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Abstract

Learning from preference-based feedback has re-
cently gained traction as a promising approach
to align language models with human inter-
ests. While these aligned generative models have
demonstrated impressive capabilities across var-
ious tasks, their dependence on high-quality hu-
man preference data poses a bottleneck in prac-
tical applications. Specifically, noisy (incorrect
and ambiguous) preference pairs in the dataset
might restrict the language models from captur-
ing human intent accurately. While practitioners
have recently proposed heuristics to mitigate the
effect of noisy preferences, a complete theoretical
understanding of their workings remain elusive.
In this work, we aim to bridge this gap by intro-
ducing a general framework for policy optimiza-
tion in the presence of random preference flips.
We focus on the direct preference optimization
(DPO) algorithm in particular since it assumes
that preferences adhere to the Bradley-Terry-Luce
(BTL) model, raising concerns about the impact
of noisy data on the learned policy. We design
a novel loss function, which de-bias the effect
of noise on average, making a policy trained by
minimizing that loss robust to the noise. Under
log-linear parameterization of the policy class and
assuming good feature coverage of the SFT pol-
icy, we prove that the sub-optimality gap of the
proposed robust DPO (rDPO) policy compared to
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where ¢ < 1/2 is flip rate of labels, d is pol-
icy parameter dimension and n is size of dataset.
Our experiments on IMDb sentiment generation
and Anthropic’s helpful-harmless dataset shows
that rDPO is robust to noise in preference labels
compared to vanilla DPO and other heuristics pro-
posed by practitioners.

the optimal policy is of the order O(
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1. Introduction

Reinforcement Learning from Human Feedback (RLHF)
has proven highly effective in aligning Large Language
Models (LLMs) with human preferences (Christiano et al.,
2017; Stiennon et al., 2020; Ouyang et al., 2022). In the
RLHF pipeline(Kaufmann et al., 2023), an LLM is first pre-
trained using supervised fine tuning to obtain a reference
or SFT policy. A reward model is fit to a dataset of human
preferences in the form of a classifier between preferred and
rejected responses. Next, an LLM policy is trained using RL
algorithms such as proximal policy optimization (PPO) to
generate high-reward responses while minimizing a certain
notion of divergence from the SFT policy.

While RLHF produces models (e.g. GPT4, Llama, Mis-
tral etc.) with impressive capabilities across diverse tasks
ranging from programming to creative writing, it introduces
notable complexities into the training process (Zheng et al.,
2023). It requires training two language models (one for re-
ward and another for policy) and frequent sampling from the
policy in the course of training. This demands significant
compute and storage, often limiting the feasible size of a
model. To get around these issues, the direct preference op-
timisation (DPO) method (Rafailov et al. (2023)) optimizes
the language model policy directly from human preferences
without learning a reward model explicitly and avoiding
complexities of RL. Given a dataset of human preferences
over model responses, DPO defines a certain binary-cross
entropy loss, and implicitly optimizes the same objective as
RLHF in the form of KL-regularized reward maximization.

A crucial ingredient governing the success of both RLHF
and DPO is the quality of preference data. Gathering re-
sponses for a vast array of prompts is often inherently noisy
(e.g., ambiguous preferences), which could derail policy
training, with or without RL (Lambert et al., 2023; Bai et al.,
2022b). We find empirical evidence that these algorithms
are robust to noise in some scenarios (as also demonstrated
by Rafailov et al. (2023); Ouyang et al. (2022)), even though
they work under the assumption that the observed prefer-
ences adhere to an underlying sampling model (see Section
2). On the other hand, as we show via simple noise injection
mechanisms on real-world datasets in Section 6, the per-
formance of DPO drops significantly when the noise rates
are high. We are not the first to identify or address this
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problem — Wang et al. (2024) demonstrate the sensitivity
of reward training step in the RLHF pipeline to noisy pref-
erences in real data; and design heuristics to mitigate the
impact (discussed in Section 6). However, little is known
about theory behind these heuristics, which could justify
their performance in practice.

In this work, we focus on bridging this gap between theory
and practice by introducing a general theoretical framework
for learning from noisy preference data. We particularly
focus on the DPO algorithm in the presence of random
preference noise, where preferences are flipped with some
(known) rate. We make the following contributions.

Novel loss function. We design a novel loss function by
adapting the binary cross entropy (BCE) loss of DPO with
the rate of label flips. We show that this loss is an unbiased
estimate of the original BCE loss, which de-biases the effect
of preference noise and makes the policy robust. We call it
robust DPO (rDPO). Similar to DPO, our rDPO gradients
on average increase the log probability of preferred answers
relative to the rejected ones. But, unlike DPO, the impor-
tance weights in gradients are tuned to the noise level, which
mitigate the effect of noisy preferences. Notably, our ap-
proach generalizes to reward training in RLHF and to other
preference optimization methods (discussed in Section 5).

First theoretical guarantees. To the best of our knowledge,
we are the first to provide theoretical guarantees for practical
preference optimization algorithms. Under log-linear pa-
rameterization of the policy class, we show that estimation
error of our rDPO policy compared to the optimal policy
is at most O(lfﬁ\/g), where € €[0,1/2) is flip rate, d is
dimension of policy parameter and n is number of prefer-
ence samples. Under good coverage of the SFT policy over
the feature space, the estimation error bound translates to a
bound on the average reward obtained by our trained policy
as compared to the optimal policy. Our results show that
the additional cost of preference flips is a (multiplicative)
factor of O(7=5-). Along the way, setting e = 0 in the
above bound, we obtain the first performance bounds for
DPO policy without label noise, which resolves an elusive
theoretical gap in the understanding of practical algorithms
for learning from human preferences.

Empirical evidence. On noisy preferences generated from
sentiment generation on IMDb dataset (Maas et al., 2011)
and on Anthropic’s helpful-harmless (Bai et al., 2022a),
we provide empirical evidence that shows performance of
DPO degrades with the introduction of high noise in data.
However, rDPO is robust to noise in preference labels com-
pared to other baselines including DPO with label smooth-
ing (Mitchell, 2023). Additionally, policies optimized using
rDPO are consistently better than other methods across
different sampling temperatures. All artifacts are made

available at https://aka.ms/RobustDPO.

1.1. Related Work

Recognizing the storage and computational challenges in
RLHF, several alternatives have been proposed. Each of
these method work with different loss functions. While
DPO optimizes BCE loss to learn the policy (Rafailov et al.,
2023), SLiC uses hinge loss plus a regularization loss (Zhao
et al., 2023), IPO uses square-loss (Azar et al., 2023), RRHF
uses ranking loss plus SFT loss (Yuan et al., 2023) and RSO
uses BCE loss plus a rejection sampling (Liu et al., 2023).
While they have their own intricacies and differences, all
are competitive with RLHF on standard language tasks.

A recent line of work provides theoretical guarantees on
the performance of policy learned using preference-based
RL algorithms (Pacchiano et al., 2021; Chen et al., 2022;
Zhu et al., 2023; Zhan et al., 2023). All these works focus
on guarantees in terms of regret bounds in the standard
bandit or RL setting and they do not deal with the practical
algorithms like RLHF or DPO. Zhu et al. (2024) considers
the problem of reward overfitting in RLHF by replacing
hard labels with soft ones. They do not consider model
overfitting in the presence of noisy data.

There is a line of work in supervised (deep) learning liter-
ature that considers learning in the presence of label noise.
Miiller et al. (2019) study the effect of label smoothing to
mitigate the overfitting problem under noisy data. Natarajan
et al. (2013) consider binary classification with noisy labels,
while Patrini et al. (2017) work on multi-label classification
problems. They focus on bounding the excess population
risk of trained classifiers under the clean distribution. In
contrast, we aim to bound the estimation error of the trained
policy, which brings out additional challenges in analysis.

2. Background and Problem Setup

Learning algorithms for conditional language generation
from human feedback take a preference dataset D =
(84, Qu,i, a1,i)1—1 Of size n as input that distinguishes the
better answer from the worse given the same prompt. First,
a prompt is sampled from a distribution: s ~ p. Next, a
pair of answers are sampled from a supervised fine tuned
(SFT) policy: a,a’ ~ msg(-|s). The response pairs are then
presented to human labelers (or, an oracle) who express pref-
erences for answers given prompt s, denoted as a,, > a;ls.
The preference distribution is typically expressed using a
latent reward model 7*(s, a) as

p;a’a/ =Pla = d'|s] = g(r*(s,a)—r*(s,da’)) , (1)
where g : R — [0, 1] is a monotone non-decreasing function

(with g(2) =1 — g(—2)) that converts reward differences
into winning probabilities. When g is the sigmoid func-
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tion o(z) = H%’ we get the Bradley-Terry-Luce (BTL)
model (Bradley & Terry, 1952; Luce, 2012).

Optimal Policy. Starting with a prompt distribution p and
an SFT policy 7, the optimal language model policy 7*
corresponding to the latent reward model r* can be com-
puted by maximizing the objective (Schulman et al., 2017)

m(als)
J(m) = Eympamnils) |77 (s,a) — Blog ————~| .
( ) s~p,a~v(-]s) ( ) 6 g stt(a|3)
The optimal policy takes the form (Rafailov et al., 2023)
1
™ (als) = 72*(S>7rsft(a|s) exp(r*(s,a)/p) , )

where Z*(s) = >, 4 Tsic(als) exp(r*(s,a)/B) denotes
the log-partition (normalizing) function. Here 5 > 0 is a
parameter that governs the balance between exploitation and
exploration. When 8 — 0, all probability mass will con-
centrate on the response with highest reward (exploitation).
On the other extreme, when 3 — oo, optimal policy will be
the same as w4 (exploration). The goal is to learn a policy
from preference data that generates good reward.

Policy Estimation. Re-arranging (2), we get

™ (als)
mo(als)
Then the true preference probabilities under the BTL
model (1) can be expressed using the optimal and SFT poli-
cies as (Rafailov et al., 2023)

pzaa,:a(ﬁlog 7*(als)
@ Tse (@] $)

In this work, we consider parameterized policies 7y, where
6 € © C R% s a vector of dimension d. In practice, the
most common policy classes are of the form

exp(fo(s,a))

1= {mteh) = 5= s |
where fy is a real-valued differentiable function. For ex-
ample, the tabular softmax policy class is the one where
fo(s,a) = 6 4. Typically, fy is either a linear function or a
neural network. A linear fy can be expressed as fy(s,a) =
#(s,a) T 0 using a feature map ¢(s,a) € R%. In this case 7y
becomes a log-linear policy, i.e., log g (als) o< (8, ¢ (s, a)).
In case of language model policies, the feature map ¢ can
be constructed by removing the last layer of the model, and
@ correspond to the weights of the last layer.

r*(s,a) = Blog + Blog Z*(s) . 3)

o=

msee(a’]s)

“

Let 8* and 6 denote the parameters corresponding to the
optimal and SFT policies, respectively. Now, define the
preference score of an answer q relative to another one o’
given prompt s under policy my as

ho(s,a,a’) =Ty(s,a) —Te(s,a’) , 5)
where 7 (s, a) =log -* ((‘Z‘ fs)) is an implicit reward defined
0

by trained and SFT policies 7y and 7g,. This lets us express,
for any 6 € O, the predicted preference probabilities (we
omit dependence on 6, 0 for brevity) as

Ds.aar =Pola = d'|s]=0(Bhe(s,a,a)) . 6)
In this notation, we have the true preference probabilities
p:,a,a’ = o (Bhe~(s,a,a’)).

With preference probabilities expressed in terms of the opti-
mal policy, the DPO algorithm (Rafailov et al., 2023) finds
the maximum likelihood estimate (MLE) by minimizing the
empirical BCE loss = "% | L(0; s, ay,i, ar,;), where

L(0; 8, a4, a;1) = —loga(Bhe(s, aw,ar)) . @)

Technically, the minimizer of this loss is not strictly an MLE
for the optimal policy parameter 8* as the preference pairs
are sampled from the SFT policy 7y, , but not from the policy
to be estimated 7y-. In reality, however, it is challenging to
obtain preference pairs directly sampled from 7g-.

Preference Noise. In this work, we model noise in the
preferences via the standard random noise model (Natarajan
et al., 2013; Wang et al., 2024; Mitchell, 2023), where the
revealed preferences are true preferences flipped with a
small probability e € (0,1/2), i.e.

P [(a1,is Gw,i) = (Quw,isaiq)|si] =€ . (8

LetD = (84, Quy i, a1,4)1—, denote the dataset of potentially
noisy samples. These noisy samples are what the learning
algorithm sees, i.e., G, ; is seen to be preferred over a; ;.We
will assume that the flip rate € is known to the learner. In
practice, we will tune the flip rate through cross-validation.

Performance Measure. Our goal is to learn a policy
7n(als) (equivalently, a policy parameter 0,,) from noisy
preference data D that generates maximum expected reward
" (W) = IEs*\/p,wv7\'(~|s) [7”* (Sv a)] :
We measure performance of the learned policy using a sub-
optimality gap from the optimal policy 7*, namely r* (7*) —
r*(T,). Ideally, we want the gap to go down to zero as
n — 0o with arate at least sub-linear in n. This is a standard

measure of policy performance in the RL literature (Zhu
et al., 2023; Qiao & Wang, 2022; Agarwal et al., 2021).

3. Our Approach: Robust DPO

We start with the BCE loss under noisy preferences and then
approximate it with a conservative loss that practitioners
have explored recently (Mitchell, 2023). Next, we discuss
their drawback, which help us get intuition for a robust loss.

Given corrupted dataset D, one can use (7) to compute the
MLE under noisy preferences by minimizing the loss

£a(0§5aawval) = _1OgP0,a[aw - Adl‘s} 5 )

where, for any (s, a,a’) triplet, the predicted probabilities



Provably Robust DPO: Aligning Language Models with Noisy Feedback

under noisy preferences are computed using (6) and (8):
Pycla = a'ls] = (1 —¢) - Pyla = d|s] + & - Pyla’ >~ as]
= (1—¢)-0(Bhy(s,a,a’)) +¢c-o(Bhe(s,a’,a)). (10)
Now, using Jensen’s inequality, one can obtain
log Py c[aw = ai|s] > (1 —€) - log o(Bhe(s, ay,ar))
+e-logo(Bhy(s,ar, ay)) -

Thus, one can upper bound (9) by a conservative loss

L(0;5,a,a1)
=—(1—¢)logo(Bhy(s,aw,a;))—cloga(Bhy(s,ar,aw))
=(1—¢)L(0;s,aw,a;) +L(0; s, a1, ay) , (11)

which is simply a weighted sum of the DPO loss (7) under
noisy preferences. Mitchell (2023) called this method con-
servative DPO (cDPO). This can also be motivated from the
label smoothing technique (Miiller et al., 2019) to mitigate
over-fitting problem under noisy data. Notably, Wang et al.
(2024) use exactly the same loss function to train the reward
model for RLHF, and empirically show its superior perfor-
mance over vanilla RLHF in the presence of noisy data. In
our experiments, we call this method (when coupled with
PPO for policy training) conservative PPO (cPPO).

3.1. An Unbiased Loss Function

The BCE loss (9) and the conservative loss (11) have a
common drawback — both introduce bias in the DPO loss (7).
This is due to the fact that
E [£(0; 8, auw, a1)] # L(0;8,au,a1), L € {Lc,Lc} .
It also holds that (Chowdhury et al., 2023)
logit(Pg c[a = a’|s]) # logit(Py[a > a'|s]).

That is, the log-odds of preferring a over a’ under noisy
preferences is different from that without noise, which in-
troduces a bias in preferences. Ideally, we want the logits
to be same for both with and without noise. To this end, we
define (un-normalized) preference probabilities

o(Bhg(s,a,a’))==)
o(Bhe(s,a’,a))
these have the same logits as those without noise, since
oBhe(s,a, a’))>
o(Bhe(s,a’,a))
=logit(Pg[a >~ a’|s]).

@975[(1 = a|s] =

logit(Py.. [a>a'|s]) =log <

This motivates us to define the loss function:

~ o 1
£5(97 Sa aw; al) = - 1 _ 25
(1 _ 6)‘6(97 S, awa al) B 6‘6(97 57617 aw)

1—2¢ '
This loss is an unbiased estimator of the DPO loss (7) under
noisy preferences as stated in the following lemma.

log Py [dy = dy]s]
(12)

Lemma 3.1. For any 0,0, €R% £€(0,1/2), we have

~

Ee [ £e(0; 5, @0)lw, a1] = £(6; 5, au, 1)

This way, we learn a good estimate of the policy parameter
in the presence of label noise by minimizing the sample
average of the above robust (w.r.t. preference flips) loss:

0, € argmingcg % Zi:l L0580y a15) . (13)
‘We call our method robust-DPO (or rDPO in short). Note
that when preferences are clean (i.e. flip rate ¢ = 0), the
rDPO loss (12) reduces to the DPO loss (7), and hence our
trained rDPO policy (13) coincides with the DPO policy of
Rafailov et al. (2023).

Variance of rDPO loss. Along with unbiasedness, it
is also desirable to have bounded variance of the esti-
mator. To thiAs end, consider the un-normalized rDPO
loss (1 — 2¢)L.(0; s, ay, a;), which yields the same loss-
minimizing policy as in (13). It has a variance (1 —
€) [L(0; 5, aw, a1) — L(0; s, a1,a,)]. For Neural policy
class of the form (4) and for bounded fy, the variance is
bounded by Ce(1 — ¢) for some constant C' > 0. Since
g < 1/2, the variance is bounded by C'/4.

3.2. Gradients of rDPO Loss

To further understand the mechanism of rDPO, let’s now
look at the gradients of its loss (12) and contrast that with
that of DPO loss (7). The gradients of £. with respect to
the parameters 6 can be written as

V@ZE(H;S,Ew,al)
(1 —e)VoL(0;s,ay,a;) —eVoL(0;s,ar,ay)
1—2¢
= —BGo. (Vo logms(du|s) — Vologm(auls)) . (14)

Here the weights in the gradients are given by
—~ 1— o o
CQ,E = 1_72&;.:0-(6]7‘9(87 a, aw))+ 1 —5260(6]10(8’ [Z7D) al))7

@ (Ir)

where hy(s,a,a’) is the difference of implicit rewards 7y
of answers a and a’ given prompt s; see (5). Term (I) puts
higher weight when the implicit reward model 7 orders the
observed preferences incorrectly and scales it proportionally
with the probability of no-flip. Term (II) puts higher weight
when the implicit reward model 7y orders the observed
preferences correctly and scales it proportionally with the
probability of flip. Both the terms together de-bias the effect
of noise on average in observed preferences.

Comparison with DPO and c¢DPO. The weights in the
gradients of cDPO loss L. are

Co.e = (1 —€)a(Bh(s,ar, dw)) — o (Bho(s, dw, @r)) -
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Meanwhile, the weights for the DPO loss gradients, if run
on noisy preferences, are given by

Co = o(Bhe(s, a1, aw)) = o (Bre(s,ar) — Bre(s, aw)) ,
Lemma 3.2 (Gradient weights). For any ¢ € (0,1/2), it
holds that Gy . = Cp + 1=5; and (o = Coe +e

Consider the case, when there is no-flip, (@, @;) = (G, ;).
Observe from (14) that rDPO (also cDPO and DPO) gra-
dients increase the likelihood of preferred answers and de-
creases that of dis-preferred ones. Since weights are higher
for rDPO compared to DPO & c¢cDPO (Lemma 3.2), this
makes the parameter update for rDPO more aggressive than
DPO & cDPO in the desired direction.

Now, for the case of preference flips, i.e., (ay,a;) =
(ai, ay), the gradients are not in the desired direction (in-
crease likelihood of dis-preferred answers). Hence, rDPO
updates will be more aggressive in the wrong direction than
DPO & cDPO. However, since preferences are flipped with
probability less than 1/2, rDPO gradients will push the pa-
rameter updates in the correct direction faster than DPO &
c¢DPO on average. This behavior is reflected in our exper-
iments too - latent rewards of rDPO policy converges to
that of the optimal policy much faster than DPO & cDPO
policies; see Section 6.

4. Theoretical Analysis

Our method enjoys certain theoretical properties. By unbi-
asedness of £, (Lemma 3.1), we know that, for any fixed
0 € O, the empirical rDPO loss (12) converges to the popu-

lation DPO loss E; ., a, [L'(H; S, A, al)} even though the

former is computed using noisy preferences whereas the
latter depends on clean preferences. But the rDPO policy
Tp = . won’t necessarily converge to the optimal policy
7* as preference pairs are sampled from the SFT policy 7,
but not form 7* - an issue also shared by DPO policy (Liu
et al., 2023). However, our end goal is to bound the sub-
optimality gap of 7,,. For this, we only need to characterize
the estimation error of the learned policy parameter §n as
function of number of samples n and flip rate ¢.

4.1. Estimation Error

Under the BTL model (1), two reward functions from
the same equivalence class' induce the same preference
distribution and the same optimal policy (Rafailov et al.,
2023). Due to this model under-specification and reward
re-parameterization (3), we need to impose an identifiabil-
ity constraint on the set of policy parameters O, namely
0={0 € RY| Zle 6; = 0} to achieve any guarantee on

"Two reward functions r1,72 are equivalent iff r1(s,a) —
r2(s,a)=g(s) for some function g.

the estimation error. We also assume ||0]] < B, V0 € O.
We give guarantees for Neural policy class of the form (4),
i.e., when fy is a neural network parameterized by 6. We
make a smoothness assumption on the policy class:

Assumption 4.1 (Smoothness). For any § € © and (s, a),
|f9(37 a)| SaOv ||Vf0(3v CL)H Sala V2f9(87 CL) #O‘?I .

The assumption ensures that implicit reward differences
hg(s, ay,a;) are bounded, Lipschitz, and their gradients
are also Lipschitz. This is quite common for establishing
convergence for policy gradient methods (Agarwal et al.,
2021). Log-linear policies (f5(s,a) = 07 ¢(s,a)), satisfy
this assumption with g = LB, a; = L, ay = 0, where L
is an upper bound on ¢3-norm of features ¢(s, a).

The following result gives a guarantee on the estimation
error in the semi-norm ||-||s . which is expressed in terms
of parameter dimension d and flip rate €. Here, for any
0 € R, Sg=21%" a;x is the sample covariance matrix
of gradients of implicit reward differences under true pref-
erences, where x; = Vhg(s;, Guw.i, a1,i) = Vfo(si, Qi) —

er(si,al,i)~

The error scales inversely with v5(1 — 2¢), where v <
o' (Bhe(s,ay,a;)) for all # € © and for all preference
samples (s, a,,, a;). Here v lower bounds the first derivative
of the logistic function o (2¢; 3, 20) = where

zo = fo(s, aw)— fo(s,ar) and zo=zp,.

-1
1_‘_6713(257,30) ’

Theorem 4.2 (Estimation error of 0,,). Let § € (0,1],¢ €
[0,1/2), X > 0. Then, for Neural policy class (4) and under
Assumption 4.1, with probability at least 1 — §, we have

< C  d+]1og(1/9)
e+ — yB(1 — 2¢) n

(&%)
"B A+ ———— B
+C \/ Jr'yﬁ(l—QE) +oab,

C, C' are absolute constants.

0, —0*

where y = m ,
Several remarks are in order with this result. To keep the
presentation simple, we consider log-linear policies in the
following, where o = 0 and z; = @(s;, Qi) — O(8i, ari)-
In this case, f)g is the covariance matrix of feaAture differ-
ences and independent of #. We denote this by ¥ and get a
high-probability error bound for log-linear policy class:

‘ §+,\1:O(75(112s)\/§+3ﬁ) - (15

Choice of Regularizer \. When the feature covariance
matrix X is invertible, the above result holds for A = 0. In
this case, we will get a vanishing error-rate in the £5-norm

0, —0*

0, —0*

d
-0 )
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If this is not the case, én won’t necessarily converge to 6*.
But one might set A\ = O(d/n) to achieve a vanishing error
in the semi-norm 3 for log-linear policies. However, the
error will not vanish for Neural policies (as ag # 0).

Estimation Error of DPO Policy. As already mentioned,
our rDPO policy (13) recovers the DPO policy under clean
preferences. Thus, setting ¢ = 0 in Theorem 4.2, we get
an error bound of order O(%\/ d/ n) for the DPO policy.
Therefore, as a by-product of our approach, we get the first
error bound for the trained DPO policy of Rafailov et al.

(2023), which could be of independent interest.

Effect of Noisy Preferences. When preferences are noisy

(i.e. flip rate ¢ > 0), our rDPO policy achieves an error

bound of order O (ﬁ Vd/ n) Comparing this with the

above error bound for DPO policy under clean preferences,

we see that the cost of preference flips is a multiplicative
1

factor of the order ;=5 — the higher the (expected) number

of preference flips, the higher the estimation error.

Effect of KL regularizer. Since v = O(1/¢”), the depen-
dence of estimation error on the KL regularizer 3 is of the
order g(3) = O(e?/B). Hence our result won’t no longer
hold true when 8 = 0 (no regularization). In this case pref-
erence probabilities are exactly equal to 1/2 (both actions
are equally preferred), making learning impossible. Same is
the case when 5 — oo (full regularization) since one action
will always be preferred over the other with probability 1,
making the loss function degenerate. This points out the
need for tuning 3 properly.

4.2. Performance Bounds of Learned Policy

In this Section, we discuss how the estimation error of é\n
relates to the sub-optimality gap of the policy 7,,. We will
consider log-linear policy class for ease of presentation.

It is well known that learning a near-optimal policy from
an offline batch of data cannot be sample efficient without
assuming the behavior policy (SFT in our case) has a good
coverage over the feature space (Wang et al., 2020). To
begin with, we define the population covariance matrix of
centered features under a policy 7:

Sr=E[¢(s,a)d(s,a) | — E[¢(s,a)|E[p(s,a)] ", (17)

where the expectation is over random draws from s ~
p,a ~ 7(:|s). Now, we define the condition number of
> relative to X, (covariance matrix under SFT policy):

-
v' Yrv Amax (X )

Vrell: x = = .
" " vsélﬂgi UTEsttU Amiﬂ(zﬂ'sft)

A small relative condition number helps to keep the ratio
of maximum feature coverage of policy to be evaluated and
minimum coverage of starting policy in check. Thus, it is
important to have a good starting policy mgs to ensure a

Tsft

small condition number. Roughly speaking, we desire an
SFT policy which provides good coverage over the features.

Assumption 4.3 (Feature coverage). The SFT policy satis-
fies the minimum eigenvalue condition: Apin(2r,,) > 0.

Let Kk =max e K. The assumption ensures k < co. The
result below shows how estimation error and condition num-
ber determine the final performance of our learned policy.

Theorem 4.4 (Sub-optimality gap of 7). Let § € (0,1]
and 1*(s,a) < Tmax for all (s,a). Then, for log-linear
policy class, we have with probability at least 1 — 0:

T'* (’/T*) - 7"* (%n) S rmax\/m ,9\”79* ~
SHAI
for \>C+/dlog(4d/d)/n, where C'is a universal constant.

Now, plugging in the bound on estimation error (15)
in Theorem 4.4, we get a sub-optimality gap of order

O(W\/is) \/g SRV ) However, when sample fea-

ni/a

~

ture covariance matrix X is invertible, i.e. observed samples
from SFT policy provide good coverage of the feature space,

then we get O (W\/Za) \/g) suboptimality gap.

Data efficiency of rDPO under a given noise level. We can
obtain a bound on sample complexity of rDPO for a given
noise level and permissible sub-optimality gap. For instance,
if X is invertible, then training rDPO on n > W(dl*%)?
samples, we can ensure a sub-optimality gap < A for the
aligned model. In contrast, when samples are clean (¢ = 0),
then training vanilla DPO on n > ﬁgw samples, we can
ensure a suboptimality gap < A. Thus, under the presence
of noise, rtDPO needs roughly m times the samples
that DPO needs under clean data. The higher the noise
level, the higher the number of samples needed for rDPO.

Dimension dependence in «. It is reasonable to expect x

to be dimension dependent, but it doesn’t necessarily de-

pend on the size of the vocabulary. To see this, consider

log-linear policies with bounded features ||¢(s,a)|| < L. In
2

this case A\pax(X7) < L? and thus £, < ﬁ Now,
i (S

Amin(2=) depends implicitly on the dimension d of fea-
tures ¢(s, a) and it is reasonable to assume Apin (X, ) =
O(L?/d) (Wang et al., 2020). Thus it is always possible to
have k = O(d) (Agarwal et al., 2021).

Margin Gap. A related performance measure is the mar-
gin under clean distribution. The margin of a policy g
is defined to be the average difference of implicit rewards

molals) o chosen and rejected actions, i.e.,
‘ﬂ'sfc(als)

To(s,a)=log

M(76) = B,y ,y)~rmese [To(awl]s) = To(ails)] -
Then M(7*) — M(7,,) defines the margin gap of learned
policy 7, from the optimal policy 7*. This metric is quite
commonly used by practitioners to demonstrate perfor-
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mance of learned policy (von Werra et al., 2020).

Lemma 4.5 (Margin gap). Assuming S 10 be invertible for
log-linear policy class, the margin gap of 7, satisfies

M(r") = M(7n) = O(/\mm(lilﬂ) 75(11— 2¢) \/g) '

Since k = O(1/Amin(Zr.,, ), comparing this result with
sub-optimality bound from the above paragraph, we see that
both margin and sub-optimality gaps are roughly of the same
order when X has good coverage. This is also reflected in
our experiments, where we see strong correlation between
evaluation accuracy (on clean data) and average reward
performance for any policy; see Section 6.

Generalizing to Neural Policy Class. A similar reasoning
as the above can be also used to establish a sub-optimality
bound for neural policy class (4). Here the relative condition
number needs to be defined using the covariance matrix for
the features fp(s, a), which depend on 6, as opposed to the
feature map ¢(s, a) in the log-linear case. The rest follows
with an appropriate adaptation of the results above.

5. Generalizations and Extensions

Our approach to mitigate the effect of noisy preferences in
data is not limited to DPO algorithm and BTL preference
model. It is a general framework that can be adapted to
other preference optimizations methods (e.g. SLiC, IPO)
and other preference models (e.g. probit, Placket-Luce).
More importantly, since DPO implicitly learns a reward
function 7y as we have discussed above, our method seam-
lessly extends to the reward training stage of the RLHF
pipeline, showing versatility of our proposed approach.

Reward training in RLHF. Let us consider parameterized
reward models ¢ (s, a), where £ € R? is a parameter vector.
Let £* be the parameter of the latent reward model 7*(s, a).
Then, from (1), the true preference probabilities following
BTL model are given by

P =Pe[a = d|s]=0(re-(s,a) —re-(s,)) .

Similar to (7), for any £ € R<, this yields the BCE loss for
a preference pair (s, @, a;):

L(&s,ay,a1) = —logo(re(s,aw) —re(s,ar)) . (18)
Under our random noise model (8) with flip rate ¢, for
a potentially noisy data (s, a,, a;), one can define a loss
25(5 ;'S, Gy, a) using (12), which will be an unbiased esti-
mate of (18) by Lemma 3.1. Thus, using a similar argument
as in Section 3, a reward model trained by minimizing this
loss will be robust to noisy preferences. This trained reward
model can be then directly plugged into (2) to train a lan-

guage model policy. In practice (2) is solved using PPO
algorithm (Schulman et al., 2017). Thus, we call this entire

procedure robust PPO (or rPPO in short).

Other Optimization Methods. Instead of the BCE loss (7),
SLiC (Zhao et al., 2023) minimizes a hinge loss:

ﬁhinge(o; S, Q) al) = maX{O, 1-— Bhé’(s»awval)}

where 1/8 acts as the margin (of miss-classification).
IPO (Azar et al., 2023) minimizes the square loss:

£IPO(0;57awaal) = (6h9(57awaal) - 1/2)2 .

A potential advantage of IPO and SLiC over DPO is that
these methods don’t assume any preference model like BTL
and could work with general preference probabilities. Under
our random noise model (8), one can define robust counter-
parts of both Lyinee and Lipo using (12). Lemma 3.1 will
ensure these losses under noisy data (a,,, a;) are unbiased
estimates of those under clean data (a,,, a;), and will help
one learn a robust policy for these loss functions. Thus our
approach is also not to the BTL preference model.

Other Preference Models. Our results can be extended to
any preference model of the form (1) if g is strongly log-
concave, i.e., —% logg(z) > v > 0 in a closed interval
around z = 0. For example, in the probit (also known as
Thurstone) model (Thurstone, 1927), g is the CDF of stan-
dard Gaussian distribution. Thus, for any 6, the preference
probabilities are Pyla > a'|s]=®(Bhy(s,a,a’)). Since P
is strongly log-concave in © (Tsukida et al., 2011), one can
derive similar performance bounds under probit model too.

For the Placket-Luce (PL) model (Plackett, 1975; Luce,
2012) for K-wise comparisons between actions. Let I be
the set of all permutations 7 : [K] — [K], that denotes a
ranking given by an oracle over all K actions, where a )
denotes the j-th ranked action. Under the PL model, we
define the loss of a permutation 7 € II for a question s as

s exp(?e(&a‘n'(j)))
,C(G;s,ﬂ'):—log(H 7 — )
j=1 Zk’:j exp(To(s, ar(rr)))
Noisy preferences are obtained by perturbing the true rank-
ing 7 to some other ranking 7 with probability 5=, where
N is the number of possible rankings (can be at most K!).
Then, if we define the robust-loss for noisy ranking 7 as
~ N—-1—-¢)L(0;s,7)—e> .~ L(0;s,7
E0r5.7)= )05 7) e Lmgs L0 )
(1-¢)N-1

it will be an unbiased estimate of £(6; s, 7). This would
help us to learn a robust policy under PL feedback model.

6. Experiments

In this section, we provide details about baselines, datasets,
and evaluation results. We empirically evaluate rDPO
on two open-ended generation tasks similar to Rafailov
et al. (2023): (i) Controlled Sentiment Generation and



Provably Robust DPO: Aligning Language Models with Noisy Feedback

(ii) Single-turn Dialogue. We compare rDPO with vanilla
DPO and c¢DPO in both tasks. In the sentiment genera-
tion task, we also include SLiC (Zhao et al., 2023) and
IPO (Azar et al., 2023) as baselines. Furthermore, we com-
pare rPPO with vanilla PPO (RLHF) and cPPO in this
task.

6.1. Controlled Sentiment Generation Task

In this experiment, each prompt s represents the prefix of
a movie review from the IMDb dataset (Maas et al., 2011),
and the task is to generate a review (action) a ~ m(-|s) with
a positive sentiment. We extract the first 20 tokens from
each review in the IMDb dataset as a prefix. Subsequently,
we generate reviews using a gpt2-large model supervised
fine-tuned on the IMDb dataset. We generate four reviews
resulting in six preference pairs for each prefix. We em-
ploy siebert/sentiment-roberta-large-english? as the la-
tent (ground-truth) reward model 7*(s, a). To ensure that
we have a clean dataset, we only retain preference triplets
(8, aw, a;) where r*(s, a,,) — 7*(s,a;) > 7 where 7 = 0.1
is a threshold chosen for this task. This resulted in a dataset
with 12000 preference triplets of which 10000 were used to
train the policy, and 2000 for evaluation.

Table 1. Mean reward £ Standard Deviation of actions generated
by different methods after several steps of policy training on the

IMDb dataset under noise level 0.4.
Steps ‘ DPO (On clean data) ‘ DPO cDPO PO SLiC rDPO

200 0.99 +0.03 0934026 0.84+036 085+£0.35 094+022 0.99+0.00
400 0.99 + 0.02 0724043 0.82+0.37 0.83£0.37 088+0.31 0.99+0.00
600 0.99 + 0.00 0.88 4032 0.82+0.38 0.84+£0.36 090+029 0.99+0.00
800 0.99 + 0.00 0.88 4032 0.83+£0.36 0.83+£0.37 0.89+0.30 0.99+0.00
1000 0.99 + 0.02 0.88 4032 0.83+0.37 0.82+£0.38 0.90+029 0.99 +0.00

We then introduce noise into this dataset by randomly flip-
ping preferences with a probability of ¢ = 0.4. For all
methods, gpt2-large is employed as the initial policy. For
methods in the DPO family (vanilla DPO, rDPO, ¢cDPO),
we optimized the policy for 1000 steps with batch size 16.
We do the same for IPO and SLiC. For methods in the
PPO family (vanilla PPO, rPPO, cPPO), we trained a
reward model on preference data for 1000 steps with batch
size 16 and performed policy optimization for 1 epoch over
the entire train dataset.

Table 2. Mean reward =+ Standard Deviation on IMDb dataset after
policy optimization. The reward model is trained on 1000 steps
for all baselines, followed by running PPO for 1 epoch.
Step | PPO (Onclean data) | PPO c¢PPO rPPO
1000 ‘ 0.99 £+ 0.00 ‘ 0.78 +0.41 0.87 £0.33 0.94 + 0.23

For evaluation, we generate reviews using the final policy
and computed rewards using the ground-truth reward model

huggingface.co/siebert/sentiment-roberta-large-english

10 -~ o |
—¢
T 0.9
% b -0
~
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— o ®
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-@- PO @~ PPO @~ PPO
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0.25 0.50 0.75 1.00

Sampling Temperature

Figure 1. Mean reward on IMDb dataset at different sampling tem-
peratures after 1000 steps.

Table 3. Percentage Improvement on win-rate vs chosen response
over the initial SFT policy

Improvement over SFT (%)

Method gpt2-large  Llama-2-7b
DPO (¢ =0.0) 22220 45.78
c¢DPO (¢ =0.1) 18.34 39.16
rDPO (¢ =0.1) 24.32 51.20

r*. The results are presented in Table 1 for the DPO family
and in Table 2 for the PPO family. For reference, we also
train DPO and PPO on clean data without any noise. We
observe that the performance of DPO degrades with the
introduction of high noise (¢ = 0.4) in data. TPO and SLiC
also suffers significantly due to noisy preferences. However,
rDPO maintains performance across steps, which indicates
its robustness to noise. We also observe that cDPO is not
able to mitigate the effect of noise confirming the conclu-
sions of Lemma 3.2. Similar observations are noticed for
the PPO family. In Figure 1, we evaluate average rewards
fetched by generations at different sampling temperatures.
It is observed that rDPO and rPPO achieve the best reward
by a significant margin compared to peers in their families.

6.2. Single-turn Dialogue task

In this experiment, each prompt s is a human query and each
action a is a helpful response to s. We use the Anthropic
helpful and harmless dataset (Bai et al., 2022a) as the prefer-
ence data. We use a supervised fine-tuned gpt2-large model
trained on a subset of the chosen preference data as the ini-
tial (SFT) policy. We first perform policy optimization using
rDPO. As the true noise level in the dataset is unknown, we
experiment with different values of ¢ € {0.1,0.2,0.3,0.4}.
We plot the evaluation accuracy of the policy on a subset
of the test set across different training steps. This is given
by % > iepu, L(T0(8i,aw,i) > To(si,ai;)), where 7y is
the implicit reward defined by policy 9. We observed the
best results with ¢ = 0.1. Subsequently, we train DPO and
c¢DPO (with label-smoothing € = 0.1) on the same data.
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In this experiment, as we do not have access to any latent
reward model, we employ meta-llama/Llama-2-13b-chat-
hf3 to compute the win rate of policy generations against
the chosen preferences on a representative subset of the test
dataset. Next, to demonstrate that of our method generalizes
to bigger models, we repeat this experiment with Llama-2-
7b as the policy model and GPT-4 as the evaluation model.
The win-rates for both experiments are tabulated in Table 3.
In both cases, we observe that rDPO performs significantly
better than DPO and cDPO.

7. Conclusion

We have studied the effect of noisy preferences in the final
performance of language model policies. We have designed
a robust loss function, which helps mitigate the effect of
noise in the generations of the learned policy. We have
proved first theoretical results to bound the sub-optimality
gap of our robust policy. We have shown robustness of
rDPO over a baseline method (DPO) and a label smoothing-
based heuristic (cDPO) used by practitioners. It remains
open to see how our method performs compared to other
heuristics proposed in Wang et al. (2024) e.g. flipping some
labels or adding an adaptive margin in the loss.
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Appendix
A. Missing Details
A.1. Proof of Lemma 3.1
It is easy to see that
E. [25(9; Sy Qayy A1) |Gy al}

(1= €)2L(0; 5, aw,a;) — (1 —&)L(0; 5, a1, a.) n e(1—e)L(0;s,a,ay) — 2L(0; 8, a4, ar)
N 1—2¢ 1—2¢

= L(0;s,au,a;) .

A.2. Variance of rDPO loss
First, define the un-normalized rDPO loss
Lo(0; 5, a0, 1) = (1 — 26)Lo(0; 5, Gw, @) = (1 — €)L(0; 5, dw, a1) — eL(0: 5, a1, Guy) -
Its variance is given by
Var [ £.(0: 5,5, @) | = E |£(0; 5,30, @) ~E [Zg(e;s,aﬂ”al)r .
From Lemma 3.1, we have
E[£.(055,Gu,a@)] = (1 - 22)L(0; 5,00, 1) -
Furthermore, we have
E[£.(055,Gu,@)?] = (1= 2)°E [£(6; 5,30, @0)?] +£°E [£(6; 5,0, 5)’]
—2e(1 —e)E[L(6; 8, aw,a1)L(0; s, a1, ay)] -
Now observe that
L(0; 5,0, a1) 2] (1 —6)L(0; 8, au,a1)* +eL(0;5,a1,a)?,

E
E [E(@; 8, ay, Gy 2] (1 —€)L(0;8,a1,a4)* + L(0; 8, G, a)?
E[L(0; s, aw, @) L(0; s,a1,a4)] = L(0; 8, G, a1) L(0; 5, a1, ay) -
Combining all these, we get
E [ZE(Q; S,Ew,&'l)ﬂ = (1 =3 +3H)L(0;5,aw,a1)> + (1 —)L(0; 5, a1, a,)?
—2e(1 —e)L(0; s, aw, a1)L(0; 8, ar, ay) .
Therefore, the variance of the un-normalized rDPO loss is given by
Var {Z (0; s, Ew,ﬁl)]
[(1=3c+3e%) — (1 —22)%] L(6; 5, au, ar)” + (1 — €)L(0; 5, a1, a1)” — 26(1 — €)L(0; 5, aw, ) L(0; 5, ar, aw)
e(1 =€) [L(0; 5, aw, ar)® + L(0; 5, a1, a1)* — 2L(0; 5, @, 1) L(0; 8, a1, ay)]
e(1 =€) [L(6; 5, aw, ar) — L(0; 5, a1, )] .

A.3. Proof of Lemma 3.2

The gradients of the rDPO loss LAE with respect to the parameters 6 can be written as

(1 —e)VoL(b;s,ay,a;) —eVoL(0;s,ar,ay)
1—2¢

=3 Ze,e . (V@ log 7 (@ |s) — Vg log 7r9(51|s)) ,

VoL (0; 8, 1) =

11
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where the weights 6975 are given by

&\975 = i (Bh‘g(&alaaw))

— 2

_ 1 5

1-2¢

where (y are the weights of DPO gradients.

50 (Bho(s @, @))

—o(Bhe(s,aw,a;))= ﬁ—l—a(ﬂh(;(s ap,y)) =Co+ ———

1—25

The gradient of cDPO loss is given by
V@Eg(a; 8,511,,61) = (1 — 6)V@£(9; S,aw,fdg) + EV@[:(H; S,al,aw)
= 75 . 59,5 . (VQ logw9(5w|s) — VQ 10g7‘(’9(51|5)) y
where the weights are (p . = (1 — &)o' (Bhg(s, a1, aw)) — £0(Bhe(s,dw, ar)). It holds that
- - ~ 2¢(1 —¢
Co,e = a(Bho(s,ar,a0)) —e=Cp—e=C(oe — 2-¢) :
1—2¢
A.4. Proof of Theorem 4.2
For the neural policy of the form (4), we have
he(s,a,a’) = [fo(s,a) — fo(s,a")] — [fo, (s, a) = fo,(s,a")] -
Then from Assumption 4.1, we have

|h9(s7a,a’)| S ‘fa(S,a) - f@o(&a)‘ + |f9(s7a/) - f@o(s>a/)| S 20(0,
IVhe(s,a,d')|| = |V fo(s,a) = Vfo(s,d)|| < 201, (19)
HV2h9(8,a,a')Hop = [|V?fo(s,a) — VQfg(s,a’)Hop < 2a;y .

Now, we express the population DPO loss E 4, 4, [5(0; S, Ay, al)} by incorporating preference probabilities pg , .. as
£(0) = ~Eqa.00y | — yloga(Bho(s,a,0)) + (1 = y) log(1 — o(Bho(s,a,0'))] ,

where y is a Bernoulli random variable with mean p; , ,» = o(Bhe~(s,a,a’).

Similarly, under the random noise model (8), let each y; be Bernoulli distributed with probability Py« c[d.; > a1.:]s:],
where Py c[a > a'|s] is defined in (10).

Denote z; = (S;, G, a1,;). Then, our de-biased loss function (12) can be re-written as?

iEZ[ = 1)((1 =) logo(h () — clog(1 — o(5ho(=0))

+M@0XUQMQIMWMaDd%JWM®mﬂ-

The gradient of the loss function is given by VEE(G) = 7% Z?:l Vo,iVhe(z;) = 7§ZJ‘/9, where

(o (Bhe(z) OBho(z) N o (o (Bhe(z)
%”‘“%‘”(awmw» 1—awmwnﬁ 1@“4”@—owmwm
It holds that for 8 = 0*:

Eg[Voi|zi] = (0(Bhe(z:))(1—e) + (1 — 0(5h9(zi)))5) (

(1—-¢)+ (1—¢)+

o' (Bhe(z:))
o(Bho(zi))
o' (Bhe(z:))

1 —0a(Bhe(z:))

(- eys ;2D )

1— o (Bho(z)
o' (Bhe(z)) )

= Bhata)) ©

(
( (1 — o(Bho(2:)))(1 — ¢) —&-J(Bhg(zi))s) (
0.

*We ignore the normalization by 1 — 2¢, since it doesn’t affect the minimizer of the loss.

12
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Furthermore, we have

Vo.ilg,=1 = (1= 0(Bha(z:)))(1 — &) + o (Bhe(2i))e = pio < 1,

Vo,ilg,—o = 0(Bhe(2i)) (1 —€) + (1 — 0(Bho(zi)))e =: pin < 1.
Therefore, it holds that Vy« ; is zero-mean and 1-sub-Gaussian under the conditional distribution Py~ [-|2;] .
Now the Hessian of the loss function is given by

V2L.(6) = . 1@ = 1) (eVPlog(1 — a(Bha(2:))) — (1 — €) V> log o(Bh(2:)))

n
i=1

n

+1(gi = 0) (V*log o (Bhg(2:)) — (1 — &)V log(1 — a(Bhe(2:)))) | »

where

V?loga(Bhe(z)) = B Ull(ﬁhe(zj))aé?g;gii))); o' (Bho(zi))

+ B(L — o (Bho(2)))V?ho (=),
" / 2
V2log(1 — o(Bhe(z))) = — 322 (5h9(Zi))(tl—_oifgziil)i)))); o' (Bho(z:))
— Bo(Bho(z))V2ho(z;) .
Using 0 (2) = 0/ (2)(1 — 20(z)), we get
V2 log o (Bha(zi)) = ~0" (Bho (=) Vho(2) Vha (=) + B(1 = o(Bho(20))) V>ho(22)
V2log(1 — o(Bhy(zi))) = —B20" (Bho(2i))Vhe(2:)Vhe(z:) T — Bo(Bhe(z))V2he(2:) -

Hence, the Hessian of the loss function takes the form

Vho(2:)Vhe(z) "

Vhe(2)Vhe(z) "

V2E.(6) = (1 2)8°~ 3" o/ (Bho (1)) Vho (=) Vho ()"

i=1

Zn 5o = 1) (o(Bha(z)e + (1~ o(Bho(z)(1 - 2)) Vho(z)
Ly 10 D10 = 0) (o)1 =)+ (1 = o(Fha(z)e) Vhola)

= B2(1 — 25)5 Z0’(Bh9(zi))Vh9(zi)th(zi)T

i=1

Z]l - 1 pz OV hG(zz Z - O)Ih lv h@(zz)

1 n
> 821 — 2 *ZW@ (z:)Vhe(z) " —2Basl ,

3

which holds by (19) and observing that o’(8hg(2;)) > ~ for all § € ©, where v = 2+exp(74ﬁaé)+exp(45ao), and due to the
fact that e < 1/2.

Defining v; = Vhg(z;) — Vhyg«(z;), we have
Vho(2)Vhe(2) " = Vhe-(2:)Vho(2) T + Vhg(2)v; +0;Vhg(2) " 4+ viv]
= Vhe-(2)Vhe(2:) T 4+ Vhe(2i)v;| +v;Vho(2;) "
By (19) and noting that ||0|| < B, we have ||[Vhg«(2;)|| < 27 and |lv;|| < 20z ||6* — 0|| < 2aB. Then, using simple

13
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algebra, we have for all u € R4

v8%(1 — 2¢)
n

u V2L (O)u > | Zg-ul|* = 202(8 + 2vB82(1 — 2¢)on B) |Jul|* .

Since 0* € O, introducing the error vector A = §n — 6*, we conclude that

821 - 29) Al <|[|VE(6") 1Al g, 4ar) +2028(1 +287(1 = 26)as B) AP

(Sox+AI)-1

~ N 2
for some A > 0. Introducing My« = 5 Z-(3g- + M) "' Z., we now have HV/.ZE(H*) Sooirn—t B2V,L Mo+ V-
ox +AI)™

Then, the Bernstein’s inequality for sub-Gaussian random variables in quadratic form (Hsu et al., 2012, Theorem 2.1)
implies that with probability at least 1 — 4,

2

IVZ.(0%)

= B2Vl My.Vy. < 32 (tr(Mg*) + 2\/tr(M(;';M9*) log(1/8) + 2 || Mo~ || log(1/5))
d+ log(1/6)
n

(Sox+AD) 1
<0 B

for some C; > 0. Here we have used that tr(My-) < d/n, tr(M,. Mp-) < d/n? and || M-
this gives us

7821 - 26) A1, .y < |[VE-(0%)

< 1/n. Noting that || A|| < B,

e iaryt 1N aary T 8% (1= 26) + 2025(1 + 267(1 — 2€)an B)) B*
-

< \/01 B %M 1A, oan + (AMyB2(1 — 2¢) + 2a2B8(1 + 267(1 — 2¢)a1 B)) B .

Solving for the above inequality, we get

1 d +log(1/9) o
All s < Cy- . A ——= B)B2
1A, an < C2 \/7252(1_25)2 - +( T oA ) T )
for some constant C'y > 0. Hence, we get
c d +log(1/6)

0, — 0

o B\/)\ 2 B,

<
(Sox+A1) — YB(1 = 2¢) YB(1 — 2e)

for some C, C’ > 0. This completes our proof.

A.5. Proof of Theorem 4.4

Define the population covariance matrix of centered gradients of the function fy(s, a) under policy 7:

Sr=Esmpann(ls) [90(s; a)ga(s,0) ] | (20)
where gg(s,a) =V fo(s,a) — Eq/or(5)[V fo(s,a’)] denotes the centered features. For log-linear policies, V fy(s,a) =
@(s,a) and gg(s,a)=d(s,a) —Eg[d(s,a’)], which gives

T
Xr :Es~p,a~7r(-|s) [¢(37 a)¢(57 a’)T] - ESNp,aNTr(-\s) [¢(Sa a)}Es~p,a~7r(-|s) [¢(37 a‘)]
Define sample covariance and population matrix of feature differences under clean data D;

= %Z (D(8isaw,i) — d(si,a1,4)) (H(84; Qi) — ¢>(8i,al,i))T )
i=1

T
E‘n',dif‘f = Es~p,a,a’~‘n’(~|s) {((i)(sv a) - ¢(S> CL/)) (¢(8’ CL) - ¢)(57 a'/)) } :
Since a, a’ are independent samples from policy 7 (-|s), it holds that
27\’7diff = 22#

Since (a4, ari;) are independent samples from SFT policy 7 (+|s), by matrix concentration inequality (Tropp et al.,
2015), we have the following lemma.

14
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Lemma A.1. With probability at least 1 — §, for some universal constant C, we have

, < Cy/dlog(4d/é)/n .

This implies, for A > C'\/dlog(4d/d)/n, with probability at least 1 — 4:

S+ M = S aie + M — Cy/dlog(4d/8)/n

t Eﬂ'sftydiff = QEﬂ'sft : (21)

Now, we bound the sub-optimality gap conditioned on this high-confidence event. Since r* (s, a) < 7.y for all (s, a), we
have the sub-optimality gap:

HE — Vg, diff

r* (ﬂ-*) - T*(%n) = IEs~p,a~7r*(~|s) [T*(Sa CL)] - Esr\ap,ar\/%n(-|s) [T*(Sa a)]
< TmaXESNP [TV (ﬂ-*('|8)7 /ﬂ:n |S))]

(
< Tonax [Eonp V2L (7 (1), 7 (]5))

< Tonae /2By [KL (7 (]3), 7 (15))]

where the second step follows from Pinsker’s inequality and the last step is due to Jensen’s inequality.

Since the neural policy class (4) belongs to the exponential family of distributions, it holds that KL (7 (+|s), mg(+|s)) =
B, (¢,0), where B, is the Bregman divergence with potential function £,(0) = log ), 4 fo(s,a’). Itis defined as

Be,(0,0) % £,(0) — £4(0) — (6 — 6,V L, (0)) .

Therefore, we get
I I 1 ~ .
KL (1 (1), 7 (15)) = £aB) = £o(8%) — (B — 07, VL(67) = 5B — 69) V2L, (6)F, — 6°)
for some 6 € {t6* 4 (1 — )0, i t € [0, 1]} using Taylor’s approximation.

Now, for log-linear policy, we have E,.., [VQLS(H)] = X,,. Then, we can upper bound the sub-optimality gap using
relative condition number « as

P(r") =7 (F) < T || — 0"
Srp
R n — 0T A — f*
= Tmax en — 0* R ,\(an 0 )A 7"0(9”/\ 4 )
SHAL\ (B, — 0%)T(Z + \I)(8,, — 0%)
N 0 ps\T 0. — p*
V2 S\ (6, — 9*)T27rsft (0 — 9*)
r N v,V
P U 2wV
- V2 §+/\I\/US;1]RB’UTM
= TmonFn |G el TmeR G g
7 $nr V2 SHAT

Here, the third step follows from (21), the fifth step holds by definition of (relative) condition number and in the final step,
we use that K = max <1 K. This completes our proof.
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A.6. Proof of Lemma 4.5

Recall that 7'y (s, a) =log :it((aa‘lss)) denotes the implicit reward defined by trained and SFT policies 7y and 75t Then, we

have the expected margin gap under clean distribution

M(7") = M(Tn) = Esop,(au a)mmen |[T0 (aw]s) = To- (ar]s)] = [, (aw]s) =75, (@ \8)]]

=E log — log

5P, (Aw,a1) ~Tsty o (al |S) ﬂ—ﬁ (al |8)

o (A ]$) 5. (aw|s)]

=E

s~y (A a1 ) Tt [fe* (87 aw) - f@* (Sa al)] - [f@n (87 (lw) - fé\n (87 al)]:|
ooy |0 (5, aw) = f5, (5, aw)] = Uor (s, 1) = f, (s, )]

S Eorp (aw,a)~mor _‘fa*(s,aw) - f§,L<57aw)’ + ‘f@*(syal) - f3 (&az)H

n

=E

<20 HG* — @\n

)

where the final step follows from Assumption 4.1. Now, assuming 3 to be invertible for log-linear policies, we get from (15):

~ 1 1 d
On =06 EZO( \ (2)75(1—25)\/;)'

min

Setting vy = LB for log-linear policies, we obtain

) =0{ e i 1)

which completes our proof.

B. Implementation and Hyperparameter Details

PyTorch code for the Robust DPO loss is provided below. We use the same notation as in (Rafailov et al., 2023).

16



Provably Robust DPO: Aligning Language Models with Noisy Feedback

import torch.nn.functional as F

def robust_dpo_loss (pi_logps, ref_logps, yw_idxs, yl_idxs, beta, epsilon):
mmn
pi_logps: policy logprobs, shape (B,)
ref_logps: reference model logprobs, shape (B,)
yw_idxs: chosen completion indices in [0, B-1], shape (T,)
yl_idxs: rejected completion indices in [0, B-1], shape (T,)
beta: temperature controlling strength of KL penalty
epsilon: Preference noise(0-0.5) in the data
mnmn
pi_yw_logps, pi_yl_logps = pi_logpslyw_idxs], pi_logps[yl_idxs]
ref_yw_logps, ref_yl_logps = ref_logps[yw_idxs], ref_logps[yl_idxs]

pi_logratios = pi_yw_logps - pi_yl_logps
ref_logratios = ref_yw_logps - ref_yl logps
logits = pi_logratios - ref_logratios

losses = (
-F.logsigmoid (beta x logits) x (1 - epsilon)
+ F.logsigmoid(-beta * logits) #* epsilon

) / (1 — 2 x epsilon)

return losses

The hyperparameters for the experiments are outlined in Table 4 and Table 5. Any hyperparameters not explicitly mentioned
use the default values in the TRL? library.

Table 4. Hyperparameters used for methods in the DPO Family

Parameter Value
beta 0.1

learning rate 0.001
batch size 16
max length 512

max prompt length 128

Table 5. Hyperparameters used for methods in the PPO Family

Model Parameter Value
learning rate  1.41 x 107
Reward Model batch size 16
learning rate  1.41 x 107°
PPO batch size 16

>huggingface.co/docs/trl/index
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