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Abstract

Traditional reinforcement learning usually assumes either episodic interactions with resets or continu-
ous operation to minimize average or cumulative loss. While episodic settings have many theoretical
results, resets are often unrealistic in practice. The infinite-horizon setting avoids this issue but lacks
non-asymptotic guarantees in online scenarios with unknown dynamics. In this work, we move
towards closing this gap by introducing a reset-free framework called the periodic framework, where
the goal is to find periodic policies: policies that not only minimize cumulative loss but also return
the agents to their initial state distribution after a fixed number of steps. We formalize the problem
of finding optimal periodic policies and identify sufficient conditions under which it is well-defined
for tabular Markov decision processes. To evaluate algorithms in this framework, we introduce the
periodic regret, a measure that balances cumulative loss with the terminal law constraint. We then
propose the first algorithms for computing periodic policies in two multi-agent settings and show
they achieve sublinear periodic regret of order O(T3/ 4). This provides the first non-asymptotic
guarantees for reset-free learning in the setting of M homogeneous agents, for M > 1.
Keywords: Online learning, Markov decision processes, infinite-horizon, terminal law constraint.

1. Introduction

Markov Decision Processes (MDPs) have long been used to model Reinforcement Learning (RL)
problems, where one or more agents interact with an environment by taking sequential actions,
leading to state transitions and observed losses. Typically, the agents interact with the environment
over episodes of fixed length or until a termination condition is met, after which they are reset to
an initial state drawn from a fixed initial distribution, which is known as the episodic RL setting
(Rosenberg and Mansour, 2019; Jin et al., 2020; Luo et al., 2021). Alternatively, the agents may
operate continuously without resets, and the learner aims to minimize either the long-term average
loss (infinite-horizon average-reward setting (Jaksch et al., 2008)) or the total loss over a specified
number of steps (infinite-horizon setting (Neu et al., 2010)). The episodic framework for online
MDPs is well studied, with many algorithms giving theoretical guarantees for adversarial losses and
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unknown dynamics, but with the disadvantage of requiring agents to be restarted. On the other hand,
the infinite-horizon framework is more realistic but more difficult to solve, as finite-time guarantees
for online tasks have only been shown when the dynamics are known (Dai et al., 2022).

In an effort to bridge the gap between the well-studied episodic setting and the more realistic but
less theoretically developed infinite-horizon setting, we introduce the periodic setting, a reset-free
framework where the goal is to learn a policy that minimizes the total loss while ensuring that,
after a predefined period of time steps, the agents return to a state distribution equal to their initial
distribution. We refer to a policy that satisfies this condition (returning the agents to their initial
distribution after a fixed period) as a periodic policy (formally defined in Sec. 2). We call each such
period an episode, though unlike in episodic RL, there are no resets: learning is continuous, as in
infinite-horizon RL, but with the requirement of returning to the initial distribution. This setting
allows us to establish the first non-asymptotic guarantees for learning without resets in the case of M
homogeneous agents with M/ > 1 (see Table 1 for a comparison with existing approaches).

Motivations. The reset-free periodic framework provides a practical approximation to infinite-
horizon problems by considering a restricted, more tractable class of policies, which in turn allows
finite-time guarantees in online settings with unknown dynamics. An example of a real-world
problem that fits this model is that of energy demand control in smart grids. As storing energy is
challenging, thermostatically controlled electrical devices, such as water-heaters, can adjust their
consumption to help balance supply and demand (Moreno et al., 2025a). For that, an electricity utility
sends signals through smart meters to control devices’ On-Off states so that their average consumption
follows a target profile consumption, with each device’s state defined by its temperature and On-Off
status. Daily control is needed, but episodic algorithms fail because devices cannot be reset to the
same temperature distribution each day, while infinite-horizon methods fail to handle adversarial
losses or unknown transitions caused by supply fluctuations and unknown user behavior. A periodic
framework is better suited: devices naturally follow daily cycles, and optimizing over periodic
policies enables infinite-horizon control without resets. The periodic framework also provides a
natural model for tasks that inherently exhibit periodicity. Consider, for instance, autonomous robots
operating in a warehouse, tasked with transporting and sorting goods. Given a list of assignments,
their goal is to maximize task completion within a limited time while ensuring they autonomously
return to their charging station at the end. The robot’s state refers to their position, and all other
factors are captured within the objective function.

Challenges. The main challenge of finding the optimal periodic policy arises when the environ-
ment dynamics are unknown, forcing the learner to rely on estimates to compute a policy. As a result,
the learner cannot guarantee that the computed policy is truly periodic, i.e., if it returns the agents to
their initial distribution in the true environment. This can cause the agents to drift gradually over
successive episodes, potentially preventing a return to the initial distribution.

Outline and contributions. In this paper, we introduce and study the problem of computing
periodic policies in online MDPs with unknown transitions and adversarial loss functions, i.e., that
can vary arbitrarily across episodes and are unknown to the learner in advance (Even-Dar et al.,
2009). In Sec. 2 we formally define the problem of finding an optimal periodic policy and identify
sufficient conditions on the MDP for this problem to be well-posed. To evaluate the performance of
algorithms designed for this setting, we introduce a novel metric, the periodic regret. In Sec. 3 and 4
we design algorithms for computing periodic policies in environments with unknown dynamics and
adversarial losses, considering the case of M > 1 agents under two distinct settings, each based on
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Framework Resets | Transition Algorithm Regret
Episodic v known Zimin and Neu (2013) 5(N\/T)
anknown Neu et al. (2012) Q(NZ\X\ [AIVT)
Rosenberg and Mansour (2019) O(N?|x|/|AIT)
Infinite-horizon X Even-Dar et al. (2009) (ergodic) O (2VT)
known | Chandrasekaran and Tewari (2021) (commu.+ ineff.) O (D2 \/W)
Dai et al. (2022) (commu. + eff.) O(|A|Y/2(|X|D)>/3T5/6)
Zhao et al. (2022) (ergodic) O(V7T)
unknown None
Periodic (this work) | X | MDPP-K (Alg. 2) (Ass.2) O((1 — a) " V2N3| A4 x [/AT3/4)
MDPP-U (Alg. 3) (Ass. 4) O((1 — a) " N3|A|V/4| x[5/AT3/4)

Table 1: Online MDP frameworks with theoretical guarantees under adversarial losses and stochastic
transitions; all notations are in App. A, 7 = —(log(c)) ™!, D is the MDP diameter, ‘commu.’ denotes
a communicating MDP, ‘ineff.” an inefficient algorithm, and ‘eff.’” an efficient one.

different underlying assumptions. We show both cases achieve a periodic regret of order 5(T3/ 4
while having low computational complexity. We present empirical results in Sec. 5.

2. The learning problem

Our first contribution is to formalize the task of finding an optimal periodic policy and to establish
sufficient conditions on the MDP under which this problem is well-defined. To address a broader
range of tasks, such as those explored in our experiments (Sec. 5), we formulate the problem within
the convex RL framework (Hazan et al., 2019; Geist et al., 2022), meaning that we consider any
convex loss over the state-action distribution induced by the agent’s policy, rather than linear losses
(classic RL). Notations: For any finite set S, we denote by As the simplex induced by this set, and
by |S| its cardinality. For all d € N, let [d] := {1,...,d}. Let || - |1 be the L; norm, and for all
v := (Un)ne[n]» Such that v, € RIFIMI we set [|v]] o1 := sup,en] [|vnll1. We denote the index of
an episode by ¢, and a time step within an episode by n. A list of notations is in App. A.

2.1. Preliminaries: finite-horizon (convex) MDP

For clarity, we define here the structure of a Markov decision process (MDP) within an episode
without the notation ¢. We define a MDP with finite state and action spaces X and .4, a horizon
of length IV, an initial state-action distribution p € Ay 4, and a time-dependent dynamics p :=
(Pn)ne[n)> With pp, + & X A x X — [0, 1] the probability transition function at time step n where
pn(2'|x, @) denotes the probability that an agent moves to state 2’ when performing action « at state x
at time step n. The agent chooses an action at time step n by sampling from a non-stationary random
Markov policy 7 := () ne[n], With 7, : X' — Ay, and ay, ~ 7, (-|75). We let 1T := (A )N
denote the space of policies. We define the state-action distribution sequence p™ := (un” )ne[ N
induced by playing the policy 7 and starting at the initial distribution p recursively through the
following forward equation for all (z,a) € X x A, with uj”(z,a) := p(z,a), and for all n € [N],

pn 1 (2, 0) =3 o i (@, @)y (2], ') (al). (1)
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At each time step, the learner incurs a loss f,,(un”), where f,, : RY *A 5 R is any convex and
¢-Lipschitz function with respect to the norm || - || in the state-action distribution. The learner’s objec-
tive is then to find a policy 7 that minimizes the loss F'(u™") := Zivzl fn(un?). This formulation
is known as the convex RL problem (Moreno et al., 2024). In the case where f,, (1) = (€y, ) for
£, : X x A — R aloss function, we retrieve the classic RL case (Zimin and Neu, 2013). Considering
a general convex function over the state-action distribution instead of a linear one increases the range
of applicable scenarios, for example the energy optimization task discussed in the previous section
(Coffman et al., 2023; Moreno et al., 2025a) where the loss is typically quadratic on the distribution,
as well as the experiments in Sec. 5, where we compare our methods with episodic RL approaches
by incorporating a regularizer into the loss function of the episodic algorithm, thereby breaking the
linearity of the RL problem.

Note that F' is not convex on the policy 7. To convexify the problem we introduce the set of
sequences of state-action distributions initialized with p € Ay« 4 and satisfying the dynamics p:

M = {u 1= (Un)nen) | Ho = pand Y-, pn+1(w,a) =32 o pn (2, )pnyr(z|2’, a’) } )

Since M’; is a set of affine constraints, it is convex (Puterman, 2014). For any p € MP . there
is a policy 7 such that ™ = p. It suffices to take m,(alz) = pn(x,a)/ >, pn(x,d’), if the
denominator is non-zero, and arbitrarily defined if not. Thus, finding an optimal policy minimizing
F(p™*) (a non-convex problem) is equivalent to minimizing F'(u) over M% (a convex problem).

2.2. Periodic policies

For n € [N], let y,, := (zp,an), and for all 7 € I1, let P (yn—1, Yn) := Pn(Tn|Yn—1)mn(an|x,) be
the probability to move from ¥,,_1 to ¥, when following 7. We introduce for all yg, yy € X X A,

Pr(yo,yn) =22y, PI(Yo,y1) - 2,y PRoi(YUn—2,yn—1) PR (Yn-1,YnN), 3)

as the probability to move from the initial state yg to the final state yy. Interpreting P as a
|X||A| x |X||.A| matrix, for any v € RI¥IMI, we define v P, as the vector satisfying for each (z, a),
vPi(z,a) =), o v(@,d)Pr(2),ds2,a).

We consider z{gents that interact repeatedly with the finite-horizon MDP over a sequence of T’
episodes by playing a sequence of policies (7¢ ). (7], With each 7 := (7 ) ,c|n] @ policy over the
horizon N. At the first episode, the agents are initialized following the initial state-action distribution
p. In episodic settings, the system restarts the agents at the distribution p after the end of each episode.
However, in real-world, resets are often prohibitive. Instead, we consider that the system never resets
to the distribution p. Thus, at episode ¢ + 1, the initial distribution, that we denote by p;1, is equal
to the final distribution on the previous episode, i.e., pr+1 := pyPr, = pi¢"".

Definition 1 (Periodic policy) We call a policy 7 := (mn)ne|n] periodic in the MDP with initial
state-action distribution p, if pPr = p.

The set of periodic policies can be seen as the set of policies whose stationary distribution under
the MDP transition is p. Note that for a sequence of periodic policies, p, = p for all ¢ € [T']. In this
paper, we study the online learning problem of computing a sequence of approximately periodic
policies (7¢);cr) over T' episodes, aiming to minimize the total loss Ethl Fy(u™"). The loss
functions (F})c[r) are an arbitrary sequence of convex losses over the state-action distribution and
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are unknown to the learner in advance. At the end of each episode ¢, the loss function F; is fully
revealed to the learner (full-information setting). We also assume the probability kernel p is unknown
and must be learned. This problem is well-defined only under the following assumption:

Assumption 1 The set of periodic policies of the MDP with initial distribution p is non-empty.

Although Ass. 1 cannot be verified for an arbitrary p, one can construct a suitable p that satisfies it
and use this distribution to run the proposed algorithms. For example, under an ergodicity assumption,
running any policy for sufficiently many episodes yields an approximate stationary distribution, for
which the set of periodic policies is non-empty. Moreover, some processes are inherently periodic,
with the nominal policy naturally returning the state to a stationary distribution. For instance, in the
energy demand control example in Sec. 1, the uncontrolled water temperature distribution in electric
water-heaters follows a periodic daily cycle due to the seasonality of user behavior.

Due to uncertainties in the unknown dynamics, the learner cannot guarantee that the computed
policy sequence is strictly periodic. As a result, in practice, p; may deviate from p. To justify that we
can compute a policy that induces a state-action distribution at the end of an episode close enough to
p when starting from p; # p (i.e., pPr = p), we impose the following contraction assumption:

Assumption 2 There exists some 0 < a < 1 such that for all periodic policies T and distributions
v,V € Axsa ||VPr — V' Prlh < allv — V5.

Ass. 2 can be understood as requiring that the Markov chain induced by any periodic policy
be ergodic, i.e., irreducible and aperiodic (Levin et al., 2006). Consequently, the Markov chain
under a periodic policy converges to a unique stationary distribution (Ass. 2), which in this case is
p (Ass. 1), independent of the initial state. This type of assumption is common in infinite-horizon
MDPs (Even-Dar et al., 2009; Neu et al., 2010; Chen et al., 2022).

We evaluate the learner’s performance through a new regret that we call the periodic regret,
which compares the learner’s total loss to that of any periodic policy 7 in the MDP with the initial
state-action distribution p, and also penalizes the distance between the final distribution in episode
t—1, p,forallt € {2,...,T + 1}, and p, scaled by a factor of v > 0, as follows:

R(m) := Y [F(u™r) = F(u™)] + 7 i lpe = ol “)

Our aim is to find a near-optimal periodic policy, one that returns the agents to the prescribed
initial distribution at the end of each episode while minimizing the cumulative loss. Accordingly, it
is natural to define a static regret that compares the learner’s performance to that of the best periodic
policy in hindsight, augmented with a penalty term that captures deviations from the desired initial
distribution. However, since a non-periodic policy may achieve a lower total loss than the optimal
periodic policy, the penalty term must be scaled by a constant .

2.3. Learning frameworks

We consider M > 1 homogeneous agents and observe an independent trajectory from one of them
per episode to estimate the dynamics. This independence is essential for applying standard martingale
concentration bounds. Unlike the episodic setting, where restarts ensure independence, here it is
obtained through trajectories observed from different agents every episode. A sufficiently large M
is needed to guarantee independence across sampled trajectories. When M = 1, the conditional
expectation of the initial distribution inducing the occupancy measure in the current episode given
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the past trajectories collapses to a Dirac mass at the last observed state at time step IV, instead of
the true initial distribution p; (see the proof of Prop. 12 for more details). This prevents the use of
martingale difference sequence arguments typically employed to control the regret term associated
with learning the dynamics. Introducing a second independent agent resolves this issue starting from
the second episode, and the same reasoning then applies inductively across episodes.

In practice, under standard ergodicity assumptions, the system can be expected to eventually
“forget” its past, making it reasonable to reuse agents in the estimation procedure after a finite number
of episodes. The multi-agent assumption is therefore justified both as a natural first step toward
estimating dynamics in the online infinite-horizon setting, and by the fact that it already encompasses
many practical applications, including those discussed in the introduction. We leave the single-agent
case for future work.

We examine two frameworks in this paper. In the first, we assume that the learner has access to
the initial state-action distribution p; of the agents at the beginning of each episode t. We introduce
an algorithm for this setting in Sec. 3 and establish its periodic regret guarantee.

While observing p; can be justified for large agent populations, it may not always be feasible
in practice. To address this limitation, our second framework eliminates the assumption of direct
access to p;. Instead, we introduce an estimated distribution p; and apply the same algorithm from
Sec. 3, replacing p; with its estimate. However, this introduces additional challenges, as errors
now accumulate across episodes due to both unknown transition probabilities and unknown initial
distributions, motivating the need for additional assumptions. First, that the MDP must satisfy the
contraction property of Ass. 2 for all policies 7, not just periodic ones. Additionally, we assume that
one randomly selected agent can be reset at the start of each episode, which we use exclusively to
estimate the initial distribution p; for all ¢ € [T']. Note that this is still a weaker requirement than
resetting all agents to the initial distribution as is done in the episodic case. The assumption is also
realistic in certain applications. For example, in the energy demand control scenario from Sec. 1,
some consumers may have special electricity contracts allowing the utility to reset their thermic
devices to a desired temperature distribution at the end of each day, whereas resetting all devices for
all consumers would be impractical. In Sec. 4, we provide a detailed discussion of this framework.

Online protocol (Alg. 1). The learning process proceeds in episodes, but unlike episodic RL,
the agents are not reset between episodes. We consider M > 1 independent agents that do no
interact with each other. At the start of each episode ¢, the learner selects a policy m, sends it to
all agents, and then observes the trajectory of an agent uniformly sampled from the M available,
independently of previous observations. Using the independent trajectories observed up to episode ¢,
the learner computes py 1, an estimate of the dynamics p. For the first episode, the initial state-action
pair for each agent j € [M], (le,(w ajl,o)’ is drawn from the initial distribution p ~ Ay 4. In
subsequent episodes, the initial state-action pair is carried over from the final step of the previous
episode: (27, o,a,1) = (2] 5, a] y)- The initial distribution at episode ¢ + 1 evolves according
to pt+1 = ptPr,. At the end of each episode, the learner observes the full loss function F;, and
computes the next policy 71 using different information depending on the framework, as illustrated
in the learner protocol in Alg. 1.

3. Framework 1: known initial distributions

We first study the case where the learner observes the initial distribution at the start of each episode.
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Algorithm 1 Multi-agent Online Protocol

1: Setting: initial policy 7, M agents
2. fort=1,...,7T do
3:  All agents follow policy 7; for an episode
4:  Observe the trajectory of an agent independently sampled from the population of M agents
5:  Use the trajectory to update the estimate p;y1 of p
Framework 1: known p; Framework 2: unknown p;
6:  Observe p;y1 and Fy 8:  Compute psy1 estimate of p;y1, observes F;
7. Compute m; 11 using p;41, Fy and pey1 90 Compute w41 using pg41, Fy and pryq
10: end for

3.1. Preliminaries

We aim to formulate the learning problem as the one of finding the optimal policy per episode
within a constrained MDP (C-MDP), where the final state-action distribution must satisfy an equality
constraint. Leveraging the equivalence between the policy space and the space of state-action
distributions satisfying the MDP dynamics as in Eq. 2, we would like to solve at episode ¢

minueMgt Ft(u), St. un = ,Oth =p, (5)

where 7 is the policy corresponding to the distribution p in the sense of Eq. (1).

However, in practice, we encounter several challenges when considering Eq. (5): (1) The
sequence of objective functions is adversarial. (2) The probability kernel is unknown. (3) The
problem may be ill-posed because it is not necessarily feasible. Ass. 1 ensures the existence of a
policy satisfying p P, = p, but due to the uncertainties on the probability kernel, the distribution p;
at the end of episode ¢ — 1 may not exactly match p. Moreover, there is no guarantee that there is a
policy 7 such that p; P, = p.

While numerous works in RL have addressed challenges 1 and 2 (see Table 1), they do not
consider constrained problems or periodic regret. Although we model our algorithm as a C-MDP,
previous works (Efroni et al., 2020; Qiu et al., 2020; Castiglioni et al., 2024; Ding and Lavaei,
2023; Stradi et al., 2024; Miiller et al., 2024) differ on that they focus on either episodic or average-
reward infinite-horizon tasks rather than on bounding periodic regret. Some works on the literature
of stochastic control investigate constraints on the probability distribution of the terminal state
(Daudin, 2020; Bouchard et al., 2010; Follmer and Leukert, 1999; Pfeiffer, 2020; Pfeiffer et al.,
2021). However, these studies primarily focus on deriving necessary optimality conditions under
known dynamics. As such, they do not address challenge 1, nor 2. We present the first approach to
address the three challenges with provable non-asymptotic guarantees.

3.2. Algorithm

At each episode, the algorithm uniformly and independently selects one of the M agents, and
observe its trajectory that we denote by (xt,n,at,n)nem. Since agents are not reset between
episodes, it is essential to ensure that observations remain independent across episodes. We de-
fine Nt,n(wv a) = Zz;ll ]l{msyrn:x,aé-,n:a}’ Mt,n(x/|x7 a) = Zi;ll H{J:S7n+1:a:’,x57n:x,as,n:a}’ as the
counters of the number of visits of the pair (z, a), and the triple (x, a, 2’). The learner’s estimate for
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the transition kernel at the end of episode ¢ — 1, to be used in episode ¢, is

. My,p ('],

Pt (2|2, a) = % (6)
From Eq. (2), we let M; := Mgi. For any initial distribution v € Axx4, we define ;" :=
(ﬂf”n")ne[ ) the sequence of state-action distributions induced by the policy 7 in the estimated MDP
Pr at episode , where for all (x,a) € X x A, jijy (x,a) := v(z, a), and for all n € [N],

P2 (,0) 5= 30 o By, (@, @ )i (2], @) mn g (al2).

We present a bonus-based exploration iterative algorithm for adversarial convex constrained
MDPs in Eq. (8). To address the challenge of handling convex adversarial objective functions, the
learner performs a Mirror Descent-like (MD) (Beck and Teboulle, 2003) iteration in each episode ¢.
Given that the true transition kernel is unknown, the learner solves the optimization problem over the
set of state-action distributions induced by the current estimated MDP p;.

To ensure accurate estimation of p, we need to properly explore the environment. To achieve
this, we adjust the gradient of the objective function in MD by subtracting a sequence of vectors
by = (Z_)t,n)ne[ ~]» Which we denote by bonus vectors, where l_)tm € RY*4 s defined in Eq. (7). To
ensure the feasibility of the problem, we must carefully construct the constraint set to consider at
each episode. Ass. 1 guarantees the existence of a periodic policy in the true MDP, starting from
the distribution p. However, this guarantee does not extend to the estimated MDP, as we cannot
ensure that the same policy remains periodic there. To address this, we transform the initial equality
constraint in the terminal law in an inequality constraint using a second bonus vector by := (bt n)ne[n)]
also defined in Eq. (7). Recall that ¢ is the Lipschitz constant of f; , with respect to || - ||; for all
t € [T]and n € [N]. We set

L(N—n)Cs

\/ma-X{l Ny n(ﬂ? a)} I and bt,n(x7 CL) = C§ (7)

- \/max {1,Nt,n(z,a)} ’

Btm (x,a) =

where Cs5 = (2| log (| X||AINT/§))"/2, for § € (0,1).

The structure of the bonus terms can be interpreted as follows. The term b is subtracted from
the MD subgradient in Eq. (8) to encourage exploration: intuitively, a state-action pair (x, a) that
has been visited only a few times (and thus has a large b, (x, a)) is treated as having a lower loss,
which promotes further sampling. The specific form of b follows from the concentration bound on
the L; distance between the true and estimated transition dynamics established in Lemma 9, and
the underlying intuition is analogous to the role of UCB bonuses in multi-armed bandits (Lattimore
and Szepesvdri, 2020). The bonus term b is added to the constraints of the MD scheme to ensure
feasibility of the optimization problem with respect to the estimated MDP. It explicitly accounts for
the uncertainty in the transition model p. More details on the structure of both bonus terms becomes
clear through the regret analysis.

Adding a bonus to the initial constraint raises another feasibility issue, as we cannot guarantee
that the policy computed satisfies the equality constraint on the terminal distribution when applied in
practice. This implies that the initial distribution at episode ¢, p;, may differ from p, and we cannot
ensure the existence of a policy 7 that brings p; back to p, i.e., p. Pr = p. To tackle this issue, we
make use of Ass. 2 to build a feasible constraint set as we later show in Lemma 2.

Let m; be the policy played at episode ¢. For short let iy := fi; """, and ¢; := VFy(p). Let
D,, be any Bregman divergence over a sequence of state-action distributions, with 1) the function
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inducing it. Let 0 < & < 1. Atepisode ¢+ 1, with some 1 > 0 to be tuned later, the learner computes

41 € arg min {n(ft — by, p) + Dw(u,ut)}
HEM41

3
st lun = plle < (psbe) + allpe — ol

and sends the policy ;41 associated with ;41 to all agents. We show that the constraint set is
sufficiently large to ensure that the problem solved at each iteration is feasible (see Lemma 2),
yet sufficiently small to ensure that the cumulative distance between the initial distribution at each
episode, p¢, and the desired distribution, p, remains small (see Lemma 3). This balance is crucial
for analyzing the periodic regret in Sec. 3.3. The proof of both Lemmas is in App. E. We define
MDPP-K (Mirror Descent for Periodic Policies - Known initial distributions) in Alg. 2 at App. C as a
method that solves one iteration of Eq. (8) at each episode ¢.

Lemma 2 Forany & > «, for o as in Ass. 2, the problem in Eq. (8) is feasible with high-probability.

Lemma 3 Let m; be the policy obtained from py solution of Eq. (8) at episode t. Recall that p1 = p,
and for all t € [T, py+1 = ptPr,. Then, with high probability,

Sy lpess = ol < O 25 1x 2 /JATT).

Practical solution of Problem (8). Our theoretical analysis assumes that Problem (8) can be
solved optimally, which we can do in certain special cases of the Bregman divergence. We outline
the key idea behind the practical solution, with full details provided in App. H. This approach is used
in the experiments presented in Sec. 5. We adopt a Lagrangian approach that dualizes the constraint
on the final distribution, leading to the following Lagrangian formulation:

Lo, A) i= (b — by, jo) + 5Dy (s p1z) + Al — plln — (1, 00) — @llpe — plla],

where A € R, is the Lagrange multiplier. From the feasibility result of Lemma 2, we know that the
optimal solutions to maxy~o min ey, , £¢(p, A) are a pair of optimal primal and dual variables.
For a fixed A > 0 and for a specific Bregman divergence introduced in Eq. (16), it can be shown that
the policy inducing the optimal distribution in the unconstrained problem min, ¢ a4, ,, £¢(i, A) has a
closed-form solution stated in Eq. (24) (Neu et al., 2017). Thus, we adopt a min-max approach: we
initialize the Lagrange multiplier, compute the corresponding distribution by solving the associated
unconstrained minimization problem, and then update the Lagrange multiplier using a gradient ascent
step. This process continues iteratively until the resulting distribution satisfies the constraints.

Lemma 2 established that the problem in Eq. (8) is feasible for any & > «. In practice, the
contraction parameter o may be unknown. Nonetheless, since the algorithm only requires a value &
that guarantees feasibility, a practical solution is to construct a grid over the interval (0, 1) and choose
the smallest & for which the problem is feasible. To do this, we can search over an exponentially
spaced grid {%, %7 %, ...}, and stop once the problem becomes feasible for the current value. This
procedure yields a computational cost of log (ﬁ) per episode. To test feasibility, the L; constraint
can be reformulated as a set of linear inequalities, allowing a solver to efficiently check feasibility.
This introduces only a factor of 2 in the regret, and in practice may perform even better as we may
find a value & < o for which the problem is already feasible.
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3.3. Periodic regret analysis
The main result is in Thm. 4, with its proof in App. G. We highlight here the novelties of our analysis.

Theorem 4 Running MDPP-K (Alg. 2) for T' episodes in an MDP with unknown transition kernel p
and initial state-action distribution p, against adversarial objectives F; := Zﬁ;l ft.n, where each
fi.n is convex and {-Lipschitz with respect to the norm || - ||1, with parameter «, the optimal choice
of n, || V() < U, guarantees that, for any periodic policy m, with high probability,

Ry(m) < O(UN3|XPIYAMA /W1 — ) 1734 + (1 — ) "N X2/ AIT).

To obtain this result, we begin by decomposing the periodic regret into two components:

T

ZFt TPty — B + ) Fy(pgttt) — Fy (™) +’YZ”P’ pillr-

t=1

MDP policy
RT R,

We show that with high probability R¥DP = O(ﬁ ). As this analysis generalizes conventional
techniques (Rosenberg and Mansour, 2019), we leave the details in the appendix. Recall that
Uy == VFy(1e) and py := fi; " Using the convexity of F}, we further upper bound RPTOhCy with

T T

Z<€t — by, e — i) + Zwt — by, 1" — ") + Z (be, pe — + (g, fi " — P

t=1 t=1

-~

MD diff. p bonus
RY, Rt Ry

The bonus vector added to the gradient term in Eq. (8) ensures that the term RS = O(VT), and
its analysis is generalized from the one in (Moreno et al., 2025b), hence the detalls are left in App G.
The novelties of our analysis lie in the way we treat the term R and the p; variation in R

Rd'ff Pt term. This term accounts for the deviation of the 1n1t1a1 distribution in each eplsode from
the orlgmal target. In the episodic setting, where all agents reset at the end of each episode, this term
does not appear. We upper bound it in Prop. 5, with the proof in App. G.3.

Proposition 5 With high probability we have that
diff. A _
RTP < O((1 — a)" YN X2\ /JAT).

RI}’ID term. This term measures the quality of our computations using an MD scheme, with an upper
bound in Prop. 6 and proof in App. F. Unlike in standard MD, this term is more challenging because
each iteration uses an MDP induced by a different transition estimate p;, starting from a different
initial distribution p;. We assume ||V(11¢)|/1,00 < W. This can be guaranteed in practice by mixing
the output policy with a uniform policy, adding only logarithmic terms on 7" to the regret. We do not
elaborate on it further in this paper, as the technique is already described in works such as Moreno

et al. (2025b) and requires only straightforward additional calculations.

Proposition 6 For each episode t € [T, let u; denote the solution of the optimization problem in
Eq. (8). Suppose further that ||V (jut)||1,00 < ¥, and let ¢ be the Lipschitz constant of f , with

respect to || - ||1 for all t € [T] and n € [N]. Then, with high probability,
RMD < O(ON3|XP/4 A4 /B (1 — a)~1T3/4).

10
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Discussion. We remark that the factor (1 — «)~! scales polynomially with the mixing time 7,
commonly used to bound regret in infinite-horizon settings (see Table 1). The T3/4 dependency of
MDPP-K comes from applying OMD over state-action distribution sequences initialized with varying
distributions p; per episode. Lower bounds for the adversarial infinite-horizon problem are known
only in the case of known dynamics, yielding O(+/T') in the full information setting (Chandrasekaran
and Tewari, 2021). For unknown dynamics, establishing a lower bound remains an open problem.

Regarding the dependence of the regret on the MDP parameters, it is known that exploration
bonuses lead to an upper bound with an N3 dependence (Luo et al., 2021), introducing an extra
factor of N compared to the episodic RL lower bound. In our setting, we show that MDPP-K
exhibits the same dependence. Concerning the dependence on the number of states, prior work
(Moreno et al., 2025b) shows that, in episodic RL, combining exploration bonuses with OMD in
the occupancy-measure space yields a | X’ ]3/ 2 dependence, an additional \/m over the lower bound
arising from the constants in the bonus terms (see Eq. (7)). In our setting, OMD must additionally
handle changing initial state distributions, and the exploration bonuses appearing in the constraints
influence these variations. As a result, the same constant is incurred once more, leading to an overall
|X|5/* dependence.

The computational complexity of MDPP-K increases linearly with | X', |.4], and N, due to the
structure of the closed-form output policy in Eq. (24). When we refer to the method as having low
computational complexity, we mean that it admits a closed-form solution, as detailed in App. H, so
no additional optimization step or external solver is required.

4. Framework 2: unknown initial distributions

In this setting, the initial distribution p; is unknown. Thus, we approximate it by p;. We then apply
the iterative scheme from Eq. (8) as if p; were the true initial distribution. As p; = pi—1 P, |,
an accurate estimation relies on a good transition kernel estimate. In Framework 1, we needed a
transition kernel estimate p; that is accurate on the state—action pairs visited by agents initialized from
the true initial distribution p; under the computed policy 7 (see the analysis of RL}/IDP in App. 17).
Since agents without resets are initialized from p;, observing independent trajectories in each episode
was sufficient in Sec. 3.

However, using p; to estimate the initial distribution p; does not yield a good approximation. Let
p¢ denote its estimate at episode ¢. To reliably estimate the initial distribution for episode ¢ + 1, we
need a transition kernel estimate accurate over the state—action pairs visited by an agent initialized
from the previously estimated initial distribution p; (see the proof of Prop. 5 in App. I). The difficulty
is that, without resets, agents actually start from the true distribution p;, not the estimated one py.

To address this challenge, we introduce two additional assumptions. First, we strengthen Ass. 2
so that it applies to all policies, not just periodic ones, which corresponds to the standard ergodicity
assumption often used in infinite-horizon MDPs (Chen et al., 2022). Second, at the start of each
episode ¢, we allow a randomly selected agent to be restarted from a state—action pair sampled
according to the estimated initial distribution p;. This agent can be the same each episode or vary
across episodes.

Algorithm overview. Let p; = p. For all t > 1, in the start of episode ¢, we reset a randomly
selected agent to a initial state-action pair sampled from p;. We observe the trajectory followed
by the restarted agent at episode ¢, and define p;41, a second empirical estimation of p, such as in
Eq. (6), but using the trajectories of the restarted agent instead. We denote by Pfrt the stochastic

11
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matrix induced by the transition kernel (pt, n)ne[ ~) and the policy 7, as defined in Eq. (3). We take
D41 = ptP Prop. 7 provides a key result on the accuracy of this estimate and is the main result
for extendlng the methods of the previous section. The proof and additional details are in App. L.
The final method for this setting is MDPP-U (Mirror Descent for Periodic Policies - Unknown initial
distributions) in Alg. 3 in App. C. We state the main result of MDPP-U in Thm. 8.

Proposition 7 For any § € (0, 1), with probability at least 1 — 2,

S lloe — flls < (1= )" [3N|X| /2| AIT log (|X||AINT/5) +2N|X|| /2T log (N/5)].

Discussion. Deriving theoretical results in complex settings usually starts with simplifying
assumptions. In the online infinite-horizon setting, non-asymptotic guarantees have so far been
obtained only under known dynamics, since estimating them without resets can lead to errors
accumulating linearly as agents drift from their initial distribution. In our analysis in Sec. 3, we
show that if the initial distribution is known at each episode, with M > 1 homogeneous agents
and a well-posed constrained problem, the dynamics can be reliably estimated from independent
trajectories. When the initial distribution is unknown, additional exploration strategies are necessary.
We demonstrate that allowing a single random agent to be reset each episode from a given distribution
is sufficient to recover asymptotic guarantees even with unknown dynamics. This requirement is
far weaker than resetting all agents simultaneously: for example, in the energy demand control
scenario of Sec. 1, some consumers may have contracts permitting utilities to reset their water-heater
temperature daily, whereas resetting all devices is impractical. Moreover, we believe that our analysis
can provide insights for designing less constrained exploration strategies in future works.

Regarding the regret dependencies in Thm. 8, since the MDPP-U algorithm does not assume
knowledge of the initial distribution at each episode, an additional quantity must be learned. This
results in an increased dependence on the mixing time in the regret bound. Nevertheless, this
dependence remains polynomial.

Theorem 8 Running MDPP-U (Alg. 3) for T episodes in an MDP with unknown transition kernel
p and initial state-action distribution p, against adversarial objectives F} := 25:1 ft.n, where each
ft.n is convex and {-Lipschitz with respect to the norm || - ||1, with parameter «, the optimal choice
of n, ||\ V() < W, guarantees that, for any periodic policy m, with high probability,

Ry(r) < O(N3(1 — o) 7YX P/ AMAG2T8/4 1 N1 — ) 72| X2 /JAIT).

5. Experiments

We evaluate MDPP-K and MDPP-U on the max-entropy and obstacle tasks from Geist et al. (2022),
without resets and with the added goal of returning agents to the initial state at the end of the episode.
These tasks use a fixed objective. Adversarial MDPs are harder to implement due to the challenge of
finding optimal stationary policies and limited benchmarks. The tasks under consideration could
represent, for example, autonomous robots in a warehouse aiming to maximize task completion
while ensuring they return to their charging stations at the end of each episode. For instance, in the
obstacle experiment, the robot’s objective is to reach a yellow target (representing a task) and then
autonomously return to its initial state (the charging station) by the episode’s end.!

1. All the code to reproduce the empirical results is available at: https://github.com/biancammoreno/
OnlineMDPConstraintsLaw/.
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(Cl) (b) Episodes Episodes

o g o (a) (b)
Figure 1: [left] Initial agent dist.; [right] Obstacles
(reward in yellow, constraints in blue). Figure 2: Periodic regret for each environment.
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Figure 3: Max-entropy: state dist. after 5000 eps. of MDPP-K [up] and Bonus MD-CURL [down].

We compare our periodic framework with the episodic framework, using the Bonus O-MD-CURL
baseline from Moreno et al. (2025b), adding a regularization term 7||p; — p||1 to the objective of the
episodic algorithm to allow fair comparison. Note that incorporating a L regularizer with respect
to the final distribution is only possible for an episodic algorithm in the convex RL case, as this
regularizer is not a linear function of the state-action distribution.

The environment is an 11 x 11 four-room grid world, where rooms are connected by single doors.
The agent moves in cardinal directions or stays in place: z,4+1 = T, + an + €5, Where €, adds
random displacement to a neighboring state. The initial state distribution is a Dirac located in the
upper-left corner of the grid, as in Fig. 1 [left]. We set the learning rate = 0.01, the dual learning
rate 17, = 0.01, the contraction parameter « = 0.1, and v = 1000. Max-entropy: The objective
is to maximize entropy, aiming to reach a uniform distribution over the state space. At each step,
Ten(un®) = (un”"log(un”")), and we take N = 40. Obstacles: The goal is to concentrate the
state distribution on the yellow target in Fig. 1 [right] while avoiding the constraint states in blue.
The objective function is defined as f; , (un") := —(r, un™*) + ({(un*", ¢))?, where 7, ¢ € R'X‘XM'.
Here, r and c are zero everywhere except at the target and constraint states respectively, and N = 80.

We plot the state distributions at different time steps in Fig. 3, and Fig. 4, comparing MDPP-K
[up] with Bonus O-MD-CURL [down]. For max-entropy, both methods lead agents to reach their
goals midway through the episode and return to the initial state by the end. For the obstacle task,
MDPP-K reaches the target and then returns to the initial state, whereas the episodic approach
becomes trapped in the target square. To compute the optimal periodic policy in the periodic regret,
we solve the constrained problem in Eq. (5) assuming known dynamics. In Fig. 2 we see that

13
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dn="170

Figure 4: Obstacles: state dist. after 1000 eps. for MDPP-K [up] and Bonus MD-CURL [down].

MDPP-K and MDPP-U both achieve sub-linear regret, with MDPP-U suffering higher regret as it
also has to estimate p;. In contrast, Bonus O-MD-CURL incurs linear regret on both tasks.

Regularizers perform poorly in an episodic algorithm because such algorithms assume agents are
reset at the end of each episode, an assumption that does not hold in our experiments. This leads
to practical errors and makes tuning the regularization parameter difficult. For max-entropy, we
observe that the regularizer ~y||p; — pl|1 is too strong, preventing correct optimization, while that in
the obstacle task, it is to weak, failing to ensure a return to the initial state. Since agents actually
start from a different distribution p; rather than the assumed p, a fixed regularizer is ineffective; an
adaptive y; would be needed, but computing it is infeasible without known dynamics. Our method,
in contrast, effectively implements an implicit adaptive regularization, handling imperfect resets by
automatically adjusting the Lagrange multipliers at each episode.
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Appendix

This appendix is organized as follows:

— Appendix A: summary of the notations used in the main paper and in the analysis

— Appendix B: additional discussion on related work

— Appendix C: algorithms schemes for MDPP-K and MDPP-U

— Appendix D: auxiliary lemmas

— Appendix E: proofs of the feasibility results in the main paper

— Appendix F: details on the upper bound of the Mirror descent regret term

— Appendix G: proof of the main result in Sec. 3 - MDPP-K

— Appendix H: details on the practical implementation of the algorithms

— Appendix I: proofs of Sec. 4 - MDPP-U

The code for reproducing the experiments in Sec. 5 can be found at: https://anonymous.
4open.science/r/OnlineMDPConstraintsLaw—1115

Appendix A. List of Notations

In this appendix, we recall all notations that are used throughout the paper.
Below are generic notations for any finite sets S, D:

o [s]:={1,...,s}

* |S| = cardinality of a set S
S .
.« Ag = {v e RIS I8 (i) = 1}

¢ (As)P = {v = (vacip) | va € RIS, S wyi) = 1,vd € [D]}

* Given functions f, g : N — [0, 00) define f(n) = O(g(n)) < limsup,,_,, % < 00

« f(n) = O(g(n)) < limsup,, .., % < 00, for some power p € N

|| - || is the L1 norm

c RXXA

* For all v := (vy)pe[n), such that v, , we define [[v]|oo,1 = sup,en [[vnll1-

Below are notations related to the Markov decision process:

* X finite state space
* A finite action space
* N := episode length

* n := time step index within an episode, n € [V]
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o m = (Tn)nen) With, for all n € [N],x € X, my(:|r) € Ay = policy at time step n
conditioned on state x

o I := (A4)V*? = space of policies (defined using the generic notations from above)

* p := (pn)ne[n) = true probability transition kernel with, for all n € [N], (z,a) € X x A,
pn(-|z,a) € Ay

* p € Ay« = target initial state-action distribution

« Forany 7 € II, and v € Axxa, £™ := (" )ne[n)» Where for all (z,a), py” (z,a) =
v(z,a), and for all n,

i) = 30 U ol o)

» For any v € Ay« 4, and for any probability transition p,

MP = {M‘ o =1, Z pn (2’ d’) = Z (2|2, ) pn—1(x,a) V' € X,Vn € [N]}

a’eA TEX ,a€A
e Foralln € [N], fory,, := (zn, an), and for all policy 7 € I, PT (Yn—1,Yn) := Pn(Tn|Yn—1)7n(an|zn)
* Pr(yo,yn) == 2>, Plr(wo,v1) - 2y, PRN_1(Yn—2,yn—1) P (yn—1,yn)
* Forallv € Axsa, vPr(z,0) =), ,v(z',d)Pr(2', a2, a)
* M = number of agents

* « = contraction parameter defined in Ass. 2
Below are notations related to the online settings:

* T := number of episodes
* ¢ := episode index, t € [T]

* 7y := policy played at episode ¢ associated to the state-action distribution sequence solution of
Eq. (8) at episode ¢

* p € Axx 4 = initial state-action distribution at episode ¢
* p; empirical probability transition kernel estimated at episode ¢ following Eq. 6

* Forany 7 € II, and v € Axxa, ity := (i}, Jne[n), Where for all (z,a), ify (v,a) =
v(z,a), and for all n,

ATV

it (2, a) = Y A (2 d )pen (afa’, )y (al2)
x',a

o M, = M
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o = fiy ", the state-action distribution sequence solution of Eq. (8) at episode ¢
b Et = VFt(Mt)

e Forallt € [T],n € [N], fin : RY*4 — R any convex and ¢-Lipschitz function with respect
-l

« Fri=300 fim

* ~ := penalization parameter of the periodic regret defined in Eq. (4)
* 7 = online mirror descent learning rate

* 1) = dual learning rate

» )\ = Lagrange multiplier

* p; = empirical probability transition kernel estimated using the trajectories of the restarted
agent in framework 2

* p; = estimate of the initial state-action distribution at episode ¢ used in framework 2

Appendix B. Related Work

Table 1 provides an overview of existing approaches to online MDPs with adversarial losses in both
episodic and infinite-horizon settings, highlighting the distinctions with our periodic framework.
Below, we discuss additional RL works that share certain similarities with our approach.

Autonomous RL: Many lines of work in RL address continual learning tasks from a practical
point of view, without offering theoretical guarantees; see Sharma et al. (2022b) for an overview.
Most of the deep RL approaches to continual learning concentrate on learning to reset. For instance,
Eysenbach et al. (2018); Sharma et al. (2022a) propose ideas of state distribution matching similar to
ours. These methods involve learning both a “forward policy” to optimize the task and a “backward
policy” to drive the agent toward a predefined state distribution. However, they treat task optimization
and distribution matching as distinct objectives, and do not assume a fixed episode length in which
the agent must jointly minimize cumulative loss and return to the initial distribution by the episode’s
end, as we do. Furthermore, these works do not have the theoretical guarantees provided by our
approach.

As for theoretical works addressing non-episodic settings, they typically focus on optimizing
the infinite-horizon average loss Brafman and Tennenholtz (2003); Jaksch et al. (2008); Bartlett and
Tewari (2009); Bhavya et al. (2024), which differs from minimizing periodic regret. Moreover, these
works assume a fixed loss across episodes, in contrast to our setting, which considers an adversarially
varying sequence of losses.

Stochastic control with constraints in law: Some works on the literature of stochastic control
investigate constraints on the probability distribution of the terminal state Daudin (2020); Bouchard
et al. (2010); Follmer and Leukert (1999); Pfeiffer (2020); Pfeiffer et al. (2021). However, these
studies primarily focus on deriving necessary optimality conditions under known dynamics. As
such, they do not address learning problems, nor do they consider online settings with adversarially
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changing losses as we do in this paper. Such control problems naturally arise in economics and
finance, where an agent seeks to minimize a cost subject to constraints on the terminal distribution
(e.g., achieving a specified distribution of terminal wealth Guo et al. (2022)), as well as in energy
management applications, as detailed in the main paper Bourdais et al. (2025).

Appendix C. Algorithm schemes for both settings

We outline below the algorithms for computing a sequence of policies that achieve low periodic
regret. The procedure is detailed for the two settings considered in the main paper: Framework 1,
where p; is observed at the beginning of each episode; and Framework 2, where p; is unobserved and
must be estimated by the agent. Steps specific to Framework 1 are highlighted in red, while those
specific to Framework 2 are highlighted in blue. All remaining steps are similar for both settings.

Algorithm 2 MDPP-K: Framework 1: known initial distributions

Input: number of episodes 7'; length of each episode /V; number of agents M ; initial state-action
distribution p; initial policy sequence 7
Initialize: p; = p; N1 (2, a) = M (2|2, a) = 0; p1p(2'|2,a) = 1/|X| for all (n,z,a,2’) €
[N] x X x Ax X o
Each agent j € [M] starts at (z] 5, a] o) ~ p(-)
fort=1,...,Tdo 7 7
forn=1,...,Ndo
Environment samples new state az{n ~ pn(-|x{’n71, a{,nfl) for all agents j € [M]
Each agent j € [M] takes an action a{jn ~ ﬂ'tn(‘fl’in)
end for
Uniformly sample an agent j € [M] to ensure independence of the observed trajectories, and
observe its state-action trajectory (xin, a{?n)ne[ N]
Update the counts using the entire trajectory

Net1n-1(21 1501 1) < New—1(27 1, 1) + 1

Mt+17n—1(‘rg,n|xi’,n717 Qin,l) A th—l(f'?{,n xz,nfh at,n—l) +1

Update the estimate p;,; based on the updated counts following Eq. (6)
Observe the objective function F} (full-information)
Recall that for each agent j € [M], (ac{JrLO, G{H,o) = (xiN, a{’N)
Observe pry1 = pi Py, (the initial state-action distribution at episode ¢ + 1)
Compute 7411 solving Eq. (8) using pt+1, prr1 and Fy

end for

22



ONLINE MARKOV DECISION PROCESSES WITH TERMINAL LAW CONSTRAINTS

Algorithm 3 MDPP-U: Framework 2: unknown initial distributions

1: Input: number of episodes T'; length of each episode /V; number of agents M ; initial state-action
distribution p; initial policy sequence 1 ; restarted agent, assumed here to be the agent M, but in
practice it can be a different agent per episode -

2. Imitialize: p1 = p; p1 = p; N1 n(z,a) = My (2 |z,a) = 0; Nljn(a:,a) = M n(2'|x,a) = 0;

Pin(@ |z a) = 1/|X]; p1o(2 |z, a) = 1/|X | forall (n,z,a,2") € [N] x X x Ax X

Each agent j € [M] starts at (:c{’o, aio) ~p(+)

fort=1,...,Tdo
forn=1,...,N do ‘ ‘ ‘

Environment samples new state 7, ~ pn(-|z],,_;,a{, ;) for all agents j € [M]

Each agent j € [M] takes an action ag,n ~ wtn(|xgn)
end for
Uniformly sample an agent j € [M] to ensure independence of the observed trajectories, and
observe its state-action trajectory (27, af ., )ne[n)
10:  Update the counts using the entire trajectory

e A O

Nt—i—l,n—l (xi,nfl’ ag,nfl) A Nt,n—l (xi,nfl’ ag,nfl) +1

Mt+1,nfl($§,n|xi,nf1’ az,nfl) A Mt,nfl(xi,n|xz,nfl7 a’i,nfl) +1

11:  Update the estimate p;,; based on the updated counts following Eq. (6)
12:  Observe the objective function F; (full-information)

13:  Recall that for each agent j € [M — 1], (m{H’O, afﬂp) = (x{’N, a{w)
14:  Update the second set of counts using the trajectory of agent M

Nt+1,n—1($%~b71a a?,ifl) — Ntyn—l(x%thai\,{zfl) +1

Mypr 1 (ain)ot 1, ain 1) < Mea_1(ztplath 1 atn 1) +1

15:  Update the estimate p;,; based on the second set of updated counts following Eq. (6)
16:  Compute the initial state-action distribution estimate p;1 = ﬁtlgﬂ ’

17:  Resetagent M at (x{, o, a}f o) ~ prs1(:)

18:  Compute 71 solving Eq. (8) but with g,y instead of p;11, pr+1 and F}

19: end for
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Appendix D. Auxiliary Lemmas
Lemma 9 (Lem. 17 of Jaksch et al., 2008) For any 0 < § < 1, with a probability of at least 1 — 6,

2|X|log (LH@NT)

max {1, N?_, (v, a)}

lpn (2, @) = P (-l a)lh <

holds simultaneously for all (t,n,z,a) € [T] x [N] x X x A.

Lemma 10 For any strategy © € (A )Y >V, for any two probability kernels p = (Pn)ne[n) and
q = (qn)ne|N) Such that pn, gn : X x A X X — [0, 1], for any two initial state-action distributions
v,V € Axxa, and for all n € [N],

”/”LgJ)’V — MZ’qﬂ//Hl S

n—1
> Y H ()P (e, @) = g Cles @)l + v =/l
1=0 x,a
where ™ PV is the state-action distribution sequence induced by policy m, in the MDP with probability

transition p, with initial state-action distribution v.

Proof Using that forn > 1,

M;rl,p,u(x,a) — Z sz,lu (m/’a/)pn(:p\x’,a’)wn(ﬂﬁ),

z’,a’

we can show that (see for example Lemma D.1 from Moreno et al. (2024))

/ /
g = ™y <> P (@, ) |pa (e, a) = gu(-la, o)l + luny = pr® |
T,a
Hence, by induction and using that ;" V'~ and po' ™" = v, we conclude the proof. |

Lemma 11 For any policy w € 11, for any initial state-action distribution v € Axx 4, for any
d € (0,1), for any episode t € [T, we have that with probability at least 1 — 0,

lv(Pr = Pp)lly < (wPr, be) = (g, o),

where by is the bonus vector defined for eachn € {0,1,...,N — 1}, (z,a) € X x A, as

bipn(z,a) = Cs
A \/max{l,Nm(x,a)}’

X||AINT
cu= a1 (MIANT), ®

with
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Proof Rewriting the initial L; norm in terms of the state-action distributions we have that
Dt v AT,V
lv(Pr = Po)lln = lluy —utNlll

Z Zlu’tz z,a)|pit1(-|z,a) — ﬁ§+1('|$7a)||l

LemmalO =0 z,a

ATV C(S
Z DI )\/max{LNt,i(:c,a)}

Lemrna9 =0 =,a

= <Ia?’ V? bt>
|

Proposition 12 Fort € [T, let (715, atn)ne|n) represent the trajectory of an agent following pol-
icy my, with the initial state-action pair sampled independently from previous trajectories according
to a distribution vy € Ay« 4. Define the filtration F; := 0((1’57”, As.n)ne[N]> § < t), capturing the
sigma-algebra generated by all observations prior to the start of episode t. Assume that both m;
and vy are Fi-measurable. Let Ny, (x,a) := Z';;ll L¢s, . =2,0. n=a} denote the number of times
the state-action pair (x,a) has been visited at time step n up to the start of episode t, and define

&in(x,a) < 7 {1?\/ = for all (t,n,z,a), where C' is a fixed constant, and & ,(z, a) is
max{1,N¢ n(z,a

Fi-measurable. We also assume & ,,(x,a) < ¢, for a fixed constant c that may differ from C. Hence,
foralln € [N], forall 6 € (0, 1), with probability at least 1 — 9,

T
N
D &en) =Yt (@, a)é (2, a) < 3C/|X]JAIT + C|X|m'

t=1 t=1 x,a

S

Proof For a fixed (z,a) € X x A, we have from Lemma 19 of Jaksch et al. (2008) that,

{xt n==T,at n= a}
1 n < C <30./N -
Z sl Z < /max{ N n(z,a),1} \/m

Summing the inequality above over all possible (z,a), using Jensen’s inequality and that
> w.a NTn(x,a) = T, we obtain that

T
Z Z Ly p=z,arn=a}Stn(®,a) < 3CV|X||A|T. (10)

t=1 z,a

Therefore, to conclude the proof we need to analyze the term

T
Z Z (Mgtyyt (x7 CL) - ]l{xtm:x,at,n:a})ét,n(x; Cl).

t=1 x,a

Note that, for all (z, a), & »(x, a) is F;-measurable by construction, and, by assumption, so are 7

and v;. Consequently, we have E[un""" (2, a)&; n(x,a) | Ft] = un""" (z,a)& n(x, a). Furthermore,
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since the trajectories in each episode are observed independently from agents initialized according to
the distribution 14, it follows that

E[]l{xt,n:x,at,n=a}§t,n(x7a) | Fi] = ft,n(%Q)E[ﬂ{xt,n=x,at,n=a} | Fi] = &, a)unt " (7, ).

Define the sequence My, = 0, and for all ¢t € [T]

t
Mt,n = Z Z (,U/gmys ($7 CL) - ]l{xs,n:z,as,n:a})gs,n(ﬁp CL).

s=1 x,a

From the arguments above, (M, )ic[y) defines a martingale difference sequence. Recall that
|&en(x,a)| < c. Hence, from Azuma-Hoeffding inequality we obtain that, for any § € (0, 1), with
probability at least 1 — 4,

N
My, < c|X|(]2T log <5> (11)

Joining the bounds on Eq. (10) and (11), we obtain that, with probability at least 1 — 4,

T

N
S < 30V IRTATE -+l 2o ().
t=1

concluding the proof. |
Corollary 13 Let (bt)te[T] and (I;t)te[T] be the two sequences of bonus vectors defined in Eq. (7).
Hence, for any § € (0, 1), with probability at least 1 — 6,
iy (be, ) = O(NIXPPVTAT),  and - S50 (b, i™#) = O(EN?|X P2 /JAIT)
and with probability at least 1 — 26,
S (b i) = O(NXPRVJAT),  and 3oy (b i) = O(EN®|X[P/2/[AT).

Proof From Prop. 12 with vy = py, the policy 7 solution of Eq. (8), the trajectories observed in
MDPP-K (Alg. 2) that are independent across episodes, and & = b, such that C = ¢ = C5 we
obtain that, for any § € (0, 1), with probability at least 1 — 4,

T
57t ™) < 3NCy/IRTIATE + NCslely 27 1og (5 )
t=1

< N3] + 2|Xy3/2)\/2|A|Tlog (’X’AW) log <N>

o o

For the bonus sequence (Z_)t)te[T]’ we apply Prop. 12 in a similar manner, this time with C' = ¢ =
{N Cs, hence we obtain that

T

t=1
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ATt Pt

As for the terms involving the sum of the product between a bonus vector and /i, """, we have

that
T

T
A7Tt:Pt _ E <b A7|'t Pt __ 7'I't,pt + § bt7 ﬂ't,pt
t=1

1 t=1

M'ﬂ

t

(%) (i7)
where we have just shown a high-probability upper bound for term (i7).
We now analyze term (7): using Holder’s inequality, and that from the definition of the bonus
< Cs, we have that

ZZHbthooHﬂ?Z’” w1y
T N n-—1

= G S i @ a)lpi () = B (s a) .

t=1 n=1 i=0 x,a

Lemma 10
We then apply Prop. 12 again with the trajectories observed in MDPP-K (Alg. 2), policy ¢, vy = py,
. o C
but now with & ,(z, a) := [|[pn41(-|z, @) —Pen+1(-|z, a)|[1 < maX{1’\/m},where Ein(x,a) <
2 by definition. Hence, we can take C' = Cj and ¢ = 2 to obtain that, for any 6 € (0, 1), with
probability at least 1 — 4,

() < CoV* [3Cs/[ATATT +2mm]

< 10N?|x3/2\/| AT log <’XA‘NT> log <N>

o 0

Joining both terms, we get that for any ¢ € (0, 1), with probability at least 1 — 29,
T

> by, i) < 1IN2|XP2/]AIT log <|X|A§|NT> log <];f)
t=1
— oW T op (T ),

where we use the definition of Cj in Eq ).
Similarly, for the bonus sequence b;, we have ||b;,||co < ¢NCjs. Therefore, by applying a similar
reasoning with adjusted constants, we obtain that

T T
S (b, A7) < LC5NP [305\/\X|]A]T+ 2| X, /2T log < ﬂ + 5" (e, )
=1 t=1
(XIANTY [} T
< 1O€N3’X‘3/2 |A|T log (5> ( ) +Z by, Tt
t=1

< 15(N3| X *2\/] AT log <W5|NT> log (]g)

= O<£N3]X\3/2 |A|T log <‘X”“§NT>>
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Lemma 14 [Lemma A.3 from Moreno et al. (2025b)] For alln € [N], (z,a,2') € X x A x X, and
t € [T, let Pt py1(2 |z, a) be defined as in Eq. (6). Hence,

]l{rt,n:zﬂt,n:a}
max{l, Nyy1n(z,a)}

|Dt+1,n+1(-|2, @) = Deng1(-|z, a) |1 <

Lemma 15 [Lemma A.4 from Moreno et al. (2025b)] For (n,x,a) € [N] x X x A, let (qt)¢c[r) be
a sequence of probability transition kernels with q; = (Qt,n)ne[ N) such that

C]l {xt,nf 1=2,at,n—1 :a}

max {1, Nyp1p—1(z,a)}

@+ 1,n(7,a) = qen(-lz, @)1 <

for some constant ¢ > 0. Then,

T
> laesin(le, @) = genllz, )l < eclog(T) .
t=1

Appendix E. Feasibility
E.1. Proof of Lemma 2

Proof We show that for every episode ¢, there is a state-action distribution sequence p € M, that
satisfies the constraint

[N = pllt < (u,be) + allpe = pllr- (12)

Recall that we denote by p; the initial state-action distribution at episode ¢. From the equivalence
between solving the problem over the set of state-action distributions sequences satisfying the
Bellman flow and the set of policies, we have that py = ptﬁ; for some policy 7.

From Ass. 1, there exists a periodic policy 7 in the true MDP with stationary distribution p,
meaning that pP; = p. Thus, this periodic policy 7 satisfies that

e Py — pllv = ||pePr — pePr + pePr — plly
< \lpePL — pePrllr + | pePr — plla
< (g " by) 4+ allpe — plha

where the last inequality follows from Lemma 11 stating that for any § € (0, 1), with probability

1— 36, ||pe(Pt — Pg)||ly < (4F*",b,), and from Ass. 2. Hence, for & = a, we showed the existence
of a state-action distribution sequence in M; satisfying the constraints in Eq. (12). |
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E.2. Proof of Lemma 3

Proof Recall that we define u; := fi; """ as the solution to Eq. (8) at episode t.
Since ; is the solution to the optimization problem in Eq. (8), it satisfies the following constraint:

e, 5 = plly < (s be) + allpe — pll1-
Using that ji; v = ptP; .» and that the final state-action distribution we reach when playing policy
m starting from the initial distribution p in the true MDP is p; 1 = py”* = pPr,, we have that

Tt Pt

= pll = llpePr, = plly
< lpePr, = pePr |l + | pePr, = ol
< 2(ji """ bt) +allpr = pll,
where the last inequality follows from Lemma 11 stating that for any § € (0, 1), with probability

 — ptﬁﬁtHr < (fi; """, b;), and that the policy m; induces a state-action distribution

sequence in M; satisfying the inequality constraint.
Tt—1,Pt—1

Recall that p; := py 1 Pr, | = puy . Substituting the inequalities iteratively for all ¢, until
the first episode where p; = p, we derive that:
ln " = plln < 2(ue, be) + llpr — plla
= 2(ue, be) + |l plly

< 2(pe, b)) + a[2(pe—1, be—1) + o[ pe—1 — pll]
t—1

<2 o (s, bi—s) + " |lp1 — pl1 -
5—0 N—

|y

=0
Therefore, summing over ¢ € [T], with probability 1 — 79,

T t-1

ZH//””” Pl <2> > (s, bis)

t=1 s=0

By rearranging the sum and using Corollary 13 we have that with probability 1 — (2 + 7")J,

T
Zus, 0= D0 atsnA AT o (), fog ()
— " L £ 5 5

15N2 X|IA|INT N
< N7 \XP/2\/JA|T log [XIAINT log (=),
1—a 1) 10)

where we use that ZtT:o ot < ﬁ as 0 < a < 1 by definition.
Therefore, we obtain that for any 6 € (0, 1), with probability at least 1 — (2 + T')J,

T

30N?2 X|A|INT N
S s = plh < 312 T g (T ) fog (5).
t=1

O(|X|3/2\/|A|T>
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Appendix F. Upper bound on Mirror Descent term

Recall that for any initial state-action distribution p € Ay 4, and for any probability transition
kernel p, we define in Eq. (2) the set of state-action distribution sequences satisfying the MDP
dynamics:

MP = {u 1= (Kn)ne(N) ‘ po=pand Y pnyr(w,a) =Y (', a)ppa (xfa’,d) }

z’,a’

Let MP™ be the subset of M5 where the corresponding policies (in the sense of Eq. (1)) satisfy
7, (alz) # 0. We denote by ¢ : RV*I¥IXIAl 4 R the function inducing the Bregman divergence
D, in the sense that for all g,y € RN *IXIx|A]

Dy (p, ') := () = (') = (VO ('), = ') (13)

Assumption 3 For any p and 1/,

Dy (p, i) > fllu )%, (14)

From now on, we assume D, is one of the two following commonly used Bregman divergences
satisfying Ass. 3:

* Using the convention that 0log(0) = 0 and assuming fi;,(x, a) > 0 for all (n, x,a), let Dy, be
the Kullback-Leibler divergence:

Dy, 1) = KL(p, o ZZun z,a)log <M”< )> (15)

n=0 z,a ( )

By Pinsker’s inequality, the result in Eq. (14) holds. Note that, in this case, Pinsker’s inequality
remains valid even if y and i/ are induced by different probability transitions.

* For any two probability transition kernels p, ¢, for any two initial state-action distributions
p, o', forall p € Mb, and p' € MZ}* with respective policies 7, 7/, let

Dy, 1) = T(p, ZZM (z,a log( E ;) + p(z,a) log <5((?,Z))>' (16)

=1 z,a

If p = g, Lemma B.1 from Moreno et al. (2024) shows that D, satisfies the inequality from
Eq. (14).

Lemma 16 presents an auxiliary result for Online Mirror Descent, where, in each episode ¢, the
iteration is performed over a space of measures M. determined by a probability transition kernel
¢+ and an initial state-action distribution p;, both of Wthh may vary across episodes. Additionally,
each iteration is performed over a set of convex constraints W, that may also vary across episodes.
We compare the sequence of state-action distributions (u)¢c[7), generated by solving each OMD
iteration, with any sequence v; := v9 7Pt that satisfies the constraints in WV; and is induced by a
fixed policy 7.
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We then apply Lemma 16 for the case when ¢; := p; as defined in Eq. (6), pt := pt—1FPr, |, =
u%’l’p #t=1 where the initial distribution in the first episode is set as p; := p, and W, = {p :=
() e[y | itn — plln < (p, be) + @llpe — pll1}. Joining this result with the feasibility results from
App. E, and some auxiliary Lemmas in App. D, we show in Prop. 6 a final upper bound on the term

RI}’ID from the periodic regret decomposition presented in Sec. 3.3.

Lemma 16 Consider a sequence of vectors (2).cr) where z; € RN XXXl sych thar maxye(7) || 2t]]1,00 <
C. Let (Wt)te[T] define a sequence of convex constraint sets for the state-action distributions se-
quences. Let (pt)ic[r) define a sequence of state-action distributions, (qt).c[r) be a sequence of
probability transitions, and My := M. Assume that My N W is non-empty for all t € [T). Let

P41 € argmin {77<Zt, ) + Dd)(:uvﬂt)}
BPEM 1MW

for Dy, as given in either Eq. (15) or Eq. (16), p11 initialized such that Vi)(u1) = 0, and n > 0. For
any sequence of distributions (l/t)te[T] with vy := v™Pt for a common policy T,

T
Ny (2o —ve) <n’CT + NVelyp, —ry — ¢(p1)
=1
T T
+Z (Vp(pe), Vt+1>+772<zt77/t+1 — ),
=1 =1

where Vi > 1+ max(, 5.0) 11 [@en (|2, 0) — g1 (|2, a)llr.

Proof Since this is a convex problem and the constraint set is non-empty, using the optimality
conditions and the three points Bregman inequality, for all v, € M1 N Wi,

{2ty 1 — V1) < Dy(Vigt, e) — Dy (Veg1, 1) — Doy (fet1, f1e)-
Re-arranging the terms,

T

772<Zt,,ut - Vt S

t=1

Zt, pt — pre1) — Dy (par1, pe) + Z Dy (V115 pit) — Dyp(Vet1, pre+1))
t=1

1) 2)

||Mﬁ

+n Z<2t7 Vit1 — V).
t=1
a7
We analyse each term separetly.

Term 1 analysis: Applying Young’s inequality for some o > 0 we have that for each ¢t € [T7,

1122l oo

(2, it — pre1) — Dy (pres1, ) < %y T ol = pi1 %o 1 — Dy (ptes1, )
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e Dy, = KL: If Dy, is the Kullback-Leibler divergence as in Eq. (15), then for o = 1, using the
inequality from Eq. (14),

ag
§||Nt — vl — KL(prg1, ) < 0.

2<2T
Hence, (1) < T5—.

e Dy =T :1f Dy is the divergence defined in Eq. (16), then it does not satisfy Inequality (14),
as the probability transition kernel g;, which induces p, may differ from ¢;;; inducing 444 1.
However, by the definition of I', the probability transition kernel inducing the term in the
second entry is irrelevant; only the policy and initial distribution matter. Therefore, we have

1
D(pes1, o) = Dpesr, pyitt) = §||Mt+1 — TP 12

Thus, for o = 1/2 we have that
T

1
~|l e = pesallZon — Tpters poe)
4

=1 ]
|
< Z §”Mt — 1 13

< Z sup ZZum z,a)||gi+1 (|2, a) — g1+ (|2, @)1

t= 1716{0, 7N}Z 0 z,a
< NVT7
where the second to last inequality comes from Lemma 10. Hence,

(1) <n°¢*T + NVr.

N

»-lkﬁ—‘

1
| e — Mt+1|\go,1 - §||Nt+1 — iyt 12

Term 2 analysis: In the analysis of classic online mirror descent Shalev-Shwartz (2012), the sum
in term (2) is telescopic. However, because in our case the constraint set changes at each episode due
to varying probability transitions and changing initial state-action distributions, this term requires
further analysis. To address this, we sum and subtract D, (v, p):

T

(2) = Z Dy (Vig1, i) — Dy (Vi1 pras1)
=1

T
(Vi1 i) — Dy (v, ) + Z Dy (ve, pt) — Dy (Vi1 phs1) -
t=1
(@) (i7)
For (), using that 1 is the function inducing the Bregman divergence D,; in the sense of Eq. (13),
we have that

IIMﬂ

T
(i) = Y (i) — () = (Ve (pr), vigr — )
=1 :
= Y(vrg1) — )+ Z Vp(pe), Ve — Vigr)-
=1
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Term (i7) is a telescopic sum, therefore, as a Bregman divergence is always positive,

(i1) = Dy(v1, 1) — Dy (vrgr, peg1) < Dy(vi, p)-

Joining terms (¢) and (7), using that y; is initialized such that Vi (u;) = 0, and that ¢)(u) < 0
for all state-action distribution sequence w for both Bregman divergences considered, we get that

T T
(2) < Gwri) =)+ (Vi) vi—ver1)+ Dy, ) < =)+ (Veb(ue), vi—vies1)-
t=1 t=1

Joining all terms: replacing the upper bounds for each term in the inequality of Eq. (17), we obtain
that,

T
Ny (2 —ve) <n’CT + NVelyp, —ry — ()
=1
T T
+Z (Vio(pe), Vt+1>+772<zt77/t+1 — ).
t=1 t=1

F.1. Proof of Prop. 6

We prove Prop. 6 which bounds the Ré\p/lD term of the periodic regret decomposition.

Proof Let v, := fi; " for all t € [T, where  is any periodic policy in the true MDP for the initial
distribution p, i.e., pP; = p. From the feasibility result on Lemma 2, for all ¢ € [T'], we have that
with high probability,

vi € We o= {p = (n)neiny | lon = plln < (s be) + @llpe = pllr}, (18)

and W; is a convex set on the sequences of state-action distributions. Hence, the set M; N W, is
convex and non-empty.

Since f;,, is ¢-Lipschitz with respect to the || - ||; norm, we have ||4;]|10 < N{. From the
definition of the bonus vector b; in Eq. (7), it follows that HthI s < lCs5N?, where Cj is given in
Eq. (9). By applying Lemma 16 with z; := ¢; — b; such that ¢ < 2¢N?Cy, q; := p; as defined in
Eq. (6), pt == pr—1Pr,_, = ppy "7 forall 1 <t < T, p1 = p, and W) as defined in Eq. (18), and
noting that yi; is the solution to the optimization problem in Eq. (8), we obtain:

T
7 AT, Pt 2
RYP = Z<‘€t — by, i — 17P) < (2UN?Cs)*T + 5N€ log(T)]l{Dw:F} — 1/1(?/;1)
t=1
1< T _ (19)
+ " Z(Vw(ut), Vp— V1) + Z(ﬁt — bt Vpy1 — V),

t=1 t=1

(4) (i)

where we also use that for all (n, z,a), Vp == 14+ 3.1, [|pe.n(-|7, @) — ry1n(]z,a)|l1 < elog(T)
from Lemmas 14 and 15. We now analyze terms (7) and (i) considering that v, = ji; .
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Term (i): We assume that ||V (1) < . In practice, to ensure this upper bound, one can
define a smoothed version of the policy by mixing it with a uniform policy, as proposed in Moreno
et al. (2024). This modification results in only minor changes to the regret, affecting the final regret
bound by an additional logarithmic term. Therefore, for clarity of presentation, we assume directly
that the gradient of v is bounded.

From Holder’s inequality, we have that, for any 6 € (0, 1), with probability at least 1 — (24 T")4,

T T
S (V) vt~ i) € SNV (ol oellve — viilloo
t=1

t=1

<¥ Z sup |Vt,n — Vit1mlloo,1
+—1 n€{0,..

_‘I’Z SUP ||Nt’pt #t+p1t;1||1

= 1”6{07 Al
S Z [ sup ZZM P a)||peal-le, a) — Prari(le, a)|ln + |lpe —Pt+1||1}
LemmalO t=1 {0, ’N}Z 1 za
T
< UNelog(T) + ¥ Z ot — pes1lla
=1

Lemmas 14 and 15

60NZ . |X|AINT N
< E— /2 JLES D B— — .
< W|Nelog(T) + 7 ——|¥**V/[A[T log ( 5 log 5

Lemma 3

(20)

Term (ii): The analysis of the second term is similar to the first, but it depends on |[¢; — b1 oo
instead of W. Thus,

T

> (ly=by,vip1—11) < 2UN’Cy [Nelog(T) |X\3/2\/]A]Tl <|X|A|NT) log (J(SV)]

t=1

Final step on RJMD analysis: let

60N2 X|AINT N
B = Nelog(T)1p,—ry—(u1)+¥ {Ne log(T)—i-m\)d?’/Q |A|T log ("“‘;’) log <5>]

Joining the bounds of terms (¢) and (4¢) in Eq. (19), we obtain that with probability at least 1 — 2(2 +
T)o,

RYP < n(2¢N?Cs)*T + 7175 + 20N?C; [Ne log(T) + ]X\3/2\/\A\Tl <|X|“4|NT> log (?)]

Forn =,/ W, we then obtain that with high probability

RYP < O(ENS\X|5/4]A1/41 | — \_IlaT3/4>.
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Appendix G. Main result known p,

Before presenting the main periodic regret bound for our algorithm with known p;, we analyze
the terms RQMDP and Rl}onus from the regret decomposition in Sec. 3. These results build upon and
generalize existing results in the literature (see, for example, Moreno et al. (2025b)). We also prove
below Prop. 5 upper bounding the regret term R?ff' Pt

G.1. Upper bound on R¥DP
Proposition 17 For any § € (0, 1), with probability at least 1 — 29,

RMDP < yN? <3\/§|X]\/]A]Tlog <‘X”“§|NT> +2|X|(/2T log (i\;))

Proof Using that f;, is convex and ¢-Lipschitz with respect to the norm || - ||; for all ¢t € [T]
and n € [N], recalling that (x p, at.n)ne|n] denotes the agent trajectory observed at episode ¢, and
that the trajectory observed in episode ¢ is independent of the previous trajectories by the design of
MDPP-K (Alg. 2), we obtain that

T

R = 3™ R~ R

T

TPt 7Ft7 t NPt
E (VF(u™"") PE— P
t=1

T N
< ezz, TPt _ A7Tt7PtH1

t=1 n=1

T N
S Zu’”*’" (@, @)[[pis1 (12, @) = privr (|, @)1

Lemma 10

Applying Prop. 12 with v4 = p;, with 7; the policy used to observe the trajectories in the true

MDP, and with &, (2, a) = ||pni1(-|z, a) = P (|2, a)]1 < ﬁ such that C' = Cj, and

¢ = 2, and where the inequality happens with high probability and follows from Lemma 9, we have
that

N n-—1

RMPP < Eg@%mﬁw 2T1°g< ))

<5N2(3f|xy\/|,4|T1 (X”“?NT +2\X|,/2Tlog
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G.2. Upper bound on R‘}?““S
Proposition 18 For any § € (0, 1), with probability at least 1 — 9,

Rbonus < (£N3|X| VIAIT).

Proof Using Holder’s inequality and that ||{;,||cc < ¢ forall ¢t € [T] and n € [N], as £ is the

Lipschitz constant of f; ,, with respect to the norm || - ||1, it follows that
T
D (b il —p™P) < fz Z 14757 = 1l
t=1 t=1n=1
T N n—1

< ! Yo i (@ )iz, a) = pii (2, @) )

1 n=11:=0 z,a

N n—1 - 05
\S,_, EZZ Z”t,%p(xva)m

1 n=11:=0 z,a

Lemma 9
T N c
=/ (N=n)S arP(2,a0)———
T T
- Z<bt7 ﬂg7p> + Z<bt,0) p>7
t=1 t=1
where by := (by,n)ne[n] is the sequence of bonus vectors defined for all n € {0,..., N} and (z,a)
as in Eq. (7) by
- C,
ben(z,a) :=¢(N — n)76’
Nip(z,a)

with Cs := ,2|X|log <'X“§NT>

Hence, replacing it in the bonus regret term we have that

T
REo™s = th,ut i PY + (b, i — ™)

Mﬂ i

T
(by, ) + Z be.o, p)
=1

W
Il
—_

T

(bt, pe) + (b0, pr) + Z(I;t,()v p—pt)-
t=1

I
Mq

)
I,

(4) (i)

Note that term (i7) arises because we cannot guarantee that the initial distribution at each episode
is equal to p. This issue does not occur when using bonuses in episodic MDPs, as done in Moreno
et al. (2025b). We analyze this additional term in more detail below.
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As pb = pi, we have from Corollary 13 that the first term satisfies for any § € (0,1), with
probability at least 1 — 6,

T

X||AINT N
Z br, ) + (b, pr) < 15EN?|X[2/] AT log (M) log <5>
t=1

We now proceed with the second term. Using Holder’s inequality, that ||b; o||cc < ¢NCj, and
Lemma 3, we have that with high probability

N

T
(i) =D {brosp = po) < Y Ibrollclle = pelln
t=1

t=1

T
< INCs S llp = il

t=1

N2 X NT /
§€N05?0_Q|X|3/2\/|A|Tlo IMIAINT HA’

1l-a

where for the last inequality we use the definition of Cjy.

Joinining both terms, we obtain that with high probability,

RY™S < 150N3|X)3/2\/| AT log <|X|'§|NT> log (](;f)
3
n 53?\_@5 2/ TATT log™2 (|XH«2|NT> log <](\;)

- [ (N3
_ O(H]X\Q\/|A|T>.

G.3. Upper bound on joff' Pt: proof of Prop. 5

Proof Recall that [[¢; |l < £ as £ is the Lipschitz constant of f;,, with respect to the norm || - ||
foralln € [N] and ¢t € [T]. Given the definition of b; in Eq. (7), we have that for all ¢ € [T'] and
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n € [N, < NCjt. Hence, from Holder’s inequality we have that with high probability

T

diff, T ATP AT,
RTI = Z<€t — by, 43" — i)
t=1

< %NCaZZ gy = Al

t=1n=1

T
< 2INCsY Nlpt - pln

Lemma 10 t=1

X||AINT N
< 2UN? x|/ T'log IMANTY g (N
< anie; 2 e S ) Jos (4

a3

- (W*»«\ VIATT).

G.4. Final result: proof of Thm. 4

Proof Following the decomposition of the periodic regret in Sec. 3, and using the convexity of F;
with ¢; := V F;(ut), we have that for all periodic policy T,

T T
Aﬂ' 3 7 5 ) ~NT
prort) — P +Z£t_bt’ﬂt A +Z£t_bt7,utpt i)
t=1 t=1

IIMH

MDP MD diff.
RT RT RT Pt

T
(b i — fi ) + (Lo, 7 — ™)+ 9> Nlpr = plla -

E

+

-
Il

1

th)gnus Rf;“é
We analyze each term separately:

* From Prop. 17, we have that with high probability

RYPP < N2 (3\@|X|\/|A|Tlog <’XH“§’NT> +2|X|4 /2T log <J(\;>)
= O(UN?|X|\/|AT).

* From Prop. 6, we have that with high probability

Ry < O~<£N3|X]5/4\A\1/41 [ EjaTi‘/‘*).
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* From Prop. 5, we obtain that with high probability
Rt < () (&){mﬂxﬁ\/m) |
* From Prop. 18 we have that with high probability,
RP™s < O(ﬁmﬂxﬁm).
* Finally, from Lemma 3,

RI‘

N3

11—«

¢ < O(7N2|X|3/2\/|A|T>.

By replacing all upper bounds in the decomposition of the periodic regret, we conclude that, with
high probability, for all periodic policies 7,

. U 1
Ry(m) < o(m?wﬁ/ﬂfuﬂﬁ /ETSM + HKN“]XQ\/\A\T).

Appendix H. Practical Solution Using Dynamic Programming

We show in this section how to solve the optimization problem in Eq. (8) of the main paper that we
use to build the main algorithm in practice:

pi+1 € arg min {77<€t — by, ) + Dw(ﬂaut)}
peEMi 1

st un = plle < (psbe) + allpe — pll1-

Let A > 0 be the Lagrange multiplier corresponding to the inequality constraint. The Lagrangian
is defined as

_ 1 _
L, A) == (b — by, p) + EDw(M, pe) + Mllwny = plle = (1, be) — allpe — plla]-
We also represent the constraint function as

G(p) = [lun = pllv = (u, be) — allpe — pl|1-

Assume there exists v € My that strictly satisfies the constraint, i.e., G(v) < 0 (to ensure that,
we can slightly increase the value of « in practice). Since the problem is convex, strong duality holds,
and thus

41 € arg min {77% — b, j1) + Dy (1, ut)} = max min L(u,A).
HEM 41 A>0 peMipr 21)
st. G(p) <0
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Minimizing the Lagrangian for a given \: For a fixed A\ > 0, we provide a solution for

mingem, , £(, A) when the Bregman divergence is defined as in Eq. (16). We derive a closed-form
solution for the policies using dynamic programming.

Since the following procedure applies to all ¢ € [T'] and any probability transitions, we omit the
episode index and the fact that the optimization is performed on the set of distribution sequences
induced by the estimated MDP. Thus, instead of using £, by, by, My 1, fis, ¢, ﬂzrff“ s Di41, Pr41, WE
simplify the notation to £, b, b, M, i1, T, ™, P, p.

Let ¢* := ¢ — b — \b. Hence,

1
i A) = min { (¢! —D i) 4+ Aun —
min £(u, A) ffél/&{< )+ =Dy(p, 1) + Mlpn pH1}

e

:mﬁ{zzmu ZZulg< el )+A2mma -}
N

:E%{;;un(%a){ﬁ(ma) ; ( )}—}-/\ZWNwa p(x,a)y}

—gﬁl{i;ug(@a) [ﬁf{(w,a) 71710g< ﬂ +>\Z|MN (z,a) )’}
i

n(an|zn) \ | _
E[ZEA a;n,an)Jrlog(7T piD; T +AZ‘E H@yam)=(@a)}

(anlen)

p] = plaa)]}.

(22)

n=1

We define the state-action value function sequence (Q;);c[n] Where, for i = N, for all (z,a) €
X x A,

Q;\V(J'i?a) = E?V(CC,CL) + )‘Z ‘E[]l{(xN,aN) (z,a }’ :CNvaN) (:p,a)] - p(i‘,&))

=In(2,0) + A ‘]l{(x,a):(a'c,&)} - p(z, d)}

= Ef‘v(az, a) + A2(1 — p(x,a)),

and for each i € {1,..., N — 1}, where we denote m; 1.5 := (7;)jefit1,...N}»
- Tn(an|2n)
Qo) = uin {e.)+ | 3 Ol an) 0w (240 (0 0) = (0,0,
Tt 1:N il Tn(an|n)

-+ )\Z ‘E[ﬂ{(mN,aN):(a’:,d)}Kxi’ai) = ('i'aa)aﬁa 7'[‘] - p(i‘,@)‘}

z,a
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Note that this state-action value function satisfies

Q/\(x a)—é (7,a) + min {Zp1+1 |z, a ZWZH '|a") [z+1($ a’) + log <M>

Ti+1:N 7Tz+1( ,‘:B,)

n\0n|Tn _
-I-E[ Z (3 (20, an) + log (W) (Tit1, aig1) = (l’/a&/),pﬂf]
n=i+2 n n n
AN By an-@ap| @i ai) = (@.0).5.7] = p(@. a)‘] }
A ’ T @) L v
=i (x, a)—H%lil szJrl (2'|z,a) ZWzH (a'[2")| log W + Qi1 (a,a’)| ¢
(23)

Observe that computing £, 4~ p[Q()\ (z,a)] is equivalent to solving the Lagrangian minimization for
a fixed A given the decomposition in Eq. (22). Hence, our goal is to find the sequence of policies that
is used to compute E(; 4y 5[Qo(, a)]. Using the relation satisfied by the state-action value function
shown in Eq. (23), we can compute each element in the sequence of optimal policies, that we denote
by (m )ne[ N)» separately backwards in time by taking for all z € X

w4 (o) = argmin {(7(-|z), Q4 (z,-)) + 1KL(?T(-\OU),7‘rz-+1(-|:v))},
w(-lx)EA 4 n
which is well known to have a closed-form solution (see for example Moreno et al. (2024)) with for
all (z,a) € X x A,
Tiv1(alz) exp(—nQf, (x, a))
> Tir1(d/|z) exp(—nQp 4 (z,a'))
Finally, using the recursive relation from Eq. (1), we can recover the state-action distribu-

tion sequence i corresponding to 7, which is the solution to the Lagrangian minimization
mingepq L(p, A) for a fixed Lagrange multiplier .

T (alz) = (24)

Maximizing the Lagrangian: For a given Lagrange multiplier A > 0, we previously described how
to compute p* € arg min,, e ng £(p, A). To find the pair (u, \y) € arg min, o minge up L(pM,N),
we adopt the min-max iterative procedure outlined in Algorithm 4. We begin by initializing the
multiplier \; > 0 and proceed iteratively. At each iteration s, we compute the exact state-action
distribution sequence i associated with the current multiplier \,, following the method described
above. We then check whether the inequality constraint is satisfied up to a small constant ¢, i.e.,
G(ps) < e. If it is, we return p* as the solution to the original optimization problem. Otherwise,
we update the multiplier by performing a gradient ascent step with a tunable learning rate 1. We
omit the analysis for Algorithm 4 as it is not the main focus of this work and it follows from the
classic gradient ascent analysis (see Bach (2024)).

Computing &:  In practice, the algorithm only requires a value & that ensures feasibility. From
Lemma 3, we know that Eq. (8) is feasible for any & > «. Therefore, we can construct a grid
over the interval (0, 1) and search for the smallest value of @ in this grid for which the problem
remains feasible. To test feasibility, the L; constraint in Eq. (8) can be reformulated as a set of linear
inequalities, allowing the use of a solver to efficiently verify feasibility.
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Algorithm 4 Lagrangian min-max approach

Input: initial multiplier )\, learning rate 1y, € > 0
while G(p*s) > ¢ do
Update Lagrangian multiplier: s 1 = A + n\G(p*)
Compute the associated state-action distribution pi*s+!
end while

Appendix I. Main results unknown p,

In this section, we present the main results for the second framework, where p; is not observed by
the learner. The algorithmic scheme is detailed in Algorithm 3 in App. C, with the key differences
with respect to the method for the first framework highlighted in blue.

To establish the regret bounds for this framework, we also introduce Ass. 4 below.

Assumption 4 There exists some 0 < « < 1 such that for all policies m € 11 and distributions
v,V € Axwa,
Py =/ Prll < ally = /|1

I.1. Estimating p;

We build an estimate of the initial state-action distribution at episode ¢ by designating one of the M
agents as an agent that can be restarted at the beginning of each episode. We refer to this agent as the
special agent. Importantly, only this single agent is restarted, unlike in standard episodic RL, where
all agents would be reset, making this a weaker assumption. For further discussion, see Sec. 4 in the
main paper. Let p; denote the estimate of p; for all ¢ € [T7].

Let /1 = VF_4 (A7), and let Mvt = Mgi, the set of state-action distributions
sequences that start at the initial distribution p;, and that satisfies the dynamics of the MDP induced
by the estimated probability kernel p;. Algorithm 3 computes the policy 7; by running each online
mirror descent iteration over the distributions initialized in p;. Hence, at episode ¢, for some n > 0 to
be tuned later, the learner computes

fi¢ € arg min {n(ft_l — be1, 1) + Dy, Mt—l)}
HEM; (25)
st [lun = pll < (s be—1) + &l pe—1 = pll,
and takes m; as the policy associated to the state-action distribution y as discussed in Sec. 2.
We denote the trajectory of the restarted agent under policy m¢ by (%, dt,n)ne[ N]- At the

beginning of episode ¢, the restarted agent is restarted at an initial state-action pair sampled from py,
i.e., (Z10,at0) ~ pr. For each tuple (n, z, a,2’), we define the corresponding counts as follows

t—1 t—1
N7 AT /
Nt,n (x7 a) = Z l{isyn:x,&s,n:a}v Mt’n (x |x7 a) = Z ]]‘{js,n+l:x/7£5,n:x7a5,n:a}'
s=1 s=1
We also define another estimate of the transition probability kernel at the end of episode ¢ — 1 as

My (|, a)
max{1, Ny (x,a)}

Protr(a’|z,a) ==
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We define the stochastic matrix corresponding to p; := (Pt,n)ne|n] under a policy 7, as in Eq. (3),
and denote it by é’i We then set p; := p, and for each episode 1 < ¢ < T, we recursively define
pt = ﬁt—lP;t-

We state and prove below Prop. 7, giving a result on the accuracy of the estimated initial
state-action distribution p; computed and used in Algorithm 3.

Proposition Assuming Ass. 4 holds for 0 < a < 1, we obtain that for any 6 € (0,1), with
probability at least 1 — 29,

ZHPt plly < T— 3N|X\/2|A|T1 () +2NX|\/M}

Proof
Fori < j,forallv € Axxa, letvPy, = vP: P,

g1+ *

Hence, note that p; := pP1 =1 and p; = pPlt L' Thus, we have that for each ¢ € [T]

T1:t—1" Tlit—1"

. Py, and ylsi:j = VPZ pirt JB#J

Ti4+1

pt — pt = pPry, — Prlltt 11
:P(P _Pl )P7T2:t71 +pP711(P7r2 _PT%Q)PWB:tfl + .. Plltt 22(P7Tt 1 Pt 1)

Tt—1

Dl 1
= Z meZl 1 - PZ )Pﬂi+1:t—17

where ]57}100 = land Py,, , = 1. Thus, by taking the L; norm and summing over ¢ € [T] we get
that

T t-1

Z Hpt ptH1 < Z Z HpP#i 11 - PZ )Pﬂi+1;t—1 Hl

t=1 i=1
T t—1

ZZof TPt (Pr = Pl (26)
t=1 i=1

T
Zzat - IHPZ m_ﬁ;‘ri)nl

t=1 i=1

where for the before to last inequality we use Ass. 4, and for the last equality we use that pé}ll;}l =
b

We now express the final L; norm using the state-action distribution notation. Let ™ denote
the sequence of state-action distributions induced by executing policy 7 in an episode starting from
initial distribution v under the true MDP, as defined in Eq. (1). Similarly, let ;" represent the
corresponding distribution in the MDP defined by the estimated transition model p;. In particular, we
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have that p; P, = M’;\}"ﬁ * and ﬁiﬁl = ﬂ”zj\fl Therefore, from the inequality above we have that

T t—-1

Z”Pt il < 03 @ R

t=1 =1
T t—1

< DD ot ZZMW’ z,0)||pj1(-|7,0) = Pijra(lo a)ll (27)

Lemma 10 t=1 =1 Jj=0 =,a

T—1 T—t N
=) oty Z S U (@, a) pja (e a) = Biger (e, a1

i=1 j=0 =z,a

W
I
—

We apply Prop. 12 to the trajectory of the restarted agent (T, dt,n)ne[ ~] when following the
policy 7 (solution to Eq. (25)), with initial distribution vy = p, and where & ,(z,a) = ||pp+1(- |

z,a) — Pral- | zoa)|i < Cg/\/max{l, Nin(x,a)}. This inequality follows from Lemma 9,
allowing us to set C' = Cs and ¢ = 2. Since the restarted agent is restarted at the beginning of each
episode from p;, the resulting trajectories are independent across episodes. Therefore, Prop. 12 yields
that

T—t N—-1

Zummz x a Hp]-i-l( |:1: a) ]51'7]'.:,_1(-’33,@)”1
i=1 j=0 z,a

< 3N!X!\/ P sz\/ 2(7 - 0o ().

Replacing it in the decomposition on Eq. (27), we have that

T
Zum—ﬁtuls “3N|XM2A\ piog (ISR 4 ZN'XM 7 tytog (5]
t=1

| X||AINT
5

1 N
< [3N|X|\/2|A|Tlog < +2N|X|4[2T log (5)],

where for the last inequality we use that 0 < o < 1.

L.2. Auxiliary results

We now present some auxiliary results that are used in establishing the main periodic regret bound
for Algorithm 3 in Thm. 8. These are mainly adaptations of the results from the previous sections to
take into account the use of the estimated initial state-action distribution p; rather than the actual
distribution p; when calculating the policy at episode .

New feasibility result: We begin by presenting a new feasibility result. In Lemma 2, we showed
that the problem in Eq. (8) is feasible when the sequence of distributions starts from the true state-
action distribution p;. However, since the learner now uses the estimated distribution p; to compute
the policy, a corresponding feasibility result is required.
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Lemma 19 There exists 0 < & < 1 such that for every episode t € [T, the optimization problem
in Eq. (25) is feasible with high-probability.

Proof Let 7 be any periodic policy. Hence,
1P = plly < 16e(PE = Pr)lly + 1I(pe — p) Prlly
< (g be) + allpe = pllas

where we use the high-probability result from Lemma 11 and Ass. 2. |

Corollary 20 Let (bt)c(r) and (Z_Jt)te[T] be the two sequences of bonus vectors defined in Eq. (7).
Recall that i} is the state-action distribution sequence induced in the estimated MDP py, with
policy 7, with initial distribution v. Thus, for any § € (0, 1), with probability at least 1 — 49,

T

T
N2 _ ~ ~ EN
Z (by, fi] Am,m <1_a|X3/2 /’A’T) and Z<bt,ﬂ?t’pt> < O< ]X|3/2 /‘A|T).
t=1 t=1

Proof We start by decomposing the product as

T T T
§ : ~ Tt Pt _§ : AT Pt Aﬂt,pt § : A7rt7pt
<btvut > - bt7 +
t=1 t=1

t=1

(4) (i)

From Corollary 13, we have that forany & € (0, 1), with probability 1—24, (ii) = O(N?| X |>/2\/| A|T).
As for the first term, using Holder’s inequality and that for each n € [N], ||b.n]|c0 < Cs, we get that

) <03 S AT — il

t=1 n=1
T
< N lpe— pelh
Lemma 10 t=1
< o N\ AT ).
~— l-«a
Prop. 7

By summing both terms, we conclude the proof for the bonus vector sequence (bt)ye[7)-
The result for the bonus vector sequence (l_?t)te[T] follows from a similar decomposition, the
application of Corollary 13, and the observation that for each n € [N, ||b; |0 < ¢NCj. [

Distance between p; and p: We now present a result analogous to Lemma 3, which shows that the
estimated initial state-action distribution remains, on average, close to the target distribution p. This
result is crucial for establishing a low periodic regret bound.
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Lemma 21 With high probability we have that

T _ N2
S lvsr = plh < O 2 4V VAT ).
t=1

Proof We denote by fi;” the sequence of state-action distributions induced by policy 7 in the
estimated MDP starting from v, according to the recursive relation in Eq. (1), with initial state-action
distribution v.

~Tt,0t

For short, we let fi; := i, """, and iy 1= ﬂf“ﬁ ‘. Additionally, we define a bonus vector based on
the trajectory of the restarted agent; that is, for all (n, z, a), we set:

bin(z,a) == ~C(5 .
\/maX{Ntyn(x, a),1}

Note that by definition, pey1 = ﬁtﬁt hence

e ?

Ipeer = pll = 115 Pr, — plh
<P, = Pl + 15e(PE, = Pr)ll1 + 15:PL, = plla
< (fie, be) + 2{ps, br) +al| o — plly
=B
< B+ ofBi—1 + allpr—1 — pll]

t
< Z atisﬁ&
s=1

where for the second inequality we use that 7 is a solution of the OMD iteration at episode ¢ in
Eq. (25), therefore satisfying the constraint ||, PL, — pll1 < (ue, be) + &l|pe — pl|1, and we also use

Lemma 11 for both the stochastic matrices P, and P, .
For any s € [T,

S S

S 6= S b+ 3 2 b
t=1

t=1 t=1

(%) (i2)
We analyze each term individually.
Term (7i) can be upper bounded via a direct application of Corollary 20, which shows that

T ~ 9 )
() = 3oy < O T VIR ).
t=1

For term (i), we apply Prop. 12 to the trajectory of the restarted agent under policy 7, i.e.,
(Ttns Gt.n)ne[n]> Using the sequence of initial state-action distributions (¢ ). from which the

restarted agent is reset at the beginning of each episode. We set & ,(z,a) = by (x,a) for all
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(n,x,a), and therefore take C' = ¢ = Cjs. As a result, for any § € (0,1), we obtain that with
probability at least 1 — 6,

—~, N
(i) = Z<ﬂt,bt> < 3NCs5v/|X||Als + NCs| X |y | 2slog <5>
t=1
= 3N\X|\/|A|slog <|X”?’NS) + N\X|3/2\/2510g (WS log (J(;[)

= O(N|X)P2V/|Als),

where we use the definition of Cj in Eq. (9).
Joining the upper bounds on terms (7) and (u) we obtain that

Zﬁs < o< |X!3/2M>

Summing over ¢ € [T] we then get that

ZHPH—I pll < Zzat *Bs

t=1 s=1
T-1 T—t
t—1
=D > B
t=1 s=1

<> a0 N—2|X|3/2\/|A|(T—t)
- 1l -«

concluding the proof. |

As a consequence of Lemma 21, Corollary 22 establishes that the true state-action distribution p;
remains, on average, close to the target distribution p, despite the fact that in Framework 2, we do
not observe p; directly and instead rely on the estimate p; to compute the policies.

Corollary 22 With high probability, we have that

Zupt pul<0(( Ak )21X3/2¢1A1T)

Proof The proof follows from the triangle inequality, then from Prop. 7 and Lemma 21:

T T T
S llee = el <> lloe—pells + > llpe — ol
t=1 t=1 t=1
<o N xpr AT,
T\l -a)?
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New online mirror descent proof: We present here a result analogous to Prop. 6, concerning the
policy computed via online mirror descent (OMD), but now accounting for the fact that OMD is
performed as in Eq. (25), over the set of state-action distributions initialized at p; at the start of each
episode.

Lemma 23 For each episode t, we let ﬂ?t’ﬁ * be the solution of Eq. (25). Suppose further that
IVY(iar ") 1,00 < 9. Then, with high probability,

d ¢N?
S = 7 = ) = O {2 AP ),

1l -«
t=1

For  a periodic policy, we apply Lemma 16 with v; = ji} Pt We take G+ = Pt, and py = py, with
p1 = p, such that M; = Mgz following the definition in Eq. (2). Note that for

Wi o= {p = (n)nepv) | v — ol < (s be) + a3t — plli},

we have v, € W, N M, from the new feasibility result in Lemma 19. Recall that f; , is ¢-Lipschitz
with respect to the norm || - ||1, hence ||4; 5 ]|cc < £ and ||bypllcec < b := ¢NCj for all (n,t). As

AT, Pt

1, """ is solution to Eq. (25), we have that

T

7 7 AT D ~ATT0 2 1
Z(ﬁt — by, it — i ?) < (2ANC5)*T + EN@ log(T)1(p,-r} — 7/1(7/; )
t=1
1 < o
+ n Z(WJ(M), Ve — Vpy1) + Z<€t — bt Ver1 — 1),
t=1 t=1

@) (i)
where we also use that for all (n, z,a), Vy = 14+ S| |94, (-]z, a) — p5F1(|z, )|y < elog(T)
from Lemmas 14 and 15. The analysis of terms (7) and (4¢) is similar as in the proof of Prop. 6,
except that we now need to account for the difference between two consecutive estimates of the
initial state-action distribution:

T T T
S ae = el Do —pll+ ) lle = Areall
t=1 t=1 t=1

2 (28)
~ 3/2
L‘S”ZI()(“ — ! \/|A|T>.

Thus, by repeating the analysis of terms (¢) and (i¢) from the proof of Prop. 6, but replacing
occurrences of ||ps — pe+1|l1 with ||pr — pry1]]1, and applying the upper bound from Eq. (28), we

obtain that N2
(i) < W [Ne log(T) + (5((1_0[)22(|3/2\/|A|T>} :

" (ii) < 20N Cj [Ne log(T) + O <(1J_VZ)2|X]3/2\/W)] .
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Therefore, joining the bounds of terms (4) and (i7), and optimizing over 7, we obtain that

d (N3
S R A ER Al

t=1

L.3. Final periodic regret bound: proof of Theorem 8

Proof We begin by decomposing the periodic regret as follows: for any periodic policy 7,

T T
Ry(m) =Y [F(umr) — F(u™)] + > llpe — plh
t=1 t=1
T T ~
- Z [Ft(um,pz) — F(i7") + Z (i) t(ﬂ:t’pt)]
t=1 t=1
ij/gDP Rgfﬂ pt—pt
T B T
+ 3 [Fi ™) = F(™)] 49> e = plla-
t=1 t=1

policy
RT

We analyze each term individually

R¥DP: The results of Prop. 17 still apply to this term, hence for any § € (0, 1), with probability at

least 1 — 26,

mper < e (svia Lamos (AT o o (7))
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RdTiff' pr=pr, Using the convexity of F}, Holder’s inequality, and that f; ,, is ¢-Lipschitz with respect
to the norm || - ||1, we have that

T
dlff pt—pt __ ZFt Aﬂ't,pt t(ugt,/)t)
t=1
< ZZ (V frm (i), il = ara)
<O N NAT = g
T
Z ot — pellx
LemmalO t=1

fiv 3N\X]\/2]A]T1 ‘X”“;UNT) +2N|X|, /2T log (g)]

<
~—~
Prop. 7

~ [ IN? —

Regularization term : By applying Corollary 22
Z o= ol < 0221 AT ).

Rl}dicy: Using the convexity of F}, and defining {; := VF}(ji] ™:Pt) we decompose this term in
three parts:

T
ngohc Zwt? ATt,Pt . ,u7r,p>
t=1
T 5 T
<N (= b i = ) Y (O — b i — i)
t=1 t=1
RMD R&;':ff. Bt—p

T
+ <5 Ampt i +Z Et, AP ,p>'
t=1

Mq

1

o~
Il

bonus
RT

We again break the analysis of each term:

* RYP: The bound for this term follows directly from Lemma 23, which gives us that with high
probability

RMD < O( EN |X’5/4‘A‘1/4‘I/1/2T3/4>
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. RdTiﬁ' pe=p. Using Holder’s inequality, and that Hgt — bt||oo < 2¢NCj, we have that

T
Rglff. pt—p _ Z% — by, i Pt — P
t=1
<2€NC§ZZH:U' »Pt 7p‘
t=1 n=1
T
< 2AN?Cs> o - plh
Lemma 10 t=1
~ [ (N*
< O 7—=3IXIPVIAIT ).
~ ((1—04)2‘ |W>
Lemma. 21

. RbT"““S : Following the proof of Prop. 18, we obtain the following decomposition:

T T
Rl%gmus — E <b Aﬂmpt ATF,P _|_ § Et, AP >
t=1 t=1

T T
(bt o Am’pt ag?) -I-Z be, fig ") -I-Z bt,0, p)
t=1 t=1

Mﬂ

t=1
T B ~ ~ T B

= E <bt7 la?—tpt> + <bt,07 ﬁt> + E <bt,07 P — ﬁt> .
t=1 t=1

(@) (i2)
We begin by upper bounding term (7). Since, by definition, ,ut TPt = p¢, Corollary 20 implies
that
N 5 EN 3/2
(i) <O |X\ VIAIT |.

As for term (44), using Holder’s inequality, that ||b o||; < ¢NCj, and Lemma 21, we have that

T
Z (b0, p — Pr)
}
- T

< zN@ZHp—@Ih

t=1

N72|X|3/2, /|A|IT

(1-a)?

_O<(1—04)2X‘ \/|A|T>.

— ptll1

< fNCgO(
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Joining the upper bounds on terms (¢) and (i7) we obtain that
~ (N3
bonus 2
R =0 ——I|X A|T ).
T ((1 _ a)Q |X] W)

Conclusion: By summing the upper bounds from the terms of the periodic regret decomposition
above, we obtain the final upper bound on the periodic regret of Algorithm 3.
|
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