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Abstract

In this work, we provide a fine-grained analysis of the training dynamics of weight
matrices with a large learning rate 17, commonly used in machine learning practice
for improved empirical performance. This regime is also known as the edge of
stability, where sharpness hovers around 2/7, and the training loss oscillates yet
decreases over long timescales. Within this regime, we observe an intriguing
phenomenon: the oscillations in the training loss are artifacts of the oscillations of
only a few leading singular values of the weight matrices within a small invariant
subspace. Theoretically, we analyze this behavior based on a simplified deep matrix
factorization problem, showing that this oscillation behavior closely follows that
of its nonlinear counterparts. We provably show that for n within a specific range,
the oscillations occur within a 2-period fixed orbit of the singular values, while the
singular vectors remain invariant across all iterations. We extensively corroborate
our theory with empirical justifications, namely in that (i) deep linear and nonlinear
networks share many properties in their learning dynamics and (ii) our model
captures the nuances that occur at the edge of stability which other models do not,
providing deeper insights into this phenomenon.

1 Introduction

Deep neural networks have demonstrated remarkable performance across various applications [1].
Despite being heavily overparameterized, deep learning models generalize effectively well in practice,
seemingly contradicting traditional statistical learning theory [2, 3]. Over the past decade, there has
been an abundance of research devoted to understanding this phenomenon, with a key revelation being
the implicit bias inherent in the optimizer used to train the network towards “simple” solutions [4-7].
For example, a line of work has shown that gradient descent (GD) learns simple functions [8, 9],
while others suggest that GD exhibits a bias towards low-rank solutions [6, 10, 11].

More recently, there has been increasing interest in understanding how the learning rate plays a role
in the learning dynamics [12-17]. One important observation within this line of research is that large
learning rates improve both training efficiency and generalization [12, 13]. From an optimization
perspective, the effect of large learning rates can be categorized into two related behaviors: (i) “edge
of stability”, where the sharpness of the network continually rises and then hovers just near 2/7,
where 17 > 0 is the learning rate [16]; (ii) “benign oscillation”, where oscillations in the training loss
have been shown to improve generalization compared to those with small learning rates [13]. The
main hypothesis behind the benefits of large learning rates is that a large learning rate can potentially
drive networks out of sharper minima to land in flatter minima within highly non-convex landscapes.
It is a popular belief that among all possible minima, the flattest minima are directly correlated with
better generalization [18-21]. Due to the profound implications of these phenomena, many works
have been dedicated to understanding when and why they occur. However, many of the existing
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Figure 1: Similarities in the learning behaviors between deep nonlinear and linear networks. Top
row: dynamics for the penultimate layer of a MLP. Bottow row: dynamics of the last layer of a DLN.
Both networks show that the oscillations in the training loss are a consequence of movements in the
dominant singular values, while the singular vectors remain approximately invariant across time.

works are often based on minimalistic examples such as scalar functions [22], which do not fully
capture the complex behaviors exhibited by practical networks.

On the other hand, while Cohen et al. [16] demonstrated the prevalence of the edge of stability in
many different settings, there were a few caveats—for example, in shallow or wide networks, or on
simple datasets, sharpness does not quite rise to 2/ [23]. Some existing works that analyze the edge
of stability construct simpler functions to mimic the behaviors of progressive sharpening and the
edge of stability, but fail to capture these subtle nuances. Thus, the current theoretical understanding
of this phenomenon is still far from satisfactory.

In this work, we analyze the effect of large learning rates for solving the deep matrix factorization
problem. Interestingly, we observe that this problem captures both the nuances of the edge of stability
while mimicking the behaviors of nonlinear networks when trained with large learning rates. We
illustrate this claim in Figure 1, where we highlight a few similarities between deep linear and
nonlinear networks. First, we observe that the oscillations in the training loss of both networks
are heavily influenced by the magnitude of the dominant singular values of the weight matrices.
Second, despite the oscillations, the consecutive weight updates seemingly occur only within invariant
subspaces. These observations suggest that (i) the training dynamics of both networks largely occur
within minimal subspaces and (ii) deep linear networks (DLNs) serve as viable surrogates for
analyzing nonlinear networks, as previously done in the literature [24, 21, 11, 25, 6].

Our Contributions. Through our analyses, we make the following key contributions:

* Characterization of GD Dynamics within Invariant Subspaces. We precisely characterize the
GD dynamics of each weight matrix of deep linear networks in contrast to existing works that use
gradient flow [26, 25] or do not fully characterize the dynamics [10]. We show that, regardless of
the magnitude of the learning rate, the singular vectors of the DLN remain invariant.

* Benign Oscillations in Singular Values. Using our characterization of the dynamics, we
rigorously show that within a range of learning rates 7, oscillations in DLNs occur within the
singular value space of a period-2 orbit fixed point, depending upon the magnitude of the target
singular value. We also show that the remaining singular values stay constant from initialization
throughout all iterations despite having large learning rates, explaining the behavior in Figure 1.

We extensively support our analyses with empirical results and demonstrate the connection between
DLNs and nonlinear networks at the edge of stability and its oscillations, offering deeper insights
compared to existing works that have primarily focused on simpler functions.

Related Works. We briefly survey a few related works to highlight their differences, and provide
a detailed discussion in Appendix A. DLNs are often used as prototypes to study the behaviors of
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nonlinear networks [27, 25, 24, 28]. The most relevant literature on DLNs are those by Yaras et
al. [10, 29] and Kwon et al. [11], who reveal that the weight updates of deep networks occur within an
invariant subspace. Our work differs from that of Yaras et al. [10] in that we fully capture the learning
dynamics of DLNs throughout the entire GD process. While Kwon et al. [11] observe invariant
weight updates, they use this observation for model compression and do not study the learning
dynamics with large learning rates. Regarding the edge of stability, the most relevant works are those
that analyze scalar functions to demonstrate that the edge of stability occurs on such functions, which
have a non-zero third-order derivative and satisfy certain regularity conditions [23, 12, 22]. However,
as mentioned previously, these works do not capture the more complicated models that we consider
in this work.

Notation and Organization. We denote vectors with bold lower-case letters (e.g., x) and matrices
with bold upper-case letters (e.g., X). We use I,, to denote an identity matrix of size n € N. We use
[L] to denote the set {1,2,..., L}. We use the notation o;(A) to denote the i-th singular value of the
matrix A. This paper is organized as follows. In Section 2.1, we set the stage by presenting the deep
matrix factorization problem. In Section 3, we discuss our theory related to simplicity biases in deep
linear networks and their behaviors at the edge of stability. Lastly, we corroborate our results with
experiments in Section 4.

2 Background

2.1 Deep Matrix Factorization

We consider the deep matrix factorization problem, where the objective is to model a low-rank
matrix M* € R%? with rank(M*) = r via a DLN parameterized by a set of parameters ® =

{W, e R¥xd }5:1, which can be estimated by solving

: * 1 *
arggnnf(@;l\/[ ) = 5||WL....-W1 —M* |2, (1)
N——————
=Wp.1
where we adopt the abbreviation W.; = W - ... - W; to denote the end-to-end DLN and is identity

when j < i. We assume that each weight matrix has dimensions W, € R*? to observe the effects
of overparameterization.

To obtain the desired solution, for every iteration ¢ > 0, we update each weight matrix W, € R4*¢

using GD with iterations given by
Wi(t) = Wt —1) —n-Vw, f(O( —1)), VEe[L], @
where 7 > 0 is the learning rate and Vwy, f(©(t)) is the gradient of f(®) with respect to the [-th
weight matrix at the ¢-th GD iterate. We consider a particular initialization for each weight matrix:
WL(0) =0, W,(0) =aly, VCe[L-1], 3)
where « € [0, 1] is a small constant. This particular choice of initialization was also considered in the

work by Varre et al. [30], albeit for two-layer networks. We observe that this initialization induces a
particular simplicity bias over other initializations, which we discuss in the following sections.

2.2 Edge of Stability and Benign Oscillation

In this section, we briefly define the edge of stability and the benign oscillation phenomenon.

Definition 1 (Sharpness). Given a loss function g(0), the sharpness is defined to S(0) := ||V2g(0)||2,
which is the maximum eigenvalue of the Hessian of the loss.

Classical optimization theory (descent lemma for GD) states that training via gradient descent is stable
only when the sharpness is bounded by 2/7 [17]. However, for overparameterized deep networks,
the descent lemma does not predict optimization dynamics, giving rise to a phenomenon called the
“edge of stability”, which we formally define below.

Definition 2 (Edge of Stability [16]). During training, the sharpness of the loss S(0) continues to
grow until it reaches 2 /1, and then it ceases to increase and hovers around 2 /7). During this process,
the training loss behaves non-monotonically over short timescales, yet consistently decreases over
long timescales.
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Figure 2: Illustrations of the singular vector and value evolution of the end-to-end DLN. The singular
vectors of the network remain static across all iterations, despite all weight parameters being updated.
The first two singular values undergo oscillations due to the large learning rate.

The increasing of the sharpness throughout training refers to a stage termed “progressive sharpening”.
Once the sharpness is above 2/7), descent lemma suggests that the loss should no longer decrease.
Despite this, the loss continues to decrease in deep networks, though non-monotonically.
Definition 3 (Benign Oscillation at the Edge of Stability [13]). For a highly non-convex landscape,
the implicit bias of GD at the edge of stability ensures that the sharpness achieved is upper bounded
by 2/n. This property of GD helps escaping sharper basins in the loss, where S(6) > 2/n through
oscillations and settles for minima in which the sharpness is roughly 2 /.

We term this oscillation as “benign” as it has the property to escape sharper landscapes as EOS
upper-bounds the sharpness by 2/7. Since the sharpness is 2/, for larger learning rates, we settle for
flatter minima, which is seemingly believed to be beneficial for generalization.

3 Theoretical Results

In this section, we present our theoretical results discussing the simplicity biases inherent in GD for
learning DLNS, as well as characterize the behavior of DLNs at the edge of stability.

3.1 Simplicity Biases in Deep Linear Networks

Our first result proves that, with the initialization stated in Equation (3), the weight matrices of
the DLN possess low-dimensional structures, while their singular vectors remain static for all GD
iterations ¢t > 1.

Theorem 1 (Singular Vector Invariance). Let M* € R%*? be a rank-r matrix with SVD M* =
Uz V', Suppose we run GD (2) with learning rate 1) and with the initialization in Equation (3).
Then, each weight matrix W (t) € R?*4 has the following decomposition for all t > 1:

Wi(t) = U FLO“) g} v T W) =V [ng) aI‘:J VT ovee[L -1, @)
where

S =St —1)—7n- (iL(t 1).Stg 1) - 2:) SSLlg 1)

S(t)=S(t—1)- (IT St —1)- (iL(t 1) B 1) — z::) B3t 1)) ,
where 31,(t), 5(t) € R™*" is a diagonal matrix with £1,(1) = nal=1 - £% and £(1) = ol,.

Remarks. Due to space limitations, we defer the proof to Appendix C.1. By using this particular
initialization, Theorem 1 proves that (i) the singular vectors of each weight matrix remain static
throughout the course of learning and exactly align with those of the target matrix M*; and (ii)
the residual singular values (i.e. the d — r singular values) remain constant throughout all GD
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Figure 3: Depiction of the two phases of learning in the deep matrix factorization problem. Upon
escaping the first saddle point, we enter the edge of stability regime, where the sharpness hovers just
above 2 /7.

iterations, regardless of the learning rate (upto divergence). Looping back to Figure 1, these points
provide insights to why only a few singular values contribute to the oscillations — only a few singular
subspaces are updated while the rest remain close to initialization (and are invariant). Interestingly,
Theorem 1 also shows that despite being overparameterized, the end-to-end DLN is exactly a low-rank
matrix. To see the point more clearly, notice that we can write the end-to-end DLN as

_ o |Zo@®) o] [E@) o o g [ BL() - BETNE) 0] T
Wra(t)=U [ 0 ol 0 al,, vV =U 0 0V .
Thus, W .1 (t) is exactly a rank-r matrix, where r is the rank of M*. We empirically corroborate
our theory in Figure 2, where we show that indeed the singular vectors immediately align with those
of the target’s singular vectors.

Furthermore, by the singular vector invariance property, notice that we can rewrite the loss as
1 * 12 L& s L—1 *|2 1 < *\2
S IWea(t) = MR = S £2(0)- S50 - 2 = 5 0 (@(Wea(®) o)), )
=% (t) =t

where we use the notation o} = ¢;(M*) for simplicity. Thus, we can simplify the loss in terms of
the singular values alone. This loss is also separable — we can consider a single index ¢ one at a time.
This observation will become useful in the next section for analyzing the edge of stability.

3.2 Edge of Stability in Deep Linear Networks

Generally, the learning dynamics of deep networks with a large learning rate undergo two phases: (i)
progressive sharpening and (ii) edge of stability. For DLNs, we observe the same two phases, which
we describe in more detail below:

1. (Saddle Escape & Progressive Sharpening). Recall that we use a small initialization scale
a € [0, 1] to initialize the weight matrices. This induces a saddle-to-saddle training dynamic [31],
where the singular values are incrementally learned one at a time [11, 32, 25]. We observe that
the escape of the first saddle point corresponds to the progressive sharpening stage, where the
sharpness of the Hessian continually rises.

2. (Edge of Stability). Upon escaping the first saddle point, we enter the edge of stability regime,
where the sharpness hovers slightly above or below 2 /7. Within this regime, the oscillations in
the singular values begin to occur, which corresponds to oscillations in the training loss. We
observe that the oscillations may occur within a 2-period fixed orbit.

Both of these stages are depicted in Figure 3. Our objective is to rigorously analyze the behavior at
the edge of stability. To do so, throughout the rest of this section, by Theorem 1, we will consider the
following loss in terms of the singular values:

2

L
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Figure 4: Observing the balancedness between the singular value initialized to 0 and a singular value
initialized to a.. The scattered points are successive GD iterations (going left to right). For a larger
value of «, the initial gap between the two values is larger, but quickly gets closer over more GD
iterations.

where we denote wi(t) = o;(W,(t)) and 6° = {wé}le. Equipped with £(-), we present a result
stating the sharpness of the loss in terms of the singular values.

Lemma 2 (Informal). Consider the objective function L(-) in Equation (6). Suppose we run GD

in (2) with initialization w’, (0) = 0 and wj(0) = o, V¢ € [L — 1]. Then at convergence, the Hessian
. _z2

is a rank-1 matrix and the sharpness is given by L" (6") = 202(2 r )

We prove this in Lemma 2 in Appendix C. Now, before we proceed, we will first state a conjecture

that we use for the main result.

Conjecture 1. Suppose we run GD in (2) with learning rate n = *(;

2
2-2)

and the initialization in

9

Equation (3). Then, as t — o0,

lwh (t) —wi(t)| =0 Viel[r], Ve[L-1].

Recall that by our initialization scheme, w (0) = 0 and w}(0) = « for all £ € [L — 1]. Thus, except
for w? (t), all of the other singular values across all weight matrices remain balanced throughout all
iterations of GD.' Conjecture 1 states that if we pick a learning rate roughly equal to 2 divided by
the sharpness at the minima?, then throughout the course of learning, w (¢) becomes increasingly
balanced and equal to the rest of the singular values {w}(t)}. We provide evidence to support this
conjecture in Figure 4 and note that this has been rigorously proved for two-layer scalar networks [33].
Notice that at initialization, the gap is exactly «. Thus, in Figure 4, we observe that for larger values
of «, the balancing quickly occurs, whereas for smaller values of «, the balancing is immediate.

Theorem 2 (Periodic Orbit at the Edge of Stability). Consider the objective function L(-) in Equa-
tion (6), where o} is a singular value of a symmetric target matrix M*. Let GD,,(-) denote one GD
step with learning rate n:

GDy (wi(t)) = wy(t + 1) = wy(t) — 1V, LO'(1)),

1 ,
and define s == a: L. Then, under Conjecture 1, for any € > 0 and any point wj(t) € [s — e, s|, there
exists a learning rate %(g) <n< W such that GD,)(GD,,(wi(t))) = wi(t).

Sketch of the Proof. We briefly outline the sketch of the proof here and defer the details to
Appendix C. Since our goal is to demonstrate the edge of stability for deep matrix factorization, we
first compute the Hessian of the simplified loss in Equation (6) via Lemma 2 in manuscript. Then, we
establish the connection of the Hessian (as well as sharpness) between the simplified loss (6) and the
original deep matrix factorization loss (Equation 1) through Lemma 1 in Appendix. Upon establishing
this connection, in Lemma 2 in Appendix, we prove that GD achieves the smallest sharpness value

_2
amongst all minima (which is computed to be 20: T ). Finally, we prove the occurrence of the edge
of stability in the loss Equation (6) by proving existence of 2-period orbit oscillation in Theorem 2.

'Based on the scalar loss, the derivative with respect to each singular value is the same. Hence, by starting
from the same initialization, they remain balanced.

2As opposed to quadratic loss for which using 1 = cause the iterates to diverge and blow up.

2
1v2g(O)ll



198
199
200

201
202
203
204
205
206
207
208
209
210

211

212
213
214
215
216
217
218

219
220
221
222
223
224

Train Loss

Singular Value Magnitude
£y
©

0 200 400 600 800 1000 1200 200 400 600 800 1000 1200
Iterations Iterations

o

Figure 5: Close-up representation of the oscillation in the singular value as a 2-period fixed orbit. For
a specific value of 7, the singular value oscillates between only two values indicating a period-2 orbit.

n
i
i
il
i
0
I
i
///////////

/)
7
7

0 0 0 0

0
Singular Values (n=75) Singular Values (n = 145) Right Singular Vectors Left Singular Vectors

Figure 6: Depiction of the singular values and singular vectors of the end-to-end matrix throughout
the course of learning for different learning rates 7. For both learning rates, the singular vectors
remain static and align with those of the target matrix.

Remarks. Theorem 2 shows that for any w}(¢) within an e-distance from the local minima s, there
exists a learning rate such that the singular value is a fixed point under consecutive iterations of
GD even when 1 > L%(é) This theorem proves that the loss do not blow up for an > %(s) (as

opposed to what descent lemma for GD predicts), but is oscillating in a 2-period orbit. Hence, this
theorem shows that Edge of Stability is achieved for the loss equation 6 and hence also achieved
in the original Deep matrix factorization loss equation 1 due to the equivalance of the Hessian. In
Figure 5, we provide a closer look at the periodicity of the first singular value of the end-to-end DLN.
To establish Theorem 2, we used two assumptions. The first comes from Conjecture 1 to consider
that the unbalanced singular value at initialization will become balanced with the rest of them. The
second assumption comes from the symmetric structure of M*, which was needed to connect the
Hessian of the singular value loss to the overall loss, as outlined in the sketch proof. However, this is
simply an artifact of the analysis—the results (including Theorem 1), as we consider non-symmetric
matrices throughout all of our experiments.

Furthermore, note that Theorem 2 establishes the periodicity of the oscillations for the loss function
L(-), considering only a specific singular value . If we pick a learning rate 7 that falls within the
specified range for both, say o] and o3, we will observe periodic orbits for both singular values.
However, if we select a learning rate to induce oscillations in o3, it may be too large for o7, potentially
leading to chaos and causing the overall loss to diverge. In Figure 6 and Figure 14 (Appendix), note
that weights with a larger value of sharpness will have a high amplitude in oscillations. Based on the
computed sharpness value, this implies that larger singular values have higher sharpness values and,
hence, have higher oscillations.

Lastly, we briefly discuss the relationship between ours and existing results. There exists a large
literature of work that focus on studying oscillations and chaos in dynamical systems [34—-36]. For
example, Chen et al. [37] analyzed the various phases of oscillation: catapult, periodic, and chaotic
phases for GD in a quadratic regression problem with increasing learning rate. Chen et al. [23]
analyzed the period-2 orbit for oscillations for a family of scalar functions. Our work focuses on orbits
in deep linear networks, provided by the key insight in that the singular vectors remain invariant.
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4 Experimental Results

This section is organized as follows. Firstly, in Section 4.1, we present additional experimental results
to support our theory on DLNs. Secondly, in Section 4.2, we present results on the edge of stability
in nonlinear networks and their relationship to DLNs.

4.1 Simplicity Biases and Oscillations in Deep Linear Networks

Simplicity Bias. In this section, we present additional synthetic results on the simplicity biases
inherent in GD for learning DLNs. Here, the objective is to showcase the validity of Theorem 1
for both small and large learning rates. To this end, we generate a low-rank matrix M* € R*4,
where d = 100 with rank » = 5 and consider the deep matrix factorization problem. We initialize
with scale & = 0.01 and run GD on each of the factors with learning rates n = 75, 145. In Figure 6,
we display the singular values throughout the course of learning and the angle between the target’s
singular vectors and those of the end-to-end DLN for both learning rates. As stated in Theorem 1, the
singular vectors in both cases exactly align with each other, despite the learning rates. Furthermore,
the residual singular values are exactly 0 throughout the course of learning. For n = 145, we observe
oscillations in the first singular value as we enter the edge of stability due to the large learning rate.

Edge of Stability. Within the edge of stability regime, we
observe that the range of oscillations is highly on the learning — .
rate 7. To this end, we perform an experiment where we | — @
vary the learning rate 1 and compute the amplitude of the -
oscillations under the same experimental setup as above,
but with a target matrix rank of » = 3. In Figure 7, we
show that as 7) increases, the oscillation in the singular value
starts increasing progressively. When n € (145, 162), the
range of oscillation increases only in the first singular value, - - . ; . .
. . . . 155 160 165 170 175 180
while the other singular values do not show any oscillation. Learning Rate
For n > 165, oscillations occur in the first two singular
values and progressively increase with 7, while the rest of
the singular values remain constant. From Figure 6, we
observe that as the oscillations occur for the singular values sequentially, while the singular vectors
stay aligned throughout.

N w EN
n L

Oscillation Range

-
L

o
L

Figure 7: Range of oscillations of the
singular values of end-to-end DLN.

While the edge of stability phenomenon persists across

a wide range of deep network architectures and datasets, 0.0175
there are specific cases in which this phenomenon does not 00150
quite occur. For example, Cohen et al. [16] state that one ~ , ***
of these caveats is that for specific networks (shallow) or ~ £°"*
simple datasets, “the sharpness does not rise that much”. & s
We observe that this is exactly the case for the DLN, which 00025
we demonstrate in Figure 8. In Figure 8, the dashed line 00000

represents 2/7, and clearly, the sharpness value plateaus S Netons
far below this value, despite the training loss going to zero.

At a high level, our theory predicts this phenomenon. By Figure 8: Sharpness of the DLN over
«(2-2) GD iterations.

Lemma 2, it is given by 20, * “’, and so if this value is

less than 2/7, the DLN will not enter the edge of stability. This result provides deeper insights into

when the edge of stability occurs. For specific learning rates, the phenomenon is not invoked.

4.2 Benign Oscillations in Deep Nonlinear Networks

In this section, we bridge the connection between our observations in DLNs with deep neural networks
with non-linear activation layers. To this end, we consider a four layer feed-forward neural network
(i.e., MLP) with hidden layer size in each unit of 200 with ReLU activations. We use this deep
network to classify images on 20k-subsampled CIFAR-10 [38] and MNIST [39] datasets. For the
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Figure 9: Prevalence of oscillatory behaviors and singular vector invariance in 4-layer networks with
ReLU activations.

loss function, we use the MSE loss® by converting the ground-truth labels into one-hot vectors:
L(W4, W3, W2, W1) = [[Y — Wip(W3p(W2p(W:X))) |2, )

where p(-) is the ReLU function, X and Y are the data and labels stacked as matrices, respectively*.
For both networks, we intentionally choose a large learning rate to provoke oscillations at edge
of stability. For each experiment, we plot the training loss, the sharpness, the singular values of
W3, Wy, Wi and the subspace distance for the left singular vector for each layer across successive
iterations, which is defined as:

Subspace Distance = r — ||U,.(W(t)) T U (W (¢t + 1))||2. (8)

The subspace distance characterizes the stationarity of the singular vectors with respect to time.

In Figure 9, we observe that for both the MNIST and CIFAR-10 datasets, the training loss and
accuracy demonstrate significant benign oscillatory behavior, and the sharpness value hovers around
2/n. This indicates that gradient descent is operating at the edge of stability. Similar to DLNs,
damped oscillations occur in the top 5 singular values, while the last 5 singular values remain the
same as they were at initialization. Overall, these results suggest that the behavior of nonlinear
networks at the edge of stability is well captured by linear networks, with two exceptions: (i) damped
oscillations occur in the singular values for nonlinear networks, as opposed to free oscillations in
linear networks; and (ii) the singular vector subspace shows momentary spiking in nonlinear networks,
whereas it remains zero throughout in linear networks. The primary reason for these differences is
the ReLU activation function, which nonetheless provides valuable insights into this phenomenon.

5 Conclusion

In this work, we unveiled an intriguing phenomenon: in the edge of stability regime, oscillations in
the training loss are largely an artifact of oscillations occurring within a minimal invariant subspace.
We analyze this phenomenon by focusing on the deep matrix factorization problem, demonstrating
that deep linear networks exhibit very similar behaviors to their nonlinear counterparts. We showed
that oscillations in linear networks may occur as a 2-period fixed orbit depending on the learning rate.
We provided extensive empirical results corroborating our theory and connecting our results on linear
networks to those on nonlinear networks.

3Sharpness for cross entropy loss drops down to zero at the end of training [16].
“Here, we ignore the bias terms of the network for simplicity in exposition.
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Appendix

This Appendix is organized as follows. In Section A, we survey, summarize, and highlight the differ-
ences between our work and the related literature. In Section B, we provide additional experiments,
namely (i) experiments with different initialization of the DLN; (ii) more experiments at the edge of
stability in DLNSs; (iii) more experiments at the edge of stability in MLPs. In Section C, we present
the deferred proofs in detail. Lastly, in Section D, we provide additional results based on our theory,
which may be of independent interest.

For the experiments on nonlinear networks, we use an A40 NVIDIA GPU, and otherwise run
experiments a MacBook Pro with M2 Pro Chip.

A Related Work

Implicit Bias at the Edge of Stability. Due to the important practical implications of the edge of
stability, there has been an explosion of research dedicated to understanding this phenomenon and its
implicit regularization properties. Here, we survey a few of these works. Damian et al. [17] explained
edge of stability through a mechanism called “self-stabilization”, where they showed that during
the momentary divergence of the iterates along the sharpest eigenvector direction of the Hessian,
the iterates also move along the negative direction of the gradient of the curvature, which leads to
stabilizing the sharpness to 2/7. Agarwala et al. [40] proved that second-order regression models (the
simplest class of models after the linearized NTK model) demonstrate progressive sharpening of the
NTK eigenvalue towards a slightly different value than 2/7). Arora et al. [41] mathematically analyzed
the edge of stability, where they showed that the GD updates evolve along some deterministic flow
on the manifold of the minima. Lyu et al. [42] showed that the normalization layers had an important
role in the edge of stability — they showed that these layers encouraged GD to reduce the sharpness of
the loss surface and enter the EOS regime. Ahn et al. [43] established the phenomenon in two-layer
networks and find phase transitions for step-sizes in which networks fail to learn “threshold” neurons.
Wang et al. [44] also analyze a two-layer network, but provide a theoretical proof for the change in
sharpness across four different phases. [45] analyzed the edge of stability in diagonal linear networks
and found that oscillations occur on the sparse support of the vectors. Lastly, Wu et al. [46] analyzed
the convergence at the edge of stability for constant step size GD for logistic regression on linearly
separable data.

Edge of Stability in Toy Functions. To analyze the edge of stability in slightly simpler settings,
many works have constructed scalar functions to analyze the prevalence of this phenomenon. For
example, Chen et al. [23] studied a certain class of scalar functions and identified conditions in which
the function enters the edge of stability through a two-step convergence analysis. Wang et al. [12]
showed that the edge of stability occurs in specific scalar functions, which satisfies certain regularity
conditions and developed a global convergence theory for a family of non-convex functions without
globally Lipschitz continuous gradients. Lastly, Zhu et al. [22] analyzed local oscillatory behaviors
for 4-layer scalar networks with balanced initialization. Overall, all of these works showed that the
necessary condition for the edge of stability to occur is that the second derivative of the loss function
is non-zero, even though they assumed simple scalar functions. Our work takes one step further to
analyze the prevalence of the edge of stability in DLNs. Although our loss simplifies to a loss in
terms of the singular values, they precisely characterize the dynamics of the DLNs for the deep matrix
factorization problem.

Deep Linear Networks. Over the past decade, many existing works have analyzed the learning
dynamics of DLNs as a surrogate for deep nonlinear networks to study the effects of depth and
implicit regularization [25, 21, 6, 47]. Generally, these works focus on unveiling the dynamics of a
phenomenon called “incremental learning”, where small initialization scales induce a greedy singular
value learning approach [11, 32, 25], analyzing the learning dynamics via gradient flow [25, 48, 6],
or showing that the DLN is biased towards low-rank solution [29, 6, 11], amongst others. However,
these works do not consider the occurence of the edge of stability in such networks. On the other
hand, while works such as those by Yaras et al. [29] and Kwon et al. [11] have similar observations in

13



492
493

494
495
496
497

499
500
501
502

503
504

505

506

508
509

510
511

512
513
514

516

517

518
519

520
521
522

that the weight updates occur within an invariant subspace, they do not analyze the edge of stability
regime.

Difference with related works on GD oscillation Recently, [49] empirically found that in SGD,
catapults occur in a low-dimensional subspace spanned by the top eigenvectors of the tangent kernel.
In our paper, we theoretically analyze this oscillatory phenomenon for Gradient Descent in deep
linear networks. Our theoretical analysis and empirical findings further justify the observations in
their paper. [50] found that oscillations occur on groups of opposing signals in the training data,
which constitute the loss. These opposing signals have features high in magnitude. Our work further
supports and justifies this observation. We observe that features with large strengths (which are
the singular values 01 > o5 > ...0,) demonstrate an increasing tendency for oscillations in their
corresponding singular loss (Figure 14). This is because the sharpness achieved by GD on each
2

. .oo2-2 . o .
singular value loss is o; *, and higher sharpness demonstrates large oscillations for a fixed learning
rate.

B Additional Experiments

In this section, we provide additional results to supplement those in the main paper.

B.1 Choice of Initialization

To analyze DLNs, we considered a particular initialization that was also similarly considered in the
literature:

W, (0) =0, W, (0) = aly, Vee[L-—1], )

where « € [0, 1] is a small constant. In this section, we investigate the edge of stability regime, where
we consider a-scaled orthogonal matrices instead:

W, =aP, e R4 where P, P, =1,.

To this end, we consider the deep matrix factorization problem with a target matrix M* € R¥*4,
where d = 100, » = 5, and a = 0.01. We use GD with a large learning rate 7 = 160 to update
the weight matrices. In Figure 10, we display plots of the singular values and vectors throughout
the course of GD. Here, we observe that oscillations in both the singular values and vectors occur,
whereas with the initialization we consider, oscillations only occur on the singular values. Thus, the
analysis in this case becomes difficult, and does not directly align with the observations in Section 4.

ai(t)

Singular Values Right Singular Vectors Left Singular Vectors

Figure 10: Demonstrating the prevalence of the edge of stability and their oscillations in DLNs with
balanced orthogonal initialization. Here, we observe oscillations in both the singular values and
vectors.

Next, we investigate the possibility of extending our analysis to the case in which we initialize with
one zero and the rest orthogonal matrices:

W (0) =0, W,(0) = aPy, Vle[L-1]. (10)

For this case, we observe an interesting simplicity bias as well, where after some GD iteration 7', the
decomposition in Theorem 1 similarly holds, but with different singular vectors for the intermediate
matrices. We formally present this as a conjecture in Conjecture 2.
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Figure 11: Empirically verifying Conjecture 2 by showing that after some GD iterations, the singular
vectors of the intermediate matrices align, displaying singular vector invariance.

Conjecture 2 (Invariance in Orthogonally Initialized DLNS.). Suppose M* € R**? be a rank-r
matrix with SVD M* = U*S*V*'. Let W(t) € R¥*? denote the (-th weight matrix at GD (2)
iterate t. Then, after some t > T, each weight matrix admits the following decomposition:

WL(t) = U F% O] ( H P)V*} , )
1 1 T
() v [Fa i J[(Mr)v] - ecnson
i=l i=l—1

(1) 0 «T
0 OéId_r ’

where W ,(0) = 0 and W, (0) = aPy, V0 € [L — 1].

Wi(t) =P, V* { (13)

We empirically verify Conjecture 2 in Figure 11, where we compute the distance between the predicted
left and right singular vectors in Conjecture 2 and the singular vectors of the weight matrices across
GD. We observe that while the distance is large at initialization, the distance quickly goes to zero
after a few iterations, verifying the conjecture. Furthermore, we illustrate in Figures 12 and 13, that
even for this initialization, the oscillations only occur in the singular value space. Thus, it is possible
to relax our initialization assumptions, but this requires a slightly more delicate analysis.

107
— w0,
Us(t), 10°

WEm

0 20 0 60 80 0 20 a0 60 80 0 20 a0 60 80 100 0 20 a0 60 80
Iterations Iterations Iterations Iterations

L | — e

Train Loss
Subspace Distance
Sharpness

Singular Value Magnitude

Figure 12: Demonstrating the edge of stability phenomenon, where the initialization is orthogonal
rather than identity with learning rate n = 160.

B.2 More Experiments on Deep Linear Networks

In this section, we provide more experimental results on the edge of stability in DLNs. Specifically,
in Figure 14, we provide plots on how the oscillations change as a function of the learning rate 7. As
we increase the learning rate, which corresponds to the columns from top to bottom, we can see that
the oscillations occur in the top singular value, and then progressively occurs in the second singular
value. For a learning rate of 7 = 92, we observe slight oscillations in the third singular value, but
there is overall chaos in the learning dynamics. This is predicted by our analysis in Theorem 2 — the
learning rate is out of the specified range and hence the orbit no longer occurs. These figures were
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Figure 13: Demonstrating the edge of stability phenomenon, where the initialization is orthogonal
rather than identity with learning rate n = 172.

generated using normal random initialization with scale & = 0.1 and a target matrix with size d = 50
and rank r = 3. We use random initialization to demonstrate that our observations hold without

making the assumptions on initialization.
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B.3 More Experiments on Deep Nonlinear Networks

In this section, we consider a 4-layer MLP and demonstrate the prevalence of the edge of stability
with subsets of the MNIST and CIFAR-10 datasets for varying values of n. The network architecture
is the same as the one considered in the main text in Section 4.2.

T 20 a0 w0 T 20 a0
Epoch Epoch

Layer 1 Singular Value Evolution Layer 2 Singular Value Evolution

EQ o 20w ew
teration

Trointoss Troin Accurscy Layer 0 Singuar Vol Evoltion

|
"o i ’ | \ 2
s '(NN\MWWW JWJ(\N‘MW U’L » JI‘L\M Ml

00 a0 60
teration

Figure 15: Oscillations in singular values of layers in 4 layer MLP with ReLU activations trained on
CIFAR-10 dataset (20k) at various learning rates.
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Figure 16: Oscillations in singular values of layers in 4 layer MLP with ReLU activations trained on
MNIST dataset (20k) at various learning rates.
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CIFAR-10 dataset (20k) at various learning rates.
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Figure 18: Oscillations in singular values of layers in 6 layer MLP with ReLU activations trained on

MNIST dataset (20k) at various learning rates.
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C Deferred Proofs

In this section, we provide detailed proofs of the theory presented in the main paper. This section is
split into two: (i) proofs for the simplicity biases in DLNs and (ii) proofs for the edge of stability.

C.1 Simplicity Biases in Deep Linear Networks

Theorem 1. Suppose M* € R¥*9 be a rank-r matrix with SVD M* = U*S*V* T, Let W(t) €
R¥*4 denote the (-th weight matrix at GD iterate t. Then, each weight matrix has the following
decomposition for all t > 1:

3.t

Wi () :U*[ A

0 * T _\J* i(t) 0 * T _
O]V ., Wy(t)=V [0 aId_JV . Vle[L—1], (14)

where

S =Sp(t—1)—7- (iL(t 1)L - z:) Sl )

S(t) =S¢t 1) (IT e S(t—1)- (EJL(t 1) S 1) - z:) SL3( 1)) :
where 31,(t), 5(t) € R™*" is a diagonal matrix with £1,(1) = nal=1 - % and £(1) = ol,.
Proof. We will prove using mathematical induction.

Base Case. For the base case, we will show that the decomposition holds for each weight matrix at
t = 1. The gradient of f(®) with respect to W is
Vw, f(©) = W—Lr:£+1 - (Wra —M¥) 'W21:1~
For W,(1), we have
Wi(1) =WL(0) —n-Vw,f(B8(0))

=W (0) =7+ (W1 (0) = M*) - W[_;,4(0)

— naL*lM*

—U*. (naL—l . E*) . V*T

_u [f:LO(U g} v T

Then, for each W, (1) in £ € [L — 1], we have
W, (1) = Wy(0) = n- Vw, f(©(0))
= OtId,

where the last equality follows from the fact that W, (0) = 0. Finally, we have

Wi(1) = aVveT = v B 0T g e ),
0 aId,T

Inductive Step. By the inductive hypothesis, suppose that the decomposition holds. Then, notice
that we can simplify the end-to-end weight matrix to

Wpa(t) = U” FL(t) U 8] v,

for which we can simplify the gradients to

Vwa<®<t>>=<U* Fb<t>5L01<t>2: g} V*T>_V* FLolm 8] VT

(fJL(t) S — 2:) S BEL() 0] v+,
0
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for the last layer matrix, and similarly,

=Lt - (fJL(t) S — z:) SL2() 0

Vw, f(©(t) = V* 0

] v telL-1],
for all other layer matrices. Thus, for the next GD iteration, we have
Wi(t+1)=Wr(t)—n-Vw,(O(t))

Sut)—n- (St) S0 - 57) - S ) 0] T
0 0

e Bt +1) 0]yt
_U[ LPU 0T

Similarly, we have
Wit +1) = Wy(t) —n- Vw,(O(t))

v |EO =00 (B B - =) SR 0 ]Vﬂ
0 aId—r

v B0 (L= S0 (S0 S0 - 5) - £00) 0 ] v
0 aly_,

. * _i(t + 1) 0 *T
=V 0 aIdJ v ’

for all £ € [L — 1]. This concludes the proof.

C.2 Edge of Stability in Deep Linear Networks

Throughout this section, for simplicity in notation, we denote o; = ¢, and this is clarified where
necessary. Here, we give a brief overview of the proofs provided in this section.

In Lemma 1, we establish the relation of the Hessian of the original deep matrix factorization loss
and loss on the singular value. Our Lemma shows that the eigenvalues of the Hessian of the deep

. L . . . 2—2 .
matrix factorization when trained with GD are given as 20; © and the rest N*L? — r eigenvalues
are zero. Here, we establish that under assumption that target matrix is symmetric, analyzing the
eigenvalues of the Hessian of the singular values is sufficient. Then, in Lemma 2, we derive that the

2
sharpness achieved by GD on the singular value loss is 202-2_f. This is in fact the minimum value
of sharpness achieved among all global minima points. Finally, in Theorem 2, we prove that edge
of stability can be observed in the singular value loss by showing the existence of a 2-period orbit
oscillations for a learning rate occurring in the edge of stability.

Lemma 1. Consider running GD on the loss defined in Equation (1) with a symmetric matrix
M* € R¥¥9, Then, the eigenvalues of the Hessian with respect to the end-to-end DLN of Equation (1)
are equivalent to those of the loss given by

2

L
. 1 )
L£(0") =5 [Twi-0oi] ., vield.
j=1

Proof. We can express the objective function for deep matrix factorization in a vectorized form:

1 1
f(©) = 5Wra - M*||f = 5 llvee(Wrir) — vee(M")|[3.

Then, each block of the Hessian V2 f(©) € R* Lx4°L i given as

[Vo/(©)],,, = Vaeerw /(@) Vieew, /() € BT

l,m
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By the vectorization trick, each vectorized layer matrix has an SVD of the form vec(W,) =
vec(U;X,V/) = (V, ® Uy) - vec(X;). Then, by Theorem 1, notice that we have

VVEC(Wg)f(Q(t)) = (Vﬂ & Ul) . vvec(Ez)f(Q(t))'
Now, each block of the Hessian is given by
vvec(Wg)f((-))V\—/rec(Wm)f(@) = V\—/rec(Wm) : (Vf & UZ) . vvec(Ez)f((-))
= (Vi@ Ue) - View,) [ (©)Viee(s,) [(©)
= (Vi@ Up) - Vi) Vaeem) F(©) - (Vi @ Up) T

where we applied the invariance property in the last line. Notice that the curvature of the Hessian of
the loss with respect to the original weight matrices simply depend on the curvature of the loss with
respect to the singular values.

Now, let w} denote the i-th singular value entry of ;. Let us define w; € R? as a vector containing
all of the diagonal elements of 35,

1,2 T

wy = [w} w? ... wi]".

Note that 3, = diag(wy), 50, Vee(x,) f(©) = Vy, f(©) ® e;. This is because vectorizing X,
pads additional d zeroes. So taking the second derivative, gives us the he relationship between
V‘,Tec(zm)f(Q)Vvec(ge)f(@) and V|, f(©)Vy, f(©) which is given as:

Viee(®,) (@) Vieez) f(©) = Vg, f(©)Vw, [(©) ®(erey ),

Rd2 xd2 Rdxd

where e; € R? is the first elementary basis vector. This result also states that the non-zeros
eigenvalues of V‘ZC(EM)J‘(@)VWC(EU}”(@) are the same as those of V[, f(©)Vy, f(©). Then,

notice that V|, f(©)Vy, f(©) can be computed as
L
o dw] dwi,

(Vi [(©) Ve, f(O©)]

Fori=jandi > r,

%L . _ _
(Ml) = sz sz —|—<1;[w}€—ai> H wg,

k£l k#m k£l k#£m

So, if either I # L and m # L, then (8 2265 - ) = 0 since wlL = 0, for all <. This makes
Wy OWoy,

Ve, [(©)Vy, f(©) to be a diagonal matrix with rank 7. Hence, the overall Hessian for deep matrix

factorization is given by

Ve [(©) = [Viewn) Veeerw,) T [(O)], 15 1

= [(Ve® U)Vsee(m)™ Veeem) F(OB) (Vi @ Un) T, )

= [(Ve@ U1) (Vw,, Vw, f(©1) @ (ere])) (Vu @ Un) '], 1y 1
0L

j .
Owj ows,

(Ve @ Uy) ( > ® (ere]) | (Vi @ U,)T

I,m=1,2,....L

Now, since M is a symmetric matrix, we have U, = V, and U,,, = V,,,, so the Hessian is simplified
to:
oL

V%f(@) = (Ve ®Vy) ((W) & (elelT) (Vi ® Vm)T
l m ;g

l,m=1,2,...,L
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oL
Qwjow?,

609 In Lemma 2, we calculated ( ) , which is a matrix representing the second-order partial
lm

s10  derivatives of the loss function L with respect to the weights w} and w?,,.

. . . i 2—2
611 At convergence for gradient descent (GD), this matrix was found to be rank 1 with eigenvalue 20, *.

2L

e12  This means that at convergence, the Hessian matrix (awaiW) has only one non-zero eigenvalue
9% J 1 m

2—2 ., . . .. .
613 20, *,indicating that it is a rank 1 matrix. Let us denote

2
P N
dw}wn N

m=1,.,L

=LL];i=1,.n
d*L 3L 3L L 2L
Ow} dw}, w} dw2, ow] w3, Ow] dw?,
%L %L L . 9L
w?dw}, w?ow2, Ow?ows, widwl
%L %L %L . 9L
wFowl, wPow, owP w3, owFowy,
d*L 3L 3L L %L
owowl, ow]Ow?, owjrows, owrowr,

Hl(]-v]-) H1(1’2) H1(1,3) Hl(]-aL)
Hy(2,1) Hi(2,2) Hy(2,3) Hy(2,L)
—| H1(3,1) Hi(3,2) Hi(3,3) H,(3,L)
Hy(L,1) Hy(L,2) Hy(L,3) Hy(L,L)

614 and also denote

( oL ) ( °L ) ( 9*L ) ( oL )

BUJ{Ow{ Owiaw% Bwiawg Bwiawi
( °L ) ( ’L ) °L ) ( °L )
Owiow] dwiow, Owhowi, Owsow?,

|G G5 @3 -
8wé8w”1 8wé6wjz awgawé Bwéﬁwi
(az'.c) (a&) (aéa) (a@;)
6w28w1 sza’w] 6w}46w’ Bwi@wi
H2(171) H2(172) HQ(]-?S) HQ(LL)
H2(2v1) H2(272) H2(273) H2(21L)

= H2(371) H2(372) H2(373) H2(31L)
Hy(L,1) Hy(L,2) Hs(L,3) Hy(L,L)

615 Note that H; and H» are related by a permutation matrix, since the hessian is obtained in each case,
616 are after rearranging the variables, the eigenvalues of [1; and I are the same.
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626
627

628
629
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631
632

633
634

635

636

637
638
639

640
641

642
643
644

645

647

Next, in lemma-2, we obtained the diagonal blocks of H , i.e, Hq(4,4) which was rank 1 and had
eigenvalue to be 25?7? And the off-diagonal blocks H (i, ) = 0.

So, this makes, H; to be a block diagonal matrix with eigenvalues ||Hi(1,1)|l2 =
_2 _2 _2
2sf TOH(2,2)]]2 = 253 Lo Hi(rr)|e = 252~ © (which are the only eigenvalue of each

block).

For H,, at convergence for GD, all the blocks are same, Hy(1,1) = Hs(1,2) = ...H3(L, L) and
each such block is diagonal with rank r. So, the overall rank of the block matrix Hs is still r (as
repitition of the block matrix merely increases the number of zero eigenvalues but keeps the non-zero
eigenvalues the same).

Now, establishing the connection between the block matrix whose eigenvalues we derived and the
hessian of the original loss, we are left with the last step. The Hessian of the original loss:

V%af((-)) = [vvec(We)Vvec(Wm)Tf(G)}Lm:l’gr._,L

2L

j .
a’wl awzn

(Ve Vy) ( ) ®(ere]) | (Vm @ V)T

lm=1,2,..., L

[(Ve@ Vo) (Ha(i, ) @ (ere])) (Vi @ Vi) ],y )

s

. C . e 2—-2
Since, we already showed that Ho (4, ) is a rank r matrix with eigenvalues s; *,i—1,2,..r.,note

that H(i,7) ® (ere] ) also has the same eigenvalues and rank. Now, we observe that every block
matrix in VZ f(©) has the same eigenvalues. This is because:

1. Multiplication by orthogonal matrices (V,, ® V,,) and (V, ® V) does not change the rank or
the eigenvalues of the matrix.

2. Each block has the same set of orthogonal matrices multiplied on both sides (due to the symmetric
assumption). So, the eigenvalues and rank of VZ, f(©) and Hy are the same.

With this, we show that that the eigenvalues of the Hessian for GD for the deep matrix factorization

2-2
loss at convergence are 2s; “,i=1,2,...r. [

Lemma 2. Consider the i'" singular value loss on L variables L(w? , wé,w}) = %(w’L Hlez wh —
0;)% then for Gradient descent on the loss with initialization (wt(0),..w}(0),w(0)) =
(0, v, cv.., &), prior to GD oscillations would converge to a point where the sharpness achieved

_z
is given as |V2L||y = 23? L. Furthermore, the sharpness of the final point achieved by Gradient
Flow is larger provably.

Proof. For sake of notation and easy proof writing, we will slightly alter the notation to w} = =,

wh | =y, wh 5 =y, wi =yn,0; =sand L = N + 1. Since, the loss is wrt N + 1 variables,

we will start by calculating the Hessian matrix V2L which will be (N + 1) x (N + 1) symmetric
. . _ 1 N o 2

matrix. So, given £(z, y1,..,yn) = 3 (= [[;=; y; — $)%

First Derivatives:
N N N N
oL oL
pr a:Hyj—S qu, Do xHyj—s xHy] foralli =1,2... N
x " - Yi n oy
j=1 i=1 j=1 VE)

Second Derivatives: )

N 2 N
Vic=(Hm), v o= (o[n] -
=1

i#]
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VoV, L=V, V. L= Hyg—s ]__‘[yj-f—ftl_‘[yjl_‘[y2 foralli=1,2..,. N
j#i VE) i=1

VyVy,L=2x Hkayk-l—x a:Hyj -5 H yr foralli=1,2., Nandj=1,2.., N
k#j  k#i k#i,k#j

s4s Calculating the elementwise Hessian, the (N + 1) x (N + 1) can be written as a block matrix
649  structure:

V2L | VoV Licio.N
v2£ 7 . _ T Yi~1=1,2,..
(Z, 91, YN) [ (VaVyLizi2,.8)" | (V4. Vy,L)ij=12,.N

ss0 where (V,Vy, £); j=1,2,..n is an N x N matrix with the i;j'" element being V,, V,, L.
51 V.V, Lisa (1 x N) vector with the i** element being V, V,, L.

es2  Putting the expressions for the second order derivatives at the minima (x H;V:1 y; —s) =0, we get:

N N N
v | Il
N N N N
w1z «%‘Jj ‘ [952 [Tk v Ihos yk} g

653 Since, due to same initiaization, all ;’s are same throughout. Note that due to repetition, the matrix
654 H can be represented by sum of few rank-1 outer-products as follows:

=H

VELG 1Y gy (T2 915 UN) =

Hyz )’ere] + xHngyz eze] + xHy]Hyz erey + 2 Hkaykezez

JFi i=1 j VE) =1 j k#j k#1

ess where ey = [1,0,0,..0]" andez = [0,1,1,...1]

56 SO, it is easy to observe that the span of the eigenvector of H will be span (e, ez2). Say eigenvector v
es7  of H is written as v = aeq + beg with a? + b = 1, since eigenvector has unit norm. Then we have:

H(aeq + bez) = H Yi) aer + ax H Yj H yiez + bx Hyg H yiez + ba? H Yk H Yke1

VE) i=1 VE) i=1 k#j k#i
N N N N N
= ((JJw?a+0 |«]Twi [Twi|)er + (a |2 ]]ws H% +b2® [ [ ww Hyk)ez
i=1 JAi =1 JAL =1 ktj ki

ess  which shows that H maps span (e, ez) to itself. We used the fact that e{ ez = 0 and e] e; =
659 eges = 1. Now, by definition of eigenvector:

H(ae; + bez) = A(aeq + bes)

660 S0, using the above two equations, we get the linear system of equations as follows:

)R R S RV  REYT M _ H
wH#iyjHZ 1% % Hk;ﬁjyknk#zyk A
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es1  Since, a2 + b%> = 1, we can’t have ¢ = 0, b = 0, so it must hold that

N N N
d (ITizy yi)? — A T H_j;éi yi L2 vi —~0
et N N 9 N N N
Lz vi Iz vi @7 Ty v Tl ye —

e62 This gives us a quadratic equation on )\ as follows:
N N N N N
(QTw? =@ [To [T =N - @]Jw [Tv)* =0
i=1 k#j  k#i j#i =1
N N N N
Hyz )2 + 2 Hyk Hyk + @[Ty [Tv)* = @[Tw [Tv)* =0
k:#] k:7$7, VED) i=1 YE) i=1
qu +1’2Hkayk )=0
k#j k#i
663

Since, the matrix is rank-1 by repetition of values, the largest eigenvalue corresponds to

A&, Y1, - YN) = Hyz +$2Hkayk

k#j k#i

g )\(x7y1u' ayN Hyl .’I,' +yj
7]

e64 The last line is due to the fact that y; = y; due to the same initialization

665 Now, to find the the solution (x, 1, ..., yn ) that gives the smallest value of A subject to the constraint
N . .
666 xy; [[; +; Yi = S, we substitute y; from the constraint:

N 2
s
A(xayla"'ayN>:(| Iyi)2(x2+ )
i#j (Hz]'\;éj yi)*a?

e67 To make sure, that the minimum eigenvalue ) is reached for a choice of (z, y1, ..., yn ), we need to

ensure that g’\ and a’\ forall i = 1,2, ..N equates to 0. Furthermore, the second derivative 2 82 A and
%A

e for all ¢ are strlctly positive.

668

2
Hyz L) =0
i ([T vi)?e
N
— I—Iyz =3
i#£j

670 This equality combined with constraint zy; Hf\; Y= Hi\[:l y; = S, This relation gives us the
. 1 .

671 solution for each of x = y; = y» = ... = yn = s¥+7, as all of the y; are equivalent.

672 Furthermore, we see that:
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680
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686
687

688

689

690
691

692

693

694

695

696

0%\ N 652
- =0 1v)C+ ———=—) >0
0%z g (Hgéj y;) 2t

1 . . . .
Hence, z = y; = y2 = ... = yy = s¥+7 is unique minima for \(x, y1, ..., yn)-

Note that in equation for A and the constraint, x and y; are interchangable, implying that g—; =0
J
and ggy)‘ > 0 at that particular solution x = y; = y2 = ... = yy = s¥+1, i.e. it is a unique minima

for all z and y;.

From Conjecture 1, we showed that due to the balancing effect of GD, the solution found by GD with

large step-size (just before oscillation)isz =y =y = .. =y = SN, So, GD indeed finds the
flattest minima of the loss curve.

Putting this solution into the value of A\, we obtain:

Reverting to the earlier notation, we obtain || V2L|| = 252~ .

O

Theorem 2 (Periodic Orbit at the Edge of Stability). Consider the objective function L(-) in Equa-
tion (6), where o is a singular value for a PSD target matrix M*. Let GD,(-) denote one GD step
with learning rate 1):

GDy (wy f(O(1)) = wy(t + 1) = wi f(O(t)) — 1+ V; LIO'(2)),

L
3

and define s = o, ©. Then, under Conjecture I, for any ¢ > 0 and any point wif(O(t)) €

7
[s — €, 8|, there exists a learning rate %(S) <n < @7 Gy Such that wi(t + 2)

GD,(GDy (wy f(O(1)))) = wif(O(t)).

Proof. Note that the loss on each singular value is (wtw? | ..w} — s;)2. Since due to balancedness

property of GD, all the variables get coupled say to y”: We take L = N + 1. Define the loss function
as follows:

fly) =@ —s)?
First Derivative

The first derivative of f with respect to y is:

f'y) =2(N + DyV (V! —s)
Second Derivative
The second derivative of f is given by:
f(y) =2(N +1) [Ny*N + (N + 1)y*N — Nsy" ]|

Evaluation at Local Minima

. . A~ 1 . .
At the local minimum ¢ = s¥+7, the second derivative evaluates to:

2N

F'(§) =2(N +1)*§*N = 2(N +1)*s ¥
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Third Derivative

The third derivative of f is:
f"(y) = 2(N + D[BN(N + 1)y 1]

And evaluated at the local minimum g:

f///( )_G(N—‘r ) NAQN 1 6(N+1)2N52NN7+_11
By inspection, we note that f ( ) >0 mdlcatmg that self-stabilization phenomenon may occur and
iterates will not blow up even if h > f/,(T 3 Let yg = § — € (e > 0) be a point close to the minima ¢

we want to prove that after two steps of gradient descent with learning rate h > W’ it returns to the

same point yg. We do this using local Taylor series approximation. The proof strategy is motivated
from the work in [23].

Flw) = £1@) ~ £ @) + 5 @) - 2116 + 0,
1 1 1
=—f e+ §f3€2 - 6f463 +O(eh),

’ 1" 1 1
yi=vyo—hf (yo)=9—€—h(—f €+§f362—6f463)+0(64),

F ) =1 = 9)+ 320~ 9 + 5 - 9+ O,

Y2 =Yy1 — hf/(yl),

1"

yz—yo___“6 1 e—l 3) — e h(—f"¢ 1 6_1 €
B (e 310 1) f (e = b= f et S 26— L)

h
1 " 1 1 1 1
§f3(_f €+ §f362 - 6f4€3) - Ef4(_€ —h(—f 5))3 + 0(64)

When h = ,, , we observe that

y2_y0_1 (3) _1 ‘ ¢
0 (R = 2 fE +O(e)

which is positive if ($h(f)? — 1 f4) = 3}7/,(3f(3))2 —ff®)y >o.

Furthermore, when h = then hf =2+ 2;—36 + O(€?), so

2
@) —ef" (9)°
Y2 ;yo _ *2f3€2 + O(ES),
which is negative since when ¢ is sufficiently small and we already have f3(3) > 0.

Note that the loss f is continous and (N + 1)-times differentiable, so yo — yq is also continous. Now,
as ya — yo is positive for h = -2, and negative for a larger learning rate h = W So there

7
2 BT
7@ S T @

To complete the theorem, we need to prove that f3(3) > 0 and (3f(*)? — f”f(4)) >0aty = 9.

To avoid computing the fourth order derivative of the loss (f4), we will impose conditions on a
reparaterized version of the loss.

Let f(y) = (g(y) — s)?, then by definition we have
) =2(9w) = 5)g" (v) + 29 (v))°

"

) =20g(y) — 5)g°y) + 69" (v)g (v)
FHy) =2(g(y) — )9 (W) +6(g" (1))* + 8¢ ()9 (v)

must exist such that y5 = yo by continuity.
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At minima, y = §, g(§) = s, where we have f (y) = 2(¢'(¥))? . f®(y) = 69" (1)g l( ) and
@) =6(g" (y)%+ 8¢ (1)g™® (y). The earlier condition on 13() # 0 implies that g (y) # 0.
And the condition which was (3(f®)2 — f” f*) > 0 would imply that

108(¢’ ( (' (W) —2(9"())? (6(9" ())* + 8" (¥)g”(y)) >0
6(9"())* > g (v)g*(v)

For our case, g(y) = yV 1, 50 g(¢) # 0 (fulfilling condition- 1) and furthermore, ¢'(y) = (N+1)y",
gd"(y) = N(N + 1)yV =1 and ¢""(y) = N(N + 1)(N — 1)y 2. Putting the above expression in
the condition before we get

6(N(N +1)yV 12 > (N+ Dy N(N +1)(N — 1)y~ 2
= 6(N(N+1)?=N(N+1)*N—-1)>0
— 5N+1>0

which is indeed true for any N > 1. This means that we need L > 2, to observe period-2 orbit
oscﬂlatlon This is because the second derivative of the loss is constant when L = 1, and any
n> g ( ) would make the loss blow up in that case. This completes the Lemma. O

D Auxiliary Results

In this section, we provide an additional auxiliary result that we are able to prove using our theory
on singular vector invariance. In the literature, there is a popular notion that there is a correlation
between the flatness of a minima and generalization. Here, we present a preliminary result that this
may also be the case for DLNs, where flatness is measured by the trace of the Hessian. To do so, we
first compute the trace of the Hessian with respect to the deep matrix factorization loss in Lemma 1.

Lemma 1. Let W 4(t) € R4 denote the end-to-end DLN at GD iterate t. Then, the trace of
Hessian of Equation (1) with respect to W . 1( ) is given by

i (Viv, .o (©(1)) = S IWe s [Waess (]2 (15)

{=1

Proof. We will use the following properties of the Kronecker product throughout this proof:

(AB) =AToB' (Transpose Property)
(A®B)(C®D)=AC®BD (Distributive Property)
tr(A @ B) =tr(A) - tr(B) (Trace Property)

We can express the objective function for deep matrix factorization in a vectorized form:
1 1
1(©) = 5IWr = M| = 5 [[vec(W 1) — vee(M*) 3 (16)
Then, notice that for any weight matrix W, we can write

1 1
f(©) = 5 lvee(Wya) — vec(M*)||3 = 3 (W1 ®Weora) - vec(Wy) — vee(M¥)]|[; (17)

s

Let us define Z := (WI 1 ® ‘W, _1.1). The gradient of Equation (17) with respect to the vectorized
weight matrix Wy is

Vw,f(®)=Z"Z vec(W,) —Z" - vec(M*). (18)

Then, notice that for the trace of the Hessian, we only need to consider the diagonal elements of the
Hessian, which involves taking the gradient of Vw, f(©) with respect to the vectorized W:

[v2f(@)]u =7'7Z
= (Wi @ We1) (Wi @ We1a)
=(Wrot1 ®W, 1) (W @ We_1) (by Transpose Property)
=Wre1 W/ @W,L 1, Wi, (by Distributive Property)
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where we denoted [V2 f (@)] ;¢ s the (-th diagonal element of the Hessian. Finally, the trace of the
Hessian is

L
r (V%vm@ f(@(t))> =Y u ([v2 f(@(t))]u)
=1
L
= Z tr (WL:Z"FI (t)sz-‘rl(t) oY W;—l:l(t)wf—l:l(t))
=1
L
=3 0 (Wit (YW Ly (1) 10 (W (W11 (1))
- (by Trace Property)
L
=D IWeera@®IF - [Wren ()17
=1
This concludes the proof. O

Then, suppose we solve the deep matrix factorization problem with initialization scale . Notice that
at GD iteration ¢, trace of the Hessian of the end-to-end DLN is given by

YL 1) 2&-1) 1)

+d

Za

(d—1)a 2(L—i-1) +ZO’

(Vi 0/ (O1)) = d [(d 2L-1) Zcr

oI ataat

=2 Li=1

o~ 1) g (L=1=1) z 1)

This also holds for any initialization of the DLN. Then, at convergence (i.e. when the gradient is
zero), we can set o;(t) = o7, and then the trace of the Hessian is only dependent on ¢ and a.. Then,
for smaller values of o, the DLN has a smaller trace of the Hessian at convergence. This result hints
at that there may exists a bias towards flat solutions as measured by the trace of the Hessian, when
starting from a smaller initialization scale. We leave further investigation of this phenomenon for
future work.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope?

Answer: [Yes]

Justification: Yes, our introduction discusses the edge of stability in DLNs. Our main claims on
this are both theoretically and empirically verified throughout the paper.

Guidelines:
* The answer NA means that the abstract and introduction do not include the claims made in
the paper.
* The abstract and/or introduction should clearly state the claims made, including the contribu-

tions made in the paper and important assumptions and limitations. A No or NA answer to
this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how much
the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals are
not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Yes, our analysis requires a particular initialization of the DLN, which we investigate
more in the Appendix.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that the
paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to vi-
olations of these assumptions (e.g., independence assumptions, noiseless settings, model
well-specification, asymptotic approximations only holding locally). The authors should
reflect on how these assumptions might be violated in practice and what the implications
would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was only
tested on a few datasets or with a few runs. In general, empirical results often depend on
implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach. For
example, a facial recognition algorithm may perform poorly when image resolution is low or
images are taken in low lighting. Or a speech-to-text system might not be used reliably to
provide closed captions for online lectures because it fails to handle technical jargon.

» The authors should discuss the computational efficiency of the proposed algorithms and how
they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by review-
ers as grounds for rejection, a worse outcome might be that reviewers discover limitations that
aren’t acknowledged in the paper. The authors should use their best judgment and recognize
that individual actions in favor of transparency play an important role in developing norms
that preserve the integrity of the community. Reviewers will be specifically instructed to not
penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and a
complete (and correct) proof?

Answer: [Yes]

33



804
805

806

807
808
809

810
811
812

813
814

815

816

817
818
819

820

821
822
823

824

825

826
827
828
829
830
831
832
833
834
835
836

838

839
840
841

842
843
844
845
846
847
848
849
850
851
852
853

854

855
856

Justification: Yes, we provide proofs in the Appendix with corresponding theory and and assump-
tions.

Guidelines:

L]

The answer NA means that the paper does not include theoretical results.
All the theorems, formulas, and proofs in the paper should be numbered and cross-referenced.
All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if they appear
in the supplemental material, the authors are encouraged to provide a short proof sketch to
provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented by
formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Yes, we consider simple deep matrix factorization problem and the parameters
necessary to reproduce the results. We will also make code available in the near future and have
submitted code.

Guidelines:

L]

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived well by
the reviewers: Making the paper reproducible is important, regardless of whether the code
and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken to
make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways. For
example, if the contribution is a novel architecture, describing the architecture fully might
suffice, or if the contribution is a specific model and empirical evaluation, it may be necessary
to either make it possible for others to replicate the model with the same dataset, or provide
access to the model. In general. releasing code and data is often one good way to accomplish
this, but reproducibility can also be provided via detailed instructions for how to replicate the
results, access to a hosted model (e.g., in the case of a large language model), releasing of a
model checkpoint, or other means that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submissions
to provide some reasonable avenue for reproducibility, which may depend on the nature of
the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how to
reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe the
architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should either
be a way to access this model for reproducing the results or a way to reproduce the model
(e.g., with an open-source dataset or instructions for how to construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors are
welcome to describe the particular way they provide for reproducibility. In the case of
closed-source models, it may be that access to the model is limited in some way (e.g.,
to registered users), but it should be possible for other researchers to have some path to
reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions to
faithfully reproduce the main experimental results, as described in supplemental material?
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Answer: [Yes]
Justification: We will release code upon finishing the blind peer review process.

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not including
code, unless this is central to the contribution (e.g., for a new open-source benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https://nips.
cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to
access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new proposed
method and baselines. If only a subset of experiments are reproducible, they should state
which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized versions

(if applicable).

Providing as much information as possible in supplemental material (appended to the paper)

is recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,
how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [Yes]
Justification: Yes we discuss the parameters of the networks and will release relevant code.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail that
is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:
Justification: We do not have randomness in the initialization and so it is not relevant here.
Guidelines:

* The answer NA means that the paper does not include experiments.

e The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the main
claims of the paper.

The factors of variability that the error bars are capturing should be clearly stated (for example,
train/test split, initialization, random drawing of some parameter, or overall run with given
experimental conditions).

The method for calculating the error bars should be explained (closed form formula, call to a
library function, bootstrap, etc.)

The assumptions made should be given (e.g., Normally distributed errors).

It should be clear whether the error bar is the standard deviation or the standard error of the
mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should preferably
report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality
of errors is not verified.

L]
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8.

10.

 For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error rates).

« If error bars are reported in tables or plots, The authors should explain in the text how they
were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the
experiments?

Answer: [Yes]
Justification: Yes, we specify in the beginning of the Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual experi-
mental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than the
experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it
into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have read and followed the NeurIPS code of ethics.
Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
* If the authors answer No, they should explain the special circumstances that require a deviation
from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration
due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [NA] .
Justification: We do not believe that there are any societal impacts regarding our work.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal impact or
why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses (e.g.,
disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), privacy
considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied to
particular applications, let alone deployments. However, if there is a direct path to any
negative applications, the authors should point it out. For example, it is legitimate to point out
that an improvement in the quality of generative models could be used to generate deepfakes
for disinformation. On the other hand, it is not needed to point out that a generic algorithm
for optimizing neural networks could enable people to train models that generate Deepfakes
faster.
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13.

* The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
being used as intended but gives incorrect results, and harms following from (intentional or
unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks, mechanisms
for monitoring misuse, mechanisms to monitor how a system learns from feedback over time,
improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release
of data or models that have a high risk for misuse (e.g., pretrained language models, image
generators, or scraped datasets)?

Answer: [NA|
Justification: We do not believe that there are such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with necessary
safeguards to allow for controlled use of the model, for example by requiring that users adhere
to usage guidelines or restrictions to access the model or implementing safety filters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith effort.
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [Yes]

Justification: Yes, we consider MLPs and DLNs which we construct. The datasets are properly
cited.

Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a URL.
* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service
of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has curated
licenses for some datasets. Their licensing guide can help determine the license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: We will release relevant code with documentation.
Guidelines:

* The answer NA means that the paper does not release new assets.
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» Researchers should communicate the details of the dataset/code/model as part of their sub-
missions via structured templates. This includes details about training, license, limitations,
etc.

* The paper should discuss whether and how consent was obtained from people whose asset is
used.

* At submission time, remember to anonymize your assets (if applicable). You can either create
an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

15.

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?

Answer: [NA]
Justification: We did not conduct experiments with human subjects nor croudsourcing.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribution of
the paper involves human subjects, then as much detail as possible should be included in the
main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or
other labor should be paid at least the minimum wage in the country of the data collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals (or
an equivalent approval/review based on the requirements of your country or institution) were
obtained?

Answer: [NA]
Justification: We did not conduct experiments with human subjects nor croudsourcing.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent) may
be required for any human subjects research. If you obtained IRB approval, you should
clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines
for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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