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Abstract

In this work we undertake a thorough study of the non-asymptotic properties of the vanilla
generative adversarial networks (GANs). We prove an oracle inequality for the Jensen-
Shannon (JS) divergence between the underlying density p* and the GAN estimate with a
significantly better statistical error term compared to the previously known results. The
advantage of our bound becomes clear in application to nonparametric density estimation.
We show that the JS-divergence between the GAN estimate and p* decays as fast as
(logn/n)?8/(26+d) where n is the sample size and 3 determines the smoothness of p*. This
rate of convergence coincides (up to logarithmic factors) with minimax optimal for the
considered class of densities.

Keywords: generative model, oracle inequality, Jensen-Shannon risk, minimax rates,
nonparametric density estimation.

1. Introduction

Let X1,..., X, be i.i.d. random elements with values in X C R% drawn from a distribution
P*. We assume that P* admits a density p* with respect to a dominating measure p. The
measure 4 is not necessarily absolutely continuous with respect to the Lebesgue measure,
it can be the counting measure or the Hausdorff measure on a low-dimensional manifold
as well. Our goal is to estimate p* based on a finite sample. The problem of density
estimation was extensively studied in the literature and encounters numerous approaches
such as kernel (see, e.g., (Tsybakov, 2008, Section 1.2) and (McDonald, 2017)) and k-
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nearest neighbors density estimators (Dasgupta and Kpotufe, 2014), wavelet thresholding
(Donoho et al., 1996), and aggregation (Rakhlin et al., 2005; Rigollet and Tsybakov, 2006;
Bunea et al., 2007; Butucea et al., 2017; Dalalyan and Sebbar, 2018). Recently, Goodfellow
et al. (2014) have introduced a novel approach for a related problem of generative modeling
called generative adversarial networks (or simply GANs). A generative adversarial network
consists of a generator and a discriminator. Given a known easy-to-sample distribution on
a latent space Y with a density ¢, the generator ¢ : Y — X takes i.i.d. samples Y7,...,Y,
from ¢ and produces fake ones ¢(Y1),...,9(Yy). The goal of the discriminator D is to
distinguish between the real samples X;,..., X, and g(Y7),...,9(Y,). Usually, D can be
thought of as a map X — (0, 1), where larger values correspond to higher confidence that
an input variable is drawn from p*. In practice, both generator and discriminator usually
belong to some parametric families (for example, to classes of neural networks). Let us fix
positive integers dg and dp and some compact sets W C R and © C R, In our paper
we assume that

geG={gw:weW} and DeD={Dy:0c O}

As a byproduct of the described generative approach, GANs also provide an implicit density
estimate for p*. Indeed, if a statistician manages to find a good generator g,,, then the
density of g,,(Y) is a reasonable estimate of p*. In (Goodfellow et al., 2014), the authors
suggested to solve the following minimax problem, also called vanilla GAN:

1 1
i = —Exp= —Ey. 1-— . 1.
min max {L(wﬁ) 5 Expe 10g Do(X) + 5By log( De(gw(Y)))} (1.1)
Here and further in the paper, log stands for the natural logarithm. The intuition behind
(1.1) is that if D contained all measurable functions on X with values in (0, 1), the minimax
problem (1.1) would reduce to (see (Goodfellow et al., 2014, Theorem 1))

g’éivl\l/ [JS(pw, p*) — log 2], (1.2)
where JS is the Jensen-Shannon divergence (see (2.1) for the definition), and p,, is the
density of g, (Y) with Y ~ ¢. Unfortunately, since D is a parametric class (and, hence, it
cannot contain all the measurable functions), the actual value of maxpce L(w, 6) differs from
(JS(pw, p*) — log 2). Fortunately, the gap between maxpco L(w, ) and (JS(pyw, p*) — log 2)
may be rather small for a proper class of discriminators. Since the true distribution p* in
(1.1) is unknown, we consider a plug-in estimate pg, where w is a solution of the optimization
problem

e i L (w, 0), 1.3
€ argmin max (w,0) (1.3)
and
1 & 1 &
La(w,0) = 5 Zl log Dy(X;) + 5- Zl log (1= Dy (9u(Y5))) (1.4)
1= J=

is the empirical version of the functional L(w, @) defined in (1.1).
GANSs provide a flexible tool for sampling from an unknown distribution, and they have
recently become extremely popular among practitioners. Using deep neural network classes
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G and D, one can reach the state-of-the-art generative performance in many challenging
tasks, including image super-resolution (Ledig et al., 2017), video synthesis (Kim et al.,
2018), and many others. Various GAN formulations were later proposed by varying the
divergence measure in (1.2). For instance, f-GAN (Nowozin et al., 2016) generalized vanilla
GAN by minimizing a general f-divergence; Wasserstein GAN (WGAN) (Arjovsky et al.,
2017) considered the first-order Wasserstein (Kantorovich) distance (WW; distance); MMD-
GAN (Dziugaite et al., 2015) was based on the maximum mean discrepancy; energy-based
GAN (Zhao et al., 2016) minimizes the total variation distance as discussed in (Arjovsky
et al., 2017); Quadratic GAN (Feizi et al., 2020) aimed to find the distribution minimizing
the second-order Wasserstein (Kantorovich) distance.

The empirical success of GANs motivated many researchers to analyze their theoretical
properties. For example, in (Biau et al., 2021; Schreuder et al., 2021), the authors carried out
theoretical analysis of WGANSs. In (Biau et al., 2021), the authors obtained upper bounds
for the excess risk of GANs for parametric classes (including the class of neural networks).
In contrast to Biau et al. (2021), Schreuder et al. (2021) considered generative models based
on 3 times differentiable transformations of the d-dimensional unit hypercube and derived
rates of convergence of order O (nfﬁ/ dy p=1/ 2) for the corresponding W distance. Liang
(2021) used results from the empirical process theory to prove upper bounds for Sobolev
GANs (i.e., when generators and discriminators belong to Sobolev classes W* and W?,
respectively), MMD GANs, WGANs, and vanilla GANs. In the case of Sobolev GANs,
the obtained rate n=(@+8)/(26+d) \/ n=1/2 for the corresponding integral probability metric
(IPM) is shown to be minimax optimal. The research of Liang (2021) was continued in
the works of Singh and Péczos (2018); Uppal et al. (2019); Luise et al. (2020); Chen et al.
(2022); Vardanyan et al. (2023) where the authors studied the performance of GANs in
terms of different IPM losses and the Sinkhorn divergence. The vanilla GANs were studied
in (Liang, 2021; Biau et al., 2020; Asatryan et al., 2023). However, the rates of convergence
for them in terms of Jensen-Shannon divergence are not yet fully understood. Biau et al.
(2020) and Asatryan et al. (2023) improved approximation terms as compared to Liang
(2021), but it is not clear whether the rates obtained in (Biau et al., 2020; Asatryan et al.,
2023) are minimax optimal. In this work, we provide a refined analysis of the theoretical
properties of vanilla GANs and derive minimax optimal rates.

Contributions. Our contributions can be summarized as follows.

e We prove (Theorem 1) a sharp oracle inequality for the case when the classes G and
D are general parametric classes, which significantly improves the existing inequalities
from the works of Biau et al. (2020) and Asatryan et al. (2023).

e We apply the result of Theorem 1 to a nonparametric density estimation problem. Choos-
ing G and D as classes of neural networks of appropriate architectures with ReQU activa-
tion functions, we derive the rates of convergence for the estimate pg to the true density

*

p* in terms of the Jensen-Shannon divergence. Namely, we show that, with probability
at least 1 — 4, it holds that

_28

28+d
logn) i los(1/9) (Theorem 2)
n

~ n*) <
JS(pw,p)N< ~

3
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provided that the actual density p* is the density of a random variable ¢*(Y) with ¥
being uniformly distributed on [0, 1]%, for a smooth invertible transform g* not necessary
belonging to G. We also discuss that previously known bounds do not yield this rate of
convergence.

o We show that the result of Theorem 2 is minimax optimal up to a logarithmic factor.
Namely, we prove that for any estimate p, it holds that

28
supEJS(p,p*) 2 n 25+, (Theorem 3)
p*

where the supremum is taken with respect to the densities p* satisfying the same regu-
larity assumptions as in Theorem 2. Hence, our results imply the minimax optimality of
GANSs (up to logarithmic factors) in the context of nonparametric density estimation.

2. Preliminaries and notations

Kullback-Leibler and Jensen-Shannon divergences. Let Q C R? be a bounded
domain. For two probability measures on a measurable space (€2, B(€2)) with Lebesgue
densities p and q, respectively, we define the Kullback-Leibler divergence between them as

[ p(x)log (p(z)/q(x))dp, if p<aq,
400, otherwise.

KL(p,q) = {

Here and further in this paper, log stands for the natural logarithm. By JS(p, q), we denote
the Jensen-Shannon divergence

1 + 1 +
38(p,q) = 5 KL (p, p2q> +5 KL (q, "2“) . (2.1)

Norms. For a matrix A and a vector v, we denote by ||A|le and ||[v||cc the maximal
absolute value of entries of A and v, respectively. ||Al|o and ||v||p shall stand for the number
of non-zero entries of A and v, respectively. Finally, the Frobenius norm and operator norm
of A are denoted by ||A||r and || A, respectively, and the Euclidean norm of v is denoted
by |lv||. For z € R? and r > 0 we write B(z,r) = {y € R, ||y — z|| < r}. For a function
f:Q— R we set

[ £l oo () = sup | f(2)],
e

1/2
T { / Hf(x)\2du} ,

1/2

£l = | [ 1@ pla) du
Q

and

Sometimes, we omit the domain  in the notations Lo (€2), L2(Q2), La(p,2) and simply
write Lo, Lo, and La(p), respectively, if there is no ambiguity.
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Smoothness classes. For any s € N, the function space C*(2) consists of those functions
over the domain 2 which have partial derivatives up to order s in €2, and these derivatives
are bounded and continuous in 2. Formally,

Co()={f: Q= R"™: |fllcs :=max||D7f|| (o) < 00},

lvI<s
where, for any multi-index v = (v1,...,74) € Ng, the partial differential operator DY is
defined as
- ol ‘ N -
DVf; = m, ic{l,...,m}, and || D fHLoo(Q) = 1%’?%”13 fiHLoo(Q) .

Here we have written |v| = Z?:l ~; for the order of DY. To avoid confusion between multi-
indices and scalars, we reserve the bold font for the former ones. For the matrix of first
derivatives, we use the usual notation Vf = (9f;/0z;) i =1,...,m, j =1,...,d. For a
function ¢ : RY — R, ¢ € C%(Q), we write V2p(z) € R™*? for its Hessian at point x. For a
function f: Q — R™ and any positive number 0 < § < 1, the Hélder constant of order ¢ is

given by | |
[f]5 ‘—  max sup ‘fz(x) — fz(y)’ ) (2'2)

ie{lv""m} a:;éyEQ min{17 Hx - yH}(S
Now, for any o > 0, we set s = |« and define the Hélder ball H*(S2, H) as

HOQH) ={feC(Q): | flae =max{[|f]lc:, l{ryllg[DWf]a} < H}.

Note that if f € H'TA(Q, H) for some 8 > 0, then, for any i € {1,...,m}, j € {1,...,d},
it holds that

‘31‘2‘(30) ~9fi(y)
albj aiL'j

‘ < f g - llz =yl < H - fla =y for all 2,y € Q,

since || fllys < || fllys. for any B2 > Bi1. We will also write f € H*(Q) if f € HY(Q2, H) for
some H < oco. We also introduce a class of A-regular functions H% (2, H), A > 1:

HE(Q, H) = {f € HO(Q H) : A2 Layq < V(@) Vf(x) < Ayyq for all o € Q} . (2.3)

where for symmetric matrices A4, B € R¥™? we write A < B if u' (B — A)u > 0 for any
u € RY.

Neural networks. To give a formal definition of a neural network, we first fix an activa-
tion function o : R — R. For a vector v = (vy,...,v,) € RP, we define the shifted activation
function o, : RP — RP as

ou(@) = (o(z1 —v1),...,0(zp —vp)), z=(21,...,23p) ERP.

Given a positive integer N and a vector A = (po,p1,...,PN+1) € NN+2 4 neural network
of depth N + 1 (with N hidden layers) and architecture A is a function of the form

fiRPO = RPN+ f(g) =Wn ooy, oWn_100yy ,0---0oWjo0, oWyoux, (2.4)
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where W; € RPi+1*Pi are weight matrices and v; € RPi are shift vectors. The numbers
D, D0, - - -, PN+1 should not be confused with the density p(x) nor with p*(z), which are
always displayed in serif. Next, we introduce a special subclass class of neural networks of
depth N + 1 with architecture A:

NN(N, A) = {f of the form (2.4) : [Woloo Vv max {[[Willoo V [lueloc} < 1}.

The maximum number of neurons in one layer || Al is called the width of the neural
network. Similarly to (Schmidt-Hieber, 2020), we consider sparse neural networks assuming
that only a few weights are not equal to zero. For this purpose, we introduce a class of
neural networks of depth N + 1 with architecture A and at most s non-zero weights:

N
NN(N, A, s) = {f € NN(N, A) « [Wollo + D (IWello + lloello) < 8}-

(=1

3. Theoretical properties of vanilla GANSs: a general oracle inequality

We begin with a sharp oracle inequality for general parametric classes of generators G and
discriminators D. Following (Biau et al., 2020), we impose the next regularity assumptions
on generators and discriminators.

Assumption AG. For all g € G, the image of the latent space Y is a subset of X, that is,
g(Y) C X. Moreover, for all y € Y, the map w — g,,(y) is Lipschitz on the parameter space
W with a constant Lg. That is, for any y € Y and any u,v € W, it holds that

19u(¥) — 90(W)]| < Lgllu —v]|oo-

Assumption AD. The maps x +— Dy(x) and 6 — Dy(x) are Lipschitz on the ambient space
X and on the parameter set © with constants Lx and Lg, respectively. More precisely, for
any x,x1,r9 € X and any 6,601,6s € ©, the following inequalities hold:

|Do(z1) — Do(22)| < Lx[lz1 — 22f| and  [Dg, (z) — Do, (z)| < Lo||01 — b2/cc-
Moreover, there exist constants 0 < Dpin < Dmax < 1 such that
Dy(z) € [Dmin, Dmax] for all z € X and 6 € ©.

We would like to note that the requirement that all functions from D are bounded away
from 0 and 1 is needed for the log Dy and log(1 — Dy) to be well defined. Similar conditions
appear in the literature for aggregation with the Kullback-Leibler loss (for instance, in
(Polzehl and Spokoiny, 2006; Belomestny and Spokoiny, 2007; Rigollet, 2012; Butucea et al.,
2017)). Finally, similarly to (Biau et al., 2020), we require the densities of fake random
elements py (), w € W to fulfil the following property.

Assumption Ap. For all x € X, the map w — py,(x) is Lipschitz on W with a constant L.
That is, for any x € X and any u,v € W, we have

[Pu(z) = po(2)] < Lpllu = vlloo-
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Under Assumptions AG, AD, and Ap, we establish the following oracle inequality for
the GAN estimate (1.3).

Theorem 1. Assume AG, AD, and Ap. Let W C [-1,1]% and © C [-1,1]%. Then, for
any 0 € (0,1), with probability at least 1 — 4§, it holds that

(Ag + Ap)[(dg + dp)log(2(LgLx V Lo V Lp V 1)n) + log(8/6)]

JS(pa,p*) —Ag —Ap S \/

n
log(2(LgL L L,Vv1 1
1 Gy 8 ) OBl VLo V Ly ) Iok(8/0)
where
Ag = min JS(pu,p"),  Ap = maxmin[JS(py, p) —log2 — L(w, )],
and
. log(1/Dmin) log (1/(1 - DmaX)
C32 = ( D2 + (1= D)2 . (3.2)

Here < stands for inequality up to an absolute multiplicative constant.

Remark 1. Let us recall that we assumed the number of fake samples m equal to the sample
size n. In general, if m # n, n should be replaced by (m An) in (3.1). This does not affect
the bound much, because usually m > n.

Theoretical properties of vanilla GANs were studied in the works of Liang (2021); Biau
et al. (2020); Asatryan et al. (2023). The results of Asatryan et al. (2023) mainly concern
the case of highly smooth generators, so we postpone a comparison with their rates of
convergence, and we will return to it after Theorem 2. To our knowledge, the first upper
bound on the Jensen-Shannon divergence between the true density p* and the vanilla GAN
estimate pg was obtained in (Liang, 2021, Theorem 13). In (Biau et al., 2020), the authors
significantly improved the approximation terms in the oracle inequality of (Liang, 2021,
Theorem 13). The closest result to our Theorem 1 in the literature is (Biau et al., 2020,
Theorem 4.1), so let us focus on the comparison of these two results. First, in (Biau et al.,
2020) the authors assumed that the true density p* is bounded away from 0 and +oco on its
support and that p,, is uniformly bounded over all w € W, while we avoid such requirements
in our analysis. Second, the oracle inequality for the JS risk of the vanilla GAN estimate,
established in (Biau et al., 2020) under similar assumptions is weaker than the bound from
Theorem 1. The authors of the work (Biau et al., 2020) proved that

EJS(pa.p™) — Ag — Ap < 1/ 99D 3.3
n

One can also use McDiarmid’s inequality (see, e.g. (Boucheron et al., 2004, Corollary 4))
to transform the in-expectation guarantee (3.3) into a large deviation bound on JS(pg, p*)

of the form
dg +dp | \/log(l /6)

n n

, (3-4)

JS(pg,p*) —Ag —Ap S \/

which holds with probability at least 1 — ¢§. If the classes G, D cannot approximate g* and
the respective optimal discriminator with high accuracy, then Ag and Ap are of order 1.
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In this case, our rates show no improvements over (Biau et al., 2020). However, in practice
one uses rather expressive classes of deep neural networks for G and D, and the bound (3.1)
can be significantly better than (3.4). In Section 4, we give an example parametric families
G, D such that Ag and Ap tend to 0 polynomially fast as n goes to oco. Finally, in contrast
to (Biau et al., 2020), we specify the dependence of the rate on the constants Lg and Lg,
which may be large, especially in the case of wide and deep networks.

To get further insights of the result of Theorem 1, let us elaborate on the properties of
Ap. The next lemma shows that Ap exhibits quadratic behaviour and its upper bound is
closely related to approximation properties of the class of discriminators considered.

Lemma 1. Under Assumption (AD), for any w € W and any 0 € ©, it holds that

N 2
JS(pw, p*) —log2 — L(w,0) > ‘ *p — Do
P* + Pw La(p*+pw)
and
Cie p* i
IS (Pw, ) —log 2 — L(w, 0) < . H o o
( ) ( ) (C:i.h‘ _ 1)2Dmin(1 _ Dmax) P* + Puw Lg(p*—i—pw) ( )
where
Dmin 1- Dmax
e =1 A ' '
Cl“) i \/(1 - Dmin) log(l/(l - Dmax) Dmax lOg(l/Dmin) (3 6)

The proof of Lemma 1 is deferred to Appendix C.1. Lemma 1 plays a key role in
derivation of faster rates of convergence. It shows that, for each w € W, L(w, @) enjoys
a similar curvature as the squared loss. This fact remained unnoticed in the literature.
Though it is well known that JS(py,p*) has a quadratic behaviour with respect to py,
(see, for instance, our Lemma 7 below), this fact alone is not enough to derive the uniform
Bernstein-type inequality (3.1). Only the combination of Lemma 1 and Lemma 7 leads us to
a new, significantly better result. In particular, if for any w € W there exists f(w) € © such
that || Dgw) — P*/(P* + Pw)ll Lo(p+pu) < € then Ap < 2. Hence, in this case, Theorem 1
and the Cauchy-Schwarz inequality immediately yield that

. dg +dp + log(1/9)

JS(pa,p*) — Ag S € -

with probability at least 1 — 4. In (Biau et al., 2020), the authors could not exploit the
quadratic behaviour of (JS(py, p*) —log2 — L(w, 6)) properly, and they only proved that

JS(pa,p*) — Ag S e + \/dg ; dp | \/log(l/a)

n

under more restrictive assumptions. Finally, we would like to note that, in contrary to the
remark in (Singh et al., 2018, Section 10.1), the oracle inequality in Theorem 1 does not
require the density p* to be bounded away from zero.
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4. Example: deep nonparametric density estimation

The goal of this section is to show that GAN estimates achieve minimax rates of convergence
in the problem of nonparametric density estimation. From now on, we assume that X =
Y =[0,1]¢, pu is the Lebesgue measure in R%, and the generators g,, € G are non-degenerate
maps, so the density of the fake samples with respect to p is defined correctly. In this setup,
if a latent random element Y is drawn according to the density ¢ supported on [0, 1]d7 then
the corresponding density of g,,(Y) is given by

pu(e) = | det[Vgu(g,' (2))]| 169, (2)), = €[0,1)7 (4.1)

For the ease of exposition, we assume that Y is distributed uniformly on [0, 1]d, so that
(4.1) simplifies to
pu (@) = [det[Vgu (g, ()] 7!, = € [0,1)7 (4.2)

We also impose a structural assumption on the underlying density p*, assuming that it is
the density of a random element ¢g*(Y) where g* : [0,1]? — [0,1]? is a smooth regular map
and, as before, Y has a uniform distribution on [0, 1]%.

Assumption Ap*. There exist constants 8 > 2, H* > 0, and A > 1 such that p* is of the
form
p*(z) = [det[Vg*((¢") ' (@)II™", = €[0,1]%

with g* € #37 ([0, 1]4, H*).

In fact, Assumption Ap* is not very restrictive and allows for a quite large class of
densities. The celebrated Brenier’s theorem (Brenier, 1991) implies that, for any density p
with a finite second moment, there exists a convex almost everywhere differentiable function
¢ such that Vp(Y) ~ p where Y ~ U([0,1]%). The Caffarelli’s regularity theory (Caffarelli,
1991, 1992a,b, 1996) extends the Brenier’s result in the following way. If p is bounded away
from zero and infinity, Q = supp(p) is convex, and p is in C?(Int(2)), then the potential ¢
is in CP+2.

Remark 2. Lemma 8 yields that p* is bounded away from zero and infinity in the considered
model. This is a so-called strong density assumption (see, e.g., (Audibert and Tsybakov,
2007, Definition 2.2)), widely used in statistics.

When applying GANSs to the problem of nonparametric density estimation, we shall take
G and D to be classes of neural networks with ReQU (rectified quadratic unit) activation
functions:

oReQU(1) = (2 v 0)2

While rectified linear unit (ReLU), defined as
oRetV gy =z v,

is the most common choice for the activation functions in neural networks, it is not suitable
for our purposes. The reason is that we want to use neural networks as generators. The
density of the fake random elements g,, (Y1), ..., gw(Yy) is given by (4.2) and, to enforce dif-
ferentiability, we use the ReQU activation function. Besides, a recent result of (Belomestny
et al., 2023) on approximation properties of neural networks with ReQU activations can be
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used to bound Ag and Ap from Theorem 1. Since the activation function is fixed, we will
write o(z), instead of oR¢QU(z). In this section, we impose the following assumptions on
the classes of generators and discriminators.

Assumption AG’. Fix Ng,dg € N, and an architecture Ag € NV9+2 with the first and the
last component equal to d. There are constants Hg > 0 and Ag > 1 such that

g= g(Ag, Hgv NQ7~Aga dg) = H?&g([oa 1]d7 Hg) N NN(NQ7~AQ7 dg)

Besides, g.,([0,1]¢) C [0,1]? for all g, € G.

Assumption AD’. Fix Np,dp € N, and an architecture Ap € NV¥2+2 with the first and
the last components equal to d and 1, respectively. There are constants Hp > 0 and
0 < Dpin < Dpax < 1 such that

D = D(Duin, Dmax, Hp, Np, Ap, dp) = H'([0,1]%, Hp) " NN(Np, Ap, dp),
and each D € D satisfies
D(z) € [Din, Dmax] € [0,1] for all z € [0,1]%.

According to Assumption AG’ and the definition of the class NN(Ng, Ag, dg), the gen-
erators are parametrized by vectors with at most dg components taking values in [—1,1].
Hence, in the context of Section 4, we have W = [—1,1]%. Similarly, we take © = [~1, 1]?P.
Before applying Theorem 1 to the case of parametric families of neural networks, we first
check that the conditions of Theorem 1 are fulfilled.

4.1 Towards the rates of convergence: verifying the conditions of Theorem 1

Let us start with Assumptions AG and AD. To this end we show that the maps w — g, (y)
and 6 — Dg(z) are Lipschitz on [—1,1]% and [—1,1]P, respectively.

Lemma 2. Let N € N and fix an architecture A = (po,p1,...,pny1) € NVT2. Let the

matrices I/Vi(l)7 WZ-(2) € [—1,1]Pi+rxPi (0 < i < N, and the vectors vfl),vlg) € [—1,1)7,
1 <i< N, be such that
HWZ-(U _ WZ-(Q)H <e forallie{0,....L}
and
vgl) - UZ@)H <e forallie{l,...,L}.
Then the neural networks
V@) =W\ oo m oWy 00 0 000 ny oW o,
N UN-1 U1
f(2)($) :W](VQ) 00 (2) o.[/.[/'](\?l1 00 (2) O-+-00 (9 OWO(Q) ox
UN UN-1 U1
satisfy the inequality
N N
Hf(l)(:c) _ @ (m)H <e(N+ 12V [[we+ 1> for all z € [0,1)%. (4.3)
> =0

10
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The proof of Lemma 2 is moved to Appendix B.1. Lemma 2 and the fact that D C
H'([0,1]%, Hp) (due to Assumption AD’) imply that Assumptions AG and AD are fulfilled
with the constants

Lg=(Ng+12% J[ 0+ 1*°, Lo=Wp+12" [[ (+1*™, and Lx= Hp.
pEAg pEAD

It only remains to check that Assumption Ap is satisfied as well. We do it in two steps.
First, we show that if two generators are close to each other with respect to the H!-norm,
then the corresponding densities are close as well.

Lemma 3. Assume AG’ and consider any u,v € [—1,1]%. Then the corresponding gener-
ators gy, gu and the densities py, py fulfill
P = Poll L o,1) < L2llgu — 9oll21(j0,179)
with
Ly = d*T¥/2A34(1 + HgAVd). (4.4)

We provide the proof of Lemma 3 in Appendix A.1. Finally, let us show that the #!-
norm of (g, —g,) scales linearly with the norm of (u—v). We need a counterpart of Lemma 2
for the Jacobi matrices V) (x) and V3 (z).

Lemma 4. Within the notations of Lemma 2, the neural networks fV and f@ satisfy the
inequality

N
va“) (z) — V@ (:c)Hoo <eN(N + 125 [ e+ > for allw € [0,1)9. (4.5)
/=0

One can find the proof of Lemma 4 in Appendix B.2. Lemmata 2 and 4 immediately
yield that, under Assumption AG’, we have
No+1
lgu = gollroaey < llu = vlloo - Ng(Ng + 12V TT (p+ 1)* 7 .
PEAg
Hence, Assumption Ap holds with
Lp — d2+d/2A3d(1 + HgA\/g)Ng(Ng T 1)2Ng+1 H (p+ 1)2Ng+1+1.
pEAg

Thus, we proved that Assumptions AG’ and AD’ yield Assumptions AG, AD, and Ap.

4.2 Rates of convergence in nonparametric density estimation with GANs

The discussion in Section 4.1 implies that Theorem 1 can be applied to the setting described
in the beginning of Section 4. In this section, we go further and provide upper bounds on
Ag and Ap under assumptions AD’, AG’, and Ap*. The key ingredient of our analysis is the
recent result of Belomestny et al. (2023) quantifying the expressiveness of neural networks
with ReQU activations. It ensures that for any f € HA+1([0,1]¢, H*), 8 > 1, and any € > 0,

11
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there is a neural network with ReQU activation function from the class #L%1([0,1]¢, H* +¢)
which approximates f within the accuracy ¢ with respect to the norm in #L%([0,1]%).
We would like to emphasize that, unlike many other results on approximation properties
of neural networks, Belomestny et al. (2023) considers simultaneous approximation of a
smooth function and its derivatives, which is crucial for our purposes. This result allows us
to derive the optimal rates of convergence for GAN estimates in the nonparametric density
estimation problem. However, we would like to emphasize that the proof of Theorem 2
works for any choice of activation function, which yields simultaneous approximation of a
function and its derivatives by a neural network with weights taking their values in [—1, 1].

Theorem 2. Assume that Ap* holds with > 2. Choose Hg > 2H*, Ag > 2A, Dpin <
A=) (A + A=), Dpax = A/ (A% + A=9)], and Hp large enough. Then there are positive
integers Ng, dg, Np, dp and the architectures Ag € NNo+2 Ap € NVNo+2 sych that AG’
and AD’ define nonempty sets G and D, respectively. Let us consider the estimator (1.3)
with W = [—1,1]%, © = [-1,1]%P, g,, € G and Dy € D. For any 6 € (0,1), with probability
at least 1 — 0, pg satisfies the inequality

logn>2ﬁ/(25+d) N log(1/0)

7 (4.6)

n

JS(pa, p*) < <

n

provided that n = ng with ng depending only on B,d, A, H*, and Hg. In (4.6), the notation
< stands for an inequality up to a multiplicative constant depending on d, 3, H*, Hg, and
Hp only.

Remark 3. The dimensions dg and dp define the complexity of the optimization problem
in (1.3) and depend on n. It follows from the proof of Theorem 2 that

o\ /(28+d) 0\ @8+
dg < , dp < .
~ \logn ~ \logn

Let us note that this dependence of dg and dp on n can not be avoided in general.

Theorem 2 improves the dependence on both n and § in the existing bounds on the JS-
divergence between the vanilla GAN estimate pg and p*. In (Asatryan et al., 2023, Theorem
3.13 and Theorem 4.4), the authors proved that EJS(pg,p*) decays as fast as n~'/2 if
28 > d. Our results show that in this case the rate of convergence can be much faster. The
reason for suboptimality of (Asatryan et al., 2023, Theorem 4.4) is the use of the chaining
technique to control the global supremum of the empirical process L, (w, ) — L(w,#). This
approach was successfully applied to WGANs (see, e.g., (Liang, 2021)) but in the case of
vanilla GANSs, one can prove better upper bounds for the supremum of L, (w, 8) — L(w, #) in
a local vicinity of the saddle point. It is also worth mentioning that, if one uses the bound
(3.3) from (Biau et al., 2020, Theorem 4.1) and (Belomestny et al., 2023, Theorem 2) to
control Ag and Ap, he will get a suboptimal rate of convergence

| 28/(48+d)
EJS(ps,p") S < 0;3”) :

(4.7)

Finally, the second term log(1/9)/n in (4.6) significantly improves the standard rate /log(1/4)/n
which follows from McDiarmid’s inequality.

12
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Theorem 2 also yields an upper bound on the squared Lo-distance. Indeed, under the
conditions of Theorem 2, Lemma 7 and Lemma 8 yield that

log n>2ﬁ/(2'g+d) N log(1/9)

Ipa = 5", 5 35067 5

n n

This coincides (up to logarithmic factors) with the well-known minimax rate of convergence
(logn/n)?#/(28+d) for estimation of a smooth bounded away from zero density under the
squared Lo-loss. It turns out that the bound on the JS-divergence from Theorem 2 is also
minimax optimal up to some logarithmic factors, provided that p* belongs to the class of
densities satisfying Assumption Ap*.

Theorem 3. Let (X1,...,X,,) be a sample of i.i.d. observations generated from a density
p* satisfying Ap*. Then for any estimate p of p*, that is, measurable function of X1, ..., Xy,
it holds that

sup EJS(p, p*) 2 n~20/(20+d)
p*

with a hidden constant depending on d only.

The proof of Theorem 3 relies on the van Trees inequality (see (Van Trees, 1968, p.
72) and (Gill and Levit, 1995)). Though under Assumption Ap* JS(py, p*) is equivalent to
lpw — p*||%2 (see Lemma 7 and Lemma 8 below), we would like to emphasize that Theo-
rem 3 does not follow from the existing lower bounds in nonparametric density estimation
(see, for instance, (Tsybakov, 2008, Exercise 2.10)). The reason is that the class of ad-
missible densities in Assumption Ap* is narrower, than #?([0,1]¢, Hy), Hy > 0, due to the
additional assumption that p* is the density of ¢*(Y') for some g* € ’H}\JFB ([0,1]4, H*). If
p* € HP([0,1]%, Hy), then, according to Brenier’s theorem, there is ¢* : [0,1]% — R?, such
that Vo*(Y) ~ p*. However, Caffarelli’s regularity theory does not guarantee that V2p*
satisfies the condition

A H g = V20" (2) TV20* () < ATgpq,

as required by Assumption Ap*. Without it, the lower bound will be irrelevant. Moreover,
the theory does not provide a uniform upper bound on the (5 + 2)-th derivative of ¢*. In
contrary, it states that the (5 + 2)-th derivative of ¢* can tend to infinity at the border of
[0,1]¢. For these reasons, we find it necessary to prove an explicit lower bound in our setup.

5. Proofs of the main results

This section contains the proofs of our main results, Theorems 1, 2, and 3. The proof of
the upper bounds relies on the uniform high probability bound on L, (w, ) — L(w, #), given
below.

Proposition 1. Grant Assumptions AG, AD, and Ap. Let W C [~1,1]% and © C
[~1,1]%0. Then, for any 6 € (0,1) and any € € (0,2], with probability at least 1 — 6, it

13
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holds that
1L (w,0) — L(w, 0)] < 3C5.16 4 1/Lpe'/?
a \/ Cs.238(pu, p*)(dg log(2/¢) + dp log(2/¢) + log(2/9))

2n
N \/C”A w, 0)(dg log(2/¢) + dp log(2/¢) + log(2/6))
2n
N 2(Cs.9 4+ Cs.3)(dglog(2/e) + dp log(2/e) + log(2/9))
3n

simultaneously for all w € W and § € ©. Here A(w,0) = JS(pw, p*) —log2 — L(w,0) and
the constants C5.1, Cs2, and Cs3 are defined as follows:
Lglx Le

Csq = + , 5.1
o1 2— 2Dmax Dmin A (1 - Dmax) ( )

log? (2D 1og%(2 — 2D\ pax
Cs2 = <Og<mm)\/210g22> + < og ( max) \/210g22>

1/2_Dmin Dmax - 1/2
I (10g(e/(22Dmin)) n log(e/(2 — 2Dm;><))> : (5.2)
2D2 2(1 — Dinax)
Coy =1 ( v )vl < V— ) | (5.3)
5.3 = 10 0) 6] . .
> 8 Dmax Dmin 8 1— Dmax 1-— Dmin 8 Dmm A ( - Dmax)

The rest of this section is organized in the following way. Section 5.1 is devoted to the
proof of Proposition 1. Then we prove Theorems 1, 2, and 3 in Sections 5.2, 5.3, and 5.4,
respectively. In the beginning of these sections, we restate the main results for convenience.

5.1 Proof of Proposition 1

Let us start with the sketch of the proof. First, we study large deviations of L, (w,68) —
L(w, @) for a fixed pair (w,f) € W x ©. After that, we show that L,(w,0), L(w,§), and

JS(pw, p*) are Holder with respect to w € W and 6 € ©. This and the e-net argument
allow us to derive a uniform large deviation bound on L, (w, #) — L(w, #). We split the proof
into several steps for the sake of readability.

Step 1: large deviation bound on L,(w,f) — L(w,f). Under the conditions of Theo-
rem 1, the functional L(w,#) has a kind of curvature inherited from the properties of the
cross-entropy. This special structure allows us to obtain tight large deviation bounds on
|Ly(w,8) — L(w,8)|. To be more precise, we have the following concentration result.

Lemma 5. Fiz any w € W and 0 € ©. Assume the conditions of Theorem 1. Then, for
any 0 € (0,1), with probability at least 1 — §, it holds that

(Lo, 0) — L{w.6)| < \/05.2<9J8(pw,p*);nA(w,m)log@/é) +2O5.3;of(2/6)’

where A(w,0) = JS(pw, p*) — log2 — L(w, ), and the constants Cs2, Cs3 are defined in
(5.2) and (5.3), respectively.

(5.4)

14
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The proof of Lemma 5 is moved to Appendix C.2. Our next goal is to convert the
concentration inequality (5.4) into a uniform bound on |L,(w,0) — L(w, #)|.

Step 2: towards a uniform bound on L,(w,0) — L(w,f). Let € > 0 be a parameter
to be specified later and let W, and ©. be the minimal e-nets of W and ©, respectively,
with respect to the norm || - ||so. It is straightforward to check that the cardinalities of W,
and ©, satisfy the inequalities

2\ % 2\ 97
|We| < () and |O.] < <> .
(3 3

Applying Lemma 5 and the union bound, we conclude that, for any ¢ € (0, 1), with proba-
bility at least 1 — 4, it holds that

L (w,6) — L(w,0)| < ¢ oo T5(pu, ) + A1, ) oW Oc1/7)

n 2C5.31og(2|W,||©.|/6)

(5.5)
3n
- \/05.2(9 JS(pw, P*) + A(w, 0))(dg log(2/e) + dplog(2/e) + log(2/4))
= 2n
N 2C5.3(dg log(2/¢) + dplog(2/¢) + log(2/9))

3n

simultaneously for all (w,d) € W, x ©,. If we show that L, (w,§), L(w,§), and JS(pw, p*)
are Lipschitz or at least Holder with respect to w € W and 8 € ©, then we can easily extend
the bound (5.5) from the e-net W, x ©, to the whole set W x ©. The Lipschitzness of
L, (w,0) and L(w,0) easily follows from Assumptions AG and AD.

Lemma 6. Grant Assumptions AD and AG. Let w,w1,ws € W and 0,601,605 € ©. Then it
holds that
LgLx (w1 — wa|ls

L —L <
‘ n(’LUl, 6) n(w27 9)‘ 2 o 2Dmax

almost surely.

and
Lol|01 — 02/
Dmin A (1 - Dmax)

| Ln(w, 01) — L (w, 02)| < almost surely.

Moreover, under Assumptions AD and AG, we have

Lolx w1 — wallo
2 — 2D an

| L(wr,0) = L(ws, )] <

and
Lel[01 — 62|
Dmin A (]— - Dmax)

‘L(wael) _L(w702)| <
for any w,wi,ws € W and 0,0,,05 € ©.

The proof of Lemma 6 is given in Appendix C.3. The next result plays a crucial role in
the analysis of JS(pw, p*).
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Lemma 7. Let p and q be the densities of two probability distributions with respect to a
dominating measure p. Then it holds that

I [ (pla) — q(2))? log2 [ (p(x) — q(a))?
1] S e aste ) < 557 [ Rt (56)

Lemma 7 yields the Holderness of JS!/ 2(pw, p*) with respect to w € W, provided that
Assumption Ap is fulfilled.

Corollary 1. Grant Assumption Ap. Then, for any u,v € W, it holds that

\/Lplog2
|VIS(bup) = VIS (s )| < Yo il = ol < /Lol — vl

The proofs of Lemma 7 and Corollary 1 are moved to Appendix C.4 and Appendix C.5,
respectively. We are ready to prove a uniform bound on large deviations of L,(w,6) —
L(w,0).

Step 3: uniform bound on L,(w,0) — L(w,8). Let E be the event where (5.5) holds.
Choose any (w, ) € W x © and denote the closest to (w, ) element of W, x ©. by (w,, 0.).
Then, due to Lemma 6, the following holds on E:

|Ln(w’ 9) - L(wv 9)’

Lglx Lo
< Ln 9 - L ’ 2
‘ (we 96) (we 96)| + <2 — 9D + Do V (1 _ Dmax)) €

LgL L
<2< obx o )6
2 — 2Dmax Dmin V (1 - Dmax)

N \/05_2(9 JS(Pu., P*) + A(we, 0.))(dg log(2/¢) + dp log(2/¢) + log(2/6))
2n
N 2C5.3(dg log(2/e) + dplog(2/¢) 4 log(2/6))
3n '

According to Lemma 6 and Corollary 1,

VIS(Pu., P*) < VIS(Puw, p*) + /Lpe/?

and

VA (we, 6.) \/JS (Pw.,p*) —log2 — L(we, 6;)
\/QJS (Pw, p*) —log2 — L(w,0) + 2Lpe/2 + Cs 1¢
< V/JIS(pw, p*) + \/A (w,8) + 2Lp51/4+ Cs.1e.
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Thus, on FE, it holds that

[Lu(w,0) = L(w,0)] < 2C5.2 +4 W I5(pu: p*)(dg 108(2/2) + dp log(2/2) + 108 (2/5))

2n

Cs.2A(w, 0)(dglog(2/e) + dplog(2/e) + log(2/6))
+\/ 2n -
n \/C’r, 9Lpel/2(dg log(2/e) —I;Ldp log(2/¢) + log(2/6))

C52C5.12(dg log(2/e) 4+ dplog(2/e) + log(2/0))
+\/ 2nD

2 5.3(dglog(2/¢e) + dplog(2/e) + 10g(2/5))
3n

where (51 is defined in (5.1). Applying the Cauchy-Schwarz inequality to the fourth and
the fifth terms, we get the desired bound.

5.2 Proof of Theorem 1

Theorem 4 (restatement of Theorem 1). Assume AG, AD, and Ap. Let W C [—1,1]%
and © C [~1,1]%. Then, for any 6 € (0,1), with probability at least 1 — &, it holds that

(Ag + Ap)[(dg + dp)log(2(LgLx V Le V Lp V 1)n) + log(8/6)]

JS(pa,p*) —Ag — Ap S \/

n
Y Cas (dg + dp)log(2(LgLx V Lo V LoV 1)n) + log(8/9)
3.2 "
where
Ag = ggv% JS(pw, P )a AD - glea\;v(rerélél[JS(pw’ ) - 10g2 - L(’UJ, 0)]7
and

[ log(1/Duin) | log (1/(1 = Diax)
Cs = ( D2 + (1= D)2 ) :

min

Here < stands for inequality up to an absolute multiplicative constant.

Let us introduce w € argmin,c\y JS(pyw, p*). We begin with studying the excess risk
IS(pa, ") — Ag = IS(pg, p*) — min JS(pu, p”) = JS(pa, p*) — IS(pw, P*), (5.7)

where @ is given by (1.3). For any w € W, let 6 denote the parameter, correspoding to
the best discriminator in D:
07, € argmax L(w, 0).
0cO
Then the definition of Ap yields that

JS(pa, P") — JS(pw, p*) < Ap + L(w, 05) — L(w, 0%).
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Here we used the fact that for any w € W and any # € © it holds that L(w, ) 4+ log2 <
JS(pw, p*) (see, e.g., (Goodfellow et al., 2014, Proposition 1) or (Biau et al., 2020, Section
2)) for the explanation. The expression in the right-hand side of the last inequality can be
rewritten as follows:

Ap + (L(w,05) — Ln(@,05))
T
T (Ln(@.03) — Lo(@.0%)) + (Lu(w,05) — L(w, 05)) (5.8)

TQ T3

We split the rest of the proof into several steps for convenience.

Step 1: bounds on 7} and 73. Let us take

ol C5.2(dglog(2n) + dplog(2n) + log(8/6))
- C5.]TL
C2,(dglog(2n) + dplog(2n) + log(8/4))?
4 Lgn2

Al (5.9)

Then C51e < 1/n, \/Lpe < 1/n, and

2

C! L
log(1/e) < logn + log (C,:i V C2p> Slogn +log(Lglx VLe V Ly V1).
5. 5.2

Applying Proposition 1 with ¢ defined in (5.9), we get that, with probability at least 1—¢/2,
we simultaneously have

I e \/ (JS(pa, p*) + Ap)[(dg + dp) log(2(LgLx V Lo V Lp v 1)n) + log(8/8)]

(dg + dp)log(2(LgLx V Le V Lp vV 1)n) + log(8/6)
_ \/ (I5(p5,") — 8g) [(dg + dp) lox(2(LgLx V Lo V' Ly V 1)n) + log(8/0)]

X
n

+Cs9-

(5.10)

N \/ (Ag + Ap)[(dg + dp) log(2(Lglx V Le V Lp V 1)n) + log(8/6)]

n
(dg + dp)log(2(Lglx V Le V Ly V 1)) + log(8/)

n

+C39 -

and

5 < \/(Ag + Ap) [(dg + dp) log(2(Lglx V Le V Lp V 1)n) + log(8/0)]

log(2(LglLx V L L, V1 1
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Here we used the fact that JS(pgw, p*) = Ag by the definitions of w and Ag. Also, it holds
that A(w,0}) < Ap due to the definitions of 8 and Ap. Note that the hidden constants
in (5.10) and (5.11) are absolute.

Step 2: a bound on 7,. It remains to bound 7% in (5.8). For any w € W, let us denote

8., € argmax Ly(w,0).
GSC]

By the definition of w, we have
Ln(®,05) < Ly(w, 0).

Then Ty < L, (0, é\w) — L, (w, 6%), and, applying Proposition 1 with € from (5.9) again, we
obtain that, with probability at least 1 — d/2, it holds that

N \/ (Ag + A, b)) [(dg + dp) log(2(LgLx V Lo V Ly V 1)n) + log(8/5)]

n

+ \/(Ag + AD) [(dg + dp) log(2(Lng VLo V Lp V 1)%) + 10g(8/(5)]

Lo (dg + dp)log(2(Lglx V Le V Lp V 1)n) + log(8/9)
3.2 )
n

where, as before, the hidden constants are absolute. Since
A, 0) = AW, 0) + L(w, 0%) — L(w,0) < Ap + L(w, ) — L(w, ),

the following inequality holds on the same event:

T < — (L(@, 65 — L(w, }))

. J (L(w, 0x) — L(w, 5@)) [(dg + dp) log(2(LgLx V Lo V Ly V 1)) + log(8/0)]

n

N \/(Ag + Ap) [(dg + dp) log(2(Lglx V Lo V Lp V 1)n) + log(8/0)]
(dg + dp) log(2(LoLx V Lo V Ly V 1)n) + log(8/5)

+Csa- " .

Maximizing the right-hand side over (L(w, 6%) — L(w, Aw))l/ 2 we obtain that

T

\/ (Ag + Ap)[(dg + dp)log(2(LgLx V Lo V Ly V 1)n) + log(8/5)]

log(2(LglLx V L L, V1 1

N
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Step 3: final bound.  Consider the union of events where (5.10), (5.11), and (5.12)
hold. Note that the probability measure of this event is at least 1 — §. Moreover, on this
event, we have

JS(pa,p*) —Ag —Ap <T1 + To + T3

§ \/ (35(p. p*) — Ag)[(dg + dp) log(2(Lglx V Le V Ly V 1)n) + log(8/8)]

~

n

n
"¢, (dg + dp)log(2(Lglx V Lo V Lp V 1)n) + log(8/6)
3.2° .
n

_ \/ (I8(pa.p*) — Ag — Ap). [(dg + dp) log(2(Lglx V Le V Ly V 1)) + log(8/0)

n \/(Ag + AD) [(dg + dp) log(2(Lng VLe V Lp Vv 1)n) + 10g(8/5)]

n 2\/(Ag + AD) [(dg + dp) log(Q(Lng Vi VL,V 1)n) + log(8/5)]

O (dg + dp)log(2(LgLx V Le V Lp V 1)n) + log(8/0)
3.2 - :
Since the inequality = < 2ay/z + b yields /= < a + Va2 + b and, hence, = < 4a? + 2b, we
obtain that

JS(pa,P*) — Ag — Ap < (JS(pa, p*) — Ag — Ap)

< \/(Ag + Ap)[(dg + dp) log(2(Lglx V Le V Lp V 1)n) + log(8/6)]
(dg + dp)log(2(LgLx V Le V Lp V 1)n) + log(8/9)

+Cs9-

on the event of probability measure at least 1 — 4.

5.3 Proof of Theorem 2

Theorem 5 (restatement of Theorem 2). Assume that Ap* holds with B > 2. Choose
Hg > 2H*, Ag > 2\, Dyin < A™4/(AY + A~9)], Dpax = A/ (A? + A~%)], and Hp large
enough. Then there are positive integers Ng, dg, Np, dp and the architectures Ag € NVo 2,
Ap € NNo+2 guch that AG’ and AD’ define nonempty sets G and D, respectively. Let us
consider the estimator (1.3) with W = [—1,1]%, @ = [-1,1]%?, g, € G and Dy € D. For
any 0 € (0,1), with probability at least 1 — &, pgy satisfies the inequality

26/(26+d)
JS(pa p*) S (logn) 4 oeld/0)

)

n n

provided that n > ng with ng depending only on B,d, A, H*, and Hg. In (4.6), the notation
< stands for an inequality up to a multiplicative constant depending on d, 3, H*, Hg, and
Hp only.
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Applying Theorem 1, we obtain that, for any ¢ € (0,1), the GAN estimate pg satisfies
the inequality

(Ag + Ap)[(dg + dp)log(2(LgLx V Le V Lp V 1)n) + log(8/4)]

JS(pa,P*) —Ag —Ap S \/

n
(dg + dp)log(2(LgLx V Lg V LoV 1)n) + log(8/9)
n

+Cs2- (5.13)

on an event with probability at least 1 — . Let us recall that

Ag = gélv%JS(pw, p*), and Ap= max min [JS(pw, p*) —log2 — L(w,@)].

In the rest of the proof, we provide upper bounds on the approximation terms Ag and Ap
and specify the architectures of neural networks and the parameters dg and dp as well.
Our approach relies on the following result, concerning approximation properties of neural
networks with ReQU activations.

Theorem 6 (Belomestny et al. (2023), Theorem 2). Let > 2 and let p,d € N. Then,
for any H > 0, f:[0,1]* = RP, f € HA([0,1]¢, H) and any integer K > 2, there exists a
neural network hy : [0,1]¢ — RP of the width

(4d(K + [B])Y) V12 (K +2[8])+ 1) Vp

with
6+ 2(|8] —2)+ [logyd] + 2 ([logy(2d| 8] + d) V1ogylogy H] V 1)

hidden layers and at most p(K + |3])¢C(B,d, H) non-zero weights taking their values in
[—1,1], such that, for any € € {0,...,|5]},

(v2ed)’H N 9dBI=1) (2| B] + 1)%4+¢(\/2ed)P H

If - hf”yé([o,ud) < KBt KBt (5.14)
The above constant C(3,d, H) is given by
C(B,d,H) = (60([logy(2d| 8] + d) V logylogy H] V 1) + 38)
+20d? + 144d|B] + 8d. (5.15)

We split the proof of Theorem 2 into several steps for convenience.
Step 1: bounding Ag. According to Lemma 7, it holds that

(pw(z) — p*(x))?
pw(x) + p*(:c)

log 2
N e
g = min JS(pw,p*) < min — /

du.

Note that under Assumptions AG’ and Ap*, the densities p* and p,, are bounded away from
zero and infinity.
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Lemma 8. Let a map g : [0,1]? — [0,1]¢ be from the class H3([0,1]¢, Hg) and let
p(x) = |det[Vg(g ' @)II7!, = €0, 1

Then it holds that
Pmin < P(Jf) g Pmax f07’ any x € [07 1]d7

where
Pmin = A_da Pmax = Ad- (516)

The proof of Lemma 8 is provided in Appendix A.2. Lemma 8 implies that
< d . L *(2
Ag $ A min flpy — Pl (o,1¢) -
Combining this bound with the result of Lemma 3, we obtain that
< A9 s )2
Ag S A ggvf\ll 9w — g ||H1([o,1]d) :

Let us introduce an auxiliary parameter

1/(28+d)
- [ng

and set Ng and dg as follows:

Ng = 6+2(|8] — 1) + [logy d] + 2 ([logy(2d| 8] + 3d) v logy logy H*] V 1),

4/ (26+d)
o ) , (5.17)

dg =d C(B+1,d, H*)(K + 8] +1)* <logn

where the constant C'(8,d, H*) is given by (5.15). According to Theorem 6, there is a neural
network g,, of the width

(4d(K + 8] + 1)) v 12((K +2|8]) +3) V d,

with ReQU activations, Ng hidden layers and at most dg non-zero weights taking their
values in [—1, 1], such that

* (\/ied)B‘HH* gdLBJ (2 LﬁJ + 3)2d+1(\/§6d)ﬂ+1H*
lg _ngHI([OJ]d) < 7B + e <

<log n ) B/(28+d)

n

and
logn

) (B-1)/(28+d)

lg™ — 9w||H2([o71}d) S < n

Hence, it holds that

1
s (5.18)

28/(28+d)
")

~ s k2 < A%
Ag S AT min 9w = g7l o) S A <
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Step 2: bounding Ap. According to Lemma 1, it holds that

* 2 * 2

< max min

N — Dy
weW 6€O

Ap < maxmin — Dy

weW 60

P* + Puw Lo(p*+pu) P+ Puw Loo(l0,1])

Our goal is to show that it is possible to approximate p*/(p* + py) with a neural net-
work, taking its values in [Dpin, Dmax|- Using (4.2), Lemma 8, and the fact that g, €
HPL(Hg, [0,1]%), g* € HPTL(H*,[0,1]9), it is straightforward to check that, for any w € W,

*

p

— e HP(H°,[0,1]P),
P* + pu (H#,[0,1]°)

where H° is a constant, depending on Hg, H*, 3, and d. Let us set the parameters Np, and
dp equal to

Np =6+ 2([8] = 2) + [logy d] + 2 ([logy(2d| 8] + d) V logy logy HT| V 1),

* i (U@
dp = d C(3.d, H)(K + |3])" < <1gn> , (5.19)

where the constant C(3,d, H°) is defined in (5.15). Then, according to Theorem 6, for any
w € W, there exists 0(w) € © and a neural network Dy, of the width

(4d(K + |8])7) V12 ((K +2(8])) +1),

with ReQU activations, Lp hidden layers and at most dp non-zero weights taking their
values in [—1, 1], such that

*

‘ - L WEdPH | 91| 5) + 12 Bed) B
P* + Pw (w) Loo([0,1]%) KB KB
28/ (2B+d)

< logn .

~ n
Thus, we have

. 2 28/(28+d)

1
Ap $ maxmin || — — Dy S ( ogn) . (5.20)
’LUEW 06@ p + pw Loo([oyl}d) n

Step 3: final bound. According to Lemma 2 and Lemma 4, it holds that
log(LgLx VLe VLp V1) Slog(KA).
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This and the inequalities (5.13), (5.17), (5.18), (5.19), and (5.20) yield that

I5(pm, p*) < \/(Ag + Ap)[(dg + dp) log(2(LgLx V Le V Ly V 1)n) + log(8/4)]

n
(dg + dp)log(2(LgLx V Le V Lp V 1)n) + log(8/9)
n
) \/ (Ag + Ap)[(dg + dp) log(2K A

n
(dg + dp)log(2KA
n

25 _d_
B+d o B+d
< A99/2 <logn> ot + Csz <log(2An) <n> o —|—10g(8/5)>
n n logn
>2ﬁ/(2ﬁ+d)

+Cs.9 -

)+ 10g(8/5)]n

+Cs9- ) +1og(8/9)n

log(1/6
Oy, . os1/0)

n

logn

S (Agd/2 + C3.21og A) <
with probability at least 1 — §. The proof is finished.

5.4 Proof of Theorem 3

Theorem 7 (restatement of Theorem 3). Let (Xi,...,X,) be a sample of i.i.d. observa-
tions generated from a density p* satisfying Ap*. Then for any estimate p of p*, that is,
measurable function of X1,..., Xy, it holds that

sup EJS(p, p*) 2 n~20/(20+d)
p*

with a hidden constant depending on d only.

Let
1 > 1/(28+d)

h=h(n) = <M

and let M be the (2h)-packing number of [1/3,2/3]%. Tt is clear that M > h™?%. Let
{z1,..., 2z} C[1/3,2/3]¢ be a 2h-separable set, that is, ||z; — ;|| > 2h for all i # j.

Let ¢ : RY — R be a function from the class HT2(R%, H,) with some H, > 0, such
that supp(¢) = B(0,1) C R?, ¢ attains its maximum at 0, and —V2¢(0) > ;4. Consider
a parametric class of generators {gg : 6 € B(0,h) C RM} where

M
_ T — X4
-3 (557). reiory

Here and further in the proof, g—' stands for the inverse map of g. For convenience, we

split the rest of the proof into several steps.

Step 1: verifying the conditions. First, note that, according to the definition of gy,
we have

M
_ _ T —z;
Vg H(x) = Iyxa + h° 1 E HjV2cp< : J).

J=1
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Since ¢ is supported on the unit ball B(0, 1), the last expression simplifies to

Lixa + hP710;V2p (%) , if x € B(xj, h) for some j € {1,..., M},

Ijxq, otherwise.

Vg () = {
The fact that p € HT2(R?, H,) immediately implies that
efl/dIdXd =< (1 — hBHLp) Tiva = Vgg_l(ﬁ) = (1 + h6H¢> Tisa = el/dldxd, (5.21)
provided that

el/d -1 1— 671/d

n? < A ,
H, H,

that is, if the sample size n is large enough. Hence, we checked that g, ' € ’Hf f/; ([0,1]%, Hy)
for some Hy > 0 and each 6 € B(0,h) C RM. This yields that, for all € B(0,h) C RM, gy
belongs to a class ”Hf;;i([O, 1]¢, H°) with some H° > 0.

Besides, for each § € B(0,h), gp differs from go(x) = z only on [1/3 — h,2/3 + h]%.
If n is sufficiently large, then h is small and g, '([1/3 — h,2/3 + h]?) C [0,1]2. Then
951 ([0,1]%) C [0,1]%. Similarly, we can show that go([0,1]%) C [0,1]%. Hence, for any
0 € B(0,h), g is indeed a bijection between [0,1]¢ and [0,1]%, provided that h is small
enough.

Step 2: a minimax lower bound on the accuracy of parametric estimation. The
next auxiliary result provides a lower bound on the accuracy of estimation of the parameter

6.

Lemma 9. Let Yi,...,Y, be i.i.d. random elements on Y, Vol(Y) = 1, drawn from the
uniform distribution on' Y and assume that a learner observes a sample (X1,...,X,) where
X, = gg(Yi),iAE {1,...,n}. Under the assumptions of Theorem 3, if n is large enough, for
any estimate 0 taking its values in B(0,h) C RM it holds that

~ Mh?
sup Egllf — 02> — 1
16l <h 0= 0 2 i

Here we write Ey to emphasize that the expectation is taken with respect to the prob-
ability measure P5" where Py, is a distribution of random element X = go(Y') with Y’
uniformly distributed on [0, 1]d. The proof of Lemma 9 is based on the van Trees inequality
and it is postponed to Appendix D.1 below.

Step 3: a minimax lower bound on the accuracy of density estimation. Denote
a density of the measure Py, by pg,. Our next goal is to convert the result of Lemma 9 to
the lower bound on

. 2
inf sup Egllpg; — Pgyl7,x)
o 116]I<h
where the infimum is taken with respect to measurable functions 0 of the sample satisfying
assumptions of Lemma 9. Recall that, for any 6 € B(0, h), the log-density of r.v. X = go(Y)
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is given by

M
log pg, (z) = logdet | Ijxq+ Rt Z 0; V% (x _h%) ) (5.22)
j=1

Before obtaining a minimax lower bound on sup EnggA Pgs H%Q (x)» We prove some prop-
lloll<

erties of the map 6 — logpgy,. The next lemma shows that, for any j € {1,...,M}, the
partial derivative
0log pg, ()
00;

is bounded away from zero in a vicinity of x;.

Lemma 10. Let b

2(H, V1)
Then, under the assumptions of Theorem 3, for a sufficiently small h > 0 and any estimate
8 taking its values in B(0,h) C RM it holds that

dlog pg, ()
06;

o =

> hP71d/2,  for all x € B(xj, 7).

The proof of Lemma 10 is postponed until Appendix D.2. Lemma 10 implies that, for
any j € {1,..., M},

'8p99 ()] _
00

1
Pgy (2)

hP—1d
g 2pg, (z) ’

The equality (5.22) implies that for = € B(xj,ro), Bpg%i(x) = 0 for ¢ # j. Hence, for
0,0" € B(0,h), it holds that

dlog pg, ()
06,

for all x € B(x;,ro).

M
2
1Poy — PoslZ00 = 3 / (Pay () — poy (@) da

g=1 B(xzj,r0)
h25-262() — 0;)?
dx
Z / 4pg§(g;) )2
B(xj,'ro

for some 9(z) = t(x)0+ (1 —t(x))¢, t(x) € [0,1]. The inequality (5.21) and Lemma 8 imply
that

h2,8 2d2
1Py — Poo, Z/ 0 — 0;)%dz

B(x;,ro0)
> f: (TO) 1,26—2+d (9 9,)2
J

> hQB 2+d ”9/ 0||27

~

2
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where we write 2 for inequality up to an absolute constant in power d. Hence, Lemma 9
implies that

sup EQHng - PgeHZLQ(x) 2 p?P-2td sup Egll0 — 9H2
loli<h el<h

> —hQB
N kPR 4 1

(nd2)*1/(2ﬁ+d)

for any estimate 0 taking its values in B(0, h). Since h = , we get

sup Eollpg; — Pas 17,00 2 27/ 7F, (5.23)

where the hidden constant depends on d only.

Step 4: a minimax lower bound on the accuracy of nonparametric estimation.
We now prove that (5.23) yields

I%f sup EH/p\ N P*H%Q(x) Z n—QB/(Qﬁ-i-d)’
p*

where p* satisfies Ap* and p is any estimate of p*. Let Cy be the hidden constant in (5.23),
that is,

s Eollpg, — PaslI7,00) = Can ™7/ FF9. (5.24)

Let p be an arbitrary estimate. Since sup E||p — p*||%2(x) > sup Eg|lp — pgeH%Q(x)v it is
p* l6lI<h
enough to show that
~ 2 —28/(28+d
sup Eg[|p — pgy17,(x) 2 0229,
lolI<h

Let us introduce

0 € argmin [[p — pg, |12 -
”00H<h gGO LQ(X)
If
5 Ca, —28/28+a)

sup Eg[[p — py, |7 ;
loll<h 9511 La(X) = 4

then, by the definition of 5,
- 2 =~ 2
sup Eglp = pgollz,x) = sup EollP — pg,llz, x)
loll<h loll<h

> % =28/ (2B+d),

On the other hand, if

-~ Ca _2p/(28+d
sup Egllp — py, |7, x) < == n2/(251d)
o)1 <h 9511 La(X) 4

9
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then the Cauchy-Schwarz inequality and (5.24) yield

= 1 2 = 2
sup EgllP— Py, 17, x) = = sup Eqllpg, — Py lI7,x) — sup Eglp — py.|
loll<h P00 7 2 om0 TR0 99 L2(X)

> % =28/ (26+d)

Finally, Lemma 7, Lemma 8, and (5.21) yield that, for any p, it holds almost surely
1P — P17, x
5.0 > —2()
JS(p.p") 2 o

Hence, for any p, we obtain that

Ellp— p|?
supEJS(p,p*) = SUPS—LQ(X) > Cyn~28/(28+d),
p* p* €

where 2 stands for an inequality up to an absolute constant.

6. Conclusion and future directions

Despite the huge recent interest to theoretical properties of generative adversarial networks,
the existing papers mostly focus on the generalization ability of GANs, missing the issues
occurring in their practical use. For instance, one of the most challenging problems in the
GAN training process is the mode collapse phenomenon (Salimans et al., 2016; Che et al.,
2016), which appears for various loss functions, including Wasserstein GANs, “vanilla”
GANs, or GANs with other divergence measures. Moreover, in the present literature on
Wasserstein GANSs, the estimation error is mostly governed by the rates of convergence of the
empirical measure to the population distribution. This leaves a question, whether WGANSs
are able to produce a distribution estimate, which is strictly better that just the empirical
distribution. The first step in this direction was made in the recent work (Vardanyan et al.,
2023), where the authors imposed regularity conditions on generators. This agrees with
the papers on vanilla GANs in a sense that successful generalization requires smoothness
of generators and discriminators. Practitioners often use regularization (see, e.g., Gulrajani
et al. (2017)) for this purpose.
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Appendix A. Properties of smooth maps of random elements with
smooth densities

A.1 Proof of Lemma 3
Due to AG’, Vg, (y) is non-degenerate for all w € W and all y € [0,1]%. Thus, det Vg,, does

not change its sign, and, without loss of generality, we can assume that det Vg, (g, ' (x)) and
det Vg, (g5 1 (x)) are positive for all x € [0,1]%. Let z = g;(z) € [0,1]%. Then x = g,(z)
and
192" (@) = 90" (@)]| = |92 (9u(2)) = 95 (9u(D)]| = |15 (90(2)) = g5 (9u(2)) |
< Allgo(2) = gu(2)|l < AVl gy = gull 1. (o172

by the mean value theorem for vector valued functions. Furthermore, we have
[Pu(z) = po(2)| = |det[Vgu(gy ' ()] — det[Vgu(g, ' ()] ]
< min {det[Vgu(g; " ()], det[Vg, (g, ' ()]}
|det Vgu (g, (2)) — det Vo (g, (2)))|
< A [det Vgu (g, () — det Vgu(g, ™ ()]

Here we used the fact that, due to AG’,

det[Vgu(g (@)™ = /det (Vgu(ga” (2))) T [Vgulga (2))]71)

< \/det(AQIdXd) = Ad,
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and, similarly, det[Vg,(g;'(x))]~' < A9. Next, since for any d x d matrices A and B it
holds that

1Al — [ BIIE
[Alle — || Blle
< dmax{||A|§, | BI#}IA ~ Blle

|det A — det B| < ||A — Bp

and

A?d,

N

199007 @)IF = Tr (Voulz ' (2) Vaulor @)))
19900 @) = T (Voulgi (@) Vaulgr  (2))) < A%

we obtain that

|det Vgu (g, ' (z)) — det Vgu (g, (2))| < AYdT2 || Vgu(gy ' (z) — Vulgy (2))
< A2 | Vgu(g, (@) — Vgulgy (@)

+ A% |V gy (g, (7)) — Vau(gy (@)
< Add2+d/2

I

e
l9u = gullzr vy

+ A2 Hl g, (2) — 9, ()]
< A2 (1 4+ HgAVd) | gu — golla v

Hence,
Hpu - vaLoo < d2+d/2A3d(1 + HQA\f ng gUH’Hl(Y)

A.2 Proof of Lemma 8

According to the definition of HZ ([0, 1]¢, Hg), we have A~2Ixq < Vg(y) " Vg(y) = A%Ijxq.
Hence,

A det A~ QIdXd \/det Vg 1 ))TVg _1 < v/ det Azldxd

Then the equality

p(z) = |det Vg(g~" (2))|
yields that

Appendix B. Some properties of feed-forward neural networks with
ReQU activations

Let N € N, A = (po,p1,...,pn+1) € NVH2 and f(z) : RP° — RPN+1 be a neural network

flx)=Wynooy, oWr_100,,_,0-- 00, cWpox,
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where W; € RPi+1%Pi are weight matrices. Similarly to (Schmidt Hieber, 2020, Lemma 5),
we introduce the following notations. For k € {1,...,N + 1}, i < k, k < j < N, we define
functions By, ;(z) : RPi=1 — RPF and A; ; f(x) : RPi=1 — RPi+1 as follows

Br,i(x) = 0y, o Wi_100y,_,---00y, 0 Wi_10ux;

(B.1)
Ajvk(l‘) :Wjogvj"'OWkOO'vkOkalo;L‘.

Set by convention Ay ny2(z) = Bo,1f(x) = x. For notation simplicity, we write A; instead
of Ay, and B; instead of B; 1. Note that with this notation f(z) = A;(x).
Let us introduce the functions

f(l)($) :WJ(VI)OU (1) OWJ(Vlzloo' (1) 0--+00 (1) OWO(DO:E,
N UNZ1 vy

(B.2)
f(2)($) = WJ(VZ) 00 (2 oVVJ(\,Zz1 00 (29 0-+-00 (2 OWéz) ox,
N UN-1 U1
1 2 (1) (2 ..
where the parameters Wi( ),Wi ),UE ,Uz-( satisfy
1 2 1 2 .
‘Wﬁ’—ij <, é)—@)H <e, forallic{0,...,N}.
o0 o
B.1 Proof of Lemma 2
Before we prove Lemma 2, we need the following auxiliary result.
Lemma 11. Let z € RY, ||| < K. Then for ki€ {1,...,N}, k>
k—it1 , .
—it1
Bral < { T e+ 0 focv 2™, (B3
/=1

where By, ;(x) are defined in (B.1). Moreover, function A;y(x) is Lipshitz for x,y € R? :
2]l <K, Yllo <K, that is,

j—k+1

1Ak (x) = Ajr@)ll o < 2775 T (pjmr + D2(K V1)
=0

2j—k+1 ||

=yl - (B.4)

Proof of Lemma 11 The inequality (B.3) follows from an easy induction in k. Indeed, if
k=1, B;; =0, o W;_1z, and

1Biillo < (Kpic1 +1)* < (pic1 +1)*(KV 1)°.

Using [|Bpil| , < ( - Pk—1 + 1)? completes the proof.
To prove (B.4), we use an induction in j. Assume that (B.4) holds for any k €
{1,...,N+1} and j — 1 > k. Then

1A k() = Aj k(W) oo < 2j lIBjx(z) = Byl
2pj [[Aj—1 k() — Aj- 1k(y)H (A1 @)oo VIA -1 W)l

<
<

i—k
<2(pj +1)(pj—1+1) Hp]eri-l (IC\/I)2J X
=1

[Aj—1k(T) — Aj- 1k( Moo
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and the statement follows from the elementary bound

A 16(®) = A1 kW)l oo S Pr—1 17 = Ylloo S Pr-1ll2 =yl (KVT).
|

Proof of Lemma 2 Denote by Ag-l), B§1)7A§2), B§-2) the corresponding functions in (B.1).
Following (Schmidt-Hieber, 2020, Lemma 5), we write

N+1
Hf(l)(x) - f(Z)(x)Hoo < Z HASJZI °0,m ° W(l_)l ° Bf_)l(rC) - A;(izl Co,@° ng2—)1 © Bg—)1<$)HOO
k=1

Due to Lemma 11, functions A,(Clll = A(Ll)k 41 are Lipshitz, and
N+1 N—-k ol 9N—k
[r0@ — @) <> ] v+ 1) (|B@)| V1) x
[e'e) — =0 )

Havl(;) o W,gl_)l o B](f_)l(x) - le(cg) o Wéz_)l o Bf_)l(x)H
Note that

Hav,i” o W,ii)l o B,(i)l(x) — 0'1}1(62) o W,@l o Bgl(:r)H <e(pp-1+1) (HB’(“Z(QU)HOO \Y; 1) X

e}

(HWS_E B\ @) _+1v e @)|_+ 1) <oelper + 1 ([B2 @) v1)”

Combining the previous bounds and (B.3) yields

1) _ (2 = N—k+1 = 2t 9 ) 2
[0 - 1@ @)<Y T (ove+1)% Y (s +1) <H5k (x)Hmw)
k=1

£=0

oN—k

N
<e(N + 128 [ (pe + ),
=0

and the statement follows.

|
B.2 Proof of Lemma 4
Note that for f(x) defined in (B.2), it holds
N
Vf(z) =2"Wy [ [ {diag [An—e1(2) + vn—gs1 V O] Wiy} . (B.5)

(=1
Let us define for j € {0,...,N — 1} and i € {1,2} the quantities

Agz) = AjJ(ﬂ?) + ,U]('Z;i)-l V0.
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Note that Ag-l), A§2) € RPi+1. With the triangular inequality,

HVf(l)(x) fo(2)(;,;)H <2V WJ(Vl) WN’Z) ﬂ{dlag[ } } 42V (py + 1) x

(=1 ~
) j._[_l{diag [A%),g} WJ(\rlze} (dlag [A( )} W( ) — diag [ (2)} )Eﬁ {dlag [ (2) } Wﬁlé}
k=1 ll¢=1 i1 N

Proceeding as in Lemma 2, we obtain

diag [ (1)] W( ) — diag [A,(f)] WéQ)H

e(k+1)2" ﬁ(m + 1)+ (pp+ 1) HALI)HOO
/=0

k
< 2e(k + 128 [] (e + D,
{=0
and, similarly,
N—/{
’ diag [A( ) } W](\,1 KH (pn—j + 1)2j .

1

.
Il

Combining the previous bounds, we obtain

N N
va(l)(x) - Vf@)(w)Hoo <2V [Iwe + 12"+ + eN(N + 128 (e + )* 1,
=0 =0

and the statement follows.

Appendix C. Proofs of the auxiliary results

C.1 Proof of Lemma 1

Let D*(z) = p*(x)/(p*(z) + pw(z)). By the definition of JS(py,p*) and L(w,#), it holds
that

JS(pw, p*) —log2 — L(w,0) = ;/ [p*(aﬁ) log (gﬁ;) + pw log G:gggﬂ dp

_ / [D*(x) log (gggg) (1 D*(2))log G:gegm p*(x)zpw(x) i

Let a € [Din, Dmax| and introduce a function

ha(v):(a+v)log(1+g)—I—(l—a—v)log <1— Y >

1—a
Then it holds that

I8(pusp") 1052 = L(w.0) = [ Dy (D"(2) = Do) LA g
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Fix any a € [Dmin, Dmax] and prove that h,(v) > v? for any v € [~a,1 — a]. For this
purpose, compute the derivatives of hg(v):

LN — vy _ v
ha(v)—log(1+a> log(l l—a)’

1
h!(v) = >4 for all —a,1—a).
w(v) PR — orallve(—al—a)

This yields that
ha(v) = ha(0) + BL(0) + 202 = 20 for all v € [—a,1 — a.

Hence,

IS 02 L08) = [ 0 (576) DD 2

dp
> /(D*(ﬂ?) — Do())*(p* () + puw(2)) dpe.
‘ 2
To prove (3.5), it is enough to show that the following inequality holds for any a €
[Dmin, Dmax) and any v € [—a,1 — al:

*

p
P* + Pw

— Dy

La(p*+pw)

C2y? b o a 1—a
Co—1Pa(l—a) "¢ CaT 1T \/ (1—a)log(1/(1—a)) " alog(1/a)

Then it is easy to observe that

ha(v) <

Ca > 03.6 >1 and a(l — a) > Dmm(l — Dmax) for all a € [Dminmeax]a

which yields

C:%_ﬁvz
ha(v) < (Cro— 12D (1 — Do) for all a € [Dmin, Dmax) and v € [—a, 1 — a.
Hence,

* k * T + w i
I8(pusp") ~log2 = L) = [ by (D) — Dp() T2 g
< Cis [0 @)~ Du@) 0 ) + o)) o
A (Cli.h' - 1)2Dmin(]— - Dmax) v

(03.6 - 1)2Dmin(1 - Dmax) p* + pw La(p*+pw)

Note that, for any v € [—a/Cy, (1 — a)/C,], we have

1 < 1
(a+v)(1—a—v) ~ (1-1/Cy)2%a(l —a)

ha(v) =
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Since hq(0) = h(0) = 0, this yields that

ha(V) S s e = a)

Fix any v € [—a,—a/C,] and consider h,(v). Since h, decreases on [—a, 0], we obtain that

1

ha(v) < ha(_a) = log 1 .
—a

On the other hand, if v € [~a, —a/C,], then v? > a?/C2. Taking into account that
a

(1—a)log(1/(1—a))

due to the definition of C,, we obtain that, for any v € [—a, —a/C,], the following inequality
holds:

(Ca—1)* <

C2y? S a > 1
(Co—12a(1l—a)~ (Ca—12(1—a)~ 8

Similarly, since h, increases on [0,1 — al, it holds that

> ha(v).

1—a

1 1—-a
ha(v) < ha(l —a) = log = for all 1—al.
(v) (1—a) og— fora ’UG[C a]

a
At the same time, v? > (1 — a)?/C? for any v € [(1 — a)/C,, 1 — a]. Using the inequality

1—a

(Ca — 1)2 < m7

which follows from the definition of C, we obtain that

02'[)2 1—a 1 1—a
a > S 1 1—a -
(Co—12a(l—a)~ a(Cy—12 7 log s he(v), forall v e [ a o1 a],

and the proof is finished.

C.2 Proof of Lemma 5
Proof of Lemma 5 The proof of the lemma is quite long, so we split it in several steps.

Step 1: Bernstein’s bound. Let us recall that
1 o 1 o
Ln(1:8) = 5 D10 D0(X) + 5 3 log(1 = Dolan (1),

and L(w,0) is the expectation of L, (w, ). Assumption AD yields that the absolute values
of the random variables log Dy(X;) and log(1 — Dy(gw(Yi)) do not exceed 3C5 /2, where
the constant Cs3 is given by (5.3). Then the Bernstein inequality implies that, for any
0 € (0,1), with probability at least 1 — J, we have

2Cp log(2/9)

|Ln(w,0) — L(w,0)| < \/2Var[L,(w, 0)]log(2/5) + s (C.1)

38



RATES OF CONVERGENCE FOR DENSITY ESTIMATION WITH GANS

It remains to prove that
AnVar[Ly,(w,0)] < C52(9JS(pw, p*) + A(w, 9)).

Step 2a: bounding the variance. The variance of L, (w,8)) satisfies the inequality

4nVar[Ly (w, #)] = Var[log Dy(X;)] + Var[log(1 — Dy(gw(Y7)))]
= Var[log(2Dy(X;))] + Var[log(2 — 2Dg(gw(Y3)))]
< Elog?(2Dg(X1)) + log?(2 — 2Dg(gw(Y1)))

_ / (0% () 1og2(2Dp () + pu(x) 10g2(2 — 2Dg(x))] d.
Note that
/ [p*(z) log?(2Dy(x)) + pw(z) log?(2 — 2Dy(x))] du

_ &02 N (0% (x N
_/;>*(:c)+pw(:c)1 g*(2Dy(x)) (p* (=) + pw(x)) du

L log2(2 — 2D0(0) (5 (2) + )
— [ - 5 |l enua) e @ + o) an ©2)
+ [ [ = ] e - 200060 + pute)

+ / log®(2Dp(x)) + log®(2 — 2Dy ())] p(x);pw(x) dp.

Step 2b: bounding the variance, the first term. Consider the first term in the
right-hand side. The Cauchy-Schwarz inequality yields that

/ LM - ;] log*(2Dg(z))(p*(z) + puw(z)) dp
p* 1

P* + Pw 2

[log*(2Ds)]|
La(p*+pw)

h ‘

(P*+pw)

Applying Lemma 7, we obtain that

+ puw(x)

< 2v/38(pu, p*) [[108°(2D0) |, (e 4

According to Assumption AD, Dy(x) € [Dmin, Dmax] C (0,1). The map g(u) = log?(2u) is
convex on [Dyin, 1]. Thus, it holds that

9(1)(u—1/2)
1-1/2

/[(5%@_1b§@m@mwmﬂmwﬂﬂu
(

g(u) < g(1/2) + for all w € [1/2, Dyax|
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and
9(Dmin)(u — 1/2)
Dyin — 1/2

g(u) < g(1/2) + for all w € [Dpin, 1/2].

This implies that

1
Dy — =
75

10g? (2D min)
2 min 2
Hlog (2D9>HL2(p*+Pw) < <1/2_Dmin V 2log” 2

Hence, we finally obtain that

L2(p*+pw)

/{ (p<w> _1] log?(2D(2))(p* (%) + pu () dp

)+ puw(z) 2
1 2Drmn
<2<og( )\/21g22)\/ (Pw, P HD(;— .
1/2 — Dpyin La(p*+puw)

Step 2c: bounding the variance, the second term. For the second term in the
right-hand side of (C.2) we similarly have

__Pul@ 1 og?(2 — x))(p*(z x

[ s = 5o - 200 )6 @)+ puo))
10g2(2 — 2Dpax) - 1

<2 < Do —1/2 Vv 2log? 2> VIS(Puw, p*) ‘ Dy - oo

Step 2d: bounding the variance, the third term. It remains to bound

/ [log?(2Dy(x)) + log?(2 — 2Dg(z))] p(x)—}z-pw(fv) du.
Consider the function h(u) = log?(2u) +1og?(2—2u), ¥ € [Dmin, Dmax)- It is easy to observe
that h(1/2) =0, h'(1/2) =0, and

21og(e/(2u)  2log(e/(2— 2u)) _ 2log(e/(2Duin)) . 2108(¢/(2 — 2Das))
u? * (1 —u)? S D2, + (1 = Diax)? '

min

h" (u) =
Hence, it holds that

log(e/(2Dmin))  log(e/(2 — 2Dmax))
h(u) < ( D7 (1 — Do)

min

> (u—1/2)*  for all u € [Duin, Dmax),

and, therefore,

[log®(2Dp(x)) + log?(2 — 2Dy ()] W dp
log(e/(2Dmin)) = log(e/(2 — 2Dmax))
< 2D2 i 2(1 - Dmax ) HDG

min

2

N S~

La(p*+pw)
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Step 3: final part. Steps 2a—d yield that

1 2-Dmm
4dnVar|L,(w,0)] < 2 < o8 ( ) Vv 2log? > VIS(pw, p ‘ ) {|Do — =
1/2 = Diin L2(p*+pw)
1 - 2Dmax
+2<0g( )\/210g 2) vV IS(pw, p HD@ - =
Dimax —1/2 La(p*+pw)
1 2Dpmin)) 1 2 — 2Dpnax 17
1 (o8P | o/ 2= 2D} |, |
2D2 2(1 = Dpax) 21 Lo (p*+puw)
By the Cauchy-Schwarz inequality,
1112
4nVar[Ln(w,9)] < C5_2 JS(pw, p*) + C5_2 Dg — 5 s
Lz (p*+pw)

where Cs 2 is given by (5.2). Consider the norm ||Dg: — 1/2|1,(p*4p,)- By the triangle
inequality, it holds that

|

Applying Lemma 1 and Lemma 7, we obtain that
2
<\/JS Pw, p*) — log 2 — (w,9)+2\/JS(pw,p*))
2
<\/A w,0) + 2/TS(Pws p ))

< A(w,0) + 8IS(pu, p).

*

p 1

1
e
La(p*+pw) P*+Pu 2

Dy — =
07 2

*
-
P* + Pw

La(p*+pw) La(p*+pw)

Dg—f

1
2

(P*+pw)

Then it holds that
4nVar[Ly(w, 8)] < 9C5.2IS(pw, p*) + C5.2A(w, §),

and the claim of the lemma follows. [ |

C.3 Proof of Lemma 6

Since the statement of the lemma contains four inequalities, we split the proof in several
steps for the sake of clarity.

Step 1. Prove that, for any wi,ws € W and 6 € ©, we have

Lglx w1 — waloo

Ln ) _Ln 9 <
[Ln(wn, 0) = Infw,0)] < =200

almost surely.

It holds that
- 1-— De (Y ))
L 0) — Ln( E log )

41



PucHKIN, SAMSONOV, BELOMESTNY, MOULINES, NAUMOV

Since the map z — log(1 — z) is Lipschitz on [Dmyin, Dmax] with the constant 1/(1 — Dyax),
Assumption AD yields that

| Lo (w1,0) = Ln(ws, 0)] < 5 Z | Do (guw, (?)_) Dii(ng(Y)ﬂ

< Z Lx [|gw; (Yz) = Gu, (Y2) ||
b 2n 1- Dmax )

Due to Assumption AG, we have

Lolx|lwi — walloo

Ln ,9 _Ln ;0 <
[Ln(wn,0) = Lo, )] < <500

almost surely.

Step 2. Let us show that, for any w € W and 61,602 € ©, we have

L@”91 - HQHOO
Dmin A (1 - Dmax)

|Ln(w,61) — Ly (w, 02)] < almost surely.

It holds that

Dy, (9w (Y3))
Do, (9w(Y3))

D
Lo(w,01) — Ly(w, 05) = Zlog "1 +—Zlog1_

The maps z — logx and x — log(1 — x) are Lipschitz on [Dyin, Dmax] with the constants
1/Dpin and 1/(1 — Dyax), respectively. Hence, we have

| Ly (w,01) — L (w, 0)] < o Z | Do, (Xi) — Do, (X; )| 2n Z | D, ( : _) DD92(X )|

min max
Then, due to Assumption AD, it holds that

Lollth — 02]/co N Lollth — 020 _  Lollfh — fafl

L,(w,01) — Ly(w,0)] < <
| n( 1) n( 2)| 2Drnin 2 - 2Dmax Dmin A (]- - Dmax)

almost surely.

Step 3. Finally, due to the Jensen inequality, it holds that

|L(w1,0) — L(ws, 0)] = |ELy (w1, 0) — ELy (w2, 0)]
< E|Lp(w1,0) — Ly(ws, 0))|

Lolx w1 — wallo

<
2 — 2Dmax

and, similarly,
|L(w,01) — L(w,03)| = |ELp(w, 1) — EL, (w, 03)]
§ E ]Ln(w, 91) — Ln(w, 92)‘

< Lel[01 — 62|
= Dmin A (1 - Dmax).
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C.4 Proof of Lemma 7

Let h(u) = (14u)log(14+u)+(1—wu)log(l—u), u € [-1, 1], and rewrite the Jensen-Shannon
divergence between p and q in the following form:

38G.a) = 5 | [1og (32 Y ol [ 1o U ataran

_/ 2p(z) log 2p(z) 2q(z) log 2q(z)
p(z) +aq(z) ~p(x)+aq(z) p(x)+aq(z) ~pl@)+a(z)

= -

_ /h (p(x) q(ﬁf)) pl) +a(@)
p(z) +q(z) 4

Note that the function h(u)/u? is even and increasing on [0, 1]. Hence, it attains its max-

imum on [—1, 1] at the points © = —1 and v = 1 and its minimum at uw = 0. This yields
that
h(1)

12

p(z) +q(x)
4

du

h(u)

u

| — lim M)

v—0 1}2

< < 2log2 for all u € [—1,1].

Since (p(z) —q(x))/(p(z) + q(x)) € [-1,1] for all = from supp(p) Usupp(q), it holds that

dp < JS(pw, p*) <

1 / (p*(x) - pw(‘r))2 dpu.

4) p*(z)+pul(z)

10g2/(p*(9:) — pu(2))?

4 2 p*(2) + pw(z)

C.5 Proof of Corollary 1

Fix any v and v from W. The fact that the square root of the JS-divergence is a metric
(see, e.g., (Endres and Schindelin, 2003)) implies that

VI5(u, %) = VVIS(p0, )| < VIS(pus 1)

Then the claim of the corollary follows from the inequalities

JS(pu, pv) <

log2 [ (pu(z) — pu(x))?
sy
log 2

<2 [ pu(e) = pula)

log 2
< ”pu - pUHE/j)(X) / |Pu(.7}) - Pv(.ﬂ?)|1/2 dp

)
log 2 1/2

< 5 Hpu - pU”L/OO(X) / ’pu(x) - pv(x)‘ du
Ly log 2

< pTHu — 0]l < Lpllu — |2

where we used Lemma 7 and Assumption Ap.
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Appendix D. Proofs related to Theorem 3
D.1 Proof of Lemma 9

The main ingredient we use is the multivariate van Trees inequality (see (Van Trees, 1968),
p. 72, and (Gill and Levit, 1995)). Choose a density A of a prior distribution on the set of
parameters {# € RM :||0|| < h} of the form

1 0
AO) = ——Xo | —
- ().
where )\ is a smooth density supported on B(0,1) C RAM . We write Ey for the expectation
with respect to the density A\. Then, for any estimate 6, it holds that

n 2 n 2 M2
sup Egllf — 6] > ExEq||0 — 0] > — : (D.1)
Iel<h n' Y E\Zi(0) + T(N)
j=1
where )
9 log py, (X)
1,0) g, (VR
J

is the Fischer information of one observation, pgy, () is the density of X, and

gn= [ 5 <a§§9)>$)

lojl<h 7=t

First, let us bound J(A).

M 1 [O(6/h)\2 mM
m):; / h2M< fa(ej/ )> xo(o/m
“Lyjojj<n

Substituting 8 = hv, v € B(0, 1), we obtain

U L, (o)\? dv
J(A)Z; ”/<1h 2( 5, ) WOIR

Since f (76)‘0(”))2 dv_ s finite, we conclude that
av; o) ;
lvll<1

TN S

3=

Now, we focus on Z;(6):

M
N r—x;
log pg, () = logdet | Ijxq + Rt g 0;V2p <h]>

Jj=1
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For any j € {1,..., M} the partial derivative of log p,, with respect to 6; is equal to

810gpge(a:)_ B8—1 —1g2 L =T
T—h Tr [ Ag(x) " VZp — )

M
r —X;
Ag(z) = Igxa + Y 0;1 V2 <hf> :

J=1

o (57

M -1
Tr <d><d+h E QkV(p< A Ve T

k=1

where

Consider

If x ¢ B(xj,h) then V2p((z — x)/h) = Ouaxa and, consequently, Tr(Ay(x) 1V2p((x
z;)/h)) = 0. Otherwise, we have V2p((x — xx)/h) = Ogxq for all k # j. Hence,

M -1
T I 5712 2 (X~ Tk 2 (LT
T (dxd+h GkV@( 3 V(p h

k=1

Iy ((Id a+h7H0; V% (hzj»_lV% (x;%»‘
— Ty (;(hﬁ_lé’j)k <V290 <:E_h%)>k+l) |
S| (V% <$_hx>>‘ =t

Here we used the fact that h%~ Hg;] < < P is small, provided that the sample size is large
enough. Consider

Z:(0) = / (hﬂ—lTr <A9(x)_lv2g0 (I_hxj>>>2pge(x)dx.

Since ¢ is supported on B(0, 1), the last expression is equal to

-1 [ (o (452) i

B(0,h)
S hH2? / pgy ()dz < WPPHI2d2,
B(0,h)
Here the last inequality follows from (5.21) and Lemma 8. Thus, it holds that

" ~ M? Mh?
sup Egl|6 — 9||2 > ExEgll0 — 9”2 > M R nh2B+dq2 4 1°

l6l<h n Y EZj(0) + T(\)
j=1

45



PucHKIN, SAMSONOV, BELOMESTNY, MOULINES, NAUMOV

D.2 Proof of Lemma 10
Recall that

M
_ T —x;
log pg, (z) = logdet | Ijxq+ Rt E 0; V% ( . J)

Jj=1

Then, for any j € {1,..., M} the partial derivative of log py, with respect to 6; is equal to

dlogpgy(x) 54 g2, (T
20, =h"""Tr | Ap(z)” V7 " ,

where

M
Ag(z) =T 0;hP 1% (T2
o(x) dxd+j§::1 § \Y <P< N

Since, for any j € {1,...,J}, ¢; is supported on B(0,1) and {z1,..., 2} is a (2h)-packing
on X, then, for any j € {1,...,J} and for any = € B(z;,h/2),

Ag(x) = Laxa + 0;1° 'V (x _hxj> :
Consider Tr (Ag(z) *V2¢ ((x — x;)/h)). We recall that, by the construction,
—V29(0) = Iaxa-

Since ¢ € HAP+2(X, L), B > 1 and r is such that 7o < h/(2H,), we have

—VQ(,O <x _hx]> = 0.514%4, for all z € B(.’L‘j, To).
Taking into account that

r — Ty
(5 e

Gth_IVQQO (x—hm]> H < Hwhﬁ <1 forany h < H;l/ﬁ.

we obtain

Then

- . —1
(Idxd +0;h7 V095 (2)) V) (w hx]>)

= ;f)fh‘“” (—Vgo<gal(x>>ij (”” ‘hxﬂ'»k.
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This implies

o0 NN
_ ki kB—k 2 J
k=0
o ghpho—t
>y 32% Tr(Igxq) > d/2.
k=0
Then
— pp-1 L=

Tr <A9(;U)_1V2<p ( >)‘ > hP1d/2 forall x € B(xj,70).

h
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