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Abstract
Recent works have shown that Polyak and line-search step sizes are good for training deep neural
networks. However, a theoretical understanding of their generalization performances is lacking.
For overparameterized models, multiple solutions can generalize differently to unseen data despite
all obtaining zero training loss. Given this, a natural question is whether an algorithm inherently
prefers (without explicit regularization) certain simple solutions over others upon convergence-a
phenomenon known as implicit bias/regularization. In this work, we characterize the implicit bias
of gradient descent with Polyak and line-search step sizes in linear classification with the logistic or
cross-entropy loss. Given these step sizes are adaptive to local smoothness of the loss, we prove that
the margin of their iterates converges to the maximum l2-norm margin at Õ( 1

T ) rate. In contrast
to other adaptive step sizes that achieve the same rate [7] (also known as normalized gradient
descent-NGD), line-search and Polyak step sizes do not depend on problem-specific constants that
may not be accessible. Another subtle issue is that NGD can diverge on common losses with non-
separable data, whereas line-search converges given it guarantees descent on the function value
at every iteration. Finally, our analysis extends the analysis framework of Wang et al. [26] to the
logistic/cross-entropy losses.

1. Introduction

Gradient descent (GD) of the form

θt+1 = θt − ηt∇f(θt), (1)

is a standard optimization algorithm for training machine learning models. To obtain its optimal
performance, the step size (ηt) needs to be carefully tuned [2]. From the optimization literature, one
can set it to be 1/L to guarantee descent on L-smooth functions [12]. However, L is a global constant
that may fail to capture local curvature information [5, 9]. To this end, adaptive step sizes such as
Armijo line-search (GD-LS) and Polyak step size (GD-Polyak) have been proposed [1, 14]. These
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adaptive step sizes do not require the knowledge of L and are adaptive to the local smoothness of
the objective. Since the local smoothness might be much smaller, adapting to it allows GD to use
larger step-sizes and converge faster. Concretely, for logistic loss with separable data, GD-LS and
GD-Polyak have been shown to converge linearly [24], which is faster than GD with arbitrarily
large constant step size [28]. In addition to GD-LS and GD-Polyak, adaptive step sizes of the
form ηt ≈ η/f(θt) (denoted as GD-AD1) can be even faster, achieving arbitrarily small loss after a
constant number of iterations with a properly chosen (large) η [30].

Despite the fast rates of Polyak and line-search step sizes in minimizing (exponentially-tailed)
losses, theoretical understanding of their generalization performance is lacking. Towards this end,
understanding algorithmic-specific implicit bias is important given it informs the inherent (without
explicit regularization) preference of an algorithm over solutions that are equally-favorable in terms
of training loss minimization. Linear classification with separable data is a standard test bed for
studying optimization implicit bias [6, 18]. Our work is situated in this setting and motivated by the
followings:

1. Despite GD-AD (with η ≤ 1) achieving the optimal margin convergence rate for the ex-
ponential loss [7], the adaptive step size on the logistic loss (also exponentially-tailed) that
obtains the same margin convergence rate depends on problem-specific constants that may
not be known a priori. For example, the step size in Ji and Telgarsky [7] switches from the
form Θ(1/f(θ)) to Θ(exp(f(θ))/(exp(f(θ))−1)) after Θ([lnn]2/γ2) iterations, where n and γ denote
the number of data points and data margin respectively. This raises questions regarding its
true adaptivity and practical usage given that the information on the data margin may not be
accessible.

2. The performance of GD-AD is highly sensitive to the choice of η. As observed in Figure 1
(experiments on logistic loss), GD-AD with large η’s show significant loss non-monotonicity
and abrupt decrease in loss after a certain point. However, it may fail to make any progress in
improving its margin. As max-margin separators typically generalize well [10, 17], this raises
questions on whether GD-AD (with large η’s) is still favorable from a margin-maximization
perspective.

3. The implicit bias of Polyak and line-search step sizes are not well understood. We note that
GD-Polyak was studied in the (non-convex) self-attention models, limited to the (binary)
exponential loss, with a suboptimal margin convergence rate compared to GD-AD [23]. It
remains open whether the optimal rate can be achieved with GD-Polyak. In general, under-
standing the implicit bias of GD-LS and GD-Polyak can provide more guidance for their
future practices given the close interplay between optimization bias and generalization [22].

Taking into account all these factors, we aim to answer the following question:

What is the implicit bias of line-search and Polyak step size in linear classification with separable
data and logistic/cross-entropy loss?

We use the game framework in Wang et al. [26] to analyze the implicit bias of GD-LS and
GD-Polyak. Along the way, we extend their framework to the logistic loss (this was left as an
open question in their paper). Our contributions are:

1. More precisely, the step size is ηt = η
f(θt)

and ηt =
η exp(f(θt))
exp(f(θt))−1

for exponential and logistic loss respectively.
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1. We show that GD-LS and GD-Polyak achieve the (optimal) margin convergence rate
Õ(1/T) for the linear setting considered.

2. We empirically verify that GD-LS is robust to any algorithmic-specific hyperparameters such
as the search initialization of the step size. Given any (sufficiently large) search initialization,
the algorithm finds (appropriate) step sizes to quickly converge the max-margin separator.

2. Preliminaries

100 101 102 103 104

Iterations

10 15

10 12

10 9

10 6

10 3

100

Lo
ss

= 0.01
= 0.1
= 1
= 10

100 101 102 103 104

Iterations

10 1

100

Re
la

ti
ve

 M
ar

gi
n 

G
ap

= 0.01
= 0.1
= 1.0
= 10

Figure 1: GD-AD on the logistic loss with sep-
arable data. Step size is of the form
ηt = η exp(f(θt))/(exp(f(θt))−1)( [7, 30])
for different values of η. Left: loss;
Right: relative margin gap (see App. A
for details).

Related Works The implicit bias of GD in
the linear setting with separable data has been
studied in several works [6, 7, 18, 27]. For
constant step sizes, it was shown that l2-norm
margin convergence rate of GD is Õ(1/log T)
[6, 18, 27], and the same rate holds for the
multiclass setting [15]. For adaptive step-size
of the form ηt ≈ 1/f(θt), the rate was im-
proved to Õ(1/T) [7]. Besides GD, several
works have studied other algorithms such as
normalized steepest descent with/without mo-
mentum [4, 11], mirror descent [19], and Adam
[4, 29]. Beyond linear settings, other works
have focused on diagonal, homogeneous and
non-homogeneous neural networks [3, 8, 13], and self-attention [21, 23] (refer to the survey Vardi
[22] for additional details).

Setup We focus on the linear classification setting with separable data (denoted as {(xi, yi)}ni=1).
The exponential and logistic loss are defined as

fexp(θ) :=
1

n

n∑
i=1

exp
(
−yi⟨xi, θ⟩

)
, flog(θ) :=

1

n

n∑
i=1

ln
(
1 + exp(−yi⟨xi, θ⟩)

)
.

We use f ∈ {flog, fexp} to denote either loss for simplicity. Denote the spectral norm or 2-norm by
∥·∥ when the argument is a matrix or vector respectively. The following self-boundedness properties
satisfied by both the logistic and exponential loss ([16, 20, 24]) are central to our analysis∥∥∇2f(θ)

∥∥ ≤ L1f(θ), and ∥∇f(θ)∥ ≤ νf(θ), ∀θ, (2)

where L1 ≥ 0 and ν ≥ 0 are some constants. Intuitively, the (global) smoothness constant is
replaced by f(θ) (approximately), which better captures the local behavior of a function. Further-
more, the max-margin of the data set is defined as γ := maxθ∈Rd mini∈[n] yi ⟨θ,xi⟩/∥θ∥. We make
the following standard assumptions that have appeared in various works that studied optimization
implicit-bias [4, 6, 18, 26, 27]. The first one is on data separability: There exists θ ∈ Rd such
that mini∈[n] yi⟨θ, xi⟩ > 0. The second one assumes that the data is properly scaled: It holds that
∥xi∥ ≤ 1 for all i ∈ [n].
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Adaptive Step Sizes We consider the following adaptive step sizes

GD-LS: f(θt − ηt∇f(θt)) ≤ f(θt)− cηt ∥∇f(θt)∥22 (Armijo Condition),

GD-Polyak: ηt = min

{
f(θt)

c ∥∇f(θt)∥2
, ηtmax

}
,

where c ∈ (0, 1) and c > 0 for for GD-LS and GD-Polyak respectively. For GD-LS, a backtrack-
ing procedure starting from (sufficiently large) ηtmax is in place to find the (assumed) largest step
size that satisfies the above Armijo condition [25]. Crucially, given both logistic and exponential
losses satisfying (2) above, GD-LS and GD-Polyak return a step size at each iteration t s.t.

ηt ∈
[
min

{
ηtmax,

1

C(L1, ν, c) f(θt)

}
, ηtmax

]
, (3)

where C(L1, ν, c) := 3L1(ν+1)/(1−c) (or C(L1, ν, c) := cν2) for GD-LS (or GD-Polyak) [24].
Thus, we observe with a proper choice of ηtmax, both step sizes are adaptive to the local smoothness.

Game Framework for Margin Analysis Next, we introduce the framework proposed by Wang
et al. [26], which relates margin maximization to solving a zero-sum game. Specifically, the ob-
jective of the game is defined via maxw∈Rd minp∈△n g(p, w) := pTXw − 1

2 ∥w∥
2. Note that

while the choice of norm can be more general [26], here we limit our discussions to the l2-norm
given the underlying geometry of GD is Euclidean. We denote {αt}Tt=1 as a sequence of positive
weights. To solve this game, the w-player first tries to minimize the weighted loss αt−1ht−1(w) :=
−αt−1g(pt−1, w) for a given pt−1. After making a decision wt, the weighted loss αtlt(p) :=
αtg(p, wt) is passed to the p-player for minimization. This process alternates and uses the weighted-
average decision w̃T =

∑T
t=1 αtwt as the final output. The regret bounds on the weighted losses

for the w-player and p-player are

w-player:
T∑
t=1

αtht(wt)− min
w∈Rd

T∑
t=1

αtht(w) ≤ RegwT ,

p-player:
T∑
t=1

αtlt(pt)− min
p∈△n

T∑
t=1

αtlt(p) ≤ RegpT ,

where △n is the n-dimensional probability simplex. Further denote the weighted-average regret as
CT := (RegpT+RegwT )/

∑T
t=1 αt and the data matrix as X = [−yix

T
i −] ∈ Rn×d. Then, Wang et al.

[26, Theorem 1] shows that the margin convergence rate depends on CT via

min
i∈[n]

yi⟨w̃T , xi⟩
∥w̃T ∥

= min
p∈△n

pTXw̃T

∥w̃T ∥
≥ γ − 4CT

γ2
, (4)

provided T is chosen such that CT ≤ γ2

4 . From this, we observe that the weights αt play a crucial
role in determining the margin convergence rate. Moreover, the above online learning protocol also
suggests a general recipe for studying optimization implicit-bias: 1. Determine the moves of the
w-player and p-player s.t. w̃t = θt for all t; 2. Derive the regret bounds of the w-player and p-
player (which in turn determines CT ) and translate them into a margin convergence rate via (4).
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Considering GD on the exponential loss, Wang et al. [26] proposed the following online learning
algorithms for the w-player and p-player

w-player: wt = argmin
w∈Rd

αt−1ht−1(w) = argmin
w∈Rd

−pTt−1Xw +
1

2
∥w∥2 ⇐⇒ wt = XT pt−1,

p-player: pt = argmin
p∈∆n

[
t∑

i=1

αi ℓi(p) + KL(p||1
n
)

]
, where KL(p||1

n
) :=

∑
i∈[n]

pi log(
pi
1/n

). (5)

With these choices, the overall output is

w̃t = w̃t−1 −
αt

fexp(w̃t−1)
∇fexp(w̃t−1),

which is equivalent to GD with a step size ηt−1 =
αt

fexp(w̃t−1)
.

3. Margin Convergence Results

Exponential Loss To further match the iterates of GD-LS and GD-Polyak to the output of the
players, we apply the bounds on the step size (3) with ηtmax = 1/fexp(θt) to determine the range of
αt, i.e. αt ∈ [min{C(L1, ν, c), 1}, 1]. Importantly, this range is time-independent ensured via the
specific form of ηtmax, which implies that

∑T
t=1 αt = Θ(T ). Hence, as long as RegpT + RegwT ≤

Θ(1), we obtain the margin convergence rate via (4) stated in Theorem 1.

Theorem 1 Set ηtmax = 1
fexp(θt)

. GD-LS and GD-Polyak achieve the following rate for the

exponential loss: mini∈[n]
yi⟨θT ,xi⟩
∥θT ∥ ≥ γ −Θ

( logn
T

)
.

The rate in Theorem 1 matches the rate of NGD (i.e. GD with the step size ηt = 1/fexp(θt)). How-
ever, NGD can diverge when the data is non-separable, whereas line-search still converges given it
guarantees loss monotonicity.

Logistic Loss The current framework nicely integrates with the exponential loss due to the re-
lationship ∇fexp(w)/fexp(w) = −XT p (recall that X is the data matrix and p ∈ △n). However, it
no longer holds for the logistic loss. To overcome this technical challenge, we introduce a time-
dependent error term (ϵt) that captures the difference of the gradient-to-loss ratio between the lo-
gistic and exponential losses (defined in Lemma 2 below). For the logistic loss, we note that the
p-player can still perform the same update as (5). However, for the w-player, instead of minimizing
αt−1ht−1(w) at round t, it additionally adds ϵt−1 to the output of this minimization problem. This
gives rise to the form of wt for flog (in comparison to the form for fexp)

flog: wt = XT pt−1 − ϵt−1 vs. fexp: wt = XT pt−1.

Finally, we set αt = ηt−1/flog(w̃t−1) to match the players’ output w̃t to GD’s iterate θt. The following
lemma formalizes these discussions and its proof can be found in App. D.

Lemma 2 Considering the iterates of GD in (1). Set w̃1 = θ1 and ηt−1 =
αt

flog(w̃t−1)
. Suppose that

the p-player performs the update in (5). If the w-player performs

w̃t = w̃t−1 + αt

(
XT pt−1 − ϵt−1

)
, where ϵt−1 :=

∇flog(w̃t−1)

flog(w̃t−1)
− ∇fexp(w̃t−1)

fexp(w̃t−1)
,

then it holds that w̃t = θt for all t ≥ 1.
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After relating GD to the online learning protocol, we bound the regret of the w-player and p-player
to obtain the results in Lemma 3. For the logistic loss, we choose ηtmax to be ηtmax = 1/flog(t) for the
same reason as the exponential loss. The range of αt is the same as that of the exponential loss.

Lemma 3 Consider the updates of GD-LS and GD-Polyak. Set ηtmax = 1
flog(t)

. Then it holds

RegretpT + RegretwT∑T
t=1 αt

≤ Θ

(
ln(n) +

∑T
t=1[∥ϵt∥

2
2 + ∥ϵt∥2]

T

)
.

Note that we can substitute θt for w̃t in the definition of ϵt above given w̃t = θt,∀t ≥ 1 (estab-
lished in Lemma 2). To control the term

∑T
t=1 ∥ϵt∥

2
2 + ∥ϵt∥2, we rely on Lemma 4 to bound the

gradient-to-loss difference ϵt using the loss flog(θt) provided it is sufficiently small. Given the lin-
ear convergence rates of GD-LS and GD-Polyak on the logistic loss [24], we can show that∑T

t=1 ∥ϵt∥
2
2 + ∥ϵt∥2 ≤ Θ([lnn]2) (details in App. D).

Lemma 4 Let w be s.t. flog(w) ≤ 1
2n , then it holds that∥∥∥∥∇flog(w)

flog(w)
− ∇fexp(w)

fexp(w)

∥∥∥∥ ≤ 3n flog(w).

Putting Lemma 2, 3, and 4 together, we arrive at the following theorem for GD-LS and GD-Polyak,
which states that the l2-norm margin of their (normalized) iterates converges to the max-margin
(γ) at a Õ(1/T) rate matching that of GD-AD [7]. In App. E, we discuss the extension of the
game-framework to the multiclass setting by deriving Lemma 15 in analogous to Lemma 4. The
experimental evaluations of GD-LS can be found in App A.

Theorem 5 Suppose that T ≥ 4Φ
γ2 where Φ = Θ

(
[log n]2

)
. Set ηtmax = 1

flog(θt)
. GD-LS and

GD-Polyak achieve the following rate for the logistic loss:

min
i∈[n]

yi⟨θT , xi⟩
∥θT ∥

≥ γ −Θ
( [log n]2

T

)
.

Remark 6 This rate matches the rate of exponential loss up to a factor of log n. Unlike the step
size schedule in Ji and Telgarsky [7] that requires the knowledge of the data margin, GD-LS and
GD-Polyak achieve the same rate (up to a log n factor) without requiring the access to any
problem-specific constants. Finally, the rate in Theorem 5 also holds for the cross-entropy loss
shown in App. E.

4. Conclusion

In this paper, we have characterized the implicit bias of gradient descent with Polyak or line-search
step sizes on linear separable data with the logistic/cross-entropy loss, and empirically verified
their performances. Future works involve extending these adaptive step sizes to steepest descent or
Nesterov momentum algorithms.
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Figure 2: (a) Relative margin gap defined via |γ−γ̃(θt)|/γ against iterations. Legend indicates differ-
ent algorithms. (b) Loss of GD-LS against iterations. Legend indicates different η’s for
search initialization of the form ηtmax =: η/f(θt). (c) Same plot as (b) with loss replaced
by relative margin gap. (d) Step size of GD-LS against iterations. Dash-line: search
initialization of different η’s; Solid-line: step size return from backtracking line-search
with the corresponding search initialization.

Appendix A. Experiments

Experiments We perform experiments on synthetic (binary) data generated from a standard multi-
variate normal distribution with n = 500 and d = 500. We ensure the data is separable by checking
the margin being positive. We denote γ̃(θ) := mini∈[n] yi⟨θT ,xi⟩/∥θT ∥ as the margin of GD’s (nor-
malized) iterates. The results are shown in Figure 2 in Appendix, from which we conclude the
followings: (a) The iterates of GD-LS converge to l2-norm max-margin fast compared against oth-
ers (Figure 2(a)); (b) GD-LS is robust to search initialization for loss minimization (Figure 2(b))
and margin maximization (Figure 2(c)); (c) For different search initializations, step sizes of GD-LS
follow closely to each other and to 1/f(θt) (Figure 2(d)). Note that direct use of ηt = 1/f(θt) does not
decrease the relative margin gap (Figure 2(a)). This suggests that the fine adjustments of GD-LS
made to the step sizes helps with margin convergence.

Appendix B. Auxiliary Lemmas

From Vaswani and Babanezhad [24, Proposition 5], we know that a function f is (L0, L1) non-
uniform smooth and satisfies the following inequalities:

(a) For all x, y such that ∥x− y∥ ≤ q
L1

where q ≥ 1 is a constant, if A := 1 + eq − eq−1
q and

B := eq−1
q ,

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ (AL0 +B L1 f(x))

2
∥y − x∥22 , (6)

(b) For all θ,
∥∥∇2f(θ)

∥∥ ≤ L0 + L1 f(θ),

(c) ∥∇f(θ)∥ ≤ ν f(θ) + ω,

Lemma 7 (Vaswani and Babanezhad [24, Lemma 1]) Let f ∈ {fexp, flog}. At iteration t, the step
size of GD-LS and GD-Polyak satisfy

ηt ∈
[
min

{
1

C(L1, ν, c) f(θt)
, ηtmax

}
, ηtmax

]

9



where C(L1, ν, c) := 3 L1(ν+1)
(1−c) for GD-LS and C(L1, ν, c) := c ν2 for GD-Polyak.

Lemma 8 (Vaswani and Babanezhad [24, Lemma 4]) For ϵ ∈ (0,M) and a comparator u s.t.
f(u) ≤ ϵ, if f satisfies (6) with L0 = 0 and ω = 0, then, for all θ s.t. ∥θ − u∥ ≤ q

L1
,

f(θ)− f(u) ≤ ϵ

2
+
[
ν2M +B L1M

] ∥θ − u∥22
2

,

where B := eq−1
q . Furthermore, if f is also L uniform smooth, then, for all θ,

f(θ)− f(u) ≤ ϵ

2
+
[
ν2M + L

] ∥θ − u∥22
2

,

Appendix C. Exponential Loss

In order to use the framework in Wang et al. [26], we need to choose the updates for the w and p
players. For the w player at iteration t− 1, let us consider the following GD update on the weighted
loss. For a step-size δt−1 =

1
αt−1

,

wt = wt−1 − δt−1 [αt−1∇ht−1(wt−1)] = wt−1 + δt−1 αt−1 [p
T
t−1X − wt−1] (7)

Since δt−1 αt−1 = 1 for all t,

=⇒ wt = XT pt−1 (8)

Recall that w̃t :=
∑t

i=1 αiwi. For the p player, we use the following FTRL update – at iteration t,

pt = argmin
p∈∆n

[
t∑

i=1

αi ℓi(p) + KL(p||1/n)

]
(9)

=⇒ (pt)j ∝ exp

(
−

t∑
i=1

αi [∇ℓi(pt)]j

)
=⇒ (pt)j ∝ exp

(
−yj

〈
xj ,

t∑
i=1

αiwi

〉)
(Since [∇ℓt(pt)]j = yj⟨xj , wt⟩)

=⇒ (pt)j ∝ exp (−yj ⟨xj , w̃t⟩) (By definition of w̃t)

Next, we use the above inequalities and the properties of the exponential loss to prove that,

∇fexp(w̃t)

fexp(w̃t)
= −XT pt =⇒ ∇fexp(w̃t) = −fexp(w̃t)X

T pt (10)

Using the definition of w̃t,

w̃t = w̃t−1 + αtwt = w̃t−1 + αt [X
T pt−1] (Using eq. (8))

=⇒ w̃t = w̃t−1 − αt
∇fexp(w̃t−1)

fexp(w̃t−1)
(Using eq. (10))

10



Comparing this to the GD-LS update in eq. (1), if (i) w̃1 = θ1 and (ii) ηt−1 = αt
fexp(w̃t−1)

for all
t, then, w̃t = θt for all t. From Lemma 7, we know that, for all t,

ηt ≥ min

{
ηtmax,

1− c

3L1 (ν + 1)

1

fexp(θt)

}
=⇒ αt ≥ min

{
ηt−1
max fexp(θt−1),

1− c

3L1 (ν + 1)

}
(Using the above relation)

=⇒ δt ≤ max

{
1

ηt−1
max fexp(θt−1)

,
3L1 (ν + 1)

1− c

}
(Since αt−1 δt−1 = 1 for all t)

On the other hand, we know that

ηt ≤ ηtmax =⇒ αt ≤ ηt−1
max fexp(θt−1) =⇒ δt ≥

1

ηt−1
max fexp(θt−1)

Now, we will bound the regret for the w player and the p player, and use Wang et al. [26, Theorem
1]. For the w player, recall the update,

wt+1 = wt − δt [αt∇ht(wt)] = wt −∇ht(wt) (Since δt αt = 1)

For a comparator u,

=⇒ ∥wt+1 − u∥22 = ∥wt −∇ht(wt)− u∥22 = ∥wt − u∥22 − 2⟨wt − u,∇ht(wt)⟩+ ∥∇ht(wt)∥22

≤ ∥wt − u∥22 − 2

[
ht(wt)− ht(u) +

1

2
∥wt − u∥22

]
+ ∥∇ht(wt)∥22

(Since h is 1 strongly-convex)

=⇒ αt [ht(wt)− ht(u)] ≤
αt ∥∇ht(wt)∥22

2
(Rearranging and multiplying throughout by αt > 0)

Bounding ∥∇ht(wt)∥22 similar to the proof of Wang et al. [26, Theorem 9],

∥∇ht(wt)∥22 =
∥∥wt − pTt X

∥∥2
2
=
∥∥pTt−1X − pTt X

∥∥2
2

(Using the definition of ht(w) and eq. (8))

=

(∥∥∥∥∥
n∑

i=1

yi xi (pt(i)− pt−1(i))

∥∥∥∥∥
)2

(By definition of X)

≤

(
n∑

i=1

|pt(i)− pt−1(i)|

)2

(Triangle inequality and since ∥yi xi∥ ≤ 1)

= ∥pt − pt−1∥21

Combining the above relations and summing from t = 1 to T ,

RegretwT ≤
T∑
t=1

αt

2
∥pt − pt−1∥21

11



Setting ηt−1
max = 1

fexp(θt−1)
ensures that,

αt ∈
[
min

{
1,

1− c

3L1 (ν + 1)

}
, 1

]
=⇒ αt ∈ [min{C, 1}, 1] (Define C := 1−c

3L1 (ν+1) )

Using this relation to simplify RegretwT , since αt ≤ 1,

RegretwT ≤
T∑
t=1

1

2
∥pt − pt−1∥21

For the p player, the regret for FTRL can be directly bounded using Wang et al. [26, Lemma 6],

RegretpT ≤ ln(n)− 1

2

T∑
t=1

∥pt − pt−1∥21

Using the definition of CT ,

CT ≤ ln(n)∑T
t=1 αt

≤ ln(n)

min{C, 1}T
(Since αt ≥ min{C, 1})

Using Wang et al. [26, Theorem 1], for T ≥ 4 ln(n)
min{C,1} γ2 ,

γ̃(w̃T ) = γ̃(θT ) ≥ γ − 4CT

γ2
= γ − 4

γ2
ln(n)

min{C, 1}T

Appendix D. Main Proofs

Lemma 9 Considering the update of GD in (1). Set w̃1 = θ1 and ηt = αt+1

flog(w̃t)
. Suppose that

w-player and p-player perform the following updates

p-player: pt = argmin
p∈∆n

[
t∑

i=1

αi ℓi(p) + KL(p||1
n
)

]
,

w-player: w̃t+1 = w̃t + αt+1

(
XT pt − ϵt

)
, where ϵt :=

∇flog(w̃t)

flog(w̃t)
− ∇fexp(w̃t)

fexp(w̃t)
.

Then, it holds that w̃t = θt for all t ≥ 1.

Proof For the p player, we use the following FTRL update

pt = argmin
p∈∆n

[
t∑

i=1

αi ℓi(p) + KL(p||1
n
)

]
,

where 1
n ∈ Rn is a vector with all entries being 1

n . The result of this minimization problem gives

pt[i] =
exp(−yi ⟨w̃t, xi⟩)∑n
j=1 exp(−yj ⟨w̃t, xj⟩)

.
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For the w player, we let ϵt :=
∇flog(w̃t)
flog(w̃t)

− ∇fexp(w̃t)
fexp(w̃t)

and perform the following

wt+1 = wt − [∇ht(wt) + ϵt]
By def of ht(w)

= XT pt − ϵt and w̃t+1 = w̃t + αt+1wt+1.

Note that for exponential loss, it holds

∇fexp(w)

fexp(w)
=

n∑
i=1

−yi xi
exp(−yi ⟨w, xi⟩)∑n
j=1 exp(−yj ⟨w, xj⟩)

= −XT pt.

On the other hand, by ∇flog(w) = − 1
n

∑n
i=1 yi xi

exp(−yi ⟨w,xi⟩)
1+exp(−yi ⟨w,xi⟩) , it holds for logistic loss that

∇flog(w̃t)

flog(w̃t)
= − XT qt

flog(w̃t)
where qt ∈ Rn s.t [qt]i =

1

n

exp(−yi ⟨w̃t, xj⟩)
1 + exp(−yi ⟨w̃t, xi⟩)

.

First, we prove that w̃t = θt for all t by induction where θt are the iterates of GD-LS on the logistic
loss. The base case can be satisfied by initializing w̃1 = θ1. Assuming that w̃t = θt, then,

w̃t+1 = w̃t + αt+1wt+1 = θt + αt+1X
T pt − αt+1 ϵt

= θt − αt+1
∇fexp(w̃t)

fexp(w̃t)
− αt+1

[
∇flog(w̃t)

flog(w̃t)
− ∇fexp(w̃t)

fexp(w̃t)

]
= θt − αt+1

∇flog(w̃t)

flog(w̃t)
.

Recall that the update for GD is θt+1 = θt − ηt∇f(θt) . Comparing those two equations, we
conclude that if (i) w̃1 = θ1 and (ii) ηt =

αt+1

flog(w̃t)
, then it holds that w̃t = θt for all t.

Lemma 10 Consider the updates of GD-LS and GD-Polyak. Set ηtmax = 1
flog(t)

. Then it holds

RegretpT + RegretwT∑T
t=1 αt

≤ Θ
( ln(n) +∑T

t=1[∥ϵt∥
2
2 + ∥ϵt∥]

T

)
,

recall that ϵt =
∇flog(w̃t)
flog(w̃t)

− ∇fexp(w̃t)
fexp(w̃t)

.

Proof For the p player, we can directly use the result from Wang et al. [26, Theorem 5] to get

RegretpT ≤ ln(n)− 1

2

T∑
t=1

∥pt − pt−1∥21 .

For the w player, we have that for an arbitrary comparator u

∥wt+1 − u∥22 = ∥wt − u−∇ht(wt)− ϵt∥22
= ∥wt − u∥22 − 2⟨wt − u,∇ht(wt)⟩ − 2⟨wt − u, ϵt⟩+ ∥∇ht(wt) + ϵt∥22
(a)

≤ ∥wt − u∥22 − 2

[
ht(wt)− ht(u) +

1

2
∥wt − u∥22

]
− 2⟨wt − u, ϵt⟩+ ∥∇ht(wt) + ϵt∥22 ,
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where (a) is by ht being 1-strongly convex. This leads to

2 [ht(wt)− ht(u)] ≤ −∥wt+1 − u∥22 − 2⟨wt − u, ϵt⟩+ ∥∇ht(wt) + ϵt∥22
= −∥wt+1 − u∥22 − 2⟨wt − u, ϵt⟩+ ∥∇ht(wt)∥22 + ∥ϵt∥22 + 2⟨ϵt,∇ht(wt)⟩
= −∥wt+1 − u∥22 + ∥∇ht(wt)∥22 + ∥ϵt∥22 − 2⟨ϵt, wt − u−∇ht(wt)⟩
= −∥wt+1 − u∥22 + ∥∇ht(wt)∥22 + ∥ϵt∥22 − 2⟨ϵt, wt − u−∇ht(wt)− ϵt⟩ − 2⟨ϵt, ϵt⟩
= −∥wt+1 − u∥22 + ∥∇ht(wt)∥22 − ∥ϵt∥22 − 2⟨ϵt, wt+1 − u⟩
(b)

≤ −∥wt+1 − u∥22 + ∥∇ht(wt)∥22 − ∥ϵt∥22 + ∥ϵt∥22 + ∥wt+1 − u∥22
= ∥∇ht(wt)∥22 ,

where (b) is by Young’s inequality. This implies that

αt [ht(wt)− ht(u)] ≤
αt ∥∇ht(wt)∥22

2
.

Next, we bound ∥∇ht(wt)∥22 as

∥∇ht(wt)∥22 =
∥∥wt − pTt X

∥∥2
2
=
∥∥XT pt−1 − ϵt−1 −XT pt

∥∥2
2

=
∥∥XT pt−1 −XT pt

∥∥2
2
+ ∥ϵt−1∥22 + 2⟨ϵt−1, X

T [pt − pt−1]⟩

≤
∥∥XT pt−1 −XT pt

∥∥2
2
+ ∥ϵt−1∥22 + 2 ∥ϵt−1∥2

∥∥XT pt−1 −XT pt
∥∥
2

Note the following

∥∥pTt−1X − pTt X
∥∥2
2
=

(∥∥∥∥∥
n∑

i=1

yi xi (pt(i)− pt−1(i))

∥∥∥∥∥
2

)2

(c)

≤

(
n∑

i=1

|pt(i)− pt−1(i)|

)2

= ∥pt − pt−1∥21 ≤ 2,

where (c) is by triangle’s inequality the the assumption ∥xi∥ ≤ 1,∀i ∈ [n]. Putting things together,

∥∇ht(wt)∥22 ≤ ∥pt − pt−1∥21 + ∥ϵt−1∥22 + 4 ∥ϵt−1∥2 .

Combining the above relations and summing from t = 1 to T ,

RegretwT ≤
T∑
t=1

αt

2
∥pt − pt−1∥21 +

T∑
t=1

αt

2

[
∥ϵt−1∥22 + 4 ∥ϵt−1∥2

]
(d)

≤
T∑
t=1

1

2
∥pt − pt−1∥21 +

T∑
t=1

1

2

[
∥ϵt−1∥22 + 4 ∥ϵt−1∥2

]
.
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To justify (d): Let f ∈ {flog, fexp}. Given ηt−1 = αt
f(w̃t−1)

= αt
f(θt−1)

as w̃t = θt for all t, we have
from Lemma 7

ηt ∈
[
min{ηtmax,

1

C(L1, ν, c)f(θt)
}, ηtmax

]
=⇒ αt

[
min{ηtmaxf(θt),

1

C(L1, ν, c)
}, ηtmaxf(θt)

]
=⇒ αt ∈

[
min{1, 1

C(L1, ν, c)
}, 1
]
,

where ηtmax = 1
f(θt)

, C(L1, ν, c) =
3L1(ν+1)

1−c for GD-LS, and C(L1, ν, c) = cν2 for GD-Polyak.

Thus, we have that
∑T

t=1 αt ∈
[
min{1, 1

C(L1,ν,c)
}T, T

]
= Θ(T ). Summing the regrets of the

w-player and p-player leads to the desired.

Lemma 11 Let f ∈ {fexp, flog}. For any initialization θ0, choose an ϵ ∈ (0, f(θ0)). Then, GD-LS
with ηtmax = 1

f(θt)
requires

T ≥ 1

C ′γ2

[
ln

(
1

ϵ

)]2
iterations to ensure that f(θT ) ≤ 2 ϵ, where C ′ := 2c−1

c min
{

1
λ1
, 1
}

and λ1 := 3 L1(ν+1)
(1−c) .

Proof The proof follows the same steps as (Vaswani and Babanezhad [24, Theorem 2 and Corollary
2]). In their case, the constant ηtmax is set to ∞, resulting in C ′ = 2c−1

cλ1
.

Lemma 12 Let f ∈ {fexp, flog}. For any initialization θ0, choose an ϵ ∈ (0, f(θ0)). Then, GD

with Polyak step-size ηt = min
{

f(θt)

c ∥∇f(θt)∥22
, 1
f(θt)

}
for some c > 1 requires

T ≥ 1

C ′γ2

[
ln

(
cν2

ϵ

)]2
iterations to ensure that f(θT ) ≤ 2 ϵ, where C ′ := c−1

c2ν2
.

Proof The logistic loss on linearly separable data is convex, satisfies (6) with L0 = 0, ω = 0, ν =
8, and f∗ = 0. We also know that ∥∇f(θ)∥ ≤ ν f(θ) and we can bound the Polyak step-size as:

ηt ∈
[
min

{
1

c ν2 f(θt)
,

1

f(θt)

}
,

1

f(θt)

]
. (11)

Using the GD update: θt+1 = θt − ηt∇f(θt), consider a comparator u s.t. f(u) ≤ ϵ
2max{c ν2,1}

and f(u) ≤ f(θt) for all t ∈ [T ]. Assuming that T is the first iteration such that f(θT )− f(u) ≤ ϵ,
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we have that,

∥θt+1 − u∥22 = ∥θt − u∥22 − 2 ηt ⟨∇f(θt), θt − u⟩+ ηt
2 ∥∇f(θt)∥22

≤ ∥θt − u∥22 − 2 ηt [f(θt)− f(u)] + ηt
2 ∥∇f(θt)∥22 (Convexity)

≤ ∥θt − u∥22 − 2 ηt [f(θt)− f(u)] +
ηt
c
[f(θt)]

= ∥θt − u∥22 −
(
2− 1

c

)
ηt f(θt) + 2 ηt f(u)

≤ ∥θt − u∥22 −
(
2− 1

c

)
min

{
1

c ν2
, 1

}
+ 2 ηt f(u)

≤ ∥θt − u∥22 −
(
2− 1

c

)
1

max {c ν2, 1}
+

2f(u)

f(θt)

≤ ∥θt − u∥22 −
(
2− 1

c

)
1

max {c ν2, 1}
+

2f(u)

ϵ
(Since f(θt) ≥ ϵ for all t ∈ [T ])

≤ ∥θt − u∥22 −
(
2− 1

c

)
1

max {c ν2, 1}
+

1

max {c ν2, 1}

= ∥θt − u∥22 −
(
1− 1

c

)
1

max {c ν2, 1}︸ ︷︷ ︸
:=C

Summing up from t = 0 to t = T − 1,

∥θT − u∥22 ≤ ∥θ0 − u∥22 − CT = ∥u∥22 − C Tu (Since θ0 = 0)

Since f is 1 uniformly smooth, using Lemma 8 with M = f(θ0), we get

f(θT )− f(u) ≤ ϵ

2
+ [ν2 f(θ0) + 1]︸ ︷︷ ︸

:=L

∥θT − u∥22
2

≤ ϵ

2
+ L

[
∥u∥22 − C T

]

To ensure that f(θT ) − f(u) ≤ ϵ, it is sufficient to set T ≥ ∥u∥22
C . In order to bound ∥u∥, we

define u∗ to be the max-margin solution i.e. ∥u∗∥ = 1 and γ to be the corresponding margin, i.e.
γ := mini yi⟨xi, u∗⟩. Consider u = β u∗, for a scalar β = 1

γ ln
(
max{cν2,1}

ϵ

)
, we have that

f(u) =
1

n

n∑
i=1

ln(1 + exp(−yi⟨xi, βu∗⟩)) ≤
1

n

n∑
i=1

exp(−yi⟨xi, βu∗⟩) ≤ exp(−βγ) =
ϵ

max{cν2, 1}

This satisfies the requirement on f(u). Note that we have max{c ν2, 1} = cν2 since ν = 8 and
ν = 1 for flog and fexp respectively, and c > 1. Using this to bound T , we obtain

T ≥ β2

C
=

c2 ν2

(c− 1) γ2

[
ln

(
c ν2

ϵ

)]2
Finally, we conclude that after T = β2

C = c2 ν2

(c−1) γ2

[
ln
(
c ν2

ϵ

)]2
iterations it holds f(θT )−f(u) ≤ ϵ.

Given f(u) ≤ ϵ, we obtain the desired.
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Lemma 13 Let w be s.t. flog(w) ≤ 1
2n , then it holds that∥∥∥∥∇flog(w)

flog(w)
− ∇fexp(w)

fexp(w)

∥∥∥∥ ≤ 3n flog(w).

Proof Define ui := exp(−yi⟨w, xi⟩). Note that for all finite w, ui > 0. Using the expressions for
the exponential and logistic losses,

∇fexp(w)

fexp(w)
= −XT p where p ∈ ∆n s.t pi =

ui∑n
j=1 uj

∇flog(w)

flog(w)
= − XT q

flog(w)
where q ∈ Rn s.t qi =

1

n

ui
1 + ui

= −XTCp where C ∈ Rn×n s.t Ci,i =
fexp(w)

flog(w)

1

1 + ui

Using these relations,

∇flog(w)

flog(w)
− ∇fexp(w)

fexp(w)
= XT p−XT C p = XT (In − C)︸ ︷︷ ︸

:=D

p

=⇒
∥∥∥∥∇flog(w)

flog(w)
− ∇fexp(w)

fexp(w)

∥∥∥∥ =
∥∥XTDp

∥∥ =

∥∥∥∥∥∑
i

Di,i pi xi

∥∥∥∥∥ ≤
∑
i

|Di,i| pi ∥xi∥

≤
∑
i

|Di,i| pi ≤ max
j

|Dj,j |
∑
i

pi = max
j

|Dj,j |

Hence, we have reduced the problem to bounding maxj |Dj,j | = maxj

∣∣∣1− fexp(w)
flog(w)

1
1+uj

∣∣∣.
Next, we derive a uniform upper-bound on

∣∣∣1− fexp(w)
flog(w)

1
1+ui

∣∣∣. Since ui ≥ 0, ln(1 + ui) ≤

ui =⇒ flog(w) ≤ fexp(w) =⇒ fexp(w)
flog(w) ≥ 1. This establishes a lower-bound on fexp(w)

flog(w) .
Furthermore, we know that, ln(1 + ui) ≥ ui

1+ui
. Using this relation,

flog(w) ≥
1

n

n∑
i=1

ui
1 + ui

=⇒ nflog(w) ≥
n∑

i=1

ui
1 + ui

=⇒ ∀i, ui
1 + ui

≤ n flog(w)

Now, we will use the fact that flog(w) ≤ 1
2n , nflog(w) < 1 =⇒ 1− n flog(w) > 0. Manipulating

the above expression, we get that, ∀i,

ui ≤
n flog(w)

1− n flog(w)
(12)
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This gives an upper-bound on ui. Next, we manipulate the above expression to get an upper-bound
on fexp(w)

flog(w) . Recall that,

nflog(w) ≥
n∑

i=1

ui
1 + ui

≥
n∑

i=1

ui
1 + maxj uj

=
1

1 +maxj uj

n∑
i=1

ui =
n fexp(w)

1 + maxj uj
(13)

=⇒ fexp(w)

flog(w)
≤ 1 + max

j
uj ≤ 1 +

n flog(w)

1− n flog(w)
(Using the upper-bound in (12))

=⇒ fexp(w)

flog(w)
≤ 1

1− n flog(w)
(14)

This establishes an upper-bound on fexp(w)
flog(w) . We will now use the above expressions to bound∣∣∣1− fexp(w)

flog(w)
1

1+ui

∣∣∣:∣∣∣∣1− fexp(w)

flog(w)

1

1 + ui

∣∣∣∣ = ∣∣∣∣(fexp(w)

flog(w)
− 1

)
1

1 + ui
+

1

1 + ui
− 1

∣∣∣∣
≤
∣∣∣∣(fexp(w)

flog(w)
− 1

)
1

1 + ui

∣∣∣∣+ ∣∣∣∣ −ui
1 + ui

∣∣∣∣ (Triangle inequality)

=

∣∣∣∣(fexp(w)

flog(w)
− 1

)∣∣∣∣ 1

1 + ui
+

ui
1 + ui

(Since ui > 0)

≤
∣∣∣∣(fexp(w)

flog(w)
− 1

)∣∣∣∣+ ui
1 + ui

(Since 1 + ui > 1)

=

(
fexp(w)

flog(w)
− 1

)
+

ui
1 + ui

(Since fexp(w) ≥ flog(w))

≤
n flog(w)

1− n flog(w)
+ n flog(w) (Using (14) and (12))

=⇒
∣∣∣∣1− fexp(w)

flog(w)

1

1 + ui

∣∣∣∣ ≤ 3n flog(w) (Since flog(w) ≤ 1
2n )

=⇒ max
j

|Dj,j | ≤ 3n flog(w) =⇒
∥∥∥∥∇flog(w)

flog(w)
− ∇fexp(w)

fexp(w)

∥∥∥∥ ≤ 3n flog(w).

Theorem 14 Suppose that T ≥ 4Φ
γ2 where Φ = Θ

(
[log n]2

)
. Set ηtmax = 1

flog(t)
. GD-LS and

GD-Polyak achieve the following rate for logistic loss:

min
i∈[n]

yi⟨θT , xi⟩
∥θT ∥

≥ γ −Θ
( [log n]2

T

)
.

Proof From Lemma 11 and 12, if we set C := min
{

2c−1
c min{ 1

λ1
, 1}, c−1

c2ν2

}
where λ1 =

3 L1(ν+1)
(1−c) , then it takes T ≥ 1

Cγ2 [log(
cν2

ϵ )]2 iterations to ensure that f(θT ) ≤ 2ϵ for both GD-LS
and GD-Polyak. Note that we have used cν2 > 1 given c > 1 and ν ≥ 1. Then, we set ϵ = 1

6n to
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conclude that after T0 :=
1

γ2 C′ [log(6ncν
2)]2 iterations, flog(θt) ≤ 1

3n for all t ≥ T0. From Lemma
13, we obtain

∥ϵt∥ =

∥∥∥∥∇flog(θt)

flog(θt)
− ∇fexp(θt)

fexp(θt)

∥∥∥∥ ≤ 3n flog(θt) ≤ 1,

which implies that ∥ϵt∥22 + 4 ∥ϵt∥ ≤ 5 ∥ϵt∥ ≤ 15n [flog(θt)]. With this choice of T0, we have that
for any t ≥ T0

cν2 exp(−
√
γ2tC ′) ≤ cν2 exp(−

√
γ2T0C ′) =

1

6n
< f(θ0).

Hence, for any t ≥ T0, we can set ϵ = cν2 exp(−
√

γ2tC ′), which implies that f(θt) ≤ 2ϵ =
2cν2 exp(−

√
γ2tC ′). Therefore, we conclude that

∥ϵt∥22 + 4 ∥ϵt∥ ≤ 15n [flog(θt)] ≤ 30cnν2 exp(−
√
γ2tC ′). (15)

For t < T0, we use (2) to obtain∥∥∥∥∇flog(w)

flog(w)
− ∇fexp(w)

fexp(w)

∥∥∥∥ ≤
∥∥∥∥∇flog(w)

flog(w)

∥∥∥∥+ ∥∥∥∥∇fexp(w)

fexp(w)

∥∥∥∥ ≤ 2 ν

=⇒ ∥ϵt∥22 + 4 ∥ϵt∥ ≤ 4ν2 + 8ν (16)

Putting together the bounds in (15) and (16),

1

2

T∑
t=1

[
∥ϵt∥22 + 4 ∥ϵt∥

]
≤

T0∑
t=1

[
∥ϵt∥22 + 4 ∥ϵt∥

]
+

T∑
t=T0

[
∥ϵt∥22 + 4 ∥ϵt∥

]

≤ (4ν2 + 8ν)T0 + 30cnν2
T∑

t=T0

exp(−γ
√
C ′

√
t)

≤ 4ν2 + 8ν

γ2C ′ [log(6ncν2)]2 +
30cnν2

1− exp(−γ
√
C ′)

exp(−γ
√
C ′
√

T0)

=
4ν2 + 8ν

2γ2C ′ [log(6ncν2)]2 +
5

2(1− exp(−γ
√
C ′))

From Lemma 10, we obtain that (recall
∑T

t=1 αt ≥ min{1, 1
C(L1,ν,c)

}T = 1
max{1,C(L1,ν,c)}T )

RegretpT + RegretwT∑T
t=1 αt

≤
ln(n) + 1

2

∑T
t=1[∥ϵt∥

2
2 + ∥ϵt∥]∑T

t=1 αt

≤ max{C(L1, ν, c), 1}
(
ln(n) +

4ν2 + 8ν

γ2C ′ [log(6ncν2)]2 +
5

1− exp(−γ
√
C ′)

)
︸ ︷︷ ︸

:=Φ

1

T
=

Φ

T
,

where C(L1, ν, c) = 3L1(ν+1)
1−c for GD-LS and C(L1, ν, c) = cν2 for GD-Polyak. Note that

Φ = Θ( [log(n)]
2

T ). Using Wang et al. [26, Theorem 1], we have for T ≥ 4Φ
γ2

γ̃(w̃T ) = γ̃(θT ) ≥ γ − 4Φ

γ2
= γ −Θ(

[log(n)]2

T
).
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Appendix E. Extensions to Multiclass Setting

We start by extending the game framework in Wang et al. [26] to the multiclass setting. First, note
that cross-entropy satisfies the self-boundedness properties in (2) (see Vaswani and Babanezhad [24,
Proposition 5.]). The multiclass margin of weight W ∈ Rk×d is defined as (k is number of classes)

γ := max
∥W∥F≤1

min
i∈[n],c ̸=yi

(eyi − ec)
TWxi. (17)

To extend the above framework, we let X = [− vec((eyi − ec)x
T
i )−] ∈ Rn(k−1)×kd. Then the

following holds

min
i∈[n],c ̸=yi

(eyi − ec)
TWxi = min

i∈[n],c ̸=yi
Tr(Wxi(eyi − ec)

T )

= min
i∈[n],c ̸=yi

vec((eyi − ec)x
T
i ) vec(W )

= min
p∈△n(k−1)

pTX vec(W ).

To get a lower bound on ∥W̃T ∥ (as above), we let (x, y) ∈ {(x(i), y(i))}ni=1, then it holds that

min
p∈△n(k−1)

pTX vec(W̃T ) ≤ min
c ̸=y

(ey − ec)
T W̃Tx ≤ ∥ey − ec′∥2

∥∥∥W̃Tx
∥∥∥
2
≤

√
2
∥∥∥W̃T

∥∥∥
F
.

Following the same approach as in the binary case, we obtain that

∥∥∥W̃T

∥∥∥
F
≥ 1√

2
min

p∈△n(k−1)
pTA vec(W̃T ) ≥

γ2

4
√
2

T∑
t=1

αt

when γ2

2

∑T
t=1 αt ≥ 2

(
RegpT + RegWT

)
. This leads to

min
p∈∆n(k−1)

p⊤A vec(W̃T )∥∥∥W̃T

∥∥∥
F

≥ γ −
4
√
2
(
RegpT + RegWT

)
γ2
∑T

t=1 αt

= γ − 4
√
2CT

γ2
.

Hence, as in the binary case, we need to upper bound CT to obtain a margin convergence rate.
Below, we give a multiclass extension of Lemma 4. The proof essentially follows the same steps as
the binary case. We start by recalling the definitions of multiclass exponential loss and cross-entropy
loss:

Exponential: Lexp(vec(W )) :=
1

n

∑
i∈[n]

∑
c ̸=yi

exp
(
− vec((eyi − ec)x

T
i ) vec(W )

)
;

Cross-entropy: Lcross(vec(W )) :=
1

n

∑
i∈[n]

log
(
1 +

∑
c ̸=yi

exp
(
− vec((eyi − ec)x

T
i ) vec(W )

))
.

Note through the above vectorization, for multiclass exponential loss, it still holds that

∇fexp(W̃t−1)

fexp(W̃t−1)
= −XT pt−1,
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where pt−1 ∈ △n(k−1). Given this, w-player and p-player can perform the same updates as the
(binary) exponential loss case. For cross-entropy loss, we define ϵt as

ϵt :=

∥∥∥∥∥∇Lcross(W̃t)

Lcross(W̃t))
− ∇Lexp(W̃t)

Lexp(W̃t)

∥∥∥∥∥
F

,

and analogous result to Lemma 4 can be proved. Note that the moves of w-player and p-player are
the same as Lemma 2, with simplex △n replaced by △n(k−1) and data matrix replaced by the one
above. The conclusion of Lemma 2 still hold following the same proof.

Lemma 15 For all W s.t. Lcross(W ) ≤ 1
2n , it holds∥∥∥∥∇Lcross(W )

Lcross(W ))
− ∇Lexp(W )

Lexp(W )

∥∥∥∥
F

≤ 3
√
2nLcross(W ).

Proof Define uic := exp
(
− vec((eyi−ec)x

T
i ) vec(W )

)
and pic :=

uic∑
i∈[n]

∑
c ̸=yi

uic
(where c ̸= yi),

and further let P ∈ Rn×(k−1) be s.t. P [i, c] = pic. Then, we have that

∇Lexp(vec(W ))

Lexp(vec(W ))
= −

∑
i∈[n],c ̸=yi

uic∑
i∈[n],c ̸=yi

uic
vec((eyi − ec)h

T
i )

= −
∑

i∈[n],c ̸=yi

pic vec((eyi − ec)x
T
i ) = −XT vec(P T ),

where recall that X = [− vec((eyi − ec)x
T
i )−] ∈ Rn(k−1)×kd. Next, for the cross-entropy loss, we

have that

∇Lcross(vec(W )) = − 1

n

∑
i∈[n]

∑
c ̸=yi

uic
1 + uic

vec((eyi − ec)h
T
i ) = −XT vec(QT ),

where we have defined Q ∈ Rn×(k−1) s.t. Q[i, c] = qic :=
1
n

uic
1+uic

. For a fixed (j ∈ [n], p ∈ [k]\yj)
pair. Note the following:

∑
i∈[n],c ̸=yi

uic∑
i∈[n],c ̸=yi

uic

( 1n
∑

i∈[n],c ̸=yi
uic)1(i = j, c = p)

1 + ujp
=

1

n

ujp
1 + ujp

.

Next, we define the matrix V j,p ∈ Rn×(k−1) (that corresponds to the (j, p) pair) to be V j,p[i, c] =
Lexp(W )
1+ujp

when i = j, c = p and 0 otherwise. Then, we have that for all (j ∈ [n], c ̸= yj)

vec((V j,p)T )T vec(P T ) = Q[j, p].

If we define the matrix C ∈ Rn(k−1)×n(k−1) to be C = [− vec((V i,c)T )−]i∈[n],c ̸=yi , then we have
that C vec(P T ) = vec(QT ). This leads to

∇Lcross(vec(W ))

Lcross(vec(W ))
= −AT C

Lcross(vec(W ))
vec(P T ) = −XT C̃ vec(P T ).
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where we let C̃ := C
Lcross(vec(W )) . Thus, we have the following∥∥∥∥∇Lcross(vec(W ))

Lcross(vec(W ))
− ∇Lexp(vec(W ))

Lexp(vec(W ))

∥∥∥∥
F

=
∥∥∥AT (In(k−1) − C̃) vec(P T )

∥∥∥
F

≤
∑

i∈[n],c ̸=yi

∥∥vec((eyi − ec)x
T
i ))
∥∥
2
|1− Lexp(W )

Lcross(W )

1

1 + uic
|pic

≤
√
2 max
i∈[n],c ̸=yi

|1− Lexp(W )

Lcross(W )

1

1 + uic
|,

where we have used that ∥xi∥ ≤ 1,∀i ∈ [n] and
∑

i∈[n],c ̸=yi
pic = 1. For any i ∈ [n], c ̸= yi,

following the same steps as the binary case to obtain

|1− Lexp(W )

Lcross(W )

1

1 + uic
| ≤ | Lexp(W )

Lcross(W )
− 1|+ uic

1 + uic
.

We denote ui :=
∑

c ̸=yi
uic. Similar to the binary case, we have that for all i ∈ [n]

Lcross(vec(W )) ≥ 1

n

n∑
i=1

ui
1 + ui

=⇒ ui
1 + ui

≤ nLcross(vec(W )) =⇒ ui ≤
nLcross(vec(W ))

1− nLcross(vec(W ))
,

(18)

where the first inequality is by log(1+x) ≥ x
1+x , and the second implication is by 1−nLcross(W ) >

0 (holds because of the assumption). Thus, we conclude that for all i ∈ [n], c ̸= yi, it holds that
uic ≤ ui ≤ nLcross(vec(W ))

1−nLcross(vec(W )) . From this, we can show that Lexp(W )
Lcross(W ) ≤ 1

1−nLcross(W ) (following the

same steps as the binary case). Moreover, it also holds that Lexp(W )
Lcross(W ) ≥ 1 because of the inequality

log(1 + ui) ≤ ui. Putting these pieces together, we conclude (as in the binary case) that∥∥∥∥∇Lcross(vec(W ))

Lcross(vec(W ))
− ∇Lexp(vec(W ))

Lexp(vec(W ))

∥∥∥∥
F

≤ 3
√
2nLcross(W ),

for all W s.t. Lcross(W ) ≤ 1
2n . Finally, note that∥∥∥∥∇Lcross(W )

Lcross(W ))
− ∇Lexp(W )

Lexp(W )

∥∥∥∥
F

=

∥∥∥∥∇Lcross(vec(W ))

Lcross(vec(W ))
− ∇Lexp(vec(W ))

Lexp(vec(W ))

∥∥∥∥
F

.

The next step is to obtain results analogous to Lemma 11 and 12. We note that Lemma 7 still
holds for cross-entropy loss [24]. To do this, for GD-Polyak as an example, we can define u∗ as
the solution to the max-margin problem (17). Similarly, let u = βu∗ where β = 1

γ ln max{cν2,1}
ϵ .
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Then we have that

Lcross(u) =
1

n

∑
i∈[n]

log
(
1 +

∑
c ̸=yi

exp
(
− vec((eyi − ec)x

T
i ) vec(u)

))
≤ 1

n

∑
i∈[n]

exp
(
− vec((eyi − ec)x

T
i ) vec(u)

))
=

1

n

∑
i∈[n]

exp
(
−β vec((eyi − ec)x

T
i ) vec(u

∗)
))

≤ exp(−βγ)

=
ϵ

max{cν2, 1}
.

The rest can follow the same steps as Lemma 11 and 12. With all these ingredients, we can conclude
that the rate in Theorem 5 also applies to the cross-entropy loss.
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