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Abstract

Recent works have shown that Polyak and line-search step sizes are good for training deep neural
networks. However, a theoretical understanding of their generalization performances is lacking.
For overparameterized models, multiple solutions can generalize differently to unseen data despite
all obtaining zero training loss. Given this, a natural question is whether an algorithm inherently
prefers (without explicit regularization) certain simple solutions over others upon convergence-a
phenomenon known as implicit bias/regularization. In this work, we characterize the implicit bias
of gradient descent with Polyak and line-search step sizes in linear classification with the logistic or
cross-entropy loss. Given these step sizes are adaptive to local smoothness of the loss, we prove that
the margin of their iterates converges to the maximum /3-norm margin at O~(%) rate. In contrast
to other adaptive step sizes that achieve the same rate [7] (also known as normalized gradient
descent-NGD), line-search and Polyak step sizes do not depend on problem-specific constants that
may not be accessible. Another subtle issue is that NGD can diverge on common losses with non-
separable data, whereas line-search converges given it guarantees descent on the function value
at every iteration. Finally, our analysis extends the analysis framework of Wang et al. [26] to the
logistic/cross-entropy losses.

1. Introduction

Gradient descent (GD) of the form

Orr1 =0 — e V f(0y), (D

is a standard optimization algorithm for training machine learning models. To obtain its optimal
performance, the step size (1¢) needs to be carefully tuned [2]. From the optimization literature, one
can set it to be 1/ to guarantee descent on L-smooth functions [12]. However, L is a global constant
that may fail to capture local curvature information [5, 9]. To this end, adaptive step sizes such as
Armijo line-search (GD-LS) and Polyak step size (GD—-Polyak) have been proposed [1, 14]. These
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adaptive step sizes do not require the knowledge of L and are adaptive to the local smoothness of
the objective. Since the local smoothness might be much smaller, adapting to it allows GD to use
larger step-sizes and converge faster. Concretely, for logistic loss with separable data, GD-LS and
GD-Polyak have been shown to converge linearly [24], which is faster than GD with arbitrarily
large constant step size [28]. In addition to GD-LS and GD-Polyak, adaptive step sizes of the
form 7; = 7/f(6:) (denoted as GD—AD') can be even faster, achieving arbitrarily small loss after a
constant number of iterations with a properly chosen (large) 1 [30].

Despite the fast rates of Polyak and line-search step sizes in minimizing (exponentially-tailed)
losses, theoretical understanding of their generalization performance is lacking. Towards this end,
understanding algorithmic-specific implicit bias is important given it informs the inherent (without
explicit regularization) preference of an algorithm over solutions that are equally-favorable in terms
of training loss minimization. Linear classification with separable data is a standard test bed for
studying optimization implicit bias [6, 18]. Our work is situated in this setting and motivated by the
followings:

1. Despite GD—-AD (with n < 1) achieving the optimal margin convergence rate for the ex-
ponential loss [7], the adaptive step size on the logistic loss (also exponentially-tailed) that
obtains the same margin convergence rate depends on problem-specific constants that may
not be known a priori. For example, the step size in Ji and Telgarsky [7] switches from the
form ©(1/£(6)) to O©(exp(f(0))/(exp(£(6))—1)) after O([nn]?/42) iterations, where n and -y denote
the number of data points and data margin respectively. This raises questions regarding its
true adaptivity and practical usage given that the information on the data margin may not be
accessible.

2. The performance of GD-AD is highly sensitive to the choice of 7. As observed in Figure 1
(experiments on logistic loss), GD—AD with large n’s show significant loss non-monotonicity
and abrupt decrease in loss after a certain point. However, it may fail to make any progress in
improving its margin. As max-margin separators typically generalize well [10, 17], this raises
questions on whether GD—-AD (with large 7’s) is still favorable from a margin-maximization
perspective.

3. The implicit bias of Polyak and line-search step sizes are not well understood. We note that
GD-Polyak was studied in the (non-convex) self-attention models, limited to the (binary)
exponential loss, with a suboptimal margin convergence rate compared to GD—AD [23]. It
remains open whether the optimal rate can be achieved with GD-Polyak. In general, under-
standing the implicit bias of GD-LS and GD-Polyak can provide more guidance for their
future practices given the close interplay between optimization bias and generalization [22].

Taking into account all these factors, we aim to answer the following question:

What is the implicit bias of line-search and Polyak step size in linear classification with separable
data and logistic/cross-entropy loss?

We use the game framework in Wang et al. [26] to analyze the implicit bias of GD-LS and
GD-Polyak. Along the way, we extend their framework to the logistic loss (this was left as an
open question in their paper). Our contributions are:

1. More precisely, the step size is 7: = +2—~ and n: = %

767 for exponential and logistic loss respectively.



1. We show that GD-LS and GD-Polyak achieve the (optimal) margin convergence rate
O(1/T) for the linear setting considered.

2. We empirically verify that GD—LS 1is robust to any algorithmic-specific hyperparameters such
as the search initialization of the step size. Given any (sufficiently large) search initialization,
the algorithm finds (appropriate) step sizes to quickly converge the max-margin separator.

2. Preliminaries

Related Works The implicit bias of GD in
the linear setting with separable data has been
studied in several works [6, 7, 18, 27]. For
constant step sizes, it was shown that /o-norm
margin convergence rate of GD is O(1/logT)
[6, 18, 27], and the same rate holds for the e — -

multiclass setting [15]. For adaptive step-size T e T e
of the form 7, =~ 1/f(4,), the rate was im-
proved to O(1/r) [7]. Besides GD, several
works have studied other algorithms such as
normalized steepest descent with/without mo-
mentum [4, 11], mirror descent [19], and Adam
[4, 29]. Beyond linear settings, other works
have focused on diagonal, homogeneous and
non-homogeneous neural networks [3, 8, 13], and self-attention [21, 23] (refer to the survey Vardi
[22] for additional details).
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Relative Margin Gap
5

Figure 1: GD-AD on the logistic loss with sep-
arable data. Step size is of the form
ne = nexp(f(01))/(exp(f£(6:))-1)( [7, 30])
for different values of 1. Left: loss;
Right: relative margin gap (see App. A
for details).

Setup We focus on the linear classification setting with separable data (denoted as {(z;, y;)}7'_1).
The exponential and logistic loss are defined as

fexp(8) := %Zexp(—yi<xi,0>), fiog(0) == %Zln(l + exp(—yi<xi,9>)).
i=1

=1

We use [ € { fiog, fexp} to denote either loss for simplicity. Denote the spectral norm or 2-norm by
|| || when the argument is a matrix or vector respectively. The following self-boundedness properties
satisfied by both the logistic and exponential loss ([16, 20, 24]) are central to our analysis

[V2F(O)] < L1£(0), and [VF(O)I| < vf(B), VO, )

where Ly > 0 and v > 0 are some constants. Intuitively, the (global) smoothness constant is
replaced by f(#) (approximately), which better captures the local behavior of a function. Further-
more, the max-margin of the data set is defined as v := maxycga min;epy,) ¥ (@2i)/|l0]. We make
the following standard assumptions that have appeared in various works that studied optimization
implicit-bias [4, 6, 18, 26, 27]. The first one is on data separability: There exists 6 € R% such
that min; ey, yi(0,x;) > 0. The second one assumes that the data is properly scaled: It holds that
|zi|| < 1foralli € [n].



Adaptive Step Sizes We consider the following adaptive step sizes

GD-L8:  f(6; —mVf(6:)) < f(6:) —cme |[VF(6:)];  (Armijo Condition),

f(6) t }7

GD-Polyak: nt:min{,n x
2]

where ¢ € (0,1) and ¢ > 0 for for GD-LS and GD-Polyak respectively. For GD-LS, a backtrack-
ing procedure starting from (sufficiently large) n! .. is in place to find the (assumed) largest step
size that satisfies the above Armijo condition [25]. Crucially, given both logistic and exponential
losses satisfying (2) above, GD-LS and GD-Polyak return a step size at each iteration ¢ s.t.

. t 1 t
N € |:Hlln {nmaw C(Lh v, C) f(et) } 777max:| ) (3)

where C(Lq,v,¢) := 3Li(v+1)/(1—¢) (or C(L1,v,¢) := cv?) for GD-LS (or GD-Polyak) [24].
Thus, we observe with a proper choice of 7)¢ ..., both step sizes are adaptive to the local smoothness.

Game Framework for Margin Analysis Next, we introduce the framework proposed by Wang
et al. [26], which relates margin maximization to solving a zero-sum game. Specifically, the ob-
jective of the game is defined via max,,cge minpean g(p,w) = pf Xw — 3 |w||?. Note that
while the choice of norm can be more general [26], here we limit our discussions to the /o-norm
given the underlying geometry of GD is Euclidean. We denote {c;}7_; as a sequence of positive
weights. To solve this game, the w-player first tries to minimize the weighted loss a;—1h—1(w) :=
—ay—19(pr—1,w) for a given p,_;. After making a decision wy, the weighted loss ayli(p) =
arg(p,wy) is passed to the p-player for minimization. This process alternates and uses the weighted-
average decision wy = Zthl agwy as the final output. The regret bounds on the weighted losses
for the w-player and p-player are

T T
w-player: Z arhy(wy) — m%lgi Z athi(w) < Regr,
t=1 weRTI

T T
p-player: Z aly(py) — préliAgl Z auli(p) < Regl,
t=1 t=1

where A" is the n-dimensional probability simplex. Further denote the weighted-average regret as
Cr = (Regyp+Reg)/S"T o, and the data matrix as X = [—y;x] —] € R™*%. Then, Wang et al.
[26, Theorem 1] shows that the margin convergence rate depends on Cr via

yilor,z;) . p'Xar S 4Cr

min — = — ZY— —5, 4)
ien] ||| perm ||| 72

provided T is chosen such that Cp < g. From this, we observe that the weights «; play a crucial
role in determining the margin convergence rate. Moreover, the above online learning protocol also
suggests a general recipe for studying optimization implicit-bias: 1. Determine the moves of the
w-player and p-player s.t. w; = 6, for all ¢; 2. Derive the regret bounds of the w-player and p-
player (which in turn determines C7) and translate them into a margin convergence rate via (4).



Considering GD on the exponential loss, Wang et al. [26] proposed the following online learning
algorithms for the w-player and p-player

w-player: w; = argmin a;_1h_1(w) = argmin —p!_ | Xw + = ||w|] = wy = X pia,

weRd weRd
p-player: p; = argmin Z a; 4i(p) + KL(pH—) where KL( p||— Z Di log 5)
PEAR =1 icln)

With these choices, the overall output is
oy

fexp(wt 1)

which is equivalent to GD with a step size ;1 = m.

Wy = Wp—1 — V fexp(Wi—1),

3. Margin Convergence Results

Exponential Loss To further match the iterates of GD-LS and GD-Polyak to the output of the
players, we apply the bounds on the step size (3) with 1%, = 1/fe(6:) to determine the range of
ag, ie. oy € [min{C(Ly,v,c),1},1]. Importantly, this range is time-independent ensured via the
specific form of n% .., which implies that Zle a; = O(T). Hence, as long as Regh, + Reglf <
©(1), we obtain the margin convergence rate via (4) stated in Theorem 1.

Theorem 1 Set nfnax = m. GD-LS and GD-Polyak achieve the following rate for the
exponential loss: min;e,) ¥ ‘<‘90’1;|:|Ei> >y — @(107% m).

The rate in Theorem 1 matches the rate of NGD (i.e. GD with the step size 7 = 1/f.. ,)). How-
ever, NGD can diverge when the data is non-separable, whereas line-search still converges given it
guarantees loss monotonicity.

Logistic Loss The current framework nicely integrates with the exponential loss due to the re-
lationship Vfexp(w)/fop(w) = —X 7T p (recall that X is the data matrix and p € A™). However, it
no longer holds for the logistic loss. To overcome this technical challenge, we introduce a time-
dependent error term (¢;) that captures the difference of the gradient-to-loss ratio between the lo-
gistic and exponential losses (defined in Lemma 2 below). For the logistic loss, we note that the
p-player can still perform the same update as (5). However, for the w-player, instead of minimizing
ay—1h¢—1(w) at round ¢, it additionally adds €;_ to the output of this minimization problem. This
gives rise to the form of wy for fioe (in comparison to the form for fey;,)

T T
Jiogi we = X" pp1— €1 VS, fexprwy =X prq.

Finally, we set oy = 7t-1/ fi,q (0;—1) to match the players’ output w; to GD’s iterate 6;. The following
lemma formalizes these discussions and its proof can be found in App. D.

Lemma 2 Considering the iterates of GD in (1). Set w; = 01 and 1 = W

g\ Wt 1)

Suppose that
the p-player performs the update in (5). If the w-player performs

vflog(ﬁ)tfl) . erxp(wt—l)
flog(wtfl) fexp(wtfl) ’

- - T —
Wy = Wy—1 + (X Pi—1 — Et—l), where ¢€;,_1 :=

then it holds that wy = 0, forallt > 1.



After relating GD to the online learning protocol, we bound the regret of the w-player and p-player
to obtain the results in Lemma 3. For the logistic loss, we choose 7!, to be ! . = 1/f..() for the
same reason as the exponential loss. The range of oy is the same as that of the exponential loss.

Lemma 3 Consider the updates of GD-LS and GD—-Polyak. Setn! .. = Then it holds

1
flog(t).
Regrefy, + Regretf. _ <ln<n> + Sl + |etu21>

T < .
Dim1 T
Note that we can substitute 6; for @, in the definition of ¢; above given w; = 6;,Vt > 1 (estab-
lished in Lemma 2). To control the term ZtT:l llecll5 + |lell,» We rely on Lemma 4 to bound the
gradient-to-loss difference €, using the loss fiog(6;) provided it is sufficiently small. Given the lin-
ear convergence rates of GD—-LS and GD-Polyak on the logistic loss [24], we can show that
> lleells + lleelly < @([lnnm <detaﬂs in App. D).

Lemma 4 Let w be s.t. fiog(w) < 5, then it holds that
vflog vfexp(w)
< 3n flo w).
o e ()

Putting Lemma 2, 3, and 4 together, we arrive at the following theorem for GD-LS and GD-Polyak,
which states that the /o-norm margin of their (normalized) iterates converges to the max-margin
() at a O(1/T) rate matching that of GD-AD [7]. In App. E, we discuss the extension of the
game-framework to the multiclass setting by deriving Lemma 15 in analogous to Lemma 4. The
experimental evaluations of GD-LS can be found in App A.

1

m. GD-LS Clnd

Theorem 5 Suppose that T > ‘fy—%’ where @ = O([logn]?). Set nt,.. =
GD—-Polyak achieve the following rate for the logistic loss:

. yilOr, xi)
min ——- >y — 0
min o] (

[log n)?
r )

Remark 6 This rate matches the rate of exponential loss up to a factor of logn. Unlike the step
size schedule in Ji and Telgarsky [7] that requires the knowledge of the data margin, GD—LS and
GD—-Polyak achieve the same rate (up to a logn factor) without requiring the access to any
problem-specific constants. Finally, the rate in Theorem 5 also holds for the cross-entropy loss
shown in App. E.

4. Conclusion

In this paper, we have characterized the implicit bias of gradient descent with Polyak or line-search
step sizes on linear separable data with the logistic/cross-entropy loss, and empirically verified
their performances. Future works involve extending these adaptive step sizes to steepest descent or
Nesterov momentum algorithms.
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Figure 2: (a) Relative margin gap defined via [7—7(0:)|/y against iterations. Legend indicates differ-
ent algorithms. (b) Loss of GD-LS against iterations. Legend indicates different n’s for
search initialization of the form n! .. =: 7/f(6:). (c) Same plot as (b) with loss replaced
by relative margin gap. (d) Step size of GD—LS against iterations. Dash-line: search
initialization of different 7’s; Solid-line: step size return from backtracking line-search
with the corresponding search initialization.

Appendix A. Experiments

Experiments We perform experiments on synthetic (binary) data generated from a standard multi-
variate normal distribution with n = 500 and d = 500. We ensure the data is separable by checking
the margin being positive. We denote §(0) := min;g[y) ¥i(0r-%i)/||or| as the margin of GD’s (nor-
malized) iterates. The results are shown in Figure 2 in Appendix, from which we conclude the
followings: (a) The iterates of GD-LS converge to l2-norm max-margin fast compared against oth-
ers (Figure 2(a)); (b) GD-LS is robust to search initialization for loss minimization (Figure 2(b))
and margin maximization (Figure 2(c)); (c) For different search initializations, step sizes of GD-LS
follow closely to each other and to 1/r(6;) (Figure 2(d)). Note that direct use of 1, = 1/7(6;) does not
decrease the relative margin gap (Figure 2(a)). This suggests that the fine adjustments of GD-LS
made to the step sizes helps with margin convergence.

Appendix B. Auxiliary Lemmas

From Vaswani and Babanezhad [24, Proposition 5], we know that a function f is (L, L1) non-
uniform smooth and satisfies the following inequalities:
1

(a) For all z,y such that [z — y|| < /- where ¢ > 1is a constant, if A := 1 + e? — eqT— and
B = el—1
=
AL() + B Ll f T
1) < @)+ (V) — ) ¢ SREBIID e )

(b) For all 6,

V2f(0)|| < Lo + Ly £(0),
© [IVFO) < v f(0) +w,

Lemma 7 (Vaswani and Babanezhad [24, Lemma 1]) Let f € { fexp, fiog}- At iteration t, the step
size of GD—LS and GD—Polyak satisfy

. ]‘ t t :|
€ s Tlmax (7 'lmax
" [mm{cwhm@ﬂm>” }”




where C(L1,v,c) :=3 Lzl(zt)l) for GD-LS and C(L1,v,c) := cv? for Gb-Polyak.

Lemma 8 (Vaswani and Babanezhad [24, Lemma 4]) For ¢ € (0, M) and a comparator u s.t.
f(u) <€ if f satisfies (6) with Lo = 0 and w = 0, then, for all 9 s.t. [|0 — ul| < £,

2
16 = ullz

+ [V M+ B L M| 5

f(0) = fu) <

N

where B := %. Furthermore, if f is also L uniform smooth, then, for all 0,

2
16 — ull3

FO) = fu) < 5+ PP M+ L] =2,

€
2

Appendix C. Exponential Loss

In order to use the framework in Wang et al. [26], we need to choose the updates for the w and p
players. For the w player at iteration ¢ — 1, let us consider the following GD update on the weighted

loss. For a step-size §;—1 = atl =

wy = w1 — 01 [oy—1 Vg1 (wi_1)] = w1 + 61 w1 [pr_q X — wi_1] @)
Since d;_1 o1 = 1 for all ¢,
= w; =X p1 ()

Recall that w; := 25:1 a; w;. For the p player, we use the following FTRL update — at iteration ¢,

pr = argimin [Z a; 4i(p) + KL(le/n)] ©9)
pe n l::l
= (p1)j o exp (— > [Wi(pt)]j) = (p1); o exp (—yj <x]Z o wz>>
=1 =1

(Since [Vl (pt)]j = y;{xj, we))
= (pt); o< exp (—y; (x;, W) (By definition of ;)

Next, we use the above inequalities and the properties of the exponential loss to prove that,

V fexp (W - -
feip{t) = _XTpt - erxp(wt) = _fexp(wt) XTpt (10)
fexp(wt)
Using the definition of w;,
Wy = W1 + o wy = W1 + g [X T pr_i] (Using eq. (8))
erxp(wtfl)

— Wy = Wi—1 — O (Using eq. (10))

fexp (wt—l )

10



Comparing this to the GD-LS update in eq. (1), if () w; = 61 and (ii) ;1 = m for all
t, then, w; = 0, for all ¢. From Lemma 7, we know that, for all ¢,

> mi 1-c 1 S -1 (0r_1) 1—c¢

min = q; > min 1)y

m = nmax’ 3L, (V T 1) fexp(gt) t = Mmax Jexp\Vt—1), 30, (l/ T 1)
(Using the above relation)

1 3L, (u+1)}

N 0,—1) 1—c (Since a1 ;-1 = 1 for all t)
max Jexp t—1 -

= 5t§max{

On the other hand, we know that

_ 1
N < Ufnax = a; < nfnai fexp(Ot—1) = 6t > 55—
Thmax Jexp (Qtf 1 )

Now, we will bound the regret for the w player and the p player, and use Wang et al. [26, Theorem
1]. For the w player, recall the update,

W41 = Wt — (575 [O[t Vht(wt)] = Wt — Vht(wt) (Sil’lCC (575 o = ].)
For a comparator w,

= w1 — ull3 = |Jwr — Vhe(wy) — ully = [we — ully — 2(we — u, Vhe(wy)) + || Vhe(wy)|[5
1
< Jlwe — ull3 — 2 | he(wy) — he(u) + 5 lwe = ull3| + |V he(wi) |13

(Since h is 1 strongly-convex)

= oy || Vhe(wy) )3
a [l (we) — he(u)] < t||2t<t)||2
(Rearranging and multiplying throughout by a;; > 0)

Bounding ||V (w;) ||§ similar to the proof of Wang et al. [26, Theorem 9],

[Vhe(w)|l5 = ||we — p] XH2 {1 X — pt XH2 (Using the definition of h;(w) and eq. (8))

:<

2
Z yi i (pe(i) — pe—1(7)) > (By definition of X)

2
<E [pe(i) — pe—1 )|> (Triangle inequality and since ||y; z;|| < 1)

= ||pt - pt71||1

Combining the above relations and summing from ¢ = 1to 7T,

T
Qi
Regrety < Z 5 Ipe = peallf
t=1

11



Setting nl.L = m ensures that,

. 1-c . 1
oy € |:mll’l {1, ?)111(1/4—1)} s 1:| — o € [mln{C, 1}, 1] (Deﬁne C .= m)
Using this relation to simplify Regret?, since oy < 1,

T

1
Regret < Z B [Pt —pt71||%
t=1

For the p player, the regret for FTRL can be directly bounded using Wang et al. [26, Lemma 6],

Regret). <In(n) — = Z lpt — pe— 1||1

Using the definition of C'r,

In(n) < In(n)

- Si > min{C, 1
Cr < Zthl o min{C,1} T (Since oy > min{C, 1})
Using Wang et al. [26, Theorem 1], for 1" > %’
4Cr In(n)

4
P — A > — =Y 55—
Wor) =50r) 27 = =5 =7~ Zimic 07T

Appendix D. Main Proofs

Lemma 9 Considering the update of GD in (1). Set w, = 61 and ny = flatzrﬂl)t)‘ Suppose that
og
w-player and p-player perform the following updates

p-player:  p, = arg min Z a; i (p) + KL(pr)
PEln =1

vflog(ﬂ)t) . erxp(wt)
flog(wt) fexp(ujt) .

w-player: Wi = W + ey (XT Py — et), where € :=

Then, it holds that w; = 0; forallt > 1.

Proof For the p player, we use the following FTRL update

pr = argmin lz 0 bi(p) + KL<p||>]

PEAR i=1
where € R"™ is a vector with all entries belng =. The result of this minimization problem gives

exp(—y; (Wi, x;))
> iy exp(—y; (W, 25))

Pt M =

12



vflog(wt) erXP (wt)

For the w player, we let ¢; := Fow (0] Fors () and perform the following
og ex:

By def of k¢ (w)

wir1 = wy — [Vhg(wy) + €] XTpy—€ and Wiyl = Wt + Qpp1Wiy1.

Note that for exponential loss, it holds

erXp exp(—yi <w7 xz» T
T — —X .
fexp E —Yi T Dt

i=1 ] lexp(_yj <w,33j>)

On the other hand, by V fiog(w) = =2 37 | y; 2 % it holds for logistic loss that

\vJ D X7 1 —y; (s, T
flog(fUt) _ (~1t where g € R" st [qi]; = — exp(—y <wt7~x]>) .
flog(wt) flog(wt) nl+ eXP(—yz' <wt7 xz))

First, we prove that w; = 6, for all ¢ by induction where 6, are the iterates of GD—LS on the logistic
loss. The base case can be satisfied by initializing @, = 1. Assuming that w; = 0, then,

Wyl = Wy + Qg1 W1 = Op + apq1 XTpt — Q41 €
i1 vfexp(wt) — a1 vflog(wt) _ vfexp(wt) Q1 vflog(wt)
fexp (wt) flog (wt) fexp (wt) flog(wt)

Recall that the update for GD is 6,41 = 6; — 1 Vf(0;). Comparing those two equations, we
conclude that if (i) w1 = 61 and (ii) 7y = fat(“ L then it holds that w; = 0; for all ¢.

:91‘,_ :915_

Lemma 10 Consider the updates of GD-LS and GD-Polyak. Set %, = Then it holds

1
f log (t) ’

Regrety + Regerf._ ) o) + L (el + )
T — )
PPy’ T

Vflog(wt) _ vfexp(wt)
flog(wt) fexp(wt) :

recall that ¢, =

Proof For the p player, we can directly use the result from Wang et al. [26, Theorem 5] to get

Regret). < In(n) — = Z lpe — pe1llf -

For the w player, we have that for an arbitrary comparator u

[wisr — ull3 = [lwe — u — Vhy(wy) — el
= |Jwy — ull3 — 2(ws — u, Vhe(wy)) — 2(wi — u, €r) + || Vhe(we) + |3

(a) 1
< [lwe —ull3 — 2 ht(wt)—ht(u)+§ lwe — ull5] = 2(we — u, e) + | Vhe(we) + ef5

13



where (a) is by h; being 1-strongly convex. This leads to

2 [he(we) = he(w)] < = [Jwesr — ull3 — 2(w; — u, &) + | Vhe(wy) + €[5
= — llwir — ull3 — 20w — u, ) + | Vha(wp) |3 + llecll3 + 2(er, Vhe(wr))
= — lwir = ull3 + [[Vhe(w) |5 + llecl — 2(er, we — u — Vhy(wy))
= — [lwerr — wll3 + [ Vhe(we)l[3 + lleclls — 2(er, we —w — Vhy(wr) — ) = 2(et, &)
= — [lwigr — ull3 + [IVAe(we) |5 — llecls — 2(er, wig1 — w)
(b)

IN

2 2 2 2 2
— lwer = ullz + (VA (we)llz — llecllz + lleellz 4+ llwer — ull;

2
= [[Vhe(wi)ll3,
where (b) is by Young’s inequality. This implies that

ay [|[Vhe(wy)|5

a [he(we) — hi(u)] < 5

Next, we bound || Vh;(w;)||3 as

IV A (we) |3 = |Jwi —PtTXHZ = | X pr1 — €1 — XTPtH;
= [ X" pr-1 -~ XTptuz + llee—ll + 2(er—1, X [pr — pe—1])
<X peey = XTplf5 + lleetl3 +2 lleeally [ X 1 — X

)

Note the following

WLXﬁXﬁ=(

> v (pe(i) — pe-1 (i)
i=1

<Z pt(7) — pt—1(i)\>

= llpe —pea|? < 2,

A
INe

where (c) is by triangle’s inequality the the assumption ||z;|| < 1,Vi € [n]. Putting things together,
IVhe(wo)ll3 < lpe = pe-1 1T + lee—1ll + 4 llec—1ll, -

Combining the above relations and summing from ¢ = 1to 7T,
L a " a
Regret < S 2 |1py — pra |2 S Tlee-113 +4 fler-ll,]
cgre < 35 I —pical + 305 e+ el

@) A 1 s 1 )
<D gl —palli+ )5 [Het—1||2+4 Het—lllz] :
t=1 t=1

14



To justify (d): Let f € { fiog, fexp}. Givenn,_; = f('lg[tt—l) = f(;;t_l) as w; = 0, for all ¢, we have
from Lemma 7

. 1 _ 1
Ui € [mln{nfnaw C(Ll, v, C)f(et) }7 nfnax] — oy [mln{nfnaxf(et)’ m}v nfnaxf(‘gt)]

1
C(Ly,v,c) b 1]’

= a4 € [min{l,

where nt,. = # C(Li,v,c) = 3Lt for Gp-1.5, and C(L1,v,c) = cv? for GD-Polyak.

0:)° 1—c
Thus, we have that Zt Lo € [min{1, re(4mwO] L ) }T T] = ©(T). Summing the regrets of the
w-player and p-player leads to the desired. |

Lemma 11 Let f € { fexp, fiog}. For any initialization 0y, choose an € € (0, f(6y)). Then, GD-LS
withn! . = % requires

L1 (I/+1)
=0

iterations to ensure that f(67) < 2¢, where C' := % min {%, 1} and \1 := 3

Proof The proof follows the same steps as (Vaswani and Babanezhad [24, Theorem 2 and Corollary

2]). In their case, the constant 7, . is set to oo, resulting in C’ = 200/\_1 L |

Lemma 12 Let f € {fexp, fiog}- For any initialization 0y, choose an € € (0, f(6p)). Then, GD

f(0¢)

with Polyak step-size 1; = min { 2 7 )}for some c > 1 requires
2

HNZIIH
1 a?\1°
72 g [ (7))
iterations to ensure that f(01) < 2¢€, where C' := 5 L.

Proof The logistic loss on linearly separable data is convex, satisfies (6) with Ly =0, w =0, v =
8,and f* = 0. We also know that |V f(0)|| < v f(6) and we can bound the Polyak step-size as:

e [mm{cu%lf(et)’ 7 } ’ f(lea] | (b

Using the GD update: 0;11 = 0y — n; V f(6;), consider a comparator u s.t. f(u) < m
and f(u) < f(6;) forall t € [T]. Assuming that T is the first iteration such that f(07) — f(u) <,

15



we have that,
16r41 = wlly = 110: = wll3 — 2 (V£ (6r), 0; — u) +1” IV £ (00)I13
<0 —ully — 2 [£(00) — f(u)] + e IV £(O0)I5 (Convexity)
< 16 — ull3 — 2m [£(6e) — f(w)] + % [£(0:)]

1
— 6=l - (2 1) 760 + 2 0
) 1 . (1
< |0 —ul5—(2— ~ ) min m,l +2n f(u)
1 1 2f(u)
<6 —ulf-(2--
16 — ully ( c) max {cv?,1} * f(0)
1 1 2 (u) ..
< ||6¢ —qu - (2 - c> max {cr? 1] + é ) (Since f(0;) > eforall t € [T])
1 1 1
<0, —ul2=(2-=
16 — ull3 (2 c> max {cv?, 1} + max {cv?,1}
) 1 1
=10 — ull5 - <1 B c> max {cv?, 1}

=C
Summing up from¢ =0tot =1 —1,
107 — ull5 < |60 — ull3 = CT = |[ull3 — C Tu (Since 8 = 0)
Since f is 1 uniformly smooth, using Lemma 8 with M = f(6p), we get

O — 2

ey -y 10l
N—_——

=L

f(0r) — f(u) < §§+Lﬂwg—cﬂ

2
[l

To ensure that f(07) — f(u) < e, it is sufficient to set T > “=2. In order to bound |[ul|, we
define u* to be the max-margin solution i.e. ||u*|| = 1 and 7 to be the corresponding margin, i.e.
2
v = min; y;(z;,u*). Consider u = S u*, for a scalar 5 = % In (M), we have that
€

Flu) =~ S In1 + exp(—pilami, fu')) <~ D exp(—pilami, fu')) < exp(~By) =
=1

P max{cv?,1}

2

This satisfies the requirement on f(u). Note that we have max{cv? 1} = cv? since v = 8 and

v = 1for fiog and fexp, respectively, and ¢ > 1. Using this to bound 7', we obtain

o 2 v? cv?\1?
r>2 = Y (8
—C  (e—1)n? e

2
Finally, we conclude that after 7" = %2 = ﬁ [ln (%)} iterations it holds f(07)— f(u) < e.

Given f(u) < €, we obtain the desired. [



Lemma 13 Let w be s.t. fiog(w) < ﬁ then it holds that

H vflog vfexp(w)
flog Jexp(w)

Proof Define u; := exp(—y;(w, x;)). Note that for all finite w, u; > 0. Using the expressions for
the exponential and logistic losses,

H < 3n fiog(w).

vfexp(w) T Ui
———F=—-X"p wherepe Apstp = =5——
Jeso (1) 2y i
Y fio X7 L
flg(w):— q where ¢ € R" s.t ¢; = — -
fog(@) "~ fiog(w) nltuw
fexp(w) 1

= —XTCp where C € R " st C;; =

flog(U)) 1 + U;

Using these relations,

Viiog(w) Y fuxplt)
flog(w) fexp(w)

vflog( ) vfexp(w)
flog ) fexp(w)

=XTp-_XTCp=XT U1, -C)p
N e’

=D

ZDi,ipi zi|| < Z [ Dii| pi ||

< z:|D”|pZ < maX]D”| Z:pZ maX|D

= | | =17 -

fop(w) 1
flog(w) 1+uj ’

Hence, we have reduced the problem to bounding max; | D; ;| = max; ‘1 —

. . Sex (’LU) 1
Next, we derive a uniform upper-bound on ‘1 — floz(w) ou |-
Jexp(w)

)
up = fiog(w) < fexplw) = o) 2 1. This establishes a lower-bound on fe"p((
Furthermore, we know that, In(1 + u;) > 14% -

Since u; > 0, In(1 + u;) <
w)
)

n n

1 (7 (7 . Uq
flog( ) Z 1 +u@ — nflog(w) Z Zzl 1 +Ul — Vl, m S nflog(w)

Now, we will use the fact that fiog(w) < 5=, Nfiog(w) <1 = 1 —n fiog(w) > 0. Manipulating

the above expression, we get that, Vi,

n flog(w)

Uy S Tf]og(w) (12)

17



This gives an upper-bound on u;. Next, we manipulate the above expression to get an upper-bound
on £22(%) Recall that
Siog(w) * ’

log w)
N = U 1 - N fexp(w)
> o> v — o IRV (13
nflog(w) _Zl—l—ui _Zl—{—maxjuj 1 + max; u; Zul 1 + max; u; (13)
i=1 i=1 i=1
Jexp(w) <14 maxu; <1+ " fiog(w) (Using the upper-bound in (12))
flog(w) J 1—-n flog(w)
Jexp(w) 1
— < (14)
Jiog(w) = 1 =1 fiog(w)
This establishes an upper-bound on J;;:L((;U)) We will now use the above expressions to bound
og
1— fexp(w) 1
flog(w) 14w, |°
Jop(w) 1 | | ( fexp(w) 1 1
1-— = —1 _
flog(w) 1 + Ug flog(w) 1 + Ug 1 + U;
fexp(w) ) 1 ‘ U; . . .
< -1 (Triangle inequality)
(flog(w) 14, 14w g d Y
fexp(w) 1 U; .
_ -1 Since u; > 0
( flog (w) 14w, 14 u; ( i )
fexp(w) ) ’ Us .
< -1+ (Since 1 + u; > 1)
( flog (U)) 1+ Uj '
exp(w) U; .
= -1)+ Since w) > w
<flog(w) ) 1 T ( feXp( ) = flog( ))
n flog(w) .
+n fioe(w (Using (14) and (12))
Jexp(w) 1 : 1
= |1 - <3 S < ==
flog(w> 1 + u; — nflOg(w) ( nce flog(w) — 2n)
Vihog(w) — Vfexp(w)
= max|D, ;| < 3n fiog(w) = H — < 30 fiog(w).
J J’ og( flog (w) fexp(w) og
|
Theorem 14 Suppose that T > % where ® = O([logn]?). Set nly. = ﬁ GD-LS and
og
GD-Polyak achieve the following rate for logistic loss:
_ yi(Or, ;) [log n]*
min =———* >~y — 0 .
2 e 270
Proof From Lemma 11 and 12, if we set C := min{% min{/\il,l},cc;—yé} where \; =

3 Lél(fg)l), then it takes 7" > 0#72[10g(%)]2 iterations to ensure that f(67) < 2e for both GD-LS
1

and GD—-Polyak. Note that we have used v >1 given ¢ > 1 and v > 1. Then, we set € = 6o to

18



conclude that after Tj := 2 el [log(6ncr?)]? iterations, fiog(0r) < 3% for all t > Ty. From Lemma
13, we obtain

vflog et vfexp(et)
flog 0t feXp(et)

which implies that HftHz +4 [le]| < 5lell < 151 [ fiog(f:)]. With this choice of Tp, we have that
for any t > T

el = H \ < 31 fiog(6) < 1

cv? exp(—/72tC") < ev? exp(—/2THC") = Gi < f(bo).
n

Hence, for any t > Ty, we can set € = cv? exp(—+/72tC’), which implies that f(0;) < 2¢ =
2cv? exp(—+/72tC"). Therefore, we conclude that

||et||§ +4 |lee]l < 150 [fiog(6:)] < 30cnv? exp(—+/72tC"). (15)
For t < T}, we use (2) to obtain
Tootwr ez | = [T |+ [t =2
Jiog(w) Jexp(w Jiog(w Jexp(w)
— el +4 HﬁtH < 4” +8v (16)

Putting together the bounds in (15) and (16),

fZ [lecl3 +4 Jleel] < Z [lecl3 +4 el + Z [lecl3 + 4 fldl]

t=TpH

T
< (41 + 8v) T + 30cny/? Z exp(—yV OVt

t=TpH

402 + 8v 30cnu?
< = " og(6nec?)? + exp(—yV ' /T
— 72 C/ [ g( )] 1 _ eXp(—’Y\/@) Xp( fy 0)

A2+ 8y 5
e ae 2(1 - exp(—m@))
3T =

[log(6ncr?))? +

From Lemma 10, we obtain that (recall Y7, oy > min{1 T)

1
' C(L1,v,c) L1 v,c) max{1,C(L1,v,c)}
Regrety + Regrety _ In(n) + 5 5 S iallleells + llecll
T — T
Zt:l ay Zt:l ay

< max{C(L1,v,c),1}(In(n) +

412 + 8v
72 C’

=P

5

2412 1_¢
[log(6ncv)]” + - exp(—v\@)> T =7

where C(Ly,v,¢c) = w for GD-LS and C(Ly,v,c¢) = cv? for Gb-Polyak. Note that

o = O(—5 [log( i ). Using Wang et al. [26, Theorem 1], we have for 7" > 10
5

2
Y(wr) =3(0r) = v — @ = @(M

2 T)’
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Appendix E. Extensions to Multiclass Setting

We start by extending the game framework in Wang et al. [26] to the multiclass setting. First, note
that cross-entropy satisfies the self-boundedness properties in (2) (see Vaswani and Babanezhad [24,
Proposition 5.]). The multiclass margin of weight W & RFE*d i defined as (k is number of classes)

. T
‘= max min (e, —e.)” Wx;. 17
! ||W||Fsue[n1,c¢yz-( w o) W an
To extend the above framework, we let X = [~ vec((ey;, — e.)xl)—] € R*ME=1xkd Then the
following holds
. T T
min (ey, —e.)" Wzx; = min Tr(Wz —e
ey v T ) Wi =, in, T(Wailey —eo)')
= min vec((ey; — ec)z! ) vec(W)
ie[n]vc#yi
= min p! X vec(W).
peAn(kfl)

To get a lower bound on ||| (as above), we let (z, ) € {(z(*), y®)}7_,, then it holds that

in T T& % 7
X vee(Wi) < — e Wz < |le, — HW H < 2HW H
iy X vee1) < mine, — eo) Wr < e, ~ eol [ Waal], < V2|

Following the same approach as in the binary case, we obtain that

T
~ 1 7
WH > — min AvecW > ——
H g = ﬂpggnw—l)p r) = 44/2 22:
when 2 Zt Lo > 2 (Regh. + Reg!V). This leads to
. T i
min Avec(W:
i P (Wr) . 4v/2 (Regh + Reg}!) o 4v/2Cr
W e

Hence, as in the binary case, we need to upper bound C'7 to obtain a margin convergence rate.
Below, we give a multiclass extension of Lemma 4. The proof essentially follows the same steps as
the binary case. We start by recalling the definitions of multiclass exponential loss and cross-entropy
loss:

Exponential: Legp(vec(W Z Z exp(— vec( —eo)xl) vec(W));
ze[n} C?’éyz
Cross-entropy: Lross(vec(W Z log 1 + Z exp — vec( ec)miT) vec(W))).
’Le n] C#yz

Note through the above vectorization, for multiclass exponential loss, it still holds that

vfexp(ﬁft—l)

= = _XTpt—17
fexp(Wt—l)
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where p;_1 € A™F~D_ Given this, w-player and p-player can perform the same updates as the

(binary) exponential loss case. For cross-entropy loss, we define €; as

vLcross (Wt) N vLexp (Wt)
Lcross(Wt)) Lexp(Wt)

€t 1 — )

F

and analogous result to Lemma 4 can be proved. Note that the moves of w-player and p-player are
the same as Lemma 2, with simplex A" replaced by A™k=1) and data matrix replaced by the one
above. The conclusion of Lemma 2 still hold following the same proof.

Lemma 15 For all W s.t. Leyogs(W) < 5, it holds

< 3\/§nLcmss (W) .
F

H VLcmss(W) _ vLeXP(W)
Lcross(W)) Lexp(W)

Proof Define u;. := exp(— vec((ey, —ec)z} ) vec(W)) and p;. := E[]“ﬁ
€N cFy; ¢

and further let P € R™*(*=1) be s.t. P[i, ] = p;.. Then, we have that

(where ¢ # y,),

VLexp(VeC(W)> _ Lvec((e e )hT)
- Yi c
LeXp(VeC(W)) i€[n],cty; Zie[n]ﬁ?ﬁyi Uic '
== > pievecl(ey, —eo)al) = =X vec(PT),
ie[”]ﬁ#zﬁ
where recall that X = [— vec((e,, — ec)z] )—] € RMF~1xkd Next, for the cross-entropy loss, we
have that
1 Wi T T T
V Leross(vee(W)) = —— > - +; vec((ey, — ec)h] ) = =X vec(Q"),

1€[n] cAy;

where we have defined Q@ € R™ D st. Q[i, ¢] = qic := %ljﬁjw Forafixed (j € [n], p € [k]\y;)
pair. Note the following:

Ujc (% Zie[n],c;ﬁyi Uzc)]l(l =Jj,c= p) 1 Ujp

i€[n],c£y; EiE[n],c#yi Uic 1+ Ujp nl+ Ujp

Next, we define the matrix V7 € R™*(k=1) (that corresponds to the (j, p) pair) to be VP, ] =
Lexp(W)

T, Wheni = j,c=pand 0 otherwise. Then, we have that for all (4 € [n],c#vyj)

vec((VIP))T vec(PT) = Q3. p.

If we define the matrix C' € R™*=1)>xn(k=1) to be C' = [ vec((V5)T)~]iem],cstys» then we have
that C'vec(PT) = vec(QT). This leads to

V Leross(vec(W)) AT C

—————vec(P?) = ~XTC vec(PT).
Leross(vec(W)) Leross (vec(W)) (P) X" Cvec(P)
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where we let C := c

= Tooves(7)) Thus, we have the following

HVLcrOSS(vec(W)) _ ViLexp(vec(W))

- HAT([n(k,l) ) vec(PT)H

Liross(vec(W)) Lexp(vec(W)) || g F
Lexp (W) 1
< ec — e T —— ic
= Z | HV ((ey; — €c)z; ))H2| Leross(W) 1+ e lp
i€[n],c#y;
Lexp (W) 1
< \/5 max |1 — P s
B i€[n],cy; | Lcross(W) 1+ Uic|

where we have used that [|z;[| < 1,Vi € [n] and 3, sy, Pic = 1. Forany i € [n],c # yi,
following the same steps as the binary case to obtain

Lep(W) 1 Lexp(W)

Ujc
| <
Lcross(W) 1+ uic Lcross(W)

1—|—uic'

11— — 1|+

We denote u; := > ey, Wic- Similar to the binary case, we have that for all 7 € [n]

n

1 Uu; u; N Leross (vec(WV))
Lcross w Z - - S Lcross W)) = 7 § 5
(vec(W)) n ; 1+ u; 1+ u; " (vee(W)) Y 1 — nLcross(vec(W))
(18)

where the first inequality is by log(1+z) > =, and the second implication is by 1—n Leross (W) >

0 (holds because of the assumption). Thus, we conclude that for all i € [n],c # y;, it holds that
c — 1 = 177LLcmss(V6C(W)) Lcross(W) - 1*nLcmss(W

same steps as the binary case). Moreover, it also holds that f:r’;’s((vmv,)) > 1 because of the inequality

log(1 + u;) < w;. Putting these pieces together, we conclude (as in the binary case) that

. From this, we can show that

j (following the

< 3\/inLcross (W) y

H VLaros(vec(W))  Vexp(vec(W))
F

Leross(vec(WW)) Lexp(vec(W))

for all W s.t. Leposs(W) < % Finally, note that

_ HVLcross(VGc(W)) _ Viexp(vec(W))
F Lcross (VGC(W)) Lexp (VeC(W))

HVLcmss(W) | Viep(W)
LCFOSS(W)) LeXP(W)

F
|

The next step is to obtain results analogous to Lemma 11 and 12. We note that Lemma 7 still

holds for cross-entropy loss [24]. To do this, for GD-Polyak as an example, we can define u* as
max{cv?,1}

the solution to the max-margin problem (17). Similarly, let v = Su* where § = %ln -
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Then we have that

Leross(u) = — Z log(1 + Z exp (— vec( —e.)xl) vec(u)))

ze[n] C#Yi
< — Z exp(— vec((ey, — ec)x?)vec(u)))
et
_1 Z exp(— B vec((ey, — ec)xl) vec(u*)))
" et
< exp(=f7)

max{cv?, 1}

The rest can follow the same steps as Lemma 11 and 12. With all these ingredients, we can conclude
that the rate in Theorem 5 also applies to the cross-entropy loss.
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