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ABSTRACT

Time-varying counterfactual prediction (TCP) from observational data supports
the answer of when and how to assign multiple sequential treatments, yielding
importance in various applications. Despite the progress achieved by recent ad-
vances, e.g., LSTM or Transformer based causal approaches, their capability of
capturing interactions in long sequences remains to be improved in both prediction
performance and running efficiency. In parallel with the development of TCP, the
success of the state-space models (SSMs) has achieved remarkable progress toward
long-sequence modeling with saved running time. Consequently, studying how
Mamba simultaneously benefits the effectiveness and efficiency of TCP becomes a
compelling research direction. In this paper, we propose to exploit advantages of
the SSMs to tackle the TCP task, by introducing a counterfactual Mamba model
with Covariate-based Decorrelation towards Selective Parameters (Mamba-CDSP).
Motivated by the over-balancing problem in TCP of the direct covariate balancing
methods, we propose to de-correlate between the current treatment and the repre-
sentation of historical covariates, treatments, and outcomes, which can mitigate
the confounding bias while preserve more covariate information. In addition, we
show that the overall de-correlation in TCP is equivalent to regularizing the selec-
tive parameters of Mamba over each time step, which leads our approach to be
effective and lightweight. We conducted extensive experiments on both synthetic
and real-world datasets, demonstrating that Mamba-CDSP not only outperforms
baselines by a large margin, but also exhibits prominent running efficiency.

1 INTRODUCTION

Inferring counterfactual outcomes in time series data is of critical importance across a broad range of
domains (Van der Klaauw, |2002; Heidari & Krause, [2018; L1 et al., 2021)). In particular, time-varying
counterfactual prediction (TCP) focuses on estimating counterfactual outcomes over various possible
sequences of interventions (Melnychuk et al.l 2022), supports the answer of when and how to assign
multiple sequential treatments (Bica et al., [2020; Melnychuk et al., [2022} |Huang et al., 2024).

Prior research has demonstrated that TCP under dynamic treatment regimes introduces significantly
more challenges than in static settings, primarily due to increasing generalization errors (Alaa &
Schaar, 2018) and potential biases arising from multiple prediction steps (Frauen et al., |2023)).
To be specific, the overall confounding bias could accumulate over time if the bias correction is
not sufficient in previous time steps (Austin et al., 2006; [Huang et al., [2024). To alleviate such
issues, recent advances have focused on integrating sequential debiasing techniques into various
models. Notable examples include recurrent marginal structural networks (RMSNs) (Lim), [2018]),
counterfactual recurrent networks (CRN) (Bica et al., [2020), G-net (Li et al., [2020), and the Causal
Transformer (CT) (Melnychuk et al., 2022).

*Corresponding author.
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(a) RMSE with varying prediction time step (b) Running time with varying sequence length

Figure 1: Effectiveness and ef ciency comparison between Mamba-CDSP and Causal Transformer
on the Tumor simulator dataset. The time complexity (right) and the estimation error (left, with
sequence length as 60) of CT grows exponentially with sequence length and prediction time steps.

However, we observe that existing methods suffer from both the ef ciency and the effectiveness in
the TCP task. As shown in Fig] 1 (a), regarding the effectiveness, increasing prediction time step
from 0 to 12 leads to dramatically increasing estimation error of the CT method (from less than 10 to
over 15). On the other hand, when the sequence length increases, the running ef ciency of CT scales
with nearly quadratic complexity (from 26 min to over 120 min) when increasing the length of input
sequence from 5 to 200. We further inform two critical reasons lying behind such phenomenon: (1)
Impact of the backbone. Transformer, i.e., the backbone of CT, is not capable of modeling long
sequences outside the attention window, while capturing all time stamps in the attention results
in quadratic complexity w.r.t. the sequence lerigth Gu &|Dao (2023). (2) Drawback of concurrent
balancing strategies. First, previous TCP methods Melnychuk et al.|(2022); Bicd et al. (2020) often
control theoverall confounding bias at the nal time step. Following exactly the debiasing protocols

in static setting, such operations ignore the accumulation of confounding bias over time serie$ (Austin
et al|, 2006; Frauen et al., 2023). Second, directly balancing representations across treatment groups
could raise the over-balancing problem, especially in the case of time-varying prediction (Huang
et al., 2024), which will further corrupt the representations of covariates and degrade the overall
estimation performance.

To tackle the backbone issue of TCP, we note that the success of Mamba (Gu & Dao, 2023), a data-
selective state-space model (SSM) architecture (Gu et al., 2021a;b), offers new possibilities due to its
capability of mapping across continuous sequences with nearly linear complexity Gu & Dao (2023).
Meanwhile, to address problems of balancing in the TCP task, we propose an ef cient bias correction
method callecCovariate-baseBecorrelation towardSelectiveParameters (CDSP) for building TCP-
oriented Mamba. Speci cally, our designed CDSP mechanism introduces a de-correlation strategy to
address sequential confounding bias by removing the cross-covariance between current treatments
and representation of historical covariates, treatments, and outcomes. On the one hand, our CDSP
addresses the drawback of overall balancing in the TCP task sitpato-stepbias control manner.

We show that our proposed CDSP can be decomposed into orthogonal regularization applied to
selective parameters at each time step, concerning the linear properties of Mamba. On the other hand,
empirical evidence show that our CDSP implements the bias correction in a covariate-preservation
style, which also alleviates the over-balancing problem. Besides, to adapt the Mamba model for TCP,
we modify its architecture by replacing the convolutional layer with a dropout layer (Gu & Dao,
2023) to mitigate over tting. In summary, our main contributions are as follows:

(1) We develop an ef cient and effective Mamba-based framework nakhetba-CDSP
for the task of TCP. To the best of our knowledge, this is the pioneer Mamba model tailored to
counterfactual prediction.

(2) We design a novel covariance de-correlation-based mechanism to migrate the sequential
confounding bias. By accounting for the trade-off between prediction and bias correction, our CDSP
mechanism overcomes the critical drawback of existing sequential debiasing methods.
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(3) We validate the proposed Mamba-CDSP model across synthetic, semi-synthetic, and real-
world data, demonstrating that our framework outperforms existing baselines by a large margin in
performance with much more ef cient training and inference phases.

2 RELATED WORK

Balancing Covariates in Static Counterfactual Prediction.Static methods focus on correcting the
explicit confounding bias across different groups via diverse strategies, including reweighting (Kuang
etal., 2020), matching (Stuart, 2010) or covariate balancing (Athey et al., 2018). Speci cally, previous
work have accounted for the nite-sample degrading effect of confounding bias raised by observed
confounders (Shalit et al., 2017; Alaa & Schaar, 2018), even when the ignorability principle holds.

Development on TCP with Statistical ApproachesEarlier Studies on estimating treatment effects
focuses in the area of epidemiology, where the g-estimation, Structural Nested Models (SNM) and
Marginal Structural Models (MSM) are developed in the regime of statistical analysis (Robins, 1986;
1999; Robins & Hernan, 2008). Meanwhile, a bunch of methods has introduced non-parametric
models with uncertainty estimation into treatment effect estimation over the whole population (Xu
etal., 2016; Roy et al., 2017; Schulam & Saria, 2017). To be speci c, a family of approaches built

on Bayesian nonparametric models (primarily GP) have been proposed to better encode structure
in temporal trends and treatment effects (Shi et al., 2012; Arbour et al., 2021; Xu et al., 2016). In
recent, a multi-task Gaussian process model has been established by decoupling the response trend
into individual-level and unit-level ones Chen et al. (2023).

Development on TCP with Deep ModelsRecent advances construct the bias correction on top of a
series of deep sequential models, and have achieved state-of-the-art (SOTA) estimation performance.
For instance, RMSMs (Lim, 2018) incorporates the propensity score-based reweighting into recurrent
neural networks (RNNs). Subsequently, counterfactual recurrent network (CRN) (Bica et al., 2020;
Wang et al., 2024a; Berrevoets et al., 2021) combines the RNNs with adversarial covariate balancing
techniques. Besides, the G-net (Li et al., 2020) performs deep G-computation with the simultaneous
parameterization of the outcome and covariates. To further capture the long-range sequences, the
Causal Transformer (Melnychuk et al., 2022) designed a transformer-tailored architecture with
domain-confusion-based balancing to capture long-range and complex sequences.

Distributional Counterfactual Estimation over Time. Several recent studies have emerged to
estimate the entire counterfactual distribution rather than the averaged outcome (Chernozhukov et al.,
2013; Kennedy et al., 2023; Wang et al., 2018). To realize the generation of counterfactual density
in high-dimensional over time series, Wu et al. (2024) approximates the counterfactual distribution
with a generative model without explicitly estimating its density, which enables a wider range of
application scenarios including continuous treatments.

State-space models (SSMs) for long sequence modeliBiemming from the signal transformation
theory, the state-space model aims to turn a continuous input signal into an output signal (Gu et al.,
2021b; Gu & Dao, 2023; Gu et al., 2021a). In recent, (Gu et al., 2021a) has developed an ef cient
SSM named S4 by constructing the HiIPPO operator with convolutional acceleration. The S4 model
is further improved by incorporating the parallel scan into S4 layer (Smith et al., 2022). Regrading
the expressivity of S4, Mehta et al. (2022) developed the Gated state-space layer by introducing more
gating units. In recent, a data-dependent framework named Mamba builds a generic long-sequence
backbone by replacing xed parameters in S4 into selective parameters (Gu & Dao, 2023). As
Mamba outperforms Transformers on a variety of realistic applications with linear scaling towards
long-sequence, we aim to empower the capability of Mamba for estimating counterfactual outcomes
over time series, i.e., constructing a new backbone for the area of causal inference.

3 PRrROBLEM DEFINITION

Notations. This paper uses upper-case let-
ters (e.g.X) to denote random variables, with
lower-case letters (e.gx) denoting the corre-
sponding realizations. Besides, the bold let-
ters (e.g.,V) refer to vectors/matrices, and
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non-bold letters (e.gV) refer to scalars. Fol-
lowing previous protocols (Melnychuk et al.,
2022; Huang et al., 2024), we letefer toi-

th individual (e.g., a patient) and with histor-
ical treatment trajectories over multiple time
steps (e.g., a health plan with one month) from
a=1;:::TW, At each time step, one can

with d, categories (e.g., a health plan widl kinds of drugs to be taken in turn); (2) The time-
varying covariateX t(i) 2 R % with dy dimensions (e. g., some disease-dependent factors of the
patient); (3) The static featuras(") that keeps invariant over time (e. g., gender and age of the
patient); (4) The outcomés((i) 2 R% with dimensionsly, . Then the observed dataset can be de ned
asD = ff x{;v:a;y{ gl gv  whereN is the sample number. For the sake of clarity, we
omit the superscrigi) for each individual unless needed and Xseto represent the overall features,

i.e., bothv () andX (") at time steyt.

standards in time-varying counterfatual prediction (Melnychuk et al., 2022; Huang et al., 2024; Li
et al., 2021; Bica et al., 2020; Robins & Hernan, 2008), and model the causal relationship among
variables as follows: (a) The treatment assignnfgnis affected by the time-varying covariates

X as well as the history, including, X; 1 andA; 1, indicating the presence of time-varying
confounders. (b) The outcomég is affected by the current covariates, and past treatignt,
outcomesY ; 1, and covariateX; . (c) The time-varying covariates, is affected by all past
information, includingA; 1,Y 1, andX; ;.

Estimation Target. We de ne the 1 as the projection horizon for astep-ahead prediction,
with @i+ 1 =(a; a1 ;a+ 1) is the sequence of the (imagined) assigned treatments in
the future time steps. Following the potential-outcome framework (Splawa-Neyman et al., 1990;
Rubin, 1978), we de ne the estimand of our problemEas/y+ [@it+ 1]jH: , whereH =

X ;At 1:Y;V isthe historical observations.

Basic Assumptions.We present basic assumptions to support unbiased identi cation for time-varying
counterfactual prediction using observational data (Robins & Hernan, 2008):

(1) Consistency.If A; = a; is a given sequence of treatments, tivan; [a;] = Y t+1 . This
means that the potential outcome under treatment seq@era®ncides for the patient with the
observed (factual) outcome, conditional &p = a;.

(2) Sequential Overlap.There is always a non-zero probability of receiving/not receiving any
treatment for all the history space overtinitex P A = a;jH; = hy < 1,if P H; = hy >0,
whereh, is some realization of a patient history.

(3) Sequential Ignorability. The current treatment is independent of the potential outcome,

conditioning on the observed histon&Y 1+1 [a:] j Hi; 8a;. This implies that there are no
unobserved confounders that affect both treatment and outcome.

4 METHOD

4.1 PRELIMIARIES

Inspired by the continuous signal mapping (Gu et al., 2021b;a; Gu & Dao, 2023), the family of state-
space models (SSM) is derived from solving the time-varying differential equations. To be speci c,
SSM aims to estimate a mapping fromiaput signal x to aoutput signaly: x(t) 2R 7! T(a) 2R
through the transition of a hidden stdté) 2 RN . The continuous form of SSM models can be
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Figure 3: The Step-by-step Framework our proposed Mamba-CDSP.

written as follows:
h%t) = Ch(t) + Bx(t); T(a) = Rh(t); 1)

whereC 2 RN N is the evolution parameted, 2 RN ;R 2R* N are projection parameters.
In recent, the S4 model (Gu et al., 2021a) provides a discrete form of the equation in equation 1 by
discretizingC andB into C andB as follows:

hi = Chy 1+ BX¢; Yt = Rhy; ()

whereC =exp(C ),B=(C ) Yexp(C ) 1) B and representsthe time step. Although

S4 has the advantage in its fast computation with convolution operators, the lack of sequential-sensitive
attention on different time steps becomes a performance bottleneck. To overcome this issue, the
Mamba (Gu & Dao, 2023) model incorporates the selective mechanism into S4 by generafing

andB from the inputx with a linear-projection layer, i.e., ttselective parameters

4.2 MODELING TIME-VARYING TREATMENT EFFECTS USINGMAMBA

Input and Output. Our Counterfactual Mamba (C-MAMBA) is designed as an integral block.
During the inference phase, we treat the historical informatiare X ¢; Ay 1; Y,V  with a;
as the input signat(t) of Mamba, andy.+; as the output signal (a). As shown in Fig. 3, the
input signals are embedded into the representation space with linear embedding. Following (Gu &
Dao, 2023), a Root Mean Square Layer Normalization (RMS-Norm) is deployed on emb&dded
and two projection layers splK into two branches. Inside the SSM, the input at time $fe.,

Xy ay YV o, are fused with historical informatidm ; and produces the hidden stéie

Adaptation of Mamba Structure. On the one hand, the branch of the left side in Fig. 3 remains the
same as in (Gu & Dao, 2023), whereitu activation layer is deployed to transform the projected
branch. On the other hand, the right-side branch is rst Ited witkila activation layer, and then fed

into adropoutlayer. We note that in this main branch, the original convolutional layer (Gu &

Dao, 2023) is replaced with a dropout layerThe empirical motivation behind such operations is
that we observe that the original Mamba model tends to over t the training data, and the root-cause
of such phenomenon is ted convolution layer (Wang et al., 2024b). Originally, the convolutional
layer is adapted to improve the mixture of neighboring tokens in language modeling (Gu & Dao,
2023), while such token-mixing mechanism might lead to the over tting on the interaction akiong
Hence, we remove the convolutional layer with a dropout layer to alleviate the over tting phenomenon
of Mamba structure on temporal data. Finally, the two branches are fused in a residual manner, i.e.,
an element-wise multiplication operation and a projection layer.
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4.3 COVARIANCE-BASED DECORRELATION TOWARDS SELECTIVE PARAMETERS

Previous empirical studies (Huang et al., 2024) have pointed out that typical balancing methods for
correcting confounding bias deteriorates the representations of the covariates itself. To overcome this
issue, we start from the structure of Mamba models and design a@ovaliate-baseBecorrelation
towardsSelectiveParameters (CDSP) method to cut-off the correlation between current treament

and historical informatiofn; 1.

Recalling the transition equation in equation 2, we rst expand the expressioowgh; 1;a:) as
follows:
X1 X1 X1
Cov(h; 1;a;)= Cov KiX ;a¢ = Cov K;XMa = K;Cov X" a) ;
i=1 i=1 i=1
3)
where the second and the third equation are due to the property of cross-covariance. Meanwhile, due

to the expression of the hidden transition equation in equation 2, thekdgemapresents the time-
accumulated multiplication &; andB;*asK ; = B; [_{C;. By denoting the ternCov X; a
as yn.,, » We then formally write the constraint, i.&Cov(h; 1;a)k3, as follows:

X 1
kCov(h, 1;a;)k3 KK e, K3: (4)
i=1
We further derive the following proposition:
Proposition 1. FindingK i to minimize equation 4 equals to minimizikg  yn ., )Tch a s 0

Based on the above proposition, we design our proposed CSDP regularization term as follows:

e T 2
Lcsop (C;B) = Bi j=iCi xta xha (5)
i=1

where the term yn .o )Tch,a only concerns w.r.t. the representational version¥ oA ; X and
[ i 1At

V , and can be pre-computed for each batch of samples. Besides, we t the outcome prediction by
minimizing the factual loss of the next outcome. Such operation can be done via the mean squared
error (MSE):

Luse = Yiu v (ht) 2; (6)

where vy represent the parameter of the projection layer after the residual fusion of two branches of
our CDSP model (shown in Fig. 3).

Remark.We note that the objectidemse updateshe whole CDSR while the objectivé cspp only
updates the selective parameter€ and B. The overall objective function isyse + Lcspr,

where s the regularization parameter.

Remark(Computational Complexity Analysis)\We perform computational complexity analysis and
compare our proposed CDSP with previous adversarial balancing methods. Denote the overall length
of the time horizon a¥, and the representation dimensionfo&indX asdf} anddf , respectively. For
adversarial balancing modules, previous practice shows that the discriminator has2igyadhg with

dQ for each layer. Then the overall complexity of our proposed CDSP meti@;(Bi(dQ )3+d)T),

where as the overall complexity of ADB can be derived48 ((df )2 + (d )2d} + jAj)T) (see
detailed derivation in Appendix A.4.3).

4.4 THEORETICAL ANALYSIS

To further show the superiority of our proposed method over existing balancing methods, we theoreti-
cally derive the upper bounds of counterfactual prediction risks, and nd our CDSP outperforms ex-

isting adversarial balancing methods by preserving a tighter counterfactual prediction risk bound (see
proofs in Appendix A.3). We assume the Gaussian covarkatgs N ( a; al) and linear outcome

"We note thaC andB differs in different time steps.
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structureY (a) = W2 X, + 2 where® N(0;1). Meanwhile, we us&l, to denote sample
number of each treatment arm, witth and denoted as model parameters of representation layers
and prediction head, respectively. We omit the time-index (superscript) for convenience.

De nition 1. The expected precision in Estimation of Counterfactual Prediction (ECP) is de ned as:
Z

er (W:) = (% () (x))? p(x)dx: (7)

Theorem 1. (1) The following risk bound in the nite sample regime holds for the vanilla Empirical
Risk Minimization (ERM) mode&lithout any balancing moduleswith probabilityl 2 :
0 11

r__
_ x
e (W) 20wk, J+v T Pordec @ X PpeAa,
j=1
8
1 PN1 a2 ®

where™ = g 1} ?° andf jg’.; denotes some constants w.r.t. the momeris ahdY .

(2) The following risk bound in the nite sample regime holds for the vanilla prediction caibs
adversarial balancing (ADB) moduleswith probabilityl 2 :
0 0 11
(2+ o+ 1)(rirs)? r 1% p
B (w;y 20 3 ki ok+C @ = T+ AAL (9)
j=1

(3) The following risk bound in the nite sample regime holds for the vanilla prediction caihs
our proposed CDSP modulewith probabilityl 2 :

0 Or 11

2 T X
odsp (W Y 2@“”23) ki oB+C @ I P—y+ —AA. (10)
j=1

Based on the above results, we demonstrate the superiority of our CDSP method as follows.

Corollary 1 (Over-balancing of ADB method)When the following condition holds, the risk bound
of vanilla ERM model is more tighter than that of adversarial balancing methods:

3 P
vrz o 2+ 1+ o)riri=4

k1 ok (11)

This illustrates that as the gap between two groups decreases, the harm of over-balancing is much
larger than that of observed confounding bias.

In addition, we conclude that our CDSP method has a tighter bound compared with the existing
adversarial balancing methods, by noting the following inequality:

(rirs)? 2+ o+ 1)(rirg)?
2 4

Corollary 2 (CDSP outperforms ADB with a tighter boundPur CDSP method always outperforms
ADB methods with a tighter bound, i.5%P (W ; adb (W y .

k 1 zkg k 1 2k§: (12)

5 EXPERIMENTS

Benchmarks. Following common practice in benchmarking for counterfactual inference, all the
methods are validated on three datasets, including the synthetic tumor growth data (Geng et al.,
2017), the MIMIC-IlI-based semi-synthetic data (Melnychuk et al., 2022; Schulam & Saria, 2017),
the MIMIC-III real-world data (Johnson et al., 2016). To further validate our method with high-
dimensional, long-range sequences, we follow (Melnychuk et al., 2022) by generating patient
observations with outcomes under endogeneous and exogeneous dependencies while considering
treatment effects. Details of MIMIC-III data are present in Appendix A.4.1.
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