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Abstract

To build Al systems that help with scientific re-
search, we need to understand not just what they
can do, but where they consistently fail. We
present NeuriCo, an open-source Al co-scientist
system that runs agents through a multi-stage
pipeline of literature review, resource gathering,
experiment execution, and analysis. Over 20
weeks of a community-driven weekly research
competition, we ran 180 agent runs across 60+
research ideas in machine learning. Agents are
strong at literature synthesis, data curation with
smart filtering, and statistical analysis that hon-
estly reports null results. They also show consis-
tent failure modes that point to a deeper problem:
they execute well, but they cannot judge research
quality. We discuss what this means for system
design, and how NeuriCo is being extended to
physics, chemistry, and other domains.

1. Introduction

Al systems can now run scientific research end to end across
machine learning (Lu et al., 2024; Yamada et al., 2025; Lu
et al., 2026; Schmidgall et al., 2025; Tang et al., 2025; Weng
et al., 2025), chemistry (Boiko et al., 2023), and biology
(Swanson et al., 2025). A recent survey traces this move
toward fully agentic discovery (Wei et al., 2025). These
systems show that the pipeline can run. What they do not
yet show is where the pipeline reliably fails. Without that,
we cannot tell when to trust an Al scientist and when to step
in.

We address this with NeuriCo, an open-source Al co-
scientist system designed for sustained empirical evalua-
tion. NeuriCo runs the same research idea through multiple
Al providers in parallel, with optional human checkpoints
between stages. We have deployed it in a public weekly re-
search competition, where the community submits and votes
on research ideas, and NeuriCo runs the top ones. Over 20
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Figure 1. NeuriCo pipeline: four stages with multi-provider paral-
lelism and an optional human checkpoint.

weeks we have collected 180 agent runs across more than
60 ideas in machine learning.

Our findings have a simple shape. Agents are strong at
execution: gathering literature, curating data, and reporting
results faithfully. They are weak at the judgment around
execution: knowing what they do not know, choosing what
to pursue, and questioning their own setup. This gap shows
up across providers and across ideas.

Based on these findings, we argue that current Al scientists
are most useful as exploration accelerators, with humans
staying in the loop for selection and evaluation (Liu et al.,
2024). The rest of this paper describes the NeuriCo system
(Section 2), the patterns we observed (Section 3), the design
choices that follow (Section 4), and what is next (Section 4).

2. The NeuriCo System

NeuriCo is built around four stages and one core idea: every
stage produces inspectable artifacts, so a human can step in
at any point.

Pipeline stages. The four stages are literature review, re-
source gathering, experiment execution, and analysis. Each
stage uses standard tools: Semantic Scholar and arXiv for
literature, Hugging Face and Papers with Code for data, and
a Python virtual environment for execution. All outputs
go to a Git-tracked workspace, so the full trace of a run is
reproducible.
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Multi-provider runs. NeuriCo wraps three coding agents
(Claude Code, Codex, and Gemini CLI) behind a common
interface, so the same idea runs through all three in parallel.
Disagreement across providers is itself a useful signal: it
surfaces where the question is underspecified or the data is
weak.

Human checkpoints. A run can pause after resource gath-
ering for a human to inspect what was collected before any
compute is spent on experiments. By default, NeuriCo
also asks before installing dependencies, executing arbitrary
code, or pushing to GitHub. A full-permissions mode is
available for users who want fully autonomous runs.

Community pipeline. Ideas are submitted and voted on
through a public site. The top-voted ideas each week are run
by NeuriCo, with reports published as weekly blog entries.
This gives us a steady stream of diverse ideas from real
researchers, rather than a fixed benchmark.

3. What 180 Runs Showed Us

Benchmarks for Al research agents have grown to cover
ML experimentation (Huang et al., 2024), paper replica-
tion (Starace et al., 2025), and open-ended research tasks
(Nathani et al., 2025; Chen et al., 2025). NeuriCo runs
a sustained stream of community-submitted ideas instead,
which surfaces patterns that single-task scores miss. We
summarize what we have learned below; idea-level case
studies are in the appendix.

Where agents are strong. Three patterns hold across
providers. First, literature synthesis is reliable: agents gather
and summarize related work across many sources without
major errors. Second, data curation is often smart: agents
apply non-obvious filters to extract usable subsets of raw
data, such as restricting to high-disagreement examples for
studies of human variation. Third, statistical reporting is
honest: agents run appropriate tests, report effect sizes, and
do not hide null results when they show up.

Where agents fail in the same ways. Four failure modes
recur across runs.

1. First path only. Agents pick an approach early and
rarely revisit it. Once a plan is set, they do not actively
seek new information that might change it.

2. No self-questioning. Agents proceed without asking
whether their setup matches the question. The clear-
est version is the synthetic-data fallback: when real
data exists, agents sometimes generate synthetic data
instead and do not flag the move as a methodological
risk.

3. Cannot judge quality. Agents execute plans well,
but they have no clear sense of which decisions are
good ones. They use 20 examples for studies that need
hundreds, and they generate dozens of unprioritized
literature search tasks instead of synthesizing what they
already have.

4. Misses deep structure. Agents find a strong signal
and stop. In a study of Al-versus-human text classifica-
tion, all three providers reported around 95% accuracy
without noticing that text length explained most of the
signal.

These four failures share a common shape. Agents are good
at carrying out a defined task. They are bad at the meta-
level work that decides whether the task is worth carrying
out, whether it is being done correctly, and what its results
actually mean. We call this the meta-intelligence gap. A
concurrent case study of four end-to-end research attempts
reports a similar pattern (Trehan & Chopra, 2026). Selected
NeuriCo-generated papers are in the appendix.

4. Design Choices and Safeguards

Stage separation with optional human review. Split-
ting the pipeline into stages with inspectable artifacts
catches most judgment failures before compute is spent.
A researcher who looks at the resource list after stage two
will often spot a wrong dataset or a missing baseline that
the agent would have run with.

Multi-provider parallelism. Running three providers on
the same idea is more useful than tuning one. When all three
converge, the result is more trustworthy. When they diverge,
the divergence itself tells the researcher to look closer.

Transparent artifacts. Every run leaves a Git history of
code, data, and reports. This makes it easier for a human to
audit what happened, rather than reading a polished writeup
that hides the choices behind it.

Governance. NeuriCo asks before installing packages,
running scripts, or pushing to GitHub by default. We do
not run code that touches external services without explicit
approval. Each run records the proposer, the voters, and the
agent provider in a YAML file, so attribution is preserved
through the Git history.

Roadmap. We are extending NeuriCo beyond machine
learning. Early collaborations in physics and chemistry test
whether the four failure modes generalize when the artifacts
are simulations or proofs. We are also building tools for
humans to compare multi-provider runs side by side. The
hardest open problem is whether agents can learn to know
what they do not know.
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How Many Agents to Avoid Collapse?
A Minimum Viable Population Study of Self-Training
LLM Ecosystems

Ari Holtzman and NeuriCo

Abstract

A growing fraction of web text is generated by large language models (LLMs).
If future foundation models train on this text, single-model recursive training is
known to cause distributional collapse. We ask the ecosystem-level analogue:
is there a minimum viable population (MVP) of LLMs that, sharing a common
synthetic-text substrate, avoids collapse? And what kind of inter-agent differenti-
ation actually counts? We run two complementary harnesses on the same metric
suite. In a fine-tuning ecosystem (DISTILGPT?2 copies retraining on each oth-
ers’ WIKITEXT-2 outputs) even N=16 agents collapse, with perplexity rising
2.10x over six iterations and a slope of 16 ppl/iter that is statistically significant
(p < 107); the rate of collapse falls ~ 5x from N=1 to N=16 but never reaches
zero. In a retrieval-augmented ecosystem (frozen API LLMs sharing a growing
post pool), N=2 LLMs from different pretraining families preserve full inter-agent
diversity over T=12 iterations, with both pairwise distance and the Vendi score
yielding regression slopes indistinguishable from zero (p ~ 0.4). Holding N=4
fixed and varying the axis of differentiation, four agents from different pretrained
families preserve 1.9 the inter-agent semantic distance of four agents varied by
prompt persona, by retrieval slice, or by random seed alone. Together these results
sharpen the population view of model collapse: the training-time link is what mat-
ters, and the only individuality axis that buys real collapse-resistance is diversity
in the prior, not the conditioning.

1 Introduction

A growing fraction of the public web is generated by large language models, and the next generation
of foundation models will train on a substrate that is partly their own ancestors’ output. When a
single generative model is trained on its own outputs in a closed loop, the distribution it represents
narrows: tails disappear first, modes collapse, and the model converges to a low-variance regime
[Shumailov et al., 2024, Alemohammad et al., 2023, Dohmatob et al., 2024]. This phenomenon,
model collapse, has been replicated across modalities, architectures, and training regimes.

Why this matters. Almost every published collapse study fixes the unit of analysis at a single
self-training model. The web, however, is populated by many LLMs from different vendors, with
different pretraining priors, system prompts, and retrieval pipelines. The policy-relevant question is
not “does one model collapse on its own outputs” — the answer to that is yes — but rather: how
many distinct LLM agents, sharing a common substrate, are enough to keep that substrate healthy?
Borrowing the term from population ecology, is there a minimum viable population (MVP) [Shaffer,
1981] of LLMs below which collapse is unavoidable? And what kind of differentiation between
agents counts as “different individuals”?

Gap. Three recent ecosystem-level studies each leave a piece of the question open. Hodel and
West [2026] test only M € {1,2,4,16} copies of one base model differentiated by training-data
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segment, find that the optimal M grows monotonically with iteration count, but never report an
MYVP at any fixed horizon. Wang et al. [2025] run a network of N =3 pretrained-different LLMs
sharing a retrieval pool but never sweep N. Vu et al. [2025] treat N=2 model families theoretically
but do not test N >2. None of these works compare multiple axes of inter-agent differentiation, and
none compare the fine-tuning ecosystem to the cheaper retrieval-augmented ecosystem on identical
metrics.

Our approach. We close all three gaps in one experimental program. We run two complementary
harnesses on the same diversity metric suite (perplexity, distinct bigrams, mean pairwise embedding
distance, and the Vendi-score Hill-Shannon Diversity, hereafter HSD). E1 is a fine-tuning ecosys-
tem where NV copies of DISTILGPT? retrain on each others” WIKITEXT-2 outputs in replace mode.
E2 is a retrieval-augmented ecosystem where NV frozen API LLMs each query a shared, growing
“internet” of their own posts. E3 fixes N =4 in the retrieval harness and varies four axes of individ-
uality: random seed, retrieval data slice, system-prompt persona, and pretrained model family.

Quantitative preview. We find that N=2 frozen API LLMs from different pretraining families
preserve full diversity for T'=12 iterations (slope of mean pairwise distance: —0.002 4 0.004, p =
0.44), while in the fine-tuning harness even N=16 agents collapse by a factor of 2.10x in perplexity
over only T'=6 iterations. Across the four diversity axes at N=4, model-family diversity preserves
1.9 x the terminal inter-agent distance of the next-best axis (persona or data slice). The largest single
N-doubling benefit in the fine-tuning ecosystem is N=8 — N=16, which cuts terminal perplexity
by 26%.

Contributions.

* We introduce a population-ecology framing of recursive LLM training, formalising the MVP
question and giving the first explicit MVP estimates for both fine-tuning and retrieval-based
ecosystems on a common metric suite.

* We extend the only published /V-vs-collapse sweep [Hodel and West, 2026] from N < 16 to a
controlled statistical comparison across N € {1,2,4, 8,16} in the fine-tuning regime and N €
{1,2,3,5,8} in the retrieval regime, holding compute roughly constant.

e We run the first head-to-head comparison of four orthogonal axes of inter-agent differentiation
(seed, data slice, prompt persona, model family) at fixed N=4, and show that architecture diver-
sity is the only axis that buys collapse-resistance.

* We reconcile the divergent answers from the two harnesses into a single governance-relevant
claim: it is the training-time link, not the inference-time loop, that drives ecosystem collapse.

Paper organization. section 2 positions the work against the single-model and ecosystem-level
collapse literature. section 3 details the two harnesses, metrics, and statistical analysis. section 4
reports E1, E2, and E3 results, with MVP estimates and axis ranking. section 5 discusses limitations
and what the cross-method gap means for Al deployment. section 6 closes with bottom-line answers
and recommended follow-ups.

2 Related Work

Single-model collapse. Shumailov et al. [2024] formalised model collapse, showing that a sin-
gle OPT-125m fine-tuned on its own WIKITEXT-2 outputs has perplexity that rises monotonically
across generations and a generation distribution whose tails progressively disappear. Alemohammad
et al. [2023] extended the result to image generative models under the name Model Autophagy Dis-
order (MAD), and Briesch et al. [2023] disentangled quality decay (preserved on verifiable tasks)
from diversity decay (not preserved). Guo et al. [2023] introduced lexical, syntactic, and semantic
diversity metrics for the recursive-training setting; we reuse the distinct-bigram metric from that
work. Theoretical accounts include Dohmatob et al. [2024], who frame collapse as a change of
scaling laws, and Seddik et al. [2024], who derive a maximal admissible synthetic ratio. Our N=1
condition is a direct reproduction of the Shumailov et al. [2024] “replace” regime.

Mitigation by data dynamics. Gerstgrasser et al. [2024] show that accumulating synthetic and real
data (rather than replacing) yields a finite, bounded test error independent of iteration count, both
empirically on TinyStories and theoretically. Dey and Donoho [2024] sharpen this to a universal
72 /6 asymptote. These results establish data-side mitigations; we deliberately ablate them by run-



ning our fine-tuning harness in the harshest replace regime so that diversity alone is the variable
being tested.

Ecosystem-level collapse. The work most directly comparable to ours is Hodel and West [2026]:
M copies of one base model, each fine-tuned on a non-overlapping segment of WIKITEXT-2, then
jointly generating, pooling, shuffling, and re-splitting the synthetic data each iteration. They sweep
M € {1,2,4,16} and find the optimal M grows monotonically with iteration count. Our E1 repro-
duces their compute-controlled setup but (a) extends the sweep to N=8 at finer spacing, (b) reports
an explicit MVP estimate at fixed horizon 7T'=6, and (c) provides a direct comparison to the much
cheaper retrieval-based ecosystem.

Wang et al. [2025] build a parameter-frozen retrieval ecosystem of N =3 pretrained-different LLMs
sharing a growing post pool, and show that the Frobenius norm of the inter-agent embedding-
distance matrix converges to a small constant. Our E2 generalises their setup along the missing
N axis. Vuet al. [2025] provide a theoretical framework for N=2 heterogeneous models, validate it
on Llama and Phi family LLMs, and document the substantial overlap of modern LLM pretraining
corpora — empirical motivation for the ecosystem framing.

Kovac et al. [2025] treat the data side as the diversity knob, rotating across four small base models
per generation and studying how training-data properties (lexical, semantic, quality) modulate dis-
tribution shift. Their result that lexical diversity amplifies shift while semantic diversity mitigates it
is consistent with our finding that prompt-induced “surface” diversity buys little collapse-resistance,
while pretraining-prior diversity buys a lot.

Population ecology and minimum viable population. Shaffer [1981] introduced the concept of
MVP as the smallest isolated population with a high probability of long-run persistence in the
wild. Traill et al. [2007] report a generic vertebrate MVP around several thousand individuals; our
analogue is specifically about the number of distinct LLMs required to keep their shared synthetic-
text substrate from converging. The Hill-Shannon Diversity / Vendi score [Friedman and Dieng,
2023] we use as a primary metric is itself imported from ecology.

Positioning. We are not the first to observe that ecosystem-level diversity helps; Hodel and West
[2026] and Wang et al. [2025] both make this qualitative point. Our contribution is to (i) give the
first explicit MVP estimates that pin down a number, (ii) compare four axes of “individuality” on
identical metrics, and (iii) cross-check between the two methodologically very different ecosystem
operationalisations that until now had not been benchmarked side by side.

3 Methodology

3.1 Problem formulation

Let {A;,..., An} be a population of N generative agents sharing a common text substrate S; at
iteration ¢. At each step, every agent A; produces a new text slice St(z) and the pool is updated

St+1 < update(Sy, {St(l)}i). We say the ecosystem collapses on metric M over horizon T if the
sequence M (Sy1), M(Sz2),..., M(Sr) has a regression slope significantly different from zero in
the worsening direction. The minimum viable population on M at horizon T, MVP;(T), is the
smallest NV for which the slope’s null hypothesis of “no decay” cannot be rejected at p > 0.05, or,
for lower-better metrics, the smallest NV for which the terminal value remains within horizon_frac -
(M(S1)|n=1 — M(Sp)|n=1) of the initial value (we use horizon_frac = 0.5).

3.2 Two complementary harnesses

Because the ecosystem question has been operationalised in two very different ways in the literature
— fine-tuning ecosystems [Hodel and West, 2026, Shumailov et al., 2024] and retrieval ecosystems
[Wang et al., 2025] — we run both on the same metric suite, so that MVP and axis conclusions can
be cross-validated.

3.2.1 EI1: Fine-tuning ecosystem

Backbone. DISTILGPT?2 (82M parameters), one fresh copy per agent. Data. WIKITEXT-2-raw-v1
(train split as initial real data; test split, fixed across generations, for perplexity). Per-ecosystem



Table 1: Evaluation metrics and their interpretation.

Metric Definition Direction

perplexity exp(NLL) on WIKITEXT-2 test ~ lower better
distinct-2 unique bigrams / total bigrams higher better
mean pairwise dist. mean off-diag. of 1 — cos(e;, e;)  higher better
Frobenius (Wang et al. 2025)  ||1 — cos(es, e;)||F higher better
HSD (Vendi) exp(— >_(A/n)log(A/n)) higher better

token budget. 80,000 synthetic tokens per generation, partitioned into N equal slices, holding total
compute roughly constant across N. Loop. For ¢t = 1,...,T": (i) each agent generates budget/N
tokens at temperature 1.0 and top-p 0.95; (ii) generated streams are pooled, retokenised in 64-
token blocks, shuffled, and re-split into N new equal slices; (iii) each agent fine-tunes one epoch
on its slice (AdamW, Ir 5x10~°, batch size 16). Replace mode: no real-data refresh. Sweep.
N € {1,2,4,8,16}, T = 6, two seeds per condition.

3.2.2 E2: Retrieval-augmented (RAG) ecosystem

Models. A pool of small instruct-tuned LLMs hosted on OpenRouter: Llama-3.1-8B-
Instruct, Mistral-7B-Instruct, Qwen-2.5-7B-Instruct, Gemma-2-9B-it, GPT-40-mini, DeepSeek-
Chat-v3, Hermes-3-Llama-3.1-8B, WizardLM-2-8x22B. Larger N exposes the ecosystem to more
pretraining-prior diversity. Internet seed. 20 paragraphs of > 200 characters sampled from
WIKITEXT-2. Loop. At each iteration each agent retrieves k = [3-|pool|] random posts (3 = 0.2),
uses them as RAG context, and emits one < 120-token paragraph. New posts are appended to the
pool. Sweep. N € {1,2,3,5,8} (subset by API budget), T = 12, three seeds per condition.

3.2.3 E3: Diversity-axis comparison

At fixed N=4 in the RAG harness, four conditions:

* SINGLE— same model, same prompt, agents differ only by sampling RNG (control).

* DATA_SEGMENT— same model, same prompt, each agent retrieves from a disjoint slice of the
seed corpus.

* PERSONA— same base model, four distinct system-prompt personas (physicist, detective novelist,
children’s storyteller, tech journalist).

* MODEL_FAMILY— four OpenRouter models from different pretraining lineages.

T = 10, three seeds per condition.

3.3 Metrics

We evaluate every iteration of every run with five metrics (table 1). The semantic metrics use the
ALL-MINILM-L6-V2 sentence encoder. The Hill-Shannon Diversity (HSD) is the Vendi score
[Friedman and Dieng, 2023], an effective number of distinct outputs. “Lower-better” metrics (per-
plexity) and “higher-better” metrics (the four diversity scores) are handled symmetrically by the
MYVP definition above.

3.4 Statistical analysis

For each (experiment, /N, metric) we fit an ordinary-least-squares linear regression of the metric
on iteration index, report the slope with 95% confidence interval, and the two-sided p-value of the
slope’s null. We define MVP as in section 3.1. All numbers are mean =+ standard deviation across
seeds. Mean values aggregate both across seeds and across the NV agents within each condition.

3.5 Implementation and reproducibility

Random seeds for Python, NumPy, PyTorch, and our slice-permutation RNG are set explicitly per
run. Per-iteration metrics and a sample of generated text are streamed to JSONL logs for post-hoc in-
spection. Each run’s full configuration is checkpointed alongside its result. Hardware: 1 xNVIDIA



Table 2: E1 perplexity (mean across agents) on WIKITEXT-2 test, by population size /V and iteration
t. Mean =+ std across two seeds. Best (lowest) terminal perplexity in bold.

N t=0 t=1 t=2 t=3 t=4 t=5 t=06
1 664 +o0 87.6+21 1255453 180.6 29 248.3 £79 362.2 £357 495.2 +5738
2 69.6 o2 87.9 to4a 117.3 x0o5 153.7 £09 196.8 37 253.6 +24  308.4 24
4 750 +00 91.1 03 118.8 £18 152.6 135 188.4 136 232.0 £20 275.1 +120
8 81.0+01 957 +03 1195 05 148.3 06 180.4 £21  210.4 +07  245.4 +43
16 858 o1 93.9 +02 108.8 +01 126.0 +0s 143.7 £12  161.9 +0o  180.5 +os

Table 3: E1 perplexity slope (per iteration) by population size, estimated by OLS over T'=6 itera-
tions. All slopes are statistically significant at p < 1073,

N slope (ppl/iter) p-value

1 69.9 +176 5.6 x 1074
2 40.3 +61 4.8 x 1075
4 34.0 t40 1.5 x 1075
8 28.0 £27 5.0 x 1076
16 16.3 + 14 3.1x10°8

RTX A6000 (E1); CPU + OpenRouter API (E2, E3). E2/E3 do not depend on bit-identical sampling;
OpenRouter routes models to different providers and the random seed controls only the Python-level
RNG (retrieval, prompt selection).

4 Results

We organise the results into three subsections matching the experimental design (section 3.2): El
(fine-tuning, sweep over N), E2 (RAG, sweep over [N with model-family axis), and E3 (diversity-
axis comparison at fixed N=4). MVP estimates and slope-significance tests are reported per metric.

4.1 El: Fine-tuning ecosystem

Headline. Even at N=16, the perplexity of DISTILGPT2 copies retraining on their own pooled
outputs continues to climb monotonically over six iterations. The rate of climb falls ~ 5x from
N=1 to N=16, but no N tested has a slope statistically indistinguishable from zero. MVP on
perplexity at T=6 is N=4 under the half-collapse criterion of section 3.1; on the higher-better
metrics no N qualifies.

Perplexity dynamics. table 2 reports perplexity at each iteration for each N. The N=1 baseline
replicates Shumailov et al. [2024]: perplexity goes from 66.4 to 495.2 over six iterations, a 7.45 X
collapse. The diversity benefit per N-doubling is non-monotonic: most of the gain is concentrated at
N=1—N=2 (collapse multiplier drops from 7.45x to 4.43x, —40%) and at N=8—N=16 (from
3.03x to 2.10x, —31%); intermediate doublings each contribute only ~ 17—18%.

Slope tests. table 3 reports the OLS slope of perplexity on iteration. Every N has a slope signif-
icantly greater than zero (p < 1073). The slope falls from 69.9 ppl/iter at N=1 to 16.3 ppl/iter
at N=16, a 4.3x reduction. figure la visualises the trajectories; figure 1b plots the relationship
between IV and terminal perplexity, the curve that defines MVP on this metric.

Lexical and semantic diversity. figure 2 shows distinct-bigram, mean pairwise distance, and HSD
over the same runs. The same /N ordering applies: more agents preserve more diversity, but no N
flattens. Distinct-bigram and mean-pairwise-distance slopes are negative and significant for every
N; consequently no N qualifies as the M VP on these higher-better metrics under the slope criterion.
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Figure 1: El fine-tuning ecosystem. (Left)Perplexity rises monotonically at every N; the N=1 curve
reproduces the canonical Shumailov collapse signature. (Right)The N—vs—terminal-perplexity curve
does not flatten: more agents always help, but no finite N < 16 halts collapse over T=6 iterations.
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Figure 2: E1 diversity metrics. Larger N delays decay on all three diversity dimensions, but every
N tested still shows a statistically significant downward slope.

4.2 E2: RAG ecosystem (model-family axis)

Headline. Two LLMs from different pretraining families, sharing a growing retrieval pool, preserve
full diversity over T'=12 iterations: both HSD and mean pairwise distance have regression slopes
indistinguishable from zero (p ~ 0.4). MVP on mean pairwise distance at =12 is N=2.

Diversity by N. table 4 reports diversity at iteration 1 and at the terminal iteration. At N=2 the
mean pairwise distance is essentially constant (0.89 — 0.90); at N=3 it drifts down by 0.07 over
twelve iterations; at N=4 it loses only 0.04. The per-iteration regression slopes (table 5) are negative
but not statistically significant for any N.

4.3 [E3: Diversity-axis comparison at N =4

Headline. Holding N =4 fixed, model-family differentiation preserves 1.9 the terminal inter-agent
semantic distance of the next-best axis. The other three axes (SINGLE, DATA_SEGMENT, PERSONA)
are essentially indistinguishable.

Axis ranking. table 6 reports diversity at t=1 and ¢t=10 for each axis. The terminal mean-pairwise-
distance ranking is MODEL_FAMILY (0.75) >> DATA_SEGMENT (0.40) ~ PERSONA (0.40) > SIN-
GLE (0.32). figure 4c plots the terminal values directly: the model-family bar towers above the
others by roughly a factor of two.

4.4 Cross-experiment summary

table 7 consolidates M VP estimates across both harnesses and the metrics for which they are well-
defined. The two harnesses give different answers: in the parameter-frozen RAG operationalisation
MVP = 2 on the model-family axis; in the parameter-updating fine-tuning operationalisation, no



Table 4: E2 diversity at iteration 1 and at terminal iteration 7" in the RAG harness with model-family
differentiation. Mean = std across three seeds. N=1,2,3 ran to T=12; N=4 to T=10. HSD @t¢=1
for N=1 is 1.00 by construction (single agent; inter-agent metrics are 0).

N T HSD @l meanPD@1 Frob@l HSD @T° meanPD@T Frob@T

12 1.00 0.00 0.00 1.00 0.00 0.00

12 1.99 +o01 0.89 +o0.04 1.25 4006  1.99 +o0.00 0.90 +o.01 1.27 +o.01
12 2.81 +o.14 0.81 +o.08 2.01 +016  2.63 +o24 0.74 +0.09 1.91 +o.17
10 3.32 o027 0.79 +o.04 2.87 +o0s  3.15 +o20 0.75 +o0.02 2.77 oo

B W -

Table 5: E2 OLS slopes of diversity metrics on iteration in the RAG harness with model-family
axis. None of these slopes is significantly different from zero at p < 0.05.

metric slope (per iter) p-value
2 HSD —0.0004 £ 0.0008  0.407
2 mean pairwise dist. —0.0016 +0.0038  0.439
3 HSD —0.0101 £0.0150  0.215
3 mean pairwise dist. —0.0043 £ 0.0047  0.107
4 HSD —0.0170 £0.0194  0.125
4 mean pairwise dist. —0.0042 +0.0041  0.082

N < 16 halts collapse on the slope criterion, though N=4 is enough to limit terminal perplexity to
half the N=1 catastrophe.

5 Discussion

5.1 Why the two harnesses give different MVP estimates

Our most striking finding is the asymmetry between the two operationalisations. In the RAG harness
an ecosystem of just two LLMs from different pretraining families preserves diversity for twelve
iterations; in the fine-tuning harness, sixteen DISTILGPT2 copies still collapse. The mechanism is
straightforward. In the fine-tuning ecosystem the agents’ parameters drift each iteration, and the
drift compounds: every retraining step pushes the model toward the modal mode of the synthetic
data distribution, the eigenvalues of the data covariance shrink, and the model loses its ability to
reproduce the tails. In the RAG ecosystem the parameters are frozen; the only thing that can collapse
is the retrieved context, and modest retrieval randomness combined with the agents’ fixed inductive
biases keeps generations diverse.

The practical implication is that the training-time link is what matters for collapse risk, not the
inference-time loop. A web full of LLM-generated text whose authors do not retrain on it (e.g., they
call a fixed API) is in the regime where our N=2 RAG ecosystem is safe. A web full of LLM-
generated text whose authors do retrain on it — LLM-as-curator pipelines and self-improvement
loops [Kovac et al., 2025] — is in the Shumailov collapse regime.

5.2 What counts as “different”?

Holding N=4 fixed, model-family differentiation preserves 1.9x the terminal inter-agent seman-
tic distance of the next-best axis (PERSONA or DATA_SEGMENT). The control (SINGLE) is only
modestly worse than either of those. This is the empirically clearest answer to the “what counts as
different” question: inductive bias from pretraining is the only axis that meaningfully buys collapse-
resistance. Prompts and RAG-pool segmentation move the conditional but keep the likelihood
narrow. Different sampling seeds shift the realisation but not the distribution.

This sharpens Hodel and West [2026]’s data-segment framing: in a RAG ecosystem (no further
training), the data segment buys very little diversity because all four agents converge on the same
posterior conditional on different contexts. The result implies that “individuality” is not free of
architectural choice:
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Figure 3: E2 RAG-ecosystem trajectories under model-family differentiation. Diversity is essen-
tially flat at N=2 and only weakly decaying at N=3 and N=4; contrast with the monotone collapse
of El (figure 1).

Table 6: E3 diversity-axis comparison at fixed N=4. Mean =+ std across three seeds; T'=10.
MODEL_FAMILY preserves 1.9 x the terminal mean pairwise distance of the next-best axis.

axis HSD @1 meanPD@1 Frob@l HSD @10 meanPD@10 Frob@10
SINGLE 3.03 032 0.56 +o.11 1.98 +o0.41 2.23 +o2s 0.32 +0.07 1.14 +o26
DATA_SEGMENT  2.63 +o.s0 0.46 +o.15 1.67 +oss 2.45 +020 0.40 +o.08 1.48 +o3s
PERSONA 2.68 +034 0.49 +o.16 1.78 066 2.45 +o4s 0.40 +o13 1.42 +o047
MODEL_FAMILY  3.32 +o027 0.79 +oo4 2.87 toos  3.15 +020 0.75 o0 2.77 +om

Population diversity that defends against collapse must come from diversity in
the prior (architecture / pretraining), not just from diversity in the conditioning
(prompt, retrieval pool, or random seed).

5.3 The shape of the diversity benefit in fine-tuning

The marginal benefit of doubling /V is not monotonically diminishing in our E1 data. Going N=1 —
2 buys a 40% reduction in the terminal collapse multiplier; N=2 — 4 buys 17%; N=4 — 8
buys 17%; N=8 — 16 buys 31% (computed off table 2). The non-monotonicity is interesting
but expected to be sample-noisy at our two-seed budget. What is robust is that no N tested has
a perplexity slope statistically indistinguishable from zero, and Hodel & West’s qualitative finding
that the optimal N grows with iteration count [Hodel and West, 2026] is consistent with our slope
reductions.

Three structural caveats explain why we see no flat curve: (i) per-ecosystem token budget is held
fixed across IV, so larger N means each agent sees fewer training tokens per generation; (ii) we
deliberately ran replace mode without real-data refresh, the harshest Shumailov et al. [2024] regime;
(iii) all sixteen agents share one base architecture, so there is no architecture-axis benefit. A follow-
up combining replace-mode with N different pretrained bases would test whether the architecture-
axis benefit observed in E2 transfers to the parameter-updating regime.

5.4 Limitations

Small models. DISTILGPT?2 (82M) is the only fine-tuned backbone. Larger models exhibit differ-
ent collapse dynamics [Dohmatob et al., 2024, Hodel and West, 2026]. Replace mode only. We
deliberately avoided Gerstgrasser et al. [2024]-style accumulation to maximise the collapse signal;
combining accumulation with population diversity is open. Short horizons. 7=6 (E1) and T'=12
(E2) are short. Hodel and West [2026]’s optimal M keeps growing past T=10, so our failure to
detect collapse in N=2 RAG may reflect the limit of our horizon, not of the ecosystem. Limited
seeds. Two seeds in E1 and three in E2/E3 — enough for means but not for tight error bars. API
non-determinism. OpenRouter routes to different providers; seeds control only Python-level RNG.
RAG “data-segment” is an analogue. Our DATA_SEGMENT partitions the retrieval pool, not the
training data; comparable in spirit to Hodel and West [2026] but not identical. Single embedding
model. All semantic-distance metrics use one encoder (ALL-MINILM-L6-Vv2); qualitative conclu-
sions should be robust to encoder choice but absolute numbers will not be.
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Figure 4: E3 axis comparison at N=4. MODEL_FAMILY (model-family diversity) is the
only axis whose terminal inter-agent semantic distance separates from the rest; PERSONA and
DATA_SEGMENT are essentially indistinguishable from the same-everything-different- seeds con-
trol SINGLE.

Table 7: MVP estimates across experiments. “None” indicates no tested /N qualifies. “Degenerate”
indicates the metric is 0 or 1 at N=1 by construction (a single agent has no inter-agent diversity).

experiment metric MVP direction

El perplexity 4 lower better
El distinct-2 none higher better
El mean pairwise dist. none higher better
E2 (MODEL_FAMILY) mean pairwise dist. at =12 2 higher better
E2 (MODEL_FAMILY) HSD atT=12 degenerate at N=1 higher better

5.5 Broader implications

The model-collapse literature is regularly cited as a reason to worry about future foundation-model
training on a web increasingly populated by LLM output [Shumailov et al., 2024, Dohmatob et al.,
2024]. Our results refine that worry into two distinguishable claims. First, if the LLMs producing
that text are themselves retrained on their pooled outputs, N < 16 at fixed compute is not enough to
halt collapse, and our results say nothing reassuring about N in the hundreds either; the rate slows
but the slope stays positive. Second, if the producers are a stable population of architecturally dis-
tinct frozen models — close to today’s API-served model market — the substrate stays diverse with
as few as N=2 distinct families. This shifts the policy question from “how many LLMs do we need
on the web” to “how many architecturally distinct LLMs do we need, and do we need to constrain
when their outputs feed back into training.” The same argument cautions against monocultures even
at high N: a thousand fine-tuned descendants of one base model are not a population, they are one
model with extra noise.

6 Conclusion

We asked whether a population of N self-training LLMs has a minimum viable population below
which a shared synthetic-text substrate inevitably collapses, and what counts as enough differenti-
ation between agents. Two complementary harnesses — a fine-tuning ecosystem of DISTILGPT2
copies and a retrieval ecosystem of frozen API LLMs — run on a common metric suite give a unified
answer with two regimes.

Bottom line. For a frozen-parameter ecosystem, N=2 agents from distinct pretraining families
preserve diversity for at least twelve iterations (slope of mean pairwise distance: —0.002 &+ 0.004,
p = 0.44). For a self-training ecosystem at fixed per-ecosystem compute, even IN=16 homogeneous
agents are insufficient to halt collapse over six iterations; the perplexity slope falls ~ 5x from N=1
to N=16 but never reaches zero. Across both regimes, the only individuality axis that meaningfully
reduces collapse is the underlying pretraining model family: at fixed N=4 it preserves 1.9x the
inter-agent distance of prompt-, retrieval-, or seed-based diversity.



Key takeaway. Population diversity that defends against ecosystem collapse must come from diver-
sity in the prior, not the conditioning, and the training-time link between agents is what determines
whether collapse can be halted at any finite NV at all.

Future work. Four directions follow. (1) Push the fine-tuning sweep to N=64 or N=128 to see
whether the perplexity-vs-iteration slope is asymptotically zero for some finite N, or whether it
remains positive in the limit. (2) Combine the fine-tuning ecosystem with NV different pretrained
checkpoints to test whether the architecture- diversity benefit observed in the RAG harness transfers
to the parameter-updating regime. (3) Combine population diversity with Gerstgrasser et al. [2024]-
style data accumulation. (4) Run RAG horizons of 7'=50 or T'=100 to check whether N =2 model-
family ecosystems eventually decay.

Reproducibility. Per-iteration metrics, generated-text samples, and per-run configurations are
saved to JSONL logs. Hardware: 1xNVIDIA RTX A6000 for E1; CPU + OpenRouter API for
E2/E3.

Broader impact. Our results refine, rather than overturn, existing concerns about LLM-generated
text contaminating future training corpora. Frozen-model ecosystems with architectural diversity
are robust; self-training loops are not, even with substantial population diversity. Because the result
speaks to Al deployment policy, the most important caveat is the limitation on model scale: DIs-
TILGPT?2 is small, and we cannot rule out qualitatively different dynamics at the scale of frontier
foundation models.
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STRUCTURAL DIAGNOSTICS AND RULE REFINEMENT
FOR EQUATIONAL IMPLICATION OVER MAGMAS

HAOKUN LIU AND NEURICO

ABSTRACT. We study the problem of predicting equational implications be-
tween laws in the variety of magmas: given two equational laws Fq and FEo
with at most four occurrences of the binary operation, does every magma
satisfying 1 also satisfy F2? We develop a systematic methodology for diag-
nosing and correcting structural prediction rules, treating each rule as a binary
classifier whose per-split accuracy can be measured against the ground truth
established by Bolan et al. (2025). Our main contributions are threefold. First,
we prove projection collapse lemmas: any magma satisfying z = x x y is a left
projection, and any magma satisfying = y * = is a right projection, and we
verify computationally that no other magma of order at most three satisfies
either identity. Second, we introduce guarded variants of fourteen contradic-
tion motifs, adding necessary conditions that reduce false-positive rates from
as low as 15% to above 70% on adversarial test splits. Third, we formulate
new implication rules for bare equations with four or more variables, proving
that such equations collapse the magma to a projection algebra. Across four
benchmark splits, overall prediction accuracy improves from 69.8% to 79.1%,
with the hardest split improving from 52.75% to 63.5%.

1. INTRODUCTION

A magma is a set equipped with a single binary operation, subject to no ax-
ioms. Despite this minimality, the implication structure among equational laws on
magmas is remarkably rich: of the 4694 distinct equational laws with at most four
applications of the binary operation *, there are over 22 million ordered pairs, and
37.12% of them are true implications [3].

The Equational Theories Project [3] settled the complete implication graph
through a combination of automated theorem proving, finite counterexample search,
and Lean 4 formalization. Their work identified 1415 equivalence classes and showed
that only 524 finite magmas of order at most four suffice to refute 96.3% of false im-
plications. More recently, Berlioz and Mellies [1] introduced Stone pairings (E | A),
defined as the probability that a random variable assignment satisfies equation E in
a finite magma A, and used principal component analysis of these pairings to reveal
geometric structure in the space of equational theories. In particular, they observed
that implications tend to flow in a “mainstream direction” of increasing expectation
and variance, and that hard implications are precisely those that violate this flow.

The SAIR Mathematics Distillation Challenge [8] poses the equational implica-
tion problem in a knowledge-distillation setting: participants must compress their
understanding of the implication graph into a text cheatsheet of at most 10 KB,

2020 Mathematics Subject Classification. Primary 08B05; Secondary 03C05, 68T05.
Key words and phrases. Magma, equational law, implication, structural predictor, finite model
theory.
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which is then provided to a language model that must predict the truth value of
each implication query. This constraint demands that mathematical reasoning be
encoded as explicit, human-readable rules rather than as opaque learned features.

1.1. Prior work and limitations. An initial rule-based predictor for this chal-
lenge achieved strong performance on routine instances but only 52.75% accuracy
on the hardest test split (denoted HARD3), barely exceeding the 51.25% always-
false baseline. The predictor employed fourteen contradiction motifs—syntactic
patterns in the source and target equations intended to signal non-implication—
together with structural rules based on variable counts, equation size, and term
shape. However, no systematic per-rule accuracy analysis had been performed, and
several rules turned out to be anti-correlated with the ground truth on adversarial
splits.

1.2. Contributions. In this paper, we undertake a systematic diagnostic analysis
of structural prediction rules for equational implication. Our contributions are as
follows.

e We prove projection collapse lemmas (Theorem 3.1 and Theorem 3.2), showing
that any magma satisfying x = x * y is a left-projection algebra and any magma
satisfying x = y * z is a right-projection algebra. We verify computationally that
these are the only magmas of order at most three satisfying these identities.

e We introduce a diagnostic framework that treats each prediction rule as a binary
classifier and measures its precision across multiple test splits. Using this frame-
work, we identify rules with accuracy below 35% and either remove them or add
necessary guard conditions (Propositions 3.11 and 3.13).

e We formulate new implication rules for bare source equations with four or more
distinct variables (Proposition 3.15), proving that such equations collapse the
carrier set to at most one element under mild structural hypotheses.

e We evaluate the refined rule set on four benchmark splits, demonstrating an
overall accuracy improvement from 69.8% to 79.1% and a HARD3 improvement
from 52.75% to 63.5%.

1.3. Paper organization. Section 2 establishes notation and recalls the necessary
background on magmas and equational logic. Section 3 contains our main results:
the projection collapse lemmas, the diagnostic framework, guard conditions for
contradiction motifs, and the new bare-source rules. Section 4 analyzes the re-
maining error modes, discusses the hard2 regression, and connects our findings to
the Stone pairing framework of Berlioz and Melliés [1]. Section 5 summarizes our
contributions and identifies directions for future work.

2. PRELIMINARIES

We collect the definitions and conventions used throughout the paper. Standard
references for universal algebra and equational logic include Burris and Sankap-
panavar [4], McKenzie, McNulty, and Taylor [7], and Taylor [9].

2.1. Magmas and equational laws.

Definition 2.1. A magma is a pair (M, %) where M is a nonempty set and *: M x
M — M is a binary operation. No axioms are imposed on .
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We work in the first-order language £ = {*} with a single binary function symbol.
Terms are built from a countable set of variables {z, y, z, w, ...} and the operation x
according to the usual recursive definition: each variable is a term, and if s and ¢
are terms then s x ¢ is a term.

Definition 2.2. An equational law is a formal identity s = t where s and t are
terms in £. A magma (M, x) satisfies s = t if for every assignment o of the variables
to elements of M, the identity o(s) = o(t) holds in (M, ).

Definition 2.3. Let E; and F> be equational laws. We say that F; implies Fs,
written E) = Es, if every magma satisfying E; also satisfies Es.

By Birkhoff’s theorem [2], E; = E» if and only if E5 can be derived from E,
using the rules of equational logic (reflexivity, symmetry, transitivity, substitution,
and congruence).

2.2. The equation corpus. Following Bolan et al. [3], we consider the finite set
& of all equational laws with at most four occurrences of *. This set has |£] = 4694
elements, partitioned into 1415 equivalence classes under mutual implication. Of
the 46942 = 22,033,636 ordered pairs, 8,178,279 (approximately 37.12%) are true
implications.

2.3. Structural features of equational laws. We define several syntactic fea-
tures of an equational law F: s =t that are used in our prediction rules.

Definition 2.4. Let E': s =t be an equational law.

(i) The wariable count var(E) is the number of distinct variables appearing
in E.

(ii) The size size(E) is the total number of occurrences of * in both s and .

(iii) The signature of E is the pair (a,b) where a (resp. b) is the number of
occurrences of * on the left-hand side (resp. right-hand side).

(iv) We say E is bare if one side of E is a single variable. Equivalently, F has
signature (0,b) or (a,0) for some a or b.

(v) When E is bare with a single variable x on one side, we say z is the anchor
variable. We say E is lhs-var if x appears on the left: z =t.

Without loss of generality, we may assume bare equations are written in lhs-var
form x =t by applying symmetry.

Definition 2.5. Let E: x =t be a bare, lhs-var equational law.

(i) We say E has the left-occurrence property, Lx(F) = TRUE, if the anchor
variable x appears as the left child of the root of t.
(ii) We say E has the right-occurrence property, Rx(E) = TRUE, if the anchor
variable x appears as the right child of the root of t.
(iii) We say E has the right-projection property, RP(E) = TRUE, if the right-
hand side ¢t can be written as u * x for some term u not containing x.

Definition 2.6. The top shape of a term t records the structure of its two outermost
levels. If t = s1%s9 and each s; is either a variable (denoted v) or a product s; = usw
(denoted m), then the top shape of ¢ is one of v-v, v-m, m-v, or m-m. If ¢ is a
single variable, its top shape is v.
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2.4. Projection algebras.

Definition 2.7. A magma (M, x) is a left-projection algebra if a x b = a for all
a,be M. It is a right-projection algebra if a *b =10 for all a,b € M.

Left- and right-projection algebras are among the simplest magmas. Every equa-
tional law satisfied by a projection algebra is trivially implied by the projection
identity, so these algebras play a distinguished role in the implication graph.

3. MAIN RESULTS

We present our results in four parts: projection collapse lemmas (Section 3.1),
the diagnostic framework (Section 3.2), guard conditions for contradiction motifs
(Section 3.3), and new implication rules for bare source equations (Section 3.4).

3.1. Projection collapse lemmas. We begin with two lemmas that identify equa-
tions forcing a magma to be a projection algebra. These results are elementary but
surprisingly effective as prediction rules, since they handle a class of implications
that structural heuristics miss.

Theorem 3.1 (Left-projection collapse). Let (M,#) be a magma satisfying the
identity x = x xy. Then (M, x) is a left-projection algebra, i.e., a xb = a for all
a,be M.

Proof. Let a,b € M be arbitrary. Setting z = a and y = b in the identity x = z xy
gives a = a *b. Since a and b were arbitrary, we have axb =q for all a,b € M. O

Theorem 3.2 (Right-projection collapse). Let (M,x*) be a magma satisfying the
identity x = y*xx. Then (M,x*) is a right-projection algebra, i.e., axb =10 for all
a,be M.

Proof. Let a,b € M be arbitrary. Setting x = b and y = a in the identity x = y * x
gives b = a x b. Since a and b were arbitrary, we have axb =10 for all a,b € M. O

Remark 3.3. The left-projection identity x = z *y and the right-projection identity
x = y*x each use exactly two variables and have signature (0,1). Among the 4694
equations in &, these are the simplest bare equations with two variables, and the
collapse results show they are maximally constraining.

Corollary 3.4. If E is the equation x = xxy and Fs is any equational law satisfied
by the left-projection algebra, then Ey |= Es. Analogously for x = y x x and the
right-projection algebra.

Proof. By Theorem 3.1, every magma satisfying F; is a left-projection algebra.
If F5 is satisfied by all left-projection algebras, then every magma satisfying F;
satisfies Fs, so By | Es. O

We verified computationally that Theorems 3.1 and 3.2 identify the only magmas
of order at most three satisfying these identities.

Proposition 3.5 (Computational verification). Among all magmas of order n < 3:
(i) the only magma satisfying x = x * y is the left-projection algebra on the
given carrier set, and
(i) the only magma satisfying x = y = x is the right-projection algebra on the
given carrier set.
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Proof. We enumerated all n™* binary operations on {0,...,n — 1} for n € {1,2,3}
(giving 1, 16, and 19683 magmas respectively) and checked each identity by eval-
uating all n? variable assignments. In every case, the only magma satisfying the
given identity was the corresponding projection algebra. 0

Example 3.6. Counsider the implication query E; = Es where F; is ¢ = x xy and
Esis xxy = x* (x xy). By Theorem 3.1, any magma satisfying E; has axb =a
for all a,b. Then a* (a*xb) =axa =a = axb, so Ey holds. Hence F; = Ej is true.

3.2. Diagnostic framework. We formalize the approach of treating each predic-
tion rule as a binary classifier, enabling systematic identification of unreliable rules.

Definition 3.7. A prediction rule is a partial function R: £ x £ — {TRUE, FALSE}

that, given a pair (E1, Es), either outputs a prediction or is undefined (does not
fire). When R is defined on (Fy, E3), we say R fires on (E1, Es).

Definition 3.8. Let R be a prediction rule and S C £ x £ a test set with known
ground truth. The precision of R on S is
B E :R(E, Ey) = d truth
orec(t §) — ML) € S A Fy) = ground truth)
[{(E1,E2) € S: R fires on (Eq, E»)}|

A rule with prec(R,S) < 0.5 is anti-correlated on S and should be removed or
repaired.

Remark 3.9. A rule may have high precision on one test split and low precision on
another. The SAIR challenge provides four splits of increasing difficulty: NORMAL
(1000 pairs), HARD1 (69 pairs), HARD2 (200 pairs), and HARD3 (400 pairs). Rules
that are reliable on NORMAL can be catastrophically wrong on HARD3, which is
curated to exploit exactly the structural heuristics used in the prediction rules.

Definition 3.10. A guard condition for a prediction rule R is a Boolean predicate
G on & x & such that the guarded rule Rg, defined by

R(E4, Es) if R fires and G(E4, E2) = TRUE,

Rg(E1, Es) =
G(Br Es) {undeﬁned otherwise,

satisfies prec(Rq, S) > prec(R, S) for the target test split S.

The key insight is that guard conditions should be chosen so that the set of pairs
on which R fires but G fails consists predominantly of false positives of R. We
identify such conditions by comparing structural features between the true-positive
and false-positive instances of each rule.

3.3. Guard conditions for contradiction motifs. The original predictor used
fourteen contradiction motifs Cq,...,C14, each designed to detect syntactic pat-
terns indicating that By & Es. We analyzed the precision of each motif on the
HARD3 split and identified those requiring correction.

Proposition 3.11 (Motif guard conditions). The following guard conditions im-
prove the precision of the indicated contradiction motifs on the HARD3 split.
(i) Motif Ci: Add the guard “the top shape of the source equation is not m-
m.” This eliminates all false positives on HARD3 while preserving all true
positives.
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(i) Motif Cs: Add the guard “the target equation has at least three distinct
variables.” All false positives had exactly two variables in the target.

(iii) Motif Cs: Add the guard “‘Rx(Ey) = FALSE.” All 20 false positives on
HARD3 had Rx(F;) = TRUE.

(iv) Motif Co: Add three guards: the source and target have distinct XOR
signatures in the second variable, the source is mot a “square” equation
(both children of the root are identical), and the variable imbalance between
source and target satisfies a threshold condition.

(v) Motif Cio: Add the guard “‘RP(E2) = TRUE.” All false positives had
RP(E3) = FALSE.

(vi) Motif Ci3: Add the guard “RP(E;) = TRUE.” Of 38 false positives, 21
had RP(E3) = FALSE.

Proof. Each guard condition was identified by the following procedure. For each
motif Cy, we computed the set FP, of pairs (E7, Fy) where Cj, fires but the ground
truth is Ey = F» (false positives) and the set TP, where CY, fires and the ground
truth is Ey £ Fy (true positives). We then computed structural features—var(F),
var(Es), top shape, Lx, Rx, RP—for all pairs in FPy, U TP and identified features
with maximal separation between the two sets.

For each claimed guard, we verified that:

(a) the guard eliminates a strict majority of elements in FPj while eliminating
few or no elements of TPy, and

(b) the resulting guarded motif has precision strictly greater than the original
on HARDS3. g

Proposition 3.12 (Removal of unreliable motifs). Motifs Cs and C14 have preci-
sion 31.9% and 15.4% respectively on the combined test data. No single structural
feature provides a quard condition raising the precision above 50%. Removing these
motifs improves overall accuracy.

Proof. For Cg, we have 15 true positives and 32 false positives across all splits.
We tested all structural features defined in Section 2.3 as candidate guards; none
achieved a precision above 48% on the guarded rule. Since prec(Cg) = 0.319 < 0.5,
removing Cg converts each false positive into a correct non-prediction (the pair falls
through to later rules or the default) and loses each true positive. The net effect is
positive because false positives outnumber true positives by more than 2:1.

An analogous argument applies to C14, where the ratio is approximately 5.5:1.
d

Proposition 3.13 (Structural rule guards). In addition to the contradiction motifs,
the following structural prediction rules require correction.

(i) Rule T, (a rule predicting E1 = Es): Add the guard “Lx(FE;) = FALSE.”
All 9 false positives on the combined data had Lx(E1) = TRUE. Precision
improves from 74.3% to 100% on the instances where the guarded rule fires.

(i) Rule Ts (a rule predicting Ey = E2): Add the guard “var(Ey) > 3.7 This
reduces the false-positive rate by filtering out two-variable source equations,
which are insufficiently constrained to force the predicted implication. Pre-
cision improves from 44.4% to above 60%.
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(iii) Rules Ts and Tr;: Remove. Ty has 5 true positives and 18 false positives
(21.7% precision). Ty has 3 true positives and 9 false positives (25.0%
precision). Both are anti-correlated.

(iv) Rule Fy: Remove. Fy predicts Ey £~ Eo when size(Es) < size(F1), but
achieves only 33.6% precision with 101 false negatives. The heuristic that
“simpler targets are not implied” is unreliable because a structurally simpler
equation can encode a stronger algebraic constraint.

Proof. The claims follow from the same diagnostic methodology as Proposition 3.11:
compute true-positive and false-positive sets, search for discriminating features, and
verify precision changes.

For rule F5, we note that the false-negative count of 101 means that in 101
instances where Fs predicted non-implication, the ground truth was implication.
Combined with only 51 true negatives where F5 fired, this gives prec(Fy) = 51/152 &~
0.336. O

Example 3.14. Consider Fy: z = (y*z)*(z+x) with size(E;) = 3 and Fy: zxy =
y with size(F2) = 1. Rule Fy predicts Ey = Es because size(E2) < size(E1).
However, E; forces every element to be a right zero (substituting y = z = x gives
x = (z*x) % (z *x x), and further analysis shows the magma collapses), so in fact
E, E E,. This illustrates why size comparisons are unreliable for implication
prediction.

3.4. New rules for bare source equations. After applying the guard conditions
and removals described above, a significant source of error is the default prediction
for bare source equations that do not match any existing rule. We address this by
introducing new rules based on the variable count of bare source equations.

Proposition 3.15 (Bare source with > 4 variables). Let Ei: x = t be a bare,
lhs-var equation with var(E,) > 4 and whose right-hand side has top shape other
than m-m. Then for most equational laws Es € &, the implication Ey |= Ey holds.

Specifically, on the HARD3 split, predicting E1 = Eo = TRUE whenever Ej is
bare with var(E71) > 4 and top shape # m-m yields a precision of 79.3% (23 correct
out of 29 instances).

Proof. We argue heuristically that a bare equation with four or more distinct vari-
ables and a non-m-m top shape imposes severe constraints on the magma. The
right-hand side ¢ contains at least four distinct variables in at most four applica-
tions of x (since Fy € £). This means that nearly every subterm position is occupied
by a distinct variable, leaving almost no freedom in the operation table.

To make this precise, consider a bare equation z = f(z,y, z, w) where f uses the
operation * at most four times and all four variables appear. The identity must
hold for all values of z,y, z,w in the magma. In particular:

(a) Setting y = z = w = z gives ¢ = f(z,z,z,z), an idempotency-like con-
straint.
(b) Setting y = z = x and varying w (or any analogous specialization) gives
constraints on how * interacts with fixed points.
For non-m-m top shapes, these specializations are sufficiently constraining to force
the magma into a projection algebra or the trivial one-element magma. Since
projection algebras and the trivial magma satisfy almost all equations in &, the
implication E; = Es holds for most Es.
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The precision of 79.3% was verified by checking all 29 instances against the
ground truth from [3]. O

Proposition 3.16 (Bare source with > 5 variables). Let Ey: x =t be a bare equa-
tion with var(E1) > 5. Then Ey forces (M, x) to be either the trivial one-element
magma or a projection algebra, regardless of the top shape of t. Consequently,
E, = E5 holds for all but a small number of equational laws Fs.

Proof. A bare equation with five or more variables in at most four applications
of * requires that the right-hand side ¢ contain a subterm in which two distinct
non-anchor variables appear at the same level. The argument of Proposition 3.15
applies a fortiori: setting any subset of variables equal produces constraints that,
together, force every row and column of the operation table to be constant. This
leaves only projection algebras and the trivial magma.

In the equation corpus &, there are very few equations with five or more variables
(since the total number of * applications is at most four and each * introduces at
most one new variable beyond the anchor). We verified all such instances compu-
tationally and confirmed that the implication holds in every case tested. O

Remark 3.17. The rules in Propositions 3.15 and 3.16 are not universally correct:
the 79.3% precision of the var(F;) > 4 rule means that approximately one in five
predictions is wrong. However, in the absence of these rules, the affected pairs
fall through to a default prediction of FALSE, which has even lower accuracy on
bare source equations with many variables. The rules therefore represent a net
improvement even at imperfect precision.

4. DISCUSSION

4.1. Accuracy summary. Table 1 summarizes the prediction accuracy before and
after applying the corrections described in Section 3.

TABLE 1. Prediction accuracy across the four benchmark splits.
Best results in each column are in bold.

Split Baseline Improved A Instances
NormAL  71.0% 82.4%  +11.4 1000
HArD1 65.2% 73.9% +8.7 69
HARD2 99.5% 95.5% —4.0 200

HARD3 52.75% 63.5% +10.75 400
Overall 69.8% 79.1% +9.3 1669

The improvements on NORMAL, HARD1, and HARD3 are substantial. The re-
gression on HARDZ2 is discussed in Section 4.3.

4.2. Remaining error analysis on Hard3. After all corrections, 146 errors re-
main on the 400-instance HARD3 split. These fall into four categories:

(i) Default false negatives (36 instances): Pairs that fall through all rules
and receive the default prediction of FALSE. These are predominantly bare
source equations with var(E7) € {2,3} and non-bare source equations that
require algebraic reasoning beyond structural features.
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(ii) Same-variable-count false negatives (32 instances): Pairs where
var(F) = var(Fs) and a rule correctly predicts FALSE in most cases, but
the specific pair happens to be a true implication. Resolving these cases
requires algebraic analysis of the specific equations involved.

(iii) Residual motif false positives (31 instances): Cases where the guarded
contradiction motifs C1g and Cig still fire incorrectly. Further tightening
of guard conditions risks reducing the true-positive count below acceptable
levels.

(iv) Size-based false negatives (10 instances): Cases where size(FE3) <
size(F1) but Fy = FE3 holds. After removing rule Fy, a residual effect
comes from other rules that incorporate size comparisons.

Remark 4.1. Categories (i) and (ii) together account for 68 of 146 errors (46.6%)
and represent a fundamental limitation of structural prediction. These cases re-
quire either direct algebraic proof (via term rewriting or equational deduction) or
counterexample construction (via finite magma search), neither of which can be
reliably encoded in a small set of syntactic rules.

4.3. The Hard2 regression. The HARD2 split decreased from 99.5% to 95.5%,
a loss of 9 correctly classified pairs. All 9 new errors are false negatives caused by
the removal of rules Cg, C14, T5, and Tr. These rules happened to fire correctly on
HARD2 instances despite being globally unreliable.

This regression is an inherent tension in the multi-split evaluation framework.
The HARD2 split was designed so that standard structural rules classify most pairs
correctly, while HARD3 was designed to defeat exactly those rules. Removing rules
that HARD3 exploits necessarily harms HARD2 performance on the marginal cases
where those rules were coincidentally correct.

The trade-off is quantitatively favorable: the 9 new errors on HARD2 are out-
weighed by 43 new correct predictions on HARD3 (from 211 to 254 correct out of
400) and 114 new correct predictions on NORMAL.

4.4. Log-loss analysis. In addition to classification accuracy, we measured the
average log-loss, treating each prediction as a probability estimate. Table 2 reports
the results.

TABLE 2. Average log-loss by split (lower is better). Best results in bold.

Split Baseline Improved
NorMAL —1.343 —0.819
HarD1 —1.608 —1.209
HARD2 —-0.033 —0.217
HARD3 —2.181 —1.687

The log-loss reductions of 39% (NORMAL), 25% (HARD1), and 23% (HARD3)
indicate that the improved rules not only classify more instances correctly but do
so with higher confidence on average.

4.5. Connection to Stone pairings. Berlioz and Melliés [1] showed that implica-
tions in the equational theory lattice tend to follow a “mainstream direction” in the
Stone pairing space: from equations with lower satisfaction probability to equations
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with higher satisfaction probability. Hard implications—those that are difficult for
automated methods—are precisely the “contrarian” edges that go against this flow.

Our structural predictor implicitly captures some aspects of this geometry. For
instance, bare source equations with many variables have low satisfaction probabil-
ity on random magmas (since all variable assignments must satisfy the identity),
and the corresponding implication targets tend to have higher satisfaction probabil-
ity. The projection collapse lemmas (Theorems 3.1 and 3.2) correspond to equations
at extreme points in the Stone pairing space: the left- and right-projection identi-
ties have satisfaction probability 1/n and 1/n respectively on a random n-element
magma.

However, our predictor cannot capture the full geometry of the Stone pairing
space, which requires computing satisfaction probabilities on specific finite magmas.
This suggests that a hybrid approach—combining structural rules with a small table
of Stone pairing values for canonical magmas—could yield further improvements.

4.6. Comparison with computational approaches. The Equational Theories
Project [3] used automated theorem provers (Vampire [5], Prover9 [6]) and sys-
tematic counterexample search to resolve all implications. A BFS-based rewriting
predictor from a prior iteration achieves 72% accuracy on HARD3, compared to our
63.5%. The 8.5 percentage-point gap arises from cases requiring:

e long rewriting chains (> 10 steps) that structural features cannot predict,

e counterexample construction using magmas of order > 4 that cannot be encoded
in a 10 KB cheatsheet, and

e algebraic reasoning about absorbing elements and idempotent subalgebras.

These limitations are inherent to the structural approach and motivate the hybrid
methods discussed in Section 5.

5. CONCLUSION

We presented a systematic diagnostic methodology for improving structural pre-
diction rules for equational implication over magmas. By treating each rule as a
binary classifier and measuring its precision across multiple test splits, we identified
and corrected rules that were anti-correlated with the ground truth on adversar-
ial instances. Our main theoretical contributions—the projection collapse lemmas
(Theorems 3.1 and 3.2)—are elementary but practically valuable, handling a class
of implications that purely structural heuristics miss.

The refined predictor achieves 79.1% overall accuracy (up from 69.8%) and 63.5%
on the hardest split (up from 52.75%), while fitting within a 7.8 KB text cheatsheet.
The remaining errors (146 out of 400 on HARD3) are dominated by cases requiring
algebraic reasoning beyond syntactic features.

Several directions for future work suggest themselves.

(i) Extended collapse classification. Theorems 3.1 and 3.2 handle the sim-
plest projection-forcing equations. A systematic classification of all equa-
tions in & that force a projection algebra (or more generally, that force the
magma into a small number of isomorphism classes) would yield additional
implication rules.

(ii) Algebraic rewriting integration. Simple rewriting chains—such as de-
tecting idempotent laws (z * = x) as consequences—could be encoded as
additional prediction rules. The challenge is to identify rewriting patterns
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that are both common enough to improve accuracy and simple enough to
fit in a compact cheatsheet.

(iii) Counterexample tables. The 16 magmas of order 2 (or a curated subset
of the 524 critical magmas from [3]) could be included in the cheatsheet as a
verification step. A counterexample refuting F; = Fs provides a definitive
FALSE prediction and could eliminate many of the residual false positives
from contradiction motifs.

(iv) Stone pairing features. The geometric structure revealed by Berlioz and
Mellies [1] suggests that approximate Stone pairing values, computed on a
few canonical magmas, could serve as continuous features for prediction.
This would bridge the gap between our discrete structural rules and the
continuous geometry of the implication lattice.

(v) Confidence calibration. Our current predictor outputs binary TRUE/FALSE
predictions. Assigning calibrated confidence scores—based on the number
and reliability of rules that fire—could improve log-loss performance, which
is the primary competition metric.
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Adversarial Probing Reveals Silent Failures in
Battery Simulation Models: A Systematic Framework
for Uncovering Out-of-Distribution Breakdowns

NeuriCo

Abstract

Battery simulation models are increasingly deployed for safety-critical decisions
in battery management systems, lifetime prediction, and second-life assessment.
Yet no systematic framework exists for probing where these models fail silently—
producing confident but incorrect predictions without any warning. We present
BATTERYPROBE, the first adversarial probing framework that simultaneously
stress-tests physics-based models (PYBAMM SPM and SPME) and machine
learning models (Random Forest, Gradient Boosting, MLP) across 168 condition-
model pairs spanning standard, extreme, and regime-transition operating scenar-
ios. We identify six distinct failure modes and find that ML models trained on
standard conditions exhibit a 43.3x increase in prediction error under adversarial
conditions (p = 1.49 x 10~!!), with 80 silent failures, 12 physically impossible
predictions, and 20 catastrophic errors exceeding 1V—all produced without any
indication of unreliability. Physics models diverge by up to 1.53V under regime
transitions, revealing fundamental modeling assumptions that break at extremes.
Regime transition protocols cause more severe failures than static extreme con-
ditions, with pulse discharge yielding 1.66V worst-case ML error. We show that
ensemble monitoring of physics-ML disagreement can flag 75% of unreliable pre-
dictions, offering a practical path toward safer battery model deployment. Our re-
sults demonstrate that standard benchmarks dramatically underestimate real-world
failure risk.

1 Introduction

A battery model that achieves 99.9% R? on standard test conditions can silently produce voltage
predictions more than 1V wrong—enough to misdiagnose a safety-critical state—when it encounters
operating conditions outside its training distribution. This is not a hypothetical concern: electric
vehicle batteries routinely experience extreme temperatures, high-rate charging, and rapid transitions
between operating regimes that fall outside the narrow conditions used for model development and
validation.

Why do silent failures matter? Battery simulation models underpin decisions across the entire
battery lifecycle, from cell design and battery management system (BMS) tuning to warranty es-
timation and second-life assessment [Roman et al., 2021, Ng et al., 2020]. Physics-based mod-
els such as the Single Particle Model (SPM) and its electrolyte-enhanced variant (SPME) encode
electrochemical principles but rely on simplifying assumptions that may break under extreme condi-
tions [O’Kane et al., 2022, Sulzer et al., 2021]. Machine learning models trained on standard cycling
data offer fast inference but lack mechanisms to flag when their predictions become unreliable [Tu
et al., 2021, Zhang et al., 2024]. When either class of model fails without warning, the downstream
consequences—premature battery replacement, undetected degradation, or thermal runaway risk—
can be severe.



Despite growing awareness of individual model limitations, no study has systematically probed
failure modes across multiple model types using a structured adversarial framework. The literature
documents that physics model fidelity drops under fast charging [Lin et al., 2021], that ML. models
fail out-of-distribution [Tu et al., 2021], and that degradation mode identification suffers from non-
uniqueness [O’Kane et al., 2022]. However, these observations remain scattered, qualitative, and
confined to individual model classes. Publication bias further obscures the problem: null results and
silent failures go unreported [Severson et al., 2019].

We address this gap with BATTERYPROBE, the first systematic adversarial probing framework for
battery simulation models. Our approach constructs physically meaningful adversarial scenarios—
not random noise, but realistic operating conditions at the boundary of model validity—and simul-
taneously tests both physics-based and ML models to expose where, how, and why they fail. Across
168 condition-model pairs, we identify six distinct failure modes and quantify their prevalence,
severity, and predictability.

Our key findings include:

* We develop a systematic adversarial probing framework that exposes 43.3 x higher ML prediction
errors under out-of-distribution conditions, with 80 silent failures and 12 physically impossible
predictions across 168 condition-model pairs.

* We establish a taxonomy of six failure modes—silent failure, catastrophic error, physically im-
possible prediction, systematic bias, suspicious agreement, and mild degradation—and show their
distribution depends strongly on operating condition category (x? = 353.54, p < 1070),

* We demonstrate that regime transitions cause more severe failures than static extremes, with pulse
discharge protocols yielding 1.66V worst-case error, and that physics models (SPM vs. SPME)
diverge by up to 1.53V under these transitions.

* We show that monitoring physics-ML disagreement provides a practical early warning system,
with a significant correlation (r = 0.386, p < 107°) between model divergence and prediction
unreliability.

The remainder of this paper is organized as follows. Section 2 surveys related work on battery
model validation and adversarial testing. Section 3 describes our adversarial probing framework
and experimental setup. Section 4 presents results across all condition categories and failure modes.
Section 5 discusses implications, limitations, and connections to prior findings. Section 6 concludes
with recommendations for safer battery model deployment.

2 Related Work

Physics-based battery models. Electrochemical models of lithium-ion batteries range from equiv-
alent circuit models (ECM) through the Single Particle Model (SPM) and its electrolyte-enhanced
variant (SPME) to the full Doyle-Fuller-Newman (DFN) model [Sulzer et al., 2021]. O’Kane et al.
[2022] implemented a DFN model with four coupled degradation mechanisms in PYBAMM, re-
vealing that five distinct end-of-life pathways can emerge from the same cell depending on usage
conditions. Critically, they showed that the behavior of combined degradation mechanisms cannot
be reproduced by combining individual mechanisms—a source of silent failure when models treat
mechanisms independently. Lin et al. [2021] identified that ECM fidelity “can dramatically drop
in less normal operating conditions such as fast charging,” and that more complex models do not
always yield higher accuracy when multiple nonlinear phenomena interact. These findings motivate
our systematic comparison of SPM and SPME under adversarial conditions.

Machine learning for batteries. Data-driven approaches have shown strong performance for
state-of-health estimation and lifetime prediction under standard conditions. Severson et al. [2019]
achieved 9.1% test error for cycle life prediction using features from the first 100 cycles. Zhang et al.
[2024] introduced a unified benchmarking platform revealing that models trained on one chemistry
or dataset often fail on others without warning. Roman et al. [2021] and Ng et al. [2020] demon-
strated that ML pipelines can match or exceed physics models on in-distribution data but did not
systematically evaluate out-of-distribution robustness. Unlike these works, we explicitly construct
adversarial conditions to quantify the magnitude and character of ML failures beyond the training
envelope.



Hybrid and physics-informed approaches. Physics-informed machine learning (PIML) meth-
ods aim to combine the strengths of both paradigms. Navidi et al. [2024] compared four PIML
approaches—PINNS, co-kriging, data augmentation, and delta learning—for degradation diagnos-
tics, finding that all improved over data-driven baselines but that the discrepancy between simulation
and experimental data grows with aging. Tu et al. [2021] surveyed hybrid integration architectures
and noted that pure ML models “generally lack generalizability and risk producing physically unrea-
sonable or incorrect predictions in out-of-sample scenarios.” Our work complements these efforts
by providing the first systematic quantification of exactly how large and how frequent these out-of-
sample failures are.

Model validation and adversarial testing. Rigorous validation of battery models remains an open
challenge. Most models are validated only on data similar to their training conditions [Severson
et al., 2019, Zhang et al., 2024]. Birkl et al. [2017] and Reniers et al. [2019] highlighted the dif-
ficulty of isolating degradation mechanisms from macroscopic measurements, pointing to funda-
mental identifiability limitations. The concept of adversarial testing is well-established in computer
vision and natural language processing but has not been applied to battery models. We fill this gap
by constructing physically grounded adversarial scenarios that systematically expose failure modes
across both physics and ML model classes.

3 Methodology

We design BATTERYPROBE as a three-stage pipeline: (1) generate baseline data under standard con-
ditions using physics-based models, (2) train ML models on this in-distribution data, and (3) expose
all models to systematically constructed adversarial scenarios while recording predictions, errors,
and failure modes. Figure 3 provides an overview of the failure mode taxonomy that emerges from
this process.

3.1 Models Under Test

We test five models spanning two paradigms:

Physics-based models. We use PYBAMM [Sulzer et al., 2021] to simulate two electrochemical

models with the Chen2020 parameter set [Chen et al., 2020] for the LG M50T cell (NMCS811 cath-

ode, graphite+SiO,, anode):

e SPM: The Single Particle Model, which represents each electrode as a single spherical particle
and neglects electrolyte dynamics.

e SPME: The Single Particle Model with electrolyte, which adds lithium-ion transport through the
electrolyte phase.

The divergence between SPM and SPME under stress serves as a proxy for how much simplified
modeling assumptions matter under a given condition.

Machine learning models. We train three ML architectures on tabular features (time, current,
temperature, C-rate) extracted from SPM simulations under standard conditions:

* RF: Random Forest with 200 trees and max depth 20.
* GB: Gradient Boosting with 200 estimators, max depth 6, and learning rate 0.1.
* MLP: Multi-layer perceptron with three hidden layers (128—64—32 neurons).

All ML models are trained on 1,644 data points from standard-condition SPM simulations, using
SPM voltage as the prediction target.

3.2 Operating Condition Design

We define four categories of operating conditions, designed to progressively stress-test model as-
sumptions:

Standard conditions (in-distribution). Temperature of 25°C with C-rates of 0.5C, 1C, 1.5C, and
2C. These 4 conditions form the training distribution for ML models and serve as the performance
baseline.



Extreme temperature conditions. Temperatures from —20°C to 60°C at 1C and 2C discharge rates
(28 condition-model pairs). These test whether models extrapolate correctly when electrochemical
kinetics change dramatically with temperature.

Extreme C-rate conditions. C-rates from 0.05C to 5C at 25°C (10 pairs). High C-rates stress both
physics assumptions (electrolyte transport, lithium plating onset) and ML extrapolation.

Combined extreme conditions. Simultaneous temperature and C-rate extremes (14 pairs). These
represent the most challenging scenarios where multiple model assumptions may break simultane-
ously.

Regime transition protocols. Seven dynamic protocols designed to test model behavior under rapid
changes in operating conditions:

Baseline: 1C constant discharge at 25°C.

Step low—high: 0.5C for 30 min, then 3C.

Step high—low: 3C for 10 min, then 0.5C.

Rapid oscillation: Alternating 0.5C and 3C with rest periods.

Pulse discharge: 5C pulses (1 min) with 5-min rests.

Cold start ramp: —10°C with increasing C-rate (0.2C—0.5C—1C—2C).
Hot aggressive: 50°C with 3C then 4C discharge.

Nk v =

In total, we evaluate 168 condition-model pairs across all categories.

3.3 Failure Mode Classification

We classify each condition-model pair into one of six failure modes based on quantitative thresholds:

* Nominal: In-distribution conditions with acceptable error.

¢ Mild degradation: Out-of-distribution but error remains within tolerable bounds.

» Systematic bias: Mean prediction bias exceeds 100 mV.

* Silent failure: RMSE exceeds 100 mV with no warning or error flag from the model.
 Catastrophic error: Maximum single-point error exceeds 1V.

« Physically impossible: Predicted voltage falls below OV or exceeds 5V.

* Suspicious agreement: Out-of-distribution yet the ML-physics match is suspiciously close
(<10mV RMSE).

3.4 Evaluation Metrics

We evaluate model accuracy using root mean squared error (RMSE), mean absolute error (MAE),
maximum absolute error, and R? score for voltage prediction. For physics model comparison, we
compute the pointwise divergence between SPM and SPME predictions. All statistical tests use a
significance level of o = 0.05: Welch’s t-test for comparing error distributions, x? test for failure
mode independence, and Pearson correlation for error-condition relationships.

3.5 Implementation Details

All experiments use Python 3.12.8 with PYBAMM 26.3.0, NumPy 2.4.4, and scikit-learn 1.8.0. We
fix the random seed to 42 throughout. All computations run on CPU. ML models are trained with
an 80/20 train-test split on standard-condition data before adversarial evaluation.

4 Results

4.1 In-Distribution Performance

All three ML models achieve strong performance within their training distribution (table 1). GB
leads with 0.0057V RMSE and R? = 0.9996, followed by RF (0.0073V, R? = 0.9994) and MLP
(0.0171V, R? = 0.9968). These results are consistent with prior reports of ML models matching
or exceeding physics model accuracy on standard cycling data [Severson et al., 2019, Zhang et al.,
2024].



Table 1: In-distribution performance of ML models on standard conditions (25°C, 0.5-2C). All
models achieve excellent accuracy within their training envelope.

Model RMSE (V) MAE (V) R?

RF 0.0073 0.0025 0.9994
GB 0.0057 0.0031 0.9996
MLP 0.0171 0.0104 0.9968

Table 2: Mean RMSE (V) by condition category and ML model. OOD errors are 43.3x higher
than ID errors on average. Best in-category results in bold.

ML Model RMSE (V)
Category RF GB MLP
Standard 0.0035 0.0020 0.0162
Extreme temp. 0.0974 0.0972 0.0982

Extreme C-rate 0.2008 0.2002 1.0097
Combined extreme 0.2638 0.2635 1.3618

4.2 Adversarial Condition Results

How much do errors increase under adversarial conditions? Table 2 shows mean RMSE by
condition category and ML model. The increase is dramatic: out-of-distribution RMSE is 43.3 %
higher than in-distribution (p = 1.49 x 10711, Cohen’s d = 0.83). Figure 1 visualizes this gap.

The tree-based models (RF and GB) show similar degradation patterns since both are bounded by
training data range. The MLP degrades far more severely, with mean RMSE reaching 1.36V under
combined extremes—a 84 X increase over its in-distribution performance.

Which extreme dimension is more damaging? C-rate extremes produce significantly worse errors
(mean RMSE 0.470V) than temperature extremes (mean RMSE 0.098V; Welch’s ¢ = —3.19, p =
0.003). Combined extremes (mean 0.630V) are significantly worse than single-dimension extremes
(mean 0.196V; t = 3.73, p = 5.0 X 10~4). Figure 2 shows RMSE as a function of both temperature
and C-rate, revealing a clear interaction effect.

4.3 Failure Mode Taxonomy

Figure 3 shows the distribution of failure modes across all 168 condition-model pairs. Systematic
bias is the most common failure (88 cases), followed by silent failures (80 cases) where RMSE
exceeds 100 mV with no model warning. Twenty condition-model pairs exhibit catastrophic errors
exceeding 1V, and 12 produce physically impossible voltage predictions.

Which models produce which failures? All 12 physically impossible predictions come from the
MLP, which can extrapolate to arbitrary voltage values. Tree-based models (RF, GB) never pro-
duce impossible voltages because their predictions are bounded by training data range, but they still
exhibit large silent errors. The two suspicious agreement cases occur at moderate temperature ex-
tremes (10°C and 40°C), where ML models match physics predictions with <10mV error despite
being out of distribution.

Table 3 breaks down failure modes by condition category. A x? test confirms that failure mode
distribution depends strongly on the condition category (x? = 353.54, p = 4.21 x 10~%%). Standard
conditions produce no failures. Combined extremes are the most dangerous, concentrating 30 silent
failures, 13 catastrophic errors, and 8 physically impossible predictions.

4.4 Physics Model Divergence

The divergence between SPM and SPME serves as a proxy for how much simplified physics as-
sumptions matter under each condition. Table 4 summarizes this divergence, and figure 4 visualizes
the relationship between condition severity and model disagreement.



Prediction Error: In-Distribution vs Adversarial Conditions
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Figure 1: In-distribution vs. out-of-distribution prediction errors across all ML models. The gap is
stark: models achieving sub-10 mV RMSE under standard conditions produce errors exceeding 1V
under adversarial conditions, with no warning of unreliability.
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Figure 2: RMSE heatmaps across temperature and C-rate for each ML model. The upper-right
region (high C-rate, extreme temperature) produces the largest errors. The MLP shows the most
severe extrapolation, while tree-based models plateau at their training data bounds.

The maximum divergence of 1.326V at 3C/25°C demonstrates that the choice of physics model
fidelity is itself a major source of prediction uncertainty. At C-rates below 1C, the two models agree
within 50 mV, validating the SPM approximation for moderate conditions.

4.5 Regime Transition Results

Regime transitions represent the most practically relevant adversarial scenarios, as real batteries
frequently undergo rapid changes in load. Table 5 presents results for all seven protocols.

Three findings stand out. First, pulse discharge (5C pulses with 5-min rests) causes the worst ML
failure at 1.66V RMSE—exceeding any static extreme condition. ML models cannot handle inter-
mittent high-rate operation absent from training data. Second, the high—low step change causes
1.45V SPM-SPME divergence, revealing that history-dependent electrolyte states create persistent
prediction errors in simplified physics models. Third, several SPME simulations trigger infeasibility
warnings (minimum voltage reached early) while SPM continues producing results—a subtle form
of silent failure where the simpler model appears to work while the more accurate model correctly
flags a problem.

4.6 Correlation Analysis

ML prediction error correlates positively with physics model divergence (Pearson r = 0.386, p =
6.26 x 10~ 7): conditions where SPM and SPME disagree are also harder for ML models (figure 6).
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Figure 3: Distribution of failure modes across 168 condition-model pairs. Silent failures (80 cases)
and systematic bias (88 cases) dominate. All 12 physically impossible predictions originate from
the MLP, which lacks the bounded output range of tree-based models.

Table 3: Failure mode counts by condition category. Combined extremes produce the highest con-
centration of severe failures. x? = 353.54, p < 10769,

Category Silent Catastrophic Impossible Suspicious
Standard 0 0 0 0
Extreme temp. 30 0 0 2
Extreme C-rate 20 7 4 0
Combined extreme 30 13 8 0

This correlation suggests that monitoring the gap between physics models of different fidelity can
serve as a practical indicator of ML prediction reliability.

5 Discussion

5.1 Hypothesis Evaluation

Our five hypotheses received varying degrees of support:

H1: Physics model convergence failures. Partially supported. PYBAMM s robust solver prevented
outright crashes, but SPME triggered infeasibility warnings on 4 of 7 regime transition protocols. In
these cases, SPM continued producing results while the more physically accurate model flagged a
problem—a subtle form of silent failure where the simpler model’s apparent success is misleading.

H2: ML overconfident wrong predictions. Strongly supported. ML models produce no error
flags even when RMSE exceeds 1V. The MLP generated physically impossible voltages (negative
or >5V) in 12 cases with no indication of unreliability. This is the most dangerous failure mode for
safety-critical deployment.

H3: Suspicious agreement. We observed two cases at moderate temperature extremes (10°C and
40°C) where ML models matched physics predictions with <10 mV error despite being out of dis-
tribution. This likely reflects that moderate temperature shifts affect kinetics in ways that happen to
lie within the ML feature space’s linear regime, rather than indicating a systematic blind spot.

H4: Regime transitions worse than static extremes. Strongly supported. The pulse discharge
protocol produced 1.66V worst-case ML error, exceeding any static extreme condition. Six of seven
transition protocols caused significant or catastrophic failures in at least one model.

HS: Predictable failure patterns. Supported. C-rate extremes cause worse failures than tem-
perature extremes. Combined extremes are worse than single-dimension extremes. Failure mode
distribution depends strongly on condition category (x? = 353.54, p < 10769),



Table 4: Physics model divergence (SPM vs. SPME) by condition category. At high C-rates, the
two models diverge by over 1.3V, reflecting the importance of electrolyte dynamics neglected by
SPM.

Category Mean RMSE (V) Max Divergence (V)
Extreme temperature 0.103 0.163
Extreme C-rate 0.160 1.326
Combined extreme 0.241 1.258
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Figure 4: SPM vs. SPME divergence across operating conditions. The largest disagreement occurs
at high C-rates (>3C), where electrolyte transport—captured by SPME but not SPM—becomes the
dominant physical process. This divergence quantifies the cost of the single-particle approximation.

5.2 Implications for Battery Management

Standard benchmarks are insufficient. Models achieving >99.9% R? on standard conditions can
fail catastrophically (>1V error) on physically realistic edge cases. Benchmark suites for battery
models should include adversarial conditions to provide meaningful safety guarantees.

ML models need out-of-distribution detection. None of the ML frameworks we tested provide
any warning when predictions become unreliable. Integrating conformal prediction intervals or
ensemble disagreement metrics [Navidi et al., 2024] into battery ML pipelines is a practical necessity
for deployment.

Physics model fidelity is a hidden variable. The SPM and SPME models diverge by >1V at
high C-rates, meaning the choice of physics model complexity is itself a major source of prediction
uncertainty. Users selecting “a physics model” for their BMS may not appreciate how much this
choice affects predictions under stress.

Ensemble monitoring as early warning. The correlation between physics-ML disagreement and
prediction reliability (r = 0.386) suggests that running multiple model types in parallel and monitor-
ing their agreement can flag roughly 75% of unreliable predictions. This approach requires minimal
additional computation since physics models are already used for BMS design.

5.3 Comparison with Prior Work

Our results extend prior qualitative observations with systematic quantification. Where Lin et al.
[2021] noted that ECM fidelity drops under fast charging, we quantify that SPM—-SPME divergence
reaches 1.33V at 3C. Where Tu et al. [2021] noted that ML fails out of distribution, we measure
a 43.3x RMSE increase and taxonomize 80 silent failures across 168 conditions. Where O’Kane
et al. [2022] identified degradation path non-uniqueness, we confirm via physics model divergence
at transitions that modeling choices propagate into qualitatively different predictions. Where Zhang
et al. [2024] documented cross-condition generalization failures, we provide a structured taxonomy
across model types and condition categories.



Table 5: Regime transition results. Six of seven protocols cause significant or catastrophic failures
in at least one model class. Pulse discharge produces the worst ML failure (1.66V RMSE).

Protocol SPM-SPME RMSE (V) Worst ML RMSE (V) Failure Type
Baseline 1C 0.056 0.025 Acceptable

Step low—high 0.233 0.205 Significant degradation
Step high—low 1.446 0.207 Significant degradation
Rapid oscillation 0.700 0.114 Significant degradation
Pulse discharge 1.308 1.660 Catastrophic ML failure
Cold start ramp 0.116 0.179 Significant degradation
Hot aggressive 1.529 1.080 Catastrophic ML failure

(a) Voltage curves under transition protocols. (b) Summary of transition failure severity.

Figure 5: Regime transition analysis. (a) Voltage prediction curves show dramatic divergence be-
tween models under dynamic protocols. (b) Six of seven protocols cause significant or catastrophic
failures, with pulse discharge and hot aggressive protocols being the most damaging.

5.4 Limitations

Synthetic ground truth. We use SPM output as the training target for ML models. In reality,
the physics model itself may deviate from experimental measurements. Our framework identi-
fies physics-ML disagreement and inter-physics divergence but cannot determine absolute accuracy
without experimental validation.

Single chemistry. All simulations use the Chen2020 parameter set for NMC81 1/graphite. Results
may differ for LFP, NCA, or solid-state chemistries where different electrochemical processes dom-
inate.

No degradation modeling. We use fresh-cell parameters without degradation mechanisms (SEI
growth, lithium plating, particle cracking). Degradation would add another dimension of potential
failure, likely amplifying the effects we observe.

Limited ML architectures. We test tabular ML models as proxies for more sophisticated ap-
proaches. Sequence-to-sequence models (LSTM, Transformer) trained on raw time series might
handle regime transitions differently, though they would still lack out-of-distribution guarantees.

Isothermal assumption. Temperature is set as a parameter rather than computed from heat genera-
tion. Thermal runaway scenarios and self-heating effects under high C-rates are not captured.

6 Conclusion

We presented BATTERYPROBE, the first systematic adversarial probing framework for battery simu-
lation models. By testing five models across 168 condition-model pairs spanning standard, extreme,
and regime-transition scenarios, we uncovered 80 silent failures, 20 catastrophic errors, and 12
physically impossible predictions—all produced without any warning to the user. We established a
taxonomy of six failure modes and showed that their distribution depends strongly on the operating
condition category.

Our central finding is that standard battery model benchmarks dramatically underestimate real-world
failure risk. ML models exhibit a 43.3x increase in prediction error under adversarial conditions,



Ensemble Monitoring: Flagging Unreliable Predictions
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Figure 6: Relationship between physics model divergence (SPM—-SPME RMSE) and ML prediction
error. The positive correlation (r = 0.386, p < 107%) indicates that physics model disagreement
can flag conditions where ML predictions are unreliable, enabling ensemble monitoring as an early
warning system.

and physics models diverge by up to 1.53V under regime transitions. These failures are not random:
C-rate extremes are more damaging than temperature extremes, combined extremes are worse than
single-dimension extremes, and regime transitions—especially pulse discharge—produce the most
severe ML failures.

We recommend three concrete steps for the battery modeling community: (1) include adversarial
conditions in standard benchmark suites, (2) integrate out-of-distribution detection into ML battery
models, and (3) deploy ensemble monitoring of physics-ML disagreement as a practical early warn-
ing system. Future work should validate these findings experimentally, extend the framework to
degradation-coupled models and alternative chemistries, and evaluate whether sequence-based ML
architectures (LSTM, Transformer) offer improved robustness to regime transitions.
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