 89.24 2059.00 89.70 267291 +0.46 +613.91
Minerva 39.77 1450.68 40.26 2068.41 +0.48 +617.73
Olympiad 56.67 3853.55 57.43 5241.54 +0.76 +1387.99
Average 53.71 4021.99 54.23 5508.00 +0.53 +1486.01

ing dataset. For main results, we set p = 20% in Equation (&), meaning that the policy is updated
using only the gradients of the top 20% highest-entropy tokens within each batch. The chat tem-
plate we use for Qwen3 models is "User:\n[question]\nPlease reason step by step, and put your fi-
nal answer within \boxed{ }.\n\nAssistant:\n" with "<lendoftextl>" serving as the EOS token, where
"[question]" should be replaced by the specific question.

Evaluation We evaluate our models on 6 standard mathematical reasoning benchmarks commonly
used for assessing reasoning capabilities: AIME’24, AIME’25, AMC’23, MATHS500 [I2], Minerva,
and OlympiadBench [[1]. All evaluations are conducted in a zero-shot setting. For each question,
we generate 16 independent responses under a decoding temperature 7' = 1.0, and report the average
accuracy and the average number of tokens per response.

4.3 Main Results

We present the main experimental results below. Additional results are provided in Appendix O.

High-entropy tokens drive reinforcement learning for LLM reasoning. Figure B and Table I
compare vanilla DAPO which uses all tokens, and our approach that retains only the top 20% high-
entropy tokens in the policy gradient loss. Surprisingly, discarding the bottom 80% low-entropy
tokens does not degrade reasoning performance and can even lead to improvements across six bench-
marks. On the Qwen3-32B base model, this approach delivers gains of 7.71 points on AIME’24 and
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Figure 5: A comparison of vanilla DAPO with full tokens and DAPO with top 20% high-entropy
(forking) tokens in policy gradient loss was conducted on Qwen3-32B, Qwen3-14B, and Qwen3-8B
models. (a) & (b) Qwen3-32B: Dropping the bottom 80% low-entropy tokens stabilizes training
and improves the AIME’24 score by 7.73. (¢) & (d) Qwen3-14B: Similarly, removing 80% low-
entropy tokens yields a 5.21 increase in the AIME’24 score. (e) & (f) Qwen3-8B: Retaining only the
top 20% forking tokens maintains performance. Additionally, using only the top 20% high-entropy
tokens increases response length across all model sizes.
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(e) AIME’24 scores trained from Qwen3-32B base.  (f) Overall entropy trained from Qwen3-32B base.

Figure 6: Comparison among DAPO using different range of tokens in policy gradient loss. Top x%
means only using the 2% of the tokens with highest entropy (x = 10, 20, 50), bottom 80% means
only using the 80% of the tokens with lowest entropy, and 100% means using all tokens (i.e., vanilla
DAPO). Furthermore, "overall entropy" refers to the average entropy over all tokens.

11.04 points on AIME’25. Similarly, the Qwen3-14B base model shows improvements of 5.21
points on AIME’24 and 4.79 points on AIME’25. For the Qwen3-8B base model, performance re-
mains unaffected. These findings suggest that the gains in reasoning ability during RLVR are driven



primarily by high-entropy tokens, while low-entropy tokens may have little effect on or could even
hinder reasoning performance, particularly on the Qwen3-32B and Qwen3-14B base models.

To conduct a deeper analysis, we vary the proportion, denoted as p in Equation (@), for experiments,
as shown in Figure B(a). The results show that the performance of the Qwen3-8B base model remains
relatively consistent across different proportions, such as 10%, 20%, and 50%. For the Qwen3-14B
and 32B base models, Figure B(c) and (e) reveal that reducing p from 20% to 10% leads to a slight
drop in performance, while increasing it to 100% results in a notable decline. These observations
indicate that within a reasonable range, reasoning performance is largely insensitive to the exact
value of p. More importantly, they suggest that focusing on high-entropy tokens, rather than using
all tokens, generally preserves performance, and could even offer substantial gains in larger models.

Low-entropy tokens contribute minimally to reasoning performance. As illustrated in Fig-
ure B(a) and (b), retaining only the bottom 80% of tokens with low entropy during RLVR leads
to a substantial decline in performance, even though these tokens account for 80% of the total to-
ken count used in training. This finding indicates that low-entropy tokens contribute minimally to
enhancing reasoning capabilities, highlighting the greater importance of high-entropy tokens for
effective model training.

The effectiveness of high-entropy tokens may lie in their ability to enhance exploration. Our
analysis reveals that focusing on a subset of high-entropy tokens, approximately 20% in our experi-
ments, strikes an effective balance between exploration and training stability in RLVR. As illustrated
in Figure B(b), (d) and (f), adjusting the ratio p from 20% to either 10%, 50%, or 100% leads to per-
sistently lower overall entropy starting from the early training phase and continuing up to the point
where performance begins to converge. Moreover, training with the bottom 80% of low-entropy to-
kens results in significantly reduced overall entropy. These findings indicate that retaining a certain
proportion of high-entropy tokens may facilitate effective exploration. Tokens outside this range
could be less helpful or possibly even detrimental to exploration, particularly during the critical
phase before performance convergence. This might explain why, on the Qwen3-32B base model,
DAPO using only the top 20% high-entropy tokens outperforms vanilla DAPO, as shown in Fig-
ure B(a). However, on the Qwen3-8B base model, probably due to the models lower capacity, the
benefits of enhanced exploration appear limited.

5 Conclusion

In this work, we analyze RLVR through a novel perspective of token entropy, providing fresh in-
sights into the mechanisms of reasoning in LLMs. Our study of CoT reasoning shows that only a
small subset of tokens exhibit high entropy and serve as forks in reasoning paths that influence rea-
soning directions. Additionally, our analysis of entropy dynamics during RLVR training reveals that
the reasoning model largely retains the base model’s entropy patterns, with RLVR mainly modifying
the entropy of already high-entropy tokens. Building on these findings, which underscore the signif-
icance of high-entropy minority tokens, we restrict policy gradient updates in RLVR to the top 20%
highest-entropy tokens. This approach achieves performance comparable to, or even surpassing,
full-token RLVR training, while exhibiting a strong scaling trend with model size. In contrast, di-
recting optimization toward the low-entropy majority results in a significant decline in performance.
These findings indicate that RLVR’s effectiveness stems primarily from optimizing this high-entropy
subset, suggesting more focused and efficient strategies for improving LLM reasoning capabilities.

Limitations We believe there is still room for improvement in our work. First, our experiments
could be extended to models beyond the Qwen family. Although we attempted to evaluate our ap-
proach on LLaMA models, they struggled to achieve meaningful performance on the AIME bench-
marks. Additionally, the scope of our dataset could be expanded to encompass domains beyond
mathematics, such as programming or more complex tasks like ARC-AGI [3, 8]. Furthermore, our
findings are based on specific experimental settings, and it is possible that the observations and
conclusions presented in this paper may not generalize to all RLVR scenarios. For instance, in a
different RLVR setting, the effective proportion of 20% observed in our experiments may need to
be adjusted to a different value to achieve optimal results. Future directions involve developing
new RLVR algorithms to better leverage high-entropy minority tokens and exploring how these in-
sights can enhance not only RLVR but also other approaches, such as supervised fine-tuning (SFT),
distillation [I3], inference, and multi-modal training [, 20, 277].
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A Preliminaries

A.1 Token Entropy Calculation

The token-level generation entropy (referred to as token entropy for brevity) for token ¢ is defined as
v

z
Hyi= =" pijlogpry, where (pea, -+ pey) =P, = 7o+ | 4, 0<) = Softmax (). ()
j=1
Here, mg denotes an LLM parameterized by 0, q is the input query, and oy = (01,02, ,01—1)

represents the previously generated tokens. V' is the vocabulary size, z; € R" denotes the pre-
softmax logits at time step ¢, p, € RY is the corresponding probability distribution over the vo-
cabulary, and T' € R is the decoding temperature. In off-policy settings, sequences are generated
by a rollout policy w4 while the training policy is mg, with ¢ # 6. The entropy is still calculated
using g, as defined in Equation (B), to measure the uncertainty of the training policy in the given
sequence.

"Token entropy' corresponds to the token generation distribution, not a specific token.
Throughout our paper, we clarify that the token entropy H; refers to the entropy at index ¢, which
is determined by the token generation distribution p, rather than by any specific token o; sampled
from p,. For brevity, when discussing the token o, sampled from the distribution p,, we describe its
associated entropy as H; and refer to H; as the token entropy of o;. However, if there exists another
index t’ # t such that os = o4, the token entropy of o, is not necessarily equal to H;.

A.2 RLVR Algorithms

Proximal Policy Optimization (PPO) PPO [B0] is a widely adopted policy gradient algorithm in
RLVR. To stabilize training, PPO restricts policy updates to remain within a proximal region of the
old policy mg,, using the following clipped surrogate to maximize the objective:

Jrpo(0) =Ep~D,(q.a)~B,0~m,, (10) [min (Tt(e)/ln clip(r¢(6),1 —¢,1+ G)At)} ,

7o(0tlq, 0<1)
— - “
O 1 (Ot |q7 O<t)
Here, D is a dataset of queries q and corresponding ground-truth answers a, 5 is a batch sampled

from D, € € R is a hyperparameter typically set to 0.2, and A, is the estimated advantage computed
using a value network.

with r:(0) =

Group Relative Policy Optimization (GRPQO) Building on the clipped objective in Equation (8),
GRPO [B1] discards the value network by estimating advantages using the average reward within a
group of sampled responses. Specifically, for each query g and its ground-truth answer a, the rollout
policy Tgola generates a group of responses {o'}& | with correspondmg outcome rewards { '} ,,

where G € R is the group size. The estimated advantage Al is then computed as:
N _ RING A
Al = rt — mean({1}2,) ,  Where R'=
Std({‘RZ i:l)

1.0 if is_equivalent(a,o0?),
0.0 otherwise.

&)

In addition to this modified advantage estimation, GRPO adds a KL penalty term to the clipped
objective in Equation (B).

Dynamic sAmpling Policy Optimization (DAPQO) Building on GRPO, DAPO [£7] removes the
KL penalty, introduces a clip-higher mechanism, incorporates dynamic sampling, applies a token-
level policy gradient loss, and adopts overlong reward shapmg, leading to the following maximiza-

tion objective, where 7 () is defined as in Equation (&), and A’ is computed as in Equation (B):
G o

Jvaro(0) = Epp (g.0)~8,10'}& ”%("”lz |Z|szm(n (6)4},
i=1

=1 t=1

Clip(ri(@), 1— €low, 1+ eh,-gh)/ii) , st 0< |{oi | is_equivalent(a, Oi)}| <G. (6)
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DAPO is one of the state-of-the-art RLVR algorithms without a value network. In this work, we use
DAPO as the baseline for our RLVR experiments.

B Related Work

Reinforcement Learning for LLM Before the advent of reasoning-capable models like OpenAlI’s
ol [24], reinforcement learning (RL) was widely used in reinforcement learning from human feed-
back (RLHF) to improve large language models’ (LLMs) instruction-following and alignment with
human preferences [’5]. RLHF methods are broadly categorized into online and offline preference
optimization. Online methods, such as PPO [30], GRPO [31], and REINFORCE [BY], generate re-
sponses during training and receive real-time feedback. Offline methods like DPO [ZX], SimPO [27],
and KTO [7] optimize policies using pre-collected preferences, typically from human annotators
or LLMs. While offline methods are more training-efficient, they often underperform compared
to online approaches [B3]. Recently, RL with verifiable rewards (RLVR)[I'/] has emerged as a
promising approach for enhancing reasoning in LLMs, particularly in domains like mathematics
and programming[B1, 6, &1, T7]. OpenAl ol [?4] was the first to show that RL can effectively in-
centivize reasoning at scale. Building on ol, models such as DeepSeek R1 [B], QwQ [B3], Kimi
k1.5 [34], and Qwen3 [A1] have aimed to match or exceed its performance. DeepSeek R1 stands out
for showing that strong reasoning can emerge through outcome-based optimization using the online
RL algorithm GRPO [BT]. It also introduced a zero RL paradigm, where reasoning abilities are
elicited from the base model without conventional RL fine-tuning. Inspired by these results, subse-
quent methods such as DAPO [22], VAPO [&4], SimpleRLZoo [435], and Open-Reasoner-Zero [[[5]
have further explored RL-based reasoning. In this work, we use DAPO as our baseline to investigate
key aspects of RL applied to LLMs.

Analysis on Reinforcement Learning with Verifiable Rewards Recently, Reinforcement Learn-
ing with Verifiable Rewards (RLVR) has emerged as a prevalent approach to enhance the reasoning
capabilities of large language models (LLMs). Several studies have analyzed the characteristics of
RLVR and its related concepts. Gandhi et al. [B] find that the presence of reasoning behaviors, rather
than the correctness of answers, is the key factor driving performance improvements in reinforce-
ment learning. Similarly, Li et al. [T8] show that the structure of long chains of thought (CoT) is
critical to the learning process, while the content of individual reasoning steps has minimal impact.
Vassoyan et al. [36] identify "critical tokens" in CoTs, which are decision points where models are
prone to errors, and propose encouraging exploration around these tokens by modifying the KL
penalty. Lin et al. [T9] also identify critical tokens that significantly influence incorrect outcomes
and demonstrate that identifying and replacing these tokens can alter model behavior. Our finding
that RLVR primarily focuses on forking tokens in reasoning paths may share some common ground
with the observations of Gandhi et al. [8] and Li et al. [I¥], who suggest that RLVR primarily learns
the format rather than the content. However, our analysis goes further by identifying the finding at
the token level. Moreover, the concept of critical tokens in Vassoyan et al. [36] and Lin et al. [9]
is closely related to the high-entropy minority tokens we introduce. In contrast to prior work, which
judges token importance based on correctness of the output, we propose token entropy as a criterion
that may more accurately reflect the underlying mechanisms of LLMs.

C More Results

In this part, we include some additional results as a supplement to Sections [ to H.

C.1 Additional Results to Figure @

Additional to Figure B, Figure [ further illustrates the evolution of entropy percentiles during RLVR
training using the Qwen3-14B base model. The figure reveals that as we move from the Oth to
the 100th percentile, the range of fluctuations during the whole RLVR training steadily diminishes.
These observations suggest that throughout the whole training process, RLVR primarily adjusts the
entropy of high-entropy tokens, while the entropy of low-entropy tokens exhibits minor variation
and remains relatively stable.
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Figure 7: The evolution of entropy percentiles during RLVR training. z-th percentile means that %
of the tokens in the dataset have entropy values less than or equal to this value. In other words, it
represents the threshold below which the entropy values of the lowest 2% of tokens fall, allowing us
to track how different segments of the entropy distribution change throughout training.

C.2  Scaling Trend of Retaining Only Forking Tokens
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Figure 8: Scaling trend of DAPO using only forking tokens (i.e., top 20% of high-entropy tokens)
in policy gradient loss.

In this part, we present the scaling trend when utilizing only forking tokens, as illustrated in Fig-
ure B. On the AIME’24 and AIME’25 benchmarks, we observe that as the model size increases, the
performance gain over vanilla DAPO becomes increasingly significant. This suggests a promising
conclusion: focusing solely on forking tokens in the policy gradient loss could offer greater
advantages in larger reasoning models.

C.3 Generalization Ability to Other Domains

As outlined in Section B2, we used the DAPO-Math-17K dataset, which primarily consists of math-
ematical data, for our RLVR experiments. Here, we test whether DAPO, when trained on a math
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dataset and using only a small fraction of high-entropy tokens in the policy gradient loss, can still
surpass vanilla DAPO on out-of-distribution test sets, such as LiveCodeBench [I6].

281
—e— Top 10%

—e— Top 20%
1 —— 100%

N N
(o)) ~

N
w
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~
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Gradient Steps

Figure 9: Comparison among DAPO using different range of tokens in policy gradient loss trained
from the Qwen3-32B base model on the out-of-distribution LiveCodeBench Benchmark [I6]
(v5, Aug. 2024 to Feb. 2025). Top 2% means only using the 2% of the tokens with highest entropy
(z = 10, 20), and 100% means using all tokens (i.e. vanilla DAPO). Due to the high variance of the
accuracy curves, we smooth the curves using window smoothing with a window size of 10.

The results comparing DAPO with only top 10% or 20% tokens with highest entropy to vanilla
DAPO (which uses 100% tokens) on the Qwen3-32B base are illustrated in Figure B, using the same
setup described in Section EZA. From these results, we observe that even when retaining only top
10% or 20% tokens with highest entropy, DAPO still significantly outperforms vanilla DAPO on the
out-of-distribution test dataset LiveCodeBench. This finding suggests that high-entropy tokens
may be associated with the generalization capabilities of reasoning models. Retaining only a
small subset of tokens with the highest entropy could potentially enhance the generalization
ability of reasoning models.

C.4 Unlocking more potential of RLVR with only forking tokens

In the experiments described in Section B3, we set a maximum response length of 20480. As shown
in Figure [, we increased the maximum response length for DAPO w/ only forking tokens (depicted
in Figure B(a) and (b))trained from the Qwen3-32B base modelto 29696. This adjustment resulted
in an improvement of the already SoTA performance on AIME’24, increasing from 63.54 to 68.12.
These findings suggest that the full potential of our approach may not yet be realized, and with a
longer context length or potentially more challenging training data, even greater performance gains
could be achieved.

C.5 Results on models other than Qwen

We compare DAPO using only forking tokens (i.e., the top 20% tokens with the highest entropy)
against vanilla DAPO on models other than the Qwen series, specifically the Llama-3.1-8B model.
When DAPO is applied to the Llama-3.1-8B base model, we observe that it achieves very low
accuracy (approximately 1%) on the training dataset (i.e., DAPO-MATH-17K [42]) and often gen-
erates responses with repetitive words early in the RL training process. To address this, we use the
Qwen3-32B model [41] as a teacher to generate responses for DAPO-MATH-17K queries. From the
generated queries, we randomly sample 10,000 with correct answers to serve as cold-start data and
perform supervised fine-tuning (SFT) on the Llama-3.1-8B base model [U]. The remaining 7,398
queries are reserved for RL after the cold-start phase. The AIME’24 score and response length
during RL training are plotted in Figure [Il. The results indicate that DAPO with only forking to-
kens still surpasses vanilla DAPO, while also producing longer responses on average. However,
given the relatively low performance of both configurations on AIME’24, we believe the results on
Llama-3.1-8B are less convincing compared to those observed on the Qwen3 models.
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Figure 10: By extending the maximum response length from 20,480 to 29,696 and continuing train-
ing from the SoTA 32B model shown in Figure B(a) and (b), the AIME’24 scores improve further
from 63.54 to 68.12, alongside a notable increase in response length.
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Figure 11: Comparison of DAPO using only forking tokens and vanilla DAPO, both trained from
Llama-3.1-8B after cold-start.

C.6 Qualitative Results

Visualization of token entropy of a full CoT response We visualize the token entropy of a long,
randomly generated Chain of Thought (CoT) response by Qwen3-8B [A1] in Figure I to Figure 2.
From the visualization, we observe that high-entropy tokens are relatively sparse among all tokens.
These high-entropy tokens often act as branching points in reasoning paths, influencing the direction
of reasoning. This observation further complements the entropy patterns discussed in Section D.

D Discussions

Discussion 1: High-entropy minority tokens (i.e., forking tokens) could play a key role in ex-
plaining why RL generalizes while SFT memorizes. [5] demonstrated empirically that RL, par-
ticularly with outcome-based rewards, exhibits strong generalization to unseen, rule-based tasks,
whereas supervised fine-tuning (SFT) is prone to memorizing training data and struggles with gen-
eralization outside the training distribution. We hypothesize that one critical factor underlying the
differing generalization capabilities of RL and SFT may be related to entropy in forking tokens. Our
experiments (e.g., Figure 1 and Figure B) suggest that RL tends to preserve or even increase the
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entropy of forking tokens, maintaining the flexibility of reasoning paths. In contrast, SFT pushes
output logits towards one-hot distributions, leading to reduced entropy in forking tokens and, con-
sequently, a loss of reasoning path flexibility. This flexibility may be a crucial determinant of a
reasoning model’s ability to generalize effectively to unseen tasks.

Discussion 2: Unlike traditional RL, LLM reasoning integrates prior knowledge and must
produce readable output. Consequently, LLM CoTs contain a mix of low-entropy majority
tokens and high-entropy minority tokens, whereas traditional RL can assume uniform action
entropy throughout a trajectory. As shown in Figure D(a), most LLM CoT tokens have low
entropy, with only a small fraction exhibiting high entropy. In contrast, traditional RL typically
formulates each action distribution as Gaussian with a predefined standard deviation [0, 29, 38],
resulting in uniform entropy across actions. We attribute this distinct entropy pattern in LLM CoTs
to their pretraining on large-scale prior knowledge and the need for language fluency. This forces
most tokens to align with memorized linguistic structures, yielding low entropy. Only a small set
of tokens that are inherently uncertain in the pretraining corpus allows for exploration, and thus
exhibits high entropy. This deduction is consistent with our results in Table .

Discussion 3: In RLVR, entropy bonus may be suboptimal, as it increases the entropy of low-
entropy majority tokens. In contrast, clip-higher effectively promotes entropy in high-entropy
minority tokens. In RL, entropy bonus is commonly added to the training loss to encourage explo-
ration by increasing the entropy of actionsa well-established practice in traditional tasks [30, 39, 23],
and recently applied to LLM reasoning [B2, I4]. However, as discussed above, unlike typical RL
trajectories, LLM CoTs display distinct entropy patterns. Increasing entropy across all tokens can
degrade performance by disrupting the low-entropy majority, while selectively increasing the en-
tropy of high-entropy minority tokens improves performance (Figure B). Thus, uniformly applied
entropy bonuses are suboptimal for CoT reasoning. Instead, clip-higher [47], which moderately
raises enigh in Equation (B), better targets high-entropy tokens. Empirically, we observe that tokens
with high importance ratios () (as defined in Equation (8)) tend to have higher entropy. By in-
cluding more of these tokens in training, clip-higher increases overall entropy without significantly
affecting low-entropy tokens, as supported by [2] and illustrated in Figure [.

E Compute Resources

We utilize NVIDIA A100 80G GPUs as our compute resources for conducting experiments. Each
experiment involving 8B, 14B, and 32B models is executed on 8 nodes, with each node equipped
with 8 GPUs. Our training codebase is adapted from verl [37]. For the 8B model, the initial process-
ing time for each mini-batch is approximately 0.5 hours, which increases to around 1.5 hours as the
response length expands during training. Similarly, for the 14B model, the runtime per mini-batch
starts at about 0.8 hours and grows to approximately 2.2 hours as the response length increases. In
the case of the 32B model, processing each mini-batch initially takes about 1 hour, but this extends
to roughly 3 hours as the response length continues to grow during training.

F Broader Impacts and LLM Usage Disclosure

Broader impacts Our study analyzes entropy patterns in CoTs and enhances LLM reasoning by
retaining only the top 20% of high-entropy tokens in policy gradient loss during RLVR training.
While this improves reasoning abilities, it may also increase the risk of hallucinations or unsafe
outputs. We urge developers to responsibly apply our findings to build safe reasoning models and
advise users to exercise caution when using them.

Declaration of LLM Usage LLMs are the primary subject of research in this paper, and all of our

experiments are conducted on LLMs. Additionally, we also used LLM:s for polishing the text during
the writing process.
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Figure 12: Visualization of token entropy (part 1).
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Figure 13: Visualization of token entropy (part 2).
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that element is not in the list , that seems impossible . Wait , but maybe the

list has duplicates  ?\n\n Wait , hold on . For example , suppose the list is [ 1, 2
2, Bl | 4 1. The median is 2 , which is in the list . |If the list is [1, 2, 3
median is 3, which is in the list . So how can the median not be in the list ? Is
there a case where the median is not present ?\n\n Wait , maybe if the list has
multiple instances ~ of the median ? But then the median would be present . Wait ,
perhaps the median is not an element of the list ? Wait , that 's impossible

Because the median is the middle element of the ordered list . So it must be an
element of the list . Therefore , how can the median not be in the list ? \n\n Wait
, maybe the problem is not saying that the median is not present as an element |,
but that the median is a positive integer that does not appear in the list

Wait , that 's exactly what it says . So the median is a positive integer (so it 's
an integer , so n must be odd , as discussed before ), and it does not appear in
the list . But if the median is the middle element of the |list , then the median
must be an element of the list . Therefore , there 's a contradiction here . Wait ,
unless the list is empty ? But the problem says it 's a |list of positive integers
So that can 't be . \n\n Wait , maybe | made a mistake here . Let me check again
The median is the middle value when the list is ordered . So for example , if the
list is [ 1, 2P 3, 4 , 5 ], the median is 3. If the list is [ 1, 1 2,
median s 2 . So the median is an element of the list . Therefore , how can the
median not be in the list ? \n\n Wait , unless the median is not an element ? But
that contrad icts the definition . Wait , unless there 's a misunderstanding . Maybe
the problem is referring to the median value , not the median element ? For
example , if the list has an even number of elements , then the median is the
average of the two middle numbers . But the problem says the median is a

positive integer . So if the list has an even number of elements , the average of

T T T T
0.000 1.316 2.632 3.948 5.264
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Figure 14: Visualization of token entropy (part 3).
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) 2=8, which is not in the |list . Wait , this is the same as the list [5,7,9,9]

but with a=1 and b=7 . \n\n But sum is 1+7 +9 +9= 26 = 30. So need a +b +9 +9=3

0 =>a+ b=12. Therefore , in this case , a + b=12, with a <= b <=9 . So possible

pairs (a,b) as before . For example , (3, 9) gives list [3,9,9,9] median is 9. (4

, 8) gives [4,8,9, 9] medan 8.5. (5,7) gives [5,7,9, 91 median 8 . \n\n Wait , so [

1,11 ,.. ] but b can 't be 11 . So only those pairs . \n\n So yes , the only valid

list is [5,7,9,91] \nn Therefore , sum of squares is 52 + 72 4+ 92 4+ 92 = 25+ 49
+ 81+ 81 = 236. \n\n But just to make sure , let me check if there is another

list  with different numbers but same properties . \n\n Sup pose the list has three

9 s and another number . Wait , but that leads to median being 9 . \n\n Or another

arrangement where the median is not in the list . For example , suppose the list

is [a, b, c, d] with two 9s , and the median is (b +c )/ 2, which is not in the

list . We found that with a + b +c +d =30, and two 9s , which gives only [ 5,7, 9,9

1. \n\n Alternatively , suppose the two 9 s are not consecutive ? Wait , in a sorted
list , they must be consecutive or not ? If two 9 s are not consecutive , then
there are numbers between them . For example , [ 5,7 ,9,91 is consecutive . \n\n But
in that case , the median is (7 +9 ) 2=8 . Which is not in the Ilist . \n\n
Alternatively , [ 5, 9, 7, 91 sorted is [5,7,9, 9] Same as before . \n\n Therefore ,
no other possibilities . \n\n Hence , | think this is the only |list . \n\n Therefore
, the answer should be 236 . \n\n But to be thorough , let me check if there are
other possibilities for n=4 where the mode is 9 . \n\n Suppose the list is [x, vy,

z, w] with two 9 s and two other numbers , but with the two other numbers being

same . Wait , but then the mode would be 9 and the other number , making two modes

Which is invalid . \n\n For example , [ 5,5 ,9,91] The sum is 5 +5 +9 +9=28. Not 30

\Wwn If [5,6,9,10] sum is 5+6+9+10=30. The mode is no mode , or all numbers

appear once . So no mode . Therefore invalid . \n\n If [ 3, 9, 9, 9 ], sum is 30. As
before , median is 9. \n\n If [a, b, c, d], with three 9s and a different ~number ,
0.000 1.316 2.632 3.948 5.264 6.580
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Figure 15: Visualization of token entropy (Part 4). For brevity, we omit the CoT following Figure [4
and preceding Figure 3.
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but sum 30 . For example , two 9s , but wait no . \n\n Alternatively , [a, b, 9, 91

with a + b =12 . If a and b are same, then [a, a, 9, 91 with a+a=12=>a=6.

Then list is [ 6,6 ,9,9] The median is (6 +9)/ 2=7 .5 . Not integer . \n\n But the

mode is 6 and 9 , both appearing twice . Hence , not unique . \n\n Therefore ,

invalid . \n\n Therefore , only the list [ 5,7 ,9,9] is wvalid . \n\n Thus, the sum of
squares is 52 +72 +92 +92 = 25+ 49+ 81 +81= 25+ 49 is 74, plus 81
plus 81 is 236 . \n\n Therefore , the answer is 236 . \n\n ** Final Answer *Xn \ boxed {

2 3 6 }\n </think> \n\n To solve this problem , we need to determine the sum of the

squares of the items in a list of positive integers  that satisfies the

following conditions :\n\n 1 . **Sum of the list is 30 *\n 2 . ** The unique mode is

9 *\n 3 . ** The median is a positive integer that does not appear in the list

itself *X\n\n ---\n\n ### Step 1 : Determine the Number of Elements in the List \n\n

Let 's denote the number of elements in the list as $ n $. Since the median is

a positive integer ** not in the list ** this implies that the list must have an

** even number of elements ** . \n\n For an odd number of elements , the median is

the middle element of the sorted list , which is ** in the |list ** . Therefore , it

cannot be an integer ** not in the list ** . Thus , the Ilist must have an even

number of elements .\n\n Let 's consider small even values of $ n $ and test for

the validity of the conditions \n\n ---\n\n ### Step 2 : Consider $ n = 4 $\n\n

Let 's assume the list has 4 elements . Let the elements be sorted as $ [a, b, c,

d] $ so the median is :\n\n $$ \n \ text { Median } = \ frac { b + c}{2 }\n $$ \n\nWe

are told that the ** median is a positive integer not in the list ** and that

the ** unique mode is 9 * \n\n For 9 to be the ** unique mode **, it must appear

more often than any other number . Since we only have 4 elements , the only

possibility is that 9 appears **twice ** and all other numbers appear ** once ** .

Thus , the list must be of the form : $ [ x, vy, 9, 9] $ where $ x \neq y $ and

$ x,y \neg 9% \n\nWe also require :\n\n - $ x +y + 9+ 9= 30 \ Rightarrow x +

0.000 1.316 2.632 3.948 5.264
Token Entropy

Figure 16: Visualization of token entropy (part 5).
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research, ad-
dressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT
count towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (12 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evalu-
ation. While "[Yes] " is generally preferable to " ", it is perfectly acceptable to answer "

" provided a proper justification is given (e.g., "error bars are not reported because it would be too
computationally expensive" or "we were unable to find the license for the dataset we used"). In
general, answering " "or "[NA] " is not grounds for rejection. While the questions are phrased
in a binary way, we acknowledge that the true answer is often more nuanced, so please just use your
best judgment and write a justification to elaborate. All supporting evidence can appear either in the
main paper or the supplemental material, provided in appendix. If you answer [Yes] to a question,
in the justification please point to the section(s) where related material for the question can be found.

IMPORTANT, please:
* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Check-
list",
* Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: all backed up in the experiments section
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justification: in conclusion.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [NA]
Justification: no theory assumptions and proofs in our paper.
Guidelines:
* The answer NA means that the paper does not include theoretical results.

e All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: see the experiment section.

Guidelines:
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The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-

missions to provide some reasonable avenue for reproducibility, which may depend

on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: We are still cleaning up our codes and will open-source later.

Guidelines:

The answer NA means that paper does not include experiments requiring code.

Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy]) for more details.

While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: See experiment section.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer:
Justification: Due to the big resources for experiemnts, we cannot repeat for several times.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% Cl, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: See appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
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9.

10.

11.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: we conducted in the paper conform, in every respect, with the NeurIPS Code
of Ethics.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: see appendix.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We haven’t release data or models now.

Guidelines:
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12.

13.

14.

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: N/A
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: N/A
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

 The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
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Justification: N/A
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

15. Institutional review board (IRB) approvals or equivalent for research with human

16.

subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: N/A
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [Yes]
Justification: See appendix.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLN)
for what should or should not be described.
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