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ABSTRACT

Analyzing representational similarity in neural networks is crucial to numerous
tasks, such as interpreting or transferring deep models. One typical approach is
to input probing data into convolutional neural networks (CNNs) as stimuli to re-
veal their deep representation for model similarity analysis. Those methods are
often computationally expensive and stimulus-dependent. By representing filter
subspace in a CNN as a set of filter atoms, previous work has reported compet-
itive performance in continual learning by learning a different set of filter atoms
for each task while sharing common atom coefficients across tasks. Inspired by
this observation, in this paper, we propose a new paradigm for reducing repre-
sentational similarity analysis in CNNs to filter subspace distance assessment.
Specifically, when filter atom coefficients are shared across networks, model rep-
resentational similarity can be significantly simplified as calculating the cosine
distance among respective filter atoms, to achieve millions of times computation
reduction. We provide both theoretical and empirical evidence that this simplified
filter subspace-based similarity preserves a strong linear correlation with other
popular stimulus-based metrics, while being significantly more efficient and ro-
bust to probing data. We further validate the effectiveness of the proposed method
in various applications, such as analyzing training dynamics as well as in feder-
ated and continual learning. We hope our findings can help further explorations of
real-time large-scale representational similarity analysis in neural networks.

1 INTRODUCTION

Deep neural networks have shown unprecedented performance in a large variety of
tasks (Krizhevsky et al) [2012; Ronneberger et al., |2015). The cornerstone to the success is the
deep representation learned by neural networks (NNs), which contains high-level semantic informa-
tion about a task. By viewing deep representation as to the characterization of each task in a high-
dimensional space, the representational similarity between a pair of deep models can be exploited
to understand the intrinsic relationship between associated tasks. In this way, the representational
similarity provides a way to open the black box of deep learning by showing the training dynam-
ics (Kornblith et al., 2019), and it further empowers machine learning systems with the ability to
transfer knowledge from one task to another (Huang et al., 2021a).

Previous works (Raghu et al.,[2017;Morcos et al.,[2018) measure representational similarity directly
relying on deep representations revealed by input data. These approaches introduce heavy computa-
tion from both the forward pass of numerous stimulus inputs and the calculation of high-dimensional
covariance matrices. Since these similarity metrics are stimulus-dependent, their quality can poten-
tially deteriorate when probing data are inappropriately chosen, scarce or unavailable.

We are inspired by the continual learning framework in Miao et al.| (2021)), where a group of tasks
is simultaneously modeled using NNs by learning for each task a different set of filter atoms while
sharing common atom coefficients across tasks. [Miao et al.| (2021) has in detail analyzed and val-
idated this framework in a continual learning context. In the above setting, it is easy to observe
that the representation variations across different NNs now become dominated by respective filter
atoms. Thus, Miao et al.|(2021]) adopts in experiments filter subspace distance to assess task rele-
vancy, however, without formal justification.

In this paper, we formally explore NN representational similarity using filter subspace distance,
with detailed theoretical and empirical justifications. We first simplify the filter subspace distance
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to the cosine distance of two sets of filter atoms, to eliminate heavy computation of singular value
decomposition in calculating principal angles. Then, we show both theoretically and empirically
that the obtained filter atom-based similarity preserves a strong linear correlation with other popular
stimulus-dependent similarity measures such as CCA (Raghu et al., |2017). Our representational
similarity is also immune to inappropriate choices of probing data, while stimulus-dependent metrics
can be perturbed drastically.

The proposed filter atom-based similarity shows extreme efficiency in both memory and computa-
tion. Since the similarity computation does not involve network forward pass, no GPU memory ac-
cess is required, whereas other stimulus-based measures consume the same amount of GPU memory
as regular inference. On the other hand, the proposed method involves only inner product calcula-
tions on filter atoms, which takes neglectable time for similarity evaluation. The evaluation time of
stimulus-based measures includes the time of both the forward pass of probing data and the calcula-
tion of high-dimensional covariance matrices. We report later the dramatically improved evaluation
time of the proposed method against other popular method, e.g., CKA (Kornblith et al., 2019).

We further validate our atom-based similarity for knowledge transfer with various continual learning
and federated learning tasks. In both settings, we fix the atom coefficients, learn the filter atoms for
each task, and finally conduct knowledge transfer among tasks by recalling the most similar models
for the ensemble. Compared with stimulus-based similarity metrics, the proposed measure achieves
competitive performance with millions of times reduction in the computational cost.

‘We summarize our contributions as follows,

* We formally explore NN representational similarity measure using filter subspace distance.

* We show both theoretically and empirically that the proposed filter atom-based measure
preserves a strong linear correlation with other popular stimulus-dependent measures while
being significantly more robust and efficient in both memory and computation.

* We demonstrate the effectiveness of the proposed similarity measure under various example
settings, such as analyzing training dynamics as well as in federated and continual learning.

2 METHODOLOGY

In this section, we first provide a filter subspace formulation for NNs and propose a model simi-
larity metric based on a simplified filter subspace distance. Then, we review stimulus-based rep-
resentational similarities and show their limitations. We further demonstrate that under certain as-
sumptions, the proposed measure shows a strong linear relationship with popular stimulus-based
measures, while exhibiting dramatic improvement in computational efficiency and data robustness.
These unique characteristics of the proposed measure can potentially enable real-time large-scale
NN similarity assessment, e.g., helping fast knowledge transfer across a large number of models.

2.1 REPRESENTATIONAL SIMILARITY IN FILTER SUBSPACE

Filter subspace. As in|Qiu et al.| (2018), the convolutional filter W € R xexkxk (¢’ and c are
the number of input and output channels, & is the kernel size) can be decomposed as m filter atoms
D[i] € R¥**(; = 1, ..., m), linearly combined by atom coefficients c € R"™*¢ %€ as W = o x D.
The filter subspace is then expressed as V = Span{D][1], ..., D[m]}. With this formulation, we
consider a paradigm where atom coefficients are shared across different deep models while filter
subspaces are model specific. This paradigm has been in detail analyzed and validated in[Miao et al.
(2021)) and reports state-of-the-art performance in a continual learning context.

In this setting, we dive deep into the relationship between filter atoms and representations. For
simplicity, let ¢ = ¢’ = 1, and the argument extends. Given an input image X (b) (b € B, B C Z?),
define the local input norm ||X||F n, = (3 e, X(b— b)?)/2 and the convolution (X, w) y, =
> ven, X(b=b")w(b'), where N;, C Bis alocal Euclidean grid centered at b. Then the decomposed
convolution can be written as Z(b) = o(> ", a;(X, D;) n, ), where D[i] denotes the i-th atom, av;
is the corresponded ¢-th coefficient.

Proposition 1. Suppose D,, and D., are two different sets of filter atoms for a convolutional layer
with the common atom coefficients o, and the activation function o is non-expansive, we can upper
bound the changes in the corresponding features Z.,, Z., with atom changes,

1Zu = Zo||p < ([l pPA)VIB] - [[Du = Dyl[p,  with A = sup X175, (D
S
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Figure 1: Comparison between our method and stimulus-based methods. (left) Stimulus-based sim-
ilarity metrics, e.g., CCA, rely on probing data, and calculate the correlation between large groups
of features generated by the forward pass of probing data through NNs. (right) In comparison, our
atom-based method decomposes convolutional filters W as filter atoms D and atom coefficients c,
W = a x D, and only calculates the atom-based similarity between a small portion of parame-
ters, i.e., atoms, which is stimuli independent and computation efficient. The proposed atom-based
method can achieve millions of times computation reduction than popular stimulus-based methods.

The proof is provided in Appendix [A.T] We further empirically validate this relationship in Sec-
tion 3.1

Filter subspace similarity The above theorem suggests the possibility to measure the represen-
tational similarity of two CNNs by simply measuring the distance of their filter subspaces. As
proposed in Miao et al,| (2021)), the representational similarity of two models with different filter
subspaces V,,, V), can be assessed by the similarity based on Grassmann distance between V,,, V,, as,

Sras(Fur o) = AV V) = 3 cosh, @)

where 6; is the i-th principal angle between V,, and V,,.

However, the above metric requires costly singular value decomposition. Note that filter atoms in
different models are intrinsically aligned under shared atom coefficients, which allows us to ap-
proximate the filter subspace similarity using the cosine similarity of the corresponding filter atoms.
To this end, as shown in Figure [T} we propose a significantly simplified representational similarity
measure with filter atom similarity.

Definition 1. Suppose two convolution neural networks F,, F, share atom coefficients layer-wise
which assume to be full-rank matrices, and their model-specific filter atoms are D, D,,, then the
atom-based representational similarity is defined as,

B < wec(Dy),vec(D,) >
Stton (Fur2) = 003D Do) = Tca - ToeeD o @

The above definition is a layer-wise similarity, allowing us to compare the similarity of different
networks per layer, and we simply average layer-wise similarities for the network-wise similarity.

We further show that S 440, and Sg.-qs are equivalent under certain assumption.
o . 2 .
Proposition 2. Assume D, D, € R¥ ™ are orthogonal matrices, then Sgras = SAatom.

The proof is provided in Appendix [A.T] We empirically show in Figure 2{a) that the atom-based
similarity has still a strong linear correlation with the Grassmann subspace similarity even without
imposing the above orthogonality over atoms.

Note that our atom-based similarity measure only involves linear operations of vectorized atoms of
around 100 dimensions, which requires neglectable computation. Additionally, the proposed method
depends solely on models themselves and eliminates the reliance on probing data, equipping our
similarity with robustness to inappropriate choice of probing data.
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Figure 2: (a) Correlation between Grassmann similarity and atom-based similarity; (b) Correlation
between CCA and atom-based similarity. (Table) Correlation between atom-based similarity and
other approaches.

2.2 REPRESENTATIONAL SIMILARITY IN FEATURE SPACE

Intuitively, the representational similarity can be directly Fedorted Leaming (100 model) __ Continal Leaming (10 models)
assessed via features generated from different neural net-

works. As shown in Figure[l] it usually includes three steps
to evaluate stimulus-based representational similarity be-
tween two NNs F,, and F,: (1) Collect an appropriate and
sufficient amount of probing data X,, € R7xe xh!xw’ thag
can represent the whole data distribution, (2) Generate the
feature Z,, and Z,, (Z,,Z, € R"*¢xX"xw) by the forward
pass of probing data through different neural networks,
Zu = fu(Xp, Qu) and Zru = ]:’U (Xp7 9,,), Where 91“ 9v de- FLOPSs Time  Memory  FLOPs Time  Memory
note parameters of two NNs; (3) Choose a stimulus-based
metric to assess the model similarity. Several popular meth-
ods can be adopted in step (3), below we will give a brief
introduction.
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Figure 3: The ratio of the computational
cost savings of our atom-based similarity
over stimulus-based similarities.

CCA. |Raghuetal|(2017) proposes to analyze the representational similarity by conducting canon-
ical correlation analysis on two Z,,, Z,,, which is a recursive process of finding projection directions
for two matrices that their correlation is maximized. Specifically, let ),,, @, denote the orthonormal
bases of Z,,, Z,,, the CCA can be denoted as,

Scca(Fu, Fo) =

> o, “)

=1

where o; denotes the [-th eigenvalue of A, , = QT Q..

CKA. [Kornblith et al.|(2019) proposes another way to assess the similarity based on Centered
Kernel Alignment (CKA). Let K,, = Z,,Z7, K, = Z,Z] denote the Gram matrices of two feature
space, the CKA is computed by,
HSIC(K,, K,
SCKA(JTuaJrv) = ( ) 5 (5)
\/HSIC(K,, K,,)) HSIC(K,, K,)

where HSIC is the Hilbert-Schmidt Independence Criterion (Gretton et al., [ 2005)).

However, in addition to the forward pass, all the aforementioned approaches further introduce sig-
nificant computational costs while performing evaluation in the representation space. Nevertheless,
their qualities rely heavily on the mindful choice of probing data X,,, which undermines their ro-
bustness.

2.3 ALGORITHM COMPLEXITY ANALYSIS

Here, we provide a detailed comparison of computation complexity between the proposed atom-
based similarity and stimulus-based similarities. Consider one convolutional layer with filter W €
R XXXk (W = o x D, D € R"™*#*F) which transforms the input X,, € R"*¢ <" *%" to output
Z € R™*exhxw  The complexity of our method is dominated by inner product of two tiny filter
atoms, O(m - k?), e.g., m = 9,k = 3 in a typical setting.
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In contrast, stimulus-based similarity measure first forward feed n probing samples with a complex-
ity of O(n - h'w’ - k? - ec’), then calculates covariance matrix with complexity of O(n? - hw - ¢). In
total, the time complexity of CCA is O(n - h'w' - k* - c¢’ + n? - hw - ¢).

Our method is at least "'h,w/'k’ifij n’-hw-e times more efficient than stimulus-based similarity mea-
sures. As h > k, ¢ > m, the computational cost of our method is negligible. For example,
with 10k probing datapoints, the CCA calculation requires 1.14 x 107 times more FLOPs than the
proposed atom-based similarity.

2.4 RELATIONSHIP WITH STIMULUS-BASED SIMILARITIES

The proposed atom-based measure not only shows extreme efficiency, but also exhibits a linear rela-
tionship with other popular stimulus-based similarities. Here, we analyze the proposed atom-based
similarity Satom With CCA Scca (Raghu et all [2017). Suppose forward passes of decomposed
convolutional layer for F,, and F, are Z,, = aX,D,,, Z, = aX,D,, respectively. To start with,
we show that the S 4 is upper bounded by the proposed Satom-

Theorem 1. Let T = Tr(XJaTaX,),C = opnin(XJaTaX,). Assume K(Z]Z,), K(Z]Z,) < .
Then Scoa(Fu, Fy) is upper bounded by S atom (Fu, Fo)s

C
3 : SCCA(-Fua-F’L)) S SAtOm(‘Fu7‘F’L))7 (6)
yez T

where Tr(-) denotes trace of a matrix, o,,;, indicates the minimum eigenvalue, X(A) denotes the
condition number of matrix A. We provide the proof in Appendix [A.T}

Since Scc 4 is stimulus-dependent, the calculated value varies depending on the choice of probing
data, and the value range shows bounded by our atom-based similarity, as in the theorem above.

With additional assumptions imposed, we can further show a simple linear relationship between
CCA and our atom-based similarity.

Assumption 1. Suppose the diagonal elements of Z1Z,, Z1Z, and ZTZ, are larger than non-
diagonal element, i.e., (Z1Z.,);; > (ZTZ,,);;.

The Assumption [I] suggests different channels of feature Z have a low correlation. Reducing
channel-wise dependencies has been studied in Zhang et al.| (2021) and has been shown to bene-
fit model stability.

Theorem 2. IfAssumptionholds, Scca(Fu, Fy) is approximately linear to atom-based similarity,
Ve

V17273

where 71, 2 and ~y3 contain higher order of features, which can be found in detail with the proof in

Appendix

As in Figure 2] we empirically observe the linear correlation between CCA and atom-based similar-
ity, which agrees with our theoretical findings. In addition, we find that the proposed similarity also
shows a strong correlation with CKA with different kernels.

'SCCA(‘FIH‘]:U) = SAtom(]:u;]:v)v (7)

3 EXPERIMENTS

In this section, we first validate our theorems with several simple experiments, and then demonstrate
various applications of the proposed atom-based similarity in efficiently analyzing training dynamics
as well as in federated and continual learning scenarios.

3.1 SIMPLE VALIDATION EXPERIMENTS

We empirically validate that the change of features is bounded by the change of atoms, and the near-
linear relationship between atom-based and stimulus-based similarity. Besides, we demonstrate the
limit of stimulus-based similarities, as well as the verification of our assumption and theorems.

Representation dependency on filter atoms. We first validate the dependency of deep features
on filter atoms in Proposition [I|with a simple experiment. The model F here is a 2-layer CNN with
coefficient & and atom D generated from normal distribution A/ (0, 1). The input sample X is also
generated from normal distribution A/(0,1). Figure 4{a) shows the relation between ||Z,, — Z, || p
and ||D,, — D, || r by fixing coefficient c and input sample X and randomly varying filter atoms D.
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Figure 4: (a) The change of features ||Z,, — Z, || 7 is bounded by the change of atoms ||D,, — D, || .
(b) The channel decorrelation leads to a higher correlation between CCA and atom-based similarity.
And the correlation can reach 0.985 with 8 = 3 x 103, which means a near linear relation between
CCA and atom-based similarity. (Table) The performance of stimulus-based similarities can be
compromised by poorly selected stimulus data. For two models trained on CIFAR-100, they have
high CCA and CKA similarities with stimuli from CIFAR-100 but low similarities with stimuli from
SVHN. In contrast, our atom-based similarity does not depend on stimulus data and shows a high
similarity between two networks as expected.

All the points are below the line which is the bound provided by Proposition [I] reflecting that the
representation variations are dominated by filter atoms.

Correlation of CCA and atom-based similarity. We next empirically verify that CCA and atom-
based similarity have a strong correlation. In this experiment, 10 tasks are generated from CI-
FAR100 (Krizhevsky et al.,[2009) with 10 classes in each task. Only the filter atoms of each task are
trained while the atom coefficients are fixed. We calculate CCA and atom-based similarity among
45 pairs of models. The correlation between CCA and atom-based similarity is 0.8638 which is
shown in Figure 2[b). Similarly, the correlation between CKA and atom-based similarity is also
reported in Figure 2] (Table). These results clearly show that the proposed atom-based similarity has
high linear relationship with popular stimulus-based similarities, which agrees with Theorem [T]and
Theorem

Effect of channel decorrelation. We further design a regularization term 3, (Z], Zu)fj to ap-
proach (Z1Z,):; > (Z1Z,),; in Assumption. |1} As shown in Figure b), the correlation between
CCA and atom-based similarity keeps increasing as /3 increases. The correlation reaches 0.985 when
B = 3 x 1073, indicating a near-linear relationship, which is aligned with Theorem.

Limitations of stimulus-based similarities. Depending on stimulus data, the stimulus-based sim-
ilarities can be inconsistent. We expect a high value while evaluating the similarity between two
models trained on the same dataset. In this experiment, we train two models on CIFAR-100. As
shown in Figure E] (Table), the CCA similarity of two models with stimuli from CIFAR-100 is
0.8793, but it drops to 0.4862 with stimuli from SVHN (Netzer et al} 2011). The CKA similar-
ity demonstrates the same inconsistency in values with different choices of stimuli. However, our
atom-based similarity of two models is 0.9136, which is aligned with our expectation.

3.2 LEARNING DYNAMICS

The atom-based similarity has various applications in analyzing NNs. It is capable of reflecting
the data similarity and measuring the evolution of model similarity during the training time. We
examine the training dynamics based on the heat map of atom-based similarities. In this experiment,
AlexNet (Krizhevsky et al., 2012) is trained on CIFAR-100 (Krizhevsky et al.,2009)) for 150 epochs
and VGGI11 (Simonyan & Zisserman, |2014) is fine-tuned on ImageNet (Russakovsky et al., 2015)
for 20 epochs. For both models, we train and store atoms at each epoch. Figure [5|shows heat maps
of similarities of the model among different training epochs.

Figure [5[a-c) are heat maps of the Ist, 3rd and 5th convolutional layers of Alexnet. We mark
the epoch when the parameters of each layer reaches 0.99 similarity with the their states in the
last epoch. The first layer reaches 0.99 similarity at epoch 36 which is earlier than final layers.
In Figure [5d-f), VGG11 shows a similar behavior. Several previous works have also indicated
this bottom-up learning dynamics where layers closer to the input solidify into their final states
faster than very top layers (Raghu et al., 2017; Morcos et al.| 2018)). Our atom-based similarity
provides a highly efficient way to examine the training dynamics while showing results in accord
with previous studies. Moreover, we can apply our method to calculate the similarity of a model
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Figure 5: Layer-wise similarity matrices that show relations of model parameters of different train-
ing time points. (a)(b)(c) are the 1st, 3rd and 5th convolutional layer of AlexNet trained on CIFAR-
100. (d)(e)(f) are the 1st, 4th and 8th convolutional layer of VGG11 trained on ImageNet. We mark
the epoch when the parameter reaches 0.99/ 0.999 similarity to its final state with white lines. For
both models, we observe bottom-up learning dynamics where layers closer to the input solidify into
their final states faster than very top layers, which is in accord with previous studies

2017; Morcos et al., 2018).

trained on different tasks, so we can track the process of the same model interacting with different
datasets. The details are shown in Appendix [A.2]

3.3 FEDERATED LEARNING

Federated learning (FL) aims at learning models collaboratively by leveraging the local computa-
tional power and data of all users with the concern of privacy (McMahan et al.,[2017). Personalized
Federated Learning (PFL) emerges to address some challenges in FL, such as poor convergence on
heterogeneous data and lack of solution personalization 2022).

In this setting, our framework achieves personalization by enforcing FL. models with the shared
atom coefficients for all users and specific filter atoms for each user. As illustrated in Figure[7} the
shared coefficients preserve the common knowledge, while user-specific atoms hold personalized
information about each user. Then, we can assess model relationships with our atom-based similarity
without any stimuli data, which meets the privacy requirement of the FL scenario.

The shared atom coefficients can be achieved in different ways. With our framework, the coefficient
can be obtained from a model pre-trained on a public dataset or from a global model trained by
other FL approaches. We can also get the coefficients by training the model locally and evolving the
coefficients at each communication round.

CIFAR100 1000 CIFAR100 SVHN CIFAR100 SVHN

-0.995
0.990
0.985
0.980
0.975
0.970

0.965

(a) 10th epoch (b) 50th epoch (c) 90th epoch

Figure 6: Similarity matrices that show relations among 60 users in FL. with our atom-based simi-
larity through the training process. The labels of x-axis represent the ID’s of CIFAR tasks. We can
clearly see user clusters in all three figures. Specifically, the last 20 clients with SVHN data show
higher similarities with themselves than the first 40 clients with CIFAR data, while every five of the
first 40 clients sharing the same CIFAR task also show a high similarities within themselves.
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Table 1: Classification accuracy of model ensemble using different FL. methods and model selection
strategies: Models are selected with different similarity measures in each setting. The model ensem-
ble performance using our atom-based method is comparable with stimulus-based methods while
being millions of times faster and consuming much fewer resources.

FL Results | Base | +Ours +CCA (Raghu et al.|[2017)  +CKA (Kornblith et al.|[2019)
FedAvg (McMabhan et al.|2017) 83.78+0.08 | 85.82 £0.35 85.65+0.21 8529 +0.18
Ditto (Li et al.|2021) 8298 £0.13 | 8549 £0.21 85.54 £ 0.19 8537+0.2
FedRep (Collins et al.[[2021) 76.44 £0.06 | 78.35 + 0.24 78.18 £0.18 77.73 £0.19
FedProx (Li et al.[[2020b) 80.6 + 0.1 82.95 + 0.16 82.55+0.19 82.86 +0.16
FedPer (Arivazhagan et al.|2019) | 83.57 £0.07 | 85.21 £0.2 84.91 +0.18 84.9 +0.14
Pretrain 81.77 £ 0.08 | 85.41 £0.19 85.24 £ 0.13 86.33 £ 0.14
Similarity Computation Cost

GFLOPs 0.019 258,610 2,225
Time (s) 0.016 1930.4 92.6
GPU Memory (MB) 0 4915 3965

Table 2: Continual Learning Results. The model ensemble using our atom-based similarity shows
better result than stimulus-based methods. Our similarity is also faster and consuming much fewer
resources.

} ‘ Similarity Computation Cost
Method ‘ CIFAR-100 ["MFLOPs | Time (s) | GPU Memory (MB)
AtomCL (base) | 78.11£0.13 | - | - | -

+CCA Raghu et al.|(2017) 79.83 + 0.04 35.2 0.26 1996

+CKA |[Kornblith et al.|(2019) | 80.01 £ 0.06 111 0.3 1637

+Ours 80.19 + 0.09 0.007 0.0008 0

Measuring user similarity. With the shared atom coefficients and user-specific filter atoms, we
can simply get relations of users by calculating atom-based similarity. To be specific, we expect
that users with similar data have a higher similarity. In this experiment, we combine two datasets,
CIFAR-100 (Krizhevsky et al., |2009) and SVHN (Netzer et al., [2011), and separate data on 120
clients. Specifically, SVHN are randomly split into 20 tasks and each task contains 5 classes;
CIFAR-100 are also split in the order of the class into 20 tasks and each task contains 5 classes.
20 clients are trained on 20 SVHN tasks, with each learning one task, while the other 100 clients
are trained on 20 CIFAR-100 tasks, where every 5 clients equally share the data of one task by
partitioning the data in a class-balanced way. The models share the same random initialization and
filter atoms are trained independently without communication with other clients. The experimental
details are described in Appendix [A.2]

Figure 6] shows the atom-based similarity among last 40 clients of CIFAR-100 task and 20 clients of
SVHN task. In Figure[6{c), where clients are trained for 90 epochs, we can clearly see the cluster of
20 SVHN clients: The SVHN clients have a higher similarity among themselves but are dissimilar
from CIFAR clients. Every 5 CIFAR clients who share the same task also have a high similarity
among themselves. We can see the cluster appears at the early stage of training in Figure [6{a)(b).
It can be applied to quickly find clusters in FL (Tan et al.,[2022). The full results of all 120 clients
are shown in Appendix Figure[§] We compare atom-based similarity with CCA and CKA. Note that
stimulus-based similarities need probing data which could violate the privacy requirement of FL.

The computational cost of three different approaches is shown in Figure [3] Notably, calculating
the atom-based similarity is significantly faster (million times), requiring 0 GPU memory usage
than stimuli-based methods. Note that the advantages in computational efficiency of atom-based
similarity become more prominent as the number of models increases.

Improving personalized model with ensemble of similar users. Once we get the relationships of
users, we can further improve the accuracy of the current model by the ensemble of similar models,
which is effective to mitigate the data heterogeneity problem in FL. The experiment is described in
detail in Appendix [A.2] The final results are shown in Table [T} With ensemble, the accuracies of all
FL methods can be improved. Note that the results of model ensemble selected by our atom-based
similarity are comparable with stimulus-based methods while consuming much fewer resources.

3.4 CONTINUAL LEARNING

Continual learning is an open problem in machine learning in which data from multiple tasks arrive
sequentially and the model is learned to adapt to new tasks while not forgetting the knowledge from
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the past (Parisi et al.,|2019). Note that some of the tasks in continual learning are related, so models
trained with these tasks can be benefited from aggregating knowledge from each other. We adopt the
setting in M1ao et al.|(2021), and apply atom-based similarity to find related models. Specifically,
we 10-Split CIFAR-100 dataset, where the 100 classes is broken down into 10 tasks with 10 classes
per task. We train AlexNet including atoms and atom coefficients on the first task, and train only
the atoms on the following tasks. Then, we calculate the task similarity with atom-based similarity,
and report the model ensemble result with most similar members. The accuracy and the similarity
computation costs are shown in Table [2| Our method provides higher results and has faster speed
compared with stimulus-based methods.

4 RELATED WORK

4.1 MODEL SIMILARITY

Representational similarity analysis (RSA) (Kriegeskorte et al., 2008) demonstrates the method of
understanding brain activities by computing similarities between brain responses in different re-
gions. Measuring the similarity of models is beneficial for understanding neural network (NN)
architectures and learning dynamics (Raghu et al.,2017; |Kornblith et al.,|2019; Morcos et al., 2018}
Dwivedi & Roig,2019). Model similarity can be used to understand or incorporate various machine
learning paradigms across different areas, including contrastive learning (Islam et al., [2021; |Hua
et al.,|2021), knowledge distillation (Stanton et al.,|2021), meta-learning (Raghu et al., 2019a), and
transfer learning (Raghu et al., | 2019b; [Neyshabur et al.| 2020; Bolya et al., 2021)).

Multiple approaches are proposed to estimate the representational similarity of NNs. Some early
works show that individual neurons can capture meaningful information (Bau et al., 2017 |Zeiler &
Fergus| |2014;|Zhou et al.,[2016}; |[Bau et al.| 2018)). Later, gradient-based methods emerge to provide
a visual explanation of deep neural networks (Selvaraju et al.,2017). Current popular representa-
tional similarity methods rely on features of NN. Raghu et al.|(2017) proposes SVCCA to measure
similarity by calculating the covariance matrix of the features of each layer after channel alignments.
Kornblith et al.| (2019) discusses the invariance properties of similarity indices and proposes CKA
with consistent correspondences between layers. Stimulus-based similarities are data-dependent and
computationally expensive. But our method measures the representational similarity only via atoms,
a portion of model parameters, which is data-agnostic and much more efficient.

4.2 LEARNING PARADIGM WITH NUMEROUS MODELS

Some machine learning tasks involve numerous models. For example, in Federated learning (Tan
et al.,2022)), thousands of models are trained across clients. In Continual learning, there are multiple
models generated across time (Kirkpatrick et al.} 2017). Federated learning (FL) aims to improve
the performance of the system by continuously training and aggregating models from users without
collecting data (McMabhan et al.,|2017; Smith et al., 2017 |Konecny et al.,|2016). FL requires com-
munication efficiency while thousands or even millions of clients may be involved (Li et al., 2020a).
It also required to achieve personalization (Tan et al., 2022; |[Huang et al., |2021b) considering data
heterogeneity of different users (Li et al.| [2020a} |[Kairouz et al.| [2021). Estimating user similarity
can effectively address these challenges in FL. Continual learning (CL) aims at providing long-term
knowledge accumulation, and the main challenge is to avoid catastrophic forgetting by learning new
tasks while remembering the old ones (Kirkpatrick et al.; 2017;|Aljundi et al., 2018 |Lee et al., 2017
Zenke et al.| [2017; [Kolouri et al.,[2019). One promising way is to store neural networks for each
task (Lopez-Paz & Ranzato, [2017} Rusu et al., 2016; [Yoon et al.,|[2018; Jerfel et al., 2019; |Li et al.}
2019). As the number of tasks increases, a large number of models are generated and stored. It is
important to find a way to access their relations to reuse models.

5 CONCLUSION

In this paper, we proposed a new paradigm for reducing representational similarity analysis in CNNs
to filter subspace distance assessment. We provided both theoretical and empirical evidence that the
proposed filter subspace-based similarity exhibits a strong linear correlation with popular stimulus-
based metrics, while being significantly more efficient and robust in probing data. It was evaluated
on both federated learning and continual learning tasks, and achieves competitive performance with
millions of times reduction in computational cost.

Our method currently assumes respective layers among compared CNNs to have coefficients with
the same dimension. For our future work, we will explore the way to share coefficient among layers
to achieve atom-based similarity with different dimensions.
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A APPENDIX

A.1 THEORETICAL PROOFS

Proposition 1. Suppose D,, and D., are two different sets of filter atoms for a convolutional layer
with the common atom coefficients o, and the activation function o is non-expansive, we can upper

bound the changes in the corresponding features Zu, Z., with atom changes,
1Zu = Zo||F < (lla]|pA)v/1B] - [|(D e, with A = Sup X7,
€

Proof. Recall the decomposed convolution can be expressed as,
=0(_ (X, D[i])w,)
i=1

Since o is non-expansive, Vb we have,

|Z.,(b) |<|Za1XD Z%XD YN |
< el [(Y_ (X, (Dufi] = Dyli))n, )2
=1

By Cauchy-Schwarz inequality,

[(X, (Duli] = Dy[i]))w, | < (X7, - [1Duli] = Do[ill[r,n,
<A HDu[Z] - Dv[i]HF,Nb

we have that

> 1Zu (0 ) < IIaHFZZI D [i])) n,|*

beB b =1
< e3> IXlIE, - 1Duli] = Dyfi)l[3,
b =1
< ([l A)? Y 1[(Du[i) = D [i])][3
by

and observe that

> IDufi] = Dy[i])|[7n, = ZZII D, [i)l[F n, = 18] - [[(Du — Dy)|[%,
b,i

beB i=1

where |B| is the area of the domain of X. Then Eq. becomes

> 1Zu(0) = Z )P < (llellrX)?IB] - [|[(Dy — Do),
beB
which proves that ||Z,, — Z,||r < (||a||FA)/|B] - ||(D v)||F as claimed.

Proposition 2. Assume filter atoms D,,, D, are orthogonal matrices, then Sgrqs = SAtom.

®)

(©))

(10)

(1)

12)

13)

(14)

Proof. Since D, D, € R¥ *™ are orthogonal matrices, i.e., DID,, = DTD,, = I, the Grassmann

similarity can be represented as,

SGras(fuv-Fv) = %Zcosei = %Zaiv

15)
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where g; = Eiiv UXxV = DEDU
Satom 18 defined as,
< vee(Dy,),vec(D,) >

Sutom (Fus Fo) = cos(Dy, D,) = .
atom(Fu Fo) = eos(Du, Do) = 100 ST eyl

(16)

Analyze each part separately, we have < wvec(D,),vec(D,) >= Tr(DID,) = Yo,
|lvee(Dy)||r = /Tr(DID,) = \/Tr(I) = /m, and also |[vec(D,)||r = /m. In total, the
atom-based similarity becomes

Stom(Fu, Fo) = cos(D,, D) = ET" (17)

which equals Sg;-qs- The claimed theorem is proved.

O
Lemma 1. For two positive semidefinite matrices A, B,
Tr(AB) > opin(A) Tr(B), (18)
where 0, denotes the minimum eigenvalue of A.
Proof. 1t is equivalent to prove that,
Tr((A — 0 (A)I)B) > 0. (19)

Let C, D be matrices such that A — 0,,,;,(A)I = CTC, B = DTD, then

Tr((A — opmin(A))B) = Tr(CTCDTD)
= Tr(CDTDCT) (20)
= Tr((DCT)T(DCT)) > 0.

O

Theorem 1. Suppose the forward of decomposed convolution layer for the u-th model is Z, =
aXD,,. Z,,Z, nearly have zero-mean since X,, is preprocessed to be normalized. CCA coefficient

is defined as S(Zy, Z,) = 4/ % Yo, 02, where o? denotes the i-th eigenvalue of Ny, = Qu" Qu,
Q.= Zu(ZLZu)_%. Then S8(Z.,, Z.,) is upper bounded,

2T
8(2.,2,) < ;- cos(D, Dy), an
where 7 = Tr(XTaTaX),C = opin(XTaTaX).
Proof. Consider §? =137 | o2,
ZJ Tr(Ay,AT ). (22)
where
Tr(Aua'UA:LrL,'U) - Tr(QLQvQIQu) = Tr(QvQZQuQL) (23)

As defined above, we have

QuQl = Z.,(Z1Z,) 2 (Z1Z,) *Z] = Z,(Z1Z,) ‘' ZT

u

(24)
QuQT =Z,(Z1Z,) *(Z1Z,) 2 ZT = Z,(Z1Z,) ' ZT.

14
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Then Equation 23] becomes,

Tr(AyAT ) = Tr(Z(Z1Z,) ' Z1Z,(ZTZ,) *ZT)

| | (25)
— T((Z12.) ' Z1Z,(Z1Z,) " Z1Z,).
By Cauchy-Schwartz Inequality,
Tr(AyoAl ) < Te((Z2]2,) ") Tr(Z]Zy) ™) Tr(Z] Z,)°. (26)
Then we analyze these terms individually,
T (Z1Z,) = Tr(DIX"aTaXD,) = Tr(XTa"TaXD,DT) 27

<Tr(XTaTaX) Tr(DID,) <7 - Tr(DID,)

As for Tr((ZTZ,)™1), let A1, Aa, ..., A be eigenvalues for ZTZ, listed in descending order (\; >
A2 > ... > A.), and assume the condition number of Z1Z, and ZTZ, satisty Anaz/Amin < 7,
then,

TZ,)7 ) = ~ <c <

2|3
o

1
" . (28)

where Ay = ||ZTZ,]|2, || - ||2 denotes the operator norm induced by the vector Lo-norm. With the
norm inequalities of any positive semidefinite matrix A,

1 1 1
Alls > —|Allr > =||All, > = Tr(A), 29
| HQ—\/E” IF = ZlIAll 2 — Tr(4) (29)
where || - ||, || - ||« denote the Frobenius norm and the nuclear norm, respectively.
Equation (30) then becomes,
T(ZIZ) Y Se L < ¢ (30)
we ~ |ZiZ,)|]2 T Tx(ZZ,)
By Lemmal[l]
Tr(Z7Z,) = Tr(D] XTaTaXD,)
=Tr(XTaTaTXD, D7)
> ominXTaTa™X) Tr(DID,) 3D
> C - Tr(D]D,)
> C - [[vec(Dy)][3,
where vec(+) denotes vectorization of a matrix.
Then Equation@] is further derived as,
2
_ e
Tr((Z1Zu) ') < =13 (32)
C - [Jvec(Dy)l[3
Similarly, we have
(@127 < g1 3
Tr(Z]Z2,) ") < 5——=5.
C - [Jvec(Dy)|f3
Finally, with Tr(DID,,) =< vec(Dy,,), vec(D,) >, we have
2 4 D D 2
Tr(Ay oAT ) < y ch (< vec( 2u),vec( v) ?)
' C?|lvec(Du)|[3 - [[vec(Dy)|[3
2724 (34)
v T?c
< o2 -cos?(D,,,D,),

15
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and thus,
1
S(Z'm Z'u) = - ’I‘I‘(Au,vA'E,U)
‘. (35)
< VTe -cos(D,,D,).
C
Then the claimed theorem is proved.
O
Lemma 2. For two matrices A, B, their frobenius norm satisfies,
Ay
[AB|r = [[AllrIBllry /1 = 73m Rz (36)
A[I%BI1%
where Ay =30, (32, AR ) (X Biy) - sin® ((Aqi, Byy)).
Proof. According to the definition of frobenius norm [|A[|p = /3, |A;;|? we have,
IAB|[r = [> (O AuwBij)? (37)
ik

Note that (3, zi:)* = (3, 27) (2 97) - cos? ((z,9) = (32, 27) (3, w7) — (3, 29) (2 97) -

sin? ((x,y)), where (z, ) is the angle of two vectors x and y. We have,

\/Z(Z AirBrj)?
ik

- Z ZA ZB ZA ZB -sin® ((Ay., B.j))

9 9 B Z” (k4 )(Zk ) - sin’ ((Ai:, B;j)) (38)

Zz] (Zk )(Zk} ) ' Sin2 (<Ai:7 B]>)
||A||FHB||2F

=[|All7IB[lF

Ay

A By 1 - A
I8 TATZIBIE

where A;. is the i-th row of A and B, is the j-th column of B, Ay = >, (> A2) (>, B,%j) .
sin? ((A;., B.;)). As A;. and B.; are more correlated, (A;., B.;) — 0, thus, A; < ||A|%||B||%.

O
Lemma 3. A
F= .
Al/2 A 1/2 1A12/2 1/4 (39)
”AHF
Proof. According to Lemmal[2} we have,
IA]Z = [|AY2]5 — Ar (40)
Thus,
A2 5 = A2+ DLy s, @n

IA]%
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where Ajg1e = 30, (5 (AY2)2) (S, (AV2)2)) - sin® (AY2),,, (AY/2),5)). As (AY/2); and

ij
(A1/2).; are more correlated, ((A'/2);., (A'/?),; >—> 0, thus, Ay 412 < [|A])%.

O

Lemma 4. For three matrices A, B, and C, their frobenius norm satisfies,

Ap + Az
[Al[F = [[A[lr|Bllrl|Cllry/1— ; (42)
[AZIBIZICIE

whereAQ:%[||A||%ij(ZlBil)(Zl 012]')'5111 ((Bk:, C >)+||CHFZ (ZkAzk)(ZkB E
sin® ((Ai;, Ba))] and As = %[Zij(ZkAfk)(Zk(BC)k]) - sin® ((4ir, (BO)y)) +
> (CWAB)) (X, CF) - sin® (((AB)s:, Cy5)))

Proof. Based on Lemma|2|, we have,

IABC|/%
=||AB||ZIICIE — > _(AB)A)(D_ C) - sin® ({(AB)i., Cy)
l l

ij

=|AJZIBl2ICIE — IC)3 S 42 ZBM sin? ((As,, Ba)) “3)
il
S0 AB) (S G) -sin® ((AB)s., Cy))
ij 1 l

Symmetrically, we also have,
|ABC||%

=|A|%BC|% — ZZA ZBC )3,) - sin® ((4s, (BC).;))
=||A||%||B||%HCHF—||AHFZ ZBM chj -sin? ((By:, C.;)) (44)

_Z ZA Z BC)};) - sin® ((4;., (BC):;))

Thus,
IABC| %

%[IIAII%IIBII%IICH% IAHFZ ZBM Z% -sin® (B, Cy))
_Z ZA Z (BC);) - 51n2(<Ai:,(BC'):j>)
+HAHF||BHF||CIIF—IICIIFZ ZA ZBM -sin® ((Ai;, Ba))
- Z(ZI:(AB)Z)(XI: CP) - sin® (((AB)si, Cy5))]

= Al[ZIBIEICIF — A2 — As,
where Az=%[IIAII%ij(ZlB,%l>(Zl CZ) - sin? ((Bi:, Cy)) + [CI1% X230 (5 AZ) (4 BE) -
sin? ((Ai;, Ba))] and Ay = 32,5, zk)(Zk(BC)k]) - sin? ((4i, (BO))) +
Z”(ZZ(AB) (>, C ) sin® (((AB);., C.;))]. Therefore,

(45)

Aoy + As
IA[%BlIZICII%

IABC|r = ||A|F||B||F||C||F\/1 - (46)
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As A;, and B, By, and C.; are more correlated, (A4;., B.y), (B, C.j), (Ai, (BC).;), ((AB);:, Cyj) —
0, thus, Ay < [|A[|Z[IB[%[Cll% and A < [|A[|%(B|%[IClI5-

O

Lemma 5.
_ _ IBll» Ay + Ag
|ATPBCT2 | p = kp(AY2)kp(C?) e - ;
A2 p||CY2| A2 ]BlIHIC1/2]1%
(47)
where kp(AY?) and kp(C'/?) are the condition number of A'/? and C'/?, kp(AY/?) =

VE AV Sraem) and 5p(CV?) = | [(E o2 CV2))E saidormy); o (AY?) are

singular value of A'/? and 03(01/2) are singular value of C'/2.

Proof. Based on Lemmalfd] we have,

Ay + Ag

- . @8
A2 EIBIZIC 2%

IATY2BCT 2|y = ||A‘1/2||F|B||F(7‘1/2||F\/1

By the definition of condition number r(X) = | X|| || X7 F = \/(Z a2(X) (> %)

_ _ IB|lr Ao+ Az
[A"Y2BC2||p = kp(AY?)kp(CH?) 1— .
A2 p||CY/2| g |A-1/2|%B|%C~1/2|)3
(49)
O

Theorem 2. Suppose the forward of decomposed convolution layer for the u-th model is Z,, =
aXD,, CCA coefficient be S(Z.,Z,) = /£ > ;_, 02, where o2 denotes the i-th eigenvalue of

Auw = QuTQy, Qu = Zu(ZILZu)’%. Then S(Z.,Z,) is approximately linear to atom-based
similarity,

S(Z, Zy) = %\}”’cos(Du,Dv), (50)
(&

Proof. Basedon S(Z,Z,) = /237 02 and |[Ay||r = /D ;_; 02, where o; are the singular

value of Ay, 4,

I 1 1 . 1

= 2= —|Auwollr = =(Z12Z,) 2 ZIZ,(Z]Z,) 2| F. 51
go = IAwlle = Z=I(Z12.) 3 212, (Z1Z.) 3 v (1)
According to Lemma. [5] we have

1 _1 Y172 1232,
(Z1Z,) 2 Z1Z(Z1Z,) || = —, (52)
Ve |(Z124)3 || p|(Z1Z0)% | v

N
NG

1 1 As+A
where 1 = £ (ZLZ0)1) - wr(Z120)4) a0d %2 =1 = sorzy=rate. foarmy e

As Z, = XD, and Z, = aXD,, we have

Y172 1212, F
Ve (20287 (272, .
M2 IDIXTaTaXD,| r

Ve [(DIXTaTaXD,): | ¢ (DIXTaTaXD,)|| s’
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According to Lemma[3]

Y172 IDIXTaTaXD,| r
Ve |(DIXTaTaXD,):||p||(DIXTaTaXD,)? || »
_ 17273 IDIXTaTaXD,| r

Ve ||(DIXTaTaXD,)|:(DIXTaTaXD,)||2

(54)

)

Bl

_ A — A _
where 75 = (1 + rprxraraxpz) ' (LT [orxrarexo,E)

Al

As Assumption |I| holds, it becomes

V17273 IDIXTaTaXD,| r
1 1

Ve |(DIXTaTaXD,)|z[(DIXTaTaXD,)|}
727 IDID, || <[ XTaTaX |
- 1 1 1 1 1 1

Ve |IDI|2[XTaTaX |2 D, 2(|DI||2]XTaTaX||2]|D, | 2 (55)
_m72ys  [DID,|[r

Ve IDullrIDylr

:71\’7/26’73 cos(D,,D,).

Thus, we have

S(Zy, Zy) :71\7/?3 cos(D,,D,). (56)

A.2 EXPERIMENT SETTINGS

Model training of Federated Learning. In each experiment we have 100 clients in total and
sample a ratio » = 0.1 of all the clients on every round. All models are randomly initialized and
trained for T’ = 100 communication rounds for the CIFAR datasets. At each round, the client
executes 15 epochs of SGD with momentum to train the local model, the learning rate is 0.01 and
momentum is 0.9. Accuracies are computed by taking the average local accuracies for all users at
the final communication round. As shown in the Table 3] we have different settings for CIFAR-10
and CIFAR-100. For example, (100, 2) means 100 clients with 2 classes on each client. For each
method, the training takes about 12 hours on Nvidia RTX A5000.

0.97

Figure 7: The shared coefficients and user-specific atoms represent common knowledge and person-
alized information. The atom-based similarity is used to calculate the relations among users. Users
with heterogeneous data result in lower similarity, as illustrated in a similarity matrix.
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Table 3: Compare accuracy with different approaches

‘ CIFAR-100 ‘ CIFAR-10
(# client, # classes per client) | (100,5) (100, 20) | (100,2) (100,5) (1000, 2)
FedAvg 82.39 62.92 86.37 70.63 86.12
FedProx 80.77 59.7 85.90 69.94 84.83
FedPer 81.46 62.52 81.74 68.24 81.74
FedRep 72.98 37.71 80.55 67.3 82.98
Local 81.21 49.25 90.24 72.05 97.80
Ours ‘ 81.03 52.13 ‘ 83.37 65.63 82.54

-1.000

-0.995

0.990

0985

0.980

0975

0970

0.965

(a) 10th epoch (b) 50th epoch (c) 90th epoch

Figure 8: Similarity matrices that show relations among 120 users in FL. with our atom-based simi-
larity through the training process.

Evolving shared atom coefficients. we can get shared atom coefficients by evolving them during
the communication, apart from pre-trained models or from other FL approaches. In FL, the server
aggregates models from every involved client at each communication round. Our method enforces
the model with a shared atom coefficient and atoms. At each communication round, the clients
perform training on both atoms and atom coefficients with locally stored data. Then, the server
aggregates only the atom coefficients of selected clients to get an updated coefficient. In this way,
we can get a shared coefficient across clients.

Comparison with other FL approaches. We compare our approach by evolving shared atom
coefficients with various personalized federated learning methods and federated learning methods
with local finetuning. Among these methods, FedPer (Arivazhagan et al.,[2019) and FedRep(Collins|
have the similar ideas by learning shared global representation and personalized local
heads. Ditto and FedProx 2020b) induce global regularization to im-
prove the model performance. We also compare our method with FedAvg (McMahan et al., 2017).
FedRep 2021)) approaches the common knowledge with shared representation. The
codes are adapted from|'| We evaluate the test accuracy on CIFAR-10 and CIFAR-100 with differ-
ent FL setting. As shown in Table[3] our method achieves comparable performance among different
methods.

Fine-tuning models for ensemble. We select 3 models with different similarity measures for en-
semble. For feature-based similarity methods, we randomly select 1000 examples from CIFAR-100
dataset. The fully-connected layer of each model is fine-tuned on the user’s local data with 100
epochs. The fine-tuning takes about 12 hours on Nvidia RTX A5000. After fine-tuning, the accu-
racy is measured on local test data, with the predictions of current model and 3 selected models.

Similar representations across datasets. Similar to (Kornblith et al.} [2019), we can use atom-
based similarity to compare networks trained on different datasets. In Figure Ofa), we show that
pairs of models that are both trained on CIFAR-10 and CIFAR-100 have high atom-based similari-
ties. Models learned on two datasets respectively still show high similarity. In contrast, similarities
between trained and untrained models are significantly lower.

'"https://github.com/lgcollins/FedRep
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| === CIFAR100-CIFAR100
=== CIFAR10-CIFAR10
=== CIFAR10-CIFAR100
0.21 —— CIFAR10-Untrained
=== CIFAR100-Untrained

Atom-based Similarity

Layer Index 10 10
(a) (b)

Figure 9: (a) Using atom-based similarity, models trained on different datasets (CIFAR-10 and
CIFAR-100) are similar among themselves, but they differ from untrained models. (b) Illustration
of limitations of stimulus-based similarities. Input data from “red” ({(z; = 0,y;)}) and “blue”
({(x} = yi,y; = 0)}) are orthogonal. Since two models are learned on “red” data, their similarity
should be 1, which can be faithfully indicated by our atom similarity. However, stimulus-based
similarities will become O with the “blue” probing data.
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(d) 4th conv (e) 5th conv
Figure 10: Similarity of AlexNet with atoms from different time point during the training.

Limitation of stimulus-based methods. As shown in Figure [[b), to illustrate sensitivity of
stimulus-based similarities to probing data, we perform a simple regression task with data, {(z; =
0,vi,2) }", where z; = f(x;,y;) + € and y;,¢; ~ N(0.5,0.1). Two NN models F; and F»
with the same initialization and atom coefficients are trained for their different atoms to learn
F : (X,Y) — Z. It is can be simply found that the atom-based similarity of F; and F> is 1
and the stimulus-based similarity is also 1 with the same {(z; = 0, y;)} as the probing data. How-
ever, if we choose {(z} = y;,y; = 0)} as the stimuli data, then the stimulus-based similarities
directly become 0 as the data are now orthogonal to model parameters.

Training dynamics. We investigate the training dynamics of AlexNet (Krizhevsky et al., 2012)
and VGG (Simonyan & Zisserman), 2014)) separately on CIFAR-100 (Krizhevsky et al., 2009) and
ImageNet (Russakovsky et al.,2015). The details of training dynamics of models with atoms from
different time point during the training are shown in Figure[I0]and Figure[TT] Moreover, we examine
the similarity between the two participated models shared the same initialization trained only with
atoms on two different tasks. The results is shown in Figure[I2]and Figure[I3] The difference is less
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Figure 11: Similarity of VGG with atoms from different time point during the training.
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Figure 12: Similarity of AlexNet trained on different tasks during the training.

on the first few layers, but more on the middle layers. It reflects the middle layer is more critical
than other layers, which is aligned with previous work (Neyshabur et al, 2020).
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Figure 13: Similarity of VGG trained on different tasks during the training.
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