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ABSTRACT
Consistency Models (CM) ( , ) accelerate score-based diffusion

model sampling at the cost of sample quality but lack a natural way to trade-off
quality for speed. To address this limitation, we propose Consistency Trajectory
Model (CTM), a generalization encompassing CM and score-based models as
special cases. CTM trains a single neural network that can — in a single forward
pass — output scores (i.e., gradients of log-density) and enables unrestricted traversal
between any initial and final time along the Probability Flow Ordinary Differential
Equation (ODE) in a diffusion process. CTM enables the efficient combination
of adversarial training and denoising score matching loss to enhance performance
and achieves new state-of-the-art FIDs for single-step diffusion model sampling
on CIFAR-10 (FID 1.73) and ImageNet at 64 x 64 resolution (FID 1.92). CTM
also enables a new family of sampling schemes, both deterministic and stochastic,
involving long jumps along the ODE solution trajectories. It consistently improves
sample quality as computational budgets increase, avoiding the degradation seen in
CM. Furthermore, unlike CM, CTM’s access to the score function can streamline
the adoption of established controllable/conditional generation methods from the
diffusion community. This access also enables the computation of likelihood. The
code is available at https://github.com/sony/ctm.

1 INTRODUCTION

Deep generative models encounter distinct training and sampling challenges. Variational Autoencoder
(VAE) ( , ) can be trained easily but may suffer from posterior collapse,
resulting in blurry samples, while Generative Adversarial Network (GAN) ( )
generates high-quality samples but faces training instability. Conversely, Diffusion Model (DM) (

; , ) addresses these issues by learning the
score (i.e., gradlent of log-densuy) ( , ), which can generate high quality samples.
However, compared to VAE and GAN excelling at fast sampling, DM involves a gradual denoising
process that slows down sampling, requiring numerous model evaluations.

Score-based diffusion models synthesize data by solving the reverse-time (stochastic or deterministic)
process corresponding to a prescribed forward process that adds noise to the data ( ,
; s ). Although advanced numerical solvers ( s ; s
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) of Stochastic Differential Equations (SDE) or Ordinary Differential Equations (ODE) substan-
tially reduce the required Number of Function Evaluations (NFE), further improvements are challeng-
ing due to the intrinsic discretization error present in all differential equation solvers ( ,

). Recent developments in sample efficiency thus focus on Distillation models (

) (Figure 1) that directly estimates the integral along the Probability Flow (PF) ODE sample
trajectory, amortizing the computational cost of numerical solvers, exemplified by the Consistency
Model (CM) ( , ). However, their generation quality does not improve as NFE increases
(the red curve of Figure 7). Theorem 1 (in this paper) explains this inherent absence of speed-quality
trade-off in CM’s multistep sampling by the overlapping time intervals between jumps. This persists
as a fundamental issue when training jumps solely to zero-time as in CM.
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Figure 1: Training and sampling comparisons of score-based and distillation models with CTM.
Score-based models exhibit discretization errors during SDE/ODE solving, while distillation models
can accumulate errors in multistep sampling. CTM mitigates these issues with y-sampling (y = 0).

This paper introduces the Consistency Trajectory Model (CTM) as a unified framework simulta-
neously assessing both the integrand (score function) and the integral (jump) of the PF ODE, thus
bridging score-based and distillation models. More specifically, CTM estimates anytime-to-anytime
jump, ranging both infinitesimally small jumps (score function) and long jumps (integral over any
time horizon) along the PF ODE, providing increased flexibility at inference time. Particularly, our
unique feature enables a novel sampling method called ~y-sampling, which alternates forward and
backward jumps along the solution trajectory, with v governing the level of stochasticity.

CTM’s anytime-to-anytime jump along the PF ODE greatly enhances its training flexibility as
well. It allows the combination of the distillation loss and auxiliary losses, such as denoising score
matching (DSM) and adversarial losses. These auxiliary losses measures statistical divergences'
between the data distribution and the sample distribution, which provides student high-quality training
signal for better jump learning. Notably, leveraging these statistical divergences to student training
enables us to train the student as good as teacher, reaffirming the conventional belief established
in the distillation community of classification tasks that auxiliary losses beyond distillation loss
can enhance student performance. In experiments, we achieve the new State-Of-The-Art (SOTA)

performance in both density estimation and image generation for CIFAR-10 ( , ) and
ImageNet ( , ) at a resolution of 64 x 64.

'The DSM loss is closely linked to the KL divergence ( s ; s ). Also, the
adversarial GAN loss is a proxy of f-divergence ( , ) or IPMs ( , ).
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2 PRELIMINARY

In DM ( , ; , ), the encoder structure is formulated using a set
of continuous-time random variables defined by a fixed forward diffusion processz, dx; = V2t dwy,
initialized by the data variable, Xg ~ pgaa. A reverse-time process ( s ) from T to 0
is established as dx; = —2tV log p:(x;)dt + V/2t dwy, where W, is the standard Wiener process in
reverse-time, and p;(x) is the marginal density of x; following the forward process. The solution
of this reverse-time process aligns with that of the forward-time process marginally (in distribution)
when the reverse-time process is initialized with x7 ~ pr. The deterministic counterpart of the

reverse-time process, called the PF ODE ( , ), is given by
dX/ Xt — E +0(X|X¢ [X‘Xt]
T; = —tVlogpi(x;) = . O(t bxt) ;

where p;o(x|x;) is the probability distribution of the solution of the reverse-time stochastic process
from time ¢ to zero, initiated from x;. Here, [,  (x|x,)[X[X:] = X; 4+ tV log p;(x;) is the denoiser
function ( , ), an alternative expression for the score function V log p:(x;). For notational
simplicity, we omit p;o(x|x;), a subscript in the expectation of the denoiser, throughout the paper.

In practice, the denoiser E[X\Xt] is approximated using a neural network D, obtained by minimizing
the DSM ( , , ) 1088 By 1o (x]x0) %0 — Do (%, 1) [|3], where pos (x]x0)
is the transition probablhty from time O to ¢, initiated with xo. With the approximated denoiser, the
empirical PF ODE is given by

dXt Xt — Dd)(Xf, t)

=—"""1- 1
dt t M
Sampling from DM involves solving the PF ODE, equivalent to computing the integral
d D O x; — Dep(x¢,t
/ LT / #dt — x :XT+/ wdt’ )
T

where x7 is sampled from a prior distribution 7 approximating pr. Decoding strategies of DM
primarily fall into two categories: score-based sampling with time-discretized numerical integral
solvers, and distillation sampling where a neural network directly estimates the integral.

Score-based Sampling Any off-the-shelf ODE solver, denoted as Solver(xp, T, 0; ¢) (with an
initial value of x7 at time 7' and ending at time 0), can be directly applied to solve Eq. (2) (

, ). For instance, DDIM ( , ) corresponds to a 1st-order Euler solver, while
EDM ( , ) introduces a 2nd-order Heun solver. Despite recent advancements in
numerical solvers ( , ; , ), further improvements may be challenging
due to the inherent discretization error present in all solvers ( , ), ultimately
limiting the sample quality obtained with few NFEs.

Distillation Sampling Distillation models ( ; , ) successfully
amortize the sampling cost by directly estimating the integral of Eq. (2) with a single neural network
evaluation. However, their multistep sampling approach ( , ) exhibits degrading sample

quality with increasing NFE, lacking a clear trade-off between computational budget (NFE) and
sample fidelity. Furthermore, multistep sampling is not deterministic, leading to uncontrollable
sample variance. We refer to Appendix A for a thorough literature review.

3 CTM: AN UNIFICATION OF SCORE-BASED AND DISTILLATION MODELS

To address the challenges in both score-based and distillation samplings, we introduce the Consistency
Trajectory Model (CTM), which integrates both decoding strategies to sample from either SDE/ODE
solving or direct anytime-to-anytime jump along the PF ODE trajectory.

3.1 DECODER REPRESENTATION OF CTM

>This paper can be extended to VPSDE encoding ( s ) with re-scaling ( s ).
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CTM predicts both infinitesimally small step jump and long step -
jump of the PF ODE trajectory. Specifically, we define G(x,t, s) CTM
as the solution of the PF ODE from initial time ¢ to final time s <#: 5= | (.
el ® >
® w—E U :ﬁ g fe o)
G(xy,t,8) = Xt+/ Xi[X'X]du. =i L,(\‘M/\
+ u 2] X
Q 5 Q)k \‘t'\
For stable training®, we express G as a mixture of x; and a function 0
g, (inspired from the Euler solver®): t=oll s
5 s
G(x,t,8) = Xt (1 - E)g(xt,t, 5), Figure 2: Learning objectives
of Score-based (t = s line),
where g(x,t,5) = x; + = [ 7)(”7]%""‘”} du. We predict distillation (s = 0 line), and
’ CTM (upper triangle).
5 5
Go(xt,t,8) = Xt (1 - E)ge(xtata s)

as the neural jump, a combination of x; and a neural output gg. This ensures the neural jump Gg
satisfies the initial condition Gg(x¢,t,t) = x; for free. It removes the necessity of enforcing the
initial condition in neural network training, transforming the optimization problem from constrained
to unconstrained. Figure 2 contrasts CTM’s learning target with that of previous models.

A crucial characteristic of g becomes evident when taking the limit as s approaches ¢. From the
definition, we obtain

. . . 1 s Xu — ]E[X‘Xu] _
lﬂg(xt,t,s)—xt+t£gt_8/t " du = E[x|x¢].

Therefore, estimating g leads to the approximation of not only the ¢-to-s jump but also the infinitesimal
t-to-t jump’ (denoiser function). Indeed, from the Taylor expansion, we have

t—s U t
= E[x|x:] + O(|t — s|).

g(x¢,t,8) = x4 + t /ts X, — E[x[x,] du =x; + i {(s - t)w L O((t - 5)?)

Therefore, g(x¢, ¢, s) (with general s < t) is interpreted as the denoiser function added with a residual
term of the Taylor expansion.

PF ODE trajectory
3.2 DISTILLATION LOSS: SOFT CONSISTENCY LOSS Multipideten DDE solver
To achieve trajectory learning, CTM should match the neural \ o X
jump Gl to the true jump G by Go(xy,t,s) =~ G(x4,t,s), for
any s < t. We opt to train Gg by comparing with a solution of
the numerical solver, Solver(xy,t,s; ¢), of the pre-trained PF
ODE in Eq. (1):

0 S u t
G ~ 1) &= .
olxe,t,8) & Solver(xi,f, 5 @) ~ Glxn, 1, 5) Figure 3: An illustration of
With a perfect teacher ¢, Solver accurately reconstructs CTM’s two predictions at time s
G(x4,t,s), and the optimal Gg-(x¢,t,s) coincides with the with an initial value x;.
ground truth G(xy, t, s), given sufficient student network flexibility.

For a more precise estimation of the entire solution trajectory, we introduce soft consistency matching.
As illustrated in Figure 3, soft consistency compares two s-predictions: one from the teacher and
the other from the student. More precisely, the target prediction is a mixture of teacher and student,

E
[x|xu] or
u

N _Eix‘x“] with a neural network can easily lead to divergence.
i —Elx[xi] _
t

*Directly learning x; + [, =

“Solving the PF ODE from ¢ to s with a single-step Euler solver gives x5 = x; — (¢ — )
2x¢+(1— 7)E[x|x;]. Our scale choices of £ and 1— %, thus, are naturally derived from the Euler representation
by replacing E[x|x] with g. We refer to Appendix C.1 for detailed analysis with this respect.

3In contrast, G is unaware of this infinitesimal jump as it collapses to the identity function when s — ¢, and
estimating the denoiser with finite differences along the time derivative is imprecise due to numerical issues.
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where we solve the teacher PF ODE on the (u, t)-interval and jump to s using the stop-gradient
student. In summary, soft consistency compares

GQ(Xtv t, S) ~ ng(Q) (SOlver(Xt7 t,u; ¢)7 u, 8)7 (3)

where a random u € [s,t) determines the amount of teacher information to distill, and sg is
exponential moving average stop-gradient sg(0) < stopgrad(usg(0) + (1 — p)0).
By the choice of u, this soft matching spans two frameworks:

* Atu = s, Eq. (3) enforces global consistency, i.e., the student distills the teacher information
on the entire interval (s, t).

e Atu = t — At, Eq. (3) is local consistency, i.e., the student only distills the teacher
information on a single-step interval (¢ — At,t). Moreover, it becomes CM’s distillation
target when s = 0.

To quantify the dissimilarity between the student prediction G (x¢, ¢, s) and the teacher prediction
Gsq(0) (Solver(x:,t,u; @), u,s), we use a feature distance d in clean data space by transporting
two s-time predictions to O-time using a stop-gradient student G5, 6)(-, s,0). More specifically,
transported predictions become Xeg (X¢, 1, 5) 1= Gsq0)(Go(Xt, 1, 5), 5,0) and Xearget (X4, , 4, 5) =
Gsg(0)(Gsg0) (Solver(xt, t,u; @), u, s) ,$,0). Summing altogether, the CTM loss is defined as

['CTM(O; (»b) = ]Ete[07T]]ESE[OJ]EuE[s,t)]Eonxt|x0 [d(xtarget(xta t,u, S), Xest(xta t, 5))} )

which leads to the neural jump, at optimum, to match with the jump provided by solving the empirical
PF ODE of Eq. (1), see Appendix B (Propositions 3 and 5) for details.

3.3 AUXILIARY LOSSES FOR BETTER TRAINING OF STUDENT

In knowledge distillation for classification problems, it is widely acknowledged that the student
classifier often performs as well as, or even outperforms, the teacher classifier. A crucial factor
contributing to this success is the direct training signal derived from the data label. More precisely,
the student loss Lgisin (teacher, student) + Ls(data, student) combines a distillation loss Lgisqn and
a classifier loss L5, which provides a high-quality signal to the student with the data label.

However, in the context of generation tasks, distillation models tend to exhibit inferior sample
quality compared to the teacher. This is primarily because model optimization relies solely on the
distillation loss. In our approach, we extend the principles of classification distillation to our model
by introducing direct signals from both DSM and adversarial losses to facilitate student learning.

First, we guide the student training with the DSM loss, given by
Losm(0) = B, Ex, o [l1%0 — g6 (e, 2, 1)[3]-

The optimal gg- obtained from the DSM loss becomes gg- (x4, t,t) = E[x|x;] = g(x4,t,t)°. There-
fore, the DSM loss improves jump precision when s ~ ¢ by acting as a regularizer. We remark that
the DSM loss mitigates the vanishing gradient problem of g learning when s — ¢ (because the scale
factor 1 — £ — 0) and significantly improves the accuracy of small neural jumps.

Second, we employ adversarial training for enhanced student learning, utilizing the GAN loss

LGAN (07 77) = IE:xo [log dn (XO)] + Ete[O,T]Ese[o,t]Eonx,,\xo [IOg (]- - dn (Xest(xtv t, 3)))] y

where d,, is a discriminator. This adversarial loss is motivated by VQGAN ( s ), which
shows that a combination of reconstruction and adversarial losses is beneficial for generation quality.

In summary, CTM incorporates distillation, DSM and GAN losses as
L£(6,m) := Lcm(0; @) + ApsmLpsm(0) + AcanLean(6,m),

SWe opt to use the conventional DSM loss instead of the score matching loss of E[|| Dg (x¢, t) —ge (xt, t, 1) ||3]
to ensure the exact denoiser estimation at the optimality.
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Figure 5: Illustration of y-sampling with varying « value. It denoises with the network evaluation

o . . Denois Noisif: _
and iteratively diffuses the sample in reverse by (t, ——— \/1 — 72,11 ——2s o) N

into a single and unified training framework’; and CTM solves the mini-max problem
ming max, £(0,n). Following VQGAN, we employ adaptive weighting with Apgm =
Vo, Lcm(0;0)|l and \ _ Ve, Lcrm(0:9) |
Ve, Losm(0)]] GAN = Vg, Loan(@5n)]*

This adaptive weighting significantly stabilizes the training by balancing the gradient scale of each
term. Algorithm 4 summarizes CTM’s training algorithm.

where 0}, is the last layer of the UNet output block.

4 SAMPLING WITH CTM Score-based Sampling Distillation Sampling
CT™M

CTM enables exact score eval-
vation through gg(axy,t,t), sup-
porting standard score-based sam-
pling with ODE/SDE solvers. In
high-dimensional image synthesis,
as shown in Figure 4’s left two
columns, CTM performs compara-
bly to EDM using Heun’s method
as a PF ODE solver.

CTM additionally enables time Figure 4: Comparison of score-based models (EDM), distilla-
traversal along the solution trajec- tion models (CM), and CTM with various sampling methods
tory, allowing for the newly intro- and NFE trained on AFHQ-cat (Choi et al., 2020) 256 x 256.
duced ~v-sampling method, refer to

Algorithm 2 and Figure 5. Suppose the sampling timesteps are T' =ty > --- > ty = 0. With
Xy, ~ w, where 7 is the prior distribution, y-sampling denoises x;, to time /1 — 2¢; with

Go(Xt,,t0, /1 — ¥?t1), and perturb this neural sample with forward diffusion to the noise level at
time ¢;. The y-sampling iterates this back-and-forth traversal until reaching to time ¢t = 0.

Our ~-sampling is a new distillation sampler that unifies previously proposed sampling techniques,
including distillation sampling and score-based sampling.

* Figure 5-(a): When v = 1, it coincides to the multistep sampling introduced in CM, which is
fully stochastic and results in semantic variation when NFE changes, e.g., compare samples
of NFE 4 and 40 with the deterministic sample of NFE 1 in the third column of Figure 4.
With a fixed xp, CTM reproduces CM’s samples in the fourth column of Figure 4.

* Figure 5-(c): When v = 0, it becomes the deterministic distillation sampling that estimates
the solution of the PF ODE. A key distinction between the y-sampling and score-based
sampling is that CTM avoids the discretization errors, e.g., compare (score-based) samples
in the leftmost column and (y = 0 distillation) samples in the rightmost column of Figure 4.

"The DSM loss is closely linked to the KL divergence (Song et al., 2021; Kim et al., 2022b) and the GAN loss
is a proxy of f-divergences (Nowozin et al., 2016) or IPMs (Arjovsky et al., 2017). Therefore, our comprehensive
loss can be interpreted as Lqisin (teacher, student) + Dk (datal|student) + D (data, student), which combines
the distillation loss (between teacher/student) with statistical divergences (between data/student).
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Reference

Figure 6: + controls sample variance in stroke-based generation (see Appendix C.5).

* Figure 5-(b): When 0 < v < 1, it generalizes the EDM’s stochastic sampler (Algorithm 1).
Appendix B.4 shows that y-sampling’s sample variances scale proportionally with 2.

The optimal choice of « depends on practical usage and empirical configuration ( , ;

, ). Figure 6 demonstrates y-sampling in stroke-based generation ( , ),
revealing that the sampler with v = 1 leads to significant semantic deviations from the reference
stroke, while smaller «y values yield closer semantic alignment and maintain high fidelity. Moreover,
Figure 7 showcases ’s impact on generation performance. In Figure 7-(a), v has less influence
with small NFE, but the setup with v = 0 is the only one that resembles the performance of the
Heun’s solver as NFE increases. Additionally, CM’s multistep sampler (v = 1) significantly degrades
sample quality as NFE increases. This quality deterioration concerning v becomes more pronounced
with higher NFEs, shown in Figure 7-(b), potentially attributed to the error accumulation during the
iterative neural jump overlap to zero-time. We explain this phenomenon using a 2-steps y-sampling
example in the following theorem, see Theorem 8 for a generalized result for N steps.

Theorem 1 ((Informal) 2-steps ~y-sampling). Let t € (0,T) and v € [0,1]. Let pg+ 2 denote as
the density obtained from the ~y-sampler with the optimal CTM, following the transition sequence

T — /1 —~2t = t — 0, starting from pr. Then Dy (Pdara, Do~ 2) ® = O(\/T — /1 =72t + t).

When it becomes NV steps, the y-sampling

10 —®— y-sampling (v =0) 10 —e— NFE 18
with v = 1 iteratively conducts long jumps il el / —e— NFE35
from ¢, to 0 for each step n, which aggre- " |
gates the error to O(v/T +t1 + - + tn).
In contrast, such time overlap between \{éég
jumps does not occur with v = 0, elim- . 2 s os 10
inating the error accumulation, resulting in NFE ' 5

only O(\/T) error, see Appendix C.2. In
summary, CTM addresses challenges asso-
ciated with large NFE in distillation models
with v = 0 and removes the discretization
error in score-based models.

(a) FID by NFE (b) Sensitivity to v

Figure 7: (a) CTM enables score-based sampling and
distillation y-sampling on CIFAR-10. (b) The FID de-
grade highlights the importance of trajectory learning.

5 EXPERIMENTS

5.1 STUDENT (CTM) BEATS TEACHER (DM) — QUANTITATIVE ANALYSIS

We evaluate CTM on CIFAR-10 and ImageNet 64 x 64, using the pre-trained diffusion checkpoints
from EDM (CIFAR-10) and CM (ImageNet) as the teacher models. We adopt EDM’s training config-
uration for Lpgym(0) and employ StyleGAN-XL's ( , ) discriminator for Lgan(0, 7).
For student, we use EDM’s DDPM++ implementation on CIFAR-10; and CM’s ADM implementation
on ImageNet. In addition to these default architectures, we incorporate s-information via auxiliary
temporal embedding with positional embedding ( , ), and add this embedding to the
t-embedding. We minimally change the CM’s design to comply the previous implementation, and we
list important modifications in Table 4 in Appendix D.1: 1) We find that a large u for stop-gradient
EMA significantly stabilizes the adversarial training; 2) We evaluate the model performance with
student EMA rate of 0.999; 3) we reuse the skip connection and output scaling of the pre-trained
diffusion model to our neural output modeling: gg(x¢,t, s) = Csxip(t)X¢ +Coue(t)NNg (x4, ¢, s), where
NNgp is a neural network. The selection of c;p and coy ensures that the initialized gg (xt,t,t) closely

8The total variation of two densities p and g is defined as Drv (p, q) := 5 L [Ip(x x)| dx.
“Bold text indicates the best performance, while underlined text means the %econd best performance.
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Table 1: Performance comparisons on CIFAR-10°. Table 2: Performance comparisons on Ima-
geNet 64 x 64.

Model NEE Unconditional Conditional
FID,  NLL{ FID} Model NFE FID, ISt  Rect
GAN Models Validation Data 1.41 64.10 0.67
BigGAN (Brock et al., 2018) 1 8.51 X -
StyleGAN-Ada (Karras et al., 2020) 1 2.92 X 2.42 ADM (Dhariwal & Nichol, 2021) 250 2.07 - 0.63
StyleGAN-D2D (K 1 ) 1 , x 226 EDM (Karras et al., 2022) 79 244 4888  0.67
StyleGAN-XL (Sauc al., 2022) 1 X 1.85 BigGAN-deep (Broc al., 2018) 1 4.06 - 0.48
StyleGAN-XL (Sauer et al., 2022) 1 200 8235 052
Diffusion Models — Score-based Sampling
DDPM (Ho et al., 2020) 1000 3.17 375 - Diffusion Models — Distillation Sampling
. 100 4.16 - - PD (Salimans & Ho, 2021) 1 15.39 - 0.62
DDIM (Song et al., 20202) 10 1336 . . BOOT (Gu et al,, 2023 1 16.3 - 0.36
Score SDE (Song et al., 2020a) 2000 220 345 - CD (Song et al.,, 2023) 1 620 4008  0.63
VDM (Kingma et al., 2021) 1000 7.41 249 - CTM (ours) 1 1.92 70.38 0.57
IESD(;IN:‘E\‘;"“! ol s D 13358 g'(l)(l) Z'gg . PD (Salimans & Ho, 2021) 2 8.95 B 0.65
S — . - . CD (Song et al., 2023) 2 4.70 - 0.64
Diffusion Models - Distillation Sampling CTM (ours) 2 173 64.29 0.57
KD (Luhman & Luhma 1) 1 9.36 X -
DFNO (Zheng et al., 2 1 3.78 X -
2-Rectified Flow (I 1., 2022) 1 4.85 X - P .
PD (Salimans & Ho, 2021) 1 9.12 X - Bl esiticr relectiontsan pling
CD (official report) (Song ct al., 2023) 1 355 x - Classifier guidance (NFE 250) NFE 2
CD (retrained) 1 10.53 X - [aX]
CD + GAN (Luetal, 2023) 1 2.65 X - o
CTM (ours) 1 198 243 173 4
PD (Salimans & Ho, 2021) 2 451 - - NFE 1
CD (Song et al., 2023) 2 2.93 - - 2
CTM (ours) 2 187 243 1.63 60 20 100 120
Models without Pre-trained DM — Direct Generation IS
CT 1 8.70 X - .
CTM (ours) 1239 - . Figure 8: FID-IS curve on ImageNet.

; o : AR ___.,"dh .‘3 :._ P
() EDM (T9NFE)  (b) CTM w/o GAN (1 NFE) (c) CTM w/ GAN (1 NFE)
Figure 9: Samples generated by (a) EDM, (b) CTM without GAN (Agan = 0), and (c) CTM
with GAN (adaptive Agan). More generated samples are demonstrated in Appendix E.

aligns with the pre-trained denoiser, with slight random noise introduced from the s-embedding.
Reusing cgip and cqy directs the student network to focus on training long jumps while preserving
the accuracy of small jumps (via Lpgp) from the initial training phase. Consequently, achieving good
performance requires only 100K iterations (10x faster) for CIFAR-10 and 30K iterations (20x faster)
for ImageNet, compared to corresponding baselines.

CIFAR-10 CTM’s NFE 1 FID (1.98) excels not only CM (3.55) on unconditional generation, but
CTM (1.73) outperforms the SOTA models, such as EDM (1.82 with 35 NFE) and StyleGAN-XL
(1.85) on conditional generation. In addition, CTM achieves the SOTA FID (1.63) with 2 NFEs,
surpassing all previous generative models. These results on CIFAR-10 are obtained upon the official
PyTorch code of CM, where retraining CM with their code yields FID of 10.53 (unconditional),
significantly worse than the reported FID of 3.55. Additionally, CTM’s ability to approximate scores
using gg(x¢, t,t) enables evaluating Negative Log-Likelihood (NLL) (Song et al., 2021; Kim et al.,
2022b), establishing a new SOTA NLL. This improvement can be attributed, in part, to CTM’s
reconstruction loss when u = s, and improved alignment with the oracle process (Lai et al., 2023a).

ImageNet CTM surpasses any previous non-guided generative models in FID. Also, CTM most
closely resembles the IS of validation data, which implies that StyleGAN-XL tends to generate sam-
ples with a higher likelihood of being classified for a specific class, even surpassing the probabilities
of real-world validation data, whereas CTM’s generation is statistically consistent in terms of the
classifier likelihood. In sample diversity, CTM reports an intermediate level of recall, but the random
samples in Figure 16 exhibits the actual samples are comparably diverse to those of EDM or CM.
Furthermore, the high likelihood of CTM on CIFAR-10 indirectly indicates that CTM has no issue
on mode collapse. Lastly, we emphasize that all results in Tables 1 and 2 are achieved within 30K
training iterations, requiring only 5% of the iterations needed to train CM and EDM.

Classifier-Rejection Sampling CTM’s fast sampling enables classifier-rejection sampling. In the
evaluation, for each class, we select the top 50 samples out of % samples based on predicted class
probability, where 7 is the rejection ratio. This sampler, combined with NFE 1 sampling, consumes
an average of NFE ﬁ In Figure 8, CTM shows a FID-IS trade-off comparable to classifier-guided
results (Ho & Salimans, 2021) achieved with high NFEs of 250 (see Figure 17 for samples).
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5.2 QUALITATIVE ANALYSIS

6
Local consistency matching
—— Soft consistency matching
5 Global consistency matching

—— Local consistency matching
—— Soft consistency matching
Global consistency matching

CTM Loss Figure 10 highlights that
soft consistency outperforms local
consistency and performs compara-
ble to global consistency. Specifi- 5 = .

. . . 0 5000 10000 15000 20000 25000 0 5000 10000 15000 20000 25000
cally, local consistency distills only Training iterations Training iterations
1-step teacher, so the teacher of time
interval [0,7 — At] is not used to (a) NFE 1 (b) NFE 18
train the neural jump starting from
xr. Rather, teacher on [t — At, t] with
t € [0,T — At] is distilled to student
from neural jump starting from x;, not xp. The student, thus, has to extrapolate the learnt but
scattered teacher across time intervals to estimate the jump from x7, which could potentially lead
to imprecise estimation. In contrast, the amount of teacher to be distilled in soft consistency is
determined by a random u, where u = 0 represents distilling teacher on the entire interval [0, T, see
Appendix C.3. Hence, soft matching serves as a computationally efficient and high-performing loss.

Figure 10: Comparison of local, global, and the proposed
soft consistency matching.

25 10

DSM Loss Figure 11 illustrates two

— CI™ — CTM
benefits of incorporating Lpsy with S Moo — el
: - —— CTM + 1.0
Lctv- It preserves sample quality ; . T s e ; . — cisosu
= xiter
for small NFE unless DSM scale out- 3 =) s
weighs CTM. For large NFE sam- T 0 T

pling, it significantly improves sample

5
0 5000 10000 15000 20000 25000 30000 0 5000 10000 15000 20000 25000 30000

quality due to accurate score estima- Training iterations Training iterations
tion. Throughout the paper, we main-
tain A\pgym to be the adaptive weight (a) NFE 1 (b) NFE 18
(thf.: case of CTM + 1.0DSM), based Figure 11: The effect of DSM loss.
on insights from Figure 11. N .

. . . —— CTM + DSM 5 —— CTM + DSM
GAN Loss. Flgure. 12 highlights the ~ _ = — CmipMeaan & | — M+ DSM+ GAN
benefits of integrating the GAN loss ~ w — M (10xiter) " Y
for both small- and large-NFE sam- £ ||~ M+GAN e
ple quality. In Figure 9, CTM shows S a .
superior sample production compared 5 20
to the teacher, with GAN reﬁning lo- 0 wiifmu_ ) 2““1? t:s_uuuu 10000 0 I‘[FW' ) Q(Ju_utu t:s_um)u 10000
cal detallsl Throughout the paper’ raining iterations raining iterations
we implerr.lent.a GAN warm-up strat- (a) NFE 1 (b) NFE 18
egy: deactivating GAN training with .
Agan = 0 during warm-up iterations Figure 12: The effect of GAN loss.

and subsequently activating GAN training with an adaptive Agan, following the VQGAN’s approach.
Additional insights into the effects of GAN on generated samples are discussed in Appendix C.4.

Training Without Pre-trained DM Leveraging our score learning capability, we replace the pre-
trained score approximation, Dg(x¢,t), with CTM’s approximation, gg(x:,t,t), allowing us to

obtain the corresponding empirical PF ODE dx; = Xe—go(Xetit) Consequently, we can construct

a pretrained-free target, Xarget := Gsg(0)(Gsg(0) (Solvert(xt7 t,u; s9(0))),u, s),s,0), to replace
Xtarget in computing the CTM loss Lcry. When incorporated with DSM and GAN losses, it achieves
a NFE 1 FID of 2.39 on unconditional CIFAR-10, a performance on par with pre-trained DMs.
Contrastive to CM, our CTM uses the identical form of loss from its score approximation capability.

6 CONCLUSION

CTM, a novel generative model, addresses issues in established models. With a unique training
approach accessing intermediate PF ODE solutions, it enables unrestricted time traversal and seamless
integration with prior models’ training advantages. A universal framework for Consistency and
Diffusion Models, CTM excels in both training and sampling. Remarkably, it surpasses its teacher
model, achieving SOTA results in FID and likelihood for few-steps diffusion model sampling on
CIFAR-10 and ImageNet 64 x 64, highlighting its versatility and process.
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ETHICS STATEMENT

CTM poses arisk for generating harmful or inappropriate content, including deepfake images, graphic
violence, or offensive material. Mitigating these risks involves the implementation of strong content
filtering and moderation mechanisms to prevent the creation of unethical or harmful media content.

REPRODUCIBILITY STATEMENT

The code is available at https://github.com/sony/ctm. Moreover, we outline our training
and sampling procedures in Algorithms 4 and 2, and detailed implementation instructions for result
reproducibility can be found in Appendix D.
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A RELATED WORKS

Diffusion Models DMs excel in hrgh fidelity synthetic image and audio generation (
s ; s ; s ) as well as in apphcatrons like medla
editing, restoration ( s ;
, ; , ). Recent research aims to enhance DMs in sample
quality ( ;2), density estimation ( , ; , ), and especially,
sampling speed ( ,

Fast Sampling of DMs The SDE framework underlying DMs ( , ) has driven
research into various numerlcal methods for acceleratlng DM sampling, exemplified by works such
as ( , ). Notably, ( , ) reduced
the ODE solver steps to as few as 10- 15 Other approaches involve learning the solution operator of
ODEs ( , ), discovering optimal transport paths for sampling ( , ), or
employrng distillation techniques ( , ; ,

, ). However, previous drstrllatlon models may experience slow convergence
or extended runtime. ( ) introduced a bootstrapping approach for data-free distillation.
Furthermore, ( ) introduced CM which extracts DMs’ PF ODE to establish a direct
mapping from noise to clean predictions, achieving one-step sampling while maintaining good sample
quality. CM has been adapted to enhance the training stability of GANSs, as ( , ). However,
it’s important to note that their focus does not revolve around achieving sampling acceleration for
DMs, nor are the results restricted to simple datasets.

Consistency of DMs Score-based generative models rely on a differential equation framework,
employing neural networks trained on data to model the conversion between data and noise. These
networks must satisfy specific consistency requirements due to the mathematical nature of the
underlying equation. Early investigations, such as ( , ), identified discrepancies
between learned scores and ground truth scores. Recent developments have introduced various
consistency concepts, showing their ability to enhance sample quality ( , ;

), accelerate sampling speed ( , ), and improve density estimation in drffusron
modeling ( , ). Notably, ( ) established the theoretical equivalence of
these consistency concepts, suggesting the potential for a unified framework that can empirically
leverage their advantages. CTM can be viewed as the first framework which achieves all the desired
properties.

B THEORETICAL INSIGHTS ON CTM

In this section, we explore several theoretical aspects of CTM, encompassing convergence analysis
(Section B.2), properties of well-trained CTM, variance bounds for «-sampling, and a more general
form of accumulated errors induced by y-sampling (cf. Theorem 1).

We first introduce and review some notions. Starting at time ¢ with an initial value of x; and ending
at time s, recall that G(xy, t, s) represents the true solution of the PF ODE, and G(x,t, s; ¢) is the
solution function of the following empirical PF ODE.

dxy _ %y = Dolxuwu) o [0,7]. 4)
du U
Here ¢ denotes the teacher model’s weights learned from DSM. Thus, G(x, t, s; ¢) can be expressed
as

(Xf7t ¢) 7Xf + (1 - ;)g(xhtas; ¢)7

where g(x,t,5;0) = x¢ + - [] %(x“’") du. (

similar formulation, albeit for drfferent purposes.

, ) also derived a

B.1 UNIFICATION OF SCORE-BASED AND DISTILLATION MODELS

The following lemma summarizes our dedicated GG-expression using an auxiliary function g, allowing
convenient access to both the integral via GG and the integrand via g, visualized in Figure 13.
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Lemma 2 (Unification of score-based and distillation models). Suppose that the score satisfies
SUPy fOT IV log pu(x)||, du < co. The solution G(x¢,t,s) can be expressed as:

t S w— E ”
G(xt,t,8) = fxt + (1 — f)g(xt,ts) with g(x,t,8) =x¢ + / x el du.
t t t—sJ, u

Here, g satisfies:
* When s = 0, G(x¢,t,0) = g(x¢,t,0) is the solution of PF ODE at s = 0, initialized at x;.

* As s = t, g(X¢,t,8) — E[x|x¢]. Hence, g can be defined at s = t by its limit: g(x¢,t,t) :=
E[x|x¢].

As outlined in Section 3.1, the g-expression for G is in- | Diffusion models
herently associated with the Taylor approximation to the | Consistency Trajectory Model (CTM)
integral:

Score-based models | [ Distillation models

G(x¢,t,8) = Xt + [(s —t)w +O(Jt— 82):|

= ot (1= 7) [ + Ot = o)

=g(xt,t,8)

Figure 13: Schematic illustration of our

To further elucidate why Taylor’s expansion is the primary CTM.

cause of discretization errors, we will provide an explana-

tion using the DDIM sampler with the oracle score function. The denoised sample with DDIM from
ttot — Atis xPPR! = (1 — 4)x, + 5L E[x|x;]. However, the Taylor expansion of the integration
yields that the true trajectory sample is xI™%,, = (1— 5%)x; + 51 (E[x|x;] + O(At)). Therefore, the
DDIM trajectory differs from the true trajectory by %(’)(At), which exactly represents the residual

term of the Taylor expansion beyond the 2" order. Consequently, the discretization error originates
from the failure to estimate the residual term of the Taylor expansion.

B.2 CONVERGENCE ANALYSIS — DISTILLATION FROM TEACHER MODELS

Convergence along Trajectory in a Time Discretization Setup. CTM’s practical implementation
follows CM’s one, utilizing discrete timesteps tp = 0 < t; < --- < ¢ty = T for training. Initially,
we assume local consistency matching for simplicity, but this can be extended to soft matching. This
transforms the continuous time CTM loss to the discrete time counterpart:

EéVTM(a; ¢) = Ene[l,N]]EmE[[O,n]]]Exo,pmn (x]x0) |:d(xtarget(xt71 st tm)7 Xest(xtny tn, tm)):| ,

where d(-, -) is a metric, and
Xest(xtn stn, tm) =G (GG (th by, tm)v tm, O)

Xtargel(xtn sty tn_1, tm) =Gy (GG (501ver(xtn7 tn, tn_1; ¢)7 th—1, tm) ytm, 0)

In the following theorem, we demonstrate that irrespective of the initial time ¢,, and end time ¢,,,
CTM Gy (-, tn, tm; @), will eventually converge to its teacher model, G (-, t,,, tin; @).

Proposition 3. Define Ayt := max | {|tn+1 — tn|}. Assume that Gg is uniform Lipschitz in x
n N

and that the ODE solver admits local truncation error bounded uniformly by O((Ant)PT1) with
p > 1. Ifthere is a Oy so that LY, (On; @) = 0, then for any n € [1, N] and m € [1,n]

sup d(GBN (GGN (X,tn, tm)a tma 0)7 GeN (G(Xa tna tmv ¢)a tma O)) = O((ANt)p)(tn - tm)
xERDP

Similar argument applies, confirming convergence along the PF ODE trajectory, ensuring the local
consistency with 6 replacing sg(8):

Go(xy,t,8) = Go(Solver(xe,t,t — At; @), t — At s)
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by enforcing the following loss

LEM(O; 8) := Epnepi, N Emepo,n]Exo.por, (xlxo) [d(itarget(th, sty tm), Xest(Xe,, s T tm))} ;
where
Rest(Xt,, , tnstm) .= Go(Xt,,, tnytm)
Kiarget (Xt » tns tn—1, tm) 1= Go (Solver(Xy,,tn, tn—1; @), tn—1,tm).
Proposition 4. If there is a O so that EgTM(BN; ¢) = 0, then for anyn € [1,N] and m € [1,n]
sup d(Goy (X, tn, tm), G(X, tn, tm; @) = O((ANE)P) (tn — tm).

x€RDP

Convergence of Densities. In Proposition 3, we demonstrated point-wise trajectory convergence,
from which we infer that CTM may converge to its training target in terms of density. More precisely,
in Proposition 5, we establish that if CTM’s target Xrger is derived from the teacher model (as defined
above), then the data density induced by CTM will converge to that of the teacher model. Specifically,
if the target Xuree; perfectly approximates the true G-function:

Xuarget (Xt,, > tny tn—1,tm) = G (X4, tn, tm), foralln € [1,N],m € [0,n], N € N. 5)
Then the data density generated by CTM will ultimately learn the data distribution pgqg,.

Simplifying, we use the ¢ for the distance metric d and consider the prior distribution 7 to be pr,
which is the marginal distribution at time ¢ = 7T defined by the diffusion process:

dXt = @dwt, (6)
Proposition 5. Suppose that

(i) The uniform Lipschitzness of Gg (and G),
sup |Go(x,t,5) — Go(x/,t,8)|l, < L|x —x'||,, forallx,x' € RP t s€0,T],
0

(ii) The uniform boundedness in 0 of Gg: there is a L(x) > 0 so that
sup |Go(x,t,5)||l, < L(x) < 0o, forallx € RP t,5¢€[0,T]
6

If for any N, there is a Oy such that LY,,(On; @) = 0. Let pg, (-) denote the pushforward
distribution of pr induced by G, (-,T,0). Then, as N — oo, ||pey (-) — pe ()|l — 0. Particularly,
if the condition in Eq. (5) is satisfied, then ||pgy (*) — Pdata(*)|| o, — 0 as N — 0.

lloo
B.3 NON-INTERSECTING TRAJECTORY OF THE OPTIMAL CTM

CTM learns distinct trajectories originating from various initial points x¢ and times ¢. In the
following proposition, we demonstrate that the distinct trajectories derived by the optimal CTM,
which effectively distills information from its teacher model (Gg- (-, t,s) = G(-, t, s; ¢) for any
t,s € [0,T7)), do not intersect.

Proposition 6. Suppose that a well-trained 0* such that Gg- (-, t,s) = G(-,t,s; @) forany t,s €
[0, T, and that Dy (-,t) is Lipschitz, i.e., there is a constant Ly > 0 so that for any x,y € RP and
tel0,T]

1Dg(x,t) = Dy, )l < Lo [Ix =yl -

Then for any s € [0,t], the mapping Gg-(-,t,s): RP — RP is bi-Lipschitz. Namely, for any
Xt, ¥yt € RD

e P xy = yilly < [|Go- (xust,8) = Gox (yasty8) [, < € x —yill,. (D)
This implies that x; # yi, Go~ (X451, 8) # Go=(y+; t, s) forall s € [0,1t].
Specifically, the mapping from an initial value to its corresponding solution trajectory, denoted as
x; — Go+(Xy,1,-), is injective. Conceptually, this ensures that if we use guidance at intermediate

times to shift a point to another guided-target trajectory, the guidance will continue to affect the
outcome at £ = 0.
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B.4 VARIANCE BOUNDS OF 7-SAMPLING

Suppose the sampling timesteps are T' =ty > t1 > --- > tx = 0. In Proposition 7, we analyze the
variance of

Xpy1 = GG(Xn7 tn, V1 — '72tn+1) + Zy,
resulting from n-step y-sampling, initiated at

Xi = Go(Xty,t0, V1 —7%t1) + vZo, where Z,, % N(0,7%2,)T).

Here, we assume an optimal CTM which precisely distills information from the teacher model
Go+(-) = G(-,t,s;¢) forall t, s € [0, T, for simplicity.

Proposition 7. We have
C M tns tngr, VVar (Xn) + 722 1 < Var (Xns1) < C(tn, togr, v)Var (Xn) + 772 44,

where ((t,,tny1,7) = €xp (2L¢(tn — /1 'y?tnﬂ)) and L is a Lipschitz constant of Dy (-, t).

In line with our intuition, CM’s multistep sampling (v = 1) yields a broader range of Var (X,, 1)
compared to v = 0, resulting in diverging semantic meaning with increasing sampling NFE.

B.5 ACCUMULATED ERRORS IN THE GENERAL FORM OF y-SAMPLING.

We can extend Theorem 1 for two steps y-sampling for the case of multisteps.

We begin by clarifying the concept of “density transition by a function”. For a measurable mapping
T : Q — Q and a measure v on the measurable space €2, the notation 7 f denotes the pushforward
measure, indicating that if a random vector X follows the distribution v, then 7 (X) follows the
distribution 7 fv.

Given a sampling timestep T" = ¢y > t1 > --- >t = 0. Let pg~ n represent the density resulting
from N-steps of y-sampling initiated at pr. That is,

N-1
* = Te o 7'9 .
per,N O ( V1=V tng1—otng1r /172t tpr

n=0
N—1
Here, O denotes the sequential composition. We assume an optimal CTM which precisely distills
n=0

information from the teacher model Go-(-) = G(,t, s; @) forall ¢, s € [0,T].
Theorem 8 (Accumulated errors of N-steps y-sampling). Let v € [0, 1].

N-1
Dry (pdatuvpﬂ*,N) =0 <Z \/tn —v1- ’thn—&-l) .
n=0

Here, Ti—o: RP — RP denotes the oracle transition mapping from t to s, determined by Eq. (6).
The pushforward density via T;_ s is denoted as T;_ sip:, with similar notation applied to ﬁisﬁpt,
where 7;0_:  denotes the transition mapping associated with the optimal CTM trained with Lcry.

B.6 TRANSITION DENSITIES WITH THE OPTIMAL CTM

In this section, for simplicity, we assume the optimal CTM, Gg- = G with a well-learned 8*, which
recovers the true G-function. We establish that the density propagated by this optimal CTM from
any time ¢ to a subsequent time s aligns with the predefined density determined by the fixed forward
process.

We now present the proposition ensuring alignment of the transited density.

Proposition 9. Let {p,}1_ be densities defined by the diffusion process Eq. (6), where py := Paara-
Denote Tis(+) == G(-,t,8): RP — RP for any t > s. Suppose that the score ¥V log p; satisfies

that there is a function L(t) > 0 so that j;)T |L(t)| dt < oo and
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(i) Linear growth: ||V logp:(x)|l, < L(t)(1 4+ ||x]],), for all x € RP

(ii) Lipschitz: |V logpy(x) — Viogpi(y)ll, < L(t) [|x —y

o forallx,y € RP.
Then foranyt € [0, T] and s € [0,t], ps = Ti—sfps-

This theorem guarantees that by learning the optimal CTM, which possesses complete trajectory
information, we can retrieve all true densities at any time using CTM.

C ALGORITHMIC DETAILS

C.1 MOTIVATION OF PARAMETRIZATION

Our parametrization of Gy is affected from the discretized ODE solvers. For instance, the one-step
Euler solver has the solution of

—E
Xlguler =x; — (t _ S)th[x‘xt] — ;Xt + (1 — i)E[X|Xt}

The one-step Heun solver is

Heun __ t—s (x4 — E[X|Xt] XEUler _ E[X‘Xguler]
X = Xt — 9 7 +
S
o t—s(x N xBuler N t—s [(E[x|x] N E [x|xEuler]

- %Xt + (1 _ i) ((1 - %)E[Xlxt] + ;SE[XIXE“IC’])-

s

Again, the solver scales x; with $ and multiply 1 — 7 to the second term. Therefore, our G(x¢, 1, s) =
2x¢ + (1 — 3)g(x¢,t, s) is a natural way to represent the ODE solution.

For future research, we establish conditions enabling access to both integral and integrand expressions.
Consider a continuous real-valued function a(t, s). We aim to identify necessary conditions on a(, s)
for the expression of G as:

G(x¢,t,5) = alt, s)x, + (1 — alt, s))h(x,t, 8),

for a vector-valued function h(xy,t, s) and that h satisfies:

o limg_,¢ h(xy,t, s) exists;

* it can be expressed algebraically with E[x|x;].

Starting with the definition of GG, we can obtain

S u_E “
G(xht’s) = Xy +/ Xi[)qx]du
t

u

= alt,s)x; + (1 - alt, s)) [xt L1 /t xu — Elxlx] o

1—af(t,s) u
h(x¢,t,s)
Suppose that there is a continuous function ¢(t) so that
s—t
[ ——
i1 a(t, s) (),

then

. . 1 ¥ xy — E[x|x4]

i Bt 8) = %0 + fim [1 —af(t,s) /t u du}

|: s—t X — ]E[X|Xt*]

, forsomet* € [s,t
1—a(t,s) t* } [5,4]

=x; + lim
s—t
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=+ oft) (= Hi[x‘xt])
_ (71 +tc(t))xt - @E[}qxt].

The second equality follows from the mean value theorem (We omit the continuity argument details
for Markov filtrations). Therefore, we obtain the desired property 2). We summarize the necessary
conditions on a(s, t) as:

-1

There is some continuous function ¢(¢) in ¢ so that lim ST c(t). (8)
s>t 1 —af(t,s)

We now explain the above observation with an example by considering EDM-type parametrization.

(s=0mn)* 94 gnd coue(t, 5) 1= (1 — %). Then G(xy, t, s) can be expressed

nsider cg A C—omm)2to2,,
Conside Csklp(t78) (t—omin)?+0d,,

as
G(Xt7 ta S) = Cskip(ta S)Xt + cout(t7 S)h(xt7 ta S)a

where h is defined as

h(xt,t,s) =

S u_]E ”
(1 — cqip)xe + / XuZBhb] 4,
t u

Then, we can verify that cqip(t, s) satisfies the condition in Eq. (8) and that

Cout

2 2 .
Omin T Odata — Omint

E[x|x:| = g(x¢,t,t) +
a (e, 1,1) (t = Omin)? + 03y,

Xt.

The DSM loss with this cgip(t, s) becomes

2

J
However, empirically, we find that the parametrization of cuip(t, s) and cou(t, s) other than the ODE
solver-oriented one, i.e., csip(t, 5) = 7 and cip(t, s) = 1 — 7, faces training instability. Therefore,

we set G(x¢,t,5) = $%¢ + (1 — 3)g(X¢, t, s) as our default design and estimate g-function with the
neural network.

Low(6) = E[

2 2 .

Tmin + Odata — Omint t)
. )2 2

(t — Omin)? + 04ua

Xo — <90(Xtatvt) +

C.2 CHARACTERISTICS OF ¥-SAMPLING

Connection with SDE When Gg = G, a single step of y-sampling is expressed as:

X;yn,+1 =X, + G(th’tn’ 1- 72t7l+1) + th-l-le

tnt1 V31=72tnt1
= Xt,, — (/ uV log p, (Xu) du + / uV log p, (Xu) du) + Vlnt1€,
tn

tnt1

past information future information

where € ~ A/(0,I). This formulation cannot be interpreted as a differential form ( , )
because it look-ahead future information (from ¢,,41 to v/1 — v2t,,. 1) to generate the sample X;’n+ .

at time t,,41. This suggests that there is no It6’s SDE that corresponds to our y-sampler pathwisely,
opening up new possibilities for the development of a new family of diffusion samplers.

Connection with EDM’s stochastic sampler We conduct a direct comparison between EDM’s
stochastic sampler and CTM’s ~y-sampling. We denote Heun(x¢, ¢, s) as Heun’s solver initiated at
time ¢ and point x; and ending at time s. It’s worth noting that EDM’s sampler inherently experiences
discretization errors stemming from the use of Heun’s solver, while CTM is immune to such errors.

22



Published as a conference paper at ICLR 2024

Algorithm 1 EDM’s sampler Algorithm 2 CTM’s y-sampling
1: Start from x4, ~ 7 1: Start from x;, ~ 7
2: forn=0to N —1do 2: forn=0to N —1do
3: tn < (1 + V)tn 3: t~n+1 — /1 — 72tn+1
4: Diffuse x; < x, + me 4: Denoise x; . < Go (X, sty tnt1)
5: Denoise Xy, ,, < Heun(X; ,tn, tni1) 5: Diffuse Xy, , <Xz, +7tnt1€
6: end for 6: end for
7: Return x;,, 7: Return x;

The primary distinction between EDM’s stochastic sampling in Algorithm 1 and CTM’s y-sampling
in Algorithm 2 is the order of the forward (diffuse) and backward (denoise) steps. However, through
the iterative process of forward-backward time traveling, these two distinct samplers become indistin-
guishable. Aside from the order of forward-backward steps, the two algorithms essentially align if we
opt to synchronize the CTM’s time (5™, #5™) to with the EDM’s time (fEPM, tEPM) | respectively,
and their ~ys accordingly.

C.3 ALGORITHMIC COMPARISON OF LOCAL CONSISTENCY AND SOFT CONSISTENCY

In this subsection, we explain the algorithmic difference between the local consistency loss and the
soft consistency loss focusing on how the neural jump Gg(x7, T, 0) is trained.

Local Consistency (Implicit Information from Teacher) Let us assume that at some training
iteration the maximum time 7" is sampled as a random time ¢. Then CM matches the long jump
provided by Gg(x7,T,0) and G 4(g)(Solver(xy,T,T — At),T — At,0). Hence, the neural
jump Go(xr,T,0) distills on the teacher information within the interval [T' — At, T] and may lack
precision for the trajectory within [0, 7 — At]. The transfer of teacher information for the interval
[0, T — At] may occur in another iteration with a random time ¢ < T — At. In this case, the student
model Gg(x:,t,0) distills the teacher information solely within the interval [t — At, t], where the
network is trained with x; as the input.

However, for 1-step generation, gg(x7, T, 0) still lacks perfect knowledge of the teacher information
within [t — At, t]. This is because, when the student network input is x, the teacher information for
the interval [t — At, t] with ¢ < T — At has not been explicitly provided, as the student was trained
with the input x; to distill information within [t — At, t]. Given the non-overlapping intervals with
distilled information from local consistency, the student neural network must extrapolate and attempt
to connect the scattered teacher information. Consequently, this implicit signal provided by teacher
results in slow convergence and inferior performance.

Soft Consistency (Explicit Information from Teacher) At the opposite end of local consistency,
there is glocal consistency, where the teacher prediction is constructed solely with an ODE solver
to cover the entire interval [0, T'] (or [0, ¢] for a random time ¢). In this case, the student model can
explicitly extract information from the teacher. However, this approach is resource-intensive (3x
slower than local consistency on CIFAR-10) during training due to the ODE solving calls on the
entire interval at each iteration.

In contrast, our innovative loss, soft matching, constructs the teacher prediction by using an ODE
solver spanning from 7" to a random u. Importantly, u is not limited to 7" — At, but can take any
value in the range of [0, T']. As a result, the teacher information has the opportunity to be distilled and
transmitted over a broader range of [w, T']. More precisely, if a random wu is sampled with u < t — At,
the range [u, T contains the interval [t — At,t], and the student network directly distills teacher
information of the interval [t — At,t]. As w is arbitrary, the student of CTM with input xr will
ultimately receive the explicit information from the teacher for any intermediate timesteps. This
renders CTM superior to CM for 1-step generation, as evidenced in Figure 10, while maintaining
training efficiency (2x faster than global consistency on CIFAR-10).

C.4 COMPARISON OF GAN EFFECTS IN GENERATION

23



Published as a conference paper at ICLR 2024

A l(‘:l T ’\ F&‘";

(a) Teacher EDM (NFE 79) (b) CTM without GAN (NFE 1)

(¢) CTM with GAN (NFE 1)

Figure 14: Uncurated samples from (a) teacher, (b) CTM without GAN, and (c) CTM with GAN. For
visualization purpose, we upsample 64 x 64 samples to 224 x 224 resolution with bilinear upsampling

technique. Best viewed with zoom-in.

This section investigates the effect of adversarial training with
generated samples and its statistics. In Figure 14, we compare
the samples of (a) the teacher diffusion model, (b) CTM (NFE 1)
without GAN, and (¢) CTM (NFE 1) with GAN. It shows that the
samples with auxiliary GAN loss exhibit enhanced fine details,
effectively addressing high-frequency alisasing artifacts. More-
over, improvements in overall shapes (butterfly/background) and
features (brightness/contrast/saturation) are evident in these sam-
ples. Although existing literature (Kynkiinniemi et al., 2023)
discusses the possibility that FID improvement may not neces-
sarily correlate with an actual enhancement in human perceptual
judgement, our observations in Figure 14 indicates that, in the
case of CTM, the improvement achieved through GAN is indeed
perceptually discernible in human judgement.

Table 3: Effect of GAN Loss
on CIFAR-10. We use identical
hyperparameters except the GAN
loss for fair comparison.

Model NFE FID
CTM w/o GAN 1 5.19
CTM w/ GAN 2.28
CTM w/o GAN 18 3.00
CTM w/ GAN 2.23

We compare FIDs of CTM trained with/without GAN in Table 3. Consistent to the findings in
previous research (Song & Ermon, 2020), the improved fine-details of GAN-augmented samples
in Figure 14-(c) results in better FID than CTM without GAN, as indicated in the table. Moreover,
Table 3 demonstrates that the use of adversarial loss is also beneficial on the generation of large-NFE

samples.

C.5 TRAJECTORY CONTROL WITH GUIDANCE

We could apply ~-sampling for application tasks, such as image inpainting or colorization, using the
(straightforwardly) generalized algorithm suggested in CM. In this section, however, we propose a
loss-based trajectory optimization algorithm in Algorithm 3 for potential application downstream

tasks.
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Algorithm 3 Loss-based Trajectory Optimization

I: Xpey is given

2: Diffuse x4, < Xref + to€

3: forn =1to N do

4 th /1 =72,

5: Denoise x; <« Go(x¢,_,,tn—1,tn)

6: for m = 1to M do

7: Sample €, € ~ N(0,1)

8: Apply corrector X; < X; + % (V logpz, (x7,) —ci, Vx; L(Xg, , Xpep + tne)) +./Cé€
9: end for
10:  Sample € ~ N(0,1)

11: Diffuse x;,, < x; +7tn€
12: end for ’

Algorithm 3 uses the time traversal from ¢,,_; to £,,, and apply the loss-embedded corrector (

, ) algorithm to explore #,,-manifold. For instance, the loss could be a feature loss between
X, and X, + t,e. With this corrector-based guidance, we could control the sample variance.
This loss-embedded corrector could also be interpreted as sampling from a posterior distribution.

For Figure 6, we choose N = 2 with (tg,t1) = ((o&léf + (orlnff — a&éf)OAE))p, (Uééf + (a;{f —
0;45)0.35)p), c;, = 1,and M = 10.

D IMPLEMENTATION DETAILS

D.1' TRAINING DETAILS Algorithm 4 CTM Training
Following ( ), we utilize the 1: repeat

) : .
EDM'’s skip connection cyqp (1) = % and 2: Sample x( from data distribution

2 2
2+ Tdata

Sample € ~ N(0, I)
for g9 modeling

3
4 Sample t € [0,T], s € [0,], u € [s,t)
5: Calculate x; = xq + te

6: Calculate Solver(xy,t, u; @)

7.

8

9:

t0daa

\Y t2 +szﬂlﬂ
as

99 (Xta t7 S) = Cskip(t)xt + Cout(t)NNG (Xt, t7 8)7

where NNy refers to the actual neural network
output. The advantage of this EDM-style skip
and output scalings are that if we copy the teacher
model’s parameters to the student model’s param-
eters, except student model’s s-embedding structure, gg (X¢, ¢, t) initialized with ¢» would be close to
the teacher denoiser D4 (x;,t). This good initialization partially explains the fast convergence speed.

We use 4x V100 (16G) GPUs for CIFAR-10 experiments and 8 x A100 (40G) GPUs for ImageNet
experiments. We use the warm-up for A\gan hyperparameter. On CIFAR-10, we deactivate GAN
training with Agan = O until 50K training iterations (200K for training without pre-trained DM) and
activate the generator training with the adversarial loss (added to CTM and DSM losses) by setting
Agan to be the adaptive weight. The minibatch per GPU is 16 in the CTM+DSM training phase, and
11 in the CTM+DSM+GAN training phase. On ImageNet, due to the excessive training budget, we
deactivate GAN only for 10k iterations and activate GAN training afterwards. We fix the minibatch
to be 11 throughout the CTM+DSM or the CTM+DSM+GAN training in ImageNet.

output scale coy(t) =

Update 6 + 0 — %ﬁ(@, n)
Update 1 < 1 + £ Loan(6,m)
until converged

We follow the training configuration mainly from CM, but for the discriminator training, we follow
that of StyleGAN-XL ( , ). For Lcwm calculation, we use LPIPS ( , ) as
a feature extractor. We choose ¢ and s from the N-discretized timesteps to calculate Lcty, following
CM. Across the training, we choose the maximum number of ODE steps to prevent a single iteration
takes too long time. For CIFAR-10, we choose N = 18 and the maximum number of ODE steps to be
17, i.e., we do nothing for CIFAR-10 training. For ImageNet, we choose N = 40 and the maximum
number of ODE steps to be 20. We find the tendency that the training performance is improved by
the number of ODE steps, so one could possibly improve our ImageNet result by choosing larger
maximum ODE steps.
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Table 4: Experimental details on hyperparameters.

Hyperparameter CIFAR-10 ImageNet 64x64

Unconditional Conditional Conditional

Training with ¢  Training from Scratch ~ Training with ¢ ~ Training with ¢

Learning rate 0.0004 0.0004 0.0004 0.000008
Discriminator learning rate 0.002 0.002 0.002 0.002
Student’s stop-grad EMA parameter z 0.9999 0.999 0.999 0.999
N 18 18 18 40
ODE solver Heun Heun Heun Heun
Teacher Dg(x4,t) go(x¢,t,1) Dy (x4, t) Dy (x4,t)
Max. ODE steps 17 17 17 20
EMA decay rate 0.999 0.999 0.999 0.999
Training iterations 100K 300K 100K 30K
Mixed-Precision (FP16) True True True True
Batch size 256 128 512 2048
Number of GPUs 4 4 4 8

For Lpsm calculation, we select 50% of time sampling from EDM’s original scheme of ¢ ~
N(—1.2,1.2%). For the other half time, we first draw sample from £ ~ [0,0.7] and transform
it using (ai,{iﬁ +¢ (a;{f —olle ))?. This specific time sampling blocks the neural network to forget
the denoiser information for large time. For Lgan calculation, we use two feature extractors to
transform GAN input to the feature space: the EfficientNet ( , ) and DeiT-base (

, ). Before obtaining an input’s feature, we upscale the image to 224x224 resolution with
bilinear interpolation. After transforming to the feature space, we apply the cross-channel mixing
and cross-scale mixing to represent the input with abundant and non-overlapping features. The
output of the cross-scale mixing is a feature pyramid consisting of four feature maps at different
resolutions ( s ). In total, we use eight discriminators (four for EfficientNet features
and the other four for DeiT-base features) for GAN training.

Following CM, we apply Exponential Moving Average (EMA) to update sg(0) by
sg(0) <+ stopgrad(usg(0) + (1 — u)0).

However, unlike CM, we find that our model bestly works with p = 0.999 or p = 0.9999, which
largely remedy the subtle instability arise from GAN training. Except for the unconditional CIFAR-10
training with ¢, we set i to be 0.999 as default. Throughout the experiments, we use opin = 0.002,
Omax = 80, p = 7, and ggaa = 0.5.

D.2 EVALUATION DETAILS

For likelihood evaluation, we solve the PF ODE, 50

following the practice suggested in E 15 . ®  GAN models

( ) with the RK45 ( , ) B iea 2 ;C.”.e”'b?sed mzdle's
() tillati

ODE solver of tol = le — 3 and tpy, = 0.002.  £35 ® \ el
3 39 \ '

Throughout the paper, we choose v = 0 otherwise ~ 5,. {2

stated. In particular, for Tables | and 2, we report  a ,, \ oM e .
[V

the sample quality metrics based on either the one- 15 1
10° 10" 10? 10°

step sampling of CM or the v = 0 sampling for NFE (Lower the faster)

NEE 2 case. For CIFAR-10, we calculate the FID
score based on ( ) statistics, and Figure 15: SOTA on CIFAR-10. Closeness to
Figure 15 summarizes the result. For ImageNet, the origin indicates better performance.
we compute the metrics following

( ) and their pre-calculated statistics. For the StyleGAN-XL ImageNet result, we recalcu-
lated the metrics based on the statistics released by ( ), using StyleGAN-XL’s
official checkpoint.

For large-NFE sampling, we follow the EDM’s time discretization. Namely, if we draw n-NFE

samples, we equi-divide [0, 1] with n points and transform it (say ) to the time scale by (Urlnéf
(a;{np — a,iéf)g )?. However, we emphasize the time discretization for both training and sampling is a

modeler’s choice.

E ADDITIONAL GENERATED SAMPLES
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EDM CTM CM EDM CTM CM EDM CTM CM EDM CTM CM
(NFE 79) (NFE 1) (NFE2) (NFE1) (NFE79) (NFE 1) (NFE2) (NFE1) (NFE79) (NFE 1) (NFE2) (NFE1) (NFE79) (NFE1) (NFE2) (NFE 1)

| o —

'(!7- gx e -‘ ee Py -_ é’,’

pu_%lw;uagu./!

‘-e"‘ 's—-" .s'e‘

L\?ﬂ (S sv b\-‘

(a) Tench (b) Tree frog (c) Elephant (d) Kimono

Figure 16: Uncurated sample comparisons with identical starting points, generated by EDM (FID
2.44) with NFE 79, CTM (FID 2.19) with NFE 1, CTM (FID 1.90) with NFE 2, and CM (FID 6.20)
with NFE 1, on (a) tench (class id: 0), (b) tree frog (class id: 31), (c) elephant (class id: 386), and (d)
kimono (class id: 614).

(a) W/o classifier-rejection sampling (NFE 1) (b) W/ classifier-rejection sampling (avg. NFE 2)

Figure 17: Random samples (Siberian Husky) (d) with and (e) without classifier-free sampling.
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F THEORETICAL SUPPORTS AND PROOFS

F.1 PROOF OF LEMMA 2

Proof of Lemma 2.  The reverse-time SDE is
dxp_r = g*(T — 7)Vlog pr—(xp_r)dt + g(T — 7)dw,
where the forward-time SDE is given by
dx; = g(7)dw.

The reverse-time PF-ODE thus becomes

1
dxXp_, = §g2(T —1)Vlogpr—r(xr—.)dr.

Therefore, by integrating from 7' — t to T' — s (s < t), we obtain

T—s

1

Xy — Xy = / §gQ(T —7)Vilog pr— (x7_.)dr.
T—t

By change-of-variable with w = T" — 7, the equation is derived to be
1
X5 = Xy —/ 59° (W) V1og pu(xy)du.
t

With g(u) = v/2u and the Tweedie’s formula V log p,, (x,,) = %, we derive Eq. (2) in our
paper:
¥ xy — E[x|x4]

xs = G(X¢t,t,8) = X4 —|—/ du.

. U
Now, we derive the following equations:

° ui]E U
G(x¢,t,5) = th +(1- f)xt —|—/ Xi[}dx]du
t t ] u
S S 1 s Xu _E[X|Xu]
tXt'i‘( t)[Xt—'_(l—“:)/t - u]
S S t s X4 —E[X|Xu]
txt+( t)[Xt-i-t_S/t - u
S S
=Xt (]‘ - 7)g(xtatas)7

t t

where g(x;,t,8) = x; + = [ xu—Elx|xu] 7

ty Uy . t —s Jt m .

As the score, V log p;(x), is integrable, the Fundamental Theorem of Calculus applies, leading to

1 § u E U
1inr% g(x¢,t,8) = x¢ + tlim / X [xo[x] du
s5— .

s>ttt — s u

x; — E[xo|x¢]

F.2 PROOF OF THEOREM 1

Proof of Theorem 1.  Define T;_,; as the oracle transition mapping from ¢ to s via the diffusion

process Eq. (6). Let 7;{;5() represent the transition mapping from the optimal CTM, and 7;":5()

represent the transition mapping from the empirical probability flow ODE. Since all processes start at

point T' with initial probability distribution pr and 7,2, ,(-) = 7,%,.(-), Theorem 2 in (
) and T7_,¢tipr = p; from Proposition 9 tell us that for ¢ > s

bl
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Dy (Tiosstpe, T2 tm) = Drv (Tosston Tt ) = Ot = 5). ©)

DTV< Ti—oT. T—~2t—st Tﬁ 1_ ,thﬁpTa tﬁOTMt%t T%ﬂtﬁpT>

<Drv (Tes0T i Tres imtors T T i T%MfﬁPT)
"‘DTV( t—>0T /1—~2t—st Tﬁ /1772tﬁpT7 t—)OT /1—~2t—st TaﬂtﬁpT>

(@

) «
=Drv (7?—>o7—T—>tlipT7 t_>07—T—>tﬁpT) + Drv (EaMtﬁpT’E{LﬂtﬁpT>
=Drv (

Ti—otpr, Hoﬁpt) + Drv (E%ﬂtﬁpﬂﬁ;mtﬁmﬂ)
Do) + 0T — /1— ).

Here (a) is obtained from the triangular inequality, (b) and (c) are due to T \/7215—>t T T =

Tr—+ and Tr_¢fipr = p¢ from Proposition 9, and (d) comes from Eq. (9).

F.3 PROOF OF PROPOSITION 3

Proof of Proposition 3.  Consider a LPIPS-like metric, denoted as d(-, -), determined by a feature
extractor F of paaa. That is, d(x,y) = [|F(x) — F(y)||, for ¢ > 1. For simplicity of notation, we

denote Oy as 6. Since LY,(0; @) = 0, it implies that for any x;,, n € [1, N], and m € [1,n]
f(GB(GG(Xt,HJ ) tn-i—la tm)a tma 0)) = f(GG(GG(X?na tna t’m); tm; 0)) (10)

Denote
€n,m = ]:(GB(GG(Xtmtmtm)atma0)) _I(GB(G(Xtthtm?d))atm’o))'

Then due to Eq. (10) and G is an ODE-trajectory function that G(x,.,,tnt1,tm; @) =
G(th ) tn; t'm, d)), we have

€nt1m z]:(Gg(Gg(xth, n+1,t ), tm0)) — F(Go(G(Xt, 11 tnt1, tm; @), tm, 0))
:f(Gg(Gg( tnstm ,0)) = F(Go(G(x¢,, tns tm; @), tm, 0))

= F(Go(Go(x{ ,tn,tm ) ,0)) — F(Go(Go(Xt,, tn, tm), tm,0))

(Go(Go(xt,: tnstm): tm, 0)) F(Go(G(xt,,tn tm; @), tm, 0))

(Go(Go(xP ,tn,tm), tm,0)) — F(Go(Go(x

Xtnstnytm)stm, 0)) + €nm.
Therefore,

lewrmll, < [ F(GolGolet turt). . 0)) = F(Go (Gl tnstun). 1. 0)) | + lenml,

< LyL3||x

— Xt . + ||en’qu

n

= O((tny1 — tn)") + ”en,m”q .

Notice that since Gg(Xt,, , tm, tm) = X¢,, = G(X¢t,, s tm, tm; @), €m,m = 0.

So we can obtain via induction that

n—1

lentrmlly < lemmll, + > O((trsr — )P+

k=m
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|
Indeed, an analogue of Proposition 3 holds for time-conditional feature extractors.

Let d(-,-) be a LPIPS-like metric determined by a time-conditional feature extractor F;. That is,
di(x,y) = ||Fi(x) — Fe(y)l|, for ¢ > 1. We can similarly derive

sup di,, (Go(X,tn,tm), G(X, by, tm; @) = O((ANE)P)(t — tm).

x€ERDP

F.4 PROOF OF PROPOSITION 5

Proof of Proposition 5.  We first prove that for any t € [0,7] and s < ¢, as N — oo,

Sup HGGN (GON(X’t7S)7S?O)7G0N (G(X,t,s; ¢)7570>||2 — 0. (11)
x€RP

We may assume {t,})_, sothatt,, = s,t, =t,and t,, 11 — 8, tny1 — tas Ayt — oo.
sup HGBN GBN (X’ t? 8)7 S, O>7 GON (G(Xa t? S d))? S, 0)”2
xX

+sup HGGN GHN (X tnt1, tmt1; ¢)a tm+1, O)a GGN (G(Xv tnt1, tmta; ¢)a tm+1, 0) HQ
xX

(
Ssl)lcpHGeN( on (X1, 5),5,0), Goy (Goy (X, tntts tnt1; @), tmt1,0)
(
—|—51)1(pHG9N(G(x sttt tmt 15 @), tmt1,0), Goy (G(X, 1, 85 9), 5,0)[5

Since both G and Gy, are uniform continuous on R” x [0, T x [0, T'], together with Proposition 3,
we obtain Eq. (11) as Axyt — oc.

In particular, Eq. (11) implies that when N — oo
sup ||G9N (GGN (X7 T7 0)7 Oa 0) - GGN (G(X’ Ta 07 ¢)7 07 0)”2

=sup ||G9N (XaTv 0) - G(Xv Ta Ov ¢)H2 — 0.

This implies that pg,, (-), the pushforward distribution of pr induced by Gg, (-, T, 0), converges in
distribution to pg(-). Note that since {Gg,, } 5 is uniform Lipschitz

|Go(x,t,5) — Go(x,t,8)|ly < L|x —x'||,, forallx,x" € Rt s¢[0,7], and 8,

{Ge ~ v is asymptotically uniformly equicontinuous. Moreover, {Gg ~ |~ is uniform bounded
in Op. Therefore, the converse of Scheffé’s theorem ( , , ) implies
that |pey (-) —pe()ll,, — 0 as N — oo. Similar argument ‘can be adapted to prove
lpoy (1) — pdata(~) o = 0as N — oo if the regression target pe(-) is replaced with paa(-).

F.5 PROOF OF PROPOSITION 6
Lemma 10. Let f: RP x [0, T] — RP be a function which satisfies the following conditions:

(a) f(-,t)is Lipschitz for any t € [0,T): there is a function L(t) > 0 so that for any t € [0,T)
andx,y € RP

£ (%) = f(y, Ol < L(#) Ix =yl

(b) Linear growth in X: there is a L'- integrable function M (t) so that for any t € [0,T) and
x € RP

1F D)) < M(#)(1+ [1x]]).
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Consider the following ODE
x'(1) = f(x(1),7) on0,T]. (12)
Fix at € [0, T), the solution operator T of Eq. (12) with an initial condition X is defined as
Thel(®)i=x+ [ fx(rixi),r)dr, € [6.1) (13)
t
Here x(7;x¢) denotes the solution at time T starting from the initial value x;. Then T is an injective
operator. Moreover, T[-](s): RP — RP is bi-Lipschitz; that is, for any x;,%; € RP
e ey — Ky < (1Tl (5) = THRA() Ny < €07 [Ix = el - (14)
Here L := sup,¢cjo ) L(t) < oo. In particular, if X # Xy, T[xt)(s) # T[Xe(s) for all s € [t,T).
Proof of Lemma 10.  Assumptions (a) and (b) ensure the solution operator in Eq. (13) is well-
defined by applying Carathéodory-type global existence theorem ( , ). We denote T [x¢](s) as
x(s;x¢). We need to prove that for any distinct initial values x; and X, starting from ¢, T [x;] Z T [X¢].
Suppose on the contrary that there is an s € [¢, T so that T [x;](s0) = T [X¢](s0). For s € [to, so],

consider y(s;x:) := x(t + so — $;x¢) and y(s;X¢) := x(to + S0 — $;X¢). Then both y(s; x;) and
y(s; X;) satisfy the following ODE

y'(s) = —f(y(s),5), s €[t s0]
t@—mew—ﬂm@@ (1)

Thus, the uniqueness theorem of solution to Eq. (15) leads to y(so;x:) = y(so; X¢), which means
x; = X;. This contradicts to the assumption. Hence, 7 is injective.

Now we show that 7[-](s): R” — RP is bi-Lipschitz for any s € [t, T]. For any x;,%; € R,
1T i) (s) = Tl ()l = [1x(s5%2) = %(s%0) ]

< flxe — el +/ If(x(T3%0),7) — f(X(T5%¢), 7)o dT
t
< lxe — %el|y + L/ Ix(73%¢) — X(75%¢)]], dT.
t

By applying Grownwall’s lemma, we obtain

1T el (s) = TRl (8)ll, = [1%(s3x0) = %% )l < €O e = %ol - (16)

On the other hand, consider the reverse time ODE of Eq. (12) by setting 7 = 7(u) := t + s — u,
y(u) :=x(t+s—u), and h(y(u),u) := —f(y(u), t+ s —u), then y satisfies the following equation
vy (u) = h(y(u),u), wuelts]. (17)

Similarly, we define the solution operator to Eq. (17) as

smwwm+13@wmmmm. ()

Here y: denotes the initial value of Eq. (17) and y(u; y:) is the solution starting from y;. Due to the
Carathéodory-type global existence theorem, the operator S[-](s) is well-defined and

S[x(s;x1)](s) = x¢,  S[x(s;x¢)](s) = X4.
For simplicity, let y; := x(s;x¢) and §; := X(s; X¢). Also, denote the solutions starting from initial

values y; and y; as y(u;y:) and y(u; ¥+), respectively. Therefore, using a similar argument, we
obtain

1xe = Xill, = ISyl (s) — S[¥:l(s)ll,

< Ie(s %) = %(s5%4) [l + /t 1A (y (u; ¥¢), w) = P(F (u4; 51), w) [, du

snmsm>—ﬂamw2+L/\wwma—ywﬁammL
t
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= ITxel(s) = Tl (o)l + L/ Iy (u; ye) — ¥ (w; y¢)ll5 du.
t
By applying Gréwnwall’s lemma, we obtain
e = Sellp < €7 1T el (s) = TTRe)(5)ll -
Therefore,

e [xp = Killy < [ TTxe)(s) = TIRe)(3)]l -

Proof of Proposition 6.  With the definition of G(x, t, s; ¢»), we obtain
s s
G(xt,t,50) = e +(1- E)Q(Xt,t,s; ®)

s - D
=x; + / Xu = Do (Xu, 1) du.
. u

Here, g(x¢,t, 55 0) = x4 + 7 [/ %(x“’u) du. Thus, the result follows by applying Lemma 10
to the integral form of G(xy, t, s; @).

F.6 PROOF OF PROPOSITION 7

Lemma 11. Let X be a random vector on RP and h: RP — RP be a bi-Lipschitz mapping with
Lipschitz constant L > 0; namely, for any x,y € RP

L7 x = ylly < [Ih(x) = Ay)lly < Llx = yll, -
Then
L™ 2Var(X) < Var(h(X)) < L*Var(X).

Proof of Lemma 11. LetY be an i.i.d. copy of X. Then h(X) and h(Y) are also independent.
Thus, cov(X,Y) = 0 and cov(h(X),h(Y)) = 0.

2Var (h(X)) = Var (h(X) — h(Y))
= E[(h(X) = h(Y))] = E[R(X) = h(V)])* (19)

Since h(X) and h(Y") are identically distributed, E [h(X) — h(Y)] = E[h(X)] — E[h(Y)] = 0.
Thus, by Lipschitzness of h

2Var (h(X)) = E [(h(X) - h(y)f] (20)
< I’E [(X - Y)Q}
= 2L%Var (X).

The final equality follows the same reasoning as in Eq. (19). Likewise, we can apply the argument
from Eq. (20) to show that

2Var (h(X)) =E [(h(X) - h(Y))Q]
> L {(X _ Y)ﬂ
= 2L %Var (X).

Therefore, L~2?Var (X) < Var (X) < L*Var (X). [ ]
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Proof of Proposition 7.  For any n € N, since Gg« (X, tn, /1 — vty 11) and Z,, ;1 are indepen-
dent,

Var (X, 1) = Var (Gor (Xo, tn, VT = 72tn41) ) + Var (Zy41)
— Var (GQ* (Xostrs /1 — y%nﬂ)) 202 (). @1
Proposition 6 implies that Gg« (-, t,, \/1 — ¥?t;,11) is bi-Lipschitz and that for any x,y

C_l(tm tn-‘rl)'}/) ||X - YHQ < HGe* (X, tn,V1~— 72tn+1) — Go~ (Y7tn7 1- ’YQtn—&-l)HQ
S C(tnvtnlea’Y) ||X7y||2v (22)

where ((t,, tn+1,7) = €xp (2L¢(tn —/1- 72tn+1)). Proposition 7 follows immediately from
the inequalities (21) and (22). |

F.7 PROOF OF PROPOSITION 9

Proof of Proposition 9.  {p;}1_ is known to satisfy the Fokker-Planck equation ( )
(under some technical regularity conditions). In addition, we can rewrite the Fokker-Planck equatlon
of {p;}1_, as the following equation (see Eq. (37) in ( , )

0

% = —div(W,p;), in(0,T) x RP (23)

where W, := —tV log p;.
Now consider the continuity equation for y; defined by W

% = —div (W) in(0,T) x RP. (24)

Since the score V log p; is of linear growth in x and upper bounded by a summable function in ¢, the
vector field W := —tVlogp;: [0, 7] x RP — RP satisfies that

T
/ (sup [W(x)]|, + Lip(W¢, K) dt) < 00
0 xeK

for any compact set K C R”. Here Lip(W, K ) denotes the Lipschitz constant of W; on K.

Thus, Proposition 8.1.8 of ( s ) implies that for pr-a.e. x, the following reverse
time ODE (which is the Eq. (6)) admits a unique solution on [0, T']
EXi(x) = Wy (X4(%)) 25)
XT ()A() =X

Moreover, p; = Xifpr, for t € [0,T]. By applying the uniqueness for the continuity equation
(Proposition 8.1.7 of ( R )) and the uniqueness of Eq. (25), we have p, = us =
Xipr = Tr—fpr for t € [0, T]. Again, since the uniqueness theorem with the given pr, we obtain
ps = Ti—sfip: forany t € [0,7] and s € [0, ¢].
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