
Fully Nested Transformers

Avi Trost 1 Alexander Yun 1 John Cooper 1 Gabriel Orlanski 1 Frederic Sala 1

Abstract

Matryoshka Representation Learning produces
representations that can be truncated at different
granularities to adapt to diverse downstream re-
quirements, but computing them still requires a
full forward pass through the model. Elastic ar-
chitectures enable adaptive inference budgets, but
their smaller models do not generally produce rep-
resentations that are prefixes of those produced
by the larger models. To unify these two forms
of adaptivity within a single language model, we
design StairFormer: a Transformer architecture
that nests a hierarchy of prefix submodels by pre-
serving prefix structure at each layer. Running
a larger model produces, as prefixes, the same
representations that would have been produced by
independently running each smaller model. Prefix
representations are efficiently computed using the
computational paths of smaller submodels, which
can then be progressively refined by activating
larger portions of the model. This full nesting
enables cascading inference and reuse of interme-
diate computations across model scales because
submodels share the same forward pass. Empiri-
cally, we show that StairFormer maintains com-
petitive language modeling performance at 1.13B
parameters, achieving a CORE metric within an
11.1% relative gap of a standard Transformer base-
line while satisfying these full nesting constraints.

1. Introduction
Matryoshka representation learning (MRL) is a popular
approach for training flexible representations, i.e., coarse-
to-fine embeddings (Kusupati et al., 2024). While this tech-
nique produces representations that can be used flexibly at
inference time, the cost of obtaining these representations is
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Figure 1. Matryoshka Representation Learning (left) hierarchically
nests output representations, but not the model producing them.
MatFormer (middle) nests models, but not their output represen-
tations. StairFormer (right) nests both output representations and
the models producing them.

nevertheless constant. Running a model to produce coarse-
grained representations is just as expensive as using it for
fine-grained representations. A natural question is whether
inference for coarser representations can be made cheaper
than inference for refined representations.

In contrast, elastic architectures such as MatFormer (Devvrit
et al., 2024) have been proposed that can be trained once
and deployed at different inference budgets. While promis-
ing, the representations produced by this approach lack the
downstream flexibility of Matryoshka-style representations.
This highlights a tension between MRL and elastic architec-
tures: models can adapt to either inference or downstream
budgets, but not both.

We study this tradeoff, seeking to understand whether there
is a way to sidestep it. Our study starts from the archi-
tectural viewpoint. In a typical Transformer-based model,
components mix information nonlinearly, preventing nested
models from being fully nested, which is why existing meth-
ods are unable to achieve the best of both worlds. This
incompatibility makes full nesting difficult to obtain by di-
rectly modifying standard architectures. To tackle this issue,
we identify sufficient conditions that enable full nestedness,
and design a Transformer-based architecture that achieves
this.
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We propose StairFormer1, a Transformer-based architec-
ture with both inference and downstream flexibility. Stair-
Former maintains a nested hierarchy of submodels that share
intermediate computations. By making the model itself
nested, StairFormer unifies the flexibility of Matryoshka rep-
resentations with the efficiency of elastic inference. Coarse
predictions can be produced by cheaper submodels, while
later blocks refine these computations without changing the
earlier outputs. This property has several possible use cases,
including efficient cascading inference where a query’s KV
cache can be reused between submodels.

The key architectural challenge is that standard Transformer
components do not preserve prefix subspaces: dense linear
maps, attention heads, and normalization statistics can all
allow later coordinates to influence earlier ones. Structured
matrices emerge as a natural way to approach this problem,
given their flexibility and efficiency (Qiu et al., 2024). We
show that block lower triangular linear maps give a simple
sufficient condition for preserving prefix submodels, and we
extend this condition to Transformers by aligning attention
heads with block boundaries and replacing normalization
layers with a prefix-preserving variant. Together, these
modifications yield an architecture whose layers preserve
the prefix filtration, so the full model is output-nested by
construction.

We make the following contributions:

1. We formalize full nesting for Transformer families as
prefix preservation across layers, giving conditions
under which the output of a smaller model is exactly
the prefix of the output of a larger model.

2. We design StairFormer, a fully nested Transformer
architecture, and empirically demonstrate competi-
tive language modeling performance at the 1.13B-
parameter scale, achieving a CORE metric within an
11.1% relative gap of a standard Transformer baseline.

3. We show that StairFormer’s full nesting property can
be used for cascading inference with computation reuse
across model scales.

2. Fully Nested Transformers
2.1. Preliminaries

We begin with some definitions of useful properties for
nested models. These lay the groundwork for what is de-
sired in nested Transformers. We will then describe an
architecture which achieves these properties.

1The block lower triangular structure of StairFormer’s weights
resembles a staircase.
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Figure 2. StairFormer architecture. Each Transformer layer
preserves the prefix filtration by using PrefixRMSNorm, head-
aligned PrefixMHSA, PrefixFFN, and residual additions that do
not allow later coordinate blocks to influence earlier ones.

Let Mα : X → Hα denote the model of budget α (a value
representing the size of the hidden state), mapping an in-
put to its final hidden representation. This model can be
decomposed layer-wise as Mα = TL−1

α ◦ · · · ◦ T 0
α, with

each layer T ℓ
α mapping from Hℓ

α to Hℓ+1
α with Hα = HL

α

and X = H0
α. Fix a sequence A = (αi)

m
i=1 representing

the budgets of the nested models. Their final hidden spaces
are nested as a filtration:

Hα1
⊂ Hα2

⊂ · · · ⊂ Hαm
.

Additionally, we are equipped with projection maps πβ→α :
Hβ → Hα for α ≤ β.

Definition 2.1. The family M = {Mα}α∈A is output
nested if, for every α ≤ β,

Mα(x) = πβ→α (Mβ(x)) ∀x ∈ X .

In plain words, an output nested family M implies that a
single forward pass of a model Mβ includes the forward
pass of every smaller model Mα in the family.

We will primarily be interested in a modification of output
nesting, where the hidden state spaces for a specific layer
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Table 1. Summary of architectural modifications beyond block triangular weights needed to make StairFormer fully nested.

COMPONENT ISSUE FIX

MULTI-HEAD SELF-ATTENTION NON-LINEAR MIXING OF INFORMATION HEAD-ALIGNED BLOCKS
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Figure 3. Block lower triangular linear layers preserve prefix
submodels. The first k output blocks depend only on the first k
input blocks, so each leading principal block submatrix defines a
complete smaller model.

ℓ across the family M are also a simultaneous filtration.
Specifically, we are equipped with projection maps πℓ

β→α :

Hℓ
β → Hℓ

α. For consistency, πL
β→α = πβ→α from the

filtration for output nesting, and π0
β→α = idX , so all sub-

models observe the same input embeddings.

Definition 2.2. We say the family T ℓ =
{
T ℓ
α

}
α∈A is

filtration-preserving if, for every α ≤ β,

πℓ+1
β→α ◦ T ℓ

β = T ℓ
α ◦ πℓ

β→α.

In other words, projecting into the smaller hidden state
after the larger layer produces the same output as projecting
before the smaller layer.

A consequence of this definition is that the composition of
filtration-preserving layers is filtration-preserving. It fol-
lows that a model with filtration-preserving layers is output
nested.

Proposition 2.3. If T ℓ is filtration-preserving for ℓ < L,
then M is output-nested.

Proof. See Appendix C.

Benefits of these properties. This property enables us to
extract submodels of varying sizes out of a single trained
model. Unlike prior architectures, the extracted submodels
are simple sub-architectures within the larger model. With
a single forward pass, we obtain the forward passes of each
submodel simultaneously.

A challenge in realizing this structure for modern
Transformer-based LLMs is that layers are highly nonlinear.
In particular, the self-attention mechanism contains a variety
of components, all of which need to be carefully considered

to verify filtration preservation. In situations where the
components are not already filtration-preserving, additional
constraints are needed to enforce this desired property.

2.2. Handling Specific Layer Types

To design a Transformer with the required parameter struc-
ture, we investigate each component of these models
separately, detailing the modifications necessary to have
filtration-preservation for all subcomponents.

We will fix Hα = Rα and π such that

πβ→α(x1:β) = x1:α,

i.e. the projection outputting the first α coordinates of its
input. In the case where the input space is matrices X ∈
Rα×L for some context length L, the induced π projects
each column separately.

This choice of π has the nice additional property that it re-
spects all element-wise operations, such as vector addition
and element-wise multiplication. This means that a resid-
ual connection of the form T (x) = x + f(x) is filtration-
preserving if and only if f(x) is.

Linear layers. We first consider the simplest and most
fundamental setting: a single linear layer. This case pro-
vides the basic structural constraint that we will later impose
throughout the Transformer. This is central to our design:
informally, block lower triangular weights are filtration-
preserving.

Consider the linear layer T (x) = Wx. In a standard dense
parameterization, any output coordinate may depend on any
input coordinate. This violates filtration preservation: the
first k output blocks of the large model may depend on input
blocks xk+1, . . . , xm, which are unavailable to the smaller
model. Therefore, simply truncating the output of a dense
linear layer generally does not recover the output of the
corresponding smaller layer.

A sufficient way to prevent this leakage is to restrict W to
the class of block lower triangular matrices:

W =


W11 0 · · · 0
W21 W22 · · · 0

...
...

. . .
...

Wm1 Wm2 · · · Wmm

 .
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Then the i-th output block is

T (x)i =
∑
j≤i

Wijxj .

Let α0 = 0. Then block i has width bi = αi − αi−1,
so Wij ∈ Rbi×bj and xi ∈ Rbi , ensuring the first k output
blocks depend only on the first k input blocks. This property
enables extracted smaller models to be materially cheaper
than the larger model.

For any budget αk, define the corresponding submodel layer
W (k) as the leading principal block submatrix

W (k) =


W11 0 · · · 0
W21 W22 · · · 0

...
...

. . .
...

Wk1 Wk2 · · · Wkk

 .

Proposition 2.4. The family of linear layers {W (k)}mk=1 is
filtration-preserving.

Proof. See Appendix C.

Earlier coordinate blocks form a complete smaller model,
while later coordinate blocks add refinements that may de-
pend on the earlier representation. Computation can there-
fore proceed block by block: evaluating the first k blocks
produces the same result as running the αk-budget sub-
model, and continuing to later blocks extends this computa-
tion to a larger model, without affecting the smaller output.

Self-attention. While imposing a block lower-triangular
weight structure is sufficient to make linear layers filtration-
preserving, this restriction is not enough to make an entire
Transformer block satisfy this property, see MHSA:

headi(X) = softmax
(
QiK

⊤
i /

√
dh

)
Vi.

Here, softmax mixes information from later coordinates
into earlier coordinates, so self-attention is generally not a
filtration-preserving operation. However, a key observation
is that the dependencies are contained within heads, so as
long as block boundaries coincide with head boundaries, in-
formation cannot flow from later blocks into earlier blocks.2

Each submodel will activate a different number of heads.

The Q, K, and V projections are block lower triangular
with respect to this partition, so every active head depends
only on the active prefix of the input representation. Ad-
ditionally, the output projection WO is also block lower
triangular, so the first k output blocks depend only on the
first k head outputs. Smaller models only need to activate

2Block boundaries must coincide with group boundaries in-
stead of head boundaries for GQA.

a subset of the heads, and therefore can maintain a smaller
KV cache. When refining computations to a larger model,
the KV cache from smaller models can be directly reused
without recomputation.

Thus, for any budget αk, running self-attention on the pre-
fix representation gives exactly the prefix of the full self-
attention output:

πβ→αk
MHSAβ(X) = MHSAαk

(πβ→αk
X) .

Therefore, head-aligned multi-head self-attention is
filtration-preserving.

RMSNorm. Standard RMSNorm(Zhang & Sennrich,
2019) normalizes a vector coordinate-wise, but its normal-
ization factor is computed from the vector as a whole. Given
x ∈ Rn, RMSNorm is defined as

xi =
xi

RMS(x)
⊙ gi, RMS(x) =

√
1

n
∥x∥22.

The RMS factor is problematic in our setting because it
can leak information from later blocks into earlier ones.
To avoid this, we define PrefixRMSNorm, a variant of
RMSNorm whose normalization statistic depends only on
prefix coordinate blocks. This removes the need for recom-
putation when increasing model capacity.

Let x = [x1; . . . ;xm], where xk denotes the k-th coordinate
block. For coordinates in block k, PrefixRMSNorm is
defined as

xk =
xk

PrefixRMSk(x)
⊙ gk,

PrefixRMSk(x) =

√√√√ 1

n≤k

k∑
j=1

∥xj∥22

and n≤k denotes the number of coordinates in the first k
blocks of x. Acting coordinate-wise and without leaking
information from later blocks into earlier ones, this change
makes the normalization layer filtration-preserving.

2.3. StairFormer

To achieve our goal of designing a fully nested architecture,
we introduce StairFormer as the architecture that incorpo-
rates these modifications. Put succinctly, StairFormer is an
architecture consisting of:

1. Block lower triangular weight matrices, where block
boundaries coincide with attention head boundaries.

2. PrefixRMSNorm over blocks instead of RMSNorm.

Our main result effectively summarizes our work up to this
point: StairFormer is fully nested by design. These mod-
ifications together suffice for transforming a Transformer
block into one that is fully nested. Formally:
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Theorem 2.5. All StairFormer layers are filtration-
preserving, and therefore StairFormer is output-nested.

Proof. See Appendix C.

Implications of Theorem 2.5. Such an architecture may en-
able several possible benefits, including: speculative decod-
ing, cascading model routing, simultaneous training across
scales, proxy models that update alongside a target model
during post-training, and dynamic model routing. In this
work, we focus on the cascading router use case.

3. Experiments
We claim that StairFormer, as a Transformer-based archi-
tecture, can achieve strong language modeling performance.
Additionally, we claim that the full nesting of submodels
provides a language model with novel benefits. In this sec-
tion, we empirically test these claims:

1. Can StairFormer achieve competitive language model-
ing performance compared to a standard Transformer-
based architecture?

2. Can we leverage StairFormer’s computational sharing
between submodels to enable efficient cascading infer-
ence?

3.1. Setup

Training details. We pretrain a 1.13B StairFormer model
with 4 submodels (including the largest model) on NVIDIA
ClimbMix (Diao et al., 2025) for 3.8B tokens. After eval-
uating base model performance, we further fine-tune the
model with SFT for 509M tokens. The SFT data mix-
ture is a combination of SmolTalk, identity conversations,
MMLU auxiliary training data, GSM8K, SimpleSpelling,
and SpellingBee (Allal et al., 2025; Hendrycks et al., 2021;
Cobbe et al., 2021; Karpathy, 2025). The training is con-
ducted with a mix of H100, A100, and L40 GPUs, and is
built on the Nanochat repository (Karpathy, 2025). The
models are trained using a convex combination of the differ-
ent submodels’ losses, where the largest model has a weight
of 0.9, and the remaining 0.1 weight is split between the
three other submodels. This loss scaling is as a heuristic
that appeared meaningful during prelimnary testing. We
use a block-row-wise version of Muon that supports block
triangular weight matrices. Additional training details are
included in Appendix B.

Baseline models. We additionally train three baseline fam-
ilies: a family of standard Transformers, and two nested
MatFormer models (Devvrit et al., 2024). One MatFormer
model nests FFN hidden dimension only, and the other nests
FFN hidden dimension and attention heads. For each set of

baselines, we produce a model that closely mirrors the ac-
tive parameter count and inference FLOPs of each budget of
the StairFormer models (besides the FFN-only MatFormer
baseline, which cannot extend to low parameter counts).
All models are trained with the same amount of tokens as
StairFormer. Additional baseline details are provided in
Appendix B.

3.2. Language Modeling Performance

We evaluate each model’s language modeling performance
after pretraining, in addition to task performance after SFT.
We evaluate the CORE metric from DataComp-LM (Li
et al., 2025), which measures base model capabilities. After
SFT, models are evaluated on GSM8K (Cobbe et al., 2021).
Results are shown in Figure 4.

3.3. Cascading Inference

For cascading inference, a router observes the input prompt
and the smaller model’s response, then decides whether to
accept that response or escalate based on text embeddings.
We compare an oracle router, which defers exactly when the
smaller model is incorrect, against lightweight MLP routers
trained on frozen all-MiniLM-L6-v2 sentence embed-
dings of the prompt–response pair from SentenceTransform-
ers (Reimers & Gurevych, 2019). Accuracy–FLOP tradeoffs
are reported on held-out GSM8K, relative to the largest stan-
dard baseline. Since StairFormer is able to reuse KV cache
information between submodels, we count prefill computa-
tion as shareable across escalations. Decoding computation
cannot generally be reused because models will sample
different tokens during generation. Results are in Figure 5.
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Figure 4. Pretrained model performance. CORE metric on base
models plotted versus active parameters for each model in a family.
StairFormer models can adapt to a wider dynamic range of infer-
ence budgets than MatFormer while still maintaining reasonable
performance.
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Figure 5. Cascading inference tradeoffs on GSM8K after SFT.
Routers begin with the smallest model and selectively defer to
larger models. The lines shown refer to Pareto-optimal router
decisions for both the oracle and MLP routers. Accuracies are
relative to the XL standard Transformer baseline.

4. Discussion
Language modeling performance. StairFormer’s perfor-
mance remained competitive, despite the degree of con-
straints imposed on it, while supporting a wider range
of usable inference budgets than the MatFormer variants.
The FFN-only MatFormer baseline retains stronger perfor-
mance, but its elastic range is limited. Conversely, extending
MatFormer-style slicing to both FFN and attention increases
the budget range, but significantly weakens the larger ex-
tracted models. With more principled training methods tai-
lored to StairFormer’s structure, such as carefully designed
loss functions or optimizers, we expect that StairFormer is
capable of performing closer to standard architectures.

Cascading inference. The cascading inference experiments
demonstrate a practical advantage of full nestedness. Under
oracle routing, StairFormer achieves performance superior
to the MatFormer baselines, despite having weaker language
modeling performance. The gap between oracle routing and
MLP routing suggests that to realize these efficiencies, more
sophisticated routing methods should be used. StairFormer
remains competitive while enabling prompt-side computa-
tion sharing across escalations. This highlights the potential
benefits of computation sharing and reuse in StairFormer
models, which would further improve with dedicated train-
ing recipes.

5. Related Work
Matryoshka Embeddings. Matryoshka Representation
Learning (MRL) (Kusupati et al., 2024) is a paradigm that
encourages the prefix of an embedding vector to operate
as a coarse-grained embedding vector by itself after trunca-
tion. This strategy is the predominant strategy for training
embedding models, due to its flexibility and low overhead.

Nested Models. Nested models can be trained once and
deployed with an adaptive inference budget. A nested ar-
chitecture closely related to MRL is MatFormer (Devvrit
et al., 2024), which applies MRL-style truncation inside a
Transformer’s FFN or self-attention layers (Vaswani et al.,
2023). MatFormer-style training has grown in popularity,
with industrial-scale efforts implementing it (Team, 2025;
Taghibakhshi et al., 2025). The Nested Subspace Property
described in (Rauba & van der Schaar, 2026) details the
exact nesting case for linear layers. The block triangular
matrices used in our work can be thought of as similar to
a special case of matrices satisfying the Nested Subspace
Property, while also enabling the Transformer as a whole
to become nested. The fMRLRec method for recommenda-
tion systems outlined in (Wang et al., 2024) utilizes block
triangular matrices similarly to our work, which we build
upon by laying out the theoretical conditions sufficient for
exact nestedness, as well as extending the property to Trans-
former models. ThinkingViT enables computation reuse
among nested submodels, but unlike in our work, its sub-
model outputs are not nested (Hojjat et al., 2026).

6. Limitations
Extending this design to other architectures will take care-
ful consideration to ensure each component is filtration-
preserving. Additionally, modern foundation model infras-
tructure is built around dense matrix multiplications. Even
though block triangular matrix multiplications are GPU-
friendly in principle, dense matrix multiplications are much
more heavily optimized in modern systems.

7. Conclusion
We presented StairFormer, showing that it is possible to de-
sign a Transformer architecture that fully nests submodels
within one another, while maintaining competitive perfor-
mance. In addition to elastic inference, the output repre-
sentation of larger models contains each smaller model’s
output as a prefix, maintaining a consistent Matryoshka rep-
resentation, and enabling applications such as cascading
inference. Finally, this architecture can extend beyond lan-
guage models, and investigating the potential of StairFormer
embedding models to settings where Matryoshka embed-
dings are currently deployed is a natural future direction.
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A. Notation

Symbol Meaning

α, β Model budgets/scales.
A The collection of budgets for the model family of interest.
Mα Model with budget α.
T ℓ
α Layer ℓ of model Mα.

X Model input space.
Hα Model output space for Mα.

πβ→α A projection map from Hβ to Hα. Part of a filtration.
Hℓ

α Intermediate representation space of Mα at layer ℓ.
πℓ
β→α A projection map from Hℓ

β to Hℓ
α. Part of a filtration.

L Total number of layers in Mα.
m Number of submodels, |A|.

Table 2. Notation.

B. Implementation Details
B.1. Training Details

All training code was built on Andrej Karpathy’s Nanochat (commit 0aaca56) and inherits its defaults (Karpathy, 2025).

Pretraining.

Models use sequence length 2048 and the Nanochat tokenizer with vocabulary size 32768. Pretraining uses next-token
cross-entropy loss on NVIDIA ClimbMix for 3.8B tokens (Diao et al., 2025). Unless otherwise specified, optimization uses
the Nanochat AdamW/Muon optimizer split: embeddings, value embeddings, output embeddings, scalar parameters, and
normalization parameters are optimized with AdamW, while matrix parameters are optimized with Muon. Matrix parameters
are optimized with Muon using learning rate 2e-2, momentum warmed from 0.85 to 0.97, 5 Newton–Schulz steps, β2 = 0.9,
and matrix weight decay 0.28 cosine-decayed to zero. Token embeddings use learning rate 0.3, output embeddings use
8 × 10−3, and scalar parameters use 0.5, with AdamW learning rates scaled by (dmodel/768)

−1/2. Pretraining uses 40
warmup steps, a warmdown over the final 65% of training, and final learning-rate fraction 0.05. We use a total batch size of
220 tokens. All compared models use the same pretraining token budget of 3.8B tokens.

Supervised Finetuning.

During SFT, we initialize from the pretrained checkpoint, use the same optimizer partition, set Muon weight decay to zero,
multiply inherited learning rates by 0.8, use no warmup, and linearly decay the learning rate to zero over the final 50%
of SFT. All compared models use the same SFT token budget of 509M total tokens. The SFT mixture contains 42.9%
SmolTalk, 28.0% MMLU auxiliary data, 18.7% SimpleSpelling, 7.5% SpellingBee, 2.8% GSM8K, and 0.2% identity
conversations by example count (Allal et al., 2025; Hendrycks et al., 2021; Cobbe et al., 2021).

B.2. Architecture-Specific Details

In addition to the details specified below, we summarize architecture configs in Table 3, and their language modeling
performance in Table 4.
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Family Size Layers dmodel Heads dhead dattn dff Params (M)

Dense S 24 384 6 64 384 1536 218.6
Dense M 24 704 11 64 704 2816 465.7
Dense L 24 1024 16 64 1024 4096 771.8
Dense XL 24 1344 21 64 1344 5376 1136.8

StairFormer S / k=1 24 384 6 64 384 1536 218.6
StairFormer M / k=2 24 768 12 64 768 3072 479.7
StairFormer L / k=3 24 1152 18 64 1152 4608 783.3
StairFormer XL / k=4 24 1536 24 64 1536 6144 1129.3

MatFormer FFN+Attn S 24 1280 2 80 160 640 205.8
MatFormer FFN+Attn M 24 1280 4 80 320 1280 327.7
MatFormer FFN+Attn L 24 1280 8 80 640 2560 571.5
MatFormer FFN+Attn XL 24 1280 16 80 1280 5120 1059.1

MatFormer FFN-only S 24 1280 16 80 1280 640 783.8
MatFormer FFN-only M 24 1280 16 80 1280 1280 823.1
MatFormer FFN-only L 24 1280 16 80 1280 2560 901.8
MatFormer FFN-only XL 24 1280 16 80 1280 5120 1059.1

Table 3. Architecture configurations for the compared model families. dattn denotes the active attention width, i.e. heads times head
dimension.
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Family Model Active Params (M) Forward FLOPs/token (M) CORE GSM8K (%)

Dense S 218.6 185.6 0.153 2.0
Dense M 465.7 470.0 0.199 3.3
Dense L 771.8 872.4 0.220 6.3
Dense XL 1136.8 1,393 0.226 6.1

StairFormer S 218.6 185.6 0.100 1.0
StairFormer M 479.7 456.1 0.165 1.4
StairFormer L 783.3 811.6 0.194 2.3
StairFormer XL 1129.3 1,252 0.201 2.7

MatFormer FFN-only S 783.8 728.8 0.212 4.5
MatFormer FFN-only M 823.1 807.4 0.213 4.5
MatFormer FFN-only L 901.8 964.7 0.218 5.0
MatFormer FFN-only XL 1059.1 1279.3 0.216 4.7

MatFormer FFN+Attn S 205.8 233.3 0.154 1.1
MatFormer FFN+Attn M 327.7 382.7 0.159 2.7
MatFormer FFN+Attn L 571.5 681.6 0.163 3.9
MatFormer FFN+Attn XL 1059.1 1279.3 0.165 2.5

Table 4. Model budgets and evaluation results on CORE metric and GSM8K. Forward FLOPs are estimated per token.
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Standard Baseline Architecture.

We use the Nanochat GPT-style decoder architecture with rotary positional embeddings, QK normalization, untied in-
put/output embeddings, ReLU2 MLP activations, RMSNorm, no linear biases, value embeddings, residual scaling, and
full-context causal attention. We train 4 standard Transformer baseline models: one corresponding to each budget of our
StairFormer model. These model configurations are chosen to be close to the active parameter counts and inference FLOPs
of their corresponding StairFormer models.

StairFormer Architecture.

The StairFormer model we train is similar to the baseline architecture, except:

1. Weight matrices are made to be block lower triangular, with four row blocks, i.e., a 4×4 block matrix with blocks above
the diagonal masked to zero.

2. Instances of RMSNorm are replaced with PrefixRMSNorm, corresponding to the filtration induced by these blocks.

All residual-stream linear maps in the Transformer blocks are block lower triangular, including the attention projections
and MLP projections. We refer to the block lower triangular variants of MHSA and FFN as PrefixMHSA and PrefixFFN,
respectively. Token embeddings, value embeddings, the unembedding layer, and small auxiliary gates are kept dense. To
extract submodel k, we retain the first k width blocks and, for each block-lower-triangular linear map, keep exactly the
row-block parameters whose output block index is at most k.

MatFormer Architecture.

We have two variants of MatFormer models to use as baselines. One variant applies MatFormer-style nesting on the FFN
hidden dimension only, and one variant applies the nesting on the FFN hidden dimension and attention heads. Both variants
are trained as a single shared parent model, from which smaller submodels are extracted after pretraining and SFT. In the
FFN-only variant, all submodels share the same residual width and attention computation, while smaller budgets use prefixes
of the MLP hidden dimension. In the FFN+Attention variant, submodels additionally use prefixes of the attention heads,
reducing the active QKV projections, output projection input width, value embeddings, and attention computation.

The MatFormer architecture used is the same as the large baseline, except trained MatFormer-style: each batch selects one
submodel uniformly from {S,M,L,XL}. The XL MatFormer submodel corresponds to the full shared parent model. The
S model corresponds to the first 1/8 of the hidden size of the FFN (and intermediate size for attention, for that variant), M
corresponds to the first 1/4, and L corresponds to the first 1/2.

Training Losses. For the baseline model, we train with standard cross-entropy loss. The MatFormer models are trained
with cross-entropy loss for the uniformly sampled submodel selected for each batch. The StairFormer model is trained using
weighted cross-entropy loss
(1− λ)LXL + λ

3 (LL + LM + LS) with λ = 0.1. Investigation into different loss functions is left as future work.

B.3. Cascading Inference Experiment Details

For cascading inference, we use the SFT evaluation traces from GSM8K. For each example and each submodel, we cache
the input prompt, generated response, task correctness, output length, and measured prefill and decoding FLOPs. A cascade
begins with the smallest model in a family. After each response, a lightweight router decides whether to accept the current
answer or defer to the next larger model. If all smaller models are rejected, the cascade terminates at the largest model in the
family.

Our learned router is a per-task per-family per-transition MLP. That is, we train one router for each task, for each model
family, for each of the family’s cascade transitions. The router input is a frozen text embedding of the prompt–response pair,
computed with sentence-transformers/all-MiniLM-L6-v2 (Reimers & Gurevych, 2019). The MLP is trained
as a binary classifier predicting whether the current response is correct. At inference time, we sweep a threshold on the
predicted correctness probability: responses below the threshold are deferred, while responses above it are accepted.

We split evaluation examples into 40% router-training, 30% validation, and 30% test sets, using the same split across
experiments. Thresholds are selected or swept on the validation split, and all reported accuracy–FLOP tradeoffs are
computed on the held-out test split. We also report an oracle cascade, which defers exactly when the current model’s
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response is incorrect, as a theoretical upper bound. For StairFormer, we count prompt-side prefill computation as reusable
across escalations, since the KV cache can be shared across these models.

C. Proofs
Proof of Proposition 2.3. Note that πβ→α = πL

β→α and π0
β→α = idX . In the definition of output nesting, each layer being

filtration-preserving lets the projection be pushed through the model:

πβ→α ◦Mβ = πL
β→α ◦ TL−1

β ◦ TL−2
β ◦ · · · ◦ T 1

β ◦ T 0
β ,

= TL−1
α ◦ πL−1

β→α ◦ TL−2
β ◦ · · · ◦ T 1

β ◦ T 0
β ,

...

= TL−1
α ◦ TL−2

α ◦ · · · ◦ T 1
α ◦ π1

β→α ◦ T 0
β ,

= TL−1
α ◦ TL−2

α ◦ · · · ◦ T 1
α ◦ T 0

α ◦ π0
β→α,

= TL−1
α ◦ TL−2

α ◦ · · · ◦ T 1
α ◦ T 0

α,

= Mα.

Proof of Proposition 2.4. Let x = [x1; . . . ;xm]. Since W (m) is block lower triangular, its i-th output block is yi =∑
j≤i Wijxj . Projecting the output of the larger layer onto the first k blocks gives

παm→αk
W (m)x = παm→αk

T (x)1
...

T (x)m

 =

T (x)1...
T (x)k

 = W (k)

x1

...
xk

 = W (k)παm→αk
x,

as desired.

Proof of Theorem 2.5. The projections π preserve vector addition. Therefore, it is sufficient to show that every component
of StairFormer is filtration-preserving. Proposition 2.3 will imply that StairFormer is output-nested.

The components of StairFormer are linear layers, self-attention layers, PrefixRMSNorm, and non-linearities in the MLP.
The first of these was shown in Proposition 2.4. The next two fall out directly from the design of StairFormer, separating
the different blocks into different heads and separating the normalization factor in PrefixRMSNorm. The Q, K, and V
projections for active head groups depend only on the active prefix, and attention is computed independently per head group.
WO is block lower triangular, so the projected full output is filtration-preserving.

What remains to be shown is that the non-linearity of the MLP is filtration-preserving. These nonlinearities are applied
element-wise, so

παm→αk
(ϕ(x)) =

 ϕ(x1)
...

ϕ(xαk
)

 = ϕ(

 x1

...
xαk

) = ϕ(παm→αk
(x)).

D. Additional Details
D.1. Adapting Muon for Block Triangular Parameters

Since StairFormer uses block triangular weights, special care must be taken to adapt Muon to its structure. Rather than
storing a dense matrix with an explicit mask, we parameterize each logical matrix W by independent row blocks

Ri = [Wi,1,Wi,2, . . . ,Wi,i] ∈ Rdout
i ×

∑
j≤i d

in
j ,
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so that
yi = Ri[x1; . . . ;xi].

Thus, the masked weights are not stored or updated during training.

To modify Muon accordingly, we do the following: each Ri is an ordinary dense matrix parameter. We place row blocks
into separate Muon parameter groups by row-block index and shape, and use

ηi =
η√
i+ 1

,

with i = 0 for the first row block. This preserves the block-triangular structure exactly while keeping Muon’s orthogonalized
update well-scaled across all prefix submodels. In other words, we treat each row of blocks as independent 2D matrices for
Muon to optimize.

E. Extended Related Works
Elastic models. Many forms of elastic networks have been studied. One prominent work is Once-for-all (Cai et al., 2020),
where a model can be trained once and specialized subnetworks can be extracted from it. Other works include slimmable
networks (Yu et al., 2018; Yu & Huang, 2019) that can adjust their width on the fly, DynaBERT (Hou et al., 2020) which
can adapt both width and depth, and SortedNet (Valipour et al., 2024) which extends nesting capabilities to normalization
layers. Elastic networks can also slice embedding layers, as in HydraViT and Scala (Haberer et al., 2024; Zhang et al.,
2024). Nesting capabilities have also been extended to modern components like mixture-of-experts layers as in M-MoE
(Wang et al., 2025), or Mamba as in MatMamba (Shukla et al., 2024). Properties of MRL have also been extended to other
modalities, such as vision in M3 (Cai et al., 2024).

Routing and cascading inference. Routing methods route inputs between various models, e.g. at the token level or at the
query level (Hu et al., 2024; Li et al., 2026). These routing methods often rely on lightweight MLP modules trained on
embeddings, and some work has explored using ensemble-based strategies that rely on running full models (Ong et al., 2025;
Chen et al., 2026). Other methods employ cascading strategies, where a family of progressively more expensive models is
used during inference (Dekoninck et al., 2025; Moslem & Kelleher, 2026; Kolawole et al., 2025).

Early exit. Models have been explored that can exit a forward pass early, saving computational resources (Miao et al.,
2024; Bajpai & Hanawal, 2025; Chen et al., 2024). One particularly relevant method is LayerSkip (Elhoushi et al., 2024),
which skips later layers in an LLM. Our method is orthogonal to LayerSkip and can be thought of as similar to a width-wise
analogue of it. 2DMSE extends this idea by combining it with MRL for the early exit outputs, (Li et al., 2024) but not all the
Matryoshka outputs are consistent with each other.
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