Spectral Clustering for Directed Graphs via Likelihood Estimation on
Stochastic Block Models

Ning Zhang
Department of Statistics
University of Oxford

Abstract

Graph clustering is a fundamental task in
unsupervised learning with broad real-world
applications. While spectral clustering meth-
ods for undirected graphs are well-established
and guided by a minimum cut optimization
consensus, their extension to directed graphs
remains relatively underexplored due to the
additional complexity introduced by edge di-
rections. In this paper, we leverage statistical
inference on stochastic block models to guide
the development of a spectral clustering al-
gorithm for directed graphs. Specifically, we
study the maximum likelihood estimation un-
der a widely used directed stochastic block
model, and derive a global objective function
that aligns with the underlying community
structure. Building on its spectral relaxation,
we propose two novel spectral clustering al-
gorithms for directed graphs and establish
theoretical guarantees for their misclustering
error. Extensive experiments on synthetic and
real-world datasets demonstrate significant
performance gains over existing baselines.

1 INTRODUCTION

Graph clustering is a fundamental problem in unsuper-
vised learning, providing tools for uncovering hidden
structure in complex relational data from social net-
works (Oliveira and Gama, 2012), economics (Bennett
et al., 2022), and neuroscience (Priebe et al., 2017). In
graph clustering, the goal is to group vertices into “struc-
turally equivalent” communities, where vertices from
the same community interact with the rest of the graph
in similar ways. Among various approaches, spectral
clustering has become one of the most popular meth-
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ods due to its computational efficiency. Most spectral
clustering methods focus on undirected graphs, build-
ing on well-established optimization objectives such as
cut minimization (Shi and Malik, 2000; Von Luxburg,
2007) or Girvan-Newman modularity maximization
(Newman, 2013, 2016).

In many real-world networks, however, interactions are
inherently directional as seen in causal relationships
(Pear]l and Verma, 1987), interbank debt (Acemoglu
et al., 2015), migration pattern, and neuron synapses
(Priebe et al., 2017). In such settings, edge direction-
ality carries important structural information and is
often tightly correlated with community membership.
For instance, in neuron-neuron interaction networks,
synaptic direction typically depends on the types of
pre- and post-synaptic cells (Eichler et al., 2017). Such
strong coupling between edge orientation and commu-
nity membership is naturally modeled by a directed
stochastic block model (DSBM) (Holland and Lein-
hardt, 1981; Nowicki and Snijders, 2001; Cucuringu
et al., 2020), motivating our development of a model-
based approach that leverages statistical inference on
DSBMs to guide the design of clustering algorithms for
directed graphs.

Existing spectral methods for clustering directed graphs
are largely heuristic, relying on singular value decompo-
sition (SVD) (Rohe et al., 2016; Wang et al., 2020), sym-
metrization techniques (Satuluri and Parthasarathy,
2011), or manually prespecified optimization objectives
(Leicht and Newman, 2008; Fanuel et al., 2017; Lae-
nen and Sun, 2020; Meila and Pentney, 2007; Hayashi
et al., 2022). Despite the empirical success of these
approaches, it remains unclear whether the underlying
optimization criteria are well-justified, or whether the
detected communities reflect meaningful structure or
mere artifacts. In contrast, clustering criteria for undi-
rected graphs benefit from rich theoretical frameworks
grounded in studying stochastic block models (SBMs)
and their variants (Newman, 2016; Abbe et al., 2015;
Bickel and Chen, 2009; Abbe et al., 2015; Hajek et al.,
2016). For directed graphs, comparable theoretically
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grounded studies remain underdeveloped. Motivated by
this gap, we develop a principled model-based spectral
clustering framework through likelihood estimation un-
der a well-established DSBM. We summarize our main
contributions as follows:

A principled optimization criterion for directed commu-
nity detection (Section 3). We study the maximum like-
lihood estimator (MLE) under the DSBM for recovering
planted communities. This model-based formulation
provides a statistically grounded optimization criterion
for clustering directed graphs (Theorem 1) in contrast
to existing heuristics. The resulting objective admits a
flow-based interpretation, which jointly considers edge
density and edge orientation. Moreover, we show that
this objective takes a Hermitian quadratic form, which
naturally enables spectral algorithms.

Spectral algorithms with guarantees (Section 4). Build-
ing on the MLE objective, we develop two spectral algo-
rithms that approximate it in different ways. DirHSC is
a simple one-shot method that assigns equal importance
to edge density and directionality, and is particularly
effective when directional signal is strong. LEHSC is
a data-driven, self-adaptive algorithm that iteratively
estimates model parameters via pseudo-likelihood and
updates the spectral embedding. For both algorithms,
we provide rigorous analysis on their misclustering error
(Corollary 2 and Theorem 3). Extensive experiments on
synthetic and real-world data sets demonstrate signifi-
cant performance gains over baseline methods. For ex-
ample, on U.S. migration data (Figure 4), our methods
identify an economically significant cluster of counties
that are not captured by existing approaches.!

Related work. A number of classical spectral cluster-
ing methods for directed graphs rely on the singular
vectors (Rohe et al., 2016, 2012; Wang et al., 2020)
or eigenvectors of symmetrized matrix representations
(Satuluri and Parthasarathy, 2011), with underlying
optimization on graph connectivity patterns. For exam-
ple, in spectral clustering on the bibliographic coupling
matrix AA”, the symmetrized matrix representation in-
volves the number of shared offspring vertices. Another
more recent line of spectral methods adopts complex-
valued Hermitian matrices to represent directed graphs.
In (Cucuringu et al., 2020), the authors cluster directed
graphs using eigenvectors of a Hermitian matrix, em-
ploying +i to represent directed edges, with a flow
optimization heuristic (Hayashi et al., 2022; Laenen,
2019). Laenen and Sun (2020) proposes a different Her-
mitian matrix, where the k-th roots of unity are used to
represent directed edges, leading to a higher-order flow
optimization scheme. However, most existing studies
lack a solid theoretical underpinning of why and when

'!Code is available at:
NingZhang-Git/DirGraph_Cluster

https://github.com/

a heuristic approach might work, and this is exactly
the gap we address in this study through a rigorous
model-based analysis.

2 PRELIMINARIES

Let G(V,€&) be a directed graph on vertex set V and
edge set £. For a pair of vertices u,v € V, we denote
u ~» v if there is an edge pointing from u to v and
we denote u 4 v if there is no edge between u and v.
A directed graph can be represented by its adjacency
matrix A € {0,1}V*N where A,, = 1 if and only
if u ~ v. For a Hermitian matrix H, it has n real
eigenvalues, and throughout this paper, the eigenval-
ues are consistently organized in descending order of
magnitude, i.e., |A\(H)| > |A2(H)| > -+ |\ (H)|. We
use H” to denote its transpose and H* to denote the
conjugate transpose. We use I to denote the identity
matrix and J to denote the square all-one matrix. We
use |H|| to denote the spectral norm, and ||H||r to
denote the Frobenius norm. For ease of reference, we
refer to the summary in Table 2 of notions used in this

paper.

2.1 Directed Stochastic Block Model

The canonical stochastic block model for directed
graphs was introduced by Holland and Leinhardt
(1981), known as the p; model. In this paper, we study
an instance of the p; model, the DSBM (Cucuringu
et al., 2020), which considers only directed (nonrecip-
rocal) edges. Our motivation is that, in the context of
clustering directed graphs, the main challenge lies in
handling edge directionality, while clustering with undi-
rected (reciprocal) edges is relatively well understood
(Abbe, 2018). We note that this focus on directed
edges does not preclude integration with undirected
clustering methods; rather, it provides a complemen-
tary perspective that could be synthesized with existing
undirected approaches in future hybrid models.

DSBMs with multiple communities involve intricate
higher-order interactions between communities (see
Figure 2a for an example), and explicitly modeling
such interactions may introduce bias by enforcing
specific structural assumptions. For generality and
interpretability, we begin with the most basic two-
community setup, with a source community C; of size
ni and a sink community Co of size ny. While our
theoretical analysis focuses on this basic setting, the
derived clustering algorithm naturally extends to multi-
community problems via iterative bipartitioning (see
Section 5 for details).

In a two-community DSBM, the community mem-
berships are treated as fixed but unknown parame-
ters (rather than as latent variables). We introduce
a vector o to indicate the community assignments,
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where o, = o, if and only if vertices u,v belong to
the same community. Given a directed graph adja-
cency matrix sampled from the two-community DSBM
(n1,n9,p,q,7n), its entries are generated independently,
conditioning on the community labeling o as follows:
For u,v € C; or u,v € Co:

Aw =1,4,, =0 w.p. p/2,
Auv = 07 Avu =1 W.p. p/2a

Ay =Apu =0 w.p. 1—p.
For u € C1,v € Cy:
Auv = lyAvu =0 W.p. (1 - 77)‘1 )
Auv = OaAvu =1 w.p. 74,
Ay =Apu =0 w.p. 1—gq.

Here, the parameter p denotes the probability of form-
ing an edge within communities, while ¢ represents
the edge probability between communities. Within-
community edges are assigned directions uniformly at
random, making their orientation symmetric in expecta-
tion. In contrast, the directionality of inter-community
edges is controlled by the parameter n € (0,0.5], where
an edge from C; to Cs occurs with probability 1—n. This
model captures community structure through both het-
erogeneous edge densities and asymmetric, community-
dependent edge directions.

3 METHODOLOGY

Given a directed graph generated from a DSBM, our
goal is to recover the underlying community structure.
A natural approach is to formulate this task as a max-
imum likelihood estimation (MLE) problem, seeking
the community assignment that best explains the ob-
served edge patterns. Formally, the MLE is given by
oMmLe = arg max, L£(A; o) with log-likelihood function
L(A;0) =3, ,10g(P(Auy | 0u,04)). As we show be-
low in Theorem 1, this objective admits a compact
reformulation that leads naturally to a spectral algo-
rithm. The full proof is deferred to Appendix B.

Theorem 1 (MLE on DSBMs). Let A be the ad-
jacency matriz of a directed graph sampled from the
DSBM(ny,n2,p,q,1). Define the indicator vector x €
{1,i}N such that x, =i ifu € Cy and x, = 1 if u € Co.
Then, the MLE problem is equivalent to the following
optimization problem

(Herm-MLE)

max x*Hpx

xe{1,i}V
where Hy is a Hermitian matriz given by

Hp=w, (A+A") +iw; (A — AT) +we(J - 1), (1)

with real-valued weights

p*(1—q)?

wr = log (477(1 —n)g>(1 - p)2>’ Wi = log (177”>
w, = 2log G‘i) )

Theorem 1 shows that the MLE objective can be ex-
pressed as a quadratic form induced by a Hermitian
matrix. This formulation separates the contributions
of edge density, captured by the symmetric component
A+ AT, and edge directionality, captured by the skew-
symmetric component A — A”. The corresponding
weights w, and w; reflect the relative signal strength
of these two sources of information. We make this con-
nection more explicit through the following flow-based
optimization interpretation.

A flow optimization view for MLE.

Definition 1. Given two clusters Cy,Cs in a directed
graph, we use TF(C1,C2) to denote the total flow be-
tween C; and Co and NF(Cq,Cs) to denote the net flow
from C; to Co, where

TF(Cy1,Co) = Z (Auo + Auvu)
u€CrveCa

NF(Cl, CQ) - Z (A'u.'u - Avu)
u€C1vECs

Recall from Theorem 1 that the MLE reduces to maxi-
mizing

w,x* (A + AT)x +iwix* (A — AT)x + w.x*(J — I)x,

where x € {1,i}" encodes the cluster assignment.
Fach term admits a natural interpretation:

e Edge density: The first term, x*(A + AT)x, com-
putes twice the number of edges within clusters.
Equivalently, x*(4 + AT)x = 2|€| — 2TF(C1,Ca),
where we denote |£] the total number of edges.

e Directional flow: The second term ix*(A — AT)x
captures the net flow from C; to Cs, and simplifies
to ix*(A — AT)x = 2NF(Cy,Ca).

e Cluster size: The last term, x*(J — I)x, computes
|C1])? + |C2|> — N, which is regularization term that
penalizes imbalanced partitions.

Combining these terms, the MLE objective is equivalent
to We 2 2
—w,.TF(Cl,Cg)+wiNF(C1,Cg) + 7(‘61‘ + |CQ| ),

which balances total flow, directional asymmetry, and
cluster size. The weights w, and w; reflect the relative
importance of edge density and directionality, while
the last term has limited impact since w. = O(|p — q|)
is typically small.
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Weights as signal strength. The directionality
weight w; = log (177”) is non-negative for n € (0,0.5],
and decreases monotonically as direction noise 7 in-
creases. This reflects a reduced emphasis on direc-
tionality when edge orientations become less reliable.
The edge density weight w, captures both the uncer-
tainty in edge directions and the disparity between
intra- and inter-cluster connectivity. It takes the form

w, = log (m) + 2log (58:3). This term in-

creases when 7 decreases (i.e., when edge directions are
more informative), and when the difference between p
and g becomes more pronounced.

Relation to other Hermitian formulations. The
statistical inference formulation provides a model-based
justification for the clustering criterion and the corre-
sponding matrix representation. Our newly derived
Hermitian matrix arises naturally by optimizing suffi-
cient statistics (total flow and net flow) weighted by
their relative informativeness. Such a framework en-
ables a principled approach to designing new Hermitian
data matrices for clustering, even without assuming
a full generative model, requiring only coarse prior
knowledge. about community structure. For example,
when edge density is uninformative (p =~ ¢) and direc-
tionality is highly informative (n & 0), the Hermitian
matrix Hy = A+ AT +i(A — AT) serves as a practical
approximation to the MLE-derived formulation in (1).
Prior work by Cucuringu et al. (2020) proposed the
matrix H = i(A — A7), which corresponds to a special
case of our formulation. Their approach focuses solely
on net flow and can be interpreted as MLE restricted
to the cross-community block of the DSBM.

4 ALGORITHMS

The MLE formulation in Theorem 1 provides a princi-
pled optimization criterion for community detection in
directed graphs. However, its direct application is hin-
dered by two key challenges: computational intractabil-
ity and unknown model parameters 6 = (p,q,n). We
address these challenges in a progressive manner. In
Section 4.1, we develop a spectral relaxation of the
MLE objective, which resolves the computational in-
tractability with provable error bounds. To handle
unknown model parameters, we propose in Section 4.2
a parameter-free approximation algorithm, and in Sec-
tion 4.3 a self-adaptive algorithm that estimates the
parameters from data.

4.1 Hermitian spectral clustering

Spectral relaxation. The optimization problem
(Herm-MLE) is combinatorial due to the discrete con-
straint x € {1,7}", and is therefore NP-hard to solve
exactly. To obtain a tractable formulation, we relax
x to take values in the continuous complex domain.

Specifically, we consider

(SC-MLE)

max X" Hyx
st. xeCV x| =N.

This continuous problem (SC-MLE) is analytically solv-
able, and solution is given by the leading eigenvector
of Hy (scaled to have norm v/N).

Projection step. Note that the leading eigenvector
of Hy is not unique, as multiplication by e‘® yields
another solution for any « € [0,27]. To obtain discrete
labels that are invariant to this global phase ambigu-
ity, we embed each vertex into R? using the real and
imaginary parts of its corresponding entry. We then
apply k-means clustering (with k = 2) to these points
to recover the final partition.

Error analysis. The success of spectral relaxation
clustering relies on the fact that the population matrix
E[Hy] exhibits a clear community structure, where its
entries depend only on the community membership. As
a result, the leading eigenvector v (E[Hy]) encodes the
true labels through two distinct values, which can be
viewed as cluster centroids. In practice, we observe the
data sample Hy, which can be treated as a perturbed
version of the unknown E[Hy]. Classical matrix per-
turbation theory ensures that if Hy is sufficiently close
to E[Hp], the leading eigenvector ¥ = v1(Hp) remains
well aligned with the top eigenvector of E[Hy], thus
enabling accurate recovery of the community structure.
Building on this intuition, we present in Theorem 2 an
upper bound on the misclustering error. The proofs
are provided in Appendix C.

Before presenting the main result, we introduce the
following standard assumption

Npmax =0 (1Og N) (Al)

with pmax = max{p, ¢} and assume this holds through-
out the rest of the paper. This assumption is to allow
good concentration properties of the random graph (see
Lemma 6), which is common in the realm of spectral
methods equipped with theoretical guarantees.

Let o be the true community assignment and &y be
the (1 + €)-approximate solution obtained by applying
k-means++ on the spectral embedding of Hy. We
measure the misclustering error by

l(o,69) = Z {0y # 6u}.
Theorem 2 (Error bound of SC-MLE). For graphs
generated from the DSBM (n1,n2,p,q,n), there exists
C=0 (x/wﬁ —|—sz2) (see (23)) and an absolute con-
stant cg, such that with probability at least 1 — N~
the misclustering rate for spectral relaxation of MLE is
l(0,60) _ 64(2+ €)C?prax log N
< . 3
N d?A2 (3)
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Here A and d depend only on the population matriz
E[Hy|. Specifically, A denotes the eigengap A (E[Hp])—
X2 (E[Hy]) (see (21)), and d denotes the distance be-
tween the two cluster centroids (see (30)).

Theorem 2 shows that recovery improves with increas-
ing average degree and stronger separation in the popu-
lation matrix, as captured by the eigengap and centroid
distance. We next characterize the recovery regimes
this implies, following standard notions in community
detection (Abbe, 2018).

Definition 2. Exact recovery (strong consistency)
requires all vertices to be correctly clustered, i.e.,

o =6 with probability 1 — o(1).

Almost exact recovery (weak consistency) requires
the fraction of misclassified vertices to vanish, i.e.,

l(0,6) =o(N) with probability 1 — o(1).
Partial recovery requires that for some constant 3 €
(0,1)

l(c,6) < BN with probability 1 — o(1).

Remark 1. Theorem 2 characterizes the conditions
under which different recovery regimes can be achieved.

Npmax log N
Exact recovery: % =o(1)..
Pmax log N

Almost exact recovery: EAT o(1)..

Pmax log N < B

Partial recovery: PA: S GIR a0
€

Next, to better interpret the connection between the
error bound in Theorem 2 and the noise level in DSBM,
we consider a simplified case that admits an explicit
analytical form for the error bound. Specifically, in
Corollary 1, we specialize the error bound for a sym-
metric DSBM with homogeneous edge probabilities,
a setting that lies below the detection threshold for
undirected graphs. The proof of Corollary 1 can be
found in Appendix C.8.

Corollary 1. Consider directed graphs generated from
the DSBM (N/2,N/2,p,p,n) under the assumption
Np = Q(log N). As N — oo, the misclustering er-
ror of spectral clustering is such that

Uo.50) _ <logN) |

N NpL? @)

where L = L(n) is a continuous, monotonically de-
creasing function of the edge directionality parameter
n, with L =0 when n = 0.5. The explicit form of L(n)
is provided in (48), and its behavior is illustrated in
Figure 5b in Appendix C.

From (4), we observe that the upper bound on the
misclustering error is inversely proportional to the av-
erage degree Np, which aligns with the intuition that
a larger average degree provides more edge observa-
tions, rendering the generated graph more informative.
Furthermore, as the edge direction noise 7 increases,
the function L(n) decreases, resulting in a higher mis-
clustering error. In particular, as n — 0.5, we have
L — 0, indicating a sharp increase in errors as direc-
tional information gradually disappears. This behavior
is consistent with the intuition that a higher noise level
in the edge orientations weakens the structural infor-
mation to identify communities, rendering the recovery
task more difficult. This homogeneous edge density
setting highlights the importance of exploiting edge
orientation in directed graph clustering: if edge di-
rections are ignored, the model becomes statistically
indistinguishable from an Erdés—Rényi graph, making
community detection impossible.

4.2 Parameter-free approximation algorithm:
DirHSC

As noted, the spectral relaxation of (Herm-MLE) de-
scribed above requires knowledge of the model param-
eters 0 = (p,q,n). To circumvent this limitation, we
introduce DirHSC (Directional Hermitian Spectral Clus-
tering), a parameter-free approximation of the MLE-
based spectral method. Instead of using the weighted
Hermitian matrix Hy given by (1), we construct a sim-
plified matrix by setting w, = w; = 1 and dropping
the constant term in (1), yielding

Hy=A+ AT +i(A—- AT). (5)

This construction preserves the two key signals for clus-
tering: edge density through A + A”, and edge direc-
tion through A — AT while discarding the parameter-
dependent weights. The resulting one-shot spectral
algorithm, based on the leading eigenvector of Hy, is
summarized in Algorithm 2.

Error analysis for DirHSC. We apply the same per-
turbation analysis as in Theorem 2 and present the
clustering error bound for DirHSC in Corollary 2. For
simplicity, we assume balanced communities n; = no;
the more general result with imbalanced community
size can be found in the proof in Appendix D.

Corollary 2. For graphs generated from the
DSBM(N/2,N/2,p,q,n), the community assignment
60 obtained by DirHSC satisfies

l(0,60) CPmax log N (6)
N ~ N@(1—2n+2)d2
_ 1—(1—2n)i
wheredo— 1_W722)z‘ .

We observe that the error bound (6) depends strongly
on the edge direction parameter 7, while being insensi-
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tive to the strength of community signal in edge density,
i.e., the disparity |p — ¢|. In particular, as n — 1/2,
the rescaled centroid distance dyp — 0, indicating that
the spectral embedding induced by Hy becomes poorly
separated. Consequently, the error bound diverges
even when edge density provides strong community
signal, highlighting that DirHSC relies heavily on di-
rectional signal. This is consistent with our empirical
observations (see Figure 1).

This behavior can be understood through the implicit
inductive bias of DirHSC. From the MLE formulation

in (2), we have
lim - = 1.

lim w, = oo,
77—>0 U}i

lim w; = oo,
n—0 n—0
This shows that when directional signal is strong
(small ), the MLE objective assigns equal impor-
tance to edge density and direction, consistent with
the equal weighting enforced by Hy. In contrast, as
directional signal disappears (i.e., n — 0.5), we have

w; — 0,w, — log Zig:;;z , and the MLE naturally
downweights the uninformative directional component,
relying increasingly on edge density. However, any
fixed data matrix, including Hy, cannot adapt to this
change in signal strength, as its weights are determined
at construction time rather than inferred from data.
This limitation motivates the self-adaptive algorithm

LEHSC introduced in the next section.

4.3 Self-adaptive algorithm: LEHSC

The limitation identified above calls for an algorithm
that can adaptively estimate the model parameters
6 = (p,q,n) from data, and adjust the spectral em-
bedding accordingly. We propose the LEHSC (Likeli-
hood Estimation Hermitian Spectral Clustering), a
self-adaptive algorithm that alternates between two
steps inspired by Gong and Samaniego (1981); New-
man (2016): given the current community assignment,
it estimates parameters (p, ¢,7n) using simple moment-
based estimates, and then updates the community la-
bels via spectral clustering on Hy constructed from
the estimated parameters. The overall procedure is
summarized in Algorithm 1.

Error analysis for LEHSC. We denote the parameter
estimated at step ¢ by ) = (p®,¢® 7®), and the
corresponding clustering by §®) with misclustering rate
et) & (J, 6(t)) /N. To analyze how the error evolves
across iterations of LEHSC, we impose the following
assumptions:

min{ni,na} > pN (A2)
E(t) < Cp Q/pmax (A3)
q= Q(pmax) (A4)

where p € (0,1/2] is a fixed constant and ¢, is a small
universal constant depending on p.

Algorithm 1: Likelihood Estimation Hermi-
tian Spectral Clustering (LEHSC)

Input

: Directed graph, maximum iteration
T, initial parameters pg, qo, Mo
Output : Community labels &

1 fort=1to T do
2 Compute Hy using (1);
3 Compute the top eigenvector v of Hy;
4 Apply k-means to the embedding
[R(¥), 3(¥)] to partition into two clusters:
Cl and CQ;
5 Update DSBM parameters based on current
clustering;
E|-TF(C1,C2) .
6 p L(\lc;\)_i_(\lc;\;)u
TF(Cl 762) .
4 1 TJarel
. |C1—Ca| |C2—Ca] |.
8 7 < min { TR C2)’ TF(C1.Ca) }v
9 end

10 return Final community labels &.

The balance-community condition (A2) ensures that
the two communities have sizes of the same order,
i.e,, ©(n1) = O(n2). The warm-start condition (A3)
guarantees that the current partition has a non-trivial
overlap with both communities, thereby avoiding de-
generate or highly imbalanced assignments. Finally,
condition (A4) ensures that cross-community edges are
not too sparse, which is necessary for reliable parameter
estimation. This assumption is mild, as when ¢ = o(p),
clustering can be easily recovered using density-based
methods (Abbe, 2018).

Theorem 3 (Recursive error update of LEHSC). As-
sume (A1)—(A4) hold. Let 61 denote the community
labels at iteration t, with misclustering rate €. Then,
with probability 1 — o(1) as N — oo, the parameter
estimation errors satisfy

V/Pmax log N

P —p[ <CreWip—gl + G (D)
R vV Pmax log N
¢ —q| <CreWp—q| + Co 73\, EEANES)
log N
A(t+1) <C (t) Pmax C g
n n < € + _— 9
<ot o, R ©)

Here Cy,Cs are constants depending on the balance
and warm-start conditions. Consequently, applying the
spectral step with Hy41y yields

o, 6 D)) 64(2 + €)C? prax log N
N - dg Ag ’

(t+1)

(10)

(t+1)

where dz(wl) and AE(HU denote the centroid distance

and eigengap of the population matriz E[H .. .)].
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The proof details of Theorem 3 can be found in Ap-
pendix E. This theorem characterizes the recursive
interplay between parameter estimation and clustering
accuracy in LEHSC. In particular, the estimation error
of ® is controlled by the current misclustering rate
£ up to a vanishing statistical error term. As a
result, improved community assignments lead to more
accurate parameter estimates, which in turn yield a
more informative spectral embedding. We note that a
formal convergence guarantee does not follow directly
from this analysis, as maintaining the warm-start con-
dition across iterations is not guaranteed in general,
particularly in noisy or sparse regimes. We consider
this as an interesting direction for future work.

To provide a reliable starting point for LEHSC and place
the algorithm in a regime where iterative refinement
improves both parameter estimation and clustering
accuracy, initialize the labels using an existing spectral
method such as DirHSC, DI-SIM Rohe et al. (2012) and
Herm Cucuringu et al. (2020). Our empirical studies
suggest that the LEHSC is relatively robust to random
initializations (see Appendix F.2).

Complexity analysis for DirHSC and LEHSC. For
both DirHSC and LEHSC, the main computational cost
arises from computing the leading eigenvector of a
Hermitian matrix, which requires O(|€|) operations
(see Appendix F.3 for details). In the setting of multiple
clusters, we can further extend both algorithms to
recursively bi-partition the largest remaining cluster
at each step (see Algorithm 3 in Appendix F.4). The
overall computational complexity is O(|€|k) for DirHSC
and O(|E|kT') for LEHSC, where the maximum number
of iterations T is typically set to 10 in practice.

5 EMPIRICAL STUDY
5.1 Synthetic DSBM graphs

Data generation overview. We conduct experi-
ments on directed graphs sampled from the DSBM
ensemble, with each community having a fixed size of
1000, and varying the number of communities as well as
model parameters p, g, and 7. Since spectral clustering
typically performs well for dense graphs, we specifically
focus on the more challenging sparse regime, where the
edge probabilities p and ¢ are slightly above log N/N,
the connectivity threshold of random graphs.

Baselines. We compare several baseline spectral clus-
tering algorithms: (a) Hermitian-based methods: Herm
(Cucuringu et al., 2020) and SimpHerm (Laenen and
Sun, 2020); (b) SVD based methods: DI-SIM(L) and
DI-SIM(R) (Rohe et al., 2016), and D-SCORE (Wang
et al., 2020); and (c) symmetrization-based methods:
naive symmetrization Sym (using A+ AT), bibliometric
symmetrization Bib-Sym (using AAT + AT A) (Satuluri
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Figure 1: Experiments on two-community DSBM with
varying model parameters.

and Parthasarathy, 2011).

Evaluation metric. We assess the clustering perfor-
mance using the Adjusted Rand Index (ARI) (Gates
and Ahn, 2017), which quantifies the similarity between
the clustering outcomes and ground-truth labels. The
ARI ranges from —1 to 1, with higher values indicating
better clustering performance: ARI value of 1 indi-
cates perfect recovery and 0 implies that the recovery
is almost like a random guess. In each synthetic ex-
periment, we independently sample 10 directed graphs
with a fixed parameter set, and report the averaged
ARISs over these graph samples.

Computation. All experiments were conducted on
a MacBook Pro with an Apple M2 chip and 24 GB
of RAM. For graphs with thousands of vertices, both
DirHSC and LEHSC run in a few seconds.

5.1.1 Two-community DSBMs.

We conduct experiments on two-community DSBMs
with varying model parameters and summarize the
results in Figure 1. Overall, our algorithm LEHSC, con-
sistently outperforms existing methods by a significant
margin. In particular, we compare LEHSC with its ora-
cle version, where the true parameters p, ¢, and n are
provided, bypassing the iterative pseudo-maximum like-
lihood estimation. The nearly identical performance
between LEHSC and LEHSC(oracle) suggests that the
iterative procedure effectively recovers the underly-
ing model parameters and approaches the oracle solu-
tion.

In the homogeneous cases (p = ¢, Figure la and Fig-
ure 1b), community recovery can only rely on the infor-
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Figure 2: Meta-graph for multiple-community DSBM

mation attached to the edge directions. In this regime,
both DirHSC and LEHSC outperform all baseline meth-
ods, with DirHSC achieving slightly better performance
due to its strong directional inductive bias.

In the inhomogeneous setting (p # ¢, Figure 1c and
Figure 1d), clusters are informed by both the direction
and the density of directed edges. In this setting, LEHSC
consistently outperforms all other methods, as it adap-
tively balances these two sources of information. While
DirHSC performs well when directional information is
strong (small 7)), its performance deteriorates rapidly as
7) increases. As directional information diminishes (i.e.,
as 77 approaches 0.5), DirHSC fails to recover any mean-
ingful clusters, which is consistent with our theoretical
analysis in Corollary 2. In contrast, LEHSC gradually
approaches the performance of symmetrization-based
baselines, demonstrating its ability to adapt across
different regimes.

5.1.2 Multi-community DSBMs

For DSBMs with multiple communities, interactions
between different community pairs are independent of
one another and may vary from pair to pair. For clarity,
we use a meta-graph to represent these community-level
relationships. In the meta-graph, each vertex corre-
sponds to a community, and for each pair of vertices,
a weighted and directed edge encode the orientation
parameter 1 —7, i.e., the probability of an edge is point-
ing from the source community to the sink community.
The absence of a meta-edge between a community pair
implies n = 0.5, corresponding to uniformly random
edge directions. Figures 2 and Figure 7 show example
meta-graphs describing such community—community
interaction patterns.

While exhaustive testing on all possible multi-
community DSBMs is infeasible, we present experi-
mental results on DSBMs with meta-graph structures
illustrated in Figure 2. Overall, LEHSC achieves con-
sistently competitive performance across all settings,
highlighting its robustness compared to non-adaptive
methods. DirHSC exhibits greater variability, yet it re-
mains competitive across different regimes. We provide
more empirical studies and discussions in Appendix F.5
to better understand the strengths and limitations of
our method in multi-community settings.

Method (a-1) (a-2) (b-1) (b-2)
Sym 0.00 0.66 0.00 0.57
Bib-Sym  0.14 0.66 0.20 0.73
DI-SIM 0.00 028 0.01 0.32
D-SCORE 0.00 0.02 0.00 0.01
Herm 0.29 020 0.44 0.32
SimpHerm 0.00 0.01 0.04 0.05
LEHSC 0.40 0.85 0.28 0.67
DirHSC 0.41 044 031 0.59

Table 1: ARIs on clustering multi-community DSBMs.
The prefix in the column header denotes corresponding
meta-graphs from Figure 2, while suffix "1" denotes
p=q = 1% and suffix "2" denotes p = 2%, ¢ = 1%.

5.2 Larval Drosophila mushroom body
connectome

In neuron-neuron interaction networks, vertices repre-
sent neurons and directed edges correspond to synapses,
where the edge orientation often reflects the functional
roles of neuron types. We study the Larval Drosophila
mushroom body connectome, a real-world neuron con-
nectivity graph that contains three types of neurons:
Kenyon Cells (KC), Output Neurons (MBON), and
Projection Neurons (PN). According to neuroscience
research (Eichler et al., 2017; Priebe et al., 2017), these
neuron types exhibit characteristic patterns of directed
connectivity, and can be modeled using a meta-graph
shown in Figure 3a. As illustrated in Figure 3b, the un-
derlying community structure is strongly aligned with
edge directionality: cross-community synapses follow
consistent orientations, corresponding to a regime with
minimal directional noise (n = 0).

We apply spectral algorithms to recover the neuron
types based solely on the observed directed graph. The
adjacency matrices, reordered by the inferred cluster
membership, along with the corresponding ARI scores,
are shown in Figure 3c. Among the nine spectral
algorithms evaluated, our methods DirHSC and LEHSC
achieve the highest recovery accuracy. The reordered
adjacency matrices reveal clear directional structures
between the (1,3) and (2,3) blocks, corresponding to
strong directed connections from KC to MBON and
PN to KC. The strong performance of our methods,
especially DirHSC, is consistent with their inductive
bias toward settings in which community structure is
primarily encoded through edge directionality.

5.3 US migration network

We study migration patterns in the United States us-
ing data from the 2000 U.S. Census, which documents
county-to-county migration between 1995 and 2000
(U.S. Census Bureau, 2002; Cucuringu et al., 2020).
We include 3074 mainland U.S. counties, and represent
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Figure 3: Cluster mushroom body connectome

migration flows between counties using a directed and
weighted graph. In this graph, each edge weight corre-
sponds to the number of individuals migrating from one
county to another. To avoid a biased result dominated
by extremely high degree vertices, we normalize the
directed graph and use D~Y/2AD~/2 with the degree
matrix D accounting for both incoming and outgoing
edges. We then apply spectral clustering methods to
partition the graph into & = 3 clusters and visualize the
outcomes in Figure 4. Additional details and results for
k = 2,5 and 10 are provided in Appendix F.6.

Notably, LEHSC and DirHSC are the only two algorithms,
that identify a distinct cluster of economically signifi-
cant metropolitan areas (the red cluster in Figure 4a
and Figure 4b). This includes regions surrounding
New York State, major cities in California, and ur-
ban hubs like Seattle, Dallas, Atlanta, Chicago, and
Denver. The presence of these distant yet economi-
cally vibrant regions within the same cluster suggests
that those migrations were likely to be driven more by
economic opportunity than by geographic proximity,
an insight not captured by existing baseline methods.
The other two clusters identified by LEHSC and DirHSC
(shown in blue and yellow) exhibit more geographically
cohesive patterns, consistent with regional migration
trends. We also observe slight differences between the
clusters produced by LEHSC and DirHSC, including sur-
rounding counties of metropolitan hubs, disagreements
on smaller hubs, and the spread of the blue cluster.
These discrepancies can be attributed to the differing

(h) SimpHerm

Figure 4: US counties clustered by migration data.

inductive biases of the two algorithms: DirHSC empha-
sizes directional patterns, whereas LEHSC adaptively
balances both direction and density. Together, these
results underscore the strength of LEHSC and DirHSC in
detecting latent patterns in human mobility, revealing
insights into migration dynamics beyond what existing
baselines capture.

6 DISCUSSION

This paper develops a model-based framework for clus-
tering directed graphs, providing a principled alter-
native to existing spectral methods that are largely
heuristic. By deriving the clustering objective from
MLE under the DSBM, we show that effective com-
munity recovery arises from jointly leveraging edge
density and directional asymmetry induced by com-
munity structure. This perspective naturally leads to
two complementary algorithms. DirHSC is a one-shot
method that emphasizes directional information and
performs well when edge orientation provides a strong
signal. LEHSC, in contrast, is a self-adaptive algorithm
that iteratively estimates model parameters from data
and refines the spectral embedding, enabling it to bal-
ance density and directionality across different regimes.
For both algorithms, we establish theoretical error guar-
antees and demonstrate strong empirical performance
on synthetic and real-world datasets.

Despite these contributions, several limitations re-
main. Our theoretical analysis focuses on the two-
community setting, extending the framework to the
multi-community case with formal guarantees is an
important direction for future work. In addition, our
model does not fully capture real-world complexities
such as degree heterogeneity, which may affect perfor-
mance in practice. Extending the framework to more
realistic models, such as degree-corrected SBMs, is a
promising direction for future work.
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A Summary on notations

Notation Definition
GV, &) Graph with vertex set V and edge set £
U~V There is an edge pointing from vertex u to vertex v
udv There is no edge between vertex u and vertex v
A Graph adjacency matrix, A € {0,1}™*" and Ay, =1 iff u~ v
Cy Source community
Cs Target community
v Set of all vertices, V = C; U Cqy
Hy Hermitian matrix derived from MLE on DSBM (see (1))
o A general community indicator vector, o, = o, iff ¢(u) = ¢(v)
L(A;0) Log-likelihood function
TF(Cy,C2) Total flow between C; and Ca, TF(Cy1,Ca) = Z (Auw + Av)
u€CrveCa
NF(C;,C;)  Net flow from Cy to Co, NF(Cy,Co) = Y (Auw — Auu)
u€CrveCa
|C1 — Ca Number of edges from C; to Cq
HT Transpose of H
H* Conjugate transpose of H
Hj, The j-th row vector of H
[Hy, Ho] Concatenating columns of H; and Hs
1H|| Spectral norm of H, ||H|| = | 1 (H)|
|H || ¢ Frobenius norm of H, [[H|[r = />, A3 (H)
(Hy, Ho) Frobenius inner product, (Hy, Hy) = Tr(H; H?)
diag(H) Create a diagonal matrix by taking the main diagonal elements of H
R(H) Take the real part of the matrix H;
S(H) Take the imaginary part of the matrix H
v;(H) The j-th eigenvector of H
A\ (H) The j-th eigenvalue of H
ARI Adjusted Rand Index
M € {0,1}¥*2  Membership matrix

Indicator function, 1(p) = 1 if claim p is true, otherwise 1(p) =0

1, Binary indicator vector for community C;, 1, = 1 if u € C; otherwise 1, =0

1c, Binary indicator vector for community Cs, 1,, = 1 if u € C3 otherwise 1,, = 0
Gn = 0(fn) gn is asymptotically dominated by f,, i.e., lim In _ g

n—oo fp
gn = O(fn) gn is asymptotically bounded above by f,, i.e., limsup 2% < co
n—oo n
gn = O(fn) limsupg—n < oo and lim inf In >0
n—oo Jfn n—oo  fp
gn = Qfn) gn, bounded below by f,, asymptotically, i.e., lim sup In 0
n—oo n

gn = w(fn) gn, dominate f,, asymptotically, i.e., limsup Z= = oo

n—oo n

Table 2: Summary on notations

B Proof of MLE

We detail the derivation of the optimization problem (MLE) from the maximum likelihood estimator. To start
with, we explicitly express the likelihood function as a matrix, which simply relies on subdividing the likelihood
function according to which community an edge belongs to.

Consider a directed graph with adjacency matrix A sampled from the model DSBM(ny,ns,p,q,n). Then,
applying the maximum likelihood estimation is equivalent to solving the following combinatorial optimization
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problem

1
max 5 <Mint7-a7 1C1 la + 1C2 1g;> =+ <Mmter7 1C1 1gz> (MLE)
sit. 1e, € {0, 1}N
1(31 + 1(32 =1
where 1¢,,1c, € {0,1}" are the indicator vectors for cluster C; and Cy separately, and
Mintra = IOg (1/2]))(14 + AT) + IOg (1 - p)(‘] -I-A- AT)>
Minger = log (¢(1 — 1)) A + log (nq) A” +log(1 — q)(J — I — A~ AT),

are derived from the log-likelihood functions for intra-community and inter-community edges.

Proof. Let A be the adjacency matrix of a directed graph generated from DSBM(nq, ne,p,q,n). For a particular
clusterization of the graph, we use ¢ to denote its community labeling function ¢ : V — {C1,C2}, and we use the
vectors 1¢c,, 1c, € {0,1}¥ to indicate community C; and Cy separately, where 1¢, + 1¢, = 1. The log likelihood
function of A given 1¢, and 1¢, can be decomposed as follows

L(A;0) =1ogP(A|le,,1c,) = Z log P(Ayy|c(u), c(v))

u<v
= Z log P(Ayp|c(u), e(v)) + Z log P(Ayy|c(u), c(v)), (11)
('(uliig(v) c(u):(j’lfclév):(fz

where the first term in (11) is only summing over intra-community pair, and the second term handles the
inter-community pair.

For an intra-community vertex pair u, v, the log-likelihood function is

log (1/2p) if u~ v,
log P(Auw|c(u) = c(v)) = < log (1/2p) if v~ u,
log (1 —p) if u o .

This intra-community log-likelihood function coincides with the matrix
Mintra 2 log (1/2p)(A + AT) +log (1 = p)(J — 1 — A — AT), (12)

on the entries that represent intra-community pairs, thus allowing us to convert the intra-community summation
in (11) into the following matrix multiplication form

1
)

Z log P(Auv|c(u)7 C(,U))

c(u)=c(v)

<Mint'r’aa 1C1 151 + 1C2 1g2> : (13)

For an inter-community vertex u € C1,v € Ca, the log-likelihood function is

log (1 —n)q) if u~ v,
log P(Ayv|c(u) = C1,c(v) = Ca) = ¢ log (nq) if v~ u,

log (1 —gq) if u o v.

Similar to the approach followed for the intra-community case, we convert the inter-community summation in
(11) into the matrix multiplication form

> log P(Auule(u), ¢(v) = { Mipger, 1e, 12, ) . (14)
c(u):glfcv('u):(fg
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where

Minter = log (1= n)q)A +log (ng) A +log (1 - q)(J — 1 — A— AT). (15)
Combining (13), (14) and (11), we have

log P(A|1cl ’ 102) = <Mintra7 1(21 151 + 162 1g2> + <Minter; 101 1(1;2> . (16)

DN =

To arrive at a more compact expression for the optimization formulation, we introduce an equivalent Hermitian
matrix optimization framework. The transformation from the real-valued matrix optimization to the Hermitian
optimization builds on the following observation.

Lemma 1. Consider an arbitrary Hermitian matric H = R(H) +iS(H), where R(H) € R™*™ with all 0 diagonal
entries is symmetric, and S(H) € R"*"™ is skew-symmetric. Let x € {i,1}™ be the complex community indicator
vector, where x, =i for u € C1. Then, the quadratic form x*Hx is the sum of entries in R(H) that are in the
same community, plus the sum of entries in S(H) that belong to different communities, i.e.,

X*Hx =Y R(H)uw+ > S(H)uw =2) R(H)us + 2> S(H)up.

u,wECy u€eC1vECy u<v u<v,

or u,wECy or u€Cqa,veCy u,v€Cy u€eCrvels
or u,vECs or u€Cqe,vECy
In other words,
x* Hx = (R(H), 1¢, 1%, + 1¢,1%,) + 2(S(H), 1¢,1%,). (17)

With the real-valued MLE optimization formula derived in Lemma B and the observation made in Lemma 1, we
are ready to prove the Hermitian optimization formulation of the MLE on DSBM in Theorem 1.

Theorem 1 (MLE on DSBMs). Let A be the adjacency matriz of a directed graph sampled from the
DSBM(ny,n2,p,q,m). Define the indicator vector x € {1,i} such that x, = i if u € C; and x, = 1 if
u € Co. Then, the MLE problem is equivalent to the following optimization problem

max x* Hpx (Herm-MLE)
xe{l,i}V
where Hy is a Hermitian matriz given by
Ho = w, (A+ A") +iw; (A= AT) +w.(J - 1), (1)

with real-valued weights

o). ()

wCng<1:§>. 2)

Proof. From Lemma B, we derive the log-likelihood

1
IOg P(A|1C1 ) 1C2) = 5 <Mim€ra7 161 1(7;1 + 1C2 1gz> + <Mintera 1C1 1g;> . (18)
Compared this equation with the observation (17) in Lemma 1, we need the matrix corresponding to the intra-
cluster log-likelihood matrix to be a symmetric matrix and need the inter-cluster log-likelihood matrix to be
a skew-symmetric matrix, so that we can directly apply (17) to convert the real-valued objective into a more
compact complex-valued expression.
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From the definition in (12) and (15), we have that M;,s.q = ML, ., however the inter-cluster log-likelihood
matrix M;,te,r is not skew-symmetric. Note that we can be decomposed the inter-cluster log-likelihood matrix
Minter into a symmetric matrix plus a skew-symmetric matrix as follows

1
7(Minter MT

1
Minter = 7(Minte7“ + Mi,Z;Lter) + 2 MLteT)

2

where Minier + ME, is symmetric and M;pier — Miﬂter is skew-symmetric. Correspondingly, we have

inter
T 1 T T 1

<Minter7 1C1 1C2> = §<Minter + Minter’ 1C1 1C2> + §<Minter - Mzntera 1C1 1C > (19)

where the first term sums over the inter-cluster entries of a symmetric matrix and the second term sums over the

inter-cluster entries of a skew-symmetric matrix. Due to the symmetry in the first term of (19), we can further
write it as

1 1
§<Minter + ngterv 1C1 lg2> = i(Minter + Mi{u&er) J - 1C1 151 - 102 1gz> (20)
Combining (19), (20) and (18), we can rewrite the log-likelihood objective as

1
lOg P(A|1Cp 102) = 5 <Mintra; 1C1 1(1;1 + 1[22 1g;> + <Minte'r7 1C1 1,(1;2>

1 1 1
5 < intras 1C1 lCI + lcz 1C2> + §<Mim‘,er + Mij'r;tem 1C1 1?2) + §<Mi’ﬂt€T - Mznter’ 161 1 >
1 1
5 < intra 161 1 + 1(321 > + - 4 <Mmter + M, mter7 J - 1C1 161 1C2 1(7;2>
1
+ §<Mznter - Mznter7 1C1 1C >

Because the term (Mo + M2, .. J) is always a constant and resealing the objective function by a constant
factor 4 does not affect the optimal solution, therefore solving the (MLE) in Lemma B is equivalent to solve the
following

max <2Mintra - (Minter + M'g;lter)a 1C1 1(7;1 + 1C2 1gz> +2 <Mint€7‘ - Mmte?" 101 1C >
st. 1¢, € {0,1}V
1C1 + 1(;2 =1

Using (17) from Lemma 1, we convert the above real-valued optimization problem to the following complex-valued
equivalence

max X Hpx
st xe{i, 1}V

where the Hermitian matrix Hy has

§}%(}19) = 2M;ntra — (Minter + Mz,z;zter)

=lo L(A+AT)+2101 (J I—A—AT)
S - =

_ p*(1—q)? T 1

_log<4n(1—n)q2(1—p)2)(A+A )+210g<1—q> (7 =1,

Cj(HO) = Minte'r - Mij;bter
= log <1_77) (A—AT),
n
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C Proofs for Theorem 2

C.1 Proof overview

The intuition behind the success of spectral relaxation clustering is that the expected Hermitian matrix E[Hy| has
community-dependent structure, and its leading eigenvector v* = vy (E[Hy]) exactly encodes the true community
labels through two distinct values. In practice, we observe the empirical matrix Hy, which serves as a perturbed
version of E[Hy|. Classical matrix perturbation theory ensures that if Hy is sufficiently close to E[Hy], the leading
eigenvector ¥ = vi(Hp) remains informative and enables accurate recovery of the community structure. Our
proof is structured as follows:

(i) Using matrix perturbation theory, we first bound the eigenvector perturbation ||vv* — ¥¥*| g;

(ii) Using the Matrix-Bernstein inequality from random matrix theory, we provide a high-probability upper bound
on the random perturbation ||Hy — E[Hy]||;

(iii) Combining the results from the above two steps, we perform an error analysis on the k-means clustering step,
and derive the final spectral clustering error bound.

We first characterize the eigenspace properties of E[Hy] in the following Lemma 2.

Lemma 2. For the DSBM(ni,n2,p,q,n), the population matriz E[Hg] has a unique largest eigenvalue. The top
etgenvector v has exactly two distinct values that indicate the community labels, where the distance d between
them can be easily computed using (30). Moreover, the eigengap is

A = [Ai(E[Ho]) — A2(E[Ho])| = min{2A0, [1/2N (w,p + we)| + Ao} = Ao, (21)

where

Ao = 1/2¢/N2(w,p + we)? — 4ning (wep + we)? — [w, 4+ we + iw; (1 — 27)g[?). (22)

We consider Hy as a perturbed version of E[Hyp], and denote R = Hy — E[Hp]. The perturbation on the eigenspace
and eigenvalues is characterized by the following two well-known results, namely the Davis-Kahan perturbation
bound (Theorem 4) and Weyl’s inequality (Theorem 5), from which we derive an upper bound on the eigenspace
misalignment distance ||[vv* — ¥9*||F.

Lemma 3. Given a directed graph from DSBM(ni,n2,p,q,n) and its Hermitian matriz representation Hyg, the
projection matriz of the top eigenvector is such that

IRl
1(E[Hy]) — M2(E[Hyp])

[[vv* —9¥*||r < 2\/5)\

We apply the Matrix Bernstein inequality for Hermitian matrices, and obtain a upper bound on || R||.

Lemma 4. Consider a directed graph from DSBM (ni,ns2,p,q,n) and its Hermitian matriz representation Hy.
Assume that Npmax = Q(log N). Then there exists an absolute constant € and

log N
C=(2+¢) wg+w3<N°g +1):®(\/w%+wi2>, (23)

Pmax

such that the random perturbation R = Hy — E[Hp] has
P(RIl > C\/Npmaxlog N) < N~°. (24)

C.2 Error analysis Theorem 2
Theorem 2 (Error bound of SC-MLE). For graphs generated from the DSBM (ny,ns,p,q,n), there exists
C=0 (W) (see (23)) and an absolute constant cy, such that with probability at least 1 — N~ the
misclustering rate for spectral relaxation of MLE is

l(o,0¢ 64(2 + €)C%prax log N

(00) 642+ OC g N "
Here A and d depend only on the population matriz E[Hy]. Specifically, A denotes the eigengap A (E[Hy]) —
X2 (E[Hy]) (see (21)), and d denotes the distance between the two cluster centroids (see (30)).
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Proof. Recall that the key steps of our spectral clustering algorithm involve: first compute the top eigenvector of
Hy, and then cluster the vertices using k-means on the embedding space given by the real and imaginary part
of the top eigenvector. We use U = [R(¥), 3(¥)] to denote the embedding space given by the concatenation of
the real and imaginary part of the top eigenvector of Hy and U = [R(v), S(v)] for that of E[Hy], where both
U, U € RV*2, For the clustering outcomes, we denote by dsc.mpLE the clustering result using Hy, and use o to
represent the clustering given by E[Hy|. First, note that from Lemma 2, we conclude that the leading eigenvector
of E[Hy] perfectly recovers the true community membership, therefore o is the true community membership
vector. Next, given that the k-means clustering step achieves a (1 + €) approximation, using the error bound (41)
from Lemma 7, we have that

(o, 6scomLe)d? < 4(4 +26)|U — U|2%,

where d is the distance between the two cluster centroids of the population version E[Hy], with its expression
provided in (30). Given that a rotation of U does not change the k-means clustering result, the tightest upper
bound we can obtain is

l(0, 6scmie)d® < 4(4 +2¢) min ||U - OU||% (25)
0e0,

= 4(4 + 2¢) min [|v — rV||% < 4(4 + 26) |9V — vvF||%, (26)
reCy

where (25) follows from the fact that |7 — U||r = ||v — V|| and the inequality in (26) follows from Lemma 5.

Combining matrix perturbation analysis from Lemma 2, Lemma 3 and Lemma 4, we derive that, for an absolute
constant €y, with probability at least 1 — N~ the misalignment distance is upper bounded by

2v2C/Npmax 108 N 2¢/2C+/Nppax log N

199" =l < ST — @) ~ A 27)

Combining (26) and (27), we eventually obtain that with probability at least 1 — N~

l(a, 5SC-MLE> < 64(2 + E)Cmeax log N
N - d?2 A2 '

C.3 Eigenspace of the population matrix E[H|)

Lemma 2. For the DSBM(ni,n2,p,q,n), the population matriz E[Hg] has a unique largest eigenvalue. The top
etgenvector v has exactly two distinct values that indicate the community labels, where the distance d between
them can be easily computed using (30). Moreover, the eigengap is

A = [\ (E[Ho]) — Aa(E[Ho])| = min{2Ao, [1/2N (w,p +w.)] + Ao} = A, (21)

where

Ay = 1/2y/N2(w,p 4+ we)? — 4nyng (wep + w,)2 — |[w, + w, + iw; (1 — 2n)q[?). (22)

Proof. Recall that the population version of Hy has a block structure and can be written as

E[Hy] = MQM™ — (pw, + w,)]
10 1 p q 11
=& ey S ]

where M € {0,1}"V*? is the community membership matrix, and M,. = 1 denotes that vertex u belongs to
community ¢. We further normalize the columns of M as follows

MQMT = MD'DQD(MDHT

o= il
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Here the normalized matrix M D! has orthonormal column vectors.

Let DQD = UAU* be the eigendecomposition on the 2 x 2 matrix, Then, the N x N matrix MQM7T can be
diagonalized as

MQMT = (MD'U)A(MD™'U)*,

where diag(A) contains the eigenvalues of MQM7 and the columns of MD~'U € RN¥*2 are the orthonormal
eigenvectors. Therefore, the problem of computing the eigenpairs of E[Hy| reduces to compute the eigenpairs of
the 2 X 2 matrix DQD where

DQD = ni(w,p + we) vnz(wrq +we +i(1 = 2n)q)
Vrinz(w,.q + we. — (1 — 2n)q) ng(w,-p + we)

For the eigenvalues, via a simple calculation we arrive at

Al(DQD) = (N(w,p + U}c) + 2A0) s

N = N =

A2(DQD) = o (N(wrp +we) — 2A0),

where

200 = \/NQ(wrp + wc)2 - 4n1n2((wrp + wc)2 - |w7‘q +we + iwi‘](l - 277)|2)
Therefore, we obtain the eigenvalues of E[H] = MQM™T

M (E[Ho) = 5 (N(wep -+ i) +20) — (a0, + )
No(E[Ho]) = 5 (N(wp -+ i) — 280) — (u,p + )
As(E[Hg]) = ... = A (E[Ho]) = —(wrp + we).

The eigenvalue that obtains the largest magnitude is unique and it is A;(E[Hp]) when N(w,p + w.) > 0, or
X2 (E[Hy]) when N(w,p+ w.) < 0. The gap between the largest and the second largest eigenvalue is

min{2Ag, |1/2N (w,p + w.)| + Ao} (28)

One can easily verify that the eigengap A lies in [Ag, 2A¢]. Therefore, the lower bound A is a good approximation
to the spectral gap in the sense that they are of the same order.

Next, we move on to compute the top eigenvector of E[Hy]. We use x = (x1,72) € C? to denote the top
eigenvector of DQD, and we have that 21 # x5. Then, the top eigenvector of E[Hy] can be easily computed
through v = M D~!x, and it has two distinct values

if C

v(u) = VI T E QL (20)
xo//ma if u € Co.

The distance between the two cluster centroids d is simply

Z1 Z2

NN

: (30)

C.4 Useful theorems from matrix perturbation analysis

Theorem 4 (Davis-Kahan’s perturbation bound Davis and Kahan (1970)). Let H, R € H be two Hermitian
matrices. Then, for any a < 8 and § > 0 it holds that
2]

HP[mB](H) — Pla—s,5+6)(H + R)H < 5

Here Py, g)(H) denotes the projection matriz on the subspace spanned by eigenvectors of H with corresponding
eigenvalues lie between [o, 8], and Po_s5p345)(H + R) is the projection matriz on the subspace spanned by
eigenvectors of H + R with eigenvalues lie between (o — 9§, 8 + 6).
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Theorem 5 (Weyl’s inequality Weyl (1912)). Let H, R € H be two Hermitian matrices. Then for every 1 < j < n,
the j-th largest eigenvalues of H and H + R obey

(A (H) = Aj(H + R)| < [|R]].

In addition to the eigenspace perturbation bound in Theorem 4, we summarize in Lemma 5 comparisons over two
different representations of the eigenspace distance, which will useful in the error analysis of k-means.

Lemma 5. [Adapted From Lemma 2.1 in Chen et al. (2021)] For any U,U € CN**we have

: o 7 < * _ TTTT*
oliin || —OU|r < |UU" - UU"||r

C.5 Eigenspace perturbation
Lemma 3. Given a directed graph from DSBM(ni,n2,p,q,n) and its Hermitian matriz representation Hy, the
projection matriz of the top eigenvector is such that

IRl
1(E[Ho]) — X2(E[Hp])

v =997 | < 2V

Proof on Lemma 3. From the Davis-Kahan’s pertubation bound, we have

IRl
|A(E[He]) — A2 (Hp)|

[[ov* —vv*|| <

Using Weyl’s inequality, we have that
[A2(E[Ho]) — A2(Ho)| < || R
Therefore, the denominator in (31) can be further lower bounded by |1 (E[Hg]) — A2(E[Hp])| — || R||, and we obtain

2]l

A A S W T A W AN TR

(32)

The denominator in (32) involves comparing the spectral gap |A1(E[Hp]) — A2(E[Hp])| and || R||, which further
requires an extra condition on the denominator being positive, to allow the inequality to hold. To circumvent this
limitation, we divide the comparison into two cases

o if |R| > 3|\ (E[Hg]) — A2(E[Hy])|, then we have

2| R
|\1(E[Ho]) — A2 (E[Hp])|

[ov* —vv*|| <1<

o if | R < 3|\ (E[Hp]) — A2(E[Hp])|, then we use the perturbation bound (32) and get

IRl 2|1 Rl
[\ (E[Hel) — A2(E[Ho])| — || RIl — [M(E[Hp]) — X2(E[Ho])|

[ov* —vv*|| <

Combining the two cases, we obtain that for any || R||, the following upper bound always holds

2||R]|
A1 (E[Hp]) — A2 (E[Hp])|

[99* — v <

Since for any rank r Hermitian matrix H, ||H| g < +/r||H|. Therefore, we have that

2v2||R)|

v — 90| p < V2|vvE — 99| < '
I lr < V2| = |A\1(E[Hp]) — Ao (E[Hg))|
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C.6 Bound the random perturbation || R]|

Lemma 6 (Matrix Bernstein Tropp et al. (2015)). Consider a finite sequence {Sk} of independent, random
matrices with dimension d. Assume that

ESr =0 and ||Sk|| < L for each index k.

For the random matriz Z =", Sk, let v(Z) be the matriz variance statistic of the sum:

v(Z)—maX{ D ESESH|| L [DE (SiSk) }
k k

Then, for allt > 0,

Lemma 4. Consider a directed graph from DSBM (ni,n2,p,q,n) and its Hermitian matriz representation Hy.
Assume that Npmax = Q(log N). Then there exists an absolute constant ¢ and

log N
C =2+ e w2+ w? (A;)S-l—l):@(\/w%—&—wf), (23)

such that the random perturbation R = Hy — E[Hy] has
P(IR]| > C/Npmaxlog N) < N°. (24)

Proof. Recall that by definition random perturbation R = Hy — E[Hy] is Hermitian. We first decompose it into
summation of perturbations on different entries R =3 s B ! where R’ is also a random Hermitian and only
has non-zero entries at (j,1) and (I, 7). If j,{ belongs to the same community o(j) = o(I)

wr(1=p)+iw; w.p. p/2
” .
Ry = w.(1—p)—iw; wp. p/2 (33)
— WP w.p. 1—p.

If 4,1 belongs to different communities o(j) # o (1), and without loss of generality we assume j € Cy,1 € Cy
wr(1—q) +iwi(l = (1-2n)q)  wp. q(l—n)

. ‘
Ry = qw(l—q)—iw;(14+(1-2n)q) wp. qn (34)
—w,q —iw; (1 — 2n)q w.p. 1—gq

From the Matrix Bernstein’s inequality in Lemma 6, we have for any ¢ > 0

42
P(IR[l = t) < 2N exp (Var(R];—{-2Lt/3>

where L is an upper upper of |R7!|| and Var(R) is the variance.

For computing L, recall that by definition
IR <L, Vj#L

Here the matrix spectral norm can be simplified to be upper bounded by |R;;| because the spectral norm is always
upper bounded by the maximum absolute values of each entry. Therefore, it suffices to take L as an upper bound
on max; |R;|. From (33), we have that, if o(j) = o(I), then |R;;| < \/w2(1 —p)? + w?; if o(j) # o(l), then
|Rji| < v/w2(1 —q)2+w?(1 + (1 — 21)q)2. Combining the two, it suffices for us to take

L= \fw2(1 ~ punin)? + w3 (1 + (1 - 20)g)? < 2,/w? + . (35)
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To compute the variance term Var(R), first recall by definition

Var(R) = max ¢ > E[R'(R)]||, 1> E[(R")* R
i<l j<i
For each j < I, we have R/'(R/)* = (R/')*R7" and we use M7' to denote the product matrix. In M7!, the only
two non zero entries are MJJZ and Ml]f and MJJJZ = Ml]él = RjRj,. Therefore, E[R'(R’!)*] also only has two
non-zero entries at (j,7) and (I,1) for every j < [ and thus, the spectral norm of the matrix summation is simply
the largest diagonal element, i.e.,

Var(R) = max E[MIY). 36
(R) = e 5L E) (30)

In (36), M jJJl is a real random variable whose distribution can be derived from (33) and (34), and we have that, if
a(j) = o(l), then

) 2,2

At - wi(1—p)2+w? wp. p
wyp w.p. 1—p,

and E[MJJJI] = w2p(1 — p) + pw?.
If o(j) # o(l), then
1-2n)9)?  wp. q(1—n)

1—(
wi(1+(1-2n)¢)* w.p. qn
wiq? + wi (1 —2n)%¢? w.p.l—gq,

w}(1—q)* + wi(
il
M; = w2(1 - q)? + w?

T

and E[M;jl] = w2q(1 — q) + w?q(1 — (1 — 2n)2q). Since, without loss of generality, we assume p, ¢ < 0.5, thus for
all j # [ we have E[Mj]l] < w2Pmax(1 — Pmax) + WPmax. Therefore, from (36), we arrive at

Var(R) S N(w?pmax(l - pmax) + wr?pmax) S Npmax(w? + wzg) <37>

Using the Matrix Bernstein’s inequality, we have for ¢ = C'v/Nppax log N,

C?Npmax log N

2Var(R) + 2LC/Npmax log N/3
CQNpmax IOg N

2NPmax (Wi + w?) + 2L/ Npmax log N/3
02
=2exp | — log N +log N |.
2(w? + w?) + 2LC/3\/1og N/Npryax
Here (38) follows from the analysis on Var(R) in (37). From (38), if there exist an absolute €, such that
2
¢ >2+e,
(w2 + w?) + LC/3+/1og N/Npmax

then we have P(||R|| > t) < N~¢, which conclude the proof. It turns out that we can always find an absolute
constant C' such that (39) holds. To see this, first note that (39) is equivalent to

PRI > 1) < 2exp (— . 1ogN)

< 2exp (— + log N) (38)

(39)

log N

log N
> .
c>(1 —|—e/2)L\/N

+ \/(2 +€)(w? +w?) + (1 +¢/2)2L?

max pmax

Since a? + b < (a + b)? for a,b > 0, it suffices to let

log N
C=(2+6)L]\?g + (24 €)y/w? + w?.

pmax
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Since L < 2y/w2 4+ w?, we have

log N
C < (24 €)y/w2 +w? (A;)ﬁ-i-l):@(\/w%—&-wf), (40)

where the last equality is due to the connectivity assumption Nppa.x = Q2(log N).

C.7 Useful theorem in k-means error analysis

Lemma 7 (k-means error adapted from Lemma 5.3 in Lei and Rinaldo (2015)). For € > 0 and any two matrices
U,U, such that U = MX with M € {0,1}V*2 be the indicator matriz and X € R**? have its row vectors
representing the centroids of two clusters, let (M, X) be a (1 + €) solution to the k-means problem and U = MX.
For § = || X14 — Xa.l|, define S ={j € [N]: ||Ujx — Ujs||} > 6/2 then

1S]6% < 4(4 4 2¢)||U — U||%. (41)

C.8 Proof on Corollary 1

Corollary 1. Consider directed graphs generated from the DSBM (N/2,N/2,p,p,n) under the assumption
Np=Q(log N). As N — oo, the misclustering error of spectral clustering is such that

2 o((5),

where L = L(n) is a continuous, monotonically decreasing function of the edge directionality parameter n, with
L =0 when n=0.5. The explicit form of L(n) is provided in (48), and its behavior is illustrated in Figure 5b in
Appendiz C.

Proof. From Theorem 2, we have the general upper bound on the error bound

l(0,6) < 64(2 + €)C?piayx log N _o C?Pprmax log N
N = d2A2 d2A2 ’

where d and A depends on E[Hy|. When p = ¢, we have that

w, = log (1) ,  w; = log (1_77), w, = 0.
4n(1—n) n

Moreover, notice that normalizing Hy does not affect the clustering error. For the rest of the discussion, we
consider 1/w;Hy as the input Hermitian matrix for spectral relaxation of MLE, and correspondingly we denote

the updated coefficient as
- 1 1—n - -
w, = log <) log (), w; =1, w,=0.
An(1 —n) / U

Because w, < 1 and ; = 1, the term C? in (42) has C? = O(w,> + w;?) = O(1). Therefore, we can further
simplify (42) as follows

For analyzing the asymptotic behaviour of the error bound, we are only left with computing the centroid distance
d and eigengap bound A.

Following from the definition of Ay in (22), we have

N
A>Ag= TP w2+ 2(1— 2)2. (43)
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For computing the centroid distance d, recall that the population matrix can be written as
E[Hy) = MQMT — w,pl,
where M is the community indicator matrix and the 2 x 2 matrix @ has

_ wr 157‘ + (1 - 277)i
Q N |:wr - (1 - 2"7)i Wy b

Since n1 = ny = N/2, we have that the two distinct values in v1(E[Hp]) (see (29)) to be the values of v1(Q)
divided by \/N/2. We can easily compute that the top eigenvector has

wy+w; (1—2n)i
v (E[Hg]) = { YNI=w+w(i-2n)i] foru ey (44)
1/\/N for u € C,.

We denote ¢1, ¢ the cluster centroids of C1,Cs in the embedding given by the top eigenvector of E[Hy|. The
locations of two cluster centroids in the complex plane are exactly the two distinct values in (44). We visualize

the two cluster centroids in Figure 5a. Let 8 = arccos

m) be the angle between the two values in

the complex plane. Therefore, we have

5 1 4sin?6/2
d N( cos 6) ~ (45)
Combining (42), (43), and (45) and letting
L(n) = |, + (1 — 2n)|sin(6/2). (46)
We have
l(0,6) log N
< —_—s | .
N =© (Npp) (47)

From the above inequality (47), the upper bound of misclustering error is determined by two independent variables
Np and L2 The term Np is the average degree of the graph. The term L2, by definition (46), is a function on 7
with expression

L(n) = | (1= 2n)* + (log (WQZ 1- o (ﬁ) (48)

(log (ﬁ)) log (ljin) \/(1 —2n)2 + Mﬁ))z

(log( ljn))z

To see how the value L changes as 7 varies from 0 to 0.5, we plot L(n) in Figure 5b using Mathematica Inc.. We
observe that L(n) = ©(1) when 7 is bounded away from 0.5. Therefore, if n < 0.5 — ¢ with an absolute constant
€ > 0, then the misclustering error on the spectral relaxation is such that

When 7 converges to 0.5 (when the imbalance structure disappears), L(n) converges to 0. Therefore, if n = 0.5—0(1),
we have that

The above results on misclustering error bounds agree with the intuition that lower values of 1 denote a less noisy
problem instance, and thus lead to a lower clustering error.

O
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€1 L(n)

wi(1—2n)
VN [w, +i(1 = 2w

Wr

Wi, +i(i—2pw] YW

0.1 0.2 0.3 0.4 0.5

(a) Visualization on [ and 6. (b) Plot of I as function of 7.

Figure 5: Visualization of important parameters for representing the error bound.

D Proof for Corollary 2

Corollary 2. For graphs generated from the DSBM(N/2,N/2,p,q,n), the community assignment &y obtained by
DirHSC satisfies

l(U, 6—0) Cpmax IOgN
N  ~ N@(l-2n+2p2)d2

(6)

1—(1—2n)i

wh@r@d(): l_m

Proof. The analysis follows the same steps as in Theorem 2, specialized to the Hermitian matrix
Hy=A+ A" +i(A - AT),

for which w,, = 1, w; = 1, and w. = 0.

By Lemma 7, the clustering error satisfies

8(2+ ¢€) ||[vv* —vv¥|
d?>N ’

l(o,00)

’ <
N =

where v is the leading eigenvector of E[Hy], and d is the distance between the two population centroids.
Applying the perturbation bound from Lemma 3, we obtain

l(o,00) 64(2 + €) || R
N = d2N (\(E[Ho]) — M2 (E[Ho)))?

Using the Bernstein concentration inequality, we have with probability at least 1 — N~ that
|R[|* < C'Npmaxlog N,

for some absolute constant C’. Substituting into the above bound yields

l(c,00) < 64(2 + €)C'prax log N
N 7 d? (M(E[Hol) — X2(E[Ho)))?

It remains to characterize the eigengap and centroid distance of E[Hy]. From Lemma 2, the eigengap is

1
Ay = 2\/NQp2 —4dning (p2 —[1+i(1- 2n)q|2)-
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In the balanced case n; = ng, this simplifies to
1
Ag = iNq\/l—l—(l—Qn)z. (50)
For the centroid distance, we derived in Lemma 2 the 2 x 2 community indicator matrix matrix,

_ p q+i(1—2n)q)
bQD = N2 q—i(1—2n)q) P

For the leading eigenvector xDQD = A\1x, we have

M(DQD) = £ (Np+280) = 1/2N(p+ 4/T+ (1~ 20)?)

Solving the eigenvalue equation yields

S =i =20y +pra) = 5 (p+ay/T5 (1= 20 2

1 /14 (1—2n)?
zy  1—i(1—2n)

Setting
1—i(1—2n)

V1A =292

and normalizing ||v||2 = 1, the centroid distance in complex plane is then

Ty =1; 290 =

2 2

2 2 1—-4(1-2 2
P O O TR | NS S L BV Y o

N/2  /N/2| N N 1+(1—-292| N
Here we define the normalize centroid distance dy = ‘1 - % . Combining (49), (50), and (51), we obtain

—27
l(o,00) Clog N
N = & Ng(1—-2n+2n?)

which completes the proof. O

E Proofs for Theorem 3

Theorem 3 (Recursive error update of LEHSC). Assume (A1)—(A4) hold. Let 6) denote the community labels
at iteration t, with misclustering rate €©). Then, with probability 1 — o(1) as N — oo, the parameter estimation
errors satisfy

vV Pmax log N

P —p| <CreWp—q| + Co B o (7)
A~ nlaxlo N

g —q| <C1eWp—q| + Co %, (8)
~(t4-1 t) Pmax \/logN

|TI(+)_77|§01 8()7 + CQNi\/Z]‘ 9)

Here C1,Cy are constants depending on the balance and warm-start conditions. Consequently, applying the spectral
step with Hy4ry yields

I(o,6HD) - 64(2 + €)C? pax log N
N - 2 A

2
A(t+1) T g(t+1)

: (10)

where d; denote the centroid distance and eigengap of the population matriz E[Hpye.1)].

2
(t41) and Aé(t+1>
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Proof. We start with proof for the parameter estimation error 6 — g.

Step 1. Bound graph counts. Under community assignment o®, we denote the following graph statistics.
Recall that A € {0,1}V*¥ is the adjacency with zero diagonal, the true community assignment is C;,Co with
ny = |C1|, ng = |Ca|, and the current clusters is Cy, Co.

We define the mislabel counts as follows

5 ; b
a2iCinCl,  b2|CNE, 5<t>:“;.

We denote the collection of within community and between community vertex pairs

WE{{i,j} i<y, i,j€C ori,jeC}, BE{{i,j}:i<j, i €Ci, jeCa}.

WE {{ijti<j, ijeCiorijeCl, B2{{ijl:i<j i€l jels}.
Note that an unordered pair {i,j} changes status iff exactly one endpoint lies in the set of mislabeled vertices

(Cin ég) U (C2 N él) The number of such pairs is

|BAZ§} = |WAW| = (a+b)(N—-a—b) < eN>

Moreover, we have
||B] - |B|| < |[BAB| < eN?,
[ IW] = W] | < [WAW| < eN?
Step 2: Expected bias (contamination) of the moment updates. Define the directed cross-flows and their

total:
X(C) =1 %CQ|:Z ZAU’ Y(C):|C2%C1|:Z ZAija W(C) = [C1 — Ci| + |C2 — Cal.

i€Cy1 jEC2 i€Ca jEC

XO)=[C=Cl=YY Aj; YO =IC—=Cl=Y > Aj  W(EC =I[C—C|+|C:—Cal.

ieCy jGéz ieCs jeé1
Consequence, we can write
TF(C)=X(C)+Y(C), TF(EC)=X(C) +Y(C)
Under the current partition (él, ég), the estimators are
. TF(C) | x . W(0)
¢ =—%—, 7 = min =, —0, D= -—"
|B] TF(C) TF(C) W

Recall that |W4W| = |I§AAB| =m(N —m) <eN?, and by balance assumption (A2) and warm start assumption
(A3), we have|W| =< N2, |B| = |C1||C2| < N2.

Bias of p. Decompose R R R
_WnWp+ WnBlq - (W N B|

W W
Note that W N B| < [WAW| < eN? and by assumption (A2), we have W| > |W| —eN? > (1/4 — )N2. Let
cp=1/4—¢.

E[p] (¢—p).

eN? lp—q|

E[p] —p| < =
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Bias of §. Similarly, X R R

_BNBlg+[BNW|p . [BAW|
|B] |B]

and [BNW| < |BAB| < N2, |B| > |B| — eN? > (p(1 — p) — €)N2. We denote ¢, = p(1 — p) — ¢ and have

E[q] (p—q),

EN? |p*q| _ |p7Q|€
c,N? a

Elg] —q| <

Bias of 7. Recall that X (C) = |C; —Ca|, Y(C) = |Co—C4|, and TF(C) = X (C) + Y (C). We denote
y£EY(Q), t2E[TFC),  yo=amng, to = gnins.
Only ordered pairs touching a mislabeled vertex are contaminated, which are of size at most eN?2, so
Y = Yol < PmaxeN?, |t —to| < PmaxeN>.

For balance community, there exist constant ¢y depending on p such that the expectation-level denominator

stability ¢ > %to holds (here 1/2 is arbitrary and choosing different absolute constant does not change the

asymptotic analysis). To see this, recall that ¢y = gnina > p(1 — p)gIN? by the balance assumption (A2). Since
p(1=p)q

t > to — Pmaxe N2, it suffices to ensure pmaxe N2 < %to, or equivalently, ¢ < e This holds under the
(

warm-start assumption (A3) with ¢, = %ﬂ, from which denominator stability ¢ > %to follows. Therefore, we
have

to

< + =
to(to + (t —to)) to t3

where the last inequality holds since ¢ty = gnins =< ¢N2. The same bound holds for X((f)/TF(é) Since min(-, -)
is 1-Lipschitz in o, |y/t — 77‘ < C Pm% c.

Y Yo
13

—90)to — yo(t —t 2]y — 2
_ ’(y Yo)to — Yol 0) < ly — yol Yo It —to| < ¢ Pmax < Ck,
q

In summary, there exist constants C,, C},,C' > 0 (depending only on balance and warm-start) such that
D j Prmax
Bl —p| < Cpelp—dl,  [Eldl —af <Clelp—adl, Iy/t—nlgc’%s_

The bounds above capture the bias in estimating DSBM parameters 6 due to mislabels. The additional randomness
of the bias is of smaller order and is handled in the next concentration analysis.

Step 3: Concentration analysis. Condition on the current partition (él,ég). All graph statistics we use are
sums of independent Bernoulli variables over index sets of size ©(N?) (with success probabilities bounded by
Pmax for within/between counts and by ¢ for cross edges). By Bernstein’s inequality (24), there exist absolute

constants C| ¢ > 0 such that, with probability at least 1 — N ¢,
< C\/IW| pimax log N, (52)
TF(C) — E[TF(C)]| < C /1Bl pmax log N, (53)
[Y(C)]] < C \/|B| pmax log N. (54)

By the balanced and warm-start assumptions we have |W| =< N? and |B| = |C,]|C2| =< N2. Dividing (52) by the
corresponding denominators gives the following sampling errors (write vy, vp, v, for short), with probability at
least 1 — N~

[W(C) —EW(O)]

| X(C) ~ E[X(C))

VY (C) - E[Y

. . Pmax log N v/ Pmax log N log N
_ < < =
p—E[p]| <C Wi < C N ) N — 0, (55)
log N v/ log N log N
|g—Elgl| < C, /pm”‘[;f‘)g < o Vmax D80 _ ¢ ( °8 ) — 0. (56)
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For /) we again use a stable ratio bound. From (53), we have TF(C) > t — Cy/|B| pmax log N. Here the
term 4/|B| pmax 10g N = O(Ny/Dmax10g N). Recall y = E[Y(C)], t = E[TF(C)] > 1/2t, = O(N2q), by bal-

ance and warm-start assumption. Note that ¢ = O(pmax) = Q(log N/N), and here the stochastic deviation

\/1B| pmax 10g N = O(Nv/pmax 0g N) < t = O(N2q). Similar to the bias analysis, we can show the denominator
is stable TF(C) > (1 — o(1))t = ©(N?q).

V@) | Y@y _yTRO-t| ( wye Blpme logN _ VigN (o
TF(C) t TF(C) t TFC) |~ t TF(C) ~ NJq '

The same bound holds with X in place of Y, hence by 1-Lipschitzness of min(-,-) in ¢,

Y] < o T

Putting bias + variance together. Combining Step 2 (expected contamination) with (55)—(57), we obtain,
with probability at least 1 — N ¢,

V/Pmax log N
N )
V/Pmax log N
N b
Viog N
N

Here C, C5 depend only on the balance and warm-start constants. Therefore, we derive the parameter updating

p—p| <Ciclp—ql + Cs

G—q|<Cielp—q| + C;

A pmax
|77*77|<01 p e+ Cy

error bounds used in the one-step misclustering recursion, with oy := C, max{ Vp "‘a]’QIOgN , ‘/]i,o\%v } — 0 as
N — o0.

Clustering error. Now with parameter obtained from moment estimator, we compute the weights u%(«tﬂ),

Z(H_l) and w?“), we directly apply the error bound from Theorem 2, and obtain the cluster error for next step

w
€(t+1) < 64(2 + €)pmax 10g N
- A2 d?

O(t+1) T H(t+1)

where d§<t+1) and A?;(Hl) denote the centroid distance and eigengap of the population matrix E[H,]. The

error bound of spectral clustering with estimated 6(*+1) vary as the clustering centroid and eigengap vary with
respect to different weights.

O

F More Experimental details

F.1 Parameter-free approximation: DirHSC

Here we provide implementation details for the parameter-free approximation DirHSC.

F.2 Convergence of iterative learning on model parameters

We conduct empirical tests on this iterative approach on directed graphs generated from the DSBM ensemble. In
Figure 6, we show how the learned model parameters vary as one repeats the updating process in LEHSC. Through
our study on the synthetic data sets from the DSBM, we observe that in most cases, this iterative algorithm
converges near the truth model parameters very fast (within 10 iterations).

We also conduct experiments to examine how different initialization strategies influence the clustering outcomes.
Below, we summarize the recommended strategies.
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Algorithm 2: Directional Hermitian Spectral Clustering (DirHSC)

Input :Directed graph
Output : Community labels &
1 Compute the top eigenvector ¥ of Hy = A+ AT +i(A — AT);
o

2 Apply k-means to the embedding [R(¥), S(¥)] to partition into two clusters: C; and Co;
3 return community labels & given by C; and Cs.

q
500 0.20
15.0 % 50%
0.15
10.0 % 10.0%
0.10
50 % — - — - ture parameters
5.0% e 0.05} |—©— LE-SC
Jure p ture ¢
4 5 1 2 3 4 5 1 2 3 4 5
iteration iteration iteration

Figure 6: Illustration on the convergence of the iterative algorithm. We first sample a directed graph from
DSBM with n; = ny = 1000, p = 2%, g = 1%, n = 0.1. Then, starting from a random initialization on the model
parameters, we apply LEHSC to learn the DSBM parameters. The lines with circles represent model parameter
learning using the spectral clustering algorithm LEHSC.

a. When edge direction is the primary consideration for clustering, we recommend initializing the Hermitian
matrix as Hy = A + AT +i(A — AT) (DirHSC), which approximates the MLE in the low direction noise
regime (n ~ 0). Alternatively, one may use Hy = i(A — AT), which, as discussed in Section 3, corresponds to
the net flow optimization approach.

b. When edge density is the main focus, we suggest initializing with Hy = A + AT as it aligns with the total
flow optimization scheme.

c. We also recommend using alternative clustering algorithms to generate initial clusters, such as DI-SIM Rohe
et al. (2016), BibSym (Satuluri and Parthasarathy, 2011), and D-SCORE Wang et al. (2020).

F.3 Complexity analysis for eigenvector computation.

The power method is a fast and scalable algorithm for computing the eigenvectors of sparse matrices through
iterative updates. Both algorithms DirHSC and LEHSC involves computing the eigenvector of a Hermitian matrix
of the form

wr(A+ AT) +iw; (A — AT + w.(J — 1),
where for DirHSC we have w, = w; = 1 and w, = 0. We decompose matrix of this form into a sparse component

w,(A+ AT) +iw;(A— AT) and a dense all-one component w,.J. This structure enables an efficient implementation
of the power method:

1. Randomly initialize by
2. For k> 1, b, = (w,(A+ AT) + iw; (A — AT))bj—1 + we(J — Ibg_1
3. Repeat until ||by — br—1]j2 < €

The convergence of the above iterative steps depended linearly on the Ao(Hg)/A1(Hp). Each iteration involves a
matrix-vector multiplication with time complexity O(|€|) for the sparse part and O(N) for the all-one matrix.
Therefore, the overall computational complexity of computing the top eigenvector of Hy is O(|£]), enabling the
method to efficiently scale to large and sparse graphs.
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F.4 Multi-community clustering

The algorithms introduced in Section 4, DirHSC and LEHSC, partition a directed graph into two clusters. To
further multi-community settings, we consider two approaches: an iterative bi-partitioning scheme (Algorithm 3)
and a k-way partitioning method (Algorithm 4).

F.4.1 TIterative bipartition for multiple clusters

Algorithm 3: Iterative algorithm for k clusters

Input :Directed graph G = (V, ); target number of clusters k; maximum iterations per bipartition T
Output : Community labels 6 : V — {1,...,k}

Initialize clustering C <— {V} and label counter ¢ < 1;
while |C| < k do
Select the largest cluster S € C;
Apply LEHSC (Algorithm 1) or DirHSC Algorithm 2) to subgraph G[S] with T iterations to bipartition
S into (51,82);
Replace S in C with §; and So;
end
Assign unique labels 1, ...,k to the final clusters in C to obtain &;
return ¢

NIV VN

®» I O w;

F.4.2 k-way method for multiple clusters

Other than iterative bipartition, another approach to extend to the multi-community setting is to use a k-
dimensional spectral embedding based on the top k eigenvectors, commonly referred to as k-way partitioning. This
approach is motivated by the Rayleigh quotient, where the leading k eigenvectors provide orthogonal directions
that approximately optimize the relaxed objective (SC-MLE). In practice, since 8 is unknown, one can conduct
iterative parameter estimation as in LEHSC (Algorithm 1). We refer to this k-way variant as LEHSC(k-way). This
yields a simple k-way extension, summarized in Algorithm 4.

Algorithm 4: k-way partition

Input :Directed graph
Output : Community labels &
1 Compute the top [k/2] eigenvector ¥ of Hy;
O

2 Apply k-means to the embedding [R(¥), 3(¥)] to partition into & clusters;
3 return community labels &.

F.5 Experiment: DSBM with different higher-order structure

When there are multiple communities in the DSBM, the edge probability between communities can vary and
form different higher-order structures. We use a directed meta graph to describe such a higher-order structure of
community-communitty interaction. In a meta graph, each vertex represents a community, and edges between
communities are directed and weighted. Each directed edge in the meta graph indicates a structured edge
generating probability, where the edge weight is the probability that an edge is oriented from a source community
to a target community. A non-edge means the edge direction between the two communities is totally random,
i.e, 1/2 probability for each direction. To give a concrete example, the meta graph in Figure 7 is a 5-cycle. The
directed edge between C; and C indicates that edges between them are generated with probability 1 — 7 pointing
from C7 to Cy and with probability n backwards.

Figure 7 report clustering performance on multi-community DSBMs with different higher-order community
structures, represented by different meta-graphs, and under different levels of directional noise 7. Under
hierarchical configurations (left columns), both LEHSC and DirHSC achieve strong recovery performance. In
contrast, their performance degrades in the presence of cycle-structured meta-graphs (right column). This
limitation is mainly due to bipartition procedure in LEHSC and DirHSC: every bipartition cutting the cycle in a
statistically symmetric way, and there is no meaningful way to enforce a consistent bipartition exploit community
structure. This issue can be mitigated by using a k-way variant (e.g., LEHSC(k-way) Algorithm 4). A more
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—— LEHSC(k-way)
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Figure 7: Recovery rate on DSBM (n; = 500, p = ¢ = 1%), where communities form different higher order
structure.

rigorous theoretical understanding of multi-community DSBMs with complex higher-order structures remains an
important direction for future work.

F.6 Experiment: US migration data

We conduct experiments on migration data comprising 3074 counties in the mainland United States. Migration
flows are represented as a directed, weighted graph, where each edge weight represents the number of individuals
migrating from one county to another. To avoid a biased result dominated by extremely high degree vertices, we
normalize the directed graph and use D~1/24D~1/2 with the degree matrix D accounting for both incoming
and outgoing edges. We report the clustering outcomes from different spectral methods. In our experiments, we
replace the baseline method Herm with its variant Herm(RW), which yields significantly better performance on this
dataset (as Herm fails to produce meaningful results). We also observe that SimpHerm yields trivial clusters when
k> 4.
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(h) SimpHerm

Figure 8: Counties clustered by migration data (k = 2).
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h) SimpHerm i) D-Score
P

Figure 9: Counties clustered by migration data (k = 5).
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(g) Sym (h) SimpHerm (i) D-Score

Figure 10: Counties clustered by migration data (k = 10).



