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Abstract
In-context learning plays a central role in transformer-based large language models, yet its theoreti-
cal understanding remains limited. In this work, we study multiclass in-context classification under
more realistic settings, including anisotropic class centers and label imbalance, by introducing a
spectral data generation framework that constructs class-center matrices with a prescribed singular
spectrum. We first show that the isotropy of class-center vectors, as quantified by the stable rank,
improves ICL generalization performance. From a meta-learning perspective, our theorem shows
that linear transformers can learn multiclass in-context classification with near-optimal per-label
sample complexity, extending prior guarantees beyond the binary setting. In the test label imbal-
ance regime, our analysis reveals that queries from majority classes are easier to classify, while
those from minority classes are more error-prone; moreover, robustness to this bias improves with
the stable rank. Finally, we empirically demonstrate that our theory is consistent with observations
on transformers and pretrained large language models.

1. Introduction

Transformers [25] have introduced a new paradigm across a broad range of machine learning do-
mains. In particular, the in-context learning (ICL) phenomenon [5, 7], the ability to make predic-
tions for a given query by conditioning on a small set of input–output examples provided in the
prompt, has been empirically demonstrated in transformer-based large language models (LLMs).
Recent studies have made substantial progress toward a theoretical understanding of ICL, with sev-
eral works focusing on linear regression settings [1, 16, 27, 28]. However, since ICL can be viewed
as a special case of next-token prediction, it is more naturally aligned with classification tasks.
(More details in these related works is provided in Appendix C).
Our Contributions. We study generalization guarantees in multiclass in-context classification. We
introduce a spectral data-generating procedure which captures anisotropic class-center vectors as
well as imbalanced label distributions. Employing the linear attention model used in prior work,
we analyze the induced objective, characterize the max-margin limit selected by gradient-based
training, and derive generalization bounds that explicitly account for both test label imbalance and
class-center geometry.

• We demonstrate that the isotropy of class-center vectors, as quantified by the stable rank,
improves ICL performance for multiclass classification. We further show that transformers
achieve near-optimal sample complexity in the balanced-label setting (Theorem 5).

• Under test label imbalance, we show that majority-class queries are easier to classify, whereas
minority-class queries are more error-prone. Our theorem also demonstrates that robustness
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to this majority label bias is governed by spectral structure, with higher stable rank of the
class-center matrix leading to stronger robustness (Theorem 6).

• We empirically observe that the implications from our theory aligns with softmax transform-
ers and pretrained LLMs (Appendix J).

2. Preliminaries

In this section, we formalize the model, data distribution, and the assumptions.
Notation. We use diag(d1, . . . , dm∧n) to denote the (possibly rectangular) matrix D ∈ Rm×n

whose entries are Dii = di for all i ≤ m ∧ n and Dij = 0 for i ̸= j. The remaining notation
follows standard conventions and is summarized in Appendix A.

2.1. In-context Multiclass Classification
We consider in-context multiclass classification which aims to predict the label y(n+1) of a query
input x(n+1) given n labeled examples (x(j),y(j))nj=1. Here, y(j) ∈ RK denotes the one-hot vector
representing the class label of x(j) ∈ Rd, where K is the number of classes. The model utilizes
these examples through a prompt, and we encode the data in the following form.

E =

[
x(1) · · · x(n) x(n+1)

y(1) · · · y(n) 0

]
∈ R(d+K)×(n+1).

Given the above data encoding, we now introduce the model. We model in-context learning using a
transformer architecture, where self-attention plays a central role. The standard self-attention [25]
is defined as

Attnθ(E) = W VE Softmax
(

1√
d
E⊤(WK)⊤WQE

)
.

We consider a linearized version of self-attention, called Linear Self-Attention, which is defined as

LinAttnθ(E) = W VEM⋆E
⊤WKQE,M⋆ :=

[
In 0
0 0

]
, WKQ = (WK)⊤WQ.

Here, M⋆ is a masking matrix that restricts attention to the context examples and prevents the
query token from attending to itself. Although this masking does not appear in the original trans-
former formulation, it is commonly adopted in theoretical analyses [1, 27] of in-context learning.
We directly train the merged matrix WKQ, rather than learning WK and WQ separately. Follow-
ing common practice in theoretical studies of transformers, we analyze a linear attention model as
a representative tractable model for understanding generalization of transformers.1 With a residual
connection, the prediction by the one-layer Transformer for the query token reads

ŷ :=
(
E + 1

nLinAttnθ(E)
)
(d+1):(d+K),(n+1)

.

We adopt a parametrization similar to prior works [1, 22]. Specifically,

W V :=

[
∗

W V
⋆

]
, WKQ :=

[
W ∗
0 ∗

]
, W V

⋆ ∈ RK×(d+K), W ∈ Rd×d.

1. As presented in Section ??, we empirically evaluate a transformer architecture composed of a multi-head softmax
attention module and a feedforward network (FFN), and observe that the results are consistent with our theory.
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The blocks marked with ∗ do not affect the model’s predictions. We fix W V
⋆ =

[
0K×d IK

]
, and

only optimize over W . Then, the prediction reads

ŷ(E;W ) =
1

n

n∑
i=1

y(i)x(i)⊤Wx(n+1) =
1

n


∑

j∈C1 x
(j)⊤Wx(n+1)

...∑
j∈CK x(j)⊤Wx(n+1)

 =

µ̂
⊤
1 Wx(n+1)

...
µ̂⊤
KWx(n+1)

 ,
where Ck := {j ∈ [n] : y(j) = ek} denotes the index set of examples belonging to class k, and
µ̂k :=

1
n

∑
j∈Ck x

(j) represents the signal vectors of the inputs in class k.

2.2. Data Generation and Training Process

We define the following distribution for generating multi-class ICL tasks.

Definition 1 For a given spectrum D = diag(d1, . . . dK) ∈ RK×d with K ≤ d, a label allocation
{Sk}Kk=1 ∈ NK with

∑K
k=1 Sk = n, and a query class k⋆ ∈ [K], the distribution over ICL tasks

D
(
D, {Sk}Kk=1, k

⋆
)

is defined as follows:

1. There are Sk context examples belonging to class k. In other words, letting y(j) ∈ RK be the
one-hot label, there are exactly Sk indices j ∈ [n] such that y(j) = ek. Note that the query
label y(n+1) = ek⋆ is independent of this class allocation.

2. Construct a class-center matrix M ∈ RK×d whose rows correspond to class centers:

M = UDV ⊤,

where sample the left and right singular vector matrices U ∈ RK×K , V ∈ Rd×d uniformly
at random from the set of orthogonal matrices of the corresponding dimensions. We denote
by µ⊤

k the k-th row of M , corresponding to the center of class k.

3. Given label y(j), generate the corresponding input vector according to

x(j) = M⊤y(j) + z(j) = µk(j) + z(j),

where the noise vectors z(j) ∼ N (0, Id) are independently sampled across j, and k(j) de-
notes the class corresponding to the j-th sample.

Our data generation process is motivated by the prior works [6, 15] and can be viewed as a
natural extension from binary to multiclass settings. More details are provided in Appendix C.1.
For fixed Σ = diag(σ1, . . . , σK) ∈ RK×d with σ1 ≥ · · · ≥ σK ≥ 0, we consider the balanced case
Sk = S⋆ for all k ∈ [K]. For each τ ∈ [B], we sample a task (x

(j)
τ ,y

(j)
τ )N+1

j=1 ∼ D
(
Σ, {S⋆}K , k⋆τ

)
in an i.i.d. manner, where each k⋆τ is independently chosen arbitrarily across tasks. We denote by
N the total number of examples for training tasks, so that N = S⋆K. We use the subscript τ to
denote quantities associated with the task indexed by τ . Therefore, y(N+1)

τ denotes the true label of
the query token in task τ , ŷτ denotes the corresponding prediction as defined in Section 2.1. Given
sampled tasks {(x(j)

τ ,y
(j)
τ )N+1

j=1 }Bτ=1, we define the loss function as:

L (θ) = 1
B

∑B

τ=1
ℓ
(
y(N+1)
τ , ŷτ

)
,
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where ℓ(·) denotes the standard cross-entropy loss applied to the softmax of the logits in ŷτ , as in
conventional multiclass classification. After training, we sample a test task from D

(
Λ, {Sk}Kk=1, k

⋆
)
,

where the spectrum Λ = diag(λ1, . . . , λK) ∈ RK×d with λ1 ≥ · · · ≥ λK ≥ 0, which may differ
from Σ. In the test task, the label allocation {Sk}Kk=1 is not necessarily balanced, and we denote the
total number of examples by M :=

∑K
k=1 Sk (which may differ from N ). We make predictions for

a test task with M examples, as ŷ = 1
M

∑M
i=1 y

(i)x(i)⊤Wx(M+1), using the hard-max output.

2.3. Assumptions
We impose the following assumptions:

Assumption 2 There exists 0 < cs ≤ 1 such that sr(Σ) ≥ csK (i.e. sr(Σ) = Θ(K)).

Assumption 3 The first singular value of training tasks is sufficiently large: σ21 ≥ cσd for some
absolute constant cσ > 0.

Assumption 4 The ambient dimension d and the number of the classes K should satisfy d ≥ K ≥
3 ∨ C log2

(
B2K2/δ

)
for some absolute constant C > 0.

The first two assumptions ensure non-degeneracy of the training set and are not imposed on the test
spectrum Λ. Assumption 2 and 4 guarantee that the training tasks are realizable (Assumption 9) with
high probability, enabling the implicit bias induced by training. The data generation assumptions of
Shen et al. [22] satisfy Assumptions 2 and 3 which are related to the data geometry.

3. Main Results
In this section, we characterize the implicit bias induced by the training tasks and leverage it to
analyze the generalization behavior of transformers in in-context learning.

3.1. Implicit Bias on Pre-trained Transformers

We study the implicit bias of Linear Self-Attention trained via gradient descent. Under Assump-
tions 9 and 10, standard in the implicit bias literature [21, 23], and a sufficiently small step size η,
the solution converges in direction to the max-margin solution

WMM := argmin ∥W ∥2F , s.t. (µ̂τ,k⋆τ − µ̂τ,k)
⊤Wx(N+1)

τ ≥ 1, ∀τ, k ̸= k⋆τ ,

where µ̂τ,k = 1
N

∑
j∈Cτ,k x

(j)
τ denotes the signal vector for class k. More details can be found in

Appendix E, which presents a rigorous analysis of the gradient descent dynamics and establishes
the implicit max-margin bias of the attention parameters.

3.2. Transformers Can Learn Multiclass Classification In-Context via Stable Rank
In this section, we study multiclass in-context classification with transformers under a balanced test
setting, where each class has exactly S examples. We also use balanced prompts during training.
We adopt a hard-max prediction rule and denote the resulting max-margin classifier by W . Defining
k̂ := argmaxk ŷ(E;W ), the classification error satisfies

P
(
k̂ ̸= k⋆

)
= P

(
∃k ̸= k⋆ s.t. µ̂⊤

kWx(M+1) > µ̂⊤
k⋆Wx(M+1)

)
= P

( ⋃
k ̸=k⋆

{µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1)}
)
≤
∑
k ̸=k⋆

P
(
µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1)
)
.
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We bound the generalization error by controlling the misclassification probability for each class k.

Theorem 5 Fix k ̸= k⋆, and let δ ∈ (0, 16) be arbitrary. Suppose Assumptions 2, 3, 4, and 10 hold.

Let {(x(j)
τ ,y

(j)
τ )N+1

j=1 }Bτ=1 be B training tasks with (x
(j)
τ ,y

(j)
τ )N+1

j=1 ∼ D
(
Σ, {S⋆}K , k⋆τ

)
for each

τ ∈ [B]. The max-margin solution W satisfies the following with probability at least 1− 6δ: when
sampling a new task with balanced prompt (x(j),y(j))M+1

j=1 ∼ D
(
Λ, {S}K , k⋆

)
, we have

P
(
µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1)
)

≤ C ′ exp

(
−c

(
d sr(Λ)

ξ2K
∧
√
d

ξ
∧ sr(Λ)

)
· sr(Λ)

K

)
+ 6 exp

−c

λ1 sr(Λ)

ξK
∧

√
S∥Λ∥4F
dξ2K2


for some C ′, c > 0, where ξ = O( dB ∨ log2

(
B2K2/δ

)
).

Theorem 5 provides a bound on the probability of misclassifying a sample into a fixed class k.
The bound decreases as the stable rank sr(Λ) increases, indicating that more isotropic and well-
separated class geometry leads to better generalization performance. Under suitable conditions, we
show that transformers achieve near-optimal sample complexity for multiclass in-context learning.
We provide further discussion in Appendix H.1.

3.3. Multiclass In-Context Classification under Test Label Imbalance
We study test-time label imbalance, where different numbers of examples are sampled for each class
while training uses balanced prompts. Unlike prior work [6, 15, 22], our bound depends on the test
label counts and captures phenomena such as majority-label bias.

Theorem 6 Fix k ̸= k⋆, and let δ ∈ (0, 16) be arbitrary. Suppose Assumptions 2, 3, 4, and 10 hold.

Let {(x(j)
τ ,y

(j)
τ )N+1

j=1 }Bτ=1 be B training tasks with (x
(j)
τ ,y

(j)
τ )N+1

j=1 ∼ D
(
Σ, {S⋆}K , k⋆τ

)
for each

τ ∈ [B]. The max-margin solution W satisfies the following with probability at least 1− 6δ: when
sampling a new task with imbalanced prompt (x(j),y(j))M+1

j=1 ∼D
(
Λ,{Sk}Kk=1, k

⋆
)
, we have

P
(
µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1)
)

≤ C ′ exp
(
−c
(
dψk,k⋆ sr(Λ)

ξ2K
∧

√
d
ξ ∧ ψk,k⋆ sr(Λ)

)
· ψk,k⋆ sr(Λ)

K

)
+ 6 exp

(
−c
(
λ1ψk,k⋆ sr(Λ)

ξK ∧ Sk⋆√
Sk+Sk⋆

· ∥Λ∥2F√
dξK

))

for some C ′, c > 0, where ξ = O( dB ∨ log2
(
B2K2/δ

)
), ψk,k⋆ := Sk⋆/

√
S2
k + S2

k⋆ .

The imbalance factor ψk,k⋆ quantifies the effect of test-time label imbalance, where a smaller
value—corresponding to class k being dominant—leads to a larger error bound and thus stronger
majority-label bias toward class k. Importantly, this effect is mitigated by the stable rank sr(Λ),
suggesting that higher-dimensional and more isotropic class-center geometry provides robustness
against label imbalance. We provide further discussion in Appendix I.1.
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Appendix A. Notation

We denote the operator norm and the Frobenius norm of a matrix A by ∥A∥ and ∥A∥F , respectively.
The symbol Aij represents the (i, j)-th entry of A. We define Aa:b,c as a vector with dimension
b − a + 1, whose i-th element is the (a + i − 1, c)-th entry of A. We use a ∨ b = max{a, b},
a ∧ b = min{a, b}. We use diag(d1, . . . , dm∧n) to denote the (possibly rectangular) matrix D ∈
Rm×n whose entries are Dii = di for all i ≤ m ∧ n and Dij = 0 for i ̸= j. Standard basis vectors
are denoted by ek. We use the asymptotic notations O(·), Ω(·), and Θ(·) for upper bounds, lower
bounds, and tight bounds, respectively. We further use the notations Õ(·), Ω̃(·), and Θ̃(·) to omit
poly-logarithmic factors. We use sr(A) := ∥A∥2F /∥A∥2 to denote the stable rank of A. The stable
rank quantifies the effective dimensionality, which captures the isotropy of the row vectors.

Appendix B. Conclusion and Future Direction

In this work, we mainly focused on the in-context learning (ICL) capability of Transformers for
multi-class classification. We showed that, under gradient descent, the implicit bias of the model
enables ICL to generalize effectively. In balanced training settings, the model achieves near-optimal
sample complexity, and in particular, the stable rank of the class center matrix plays a critical role
in determining the generalization bound. We further analyzed both theoretically and empirically
that this stable rank becomes even more important under label imbalance, and that test-time label
imbalance significantly affects ICL performance.

One limitation of our analysis is that we rely on the max-margin solution, which can be viewed
as the limiting direction of the training dynamics, and we do not explicitly consider the training
procedure under a finite-time training budget. A natural direction for future work is to extend
this analysis to more complex transformer architectures, including nonlinear layers and multi-head
attention, where characterizing the role of representation geometry under label imbalance remains
an open problem.

Appendix C. Related Works

Several recent works study in-context classification, mostly focusing on the binary case [6, 15] with
two class-center vectors pointing to antipodal directions. In this setting, the problem is invariant to
simultaneously flipping the signs of both the data and labels; therefore, label-imbalanced situations
cannot be captured. Consequently, such settings are insufficient to capture phenomena arising un-
der label imbalance, such as majority label bias [10], where in-context learning tends to favor the
majority label in the prompt.

Furthermore, as a more general setting, the multiclass regime induces a more complex geometric
structure than the binary setting. Shen et al. [22] study in-context multiclass classification, but
their analysis is restricted to approximately isotropic class-center geometry, leading to an intrinsic
dimension comparable to the number of classes. This contrasts with empirical observations that
real-world representations, even in high-dimensional embedding spaces, often concentrate near low-
dimensional subspaces [19, 20]. Moreover, the paper focuses on balanced test labels and thus fails
to capture the majority label bias.
Theory of ICL. To enable tractable analysis, much of the prior work on the theory of ICL focuses
on simplified architectures such as linear self-attention. Within this regime, Ahn et al. [1], von
Oswald et al. [27] show that ICL can be interpreted as implicitly implementing preconditioned

10
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gradient descent for linear regression tasks, thereby framing ICL as a form of meta-learning, or
learning-to-learn [24]. Akyürek et al. [3] also show that transformers can implement standard learn-
ing algorithms for linear models, including gradient descent and closed-form ridge regression. Kim
et al. [11], Magen and Vardi [15] mainly focus on the optimality of ICL in terms of meta-learning.
Zhang et al. [28, 29] also study linear self-attention and provide insights into the mechanism of
in-context learning by analyzing the dynamics of gradient flow. Ahn et al. [2] demonstrate that
in-context regression with linear attention can be useful for explaining the optimization of actual
transformer models.

Recent research also investigates classification tasks [4, 6, 8, 12, 13, 15, 22]. Bai et al. [4] show
that transformers can perform in-context learning by implementing gradient-based algorithms for
a broad class of models, including logistic regression. Giannou et al. [8] further show that trans-
formers can approximate higher-order optimization methods for logistic regression. Li et al. [12]
analyze in-context learning capabilities in binary classification in nonlinear transformers. Similarly,
Li et al. [13] study the nonlinear setting and show that a one-layer transformer can learn the bi-
nary one-nearest-neighbor problem in context. In contrast, Shen et al. [22] study gradient flow in
in-context classification in linear attention setting, and analyze how the prompt length during both
training and testing affects the inference error.
Implicit bias. In over-parameterized regimes, optimization converges to specific solutions among
infinitely many interpolating ones. Implicit bias is a central concept in the theoretical study of
deep learning, particularly in classification settings where the direction of the learned parameters,
rather than their scale, governs generalization behavior. Classical results establish convergence of
gradient descent to max-margin solutions in multiclass linear classification [21, 23], with extensions
to homogeneous neural networks [14].

The works most closely related to ours are Frei and Vardi [6], Magen and Vardi [15], which
characterize the implicit bias of the model and leverage it to derive generalization bounds. Frei
and Vardi [6] show that transformers can generalize in binary classification tasks while perfectly
fitting the in-context examples, by exhibiting an implicit bias toward max-margin classifiers. Their
analysis demonstrates that ICL can achieve benign overfitting, offering a principled explanation
for generalization without explicit regularization. Building on a closely related perspective, Magen
and Vardi [15] further show that, in the same binary setting, in-context learning implements a near
optimal meta-learner. Together, these works establish implicit bias as a key mechanism underlying
generalization in binary ICL.

C.1. Motivation of Definition 1

Motivation of Our Data Generation Process. In prior works [6, 15], binary classification tasks
are constructed by sampling a single reference vector uniformly from the hypersphere, which can
be interpreted as drawing an isotropic Gaussian vector and discarding its magnitude while retaining
its direction. To extend this idea to the multiclass setting, we consider generating an i.i.d. Gaussian
matrix and decomposing it into magnitude and directional components via singular value decom-
position. In particular, for an i.i.d. Gaussian matrix, the left and right singular vector matrices—the
directional components—are distributed uniformly on the set of orthogonal matrices and are in-
dependent of the singular values. Therefore, Definition 1 provides a natural generalization of the
binary, direction-based sampling scheme to the multiclass setting. Furthermore, Definition 1 allows
us to reflect the isotropy of class-center vectors via the spectrum. In particular, we study general-
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ization on test tasks and quantify its dependence on the stable rank of Λ, enabling the analysis of
complex multiclass geometry beyond the scope of prior works.

12



TRANSFORMERS CAN LEARN MULTICLASS CLASSIFICATION IN-CONTEXT

Appendix D. Sample Complexity Lower Bounds for GMM-Based Classification

Solving a given test task in our setting can be viewed as a multiclass classification task under a
Gaussian mixture model. In particular, Giraud and Verzelen [9] analyze clustering and classification
under a sub-Gaussian mixture model and show that the misclassification error decays exponentially
with the signal-to-noise ratio

s2 =
∆2

L2maxk ∥Ck∥
∧ m∆4

L4maxk ∥Ck∥2F
, ∆2 = min

i̸=j
∥µi − µj∥2,

where m denotes the minimum cluster size. Here, L denotes the sub-Gaussianity parameter, and
Ck represents the noise covariance of the k-th class. In our setting, the noise is standard Gaussian
with covariance Id, implying L = 1 and Ck = Id for all k. We also assume that, for a balanced test
task with M examples, data points are drawn uniformly across classes, with S = M

K examples per
class. Under these assumptions, the signal-to-noise ratio simplifies to

s2 = ∆2 ∧ S∆4

d
,

To achieve a small constant classification error, it is therefore necessary that the number of
examples per class scales as S = Ω

(
d
∆4

)
. While prior work [15] assumes an explicit separation

parameter ∆2, this quantity is not directly specified in our setting. Nevertheless, we are able to
tightly bound ∆2 using the structural properties of the class-center matrix of test task which has
singular value matrix Λ, as shown below.

Lemma 7 ∆2 = mini̸=j ∥µi − µj∥2 ≤ 2
K−1∥Λ∥2F .

Proof Let µ̄ := 1
K

∑K
k=1µk.∑

i̸=j
∥µi − µj∥2 = 2K

∑
i

∥µi − µ̄∥2 ≤ 2K
∑
i

∥µi∥2 = 2K∥Λ∥2F .

The left-hand side consists of K(K − 1) terms. By the pigeonhole principle, there exists at least
one (i, j) such that

∥µi − µj∥2 ≤
2

K − 1
∥Λ∥2F .

Combining this bound with the information-theoretic requirement on S we obtain the consequence.

Proposition 8 Achieving constant classification error requires S = Ω
(
dK2

∥Λ∥4F

)
.
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Appendix E. Proof of Our Implicit Bias Results

Implicit bias is a theoretically powerful concept for analyzing the behavior of parameters in over-
parameterized models. To characterize the limiting dynamics induced by gradient-based training,
we introduce several assumptions.

Assumption 9 There exist W⋆ such that for every τ and every k ̸= k⋆τ ,

(µ̂τ,k⋆τ − µ̂τ,k)
⊤W⋆x

(N+1)
τ > 0.

Regarding Assumption 9, since our analysis imposes a specific structural model on the data, directly
assuming realizability would be potentially restrictive. Instead, under our generative assumptions,
we can show that this condition holds with high probability for sufficiently large K. From the last
part of Theorem 21, with probability of at least 1− δ,

⟨µ̂τ,k⋆τ − µ̂τ,k,x
(N+1)
τ ⟩

≥ 1

K2
∥Σ∥2F − c0

σ21
K
√
K

log

(
B2K2

δ

)
=

σ21
K2

(
sr(Σ)− c0

√
K log

(
B2K2

δ

))
.

By Assumptions 2 (sr(Σ) = Θ(K)) and 4 (the number of classes K is sufficiently large), the
right-hand side is positive. Consequently, Assumption 9 holds with high probability for W⋆ = Id.

Starting from the output ŷ:

ŷ (E;W ) =
1

N


∑

j∈C1 x
(j)⊤Wx(N+1)

...∑
j∈CK x(j)⊤Wx(N+1)

 =

µ̂⊤
1 Wx(N+1)

...
µ̂⊤
KWx(N+1)


For each element, we can obtain

µ̂⊤
kWx(N+1) = Tr(µ̂⊤

kWx(N+1)) = Tr(Wx(N+1)µ̂⊤
k ) = Vec(W⊤)⊤Vec(x(N+1)µ̂⊤

k )

Using the equality Vec(uv⊤) = (v ⊗ Id)u, we have

Vec(x(N+1)µ̂⊤
k ) = (µ̂k ⊗ Id)x

(N+1)

Denote w = Vec(W⊤), Aτ,k = µ̂τ,k ⊗ Id, We can re-write the loss function as follows:

L(W ) = − 1

B

B∑
τ=1

log
exp

(
w⊤Aτ,k⋆τx

(N+1)
τ

)
∑K

k=1 exp
(
w⊤Aτ,kx

(N+1)
τ

)
=

1

B

B∑
τ=1

log

(
K∑
k=1

exp
(
w⊤(Aτ,k −Ak⋆τ ,τ )x

(N+1)
τ

))

Define x̃τ,k := (Aτ,k⋆τ −Aτ,k)x
(N+1)
τ , and we denote by Sk the set of tasks whose support vectors

are associated with class k. Consider the max-margin problem

WMM := argmin ∥W ∥2F , s.t. (µ̂τ,k⋆τ − µ̂τ,k)
⊤Wx(N+1)

τ ≥ 1. ∀τ, k ̸= k⋆τ .
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By the KKT conditions, the solution admits the representation

WMM =
B∑
τ=1

K∑
k=1

ατ,k(µ̂τ,k⋆τ − µ̂τ,k)x
(N+1)⊤
τ .

To characterize the implicit bias, we impose the following assumption.

Assumption 10 There exist a vector w̃ ∈ Rd2 which satisfies:

∀k ∈ [K], ∀τ ∈ Sk : η exp
(
−w̃⊤x̃τ,k

)
= ατ,k

This assumption ensures the existence of a parameter vector that matches the effective weights
induced by gradient descent dynamics. Similar assumptions play a crucial role in the analysis of
implicit bias in prior works (Theorem 7 of Soudry et al. [23], Assumption 4.1. of Ravi et al. [21]).

Here, a subtle difference is that we express this using a single w̃ ∈ Rd2 , while the existing
papers represent it in the form of w̃yn − w̃k. Since each w̃k is a d-dimensional vector and there
are K such vectors, concatenating them into a single vector gives constraints that are similar to our
assumption with w̃ replaced with a dk-dimensional vector. By comparison, our assumption involves
more parameters, while having the same number of equality constraints as prior works. Therefore,
it is milder in that the parameter vector lies in a higher-dimensional space, yielding more degrees of
freedom and thus making the existence condition less restrictive.

For existence perspective, Soudry et al. [23] establish the existence of such solutions in the
binary classification setting for almost all datasets. Ravi et al. [21] provides the empirical results on
existence (See Appendix H of Ravi et al. [21]).

Theorem 11 Under Assumption 9, 10, and with sufficient small step size η, the limit of gradient
descent W (t+ 1) = W (t)− η∇L(W (t)) converges in direction to max-margin solution:

argmin
w

∥w∥2 s.t. ∀τ,∀k ̸= k⋆τ : w⊤x̃τ,k ≥ 1

⇔ argmin
W

∥W ∥2 s.t. ∀τ,∀k ̸= k⋆τ : µ̂⊤
τ,k⋆τ

Wx(N+1)
τ − µ̂⊤

τ,kWx(N+1)
τ ≥ 1.

Proof
Define r(t) = w(t)− ŵ log t− w̃, where ŵ is a vector representation of max-margin solution.

Our goal is to show ∥r(t)∥ is bounded.

∥r(t+ 1)∥2 = ∥r(t+ 1)− r(t)∥2 + 2(r(t+ 1)− r(t))⊤r(t) + ∥r(t)∥2

Consider the first term of the right-hand side,

∥r(t+ 1)− r(t)∥2 = ∥w(t+ 1)− ŵ log(t+ 1)−w(t) + ŵ log(t)∥2

= ∥ − η∇L(W (t))− ŵ[log(t+ 1)− log(t)]∥2

= η2∥∇L(W (t))∥2 + ∥ŵ∥2 log2(1 + t−1) + 2ηŵ⊤∇L(W (t)) log(1 + t−1)

≤ η2∥∇L(W (t))∥2 + ∥ŵ∥2t−2
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The last inequality is due to Lemma 12, and ∀x > 0 : x ≥ log(1 + x) > 0. By Lemma 13, we
know that

∥∇L(W (t))∥2 = o(1) and
∞∑
t=0

∥∇L(W (t))∥2 <∞

Considering the convergence of t−2 power series, we can obtain

∥r(t+ 1)− r(t)∥2 = o(1) and
∞∑
t=0

∥r(t+ 1)− r(t)∥2 = C0 <∞

Note that this implies that ∀ϵ > 0, there exists t0 such that for all t > t0,

|∥∥r(t+ 1)∥∥ − ∥r(t)∥| < ϵ0.

By Lemma 14, we can find t1, C1, C2 such that ∀t > t1:

(r(t+ 1)− r(t))⊤r(t) ≤ C1t
−θ + C2t

−2

Thus,

∥r(t)∥2 − ∥r(t1)∥2 =
∑
u=t1

[∥r(u+ 1)∥2 − ∥r(u)∥2] ≤ C0 + 2

t−1∑
u=t1

[C1u
−θ + C2u

−2]

Note that θ > 1, we can claim that r(t) is bounded.

E.1. Auxilary Lemma

Lemma 12 Under Assumption 9 and for an arbitrary W , ⟨∇L(W ),W⋆⟩ < 0.

Proof

L(W ) = − 1

B

B∑
τ=1

log

 exp(µ̂⊤
τ,k⋆τ

Wx
(N+1)
τ )

K∑
k=1

exp(µ̂⊤
τ,kWx

(N+1)
τ )


=

1

B

B∑
τ=1

log

(
K∑
k=1

exp((µ̂τ,k − µ̂τ,k⋆τ )
⊤Wx(N+1)

τ )

)

The gradient can be calculated as follows:

∇L(W ) =
1

B

B∑
τ=1

K∑
k=1

pτ,k(W )(µ̂τ,k − µ̂τ,k⋆τ )x
(N+1)⊤
τ ,
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where

pτ,k(W ) =
exp((µ̂τ,k − µ̂τ,k⋆τ )

⊤Wx
(N+1)
τ )∑K

r=1 exp((µ̂τ,r − µ̂τ,k⋆τ )
⊤Wx

(N+1)
τ )

.

⟨∇L(W ),W⋆⟩ =
1

B

B∑
τ=1

K∑
k=1

pτ,k(W )⟨(µ̂τ,k − µ̂τ,k⋆τ )x
(N+1)⊤
τ ,W⋆⟩

=
1

B

B∑
τ=1

K∑
k=1

pτ,k(W )Tr
(
x(N+1)
τ (µ̂τ,k − µ̂τ,k⋆τ )

⊤W⋆

)
=

1

B

B∑
τ=1

K∑
k=1

pτ,k(W )(µ̂τ,k − µ̂τ,k⋆τ )
⊤W⋆x

(N+1)
τ < 0

The last inequality is due to Assumption 9, and pτ,k(W ) > 0.

Lemma 13 (Lemma 10 in Soudry et al. [23])
Let L(w) be a β-smooth non-negative objective. If η < 2β−1, then for any w(0) with the GD

sequence

w(t+ 1) = w(t)− η∇L(w(t))

we have that
∑∞

u=0 ∥∇L(w(u))∥2 <∞ and therefore limt→∞ ∥∇L(w(t))∥2 = 0.

Since we assume the cross-entropy loss, we can easily verify that this lemma holds for our setting.

Lemma 14 (Lemma 20 in Soudry et al. [23])
Let θ = mink

[
minτ /∈Sk

x̃⊤
τ,kŵ

]
> 1. We have

∃C1, C2, t1, : ∀t > t1 : (r(t+ 1)− r(t))⊤r(t) ≤ C1t
−θ + C2t

−2.

Although the setting of this lemma is slightly different, by substituting x̃τ,k := (Aτ,k⋆τ−Aτ,k)x
(N+1)
τ

into the original proof and applying Assumption 10, and Lemma 13, we obtain the same result.
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Appendix F. Concentrations on the Haar-Distributed Random Matrices

From Definition 1, the randomness arises from the uniform sampling from the set of orthogonal
matrices. To analyze this term, we rely on concentration properties of random orthogonal matrices,
which are formally characterized via the Haar measure on the orthogonal group:

Definition 15 Let O(d) denote the orthogonal group of dimension d,

O(d) := {Q ∈ Rd×d | Q⊤Q = QQ⊤ = Id}.

The Haar measure on O(d) is the unique probability measure µ that is invariant under left and right
multiplication, i.e., µ(QA) = µ(AQ) = µ(A), for all measurable sets A ⊆ O(d) and Q ∈ O(d).

We introduce two lemmas concerning Haar-distributed random matrices.

Lemma 16 (Theorem 5.17 of Meckes [17]) Let S be one of SO(d) or SO−(d). Let f : S → R
be an L-Lipschitz function with respect to Hilbert-Schmidt metrics on the S, and U be a Haar-
distributed random matrices. Then for each t > 0, there exists a constant c > 0 such that

P (f(U) ≥ Ef(U) + t) ≤ exp

(
−cdt

2

L2

)
.

Due to the disconnectedness of the orthogonal group, the lemma cannot be applied directly.

Lemma 17 Assume that S is either SO(d) or SO−(d) with d ≥ 3, and let U ∈ S be a random
matrix sampled from the uniform measure on S. For an arbitrary matrix B ∈ Rd×d,

E[UBU⊤] =
Tr(B)

d
Id

Proof Let A ∈ SO(d) be an arbitrary orthogonal matrix with determinant 1. By the translation
invariance of the Haar measure, we have

AEU

[
UBU⊤

]
A⊤ = EU

[
AUB(AU)⊤

]
= EU

[
UBU⊤

]
Hence, D = E

[
UBU⊤] commutes with any orthogonal matrix. Decompose D into symmetric

and anti-symmetric parts, Ds,Da. (Ds = D+D⊤

2 ,Da = D−D⊤

2 )

ADs = A
D +D⊤

2
=

1

2

(
AD +AD⊤

)
=

1

2

(
DA+ (DA⊤)⊤

)
=

1

2

(
DA+ (A⊤D)⊤

)
=

1

2

(
DA+D⊤A

)
= DsA.

Likewise, we can claim that ADa = DaA. Consider a matrix form of

P =

1
Rθ

Id−3

 (d > 3),

(
1 01×2

02×1 Rθ

)
(d = 3)
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Where Rθ is a 2D rotation matrix associated with an angle θ. This matrix represents a rotation acting
on the subspace spanned by e2 and e3. Note that P⊤P = Id, and det(P ) = 1, so P ∈ SO(d).

e⊤1 D
a(cos θe2 + sin θe3) = e⊤1 D

aPe2 = e⊤1 PDae2 = (P⊤e1)
⊤Dae2 = e⊤1 D

ae2

Since this expression does not depend on θ, we have e⊤1 D
ae2 = 0, and e⊤1 D

ae3 = 0. This can be
generalized to any basis which is orthogonal to e1. Since Da is antisymmetric, e⊤1 D

ae1 = 0, we
can conclude that e⊤1 D

av = 0 for every vector v ∈ Rd. e1 can be replaced to any basis e2, · · · , ed,
Da = 0. We now move on to Ds, the symmetric part. Let λi be eigenvalues of Ds, and vi be
corresponding eigenvectors which are normalized. There exists P ∈ SO(d) such that Pvi = vj .

λivj = Pλivi = PDsvi = DsPvi = λjvj

Therefore, λi = λj ; likewise, all eigenvalues are identical. Ds is λI for some λ ∈ R, so is D.

EU

[
UBU⊤

]
= λId, Tr(EU

[
UBU⊤

]
) = λd, λ =

Tr(B)

d
.

Hence, EU

[
UBU⊤] = Tr(B)

d Id.

F.1. Bilinear Hanson-Wright inequality

Lemma 18 (Hanson-Wright inequality for uniform on the sphere) Let r > 0 and A ∈ Rd×d
be a matrix. If v ∼ Unif(r · Sd−1), then for any t ≥ 0,

P
(∣∣∣∣v⊤Av − r2

Tr(A)

d

∣∣∣∣ ≥ t

)
≤ 2 exp

(
−cmin

(
d2t2

r4∥A∥2F
,

dt

r2∥A∥

))
We generalize the Hanson–Wright inequality to random matrices.

Lemma 19 (Bilinear Hanson-Wright inequality for Haar-random sample) Fix v1,v2 ∈ Rd and
let V ∈ O(d) be a Haar-distributed random matrix. Then there exists an absolute constantC, c > 0
such that

P
(∣∣∣∣v⊤

1 V
⊤AV v2 −

Tr(A)

d
⟨v1,v2⟩

∣∣∣∣ ≥ t

)
≤ C exp

(
−cmin

(
d2t2

∥A∥2F ∥v1∥2∥v2∥2
,

dt

∥A∥∥v1∥∥v2∥

))
Proof Denote Pv1 be a projection matrix onto the space spanned by v1.

P
(∣∣∣∣v⊤

1 V
⊤AV v2 −

Tr(A)

d
⟨v1,v2⟩

∣∣∣∣ ≥ t

)
≤ P

(∣∣∣∣v⊤
1 V

⊤AV Pv1v2 −
Tr(A)

d
⟨v1,v2⟩

∣∣∣∣ ≥ t

2

)
+ P

(∣∣∣v⊤
1 V

⊤AV (I − Pv1)v2

∣∣∣ ≥ t

2

)
The first term is equivalent to a Hanson-Wright inequality for uniform on the sphere; in other word,

P
(∣∣∣∣v⊤

1 V
⊤AV Pv1v2 −

Tr(A)

d
⟨v1,v2⟩

∣∣∣∣ ≥ t

2

)
≤ 2 exp

(
−cmin

(
d2t2

∥A∥2F ∥v1∥2∥v2∥2
,

dt

∥A∥∥v1∥∥v2∥

))
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In the second term, Y = V (I − Pv1)v2 is orthogonal to X = V v1. Without loss of generality,
assume that ∥X∥ = ∥Y ∥ = 1. Let g1, g2 be i.i.d sampled from N (0, Id), we can re-write

X =
g1
∥g1∥

, Y =
PX⊥g2
∥PX⊥g2∥

.

And consider the events

E1 =

{
∥g1∥ ≥

√
d

2

}
, E2 =

{
∥PX⊥g2∥ ≥

√
d− 1

2

}
.

Then,

P
(∣∣∣X⊤AY

∣∣∣ ≥ t′
)
≤ P

(∣∣∣X⊤AY
∣∣∣ ≥ t′ | E1, E2

)
+ P (Ec

1) + P (Ec
2)

The last two terms are bounded by exp(−cd) scale, through applying the Theorem 3.1.1 of Ver-
shynin [26].

X⊤AY =
g⊤
1 Ag2 − g⊤

1 AXX⊤g2
∥g1∥∥PX⊥g2∥

Therefore,

P
(∣∣∣X⊤AY

∣∣∣ ≥ t′ | E1, E2
)

≤ P

(
|g⊤

1 Ag2| ≥
√
d(d− 1)t′

4

)
+ P

(
|(g

⊤
1 Ag1) · (g⊤

1 g2)

∥g1∥3∥PX⊥g2∥
| ≥ t′

2
| E1, E2

)
By following the proof of the Theorem 6.2.1 of Vershynin [26], we can easily verify that:

P

(
|g⊤

1 Ag2| ≥
√
d(d− 1)t′

4

)
≤ 2 exp

(
−cmin

(
d2t′2

∥A∥2F
,
dt′

∥A∥

))
for some constant c > 0. For the second term,

P
(
|(X⊤WX) · (X⊤g2)

∥PX⊥g2∥
| ≥ t′

2
| E1, E2

)
≤ P

(∣∣∣∣(X⊤AX − Tr(A)

d

)
· (X⊤g2)

∥PX⊥g2∥

∣∣∣∣ ≥ t′

4
| E1, E2

)
︸ ︷︷ ︸

(1)

+P
(∣∣∣∣Tr(A)

d
· (X⊤g2)

∥PX⊥g2∥

∣∣∣∣ ≥ t′

4
| E1, E2

)
︸ ︷︷ ︸

(2)

Consider the event E3 =
{
|X⊤g2| ≤

√
d−1
2

}
, then the first term is bounded by

(1) ≤ P
(∣∣∣∣(X⊤AX − Tr(A)

d

)
· (X⊤g2)

∥PX⊥g2∥

∣∣∣∣ ≥ t′

4
| E1, E2, E3

)
+ P(Ec

3 | E1, E2)
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Note that X⊤g2
d
= N (0, 1), which is independent from ∥g1∥, and ∥PX⊥g2∥; hence, P(Ec

3 | E1, E2) =
P(Ec

3) ≤ exp(−cd). Under E2 and E3, (X⊤g2)
∥P

X⊥g2∥ ≤ 1; in contrast, it can be viewed as a Hanson-
Wright inequality for uniform on the unit sphere. To sum up,

(1) ≤ 2 exp

(
−cmin

(
d2t′2

∥A∥2F
,
dt′

∥A∥

))
+ exp(−cd).

Note that Tr(A)
d ≤ ∥A∥F√

d
holds by the Cauchy-Schwarz inequality. From E2, we can conclude that,

(2) ≤ 2 exp

(
−c d

2t′2

∥A∥2F

)
.

To sum up,

P(|X⊤AY | ≥ t′) ≤ C1 exp

(
−cmin

(
d2t′2

∥A∥2F
,
dt′

∥A∥

))
+ C2 exp

(
−c d

2t′2

∥A∥2F

)
+ C3 exp(−cd).

For t′ ≤ ∥A∥, the first term dominates the remaining terms. For t′ > ∥A∥, we have P(|X⊤AY | ≥
t′) = 0, since |X⊤AY | ≤ ∥A∥. Therefore, we can conclude that

P
(∣∣∣∣v⊤

1 V
⊤AV v2 −

Tr(A)

d
⟨v1,v2⟩

∣∣∣∣ ≥ t

)
≤ C exp

(
−cmin

(
d2t2

∥A∥2F ∥v1∥2∥v2∥2
,

dt

∥A∥∥v1∥∥v2∥

))
for some constant C, c > 0.

Lemma 20 Assume U ,V are independent Haar-distributed random matrices on O(K) and O(d)
respectively. Let µ⊤

k and µ⊤
k⋆ be arbitrary row vectors from µ = UΛV ⊤, and z, z′ be i.i.d. random

vectors which are sampled from N (0, Id). Then, there exists an absolute constant C, c > 0 such
that

P
(
(µk − µk⋆)

⊤Wµk⋆ − E
[
(µk − µk⋆)

⊤Wµk⋆
]
≥ t
)
,

≤ C exp

(
−cmin

(
d2t2

λ41∥W ∥2F
,

dt

λ21∥W ∥

))
+ exp

(
− cd2Kt2

λ41Tr(W )2

)
,

P
(
|(µk − µk⋆)

⊤Wz′| ≥ t
)
≤ 2 exp

(
− ct

√
d

λ1∥W ∥F

)
,

P
(
|z⊤Wµk⋆ | ≥ t

)
≤ 2 exp

(
− ct

√
d

λ1∥W ∥F

)

P
(
|z⊤Wz′| ≥ t

)
≤ 2 exp

(
− ct

∥W ∥F

)
.

F.2. Concentration on (µk − µk⋆)
⊤Wµk⋆ .

Denote X1(U ,V ) = (ek − ek⋆)
⊤UΛV ⊤WV Λ⊤U⊤ek⋆ , then

P (X1(U ,V ) ≥ EX1(U ,V ) + t)

≤ P
(
X1(U ,V ) ≥ EV X1(U ,V ) +

t

2

)
+ P

(
EV X1(U ,V ) ≥ EX1(U ,V ) +

t

2

)
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By Lemma 19,

P
(
X1(U ,V ) ≥ EV X1(U ,V ) +

t

2
| U
)

≤ C exp

(
−cmin

(
d2t2

∥µk − µk⋆∥2∥µk⋆∥2∥W ∥2F
,

dt

∥µk − µk⋆∥∥µk⋆∥∥W ∥

))
≤ C exp

(
−cmin

(
d2t2

λ41∥W ∥2F
,

dt

λ21∥W ∥

))
.

Hence,

P
(
X1(U ,V ) ≥ EV X1(U ,V ) +

t

2

)
≤ C exp

(
−cmin

(
d2t2

λ41∥W ∥2F
,

dt

λ21∥W ∥

))
The orthogonal group decomposes as O(K) = SO(K) ⊔ SO−(K), where SO(K) contains

matrices with determinant 1, and SO−(K) those with determinant −1. We apply the concentration
result on each component, noting that the expectation and Lipschitz constants are identical, which
allows us to extend the bound to O(K).

Note that g(U) = EV X1(U ,V ) = Tr(W )
d (ek − ek⋆)

⊤UΛΛ⊤U⊤ek⋆ ,

|g(U)− g(U ′)|

≤ Tr(W )

d

(
|(ek − ek⋆)

⊤(U −U ′)ΛΛ⊤U⊤ek⋆ |+ |(ek − ek⋆)
⊤U ′ΛΛ⊤(U −U ′)⊤ek⋆ |

)
≤ Tr(W )

d

√
2λ21∥U −U ′∥ ≤ Tr(W )

d

√
2λ21∥U −U ′∥F .

The second term can be written as

P
(
EV X1(U ,V ) ≥ EX1(U ,V ) +

t

2

)
=

∑
S∈{SO(K), SO−(K)}

P
(
EV X1(U ,V ) ≥ EX1(U ,V ) +

t

2
| U ∈ S

)
P (U ∈ S) .

From the Lemma 17, we have

EX1(U ,V ) = E [X1(U ,V ) | U ∈ S] , S ∈ {SO(K), SO−(K)}.

Note that the Lipschitz constant for each subset is also bounded by
√
2Tr(W )λ21

d . Then, by Lemma 16,
for some constant c > 0,

P
(
EV X1(U ,V ) ≥ EX1(U ,V ) +

t

2
| U ∈ S

)
= P

(
EV X1(U ,V ) ≥ E [X1(U ,V ) | U ∈ S] +

t

2
| U ∈ S

)
≤ exp

(
− cd2Kt2

λ41Tr(W )2

)
.

Therefore, we can obtain the concentration.
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F.3. Concentration on (µk − µk⋆)
⊤Wz′, z⊤Wµk⋆ and z⊤Wz′.

In order to derive the inequality, we first calculate the sub-Gaussian norm of µk − µk⋆ . Recall the
definition of sub-Gaussian norm of the random vector,

∥(ek − ek⋆)
⊤UΛV ⊤∥ψ2 = sup

∥w∥2=1
∥(ek − ek⋆)

⊤UΛV ⊤w∥ψ2

Note that V ⊤w is a random vector that is uniformly distributed on the unit sphere in Rd−1. By
Theorem 3.4.6 from Vershynin [26], there exists a constant C > 0 such that ∥V ⊤w∥ψ2 ≤ C√

d
.

Hence,

∥(ek − ek⋆)
⊤UΛV ⊤w∥ψ2 ≤ ∥(ek − ek⋆)

⊤UΛ∥2∥V ⊤w∥ψ2 ≤
√
2C√
d
λ1.

Following the proof of Lemma C.4 of Frei and Vardi [6], we get

P
(
|(µk − µk⋆)

⊤Wz′| ≥ t
)
≤ 2 exp

(
− c1t

√
d

λ1∥W ∥F

)

where c1 is an absolute constant. Similarly,

P
(
|z⊤Wµk⋆ | ≥ t

)
≤ 2 exp

(
− c2t

√
d

λ1∥W ∥F

)

Finally, the concentration on P
(
|z⊤Wz′| ≥ t

)
is a special case of Lemma C.5 of Frei and Vardi

[6], we have

P
(
|z⊤Wz′| ≥ t

)
≤ 2 exp

(
− c3t

∥W ∥F

)
.
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Appendix G. Analysis on the Max-Margin Solution

In order to derive the generalization bound, we need the lower bound of Tr(W ) and the upper
bound of ∥W ∥F . We derive probabilistic concentration bounds for these quantities. Similar to Frei
and Vardi [6], Magen and Vardi [15], start by using the KKT conditions of the max-margin solution:

WMM =
K∑
k=1

∑
τ∈Sk

ατ,k(µ̂τ,k⋆τ − µ̂τ,k)x
(N+1)⊤
τ .

G.1. Some probabilistic concentration

In order to derive the inequality of the max-margin solution, we need to establish concentration
bounds for several random variables. A notable aspect is that there are 3 different types of inner
products of vectors: 1. different tasks, 2. same task but different clusters, 3. same task and same
cluster. We first assume balanced regime in this section; therefore, assume that there exist S⋆
examples for each cluster per task.

Theorem 21 Let δ ∈ (0, 16) be arbitrary. With probability at least 1 − 6δ over the random draws

of the training sets, {Uτ ,Vτ , (x
(j)
τ ,y

(j)
τ )Nj=1}Bτ=1 the following hold:

1. Cross-task bounds: for all τ ̸= τ ′.

|⟨µ̂τ,k⋆τ − µ̂τ,k1 , µ̂τ ′,k⋆τ ′
− µ̂τ ′,k2⟩| ≤ C

(
S2
⋆σ

2
1

N2
√
d
+
σ1S⋆

√
S⋆

N2
+
S⋆

√
d

N2

)
log

(
B2K2

δ

)
.

2. Same-task cross-class bounds: for all τ, k1 ̸= k2, ki ̸= k⋆τ .

|⟨µ̂τ,k⋆τ − µ̂τ,k1 , µ̂τ,k⋆τ − µ̂τ,k2⟩ −
S2
⋆

N2K
∥Σ∥2F |

≤ dS⋆
N2

+ C

(
S2
⋆σ

2
1

N2
√
K

+
σ1S⋆

√
S⋆

N2
+
S⋆

√
d

N2

)
log

(
B2K2

δ

)
.

3. Same-task norm bounds: for all τ, k ̸= k⋆τ .

|∥µ̂τ,k⋆τ − µ̂τ,k∥2 −
2S2

⋆

N2K
∥Σ∥2F |

≤ dS⋆
N2

+ C

(
S2
⋆σ

2
1

N2
√
K

+
σ1S⋆

√
S⋆

N2
+
S⋆

√
d

N2

)
log

(
B2K2

δ

)
.

4. Query norm and query inner-product bounds.

|⟨x(N+1)
τ ,x

(N+1)
τ ′ ⟩| ≤ C

(
σ21√
d
+ σ1 +

√
d

)
log

(
B2K2

δ

)
,

|∥x(N+1)
τ ∥2 − 1

K
∥Σ∥2F | ≤ d+ C

(
σ21√
K

+ σ1 +
√
d

)
log

(
B2K2

δ

)
,

|⟨µ̂τ,k⋆τ − µ̂τ,k,x
(N+1)
τ ⟩ − S⋆

NK
∥Σ∥2F | ≤ C

(
S⋆σ

2
1

N
√
K

+
S⋆σ1
N

+

√
dS⋆
N

)
log

(
B2K2

δ

)
,
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where C > 0 is an absolute constant.

Proof

1. Bound on |⟨µ̂τ,k⋆τ − µ̂τ,k1 , µ̂τ ′,k⋆τ ′
− µ̂τ ′,k2⟩|

Recall that µ̂τ,k = 1
N

∑
j∈Ck

x
(j)
τ

d
= S⋆

N µτ,k +
√
S⋆

N z. Note that µτ,k = VτΣ
⊤U⊤

τ ek. We start

from:

⟨µ̂τ,k⋆τ − µ̂τ,k1 , µ̂τ ′,k⋆τ ′
− µ̂τ ′,k2⟩ =

S2
⋆

N2
⟨µτ,k⋆τ − µτ,k1 ,µτ ′,k⋆τ ′

− µτ ′,k2⟩︸ ︷︷ ︸
(1)

+

√
2S⋆

√
S⋆

N2
⟨µτ,k⋆τ − µτ,k1 , z

′⟩︸ ︷︷ ︸
(2)

+

√
2S⋆

√
S⋆

N2
⟨z,µτ ′,k⋆

τ ′
− µτ ′,k2⟩︸ ︷︷ ︸

(3)

+
2S⋆
N2

⟨z, z′⟩︸ ︷︷ ︸
(4)

.

Rewriting (1) in terms of U and V , we obtain

⟨µτ,k⋆τ − µτ,k1 ,µτ ′,k⋆τ ′
− µτ ′,k2⟩ = (ek⋆τ − ek1)

⊤UτΣV ⊤
τ Vτ ′Σ

⊤U⊤
τ ′ (ek⋆τ ′

− ek2)

Define the function

f(Uτ ,Vτ ,Uτ ′ ,Vτ ′) = (ek⋆τ − ek1)
⊤UτΣV ⊤

τ Vτ ′Σ
⊤U⊤

τ ′ (ek⋆τ ′
− ek2).

Since each U and V is sampled from an orthogonal group, we verify that the expectation
of the function does not depend on the choice of the conditional expectation respect to Haar
measure. Let S be either SO(K) or SO−(K). Consider the conditional expectation

E [f(Uτ ,Vτ ,Uτ ′ ,Vτ ′) | Uτ ∈ S,Vτ ,Uτ ′ ,Vτ ′ ]

= (ek⋆τ − ek1)
⊤E
[
UτΣV ⊤

τ Vτ ′Σ
⊤U⊤

τ ′ | Uτ ∈ S,Vτ ,Uτ ′ ,Vτ ′
]
(ek⋆

τ ′
− ek2)

= (ek⋆τ − ek1)
⊤E [Uτ | Uτ ∈ S]ΣV ⊤

τ Vτ ′Σ
⊤U⊤

τ ′ (ek⋆τ ′
− ek2).

Choose an arbitrary rotation R ∈ SO(K). By the property of the Haar measure,

RE [Uτ | Uτ ∈ S] = E [Uτ | Uτ ∈ S] .

The only matrix satisfying the above equation is the zero matrix. As a consequence, we obtain
the following remark:

Remark 22 Let S1, S3 be either SO(K) or SO−(K), and S2, S4 be either SO(d) or SO−(d).
Suppose that Uτ ∈ S1,Vτ ∈ S2,Uτ ′ ∈ S3, and Vτ ′ ∈ S4 are Haar distributed. Then,

E
[
⟨µτ,k⋆τ − µτ,k1 ,µτ ′,k⋆τ ′

− µτ ′,k2⟩ | Uτ ∈ S1,Vτ ∈ S2,Uτ ′ ∈ S3,Vτ ′ ∈ S4

]
= 0
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For fixed Uτ ,Uτ ′ , the inner product can be viewed as an inner product of two vectors which
are sampled from d-dimensional sphere. Note that each vector has sub-Gaussian norm at most
Cσ1√
d

for some constant C > 0.

P
(
|⟨µτ,k⋆τ − µτ,k1 ,µτ ′,k⋆τ ′

− µτ ′,k2⟩| ≥ t | Uτ ,Uτ ′

)
≤ exp

(
−cdt

2

σ41

)
P
(
∪τ ̸=τ ′ ∪τ ′∈[B] ∪k1∈[K] ∪k2∈[K] |⟨µτ,k⋆τ − µτ,k1 ,µτ ′,k⋆τ ′

− µτ ′,k2⟩| ≥ t
)

≤ B2K2P
(
|⟨µτ,k⋆τ − µτ,k1 ,µτ ′,k⋆τ ′

− µτ ′,k2⟩| ≥ t
)
≤ exp

(
−cdt

2

σ41

)
≤ δ,

for some constant c > 0. Therefore, with probability at least 1 − δ, for all τ ̸= τ ′ and
k1, k2 ∈ [K], there exists an absolute constant c1 > 0 such that

|⟨µτ,k⋆τ − µτ,k1 ,µτ ′,k⋆τ ′
− µτ ′,k2⟩| ≤ c1

σ21√
d

√
log

(
B2K2

δ

)
.

The bounds for terms (2), (3), and (4) follow identically from Magen and Vardi [15]. Using
Lemma 6.2.3 of Vershynin [26], recall that µτ,k⋆τ −µτ,k1 has sub-Gaussian norm at most Cσ1√

d
.

Then, with probability at least 1− 2δ, for all τ ̸= τ ′ and k1, k2 ∈ [K], we have

|⟨µτ,k⋆τ − µτ,k1 , z
′⟩| ∨ |⟨z,µτ ′,k⋆

τ ′
− µτ ′,k2⟩| ≤ c2σ1 log

(
B2K2

δ

)
for some constant c2 > 0. Likewise, with probability at least 1 − δ, for all τ ̸= τ ′ and
k1, k2 ∈ [K],

|⟨z, z′⟩| ≤ c3
√
d log

(
B2K2

δ

)
.

To sum up,

|⟨µ̂τ,k⋆τ − µ̂τ,k1 , µ̂τ ′,k⋆τ ′
− µ̂τ ′,k2⟩| ≤ C0

(
S2
⋆σ

2
1

N2
√
d
+
σ1S⋆

√
S⋆

N2
+
S⋆

√
d

N2

)
log

(
B2K2

δ

)
.

2. Bound on |⟨µ̂τ,k⋆τ − µ̂τ,k1 , µ̂τ,k⋆τ − µ̂τ,k2⟩ −
S2
⋆

N2K
∥Σ∥2F |

Recall that µ̂τ,k = 1
n

∑
j∈Ck

x
(j)
τ

d
= S⋆

N µτ,k +
√
S⋆

N z.

⟨µ̂τ,k⋆τ − µ̂τ,k1 , µ̂τ,k⋆τ − µ̂τ,k2⟩ =
S2
⋆

N2
⟨µτ,k⋆τ − µτ,k1 ,µτ,k⋆τ − µτ,k2⟩︸ ︷︷ ︸

(1)

+
S⋆

√
S⋆

N2
⟨µτ,k⋆τ − µτ,k1 , z + z1⟩︸ ︷︷ ︸

(2)

+
S⋆

√
S⋆

N2
⟨z + z2,µτ,k⋆τ − µτ,k2⟩︸ ︷︷ ︸

(3)

+
S⋆
N2

⟨z + z1, z + z2⟩︸ ︷︷ ︸
(4)
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Consider the first term:

(1) = (ek⋆τ − ek1)
⊤UτΣV ⊤

τ VτΣ
⊤U⊤

τ (ek⋆τ − ek2) = (ek⋆τ − ek1)
⊤UτΣΣ⊤U⊤

τ (ek⋆τ − ek2)

This can be regarded as a function of Uτ , which can use Lemma 16. By Lemma 17, we have

E[UτΣΣ⊤U⊤
τ |Uτ ∈ S] =

1

K
∥Σ∥2F IK

E[(ek⋆τ − ek1)
⊤UτΣΣ⊤U⊤

τ (ek⋆τ − ek2)|Uτ ∈ S] =
1

K
∥Σ∥2F

where S denotes either one of SO(K) or SO−(K). Lipschitz constant can be calculated as
follows:

|v⊤UτΣΣ⊤U⊤
τ w − v⊤U ′

τΣΣ⊤U⊤′
τ w|

≤ |v⊤(Uτ −U ′
τ )ΣΣ⊤U⊤

τ w|+ |v⊤U ′
τΣΣ⊤(Uτ −U ′

τ )
⊤′
w|

≤ 2σ21∥v∥∥w∥∥Uτ −U ′
τ∥op ≤ 4σ21d(Uτ ,U

′
τ ).

Hence, with probability at least 1 − δ, for all τ and k1 ̸= k2 ∈ [K], there exists an absolute
constant c4 > 0 such that

|⟨µτ,k⋆τ − µτ,k1 ,µτ,k⋆τ − µτ,k2⟩ −
1

K
∥Σ∥2F | ≤ c4

σ21√
K

√
log

(
B2K2

δ

)
.

The term (2), (3) can be easily bounded via sub-Gaussianity.

|⟨µτ,k⋆τ − µτ,k1 , z + z1⟩| ∨ |⟨z + z2,µτ,k⋆τ − µτ,k2⟩| ≤ c5σ1 log

(
B2K2

δ

)
.

The term (4) can be decomposed as:

|⟨z + z1, z + z2⟩| ≤ ∥z∥2 + |⟨z1, z⟩|+ |⟨z, z2⟩|+ |⟨z1, z2⟩|.

The last three terms can be bounded by c6
√
d log

(
B2K2

δ

)
, which is same as the previous one.

The first term follows the chi-square distribution, which is well-known as sub-exponential
random variable. Note that E[∥z∥2] = d, from Theorem 6.2.1. of Vershynin [26],

P
(
|∥z∥2 − d| ≥ t

)
≤ 2 exp

(
−cmin{t2/d, t}

)
.

Hence, with probability at least 1− δ, for all τ ∈ [B],

|∥z∥2 − d| ≤ c7

[√
d log

(
B2K2

δ

)
+ log

(
B2K2

δ

)]
.

To sum up,

|⟨µ̂τ,k⋆τ − µ̂τ,k1 , µ̂τ,k⋆τ − µ̂τ,k2⟩ −
S2
⋆

N2K
∥Σ∥2F |

≤ dS⋆
N2

+ C1

(
S2
⋆σ

2
1

N2
√
K

+
σ1S⋆

√
S⋆

N2
+
S⋆

√
d

N2

)
log

(
B2K2

δ

)
.
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3. Bound of |∥µ̂τ,k⋆τ − µ̂τ,k∥2 − 2S2
⋆

N2K
∥Σ∥2F |

Similarly,

∥µ̂τ,k⋆τ − µ̂τ,k∥2 =
S2
⋆

N2
⟨µτ,k⋆τ − µτ,k,µτ,k⋆τ − µτ,k⟩+

2S⋆
√
S⋆

N2
⟨µτ,k⋆τ − µτ,k, z⟩+

S⋆
N2

∥z∥2

Following the same approach as 2, we can obtain the probabilistic bound as follows:

|∥µ̂τ,k⋆τ − µ̂τ,k∥2 −
2S2

⋆

N2K
∥Σ∥2F | ≤

dS⋆
N2

+ C2

(
S2
⋆σ

2
1

N2
√
K

+
σ1S⋆

√
S⋆

N2
+
S⋆

√
d

N2

)
log

(
B2K2

δ

)
The different points from 2 are that the vectors in the quadratic form are the same, and the
bound for Gaussian noise turns into a chi-square bound.

4. Bound of |⟨x(N+1)
τ ,x

(N+1)
τ ′ ⟩|

Recall x(N+1)
τ

d
= µτ,k⋆τ + z, where z ∼ N (0, Id). Hence,

|⟨x(N+1)
τ ,x

(N+1)
τ ′ ⟩| ≤ |⟨µτ,k⋆τ ,µτ ′,k⋆τ ′ ⟩|+ |⟨µτ,k⋆τ , z

′⟩|+ |⟨z,µτ ′,k⋆
τ ′
⟩|+ |⟨z, z′⟩|

Since

|⟨µτ,k⋆τ ,µτ ′,k⋆τ ′ ⟩| ≤ c8
σ21√
d

√
log

(
B2K2

δ

)
,

|⟨µτ,k⋆τ , z
′⟩| ∨ |⟨z,µτ ′,k⋆

τ ′
⟩| ≤ c9σ1 log

(
B2K2

δ

)
,

|⟨z, z′⟩| ≤ c10
√
d log

(
B2K2

δ

)
for some constant c8, c9, c10 > 0. The first inequality is from similar approach in 1. To sum
up, we can obtain:

|⟨x(N+1)
τ ,x

(N+1)
τ ′ ⟩| ≤ C3

(
σ21√
d
+ σ1 +

√
d

)
log

(
B2K2

δ

)
.

5. Bound of |∥x(N+1)
τ ∥2 − 1

K ∥Σ∥2F |

Note that ∥x(N+1)
τ ∥2 = ∥µτ,k⋆τ ∥

2 + 2⟨µτ,k⋆τ , z⟩ + ∥z∥2. Similar to the previous approach,
there exist some constants c11, c12, c13 such that:

|∥µτ,k⋆τ ∥
2 − 1

K
∥Σ∥2F | ≤ c11

σ21√
K

√
log

(
B2K2

δ

)
,

|⟨µτ,k⋆τ , z⟩| ≤ c12σ1 log

(
B2K2

δ

)
,

|∥z∥2 − d| ≤ c13

[√
d log

(
B2K2

δ

)
+ log

(
B2K2

δ

)]
.
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Therefore,

|∥x(N+1)
τ ∥2 − 1

K
∥Σ∥2F | ≤ d+ C4

(
σ21√
K

+ σ1 +
√
d

)
log

(
B2K2

δ

)
.

6. Bound of |⟨µ̂τ,k⋆τ − µ̂τ,k,x
(N+1)
τ ⟩ − S⋆

NK ∥Σ∥2F |

Rewrite ⟨µ̂τ,k⋆τ − µ̂τ,k,x
(N+1)
τ ⟩ with standard Gaussian noise z, z′,

⟨µ̂τ,k⋆τ − µ̂τ,k,x
(N+1)
τ ⟩ = S⋆

N
⟨µτ,k⋆τ − µτ,k,µτ,k⋆τ ⟩

+
S⋆
N

⟨µτ,k⋆τ − µτ,k, z
′⟩+

√
2S⋆
N

⟨z,µτ,k⋆τ ⟩+
√
2S⋆
N

⟨z, z′⟩.

Following the similar approach to 2, there exist some constants c14, c15, c16 such that:

|⟨µτ,k⋆τ − µτ,k,µτ,k⋆τ ⟩ −
1

K
∥Σ∥2F | ≤ c14

σ21√
K

√
log

(
B2K2

δ

)
,

|⟨µτ,k⋆τ − µτ,k, z
′⟩| ∨ |⟨z,

√
2µτ,k⋆τ ⟩| ≤ c15σ1 log

(
B2K2

δ

)
,

|⟨z, z′⟩| ≤ c16
√
d log

(
B2K2

δ

)
.

Hence,

|⟨µ̂τ,k⋆τ − µ̂τ,k,x
(N+1)
τ ⟩ − S⋆

NK
∥Σ∥2F | ≤ C5

(
S⋆σ

2
1

N
√
K

+
S⋆σ1
N

+

√
dS⋆
N

)
log

(
B2K2

δ

)
Since we’ve assumed balanced sample(i.e. N = S⋆K) and by Assumptions 3 and 4, we can re-write
the inequalities as follows:

|⟨µ̂τ,k⋆
τ ′
− µ̂τ,k1 , µ̂τ ′,k⋆τ ′

− µ̂τ ′,k2⟩| ≤ c0

(
σ21

K2
√
d

)
log

(
B2K2

δ

)
,

|⟨µ̂τ,k⋆τ − µ̂τ,k1 , µ̂τ,k⋆τ − µ̂τ,k2⟩ −
1

K3
∥Σ∥2F | ≤

d

S⋆K2
+ c0

(
σ21

K2
√
K

)
log

(
B2K2

δ

)
,

|∥µ̂τ,k⋆τ − µ̂τ,k∥2 −
2

K3
∥Σ∥2F | ≤

d

S⋆K2
+ c0

(
σ21

K2
√
K

)
log

(
B2K2

δ

)
,

|⟨x(N+1)
τ ,x

(N+1)
τ ′ ⟩| ≤ c0

(
σ21√
d

)
log

(
B2K2

δ

)
,

|∥x(N+1)
τ ∥2 − 1

K
∥Σ∥2F | ≤ d+ c0

(
σ21√
K

)
log

(
B2K2

δ

)
,

|⟨µ̂τ,k⋆τ − µ̂τ,k,x
(N+1)
τ ⟩ − 1

K2
∥Σ∥2F | ≤ c0

(
σ21

K
√
K

)
log

(
B2K2

δ

)
.
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G.2. KKT condition and bound

Quantity of our interest is Tr(WMM )/∥WMM∥F , which is scale-invariant, thus we focus on es-
tablishing an lower bound for it. For convenience, let ατ,k⋆τ = 0. By KKT condition, we have
max-margin solution as follows:

WMM =

B∑
τ=1

K∑
k=1

ατ,k(µ̂τ,k⋆τ − µ̂τ,k)x
(N+1)⊤
τ .

Hence,

Tr(WMM ) = Tr

∑
τ,k

ατ,k(µ̂τ,k⋆τ − µ̂τ,k)x
(N+1)⊤
τ

 = Tr

∑
τ,k

ατ,k⟨µ̂τ,k⋆τ − µ̂τ,k,x
(N+1)
τ ⟩

 .

Recall the last part of Theorem 21,

⟨µ̂τ,k⋆τ − µ̂τ,k,x
(N+1)
τ ⟩ ≥ 1

K2
∥Σ∥2F − c0

σ21
K
√
K

log

(
B2K2

δ

)
=

σ21
K2

(
sr(Σ)− c0

√
K log

(
B2K2

δ

))
.

Therefore, we can obtain

Tr(WMM ) = Ω

σ21
K

∑
τ,k

ατ,k

 .

By feasibility of the solution, ∀q ∈ [B], s ∈ [K] \ {k⋆q}

1 ≤ (µ̂q,k⋆q − µ̂q,s)
⊤

B∑
τ=1

K∑
k=1

ατ,k(µ̂τ,k⋆τ − µ̂τ,k)x
(N+1)⊤
τ x(N+1)

q

= αq,s∥µ̂q,k⋆q − µ̂q,s∥2∥x(N+1)
q ∥2 +

∑
k ̸=s

αq,k⟨µ̂q,k⋆q − µ̂q,s, µ̂q,k⋆q − µ̂q,k⟩∥x(N+1)
q ∥2

+
∑
τ ̸=q

K∑
k=1

ατ,k⟨µ̂q,k⋆q − µ̂q,s, µ̂τ,k⋆τ − µ̂τ,k⟩⟨x(N+1)
τ ,x(N+1)

q ⟩.

Averaging with respect to the task and clusters, we can obtain

1

B(K − 1)

∑
q∈[B],s̸=k⋆q

αq,s ∥µ̂q,k⋆q − µ̂q,s∥2∥x(N+1)
q ∥2︸ ︷︷ ︸

(1)

+
1

B(K − 1)

∑
q∈[B],s̸=k⋆q

∑
k ̸=s

αq,k ⟨µ̂q,k⋆q − µ̂q,s, µ̂q,k⋆q − µ̂q,k⟩∥x(N+1)
q ∥2︸ ︷︷ ︸

(2)

+
1

B(K − 1)

∑
q∈[B],s̸=k⋆q

∑
τ ̸=q

K∑
k=1

ατ,k ⟨µ̂q,k⋆q − µ̂q,s, µ̂τ,k⋆τ − µ̂τ,k⟩⟨x(N+1)
τ ,x(N+1)

q ⟩︸ ︷︷ ︸
(3)

.

We should establish the upper bound of each terms. Each bounds can be derived by Theorem 21.
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1. Bound of (1), (2).

The bounds of (1) and (2) are identical, except the coefficient of the term related to a stable
rank.

(1) = ∥µ̂τ,k⋆τ − µ̂τ,k∥2∥x(N+1)
τ ∥2

≤ σ41
K4

(
2 sr(Σ) +

dK

S⋆σ21
+ c0

√
K log

(
B2K2

δ

))(
sr(Σ) +

dK

σ21
+ c0

√
K log

(
B2K2

δ

))
.

(2) ≤ |⟨µ̂τ,k⋆τ − µ̂τ,k1 , µ̂τ,k⋆τ − µ̂τ,k2⟩|∥x(N+1)
τ ∥2

≤ σ41
K4

(
sr(Σ) +

dK

S⋆σ21
+ c0

√
K log

(
B2K2

δ

))(
sr(Σ) +

dK

σ21
+ c0

√
K log

(
B2K2

δ

))
.

Denote a ∈ {1, 2}.

σ41
K4

(
a sr(Σ) +

dK

S⋆σ21
+ c0

√
K log

(
B2K2

δ

))(
sr(Σ) +

dK

σ21
+ c0

√
K log

(
B2K2

δ

))
≤ σ41
K2

(
a+

1

S⋆cσ
+ c0

1√
K

log

(
B2K2

δ

))(
1 +

1

cσ
+ c0

1√
K

log

(
B2K2

δ

))
Denote A1, A2 as some constants such that A1 ≥

(
a+ 1

S⋆cδ

)(
1 + 1

cδ

)
and A2 ≥ a + 1 +

S⋆+1
S⋆cδ

, then the last term can be summarized as:

σ41
K2

[
A1 +A2c0

1√
K

log

(
B2K2

δ

)
+ c20

1

K
log2

(
B2K2

δ

)]
.

Note that stable rank cannot exceed the rank: sr(Σ) ≤ K. Indeed, this bound is tight up to a
constant because of Assumption 2.

2. Bound of (3).

(3) ≤ |⟨µ̂τ,k⋆
τ ′
− µ̂τ,k1 , µ̂τ ′,k⋆τ ′

− µ̂τ ′,k2⟩||⟨x(N+1)
τ ,x

(N+1)
τ ′ ⟩| ≤ c20

σ41
dK2

log2
(
B2K2

δ

)
.

The contribution of ατ,k from (1) is counted once, whereas (2) and (3) contribute K − 1 and (B −
1)K terms, respectively. Combining these terms yields

1 ≤ 1

B(K − 1)

∑
τ,k

ατ,k

[
σ41
K

[
A1 +A2c0

1√
K

log

(
B2K2

δ

)
+ c20

1

K
log2

(
B2K2

δ

)
+ c20

B − 1

d
log2

(
B2K2

δ

)]]

≤

∑
τ,k

ατ,k

( σ41
dK(K − 1)

[
d

B
A1 +

d

B
√
K
A2c0 log

(
B2K2

δ

)
+ c20

(
1 +

d

BK

)
log2

(
B2K2

δ

)])
.

Denote ξ = d
BA1 + d

B
√
K
A2c0 log

(
B2K2

δ

)
+ c20

(
1 + d

BK

)
log2

(
B2K2

δ

)
, we can observe that

ξ = O
(
d
B ∨ log2

(
B2K2

δ

))
.∑

τ,k

ατ,k ≥
dK(K − 1)

σ41ξ
, Tr(WMM ) = Ω

(
dK

σ21ξ

)
.
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Since ⟨µ̂τ,k⋆τ − µ̂τ,k,x
(N+1)
τ ⟩ ≥ σ2

1
K

(
cs − c0√

K
log
(
B2K2

δ

))
, We can easily verify that W0 =

K

σ2
1

(
cs− c0√

K
log

(
B2K2

δ

))Id satisfies the condition of the max-margin problem. Hence,

∥WMM∥F ≤ ∥W0∥F = O

(
K
√
d

σ21

)
.

Therefore, Tr(WMM )/∥WMM∥F = Ω(
√
dξ−1).
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Appendix H. Proof of Theorem 5

For notational simplicity, denote W as max-margin solution. Our goal is to upper bound
P
(
µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1)
)
. Note that µ̂k

d
= S

Mµk +
√
S
M zk where zks are i.i.d. gaus-

sian random vectors from N (0, Id). Hence,

M

S
(µ̂k − µ̂k⋆)Wx(M+1) =

(
µk − µk⋆ +

√
2

S
z

)⊤

W
(
µk⋆ + z′)

= (µk − µk⋆)
⊤Wµk⋆ + (µk − µk⋆)

⊤Wz′ +

√
2

S
z⊤Wµk⋆ +

√
2

S
z⊤Wz′.

Therefore,

µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1)

⇔ −(µk − µk⋆)
⊤Wµk⋆ < (µk − µk⋆)

⊤Wz′ +

√
2

S
z⊤Wµk⋆ +

√
2

S
z⊤Wz′.

Remark 23 For some t > 0, and random variables X1, X2, X3, and X4,

P (−X1 <X2 +X3 +X4) ≤ P
(
−X1 < t ∪ |X2| ≥

t

4
∪ |X3| ≥

t

4
∪ |X4| ≥

t

4

)
≤ P (X1 > −t) + P(|X2| ≥

t

4
) + P(|X3| ≥

t

4
) + P(|X4| ≥

t

4
)

By Remark 23,

P
(
µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1)
)

≤ P
(
(µk − µk⋆)

⊤Wµk⋆ ≥ −Tr(W )

2dK
∥Λ∥2F

)
+ P

(
|(µk − µk⋆)

⊤Wz′| ≥ Tr(W )

8dK
∥Λ∥2F

)
+ P

(√
2

S
|z⊤Wµk⋆ | ≥

Tr(W )

8dK
∥Λ∥2F

)
+ P

(√
2

S
|z⊤Wz′| ≥ Tr(W )

8dK
∥Λ∥2F

)
.

Applying Lemma 17, we can obtain:

E
[
(µk − µk⋆)

⊤Wµk⋆
]
= −Tr(W )

dK
∥Λ∥2F .

We can re-write

P
(
(µk − µk⋆)

⊤Wµk⋆ ≥ −Tr(W )

2dK
∥Λ∥2F

)
= P

(
(µk − µk⋆)

⊤Wµk⋆ ≥ E
[
(µk − µk⋆)

⊤Wµk⋆
]
+

Tr(W )

2dK
∥Λ∥2F

)
.

Therefore, by applying Lemma 20,

P
(
(µk − µk⋆)

⊤Wµk⋆ ≥ −Tr(W )

2dK
∥Λ∥2F

)
≤ C exp

(
−c′min

(
Tr(W )2 sr(Λ)2

∥W ∥2FK2
,
Tr(W ) sr(Λ)

∥W ∥FK

))
+ exp

(
−c

′ sr(Λ)2

K

)
.
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Using the fact Tr(W )
∥W ∥F = Ω

(√
dξ−1

)
, we can obtain upper bound as:

C exp

(
−c

(
d sr(Λ)

ξ2K
∧
√
d

ξ
∧ sr(Λ)

)
· sr(Λ)

K

)
.

The last three terms can be bounded by

P
(
|(µk − µk⋆)

⊤Wz′| ≥ Tr(W )

8dK
∥Λ∥2F

)
≤ 2 exp

(
−cλ1 sr(Λ)

ξK

)
,

P

(√
2

S
|z⊤Wµk⋆ | ≥

Tr(W )

8dK
∥Λ∥2F

)
≤ 2 exp

(
−c

√
Sλ1 sr(Λ)

ξK

)
,

P

(√
2

S
|z⊤Wz′| ≥ Tr(W )

8dK
∥Λ∥2F

)
≤ 2 exp

(
−
c
√
S∥Λ∥2F
ξK

√
d

)
.

To sum up,

P
(
µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1)
)

≤ C exp

(
−c

(
d sr(Λ)

ξ2K
∧
√
d

ξ
∧ sr(Λ)

)
· sr(Λ)

K

)
+ 6 exp

−

λ1 sr(Λ)

ξK
∧

√
S∥Λ∥4F
dξ2K2

 .

H.1. Dicussions on Theorem 5

Specifically, the theorem provides an upper bound on the probability of misclassifying the label as
a fixed class k. Extending this result to all classes via a union bound introduces a multiplicative
factor of K in the error probability; however, this corresponds to only an additive logK term in the
exponent. Hence, it does not significantly affect the scaling of the sample complexity. Substituting
the definition of ξ into the bound, d appears in the denominator of the exponent; therefore, higher
dimension d leads to poorer generalization performance when other parameters are fixed.

To achieve a small constant error, both terms must be controlled. The first term arises from the
test data generation process and depends on the geometry of the class centers, while the second term
arises from the Gaussian noise and depends on the scale of the class vectors as well as the number
of examples per class S. Controlling these terms imposes requirements on the problem parameters.
In particular, both terms require aggregating sufficient information across training tasks, which
necessitates a sufficiently large number of tasks B. The sufficient condition is B = Ω(d), under
which ξ scales only logarithmically.

The second term depends on the signal strength and the number of in-context examples in the
test task. A sufficient regime that controls this term is given by B = Ω(d) and λ1 sr(Λ)/(ξK) =
Ω(1). Under this regime, the remaining requirement comes from controlling the expression in-
volving S. In particular, ensuring that the second term contributes only a small constant to the
error requires S = Ω̃

(
dK2/∥Λ∥4F

)
. This characterizes the required scaling of S, which—up to

logarithmic factors—matches the SNR-based lower bound in Appendix D. Overall, under these as-
sumptions, transformers achieve nearly optimal sample complexity as meta-learners for multiclass
classification, extending the main result of Magen and Vardi [15] from binary to multiclass settings.
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When the stable rank is low, class centers become poorly separated, making classification more
difficult. Under sufficiently large number of tasks B (i.e. B = Ω(d)), the sufficient condition
sr(Λ) = Ω̃(

√
K) arises from the first term. This is strictly weaker than the requirement imposed on

the singular values of training tasks sr(Σ) = Θ(K) (Assumption 2). This suggests that transformers
can robustly perform in-context learning even when the class-center matrix of a new test prompt
exhibits anisotropic class geometry due to distribution shifts.

Overall, Theorem 5 characterizes the interplay between error bounds, sample size, and geome-
try. In particular, a larger S and a higher stable rank of the test task reduce the classification error.
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Appendix I. Proof of Theorem 6

Recall Sk is number of samples for a corresponding cluster k, and recall that µ̂i
d
= Sk

M µk +
√
Sk
M zi.

We want to derive the upper bound of the failure probability, that is

P
(
µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1)
)

under the max-margin solution W . Therefore, the condition µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1) is
equivalent to

−(Skµk − Sk⋆µk⋆)
⊤Wµk⋆ < (Skµk − Sk⋆µk⋆)

⊤Wz′ +
√
Sk + Sk⋆z

⊤Wµk⋆ +
√
Sk + Sk⋆z

⊤Wz′.

By Lemma 17,

E
[
(Skµk − Sk⋆µk⋆)

⊤Wµk⋆
]
= −Sk

⋆ Tr(W )

dK
∥Λ∥2F .

Therefore,

P
(
µ̂⊤
kWx(M+1) > µ̂⊤

k⋆Wx(M+1)
)

≤ P
(
(Skµk − Sk⋆µk⋆)

⊤Wµk⋆ ≥ −Sk
⋆ Tr(W )

2dK
∥Λ∥2F

)
+ P

(
|(Skµk − Sk⋆µk⋆)

⊤Wz′| ≥ Sk⋆ Tr(W )

8dK
∥Λ∥2F

)
+ P

(
|
√
Sk + Sk⋆z

⊤Wµk⋆ | ≥
Sk⋆ Tr(W )

8dK
∥Λ∥2F

)
+ P

(
|
√
Sk + Sk⋆z

⊤Wz′| ≥ Sk⋆ Tr(W )

8dK
∥Λ∥2F

)
.

Consider the first term, define
X1(U ,V ) := (Skµk − Sk⋆µk⋆)

⊤Wµk⋆ = (Skek − Sk⋆ek⋆)
⊤UΛV ⊤WV Λ⊤U⊤ek⋆ .

P (X1(U ,V ) ≥ EX1(U ,V ) + t)

≤ P
(
X1(U ,V ) ≥ EV X1(U ,V ) +

t

2

)
+ P

(
EV X1(U ,V ) ≥ EX1(U ,V ) +

t

2

)
.

By Lemma 19,

P
(
X1(U ,V ) ≥ EV X1(U ,V ) +

t

2
| U
)

≤ C exp

(
−cmin

(
d2t2

∥Skµk − Sk⋆µk⋆∥2∥µk⋆∥2∥W ∥2F
,

dt

∥Skµk − Sk⋆µk⋆∥∥µk⋆∥∥W ∥

))

≤ C exp

−cmin

 d2t2

(S2
k + S2

k⋆)λ
4
1∥W ∥2F

,
dt√

S2
k + S2

k⋆λ
2
1∥W ∥

 .
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Note that EV X1(U ,V ) = Tr(W )
d (Skek − Sk⋆ek⋆)

⊤UΛΛ⊤U⊤ek⋆ has a Lipshitz constant which

is upper bounded by 2
√
S2
k + S2

k⋆
Tr(W )
d λ21; hence,

P
(
EV X1(U ,V ) ≥ EX1(U ,V ) +

t

2

)
≤ exp

(
−c d2Kt2

4(S2
k + S2

k⋆)λ
4
1Tr(W )2

)
.

Let t = Sk⋆ Tr(W )
2dK ∥Λ∥2F , and recall the fact that Tr(W )

∥W ∥F = Ω
(√

dξ−1
)

, we can obtain the
concentration on the first term as follows:

P (X1(U ,V ) ≥ EX1(U ,V ) + t)

≤ C exp

−c

 Sk⋆d sr(Λ)√
S2
k + S2

k⋆ξ
2K

∧
√
d

ξ
∧ Sk⋆ sr(Λ)√

S2
k + S2

k⋆

 · Sk⋆ sr(Λ)√
S2
k + S2

k⋆K


for some constant C, c > 0. For other terms,

P
(
|(Skµk − Sk⋆µk⋆)

⊤Wz′| ≥ t
)
≤ 2 exp

− ct
√
d√

S2
k + S2

k⋆λ1∥W ∥F

 ,

P
(
|
√
Sk + Sk⋆z

⊤Wµy| ≥ t
)
≤ 2 exp

(
− ct

√
d√

Sk + Sk⋆λ1∥W ∥F

)
,

P
(
|
√
Sk + Sk⋆z

⊤Wz′| ≥ t
)
≤ 2 exp

(
− ct√

Sk + Sk⋆∥W ∥F

)
.

Plugging t = Sk⋆ Tr(W )
8dK ∥Λ∥2F , the sum of last three terms can be bounded as

6 exp

−c

 Sk⋆λ1 sr(Λ)√
S2
k + S2

k⋆ξK
∧ Sk⋆√

Sk + Sk⋆
·
∥Λ∥2F√
dξK

 .

I.1. Discussions on Theorem 6

The factor ψk,k⋆ captures the effect of test-time label imbalance on the error bound toward class k.
When class k is the majority class, ψk,k⋆ becomes small, which makes the upper bound larger. As
a result, the corresponding bound on the probability of misclassifying the label as class k becomes
larger, suggesting an increased tendency toward majority-label bias in favor of class k.

Importantly, this imbalance factor ψk,k⋆ interacts multiplicatively with the stable rank sr(Λ).
While a small ψk,k⋆ reflects an adversarial label distribution, a large stable rank counteracts this
effect. In this sense, the stable rank serves as a geometric buffer against label imbalance. Conse-
quently, even under severe label imbalance, a sufficiently large stable rank can preserve a meaningful
generalization guarantee. This suggests that robustness to majority-label bias improves as the stable
rank increases.

This interpretation is further supported by empirical evidence from prior work. In particular,
Gupta et al. [10] observe that LLMs exhibit increased robustness to majority-label bias as model
size increases. Our analysis provides a possible geometric explanation for this phenomenon: larger
models may induce class-center embeddings with higher stable rank sr(Λ), which in turn mitigates
the adverse effects of label imbalance, leading to improved robustness against majority-label bias.

37



TRANSFORMERS CAN LEARN MULTICLASS CLASSIFICATION IN-CONTEXT

Appendix J. Experiment Details

We perform experiments using NVIDIA GeForce RTX 3090 GPUs.

J.1. Nonlinear Transformer Models for Under Our Data Distribution

We conduct experiments on in-context multiclass classification using a Transformer architecture,
where the dataset is synthetically generated from our data-generating process (Definition 1). We
consider input dimension d = 20 and number of classes K ∈ {5, 10}. The model is a Transformer
with 2 attention heads and model dimension 128, without positional encoding. We vary the depth
across 1, 3, and 5 layers. Each layer uses GELU activations, a feedforward network (FFN) with
hidden dimension 512, and dropout with rate 0.1.

For training, we use a batch size of 128 and train for 10,000 steps using the AdamW optimizer
with a learning rate of 10−4. The spectrum of the class center matrix is chosen to control the stable
rank. Specifically, for K = 10, we set Σ = [2, 2, 2, 1.5, 1.5, 1.5, 1.5, 1, 1, 1] ·

√
20 and for K = 5,

Σ = [2,
√
2,
√
2,
√
2,
√
2] ·

√
20. In both cases, the resulting stable rank is approximately 0.6K to

reflect the assumption 2. The noise is sampled as N (0, Id), and we use 10 labels per class.
For evaluation, we fix the input dimension while varying the stable rank under a controlled total

variation of class center vectors. Specifically, we fix the squared Frobenius norm of the class center
matrix to either 120 (K = 5) or 480 (K = 10), and adjust the singular values accordingly. Given a
target stable rank r, we set singular values spectrum as

λ21 =
∥Λ∥2F
r

, λ22:K =
∥Λ∥2F − λ21
K − 1

.

For K = 5, the stable rank ranges from 1.5 to 3.5 with a step size of 0.5, and for K = 10,
from 1.5 to 6 with the same increment. Each evaluation consists of 1,000 examples, and all results
are averaged over 10 independent runs with different random seeds. For the imbalance setting, we
evaluate the model under various label allocation patterns across classes. The specific configurations
are summarized in Table 1.

Table 1: Label allocation patterns for different numbers of classes K. Each pattern specifies the
number of examples per class in the context.

Pattern K = 5 K = 10

Pattern 1 [3,3,3,3,3] [3,3,3,3,3,3,3,3,3,3]
Pattern 2 [4,3,3,3,2] [4,4,4,3,3,3,3,2,2,2]
Pattern 3 [5,4,3,2,1] [6,5,4,4,3,3,2,1,1,1]
Pattern 4 [6,4,2,2,1] [8,5,4,3,3,2,2,1,1,1]
Pattern 5 [7,3,2,2,1] [9,6,4,3,2,2,1,1,1,1]

The query label is sampled from minority classes, defined as the bottom 3 classes forK = 5 and
the bottom 7 classes for K = 10 in terms of label count. For example, under Pattern 3 with K = 5,
the query label is selected from classes with 3, 2, or 1 labels. The plots below show accuracy versus
stable rank for each pattern, obtained under different numbers of classes and transformer layers.
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J.1.1. RESULTS AND DISCUSSIONS

(a) K = 5, 1 layer (b) K = 10, 1 layer

(c) K = 5, 3 layers (d) K = 10, 3 layers

(e) K = 5, 5 layers (f) K = 10, 5 layers

Figure 1: Performance across different numbers of classes and model depths. Each result is shown
with a 1-sigma band.

We observe two main findings from the experiments. First, as the stable rank increases, the ICL
accuracy improves. This observation is consistent with Theorems 5 and 6, which show that the
error bound decreases as the stable rank increases. Second, as the degree of label imbalance from the
label allocation pattern increases, the accuracy degrades, suggesting that class imbalance adversely
affects in-context learning performance. Since the query labels are selected from the less frequent
classes, ψk,k⋆ from Theorem 6 tends to become smaller as the degree of label imbalance increases.
Therefore, this observation is consistent with our theoretical results.
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J.1.2. ADDITIONAL DISCUSSIONS ON LINEAR ATTENTION VS (SOFTMAX) TRANSFORMER

We conduct the same experiment for K = 10 using a one-layer linear attention model in our
parametrization setting. All other experimental settings (e.g., batch size, optimizer, and learning
rate) are kept identical. To analyze the exact solution, we visualize the heatmap of WKQ.

Figure 2: Heatmap of WKQ for linear attention after training

In linear attention, we empirically observe that the learned solutions tend to concentrate along
the diagonal with positive entries. Such solutions are characterized by a large trace-to-Frobenius
ratio, satisfying Tr(W )/∥W ∥F = Ω(

√
dξ−1), which in turn enables our theoretical analysis (Sec-

tion G.2). We further observe that a similar pattern emerges in nonlinear Transformers, where in
each layer, at least one attention head exhibits a diagonally concentrated structure with mainly pos-
itive entries. This suggests that a similar implicit bias characterized by Tr(W )/∥W ∥F may persist
in nonlinear settings. Under such solution, we can consider the output of softmax attention for class
k as follows:

ŷ =

(
E +

1

M
Attnθ(E)

)
(d+1):(d+K),(M+1)

=
1

M

∑
j∈Ck exp

(
x(j)⊤Wx(M+1)

)∑
j∈[M ] exp

(
x(j)⊤Wx(M+1)

)
∝
∑
j∈Ck

exp
(
x(j)⊤Wx(M+1)

)
(Assume Gaussian noise is negligible)

≈ Sk exp
(
µ⊤
kWµk⋆

)
= exp

(
µ⊤
kWµk⋆ + logSk

)
.

The quantity of interest, the classification error bound can be expressed as follows:

P
(
(µk − µk⋆)

⊤Wµk⋆ + log

(
Sk
Sk⋆

)
≥ 0

)
= P

(
(µk − µk⋆)

⊤Wµk⋆ ≥ Tr(W )

dk
∥Λ∥2F + E

[
(µk − µk⋆)

⊤Wµk⋆
]
+ log

(
Sk⋆

Sk

))
.
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Let ϕk,k⋆ := log
(
Sk⋆

Sk

)
dk

Tr(W )∥Λ∥2F
be an imbalance factor, which is similar to ψk,k⋆ ; that is, a

lower ϕk,k⋆ implies adversarial label allocation. (We assume ϕk,k⋆ > −1, avoiding degenerate label
allocation regimes. For fixed W and Λ, the value only depends on label allocation.)

P
(
(µk − µk⋆)

⊤Wµk⋆ ≥ E
[
(µk − µk⋆)

⊤Wµk⋆
]
+ (1 + ϕk,k⋆)

Tr(W )

dk
∥Λ∥2F

)
≤ C exp

(
−cmin

(
Tr(W )2(1 + ϕk,k⋆)

2 sr(Λ)2

∥W ∥2FK2
,
Tr(W )(1 + ϕk,k⋆) sr(Λ)

∥W ∥FK

))
+ exp

(
−
c′(1 + ϕk,k⋆)

2 sr(Λ)2

K

)
.

Through the property of implicit bias Tr(W )
∥W ∥F = Ω

(√
dξ−1

)
, we can obtain upper bound as:

C exp

(
−c

(
d(1 + ϕk,k⋆) sr(Λ)

ξ2K
∧
√
d

ξ
∧ (1 + ϕk,k⋆) sr(Λ)

)
·
(1 + ϕk,k⋆) sr(Λ)

K

)
.

Under solutions characterized by the lower bound of trace-to-Frobenius ratio, we establish that our
theory extends consistently to softmax attention. In particular, (i) higher stable rank improves ICL
performance, and (ii) robustness to majority-label bias increases with stable rank.
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Figure 3: Heatmaps of WKQ for each layer and attention head. Each row corresponds to a layer,
and each column corresponds to a head.
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J.2. Pre-trained LLMs for WordNet-based Word Classification

We further conduct experiments on real-world natural language datasets.We construct a multiclass
classification task based on WordNet [18], defining a word-to-label mapping via hypernyms (e.g.,
lion → animal). Since WordNet is organized as a tree, we collect words by restricting the hyponym
depth to at most 2 from each hypernym. We sample multiple 7-class subsets from a pool of 13
semantic classes (action, animal, food, group, location, object, person, plant, process, property,
relation, state, substance), and evaluate performance across diverse class combinations. For each
subset, we extract token embeddings from the model’s input layer, group them by label, and average
them to obtain class cluster center vectors. Stacking these vectors and centering the rows forms a
matrix, whose geometry is quantified via the stable rank. We then examine how this geometric prop-
erty relates to downstream ICL performance. To control for the correlation between the Frobenius
norm and stable rank, we restrict sampled class subsets to those within one standard deviation of
the empirical mean, thereby isolating the effect of stable rank from magnitude variations.

We conduct experiments using the following three pre-trained LLMs:
Llama-3.2-1B-Instruct, Qwen2.5-3B-Instruct, and Phi-3-mini-4k-instruct.
Note that, since embeddings differ across models, the class-center matrix may vary even for the
same combination. Prompts consist of (word → label) demonstrations followed by a query (word
→), with disjoint query sets and shuffled ordering in order to mitigate positional biases such as
recency effects.

For each prompt, we sample a fixed number of labels per class according to predefined label
allocation patterns: Pattern 1 (balanced) [5, 5, 5, 5, 5, 5, 5], Pattern 2 (imbalanced) [9, 8, 6, 5, 4, 2,
1], and Pattern 3 (imbalanced) [12, 9, 6, 4, 2, 1, 1]. In addition, even within the same combination
of subclasses, we reshuffle the label-to-class assignments for each query, resulting in diverse prompt
configurations. To evaluate imbalanced label scenario, the query label is preferentially selected from
the bottom-5 classes (i.e., those with the fewest labels) in the current prompt. For example, under
Pattern 3, we allocate labels as follows: food (12), location (9), object (6), plant (4), property (2),
relation (1), and state (1). The query word is then sampled from the bottom-5 classes: object, plant,
property, relation, and state. We perform classification using constrained decoding, restricting the
output space to valid label token sequences to prevent predictions outside the label set. We sample
500 class combinations, and for each combination and label-allocation pattern, we measure accuracy
over 200 prompts, analyzing the relationship between stable rank and classification accuracy.

The plots below show scatter plots of stable rank versus accuracy over 500 combinations, to-
gether with linear fits and binned averages. We also present analogous plots for each pattern, illus-
trating the differences across patterns using scatter plots with linear fits and binning. The bin plot
below shows the mean and the 1-sigma interval.
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RESULTS ON LLAMA

(a) Llama Pattern 1

(b) Llama Pattern 2

(c) Llama Pattern 3
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(a) Llama Difference between pattern 1 and 2

(b) Llama Difference between pattern 1 and 3
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RESULTS ON QWEN

(a) Qwen Pattern 1

(b) Qwen Pattern 2

(c) Qwen Pattern 3

46



TRANSFORMERS CAN LEARN MULTICLASS CLASSIFICATION IN-CONTEXT

(a) Qwen Difference between pattern 1 and 2

(b) Qwen Difference between pattern 1 and 3
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RESULTS ON PHI-3

(a) Phi-3 Pattern 1

(b) Phi-3 Pattern 2

(c) Phi-3 Pattern 3
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(a) Phi-3 Difference between pattern 1 and 2

(b) Phi-3 Difference between pattern 1 and 3
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J.2.1. STATISTICS AND DISCUSSIONS

Table 2: Summary statistics characterizing the relationship between stable rank (independent vari-
able) and accuracy (dependent variable) across models and prompting patterns. For each setting,
we report the linear regression slope, Pearson correlation coefficient (rPearson) with its p-value for
testing zero slope, and Spearman rank correlation coefficient (ρSpearman) with its corresponding p-
value. Statistically significant results are highlighted in bold.

Model Pattern Slope rPearson preg (slope = 0) ρSpearman pSpearman (ρ = 0)

Llama 1 -0.0120 -0.0556 2.14× 10−1 -0.0628 1.61× 10−1

Llama 2 0.0130 0.0644 1.51× 10−1 0.0351 4.33× 10−1

Llama 3 0.0285 0.1468 9.98× 10−4 0.1213 6.61× 10−3

Qwen 1 0.0220 0.1150 1.01× 10−2 0.0898 4.48× 10−2

Qwen 2 0.0590 0.3033 4.22× 10−12 0.2566 5.84× 10−9

Qwen 3 0.0651 0.3114 1.06× 10−12 0.2790 2.15× 10−10

Phi-3 1 -0.0080 -0.0350 4.34× 10−1 -0.0624 1.64× 10−1

Phi-3 2 0.0300 0.1340 2.68× 10−3 0.0800 7.39× 10−2

Phi-3 3 0.0409 0.1708 1.24× 10−4 0.1123 1.19× 10−2

We observe a weak but statistically significant positive correlation between the stable rank of the
class center matrix and ICL performance, particularly under imbalanced regimes. The positive slope
and Spearman correlation indicate that as the stable rank of the class center matrix increases, the
ICL accuracy of the model increases, which is consistent with our theoretical results. We further
analyze how the variation in accuracy due to label imbalance depends on the stable rank under fixed
class combinations by taking the difference in accuracy between two patterns.

Table 3: Summary statistics characterizing the relationship between stable rank and accuracy dif-
ferences across pairs of prompting patterns. The reported columns are defined as in Table 2. Statis-
tically significant results are highlighted in bold.

Model Pattern Pair Slope rPearson preg (slope = 0) ρSpearman pSpearman (ρ = 0)

Llama 1-2 -0.0250 -0.1409 1.59× 10−3 -0.1515 6.77× 10−4

Llama 1-3 -0.0405 -0.2224 5.04× 10−7 -0.2143 1.32× 10−6

Qwen 1-2 -0.0370 -0.2205 6.34× 10−7 -0.1967 9.43× 10−6

Qwen 1-3 -0.0431 -0.2440 1.08× 10−8 -0.2331 2.36× 10−7

Phi-3 1-2 -0.0380 -0.1965 9.63× 10−6 -0.1848 3.21× 10−5

Phi-3 1-3 -0.0489 -0.2339 1.22× 10−7 -0.2188 7.79× 10−7

We also observe a weak but statistically significant negative correlation between the stable rank
of the class center matrix and accuracy difference between balanced and imbalanced patterns. The
negative slope and Spearman correlation indicate that, as the stable rank of the class center matrix
increases, the performance gap between balanced and imbalanced label allocation decreases, lead-
ing to improved robustness under majority label bias. Such an observation is consistent with our
theoretical results.
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