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Abstract

Combinatorial bandits extend the classi-
cal bandit framework to settings where the
learner selects multiple arms in each round,
motivated by applications such as online rec-
ommendation and assortment optimization.
While extensions of upper confidence bound
(UCB) algorithms arise naturally in this
context, adapting arm elimination methods
has proved more challenging. We introduce
a novel elimination scheme that partitions
arms into three categories (confirmed, active,
and eliminated), and incorporates explicit ex-
ploration to update these sets. We demon-
strate the efficacy of our algorithm in two set-
tings: the combinatorial multi-armed bandit
with general graph feedback, and the com-
binatorial linear contextual bandit. Match-
ing lower bounds are also provided. In both
cases, our approach achieves near-optimal re-
gret, whereas UCB-based methods can prov-
ably fail due to insufficient explicit explo-
ration.

1 INTRODUCTION

Combinatorial bandits, where the learner picks a sub-
set of actions rather than a single action, have a wide
range of applications spanning online recommenda-
tions (Wang et al., 2017; Qin et al., 2014), assortment
optimization (Han et al., 2021), crowd-sourcing (Lin
et al., 2014), webpage optimization (Liu and Li, 2021),
online routing (Gyorgy et al., 2007; Audibert et al.,
2014), etc. A common feedback model in this setting is
the semi-bandit feedback, in which the learner observes
the rewards of the chosen actions only. Achieving opti-
mal performance under this limited feedback requires
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carefully balancing exploration and exploitation: the
learner must search for promising new actions while
simultaneously committing to actions already known
to perform well.

In stochastic bandits, where rewards follow fixed
but unknown distributions, two prominent algorith-
mic frameworks achieve the optimal exploration-
exploitation tradeoff: the wupper confidence bound
(UCB) algorithm (Auer et al., 2002) and the arm elim-
ination algorithm (Even-Dar et al., 2006). Both ap-
proaches maintain confidence intervals for the rewards
of each action, but proceed differently: UCB selects
the action with the largest upper bound, whereas arm
elimination retains only the “active” actions whose
confidence intervals overlap with that of the action
with the highest lower bound. Consequently, UCB
relies on implicit exploration, while arm elimination
can perform more explicit exploration over the active
set. For both multi-armed and linear bandits, these
algorithms are known to achieve near-optimal regret
(Auer and Ortner, 2010; Abbasi-Yadkori et al., 2011).

For more complex bandit problems, the lack of ex-
plicit exploration can make UCB less effective than
arm elimination methods. One example is the multi-
armed bandit with graph feedback, where exploration
must be carefully guided by the graph structure. An-
other is the linear contextual bandit with a finite set
of time-varying contexts, where dependencies across
rewards undermine the validity of confidence bounds.
In both cases, arm elimination provides a remedy. For
bandits with graph feedback, arm elimination explic-
itly leverages the graph structure to explore the active
set of actions (Han et al., 2024; Wen et al., 2024). For
linear contextual bandits, a master algorithm built on
top of an arm elimination subroutine can effectively
handle the dependence and achieve the optimal regret
(Chu et al., 2011).

On the other hand, while the UCB algorithm admits
a relatively direct extension to combinatorial bandits
(Kveton et al., 2015; Combes et al., 2015), arm elim-
ination methods in this setting remain largely under-
explored. The main difficulty lies in balancing explo-
ration of new arms with exploitation of known good
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Table 1: Regret Bounds in Different Settings

Graph feedback
0(%5= 1og(T))

Linear context

©(VdST)
O(dV/ST)?

Our results

Previous best 5(%‘%@) + 2t

arms within the same round. In this paper, we study
two instances of combinatorial bandits:

1. Combinatorial multi-armed bandits with general
graph feedback, where chosen actions can reveal
the rewards of other arms according to a given
graph structure.

2. Combinatorial linear contextual bandits, where
the learner selects a subset of contexts under a
linear reward model.

For both problems, existing UCB and arm elimina-
tion methods fail to achieve optimal regret, either due
to the lack of explicit exploration (UCB) or the chal-
lenges posed by the combinatorial structure (arm elim-
ination). To address this, we propose a general arm
elimination framework for combinatorial bandits and
show that it achieves optimal regret in both settings.

1.1 Owur Contributions

The main contributions of this paper are as follows:

1. We propose a general arm elimination framework
for combinatorial bandits that partitions actions
into three categories (confirmed, active, and elim-
inated). At each round, the combinatorial budget
is allocated between confirmed and active actions,
with explicit exploration directed toward the ac-
tive set.

2. For combinatorial bandits with general graph
feedback, we design an arm elimination algo-
rithm based on this framework that achieves near-
optimal regret. Specifically, with time horizon
T and combinatorial budget S, and for feedback
graphs with independence number «, the algo-
rithm simultaneously attains the optimal worst-
case regret ©(v/aST+S+/T) and the optimal gap-
dependent regret é(%*s log(T)).

3. For combinatorial linear contextual bandits with
dimension d and a finite number of contexts, we
show that combining our arm elimination method
with the master algorithm of Auer (2002) yields
the optimal regret ©(v/dST).

For the sake of clarity, we summarize our regret guar-
antees in Table 1.! This work provides both tight
upper and lower bounds for each setting. We also
remark that this work proves a tight regret upper
bound O(SVT) for the commonly used UCB algo-
rithm under full-information combinatorial bandits in
Appendix A.6, which may be of independent interest.

1.2 Related Work

Combinatorial Bandits. The minimax regret for
combinatorial bandits under graph feedback is recently
shown to be ©(Sv/T +vaST) even in the adversarial
setting (Wen, 2025). In the stochastic regime, Kve-
ton et al. (2015) provides an instance-dependent re-

gret bound O %*g(ﬂ) for a UCB-type algorithm

and shows that this rate is tight when the feasible de-
cision set is some constrained subset of the set ([Isq).

Under the unconstrained decision set ([[S( ]), the bound

is later improved to O(%ﬁg(n + %‘ZS) by Combes

et al. (2015). Their result shaves a factor v/S but
has an extra term that dominates for small A,. Both
of their algorithms are described by the UCB in Al-
gorithm 2 with slightly different input parameter L.
Later, Wang and Chen (2018) closes the gap in the log-

arithmic term. They show that a variant of Thompson

K log(T) s
SR+ A7) However,

for small A, this extra term again dominates and leads
to a loose upper bound. Under the full-information
feedback when the rewards of all actions are revealed,
no instance-dependent bound is shown to the best of
our knowledge.

Sampling achieves regret O(

Combinatorial Linear Contextual Bandits.
Another line of research concerns the setting where
contextual information is available to the learner to
aid decision-making. A widely adopted (stochastic)
reward model assumes that the expected reward is lin-
ear in the observed context, whereas no assumption is
imposed on how the context is generated. This for-
mulation finds many industrial applications, such as
recommender systems (Qin et al., 2014) and assort-
ment management (Han et al., 2021). In terms of re-
gret, Qin et al. (2014) presents a variant of LinUCB
(Li et al., 2010) that achieves O(dv/ST) regret. In
comparison, in the classical bandit setting with § = 1,
the near-optimal regret is known to be O(v/dT) and
is achieved by an elimination-based algorithm (Chu
et al., 2011) paired with a master algorithm to han-
dle dependence. The best known result for UCB-type
algorithms is O(dv/T) by Abbasi-Yadkori et al. (2011).

1For previous results in Table 1, see T in Wang and Chen
(2018) and } in Qin et al. (2014).
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Elimination-based Bandit Algorithms. The
idea of arm elimination in bandit algorithms is pop-
ularized by Even-Dar et al. (2006). Compared to the
arguably more natural UCB-type algorithms, elimina-
tion has a demonstrated value in a range of bandit
problems, including MAB with graph feedback and
contextual MAB. In the former, elimination allows
the learner to force exploration as the algorithm runs
to achieve the optimal trade-off under general graphs
(Han et al., 2024). In the linear contextual case, Auer
(2002) develops a hierarchical elimination scheme to
address a dependence issue in the reward observa-
tions; this scheme has been widely adopted in var-
ious settings with contextual information to achieve
tight regret (Chu et al., 2011; Han et al., 2024; Wen,
2025). Nonetheless, despite its power in the bandit
problems, it remains unclear how to perform elimina-
tion, or whether it is possible at all, under the combi-
natorial setting where the learner selects and compares
to S > 1 optimal arms.

Top-S Arm Identification. Another relevant line
of research is top-S arm identification. In this prob-
lem, the learner pulls one arm at a time, and the objec-
tive is to identify the S arms with maximal expected
rewards, either under a fixed budget or up to a fixed
confidence. For best-arm identification where S = 1,
there is rich literature studying both the complex-
ity under a fixed confidence (Audibert and Bubeck,
2010; Garivier and Kaufmann, 2016) and the proba-
bility of error under a fixed budget (Carpentier and
Locatelli, 2016; Kato et al., 2022; Komiyama et al.,
2022). For general S > 1, Chen et al. (2014) tackles
this problem using UCB under a constrained subset,
i.e. the identified S arms must belong to a certain
subset. Several works address the unconstrained prob-
lem via elimination-based algorithms (Bubeck et al.,
2013; Chen et al., 2017; Rejwan and Mansour, 2020;
Zhou and Tian, 2022). In particular, Bubeck et al.
(2013); Chen et al. (2017); Rejwan and Mansour
(2020) propose to sequentially accept “good” arms
according to the separated confidence widths, which
shares the spirit of the confirmation set in our algo-
rithm. Nonetheless, this arm identification problem
does not face the core exploration-exploitation trade-
off within the same round in combinatorial bandits.

1.3 Notations

For a positive integer n € N, let [n] = {1,2,...,n}.
For a directed graph G = (V, E), let Noy(a) = {b €
V : (a,b) € E} denote the set of out-neighbors of node
a € V and Nouwt(U) = Ugev Nous(a) denote the set
of out-neighbors of a subset U. For a vector € R¢
and a positive semi-definite (PSD) matrix A € R¥*<

the matrix norm is defined by |z]|a = VT Az. We

use O and © to denote the usual asymptotic meanings
of O and ©, respectively, but suppress less important
poly-logarithmic factors.

2 COMBINATORIAL BANDITS
WITH GRAPH FEEDBACK

2.1 Problem Formulation

This section introduces the problem of combinatorial
bandits with general graph feedback. At each time t
over a horizon of length T', the learner selects a decision
that is a subset of arms V; C [K] such that |V;| = S
for a fixed S > 1. There is a known directed feed-
back graph G = ([K], E) over the arms. The learner
observes the individual rewards {r;, : @ € Nou(Vi)}
and receives the total reward ryy, = Zaew Ttq. For
the scope of this work, we assume G contains all self-
loops, i.e. a € Noyyi(a). We assume r;, € [0,1] and
for each arm a, the rewards {744 }¢cjr) are i.i.d. with
a time-invariant mean fi,.

Without loss of generality (WLOG), we assume the
means satisfy puq > ps > --- > ug. For any policy 7,
the regret measures the expected loss compared to the
hindsight optimal decision [S]:

T

R(r) =3 (fju > b ).

t=1 Ni=1 a€V;
2.2 An Elimination-based Algorithm

We start by giving a high-level intuition of the arm
elimination algorithm under the classical multi-armed
bandit setting S = 1 (Even-Dar et al., 2006). In this
case, the algorithm maintains an active set of “prob-
ably good” arms A,¢ C [K] and a minimum count
N = minge 4, , Nt,q for the active arms, where n , de-
notes the number of observations for arm a up to time
t. It then uniformly explores every arm in A, with
a small ns , and update N accordingly. By standard
concentration results (see Lemma 1 below), the algo-
rithm recognizes a uniform confidence width for each
1o and eliminates any arm a from the set A, that is
provably suboptimal based on the confidence widths.

Lemma 1. Fiz any § € (0,1). With probability at
least 1 — 0, we have for every arm a at every time t,

P — o] < \08(KT/8) /g0 = w(n,)

where 7y o is the empirical mean and ny o the number
of observations at time t.

However, it is challenging to extend this elimination
scheme to S > 2, as it is unclear how to set the elimi-
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nation benchmark and how to explore among the un-
eliminated arms. When S = 1, we only need to decide
if an arm a is possibly optimal or not, so the algo-
rithm simply eliminates based on the empirically best
arm. When S > 2, an arm a can be worse than g but
still possible to be the S-th optimal, rendering this
choice impractical. Additionally, even if we manage to
exclude arms that are provably worse than the S-th
optimal arm for any decision V; C A,, there is no
guarantee that the regret Zle Wi = D qey, Ha Will be
small, because each p, may be close to pug but much
worse than pg_1 or pq.

To address the aforementioned challenges, we intro-
duce the confirmed set Acon in our Algorithm 1. Sup-
pose the confidence width w; for every active arm
a € Aact is uniformly positive at time t. The idea
of confirmation is to use this width w; to identify a
subset Agon C [S]. Each arm i € Acon has a mean
Wi > s +w; that is much larger than the mean of the
S-th optimal arm. Therefore, the learner must have
Acon € Vi to avoid incurring an instantaneous regret
unbounded by w;. In addition, for every unconfirmed
optimal arm i’ € [S]\Acon, it holds that p; < pg+ws,
allowing the learner to include any active arm a € Ayt
in the decision V; and suffer a bounded regret, even if
the learner only manages to bound pg — .-

Note that by partitioning the uneliminated arms into
Acon and Aact\Acon, we are effectively identifying an
exploration-exploitation trade-off based on the confi-
dence width w; at every time t. The confirmed arms
Acon are “too good to leave out” and lead to an ex-
ploitation of size |Acon|. Meanwhile, we use the re-
maining S — | Acon| budget in our decision V; to ex-
plore the remaining active arms and further eliminate
the suboptimal ones. For the graph feedback, we adopt
the exploration strategy in Han et al. (2024) and suc-
cessively pull the arm with the largest out-degree (Line
6 of Algorithm 1). This exploration budget S — | Acon],
notably, changes over time.

The overall algorithm is given in Algorithm 1. We
remark that Algorithm 1 recovers the standard arm
elimination algorithm in the multi-armed bandits (S =
1), as Acon = @ by definition. Recall that w(n) =

\/10g(2KT/0)/n is given in Lemma 1.

2.3 Algorithmic Properties

We now present several key properties of Algorithm 1.
For the sake of clarity, we use Nt, Af_, and Af _ to
denote the minimum count of each active arm’s obser-
vations N, the active set A,.;, and the confirmed set
Acon in Algorithm 1 by the end of time t. Let 7 (;

denote the j-th empirically best reward in A% U.A!

con act?

Algorithm 1: Arm Confirmation and Elimina-
tion (ACE)
1 Input: failure probability § € (0,1).
2 Initialize: Confirmed set Ao, + 9, active set
Aact + [K], and minimum count N + 0.
fort=1to T do
Let Ag < {a € Aact : i—1,0 = N}.
for j=1to S — |Acon| do
Let a;; € Ag be any arm with the
largest out-degree in G| 4,.
7 Update Ay <+ Ao\ Nout (az,;)-

8 Assemble Vi + Acon U {ay; }f:_lﬁ“conl.
9 Observe feedback {r;q : a € Now (V2)}.

o o o~ W

10 Update (7 q,nt,q) as the average reward
and observation count of arm a by the end
of time ¢.

11 if mingec 4, nt,o > N then

12 Update count N < mingec 4, Nt,q-

13 Let 7¢,(s) be the S-th empirically best

reward in the union set Acon U Agct.

14 Update the confirmed set Ao, to be:

Aconu{a € Aaey Tt,a > ’Ft,(S) + 4w(N)}
Then the active set A, to be

{CL S Aact\-Acon tTta > 'Ft,(S) - Qw(N)}

and ay ;) denote the corresponding arm.? For i € [S]
and a € [K], let A,; = pi — pe denote the reward
gap between arm a and the i-th optimal arm. WLOG,
suppose A, = Agy1,s > 0, which serves as a margin
and characterizes the difficulty of distinguishing sub-
optimal and optimal arms.3

Conditioned on the validity of the confidence width in
Lemma 1, the following lemma lists three important
properties for Algorithm 1.

Lemma 2. Suppose the event in Lemma 1 holds.
Then for each time t € [T), the following events hold
by the end of t:

(A) The optimal arms remain uneliminated, i.e. [S] C
gct U 'Af:on'

(B) Aion €[S —1].
(C) Let i, = min Al

act*

that A, i, , < Sw(NY).

For every a € Al , it holds

act’

2For notational simplicity, here we use (j) to denote the
7-th largest as opposed to the j-th smallest in the conven-
tional notations for order statistics.

31f s = [S41 = -+ = HUS+k, it is straightforward to
extend our analysis to the definition A, = Ag stk+1.
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The first property states that the optimal arms [S] are
never eliminated as the algorithm runs. This serves
as the basis of the elimination scheme, since otherwise
the algorithm would suffer a linear regret.

Second, any confirmed arm in A.  always belongs to

the top S — 1 optimal arms. Recall that ALl C V; for
all t € [T]. This optimality ensures that pulling the
confirmed arms incurs no instantaneous regret, since

now A!S L C [S] NV, for every time t. Therefore,

con

S
OIS I
=1

acVy

Z Hi — Z Ha

ie[SI\ ALt acVi\Algt

< Z (Mi*,t - :ua) (1)

acVi\Aloi

which follows from that i,; = min A% and so u; <
pi. . for every i € [S]\AL;. The inequality (1) serves
as the basis to derive regret bounds.

The last claim concerns the optimal active arm i, ;
at each time t in hindsight. Note that by the second
claim, AL C [S — 1] and so ., € [S]. The intuition
is as follows. In the elimination step (last line) in Al-
gorithm 1, the benchmark is the S-th empirically best
reward T (s). As a result, this choice guarantees that
A,s = O(w(N?)) for any active arm a € Al . Addi-
tionally, the update criterion of the confirmed set im-
plies that p;, , — ps = O(w(N')) because i, ¢ ALy,

Together they give the claimed bound on A, ;, , and
therefore an upper bound of (1).

Intuitively, at time ¢, the learning process only distin-
guishes the eliminated and the active arms up to the
confidence width w(N?), where N* lower bounds the
number of observations for all active arms. The instan-
taneous regret at ¢ is inevitably O(w(N?)). Therefore,
at the current time, we may treat any arm i € [S — 1]
and S indistinguishably if u; — ug = O(w(N?)). For
any arm ¢ € [S —1] beyond this width, it becomes nec-
essary to identify and include i in the final decision V;,

which motivates the choice of the confirmed set AL .

2.4 Regret Bounds

In this section, we present the regret guarantees for
Algorithm 1 and show their tightness. Specifically, our
algorithm simultaneously achieves a logarithmic gap-
dependent bound O(log(KT)(alog® K + S)/A.) and

a worst-case regret bound O(vaST + Sv/T).

Theorem 2.1 (Instance-dependent regret). Fiz any
0 € (0,1). With probability at least 1 — 0,

log? K
R(Alg 1) = o<1og(2KT/5)°“)gA+S).

Specializing to the semi-bandit feedback (o = K) and
full-information feedback (o = 1), we obtain improved
or new regret bounds for combinatorial bandits. Note
that we do not have remainder terms (such as O(A; %)
in Wang and Chen (2018)) in Theorem 2.1.

Corollary 1. Under the semi-bandit feedback, we have
Klog’ K
R(Alg 1) = o(log(QKT/a)OAg>.

Under the full-information feedback, we have
2
R(Alg 1) = o(1og(2KT/5)bgAK+S>.

We also prove matching lower bounds to show that
the regret in Theorem 2.1 is near-optimal for all algo-
rithms. Note that in Theorem 2.2, the missing log T
factor for small « is not an artifact of our analysis; in
fact, under a full-information feedback (o = 1), one
can attain a constant regret using a simple greedy al-
gorithm (Degenne and Perchet, 2016).

Theorem 2.2. Let R, (w) denote the regret of policy
7w under bandit environment v. Fix any policy m:

(L1) Suppose the policy satisfies max, R, (7) < CTP,
A, € (Tf(l’p),%], and o > 28, and for some
constants C >0 and p € [0,1).

Then max, R, (7) = Q(log(TA*) min{ a 1 })

A, Az
(L2) Suppose K > 25 and A, < %
Then max, R, (7) = Q(min{%, A*ST}).

We can also derive a minimax regret bound for Al-
gorithm 1, which nearly matches the lower bound
Q(VaST + SVT) in Theorem 1.3 of Wen (2025).

Theorem 2.3 (Minimax regret). Fiz any 6 € (0,1).
With probability at least 1 — 0,

R(Alg 1) = O(log2 K \/1og(2TK3) (\/ozST + sﬁ))

2.5 Suboptimality of UCB

As discussed in Section 1, a large volume of bandit
literature adopts UCB-type algorithms to develop op-
timal regret guarantees in different settings. In combi-
natorial bandits, Kveton et al. (2015) proposes a natu-
ral UCB algorithm, called CombUCB1, that achieves the
optimal O(vV K ST) regret under the semi-bandit feed-
back. However, this UCB algorithm, described in Al-
gorithm 2, is provably suboptimal under general graph
feedback.
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Algorithm 2: Combinatorial UCB

1 Input: width parameter L > 0, and failure
probability ¢ € (0,1).

Let (7,4, 7,4) be the empirical reward and the
observation count of arm a at the end of .

Let A= {v C [K]: |v| = S} be the set of
feasible decisions.

fort=1to T do

5 Select

L

Vi = argmax, e 4 D aeo Tt—1,a + Wrewt

Observe feedback {r:4 : a € Nowt(V2)}.
7 Update (¢ q, nt,q) accordingly.

N

w

'S

(=)

The parameter L > 0 is any factor such that with
probability at least 1 — ¢,

|’Ft7a - Uul <
nt,a

for every arm a € [K] at every time t € [T]. For
instance, Lemma 1 gives one possible option L =
V1og(2KT/5). It maintains such a UCB for each arm
a € [K] and, at each time ¢, selects the combination of
S arms that maximizes the total UCB.

The high-level reason behind the suboptimality shown
in Theorem 2.4 is that, without forced exploration,
UCB essentially uses all S arms for either exploitation
or exploration simultaneously at each time. In con-
trast, our elimination scheme in Algorithm 1 crucially
relies on an exploration-exploitation separation among
the S arms at each time.

Theorem 2.4. Fiz any (S, o, K,T) with Soe < K and
a > 1. There is a problem instance under which

R(Alg 2) = Q(LSVaT).

Theorem 2.4 shows that, in the regime when Sa <
K, UCB achieves a suboptimal rate compared to
O(SVT + VaST) in Theorem 2.3. When Sa >
K, UCB achieves the tight rate O(vKST) (Kveton
et al., 2015). Interestingly, this sub-optimality ratio
min{Sa, K}/(S + «) scales as ©(1) at two extremes
when o = K and o = 1.4

*To our knowledge, for the full-information feedback
(¢ = 1) we do not find an existing regret bound for
UCB. For completeness, we show that Algorithm 2 attains

O(SV/T) regret in this case in Appendix A.6.

3 COMBINATORIAL LINEAR
CONTEXTUAL BANDITS

3.1 Problem Formulation

In combinatorial linear contextual bandits, each arm
a € [K] is associated with a context vector x;, € R?
at time ¢. We consider the linear model where r; , =
0] 2.0 +¢et.a € [-1,1] for an unknown parameter 6, €
R? and mean-zero noise &, ,. We assume ||z, 4[]z < 1
for all t € [T] and a € [K], and ||6.]]2 < 1.

Given the contextual information, we consider a
stronger dynamic regret where the hindsight optimal
oracle knows 6, and chooses decisions conditioned on
the context:

max E szt’i - E szt’a
i V. C[K] .
= |V..|=S 1€Vt a€Vy

where the decision V; is selected by the learner’s policy
m at time t.

3.2 A Hierarchical Elimination Algorithm

In this section, we introduce an algorithm that builds
on a hierarchical elimination idea. This idea stems
from Auer (2002) and has been widely applied in the
contextual bandit literature thereafter (Chu et al.,
2011; Han et al., 2024; Wen et al., 2025). Different
from the UCB analysis that bounds ||, —, || uniformly
(Abbasi-Yadkori et al., 2011), it bounds the estimation
error |0, x4, féjztd along the realized direction x4,
where é\t is the estimated parameter.

To develop bounds only along certain directions, our
Algorithm 3 crucially relies on the following prop-
erty: At time ¢, it partitions the historical data into
H =log(V/ST) stages. At stage h =1,...,H, the al-
gorithm builds the final decision V; by only looking at
information that is independent of the reward obser-
vations belonging to the current h-th stage (while it is
allowed to use rewards belonging to other stages). If
V; is not fully built at the current stage, the algorithm
then uses those reward observations to eliminate sub-
optimal arms and proceed to the next stage h+1. The
elimination step from the previous stage h — 1 guar-
antees that, even if the algorithm’s move at stage h is
independent from the rewards at stage h, the subopti-
mality of the selected arms remains bounded.

The sole purpose of this hierarchical elimination is to
guarantee that, when focusing on each stage h € [H],
the reward observations are mutually independent con-
ditioned on the contexts. Then Lemma 3 gives a
direction-specific estimation error bound. We refer to
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Algorithm 3: Hierarchical Arm Confirmation
and Elimination (H-ACE)

1 Initialize: Set H ¢ [log,(v/ST)],
for h € [H].

fort=1to T do

Observe the contexts {714 }ae[x]

Initialize A; « [K].

Initialize the decision V; < @.

for stage h =1 to H do

7 Use observations in <I>§h) and

h
o = o

@ ook W N

Algorithm 4 to compute reward ?fha)

and width wt( ) for a € Ay,

s (1) Let Uy = {a € A;\V; : w™) > 27}
9 if |U1| < S —|V;| then
10 | Set UMY U
11 else
Set any Ut(h’l) C U; with

U = 8 = |V,

13 AddV, « V,uUu™Y.

y be the ( — |V4])-th arm
maximizing ?(t ot wlt a in Ap\V;.

15 (2) Let Uy =

{aezh\% ﬁ@:>ﬁ2kgwn+4-rW}

12

14 Let a4 (S—Iva)

if |Us| < S — |V| then

| Set UMY« U,
else

Set any U C U, with

h.2
U =5 - Vi

AddV, « V,uU™?
Let a2, (S—|v4)) be the (S — |Vt|)-th arm
maximizing ﬁ’f} + wt(lfl) in A\ V4.

(3) Find active set Apyq for next stage:
{aeAh\V;:?fZ)>A(h) —2-2*’1}

Ttas (s vy
Update (I’£+)1 . q)gh) @ (Ut(h’l) U Ut(h,,Q))‘
16 f |Vi| < S then
17 Note wi) < 1

t,a —

-

for all a € Ag\V;.
18 Fill in V; Wlth any arms in Ag\V;.

19 Select the decision V; of S arms.
20 Observe feedback {r;q : a € V;}.

Lemma 1 of Chu et al. (2011) for a proof of this result.
Remark 1 explains why UCB-type algorithms (such as
LinUCB (Li et al., 2010; Abbasi-Yadkori et al., 2011))
fail this assumption.

Lemma 3. Let § = /log(2KT) and A = 1. In Al-
gorithm 4, suppose {rs, : s € [t —1],a € ®,(s)} are
conditionally independent given contexts {Tsq : s €

Algorithm 4: Base Algorithm

1 Input: A sequence of sets of selected arms
(Pt = (@t(s))5<t with CI)t(S) Q [K] and
|P:(s)| < S, an active set A C [K].

2 Set B+ /log(2KT) and X + 1.

3 At — A + Zt_l Zae@ (s )5179 axza;

4zt Es 1 Za€<1>t (s) T's,als,a;
5 Compute estimators Gt — A
6 for a € A do

Compute estimated reward 7y o < é\trl‘tﬂ.
Compute width weq <= 2(A+ B)[|zt,all 41

7
8

[t — 1],a € Pi(s)}.
1—T72, it holds that

Then with probability at least

0 w10 — 0] 20| <208+ N)l|ztall 41

for every a € [K].

Remark 1. We briefly remark on why such con-
ditional independence fails without partitioning: At
time t + 1, we would instead condition on all contexts
{707 <t,a€wv:}. Itistruethat{r, q:a €V} are
independent from others when conditioned on {x, :
a € Vi}. However, the algorithm has used all previous
observations {rr, : T < t,a € v} to come up with
the decision V,. When conditioned on {xi, : a € V;}
which reveals information about V;, all of the previous
reward observations become mutually dependent.

The hierarchical elimination algorithm is described in
Algorithm 3. At each stage h € [H], given the condi-
tional independence of the reward observations belong-
ing to this stage, we invoke Algorithm 4 to solve the
standard ridge regression and derive an estimated pa-
rameter #;. Thanks to the conditional independence,
the estimation error \@t'—xm — 0 24.4| is bounded by
Lemma 3. This estimator is then used to compute re-
ward estimators 7 , and their confidence widths wy 4.

Construction of V;. Given the valid reward estima-
tors and their widths, at time ¢, Algorithm 3 constructs
the decision set V; C [K] as follows. At the beginning
of ¢, it initializes an empty set V4, then in step (1) it
continuously adds underezplored arms U; (i.e., with a
large width) to V; as it goes through the hierarchical
elimination with H stages. If |V;| < S and the decision
is not yet filled, every remaining arm has a uniformly
small width w(h) < 27" and in step (2) we identify
the confirmed (optimal) arms Us using this width and
add them to the decision V;. If V; remains unfilled, we
proceed to the elimination step (3) and use the uni-
form width 27" to eliminate suboptimal arms. In the
end, if there is still space in V;, we simply add any
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remaining arms; note that the remaining arms after H
rounds of elimination have a sufficiently small width
and hence contribute to a small regret.

3.3 Algorithmic Properties

Similar to the previous section, we establish the key
properties of Algorithm 3 that justify the elimination
steps and enable our regret analysis. However, there
are several important distinctions from the properties
in Section 2.3 for noncontextual combinatorial bandits.

First, due to the presence of contextual informa-
tion and the dynamic nature of the regret, we no
longer maintain persistent active and confirmed sets
(Aact, Acon) as in Algorithm 1. Instead, the set of can-
didate arms K] is re-eliminated from scratch at every
round ¢ after the contexts {Z:,}.c[x] are observed.
This substantially complicates the algorithm and the
regret analysis, since the confidence width is no longer
decreasing over time for any fixed arm a.

Second, to apply the hierarchical elimination frame-
work introduced in Section 3.2 and ensure the con-
ditional independence stated in Lemma 3, we must
construct the decision V; across H stages within each
round ¢. The remaining capacity in V, i.e., S —|V4|, is
not fixed in advance and evolves indeterministically as
the stage h € [H] proceeds. As a result, every round
involves H elimination steps, each with a dynamically
varying target size. In particular, to handle this vari-
ability, the benchmark arm in each elimination step is
defined as the arm with the (S — |V;|)-th largest UCB.

For the sake of clarity, let Vt(h’g ) denote the decision set
at the end of step (g) at stage h € [H], for g =1,2,3.
Namely, the initial set is Vt(O’B) = @, and recursively
yD — pho13) gt g phd) )
V;(h’l) U Ut(h’2). Let V. be the top S arms at time
t. Note that V, ;\V,""?) are the left-out optimal arms
by the time of step (g) at stage h, for ¢ = 1,2,3. To
address the distinctions above, we have the following
properties:

Lemma 4. Suppose the event in Lemma 3 holds for
every t € [T] and stage h € [H]. For each time t, the
following events holds for each stage h € [H):

(A) The top S — |V{t(h_1’3)| arms of V*’t\Vt(h_l’S) are
m Ay, i.e. remain uneliminated.

v C

(B) Confirmed arms are
V.. \V,Y.

optimal:

(C) Let ziht) = argmin{f, 2, , : a € Ap} denote the
optimal active arm. For every remaining a € Ay,

it holds that

QIIt7i(h,t) — G*T:cm <16 - 27 h,

Lemma 4 summarizes the contextual counterparts of
the properties in Lemma 2. Claim (A) states that
Algorithm 3 keeps a sufficient number of the optimal
arms from V, ; in the active set after each elimination
step (3). It guarantees that we never end up with
an unfilled |V;] < S but no arm left in the active set
Ap\V;. In addition, it guarantees that the top S —

|Vt(h_1’3)\ unselected optimal arms are not eliminated,
when we proceed from stage h — 1 to h.

The second claim (B) plays the same role as in
Lemma 2, in the sense that the algorithm incurs no
instantaneous regret by including the confirmed arms
Ut(h’Z). Recall that an optimal arm is confirmed if one
would suffer an unbounded regret by not including it,
so confirmation balances exploration and exploitation.

Finally, (C) bounds the gap between any active arm

and the optimal active arm ziht) in A, at stage h. By

claim (A), we always have ziht) € Vit at any stage h

where the decision V; is not fully constructed. Cru-
cially, this enables us to select any active arm a € Ay,
in step (1) of Algorithm 3 solely by looking at its width

(h)

w; , and still manage to obtain a bounded regret.

3.4 Regret Bounds

We conclude this section with the near-optimal re-
gret guarantee for Algorithm 3 and a matching lower
bound.

Theorem 3.1. Algorithm 3 (with Algorithm 4 as a
subroutine) achieves

R(Alg 3) = O (log(ST) VIog(2KT)(VdST + dS)).

Therefore, Algorithm 3 improves on the existing result
from O(dv ST) to O(v/dST) when K is finite. The
following lower bound complements our upper bound.

Theorem 3.2. Suppose T > max{4dS, d—;} and K >
2S. For any policy =, it holds that

max R(m) = Q(vdST)

Os{ze,at

where the maximum is taken over all problem instances
as described in Section 3.1.

4 CONSTRAINED DECISION

The combinatorial bandit literature also considers the
constrained setting where the learner can only choose
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decision V; € Ay C ([13(])_ The optimal regret cru-
cially depends on the structure of the specific sub-
set Ag. The sub-optimality gap A, in this case de-
notes the reward gap between the optimal decision
and the second optimal decision. For example, Kve-

ton et al. (2015) shows that O<KS+5(T)) is optimal
for a specific constrained subset Ap. Under general
graph feedback, Wen (2025) shows that the minimax
regret is ©(min{SvaT,VEKST}) when A, is allowed
to be any subset, as opposed to é(S\/T—i— VaST) when
Ao = (§).

It is straightforward to extend our Algorithm 1 and its
analysis to a general Ap:

Theorem 4.1. There exists a policy w such that, for

any constrained decision subset Ag C ([g]), it achieves

R(7) = O <log(TK) 5:”)

where K is a quantity the depends jointly on the feed-
back graph G and the subset structure Ag:

k= max min{n >1:3V;,...,V, € A" such that

A'CAg
Uvea V C Uj_; Nou(V)} (2)

In particular, there is a subset Ay under which

2
minmax R, (7) = <log(T) iﬁ>

where the mazimum is taken over all bandit environ-
ments v.

At a high level, kK denotes the minimum number of
decisions needed to observe any subgraph of G. The-
orem 4.1 recovers the result of Kveton et al. (2015)
where k = O(K/S).
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specification of all dependencies, including
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A COMBINATORIAL BANDITS WITH GRAPH FEEDBACK

This section provides proofs for the results in Section 2.

A.1 Proof of Lemma 2

For the readers’ convenience, we restate the lemma below:

Lemma 5 (Restatement of Lemma 2). Suppose the event in Lemma 1 holds. Then for each time t € [T, the
following events hold for Algorithm 1 by the end of time t:

(A) (Optimal are not eliminated) The optimal arms remain uneliminated, i.e. [S] C Af . U Al

con -’

(B) (Confirmed are optimal) AL, C[S—1].

(C) (Active gaps are bounded) Let i, = min Al .. For every a € Al , it holds that Aq;, , < 8w(N?).

act * act’
We prove each claim separately in the remaining section. Recall that the confirmed arms A!_ are always pulled,
so their observation counts are at least N*, and by Lemma 1, the same confidence width w(N*) also holds with
high probability for confirmed arm i € A}

con*
Lemma 6. Suppose the event in Lemma 1 holds. Recall that 7y ;) denotes the j-th empirically best reward in

Acon U Aact at the end of time t, and ay, ;) denotes the corresponding arm. Then the followings hold by the end
each time t € [T]:

t
act *

(A) The optimal arms remain uneliminated, i.e. [S] C AL, UA

(A’) For every index i € [S], we have Ty ; > Ty (;y — 2w(N?).

Proof. We prove this result via an inductive argument on time ¢. Note event (A’) trivially holds at time ¢t = 1,
as w(N1) > 1, and (A) holds at ¢t = 0, namely before the algorithm kicks off.

First, we show that event (A’) holds at time ¢ conditioned on event (A) at time ¢ — 1. Fix any ¢ € [S] and
consider the empirically top i arms {ay,(;)};<i- By the pigeonhole principle, there always exists an index j < i
such that ag, () = - Then

Fei > pi —w(N') > Hay ;) — w(N') = Ty ) — 2w(N) > 7 ;) — 2w(N®).

It remains to verify event (A) for any time ¢, conditioned on event (A’) at ¢ and event (A) at ¢t — 1. If the
elimination in Line 14 of Algorithm 1 does not occur at the end of time ¢, event (A) trivially holds for ¢. Suppose
instead the elimination occurs at the end of time ¢. For every i € [S], event (A’) implies 7 ; > 7 (g) — 2w(N*?),
so 7 is not eliminated and event (A) holds for time ¢. This concludes the induction.

Lemma 7. Suppose the event in Lemma 1 holds. At every time t € [T), it holds that Al , C [S — 1], i.e. every
confirmed arm is one of the top S — 1 optimal arms.

Proof. It suffices to verify that when any active arm i is added to the confirmed set A7 at time 79, it always

holds that ig € [S — 1]. By the elimination step in Algorithm 1, we have 7, ;, > 7 () +4w(N™). Since 7, (s)
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is the S-th empirically optimal reward in A7, U A% and [S] C A%, U.A°, by Lemma 6, there is some j € [S]
with 7, ; < Tro,(S)- Then

Hig > Tro,i0 — w(NTO) > f"’o,(s) + 3w(NTO) > ,FTOJ + 3w(NTO) > Hj + Qw(NTO) >
which implies iy € [S — 1]. O

Lemma 8. Suppose the event in Lemma 1 holds. Let i,; = min Al . For every arm a € A

Aa,i*,t S 8w(Nt)

t

tot, we have

Proof. Lemma 6 and 7 imply that A%, N[S] # @ for all time ¢, so i, € [S]. Since i,; ¢ AL, by definition, we
have
Pice < Trs) +4w(NT).

t

Then for any active arm a € Af .,

by the elimination criterion in Algorithm 1 and Lemma 1,

ta > Tta — w(Nt) > T (s) — 3w(Nt) > T, — 7w(Nt) > i, — 8w(Nt).

A.2 Instance-dependent Regret Upper Bound

Theorem A.1 (Restatement of Theorem 2.1). Fixz any § € (0,1). With probability at least 1 — &, Algorithm 1
achieves regret
log” K
R(Alg 1) = O<log(2KT/5)aOg+S>.

A,

Proof. WLOG, suppose the high-probability event in Lemma 1 holds. Recall the definition 4, ; = min A% , from
Lemma 2. An important observation is that, for any suboptimal arm a € [K]\[S], if the minimum count satisfies
N' > 6410g(2KT/6)/A2 ;. , at time ¢, then

(a)
i) — 2w(N') > 74, — 6w(N') > py,, — Tw(NY)
() o
> pa +w(NY) > 7y q (3)

where (a) follows from the fact that i; ¢ Af  and the elimination criterion in Line 14 of Algorithm 1, and (b)

con

applies p;, , — pta = Dayi,, > 8w(N*). Hence a has already been eliminated from Af U A}

con act-

To bound the cumulative regret, we will partition the horizon into a few sub-horizons, and over each sub-horizon
we have a fixed optimal active arm .. Specifically, denote two non-repeating sequences of indices as follows:
m = 1 and t; = 0 since 1 € A%, in the beginning; then t,1 = min{t € [T] : i.; & {m1,..., 7 }} be the next
time when the optimal i.; changes in the active set, and 7,41 = 4x 1, , be the new optimal active arm (when
the previous 7, is sent to the confirmed set). Since 7, € [S] and is increasing by definition, we end up with
a sequence (mp,tn)perp) for some H < S. Namely, during the horizon ¢ € [t,t441), the optimal active arm is
ix,t = m. For the ease of notation, at each of those times ¢}, denote the minimum count as Ntr = n;, and define
the layers
L, = {a € [K]\[S] : a is pulled as an active arm when N* = n}

for n > 1. Denote n; = 1 and

ng+1 =1+ max{n e N: L, N[S] # &}
be the last layer that ever pulls a suboptimal arm (and incurs any regret). We set n; = 1 to keep the following
computation compact.

Recall that in Algorithm 1, we construct V; by repeatedly choosing the arm with the most out-neighbors among
the least observed arms Ay and removing its neighbors. By Lemma 11 and 12, the active arms we have chosen
before observing every arm in Ag, while N* = n, form a layer and can be bounded by

|L,| < 210gKf{rC12[1I>§} §(Gla) + S < 100alog® K + S (4)
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for every layer n > 0, where 6(G| 4) is the dominating number of the subgraph G restricted to the subset A C [K]
as defined in (28). Then the cumulative regret is bounded as

H npy1—1
RAg D) < Lol +> 0 > > Aun,
h=1 n=n;, a€L,
(©) H npy1—1
<ILol+Y. Y. Y swn)
h=1 n=np a€L,
(@) H npy1—1
< 100alog2K+S+8(100alog2K—l—S)Z Z w(n)
h=1 n=ny
ng4+1—1

=100 log? K 4 S + 8(100alog® K + S) Z w(n) (5)

where (c) is by Lemma 2, and (d) uses (4).
By (3), we have ny 41 — 1 < 64log(2KT/5)/A2. Consequently,

() < 2/1og(2KT/8)\/npi1 — 1 < 161log(2KT/5) A"

where the first inequality follows from the elementary inequality that Y., 1/ VEk < 2y/n. Putting back to (5),
we obtain

2
Rr(Alg 1) = O(bg(zKT/(s)(“()gKJ“g).

A,

A.3 Instance-dependent Regret Lower Bound

In this section, we prove instance-dependent lower bounds for a given gap A, in Theorem 2.2.

Theorem A.2. Suppose o > 2S and fix a policy 7 that satisfies R(w) < CTP for some constant C > 0 and
p € [0,1) under any bandit environment. If + > A, > T-0=P) then it holds that

_ (a1 log(C)
) = 0 o v win{ 3 f = #1)

where the maximum is taken over all bandit environment v and R, (w) is the expected regret of m under the
environment v.

Proof. Let I = {ay,...,a,} be a maximum independent subset in G. We will fix the first a;,...,a5_1 arms to
be optimal, and construct o — S + 1 different environments. Specifically, consider an index u € {S,S+1,...,a}.
To define an environment based on index u, let the product reward distribution P* = Hae[ K] Bern(u,) with

1 if a = a; for some i € [S — 1]
i-i—A* if a=ag
fa =14 5 +20,1[u> 5] ifu>Sanda=a,
% elseifa el
0 otherwise

Fix any policy 7. Let E,, (resp. P,) be the expectation (resp. probability) taken under environment u. Suppose
Ry(m) < CTP for some constants C' > 0 and p € [0,1), where R, (7) denotes the expected regret of = under
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environment u. Denote N;(T) = Zthl 1[i € V;] where V; is the decision selected by 7 at time ¢. Denote
Ny = Zthl 1V N([K]\I) # @] the number of times an arm outside [ is selected. Then for any i = S+1,..., «,

T T 1
Pg (Ni > 2) + P <Ni < 2) > §exp(fKL(]P’?T||IP’1®T))

(g) 1 exp (—(Es [Ni] + Es[No]) 163A2>

where (a) uses the inequality KL(Bern(p)||Bern(q)) < ((pr_q)rz and A, € (0,1]. By construction, fori = S+1,...,a,

Rg(m) 4 Ri(m) > AZT <1P’s <Nz- > g) + P (Ni < T>) > AT exp<(ES[Ni] +1Es[No])163A3>

2 8

which implies

3 A*T 3 A*Tlip
Es[N;] + Es[Np] > 1 > )
s[Ni] + Es[No] = 16A2 Og(S(RS(WHRi(ﬂ))) = 16A2 Og( 16C >

Then we have

Rs(m) > A, Y Es[Vi] + 7Es[Ny]

1=S+1
= 1
> A, 3 sl + Es{i) + (] - Aula = 5) JEsl]
1=S+1
3 2 A TP 1
3a A, TP 1
= 327, 10g< 16C ) + <4 — A*Q)ES[NO] (6)

where the last inequality uses @ > 2S5. On the other hand, we also have

1
Ro(m) 2 7Es[No]. @
When A, < ﬁ, (6) directly gives the desired bound since 1 — A, > 0. When A, > i, we have
6 3o ATP
R > — A, aEg[N
s(m) 2 A, Og( 16C ) oFs[Nol
(M 3« ATP A«
> I — R .
= 324, ( 16C ) 7 Rs(m
Then A A ATl
17A 44 Aa 3« <P
R >_——R > 1
7 Rslm = ——Rs(m 2 557 Og( 16C )
which concludes the proof. O

Theorem A.3. Suppose K > 2S5 and A, < % For any policy w, it holds that

max R, (1) = Q(Smin{A,T,A;'})

v
where the mazimum is taken over all bandit environment v and R, (w) is the expected regret of m under the
environment v.

Proof. Note it suffices to prove the lower bound for the full-information feedback, since a policy can recover
its performance under other feedback by simply discarding observations obtained under full information. Since
K > 2§, we can fix any two disjoint subsets Vp, V1 C [K]| with |Vo| = |Vi| = 5. Write Vy = {ao1,...,a0,5} and
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Vi = {ai,...,a1,5} respectively. We will construct the bandit environments as follows. For index u € {0,1}%,
define the product reward distribution P* = [, 5 Bern(u,) with

+ A, if a = ay, ; for some j € [S]

Lo = if a = a1y, ; for some j € [S] .

O ==

otherwise

Let P, be the probability taken under environment u. Under full information, WLOG, we assume the policy
only pulls arms in Vo UV; that have positive rewards. Consider sampling u € {0, 1}* uniformly. We lower bound
the minimax regret by the Bayes regret:

T S
max R, (7) > 2% E E, | A, E E 1a1—u,,; € Vi (8)
12 :
t=1 j—1

u€e{0,1}5

Now we consider a uniform random variable J ~ Unif([S]). By (8),

T
SA, ZEJ~Unif([S])[]l[a17uJ,J € V]

t=1

max R, (7) > 27 Z E.
“ uwe{0,1}5

T
= SALE s unit([s) 279 Z [Z [a1—u,,7 € V4]

ue{0,1}5

(9)

@a )

For each J € [S] and w, denote u_; as u except the J-th entry, u( ) as setting uy to 0, and u. ; as setting uy

to 1. Let F; denote the history up to the beginning of time t. Then we have

T T

> 1fars € Vi]
t=1

JrE (1)

()
(9) Z SA*EJwUnif([S]) 275 Z Eu(_o),

1lay,s & V4]
u_y€{0,1}5-1 1

t=

= SALE jumir(s) |27° Z Z]P’  (a1,5 € Vil Fe) + ZP o (a1,5 ¢ Vil Ft)

u_;€{0,1}5-1 t=1

(b) _ _
> SAE wumrqsy (27570 Y ZGXP(KL@% UH]P?(% U))
—J —J

u_y€{0,1}5-1 t=1

(© e 6(t —1)A2
> SALE umit(s) |27 Z ZeXp< ) >

u_;€{0,1}5-1 t=1

d < 1_6t—1)A2>

mln{T,A* }
SA, 16 . _
> 1 Z exp (—3> = Q(SA* mln{T, AL 2})

t=1

(a) uses a key observation that, for fixed J € [S], when a;; is optimal (under environment u' J) but
aj1 ¢ Vi, Vi must have included a suboptimal arm (not necessarily aso) and thereby incur regret A.. (b)
applies the Bretagnolle-Huber inequality up to time ¢. (c) follows from the chain rule of KL, the inequality

KL(Bern(p)|/Bern(q)) < (Izl ql)z), and A, € [0, 1]. O

A.4 Minimax Regret Upper Bound

Theorem A.4 (Restatement of Theorem 2.3). Fiz any 6 € (0,1). With probability at least 1 — 0,

R(Alg 1) = O(log2 K\/log(2TK/3) (\/&ST + Sﬁ))
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Proof. Consider the instantaneous regret Zle i — Zaevt g at time ¢. By (1), the instantaneous regret comes
from arms in the active set and can be bounded as:

S
Z,Ui =D e Y (i~ pa) SBVEN Al |- w(N) = 8(S — | ALy Jw(NY) (10)

a€Vy acViNAL,,

where the second inequality follows from Lemma 2. Since | A% | is increasing in ¢ and bounded by S — 1, we
partition the horizon [T] by
l=tg<t; < - <tg=T++1.

For each s = 0,1,...,5 — 1, during the sub-horizon t € [ts,ts4+1), it holds that |AL | = s. Denote T'(n) to be
the number of times when the minimum count N! = n, and recall that N*s is the minimum count at the time
At is updated. Then by (10), the regret is bounded by

con

S—1 N's+1-1

R(Alg1) <8 Y T(n)(S — s)min{l,w(n)}. (11)

s=0 n=Nts

Similar to (4), we now bound the number of times when N* = n, i.e. T(n), by bounding the number of active
arms pulled during these times. Recall that in Algorithm 1, we construct V; by repeatedly choosing the arm
with the most out-neighbors among the least observed arms .4y and removing its neighbors. By Lemma 11 and
12, the active arms we have chosen before observing every arm in Ag, while N* = n, can be bounded by

T(n)(S — | ALy, ) < max{mogff max 6(Gla). S - |Azon|} < max{100alog? K, § — [ ALy} (12)

where §(G|4) is the dominating number of the subgraph G restricted to A, as defined in (28). The maximum
comes from the fact that we experience at least one time step before updating the minimum count N*? (i.e.
T(n) > 1). Then during each sub-horizon t € [ts,ts41), as |AL,,| = s, we have

= 100 log? K
T(n)<T,:= [ T, —‘ (13)
for n = Nt ... N's+1 — 1. On the other hand, by definition, we also have the following constraints. For each
s=0,1,...,8 1,
Nis+1_-1
> T(n) =te —ts (14)
n=Nts

To bound the regret decomposition in (11), we consider the maximization of the right-hand side over the possible
values of 0 = N < N < ... < N7s subject to the constraints (13) and (14), for any given partition
{ts 1s=0,1,..., S}. The maximum is achieved (or upper bounded, if the sub-horizon ¢s41 — ts is not divisible
by Ts) by setting

ts+1 — ¢ —

Nt = Nt 4 [4_;3}, and T'(n) =T (15)
where T, is the upper bound described in (13). To see this, if T'(n) < T for ' some “earlier” n at the s-th
sub-horizon, the right-hand side of (11) can be made larger by increasing T'(n) to T and decreasing T'(N's+1~1)
to satisfy (14), because the multiplicative factor w(n) is decreasing in n. Namely, the target quantity in (11) is
larger if we fill in T'(n) for small n first.

Consequently, the regret in (11) is bounded as

S—1 Nt

R(Alg1) <8 Y T.(S—s)min{l,w(n)}
s=0 p=Nts

S—1

(2 85Ty + LY T.(S—s) (\/N:S“ —1-— \/N,}Es - 1) (16)

s=0
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where (a) uses min{1,w(0)} < 1, the elementary inequality Z J1/VE < 2(yj—+i—1), and for the width
factor L = 164/log(2KT/¢). Now we distinguish into two cases.

First suppose a > S, so

for some absolute constants Cy, C; > 0. Then following (16), we have Coalog®> K < T, (S — s) < Cralog? K for
every s =0,1,...,5 — 1 and

R(Alg 1) < 8Cialog? K + Cy Lalog? Ky/Nis — 1

< 8Chalog + o log E ts ts
! ! pr CoalogzK( ! )

C
\/5'7 aS(T +1)
0
where (b) plugs in the definition of N!s in (15), and the last line simply bounds S —s < S and tg =T + 1.

When a < S, we have T4(S — 5) < C3Slog? K for an absolute constant Co > 0 for every s = 0,1,...,S — 1 and
also T's > 1. Then (16) gives

(c)
R(Alg 1) < 8(100alog® K + S) + C2LSlog® K\/ Ni5 — 1

= 8(100alog? K + S) + CoLSlog® K Z [ s+l = bs ]

M |
&
t
L

< 8(100alog® K + S) 4+ CoLSlog® K

:0
= 8(100alog? K + S) + C,LSVT log* K

where (c) substitutes in T5(S — s) < Cylog? KS and applies the telescoping sum. O

A.5 Suboptimality Results for UCB

Theorem A.5 (Restatement of Theorem 2.4). Fiz any (S, «, K,T) with Sa < K and o > 1. There is a problem
instance under which

R(Alg 2) = Q(LSVaT)

where L is the width parameter used in Algorithm 2.

Proof. Partition [K] into subsets Vi, Va, ..., V,, with [Vi| = [Vo| =+ = [V,_1| =S and [V,| = K — S(a—1) >
S. The feedback graph G = ([K], E) is defined by having each V;, and V, be a clique respectively, for k € [a —1].
To analyze the trajectory of the UCB algorithm, we consider a deterministic reward for each arm. Specifically,
fix any subset V,, C V,, with size |V,| = S. For each a € V}, for k =1,2,...,a, we define a shared, deterministic
reward

1

§+]l[i=1]A—(k;—1)€ (17)
for some small A, e > 0 to be specified later, and let 7, = 0 for any b € VQ\VQ. These “extra” arms Va\Va are
clearly suboptimal and, as we will argue next, are never pulled for more than once. It is clear that the optimal
combinatorial decision is V7, and

Tt,a =

D wi— > ta=S(A+(k—1)) > SA (18)

1€V a€Vy

for any other k£ = 2,3,...,«
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We have a few key observations. First, under any tie-breaking rule and this constructed feedback graph G,
Algorithm 2 initializes every arm to exactly one observation, i.e. there is a time ¢y < a such that ny, , =1 for
every a € [K]. To see why, note that given the graph structure, an arm a € Vj, has n; , = 0 if and only if n,;, = 0
for all b € Vi, at any time t. Meanwhile, there are at least S arms in each Vi, so the algorithm never chooses any
arm ¢ with n, . > 0 whenever there is an arm a € [K] with n;, = 0. These imply the existence of the time ¢,
at which every arm is observed exactly once. The existence of such tg, together with the deterministic rewards,
allows us to precisely describe the algorithm’s trajectory thereafter.

Due to the feedback structure of G, if two arms a,b € V;, or V, are in the same clique, then Ntq = Ngp for all t.
Thus we are guaranteed the following:

e The algorithm never pulls any arm from V,\V,, since V,, C V, are the S arms with (alwaysl higher UCB
(i.e. V,, share the same observation counts but have higher observed empirical rewards than V,\V,,).

e The algorithm will only pull one of the cliques {V7, Va,...,V,} at each time, due to the deterministic choice
of rewards in (17) and if the reward is distinct for each clique, i.e. 7, > rip if a € V; and b e Vj for ¢ < j.

Before proceeding to the exact proof, we give an intuition of why UCB fails under the constructed problem
instance above. As demonstrated above, the selection rule of UCB guarantees that only one of the « cliques
will be selected at each time ¢, due to the lack of explicit exploration. The number of observations collected is
always S at each time. In contrast, our proposed elimination algorithm (Algorithm 1) explicitly leverages the
fact that the sub-optimality gap of every clique Vj is of the same order, so it will be forced to distribute the S
selection budget over different cliques, paying an instantaneous regret of the same order as selecting only one of
the cliques. This is beneficial under graph feedback, as now the number of observations collected is min{S?, K}
i.e. every arm is observed. The speed of information collection is roughly S times faster, shaving the regret by
a factor of v/S. At a high level, this example highlights that the implicit exploration in UCB is insufficient to
optimally exploit general graph feedback.

Now we rigorously present the lower bound proof. The exploration-exploitation trade-off is captured by the
fact that UCB needs to pull other cliques to realize that they are suboptimal, which incurs sub-optimal regret
crucially because UCB always focuses on only one of the cliques. Let t; denote the last time at which V; is
pulled, and n, 1 < t1 denote the total number of times V; is pulled. Due to the reward gap described in (18),
we have

R(Alg 2) > (T — ny, 1)SA. (19)
In addition, since V7 has the largest UCB at time ¢, for every k = 2,3, ..., a, the other cliques have a smaller
UCB:
1 L 1 L
-+ A+ > - —(k—1e+
2 A /ntl’l 2 1/Tltl_’k
1 L
> - —ae+ (20)

2 VAL TN

where ny, ;, denotes the observation count of any arm of the clique V at time ¢;, since they are the same. Recall
that the observation count of a clique Vi equals the number of times it gets pulled.

Under our graph structure, T' — ny, 1 = > p_o My k- S0 (19) translates to
[e3%
R(Alg 2) Z SAng, 1. (21)
k=2

For the sake of simplicity, we write ' — ny, 1 = ¢TI for some ¢ € [0,1]. Choose A = Ly/a/(4T) and € =
L+/1/(4aT). Then we have A + ae = Ly/a/T. By (20) and some algebra,

(Vo) =



Optimal Arm Elimination Algorithms for Combinatorial Bandits

for every k = 2,..., «, which implies

Then (21) becomes

-1 «
R(Alg 2) > LSVaT————— > LSVaT————. 22
(Alg 2) = Ya+ )~ 8(a+ 1) (22)
Meanwhile, (19) gives a trade-off lower bound
cL
R(Alg 2) > ?S\/aT. (23)

When c € [0, 3], (22) gives

«
R(Alg 2) > LSVaT—% > >
(Alg 2) 2 LSVaTgray 2 15 atl” 32

and when ¢ € [1,1], (23) gives
L
R(Alg 2) > 7 SVaT.

Since they hold simultaneously, the regret R(Alg 2) is lower bounded by the maximum of the two, which concludes
the proof. O

A.6 UCB Regret Upper Bound under Full Information

Theorem A.6. Suppose we have full-information feedback. Let L = \/log(2KT/§). With probability at least
1-4,
R(Alg 2) = O(S+/10g(2KT/0)T).

Proof. WLOG, suppose the event in the concentration result Lemma 1 holds. The number of observations for
every arm a € [K] at time ¢ is t — 1 under full-information. Fix any i € [S]. Consider the i-th arm a, (;y with
the largest UCB (if there is a tie, consider the selected ones with arbitrary ordering) and compare with the arm
i. Suppose a; ;) > i. By the pigeonhole principle, there exists an arm j < ¢ such that 7 ;) > 7 ;. Then by
Lemma 1,

L L L L
apy STt (i) — —F—= 2Tt — > py—2 >y — 2 .
Haww =T60) = gy =T T T S T A T T AT
The instantaneous regret at time ¢ is thus bounded by
s s s I I
S e Y e €3 W > (0~ ) <23 My > il <25
i=1 a€V, i=1 i=1

Then the cumulative regret is easily bounded as

T
L
R(Alg 2) <28 min{l,}§45 log(2KT/6)T + 28S.
(g2 <253 T | < 45V/105CKT/o)

B COMBINATORIAL BANDITS WITH LINEAR CONTEXTS

This section provides proofs for the results in Section 3.
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B.1 Proof of Lemma 4

Lemma 9 (Restatement of Lemma 4). Suppose the event in Lemma 3 holds for every t € [T] and stage h € [H].
For each time t, the following events holds in Algorithm 3 for each stage h € [H|:

(A) The top S — |V;(h71’3)| arms of V*,t\V;(hfl’g) are in Ay, i.e. remain uneliminated.
(B) The confirmed arms are optimal: Ut(h’2) C V*yt\Vt(h’l).
(C) Let igft) = argmin{0, z:, : a € Ay} denote the optimal active arm. For every a € Ay, it holds that

0, o — 0w, <16-27".
it

Proof. We will prove the result via an inductive argument. At h = 1, the claims (A) and (C) trivially hold.

We first show that claim (B) holds for any stage h € [H] conditioned on (A). By the time of step (2), the width
of every remaining active arm satisfies wt(};) <2 forac Ah\V;(h’l). By claim (A), the top S — |Vt(h’1)| arms of
V*,t\Vt(h’l) remain in the active set Ah\Vt(h’l) = A;I\Ut(h’l)7 since the number of selected optimal arms in step (1)
of Algorithm 3 is no more than the number of selected active arms Ut(h’l); denote the set of these arms as St(h) for
simplicity. Intuitively, this subset of optimal arms serves as the benchmark that the arms added to V; later will
be compared against. Under the concentration event in Lemma 3, if any remaining active arm ig € Ah\V;(h’l) is
confirmed, by definition

ORI
’ TasiMy
By the pigeonhole principle, there exists an optimal arm j € St(h) with ?y;) er;hj) < ?g’;) + ™,

P where
(s™p (s

az‘k) is the arm with the k-th largest ?(t]fl) + wﬁ’j} by definition in Algorithm 3. Then we have
szt,io > ?ﬁ,}z)o - wg iQ

(@)
; AOREP)

sy
> 7t o 42.97h
TasMy sy
~(h) (h) —h
2Ty Twy +2-2
> G*Tl‘tJ

where (a) follows since ig € Ah\‘/;(h’l) implies w!™) < 2=h. This leads to iq € St(h) C Vi, and proves claim (B).

t,i0
It also shows that the confirmed set Ut(h’2) C St(h) never covers all remaining optimal arms, much like Lemma 7

in the graph-feedback case.

Next, we show that the claims (A) and (C) for stage h hold conditioned on (A,B,C) at stage h — 1. Since
ziht) € Ah\Vt(h’z), it is not confirmed in step (2) at stage h — 1, so
;,‘(hil) < ~(h—-1) 4+ 4. 2—(h—1).

.(h —
til") b s

(h—1)
t,a

Recall that a, (gm-n)) is the arm with the \S§h71)|—th largest UCB ?gﬁ;l) +w
) t ’

confirmation step (2), and a

at the beginning of the

L1 is not confirmed by definition of step (2). In addition, observe that
BN

Gy (15D = Gy (15D because every arm confirmed and selected in step (2) has a larger UCB than ay (jghD)’

If ¢ is confirmed in step (2), then

(1) | (he1) () ey ()
Tei  tWe T >Tie o, T 4271 4 wy
1,(sh=D)
(h-1) (h=1)
> +w .
by (st Ba sty
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After the elimination step in (3) at stage h — 1, we get the active set Aj. Recall that wt( g 1 < 9=(h=1) fop every
arm a € Ay, C Ah,l\Vt(h_l’l). Thus

0w > 71y D —2 D S R0Y g g
2,(s{h=))
= plh—1) _ (h-1) < ~(h=1) o o—(h—1)
Tt 1(s" D) 52 = 71'2) s

>0z, 0 —8-27("1

which proves claim (C) for stage h.

To show (A) for stage h, conditioned on (A) at stage h — 1, we have

|(Ah—1\vt(h—1,3)) N V*,t‘ — |(Ah—1\(Ut(h_l’1) U Ut(h_1,2))) ﬂ V*,t|
> |Ap_1 N Vig| — =1 Ut(h—1,2)|
S — |Vt(h—273)| _ \Ut(h_l’l) U Ut(h—1,2))|
=5 - |Vt(h_2’3) U Ut(h_l’l) U Ut(h—1,2))| -5 M(h—l,g)| (24)

where the first equality holds because Vt(hﬂ’g) has been removed from the active set Aj_1, and the last inequality
uses (A) at stage h — 1 (recall that V;(hfm) = Vt(hfl’g)). Let Et(hfl) denote the top S — |Vt(h71’3)| arms in
A;L_l\Vt(h_l’?’) (which is defined at the end of step (2) at stage h — 1, as opposed to St(h_l) defined at the start of
step (2)). By (24), Et(h_l) C Vi, is optimal. For any arm i € Et(h_l), by the pigeonhole principle again, there is

(h=13) 47D 5 ) (h=1) _ 9—(h-1)

another arm j € A, _1\V, that satisfies 0] x; ; < 0] x;,; an 2 Tia | oy, - Since wg,
2,(e" ")

for every remaining arm a € Ah,l\‘/;(h_l’g) at the time of elimination, we have

7¢(tf; 1) > G*Txm- _9—(h-1) 5 Q*wa_ _o=(h=1) > ;{tz—l) _9.9-(h=1)
> D —9.9-(h=1)

t,a*
A=)

As a consequence, this arm i € Et(h_l) is uneliminated by the end of stage h — 1, i.e. Et(h_l) C Ay, which proves
(A) and hence completes the induction. O

B.2 Regret Upper Bound

First, we state an elliptical potential lemma for the batched contextual bandits. It allows us to upper bound the
sum of the self-normalized confidence widths defined in Algorithm 4.

Lemma 10 (Lemma 3 in Han et al. (2020)). Fiz any collection of d-dimensional vectors {{x+.¢}ee(r,) re[r) with
lzselle < 1. Suppose Ly < L for every t € [T] for some L > 0. Define

At = I+Z Z ZL'&[IITZZ.

s<t £e[L,]

T
N el < VI0log(T + 1) (VaT + avL).
t=1 "\ Le[L,]

Now we are in the position of proving the near-optimal regret upper bound for Algorithm 3.

Theorem B.1 (Restatement of Theorem 3.1). Algorithm 3 combined with Algorithm 4 achieves

It holds that

R(Alg 3) = O (log(ST) VIog(2KT)(VdST + dS)).
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Proof. WLOG, we assume the event in Lemma 3 holds for every t € [T]. First consider the instantaneous regret at
time t. Since zi t) = argmin{0, z; , : a € Ap,} is the optimal active arm at stage h, by the first claim in Lemma 4,
ii}?t) € V.. To bound the instantaneous regret, we will define a partition of the optimal V, ;: Let G,Eh) C Ay,
denote the top S — \%(h71’3)| arms in Ay, (as in the first claim of Lemma 4) and define V*(,]Z) = Ggh)\GEhH) the
optimal arms that are in the top optimal arms at stage h but are not the top ones at next stage h + 1. Observe
that GEhH) - Ggh) as the size S — |Vt(h71’3)| is decreasing. By Lemma 4, Ggh) C Vi, and by definition we have

|G§h)| =5- |Vt(h_1’3)|. Since Ggl) = V.1, we have
V= 1Vedl =162 = 8 = (8 = VM) = v 1)
and recursively
V=16 = 168D = vV — v = (oD o™ U (1 = HU )],

which matches the number of newly added arms to the decision V; during stage h. By definition, 6, 2 £il") > 0] 2,

for any i € V(t) C Aj, since z(ht) is the optimal active arm at stage h. Then we can bound the instantaneous

regret using this partition:

H

ST0Twi =Y 0laa=> " Y 07w - > 0 xa |- (25)

i€V acVy h=1\ ey eV I\ y (= 1®)

(

Recall that the confirmed arms are optimal i.e. U, h2) C Vi for every stage h € [H], by Lemma 4.

We now show U(h 2 ¢ V(h) By step (2) at stage h, every remaining arm a € Ah\V(h Y has a width w(h) <27h
By pigeonhole principle, there is an arm j € A, with 6 2, g 0] x 4+ and Then if arm ¢ is confirmed in step (2),

we have

T ~(h) (h) o ~(h) ~h (h)
0, i > Tei — Wiy > Tta . T 4-27" —wy;
1,(S—|vy ]
h h —
—?g,) (h,1) +wt(,a) (h,1) +2-2 "
L(S=1vy 7D L(S=1vy 7D
h h —
ﬁaa) (h—1,3) t(@) (h—1,3) + 2-2 "
1,(8—|Vvy gl 1,(S—|Vy D

Q)
RS
29* It,j+2'27h >0Ixt,j-

n (a), by pigeonhole principle, there is an arm j € Ggh) that satisfies HIxt,j > Gjmml oy 1) but ?(t’;)
’ t
t(';) < ﬁ +wt(};) , i.e. the expected reward is better than the benchmark, but the UCB

15— v 13’\) 15— {3

is smaller, because G ) is the top S — \Vt(hfl 3)| arms in Ay, in terms of expected rewards. Then 9:—3&,1‘ > QIxt,j
implies 7 € G( ) and thereby Ul? G(h)\G(h+1) V*(}tL).

We can proceed to remove Ut(h 2 from both the optimal arm partition V(t) and the arms selected by the learners
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at each stage h in (25). This leads to

H
Z 91—1}’1‘ — Z QIxt,a = Z Z HI(Et’i — Z GIxt,a

i€Vi a€V; h=1\ sev\u eV MO\ Y18 ()
H
® Z T T
< E 0, x, i = E 0, Tt.a
h=1 \ jey iy eV PO\ Y1) ()
H
Z Z T T Z T T
< (9* z, i 0, xt’a) + (9* z, G 0, xt,a)
h=14ey D - acUHO -
H
(c) H 16
— ,0
<16y > 27|y ”ﬁ
= h,1
h=1 ey
H
(d) (h) S
<16) Y w16 =
= h,1
h=14ey{rv

where (b) follows from the definition that iffft) is optimal active arm in A; DO V*(,IZ), (c) applies property (C) in
Lemma 4 and the fact that every arm in Ut(H’O) has width < 27 and (d) is by the selection criterion of Ut(h’l) in
Algorithm 3 such that wt(};) > 27" for every a € Ut(h’l). In particular, by the choice of H = log(v/ST), Lemma 4
implies
16
0z, i — 0w, <16-277 < —

VST
for every a € Ut(H’O).
Then the cumulative regret is bounded as follows.

H T
R(Alg3) <16VST+16> 3 > wf)

h=11t=1 ycy (D)

< 16V/ST +32(1 + B) Z ||$t,a||(A<m)—1

h=1t=1 ant(h,l)

where A,Eh) =1+ .42
the sum, note that

acad™ (s) xsyaxla is the Gram matrix for stage h, as defined in Algorithm 4. To handle

Z Hﬂft,aH(A(h))*l < Y& Z [ \QA(M -1
acU®h ¢ acU ™) ( t )
S\/E Z ||xt,a||2 (n)\ 1t
(h) (At )
aECPT_H(t)

where the first inequality is by Cauchy-Schwartz inequality and that |Ut(h’1)| < S, and the second follows from
Ut(h’l) C @gph_?_l(t) as Ut(h’l) is added to the index set at step (1) in Algorithm 3. Finally, we have

H T
R(Alg 3) <16VST +32(1+8)VSY > | Y

=1t=1 h
h=1t=1\ aeal), ()

Y 16VST + co log(ST)/og @GR TIVS (Var + avs)

where (c) follows from Lemma 10, with some absolute constant c¢g > 0. O

||It,a||2(A§h))—l
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B.3 Minimax Lower Bound

Theorem B.2 (Restatement of theorem 3.2). Suppose K > 2S and T > max{4dS, %} For any policy m, it
holds that

. II{laX , R(7) = Q(VdST)

*,1Tt,a

where the mazimum is taken over all problem instances as described in Section 3.1.

Proof. Fix any policy m. We will prove the lower bound by a reduction argument to the combinatorial bandits
under graph feedback.

(d > 2S). First suppose d > 25. WLOG, let d = 2nS + 1 for some n > 1. We partition the horizon [T] into n

sub-horizons of equal length % (WLOG, suppose % is an integer). Specifically, define

T
tlzl, tj+i:tj+g

and the j-th sub-horizon be Tj = [t;,t;41).

Let e(k) € R? denote the one-hot canonical basis [0,...,0, 1 ,0,...,0]". The context sequence over sub-horizon
k-th

T; is defined as follows: for arm a € [K], let x;, = ( (I)+e(l+(j—1)2S+a)) for all t € T;. Then during

Tj, the expected reward of every arm a is Hjxtya = 0* 1+ \[9* 1+(j—1)25+a = %9*’1 + Agj) which is a

constant over this sub-horizon, i.e.

0, = 6,1, A A AP AR AP Al

relevant during 77 relevant during T5

The reward 74 ~ Bern(@j Tt q) is drawn from a Bernoulli distribution.

Consequently, the regret of policy 7w can be decomposed into the sum of regrets of n independent sub-problems
over the n sub-horizons. During each T}, the learning problem now becomes a combinatorial semi-bandit with
Bernoulli rewards. Following the lower bound construction in Theorem 1.3 of Wen (2025), for any j € [n], there
is an instance with 6, ; = 2—\1@ and 0 < A((zj) < 6—14\/%; = é\/E such that the regret of policy m over T is
Q(1/(25)5|T}]), subject to |T;| > (22) The constraint |Tj| = (QS)T > (25) is satisfied since T' > 45d. Then
the total regret over the n sub-horizons is bounded by

>ZQ<\/W) Q(dS 52 S_T1> o(V(d—1)ST) = (VdsT)

when d > 2S5. We can verify that the parameter norm is

1 d—11
2—7 [
1612 = s T 208 T =

as T > 4S5d > 1024
(1 < d < 25). Now suppose 1 < d < 2S. We instead consider the entire horizon [T'] with the following
construction. For arm a € [d — 1], let z;, = %(e(l) + e(1 + a)) so its expected reward is 6] z;, = %9*71 +
%9*71+a. The reward 7¢ 4 ~ Bern(@jmw) still follows a Bernoulli distribution. For a > d, let 7, , = 0 by setting
2¢,q = 0. Note that this problem reduces to a combinatorial bandit with graph feedback, and the feedback graph
G includes edge a — a’ only when both a,a’ > d — 1 (which share the same mean reward 0). Following the
construction in Theorem 1.3 of Wen (2025) again gives a regret lower bound Q(+/(d — 1)ST) = Q(dST') subject

(d=1)° 5
to 7' > {1,

®Note that the lower bound Q(S+/T) in Wen (2025) does not appear in our case. For this part of the lower bound, Wen
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(d =1). Finally, consider the special case d = 1. Since K > 25, we can partition the arms into two subsets V
and Vp, with V4| > S and V| > S. For a € V., let the context be z;, = A for some A € (0, 3] to be specified
later, and let ¢, = 0 for a € V. For each arm a, the reward is drawn from a scaled Bernoulli such that

Tta =

)

. . 1+60.z a

1 with probability ———* .
—1 otherwise

We will consider two environments indexed by 6, € {—1,1}. Since the contexts are time-invariant, the expected

reward for arm a is p, = 6.2, = La € Vi]0.A. Let P (resp. P_) denote the law of the policy m under

environment 6, = 1 (resp. 6. = —1), and the expectations E; and E_ respectively under each law.

The regret under environment 6, = 1 is denoted by Ry (7) > AE,[Ng], and the regret under environment
f. = —1is R_(7) > AE_[N,], where Ny = Y21, [Vi N V| and Ny = S, [V, N V| = ST — Ny count the
number of pulls in the set Vy and V, respectively. Let 6, be drawn uniformly from {—1,1}. The minimax regret
is lower bounded by the Bayes regret

> — (ST —EL[Ny]+ E_[N4]). (26)

Let RT = {r;, :t € [T],a € [K]} denote the generated reward sequence. By Pinsker’s inequality and the chain
rule of KL divergence, we have

E.[Ny] — E_[N,] < ST\/ SKLE_ (RT) [P, (RT))

T
= ST\ L3 S B (RKL(E (R [y (] B) (27)

t=1 Rt—1

where 1t = {r;, : a € [K]} is the generated rewards at time ¢. Since the feedback is semi-bandit, the observed
distribution only makes a difference when V; N V4 # &. Denote V; = {vy1,...,v: g} Thus we have

T T S
_ _ _ 1 1+ A
Z Z ]P),(Rt I)KL(P,(Tth 1)||P+(Tt|Rt 1)) — ZZEi[]]_[Ut’S € V+]]KL(BGTH<2> ||B61"H<2>)
t=1 Rt—1 t=1 s=1
(8) g 4N?
< ZZE—[MU’*S S V+HT
t=1 s=1
4
< -A%ST
<3 S

where (a) uses the inequality KL(Bern(p)||Bern(q)) < ((pr_q();’ and A € (0, 1]. Plugging back into (27) gives

4
E{[Ny] ~E[Ny] < ST 3 A25T.

Then we have the lower bound in (26) to be

A 4 AST 4
R(m) > 2 s7— 574/ 2a2sT | = 225 (1 -\ /2a2s7).
o max R(m) = 5 <S ST\ A% ) 2 ( 38 )

Take A = 1/v12ST € (0, 3], we have maxg, (4, .3 R(7) > @ This concludes the proof. O

(2025) directly adopts the full information lower bound Q(S+v/T) from Koolen et al. (2010), whose construction crucially
relies on the fact that no two arms share the same reward mean (at least not to the learner’s knowledge). This is however
not the case here, as the learner can cluster these one-hot contexts and identify which arms share the same mean. If n
arms are known to share the same mean or share the mean up to some known scalars, there are roughly n times more
observations for each of those arms, leading to an n times faster concentration.
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C CONSTRAINED DECISION SUBSETS IN SECTION 4

As promised in Section 4, we consider a potentially constrained decision subset Ay C (Ug]) and another
elimination-based algorithm.

Algorithm 5: Combinatorial Arm Elimination (Wen, 2025)

1 Input: time horizon T, decision subset Ay C ([Isq), arm set [K], combinatorial budget S, feedback graph
G, and failure probability § € (0,1).
2 Initialize: Active set A, + Ap, minimum count N < 0, time ¢ < 1.
Let (7¢,4,7¢,4) be the empirical reward and the observation count of arm a € [K] at the end of time ¢.
For each combinatorial decision V' € A, let 7y =D Tt,q be the empirical reward and
Ngy = Minge, Nt,q be the its observation count.
while ¢t < T do
6 Let Ay < {V € Aaet : ne,y = N} be the decisions that have been observed least.
7 Let Uy ={a€[K]: IV e Ay witha € V} =Uycy, V-
Find a minimal set of decisions {V4,...,V,} C Ap such that U; C U?,_; Nout (Vin).
9 for m =1 ton do

oW

acV

5]

10 Select decision V,,.

11 Collect feedback {r:, : a € Nout(Vin)} and update (7¢,q,7¢,4) accordingly.

12 Update time t + ¢ + 1.

13 Note by the choice of {V1,...,V,}, now minye,,, ne,yv > N.

12 | Update the minimum count N < minye 4, ni .

15 Let 7t max < maxy e, 7t,v be the maximum empirical reward in the active set.
16 Update the active set as follows:

log(2KT/d
-Aact <~ {V c -Aact : ’Ft,V Z ft,max —-28 mg(/)}

N

Before presenting the regret guarantee, we remark that finding a minimal set of decisions {Vi,...,V,,} that
covers the set Uy in Algorithm 5 can be computationally hard in general. Therefore, the final algorithm can be
inefficient.

Theorem C.1 (Restatement of Theorem 4.1). Fiz any § € (0,1). With probability at least 1 — ¢,

R(Alg 5) = o(log@KT/a) 5;“)

where k is defined as in (2) and A, is the reward gap between the optimal and the second optimal decisions in

Ap.

In particular, there is a subset Ay under which

2
min max R, (7) = Q (log(T) ili)

where the maximum is taken over all bandit environments v.

Proof. WLOG, suppose the confidence bound in Lemma 1 holds. Let N* denote the minimum count N at the
end of time ¢, and w(n) = 4/log(2KT/d)/n denote the confidence width. For a decision V' € Ay, define its
expected reward as py = ),y Mo Then we have the following two observations:

(1) The optimal decision V; € A, always remains uneliminated. This follows from
Fev. > py, — Sw(NY) > py — Sw(NY) > 7y — 2Sw(N')

for any other decision V € A,.
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(2) At any time ¢, any active decision V' € A, satisfies py, — py < 4Sw(N?). This follows from
pv, <7y, + Sw(N') <7y + 3Sw(NY) < py + 4Sw(N?)

for any V € A, by the elimination criterion.

Define a layer L, == {V € Ay : V is selected when the minimum count is N* =n} C Ay C (US{]). Note that
when 4Sw(N?t) < A,, the active set contains only the optimal decision, so

165%log(2KT/9)

max{n >1:|L,| >1} < A2

= M.

We have |L,| < k by the choice of V; in Algorithm 5. Then the cumulative regret is bounded as

M

R(Alg 5) < S|Lo| + Z Z (Hv. — pv)
n=1VeL,
M

< Sk+48> " |Ly|w(n)

n=1
< Sk + 8Sk/1og(2KT/5)V'M
S2k
-

= Sk + 321og(2KT/5)

*

For the second claim, Kveton et al. (2015) shows the following in their Proposition 1. Under a subset A
that partitions the K arms, ie. VV1,Vo € Ao, ViNVa = & and 3 4 [V| = Q(K), the minimax regret is
Qlog(T)KS/A,). Under this subset, we have k = Q(K/S) and hence S?k = Q(SK) recovers the minimax lower
bound. O

D AUXILIARY LEMMATA

We first define the dominating number as a relevant graph-theoretic quantity. For any directed graph G = (V) E),
the dominating number is defined by the cardinality of the smallest subset whose out-neighbor covers the entire
graph:

0(@) =min{|D|: D CV and V C Now(D)}. (28)

For any directed graph G = (V, E), consider the following greedy approximation algorithm that finds a domi-
nating subset: one starts with an empty set D < &, recursively finds an “unobserved” node v ¢ Nou (D) that
has the largest out-degree in the remaining subgraph on V\ Ny, (D), and add it to the set D «<— D U {v}. The
following result characterizes the performance of this well-known approximation.

Lemma 11 (Chvatal (1979)). For any directed graph G = (V, E), the above greedy algorithm gives a dominating
subset D C 'V that satisfies
|D] < (1+1og [V])6(G).

Lemma 12 (Lemma 8 in Alon et al. (2015)). For any directed graph G = (V, E), it holds that 6(G) <
50log |V]a(G).



