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Abstract

Neural networks learn features that reflect the hierarchical, multi-scale structure of
natural data. Synthetic datasets used to evaluate interpretability methods typically
lack this structure, limiting their value as realistic toy models. To close this gap, we
introduce a family of synthetic datasets consisting of hierarchical functions defined
on critical mean-field percolation clusters embedded in a high-dimensional data
space. The percolation data consists of sparse, low-dimensional fractal clusters with
a power-law size distribution. Latent variables modeling a taxonomic hierarchy
generate each data point’s target value. The data model is analytically tractable with
known critical exponents that fix its properties without requiring hyperparameter
tuning. We leverage a mapping between percolation clusters, random trees, and
additive coalescence to propose an almost linear-time algorithm to jointly sample
a random tree and its hierarchical latent decomposition, enabling data generation
at arbitrary scale. Using probing experiments, we find that the model’s ground-
truth latent variables can be linearly decoded from neural network activations.
Together, sparsity, self-similarity, power-law statistics, and analytical tractability
make critical percolation a principled testbed for interpretability research.

1 Introduction

Deep neural networks have achieved extraordinary success across hard real-world tasks [LeCun
et al.| 2015} [Krizhevsky et al.|[2012] Brown et al., 2020, Jumper et al.,[2021]]. To efficiently achieve
strong predictive performance, a learning system must represent features that match the relevant
latent factors that explain the data [Bengio et al.| 2013]]. By developing tractable data models that
capture common structural properties of natural data, we can better understand Al systems.

Data must have structure to be efficiently learnable, due to the curse of dimensionality [Bellman,
1961]. For example, approximating a generic d-dimensional continuous function with uniform error €
requires O ((1 / e)d) samples, which is intractable when d is large. Since both humans and machines
learn to perform real-world tasks, natural data distributions must be highly structured.

Researchers have invoked a variety of structural properties of data to explain why deep learning
succeeds. One important perspective comes from mechanistic interpretability, which seeks to reverse-
engineer the features and mechanisms learned by neural networks [Olah et al., 2020, |Elhage et al.,
2022, Bereska and Gavves| [2024]. By decomposing dense representations into a large number of
sparsely activating latent features, sparse autoencoders (SAEs) successfully extract interpretable
features from the activations of large language models (LLMs) [Elhage et al., [2022} |(Cunningham
et al., 2023], [Bricken et al.| 2023|, |Templeton et al.,|2024] |Gao et al., 2024, |[Lieberum et al.| [2024]].
These methods succeed because the distribution of natural language tasks is sparse: concepts relevant
for prediction occur, and co-occur, rarely. The sparsity of learned features reflects the sparsity of data.
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Figure 1: The percolation data model. @) Inputs are distributed as self-similar fractal clusters with
power-law sizes. @ Targets are generated by hierarchical latent variables decomposing each cluster.

Besides sparsity, real-world concepts exhibit hierarchical organization. Such hierarchies are either
compositional, relating wholes to their parts, or taxonomic, relating classes to subclasses
1975] Brachman|, [1983] [Miller} [1995]]. In mechanistic interpretability research, hierarchical structure
has been probed via the pathologies of SAEs. If data were purely sparse, increasing an SAE’s size
would simply recover additional interpretable latent features. In reality, previously coarse-grained
latents split into fine-grained ones, a phenomenon known as feature splitting [Bricken et al.| [2023].
Related issues are feature absorption and composition, in which at larger SAE sizes previously
jinterpretable latents fragment into special cases or into compositional features, respectively
letal} 2024} [Leask et al.|[2023]. These phenomena suggest that learned LLM features have hierarchical
structure, reflecting the hierarchical organization of natural concepts. Indeed, SAE variants designed
to recover hierarchically organized latents can achieve excellent reconstruction while recovering
interpretable features at different levels of abstraction [Bussmann et al., 2025, [Costa et al., [2025].

Compositional hierarchical structure in data can be modeled using a probabilistic context-free

rammar (PCFG) [Allen-Zhu and Li| 20234} (Garnier-Brun et al.| [2024] [Lubana et al.| 2024} Menon|
et al, [2025] [Cagnetta et al., 2024} (Cagnetta and Wyart, 2024, |Cagnetta et al., 2025} [Sclocchi et al.,
2025]]. Recursive application of a PCFG’s production rules yields compositional hierarchical structure
creating long-range correlations among the observed features or tokens. However, data models that
describe taxonomic hierarchical structure have been comparatively less well studied.

Another influential idea is that natural datasets have low intrinsic dimension. If all natural data
samples are supported on a low-dimensional data manifold, representations can be highly compressed

and the curse of dimensionality curtailed [Bengio et al, 2013} [Goldt et al.} 2020]. Many methods

exist to estimate the intrinsic dimension of data embedded in a higher-dimensional ambient space
[Grassberger and Procaccial, [1983] [Levina and Bickell, 2004] [Facco et al.,[2017} [Binnie et all,[2023].

Further insight comes from neural scaling laws, which suggest the presence of power laws in data.

Hestness et al., 2017} [Henighan et al.} 2020} [Kaplan et al} 2020} [Hoffmann et al.}[2022]]. Analyses

based on high-dimensional regression typically model the kernel spectrum as a power law [Spigler
let all 2020} Bordelon et al.} [2020] [Maloney et al., 2022, Bahri et al.| [2024] [Atanasov et al., [2024].
Each of the previously mentioned data properties can produce power laws. If the distribution of sparse
latent features or subtasks is heavy-tailed, learning them in order of frequency or importance translates
into power-law scaling [Hutter, 2021, Michaud et all, 2023, [Nam et al.| 2024} [Pan et al.}[2025] [Brill,
[20254, Michaud et al},2025]. Models of compositional hierarchical data predict data-limited scaling
laws connected to the resolved context horizon [[Cagnetta et al., 2025} [2026]]. Finally, low intrinsic
dimension naturally yields efficient power-law scaling with exponent 1/D, where D is the intrinsic
dimension D < d [Spigler et al. 2020} [Sharma and Kaplan| 2022 [Bahri et al.| [2024].
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A fractal model unites all of these properties. Fractal geometry is ubiquitous in nature [Mandelbrot,
1983]]. Fractals can be disconnected, modeling sparsity. Fractals are typically self-similar, with the
same properties at all scales, yielding hierarchical organization. A fractal fills space with a dimension
distinct from both its topological dimension and its embedding dimension, reflecting intrinsically low
dimensionality. Self-similar fractals are scale-free, naturally giving rise to power laws. Fractality
reflects the intuition that nature’s data-generating process is essentially inexhaustible. The more one
learns, the more detailed distinctions one makes, and there’s always more to learn.

Synthetic data models with realistic, principled structure are valuable for mechanistic interpretability
research. Synthetic datasets provide ground-truth latent features, allowing researchers to validate
and improve interpretability tools. Much progress has been spurred by synthetic data models with
heavy-tailed sparse features [Elhage et al.,|2022] and hierarchically organized features [Chanin et al.|
2024} Bussmann et al.| [2025| |Costa et al., [2025]]. |Chanin and Garriga-Alonsol [2026] propose a
synthetic benchmark model of neural activations that incorporates feature sparsity and hierarchy, as
well as superposition and correlation. These synthetic datasets model the empirical characteristics
of neural activations. To ground interpretability research in meaningful properties of the data itself,
principled data models are needed.

We introduce a synthetic data model based on critical mean-field percolation theory [Stautfer and|
Aharony, 2018]]. We build on a model proposed by Brill| [2024] |2025b]]. The percolation model
describes data that has sparsity, taxonomic hierarchy, power laws, low intrinsic dimension, and
self-similarity. The data model is very simple, consisting of clusters of randomly occupied units on a
high-dimensional lattice. Despite this simplicity, the model possesses rich structure, including critical
phenomena, self-similarity, and fractal geometry. Figure[I]illustrates the percolation model.

This work presents several contributions. First, we introduce an explicitly hierarchical construction
of the percolation data, revealing its innate self-similarity by constructing target values in accordance
with latent variables organized in binary trees. Second, we highlight a mapping between critical
mean-field percolation clusters, random labeled trees [Moonl [1970]], and the additive coalescent
process [|[Aldous and Pitman, |1998| [Pitmanl [1999], and leverage this mapping to propose a cyclic
coalescent algorithm to jointly sample a random tree and its hierarchical latent decomposition in
almost linear O(n a(n)) time. Third, we develop tools to generate synthetic hierarchical percolation
datasets using the cyclic coalescent. Fourth, we empirically investigate representations of neural
networks trained on synthetic percolation data via probing experiments

In Sec. 2] we introduce the percolation data model. In
Sec. [3] we propose the cyclic coalescent algorithm. In

Sec. 4] we describe a procedure to generate synthetic data \s \ i
following the percolation model. We describe our exper- N N /’ ’\ .
iments in Sec. [S|and conclude with discussion in Sec. N\ '\ .\ /. h

° ° o — ° 4
2 Percolation Model \./\'\-< '/ -

*—8

2.1 Percolation theory T, .< \,/o/'/
The branch of statistical physics concerned with the prop- . ! ° °\ .
erties of clusters of randomly occupied sites or bonds on a ! '\ N N
lattice is called percolation theory [Stauffer and Aharonyl < VAR BN -
2018]]. In this framework, sites or bonds on a specified lat- Co/ N

tice are occupied independently at random with probability

p. forming contiguous clusters ] We consider a hypercu- Figure 2: Bethe lattice percolation. Red:
bic lattice of dimension d and scale L. Percolation’s most infinite cluster. Blue: finite clusters.
notable property is a phase transition. Above a critical

occupation probability p = p,, the system percolates: an

infinite cluster emerges that scales with the system size.

Below this transition, only finite clusters exist.

Above an upper critical dimension believed to equal d,, =
6, percolation enters an exactly solvable mean-field regime. A random path in high-dimensional

! All code will be made publicly available.
2Appendix[@describes field-specific terms used in this paper.
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space is vanishingly unlikely to self-intersect, so percolation clusters are cycle-free, and the lattice can
be approximated as a tree. Specifically, mean-field percolation is modeled using the Bethe lattice, an
infinite tree in which all nodes have equal degree 2. Fig. [2]illustrates this with z = 3. The percolation
threshold in this setting is p. = 1/(z — 1). Using the Bethe lattice to approximate a hypercubic
lattice gives z = 2d and p. = 1/(2d — 1). For mean-field percolation, site and bond percolation are
essentially equivalent.

Percolation clusters have interesting statistical and geometric properties [Stauffer and Aharony, 2018].
Let s > 1 denote a cluster’s size. Close to criticality for s > 1, mean-field percolation clusters
have a size distribution n,(p) = s~ "¢, where 7 = 5/2, ¢  (p. — p)'/?, and o0 = 1/2. Exactly
at criticality with p = p,, the cluster size distribution becomes a pure power law. Geometrically,
percolation clusters are fractal objects with fractal dimension D < d. A critical mean-field percolation
cluster has D = 4 and can be visualized as a tree embedded as a branching random walk on a lattice.

2.2 Data model

Our data model is based on site percolation. Let X = [0,1)¢ C R? denote the d-dimensional data
space from which potential data points x € X are drawn. We fix the unit cube without loss of
generality. We discretize X’ as a hypercubic lattice of linear size L and spacing 1/L,

A=1Znx. )

Each site of A is independently in-distribution with probability p € [0, 1], giving a random subset
S C A of expected size E|S| = pL?. The continuum limit is recovered as L — co. An empirical
dataset D = {xy,...,X|p|} is then drawn i.i.d. uniformly from S.

The above model was previously described by [Brill [2024]]. In that work, the target function was
modeled as a set of random continuous functions, each supported on a separate cluster in S. We now
simplify and augment that picture by making three crucial assumptions.

* Mean-field: We assume d >> d,, so that the Bethe lattice model applies. High-dimensional
inputs are a realistic assumption for natural data.

¢ Criticality: We set p = p.. This regime may enable both useful and efficient learning [Brill,
2024]. Combined with mean-field, this makes the model analytically tractable.

* Hierarchy: We constrain targets to follow a simple hierarchical construction, stated next.

We generate target values hierarchically. Let F be a binary forest of latent variables. Initialize it
as the trivial forest with one leaf z, associated with each site x € S. As a construction device, we
activate the bonds between each pair of adjacent sites in S sequentially in a uniformly random order.
However, only a partial order on bonds recorded by F plays any further role.

The mean-field assumption ensures that every bond connects two distinct clusters C; and Cs. For each
bond, we introduce a fresh latent, associate it with each site in C; U Cy, and make it the parent of the
existing topmost latents of C; and C,. Writing Zx for the top-down path of latents in F associated
with site x, the target at x is, for some function f,

Yx = f(Zx) 2

2.3 Model properties

The percolation model is quite simple, but it has rich structure matching properties associated with
natural data distributions. Mean-field percolation is analytically tractable and well studied, and its
statistical and geometric properties are textbook results [Stauffer and Aharony, [2018]]. At criticality,
the data consist of sparse clusters power-law-distributed with exponent 5/2. Furthermore, clusters
are low-dimensional fractals with intrinsic dimension D = 4. Brill|[2024]] analyzes the scaling laws
that result from the tradeoff between these two competing sources of power-law structure. The graph
of each percolation cluster has degree distribution & ~ 1 + Binomial(z — 1, p). For large z ~ 2d
and p = p., we make the Poisson approximation k ~ 1 + Poisson(1).
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Figure 3: Example run of the cyclic coalescent. (a) Initialize nodes in a random cycle. (b—f) At each
step, connect a random node to a random node in its block’s successor, merging those blocks.

Each cluster forms a functional equivalence class, in the sense that any subset of its inputs shares at
least one latent. The construction is statistically self-similar. Decomposing the latent forest F splits
a cluster into identically distributed subclusters. The structure of F implicitly records information
about each latent. In particular, for a given latent, we define its size Sjatent as the number of leaf
nodes at or below that latent; its cluster size s¢juster @S the number of leaf nodes at or below the root
of that latent’s tree; and its depth dj,tent as the edge length of the path to the latent from the root of
its tree. The latents in F serve multiple roles. Because they correspond to bonds in data space, they
indicate that merged subclusters share similar input features. For the same reason, they also identify
split points between subclusters. Finally, they provide latent variables used to compute targets.

The latent tree F records hierarchical relations among subsets of inputs, thereby describing taxonomic
hierarchical structure. Hierarchical latent variables associated with subclusters may provide a model
for hierarchical context features identified in LLMs [Gurnee et al., [2023| [Brill, 2025b]]. We discuss
taxonomic and compositional hierarchical structure further in Sec.

3 Cyclic Coalescent

Directly simulating high-dimensional percolation is intractable. Instead, efficient methods to con-
struct a cluster grow it from a starting site or use invasion percolation
2018]. However, these methods do not explicitly represent self-similar hierarchical structure.
Furthermore, our purpose is not to experimentally probe percolation itself, but to apply the critical
mean-field regime as a data model. To that end, we leverage equivalences between percolation
and several other mathematical constructions, using these mappings to develop an algorithm that
efficiently generates clusters with a hierarchical decomposition equivalent to the model in Sec.[2.2]

A mean-field percolation cluster can be thought of as a size-conditioned Galton-Watson branching
process, and mapped to a Brownian excursion [Rochl 2024}, [Aldous}, [1993] [Font-Clos and Moloneyl,
[2016]. These mappings imply that critical mean-field percolation clusters have the same distribution
as uniform random labeled trees [1991alb|l, which are well-studied combinatorial objects
[1970]. In particular, a deep connection exists between random trees and a merger process
known as additive coalescence [[Aldous and Pitmanl, [1998| [Pitmanl, (1999, [Aldous],[1999].

In an elegant construction, [1999] showed that the time-reversal of deleting a random tree’s
edges uniformly at random is equivalent to merging a forest of smaller trees in an additive coalescent
process. At each step, two randomly chosen trees merge with a probability proportional to their total
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Algorithm 1 Cyclic coalescent: O(n a(n)) uniform tree sampler with coalescent decomposition

Require: Number of nodes n

Ensure: Uniform random labeled tree G on {1, ..., n} and its rooted binary merger tree B.
State. Blocks form a cyclic order maintained by union-find supporting block lookup, B-root
lookup, cyclic-successor query, and merge-with-successor in amortized O(«a(n)).

1: Arrange 1,...,n in a uniformly random cyclic order, with each label its own block.

2: Initialize B as the forest of leaves 1, ..., n.

3: fork=1ton —1do

4 Draw u ~ Unif ({1, ...,n}); let A be the block of u and A’ its cyclic successor.

5: Draw v ~ Unif(A’) independently, and add edge {u, v} to G.

6: Let 74, 74- be the B-roots of A, A’; create a new internal node in B with children 7 4, 7 4-.
7: Merge A into A’, and assign the new internal node as the B-root of the merged block.

8: end for

9: return G, B

size. Our method draws heavily on [Pitman|[[1999], and we review essential results from that work in
detail in Appendix In each step of Pitman’s construction, out of k£ remaining trees with total size
n, a pair of trees T; and T} is picked to merge with probability

n; +n;

P(i,j) = nk—1)’ 3)

where n; and n; are those tree’s sizes. Next, a node is picked independently and uniformly at random
from each of 7; and T}, and an edge added between those nodes. Amazingly, Theorem [E.J|states
that this process is exactly equivalent to uniform random edge insertion in a random tree. What’s
more, it is equivalent to the hierarchical procedure described in Sec.[2.2] allowing us to repurpose
coalescence as a procedure to build up a hierarchy of latent variables.

We propose a variant of Pitman’s construction called the cyclic coalescent. As with the standard
coalescent construction, the cyclic coalescent uniformly samples random trees. Furthermore, it admits
a simple and highly efficient algorithmic implementation that runs in almost linear O(n «(n)) time.
Our construction is based on two key ideas. First, picking a node uniformly at random plays double
duty. One random draw simultaneously picks a tree with size-dependent probability and picks a
uniform random node from it. Second, we arrange the trees in a fixed random cyclic order. Rather
than allowing unrestricted merges among all trees, the chosen tree simply merges with its successor.
The initial random cyclic order ensures the distribution’s uniformity. Fig. [§]illustrates the cyclic
coalescent’s operation. We state the construction formally and prove its correctness in Appendix [E.2]

We implement the cyclic coalescent using a union-find data structure [Tarjan,|1975]. Pseudocode is
shown in Algorithm[I} A union-find algorithm efficiently maintains a partition of subsets, supporting
a find operation to identify an element’s subset and a union operation to merge two subsets. Union-
find algorithms have wide application for graph problems, including for studying site and bond
percolation [Newman and Ziff, 2001]]. Our implementation uses union by rank and path halving
[Tarjan and Van Leeuwen, [1984]]. Each union-find iteration takes amortized O(a(n)) time, where «
is the extremely slow-growing inverse Ackermann function and is effectively constant for physically
realizable n. The algorithm runs for n — 1 iterations, giving O(n «(n)) total time complexity.

4 Synthetic Dataset

Cluster distribution We use an iterative preferential-attachment procedure to generate clusters
with a power-law size distribution. Each step increments the dataset size by one. At each step, either
a new cluster is created with probability pg1, or else an existing cluster is chosen with probability
proportional to its size s. That cluster’s size is then increased to s + 1. To obtain a distribution
consistent with critical mean-field percolation, we set pp; = 1/3, which we derive in Appendix @
This iterative procedure induces a self-consistent size-independent ordering among data points for a
specified random seed, although we do not rely on this property for our experiments here.
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Cluster geometry For each cluster, we use the cyclic coalescent to generate a random tree and an
associated hierarchical latent decomposition. We do this independently for each cluster in the dataset.
This results in a forest of data points and a corresponding forest of rooted binary latent trees.

Embeddings After generating the graph structures of all clusters, the nodes are embedded as data
points in a d-dimensional vector space. The dimension d is a hyperparameter that can be set arbitrarily.
Each cluster is embedded by first randomly choosing a root node and then iteratively embedding each
node’s neighbors following a branching random walk. The random choice of the root node and the
random generation of the step direction at each node when embedding the graph are both performed
hierarchically, following the cluster’s latent tree. This embedding procedure yields clusters that have
consistent geometrical structure regardless of the number of iterations used in the generation process.

Targets We specialize Eq. 2] to a regression task that is a linear function of the latent variables.
Specifically, we assign each latent variable z; € F a value z; ~ N(0,1). We record each latent’s
value and depth. For each point x, we compute its target as the normalized sum of its associated
latents’ values,

d
1 ~ (%)
o= > 2 @
Y \f1+dx;

()

where z;” is the value of the latent at depth ¢ and dy is the depth of point x.

Each latent has an expected contribution to the mean-squared error (MSE) proportional to its number
of associated data points, given by its size Siatent, divided by the expected number of latents per point.
Theorem [E.3]states a bijection between the time-reversal of edge deletion in a random tree and an
additive coalescent process, which implies that the number of merges a random node undergoes equals

the number of cuts needed to isolate a node in a random tree. This has expectation /7 Sciuster/2
[Moon, |1970]]. We therefore stratify latents by the figure of merit FOM = $jatent/+/Scluster-

5 Experiments

Data generation We generated two datasets as described in Section 4] The one-cluster dataset
consists of a single percolation cluster with 2 x 10° data points. This dataset allows us to study the
cluster properties in isolation. Second, a multi-cluster dataset with 2 x 10 data points was generated
using the full percolation model. The multi-cluster dataset was filtered to drop clusters with fewer
than 500 data points, to ensure that each cluster had sufficient data points for training and validation.
Both datasets were stored as input embeddings X € R™*% and scalar labels y € R", along with the
ground-truth latent features. Full dataset hyperparameters are given in Table d]in Appendix [B.T}

Neural network training We trained a residual multilayer perceptron (MLP) on the percolation
data. This architecture was chosen to resemble a transformer feed-forward block. Our MLP consists
of a linear input projection, L MLP blocks, and a linear output layer. Each MLP block expands by a
factor of 4, applies a ReLU activation, and projects back to dpqe With a residual connection,

x' = x + Wao(Wix + by) + ba, 5)

where x and x’ are the MLP block’s input and output, W7 and W5 are weight matrices, by and by are
bias vectors, and o denotes the ReLLU activation. For the one-cluster dataset we used doge1 = 256
and L = 3 blocks, and for the multi-cluster dataset we used dpodel = 512 and L = 3 blocks. Both
models were trained using the AdamW optimizer [Loshchilov and Hutter,[2017|] and a cosine learning
rate decay schedule. Full hyperparameters are provided in Table[5|in Appendix

Model performance We report MLP performance against two simple baselines, shown in Table
Ridge regression performs significantly worse, confirming the task’s nonlinearity. We also compute
1-nearest-neighbor (1NN) regression using the full dataset to estimate the best practically achievable
performance. The MLP performs comparably to this best-case estimate.

Linear probes We trained linear probes [Alain and Bengio, 2016 to assess if MLPs trained to
solve the percolation task linearly represent the ground-truth latent variables z; defined in Eq. 4]
Separate probes were trained to regress the values of all latents at each given depth, using all training
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Figure 4: Per-latent linear probe performance for individual latent values z;, showing (a) the one-
cluster dataset and (b) the multi-cluster dataset. Dots (squares) mark the median MSE for the residual
stream (hidden activations). Error bars show 25th and 75th percentiles. The ratio panels show each
layer’s per-latent MSE normalized by the MSE of probes trained on the raw input.

points of larger depth. Stratifying by depth fixes a unique latent for each point. We excluded latents
with Siatent < 150 and corresponding points to have enough training and validation samples.

Linear probes were fit from the activations

to the latent value z;. We also fit probes Table 1: Model performance.

to the partial cumulative sum descending

the latent path to z;, with similar results, Metric Model One-cluster Multi-cluster
shown in Appendix [F| Probes were com- Ridge 0.51 0.39
puted for depths 0, 5, 10, ...,200 on the R? INN 0.94 0.86

raw input and at each network layer. Probe MLP 0.94 0.88
performance was evaluated using the per- Ridge 0.20 0.59
latent MSE, computed separately on the MSE  INN 0.024 0.13
validation set for each latent. MLP 0.026 0.12

6 Discussion

Linear representations Fig. 4] shows

the probe results. The ground-truth latent variables can be linearly decoded from the network’s
activations. Per-latent probes trained on MLP activations have consistently lower MSE than on the
raw input. The hidden layer activations have lower probe MSE than the residual stream. The ratio
plots show that the probe performance gap compared to raw input decreases with increasing FOM.
We hypothesize that latents representing coarser subtrees may be easier to decode from the input
geometry, requiring less nonlinear computation.

Power-law trends The per-latent MSE exhibits an apparent power-law trend as a function of FOM.
We visualize this with power-law fits in Fig.[d] In Fig.[db] the MSE drop at low FOM is an artifact of
the minimum cluster size filter, which removes the smallest clusters and suppresses the low-FOM bins.
Fig.[5|shows the probe MSE as a function of latent depth. No power-law trend is visible, suggesting
that FOM captures the latents’ statistical importance more effectively than depth alone. For depths
above 100, the global MSE decreases due to a selection bias, as only the few largest clusters have the
deepest latents.

No layerwise progression The probe MSE is very similar for all MLP blocks, with the possible
exception that the MSE appears sightly lower for MLP block O for multi-cluster data in Fig. #b]
Furthermore, no clear pattern is observed for any FOM bin across layers. This lack of trend suggests
that the network may not represent latents following an interpretable organization across layers. This
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Figure 6: A comparison of taxonomic and compositional hierarchical structures.

hypothesis is supported by the lack of layerwise trend in the cumulative latent sums, shown in Fig.
in Appendix [ This suggests that the network does not build up a hierarchical sum across layers.

Mechanistic interpretability This work develops a
synthetic data model meant to complement empirical

studies interpreting LLMs. Because the percolation 0-351 m Wirtiocko o iadenioper
model has ground-truth hierarchical latent structure, 0.30{ == I tock

future work could test its validity as a useful data 0.251
model by investigating whether it causes analogs of w 0.20]
SAE pathologies such as feature splitting and absorp- £
tion [Bricken et all 2023] [Chanin et all 2024]. In 0-151

addition, the relationship between data structure and 0.10

structure in neural activations is poorly understood. 0.051

A fruitful avenue of further research may be to inves- 0.00L. : ‘ ‘
tigate whether percolation data produces activation 0 50 100 150

structure with features similar to synthetic models Latent depth

[Chanin and Garriga-Alonso} |2026]. We discuss ad-

ditional related work in Appendix[C] Figure 5: Linear probe recovery of latent val-

ues z; for the one-cluster dataset, stratified by
Hierarchy The percolation model’s latent forest latent depth.

F describes a taxonomic hierarchy of set inclusion

relations among samples. This is a hierarchy distinct

from, and complementary to, composition among features, which has been described using synthetic
data models [e.g./Cagnetta et al.,[2024]. Table [2]and Fig.[6]compare taxonomic and compositional
hierarchical relations. In addition, the percolation model naturally maintains an explicit instance/class
distinction within a taxonomic hierarchy [Brachman), |1983|]. The latents represent classes and data
points are instances.

Limitations The correlational probing exper-

iments in this work serve as a proof of concept Table 2: Hierarchical relations.
for investigating the percolation model as an in-
terpretability testbed. Causal interventions are Taxonomic  Compositional
needed to validate specific interpretability hy- Unit sample feature
potheses [Meng et al.,[2022} |Chan et al., [2022]. Description  set inclusion part-whole

. Relation IS-A HAS-A
The percolation model lacks many features of Semantics hyponymy meronymy

real data. It assumes that the data distribution is
populated at random. It does not model compo-
sitional relationships among input features. The synthetic dataset we present in this work supports
vectorized data with scalar regression labels only. Extending the model to support tokenized data and
classification tasks is a direction for future work.

Finally, we present a critical mean-field percolation model. One possible avenue for generalization is
to consider percolation beyond the critical regime. In particular, supercritical percolation allowing for
clusters with cycles may provide a framework to model overlapping compositional concepts.
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A Terminology

Because this work ties together methods from several fields, we use field-specific terms in various

s67  sections to refer to the same objects. Table 3] translates among them.

568
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573
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576

Table 3: Terminology correspondences across fields.

Field

Percolation site bond
Graphs & trees  node edge

Data model data point  latent

B Model training

B.1 Data hyperparameters
Table[dlists the hyperparameters used to generate the one-cluster and multi-cluster datasets described

in Sec.[5] For the multi-cluster dataset, a minimum cluster size filter is applied as a post-processing
step after generation, where cluster size refers to the number of points per cluster.

Table 4: Data generation hyperparameters.

Hyperparameter One-cluster Multi-cluster
Mode one_cluster distribution
n (dataset size) 2 x 10° 2 x 108

d (embedding dimension) 100 100
Graph seed 0 0
Embedding seed 10,000 10,000
Value seed 20,000 20,000
Post-processing

Min. cluster size filter — 500

B.2 Model hyperparameters

Table [3]lists the full set of hyperparameters for the residual MLP models trained in Section[5] Both
models are implemented in PyTorch and share the same architecture and optimisation scheme,
differing only in model width and number of training epochs.

Table 5: Neural network training hyperparameters.
Hyperparameter One-cluster Multi-cluster

Amodel 256 512
N (MLP blocks) 3 3
Expansion factor 4 4
Activation ReLU ReLU
Input dimension 100 100
Output dimension 1 1
Batch size 1024 1024
Epochs 500 2500
Loss MSE MSE
Optimizer AdamW AdamW
Learning rate 1074 1074
Weight decay 0.01 0.01
Scheduler Cosine Cosine
Tnax 500 2500
TJmin 10~ 6 10~ 6
Random seed 42 42
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C Additional related work

Fractals in machine learning Fractals generated using iterated function systems are used to
create synthetic training data for image models [Nakamura et al.,|2024} Baradad Jurjo et al., 2021}
Kataoka et al., [2020]. |Bloem and de Rooij| [2017] present a expectation-maximization algorithm for
fitting a fractal model to data. [ Malach and Shalev-Shwartz| [2019] study the expressivity properties
of deep neural networks trained on fractal data distributions, finding that deep but not shallow
networks can efficiently express these distributions. Fractal-based methods are used to estimate the
intrinsic dimension of data [Grassberger and Procaccia, |1983) [Karbauskaité and Dzemydal, 2016].
Alabdulmohsin et al.|[2024]],|Alabdulmohsin and Steiner|[2025]] argue that natural language viewed
from an information-theoretic time-series perspective exhibits fractal patterns, which may be helpful
for detecting LLM-generated texts.

Synthetic data models |Nanda et al.|[2023]] apply modular addition as a toy model to investigate
progress measures for grokking via mechanistic interpretability. |Allen-Zhu and Li|[2023b]] introduce
a synthetic dataset of uniformly distributed discrete knowledge pieces to measure knowledge storage
and extraction in transformers. [Pan et al.| [2025]] consider a variant of this model with power-law-
distributed knowledge pieces. [Liu et al.| [2022] find theoretically and empirically that transformers
can simulate finite-state automata using non-recurrent hierarchical shortcut solutions. Brinkmann
et al.|[2024]] perform a mechanistic analysis of a transformer trained to perform a symbolic multi-step
reasoning task, finding that does so using parallelized depth-bounded recurrent mechanisms.

Percolation in deep learning |Lubana et al.|[2024] apply percolation on a bipartite graph to propose
a model of emergent capabilities in transformers. [Liang et al.|[2024]] identify a connection between
manifold learning in diffusion models and continuum percolation. |[Devlin and Sanders| [2025]] analyze
dropout neural network training by considering percolation among the network of weights.

Al interpretability & alignment The latent hierarchy proposed by the percolation model may
complement research directions that aim to develop a theory of concepts [Wentworth and Lorell
[2025]), Eisenstat| [2025]]. A data distribution compatible with the percolation model, consisting of
a heavy-tailed distribution of sparse low-dimensional clusters, can be used to study scaling laws of
general intelligence [Brill, [2025a]]. Developing a better understanding of the structure of data is a key
element in developing a scale-aware basis for mechanistic interpretability [Greenspan et al.| [2026]],
advancing Al alignment [[Lehalleur et al.| [2025]], and building towards a scientific theory of deep
learning [Simon et al.,[2026].

D Cluster statistics

In this section, we derive the cluster creation probability pg; that, in a preferential attachment process,
yields a power-law distribution consistent with critical mean-field percolation. Our derivation closely
follows a master-equation method associated with preferential-attachment models in network science
[Price, 1976, Barabasi and Albert, |1999, Newman, [2018]].

Let s > 1 denote a cluster’s size. We will call a cluster of size s an s-cluster. Let n, be the cluster
probability mass function of s. For critical mean-field percolation, n, ~ s~%/2 for large s. Note
that because each s-cluster contains s sites, the probability mass function of s obtained by randomly
selecting sites rather than clusters is proportional to sn, rather than n.

In the following, we derive the sizes used for to generate graphs not embedded in a lattice, and so
refer to s as the count of nodes rather than sites.

Let IV denote the total number of active nodes that have been generated (i.e., after N iterations), and
write 15 (V) to denote the cluster size distribution when there are N active nodes.

We first consider the case s > 1. The number of nodes belonging to s-clusters after NV iterations is

Nsng(N). (6)

Adding a node to an (s — 1)-cluster increases the number of s-clusters by 1. This corresponds to
increasing the number of nodes belonging to s-clusters by s. At each iteration, a node is added to
an existing cluster with probability 1 — pg;. If a node is added to an existing cluster, the probability
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that it’s a node belonging to an (s — 1)-cluster is (s — 1)ns_1(N). All told, the expected number of
nodes belonging to s clusters added at each iteration is

(1 —po1)s(s — 1)ns—1(N). @)

Similarly, adding a node to an s-cluster decreases the number of s-clusters by 1, since that cluster
would become an (s + 1)-cluster. This corresponds to decreasing the number of nodes belonging to
s-clusters by s. The expected number of nodes belonging to s-clusters removed at each iteration is
therefore

(1 — po1)s®ns(N). 8)

Putting everything together, we have the master equation for s > 1,

(N +1)sns(N 4+ 1) = Nsng(N) + (1 — po1)s(s — 1)ns_1(N) — (1 — po1)s*ns(N).  (9)

We consider the limit of a large number of iterations, letting N — oo. Solving Eq. 0] yields the
recurrence relation,

s—1

—— Ms—1, 10
L (10)

ne =
where y = (2 — po1)/(1 — po1)-

Next, we consider the case s = 1. The number of 1-clusters increases by 1 if a new cluster is created,
which occurs with probability pg;. The number of 1-clusters decreases by 1 if a node is added to a
1-cluster, which occurs with probability (1 — pg1)n(N). Since each 1-cluster contains 1 node, the
equation for s = 1 is

(N+1)TL1(N+].) :an(N)+p01—(1—p01)n1(N) (11)
Solving Eq. [[T]in the limit N — oo gives

DPo1
ny =

= 12
y(l—}?m)7 (12)

Eq.[I0]and Eq. [I2]can be combined to give an expression for n, for general s. We can write this
expression in terms of Gamma functions and simplify it using the beta function,

I'(s)l
n. — (s)I'(y)  po1 — B(s,y) po1_ (13)
I'(s+y) 1 —po 1 —po1
For large s, B(s,y) = s YT'(y), giving
Ng = Po1 r <2 - pOl) 57(27p01)/(17p01)' (14)
- 1—pon 1 —po1

Equating the exponent to 5/2 gives pg; = 1/3. Substituting into Eq. and integrating, we obtain the
complementary cumulative distribution function (CCDF),

CCDF — ?{3/2. (15)
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E Cyclic coalescent

The cyclic coalescent construction is underpinned by a close relation between random trees and
coalescence. As shown by |[Pitman| [[1999]], constructing a random (labeled) tree by populating its
edges one by one uniformly at random is equivalent to iteratively merging the tree components of
a randomly distributed forest in a merger process known as additive coalescence. In this process,
tree components merge with a rate proportional to the sum of their sizes. To make this section
self-contained, we begin by restating relevant theorems from [Pitman|[[1999]. These are given below
with adapted notation as Theorems and[E.3] An expository presentation of Theorem can
be found in|Aigner and Ziegler| [2014]].

Consider the node set {1, ...,n}. Identify a tree over {1,...,n} by aset of n — 1 edges between
nodes, such that every node is connected by at least one edge. Note that this implies that a tree cannot
have any cycles or self-edges. Let 7,, be the set of all trees over {1, ...,n}, and denote |T,| = T5,.
Call a tree together with the choice of a particular root node a rooted tree. Since the root could be any
of n nodes, there are nT,, rooted trees over {1,...,n}.

A forest over {1,...,n} is a graph in which each connected component is a tree. Let F, i, be the
set of all forests over {1,...,n} consisting of k trees. Call a forest together with the choice of a
root in each component tree a rooted forest. Let R, i be the set of all rooted forests over {1,...,n}
consisting of k rooted trees.

E.1 Prerequisites

Theorem E.1 ([Pitman, 1999, 1]). For each rooted forest v}, € Ry, j, the number of rooted trees that
contain . is N(ry,) = n*~L.

Proof. We regard a rooted forest as a directed graph with the edges directed away from the roots.
Say that a rooted forest r contains another rooted forest r’ if the directed graph of r contains the
directed graph of /. Call a sequence of rooted forests 71, .. . 7 a refining sequence if r; € R, 1, and
r; contains ;41 for all . Let 1, € R, ;; be a fixed rooted forest. Denote by N () the number of
rooted trees containing 7. Denote by N*(rj) the number of refining sequences ending in 7.

First, we count N*(ry) starting from a rooted tree and deleting edges. Suppose that 71 € R, 1
contains 7. Then r; has k — 1 edges that can be deleted in any order to yield a refining sequence
from r; to 7. This means that

N*(ri) = N(ri) (k= 1) (16)

Second, we count N*(ry) starting from 7y, and adding edges. A rooted forest r;_; that refines r
can be obtained by adding a directed edge from any of the n nodes to any of the £ — 1 roots of rooted
trees that do not contain that node. Since there are n(k — 1) possibilities at each step, continuing for
k — 1 steps gives

N*(ry) =n*" (k= 1) (17)

Equating Eq.|16|and Eq.|17} we obtain N (1) = n*~1. O

Note that r,, is just the set of n isolated nodes. The number of all rooted trees on n nodes is therefore
N(r,) = n"~t. This number is greater than the number of all trees by a factor of n.

Corollary E.1.1 (Cayley’s formula). The number of trees on n nodes is T,, = n" 2.

Cayley’s formula is a famous result with many proofs [e.g. Prufer| [1918] |Aigner and Ziegler, 2014].
We next straightforwardly apply Theorem [E.T|to count unrooted trees.

Theorem E.2 ([Pitman, 1999, 3]). For each forest fi, € F, i, containing trees with sizes n1, . ..,ny
such that > n; = n, the number of trees that contain fy, is
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k
N(fe) = <H n> nk=2, (18)
=1

Proof. Let f € F, i be a fixed forest. We count the rooted trees that contain f; (ignoring edge
directions) in two ways. First, there are n ways to choose a tree’s root, giving us nN (fj) rooted
trees. Second, choosing a root for each tree component of f;, and applying Theorem [E.1| gives us
(I ms) n*~1 rooted trees. Equating these expressions yields the above result. O

We now observe a relation between edge deletion in a uniform random tree, an additive coalescent
process among trees, and a uniform random forest.

Theorem E.3 ([Pitmanl (1999, 5]). The following three descriptions (i), (ii), and (iii) for the distribu-
tion of a sequence of forests (F1, ..., F,) are equivalent, and imply that, for each 1 < k < n and
for each fi, € Fy, i with tree components of size n1, . .. ,ny in some arbitrary order,

k
Hi:1 Uz
—k(n—1
n" (i)
(i) Fi is a uniform random tree in T, and indexing the edges e; of Fi by a uniform random

permutation of 1,... n—1, foreach 1 < k < n the forest F}, is derived from F by deleting
the edges eq,...,e5_1;

P(Fy, = fr) = (19)

(ii) F,, is the trivial forest, and for n > k > 2, given (F,,..., Fy) where Fy, has k tree

components Ty, . .., Ty with sizes ny,...,ng such that Zle n; = n, the forest Fy,_1 €
Fn k—1 is obtained by adding an edge {a, b} to F}, chosen according to the following rule:
first pick trees T; and T, where 1 < i < j < k, with probability

n1+nj

P(i,j) = —— 20
then pick a and b independently and uniformly at random from T; and T} respectively;
(iii) The sequence (F, ..., F,) has uniform distribution over the set of all (n—1)! n"~2 refining

sequences of forests (f1,. .., frn) such that fi, € F,, i foreveryl <k <n —1.

Proof. In both descriptions (i) and (iii), the forest F}, is determined by the choice of atree t € T},
and a subset of k — 1 edges of ¢. It follows from Cayley’s formula[E.T.1]that in both cases there is a
total number of n" 2 (Z:i) equally likely choices, so descriptions (i) and (iii) are equivalent. The
probability that Fy, = fj equals the number of trees that contain f; (Eq. divided by the total
number, giving the probability shown in Eq.[I9]

Next, we show that description (ii) is equivalent to (i). The process is Markov, so it suffices to
consider the conditional probability that Fj,_; = fi_1 given Fy, = fi. One approach is as follows
[Sheth and Pitmanl [1997]]. Using Bayes’ rule,

P(Fi—1 = fr—1)
P(Fy = fx)

From Egq.[19|and the fact that in (i), fx is obtained from fj_; by deleting one of n — (k — 1) edges
uniformly at random, we have

P(Fr_1= fr—1 | Fr = fr) = P(Fy = fr | Fie1 = fr—1). (21

n" k(021 (ni + ny) [liggi 1
n=E=1 (2O T, n—(k—-1)

_ (n—(k=1))(ni +ny) 1

B n(k — Dnn; n—(k—1)

- n(k—1)n;n;’ 22)

P(Fy1 = fo—1 | Fo=fr) =
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This conditional probability is satisfied by the procedure in description (ii). O

E.2 Cyclic coalescent

We now build on these prior results to show that a distinct construction, the cyclic coalescent, is
equivalent to the descriptions in Theorem This implies that running the cyclic coalescent to
completion produces a uniform random tree. Moreover, such an algorithm can be implemented in
almost linear time, as discussed in the main text.

Theorem E.4 (Cyclic coalescent). The following description for the distribution of a sequence of
Sorests (I, ... F,) is equivalent to the descriptions in Theorem

F,, is the trivial forest, and arranging the tree components (nodes) of F,, in a cycle indexed by a
uniform random permutation of 1,...,n, forn > k > 2 and given (F,, ..., F},) where F}, has k

tree components T;, . .., Ty with sizes nq, . .., ny such that Zle n; = n, the forest Fi,_1 € Fp —1
is obtained by adding an edge {a,b} to Fy, chosen according to the following rule: first pick the
node a uniformly at random from F}, then, denoting the tree containing this first-chosen node as T;;
and its successor tree as T, pick the node b uniformly at random from T};.

Proof. Consider the conditional probability Fj,_; = fi_1 given Fy, = fi, where fi_ differs from
fi only by adding the edge {a,b}. The edge {a, b} can be added iff a € T; and b € T or b € T; and
a € Tj. There are k trees, so both arrangements occur with equal probability 1/(k—1). Then because
the first-chosen node is uniformly distributed among F} and among 7T, and the second-chosen node
is uniformly distributed among Tj, the total probability to choose {a, b} is

1 n; 11 1 n; 11
P(Fo_1=foc1 | Fr=fr)= ————+— L ——
(Fk—1 = fot | Fie = fi) kflnninj—'_kflnnjni
ni+mn; 11
L L N 23
n(k —1) n; n, @3)
This matches the conditional probability given by Eq.[22] O

Corollary E.4.1. The cyclic coalescent after n — 1 steps produces a uniform random tree in T,.

This follows from description (i) in Theorem

Corollary E.4.2. The cyclic coalescent after k steps produces a uniform distribution over forests
Ir € Fok

This follows from description (iii) in Theorem [E.3]

F Additional probing experiments

Fig.[/|shows the results of linear probing experiments on the partial cumulative sums of latent values.

G Additional validation plots

Fig.[8|shows the complementary cumulative distribution function (CCDF) for the multi-cluster dataset
described in Sec. [5| The fitted slope is consistent with the theoretical expectation of 3/2 as derived in
Eq.

Fig. [0 shows plots validating the correctness of the cyclic coalescent algorithm. A well-known
bijection, called a Priifer sequence [Prufer; [1918], exists between the set of n" 2 labeled trees on n
nodes and the set of sequences of length n — 2 on the labels 1 to n. This bijection permits a powerful
check of uniformity tractable at small tree sizes. Fig.[0alconfirms that trees of size n = 6 generated
by the cyclic coalescent have a uniform distribution when coded as Priifer sequences. As another
check, Fig. Validates that a large tree of size 10% has the theoretically expected degree distribution
1 + Poisson(1).
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Figure 7: Per-latent linear probe performance for partial cumulative sums of latent values z;, showing
(a) the one-cluster dataset and (b) the multi-cluster dataset. Dots (squares) mark the median MSE for
the residual stream (hidden activations). Error bars show 25th and 75th percentiles. The ratio panels
show each layer’s per-latent MSE normalized by the MSE of probes trained on the raw input.
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Figure 8: Cluster size distribution. A maximum-likelihood power-law fit to clusters with s > 35 is
shown as a dashed red line. Each cluster (not data point) is counted once in the distribution.

753 In Fig.[TI0] we show timing measurements to benchmark the empirical performance of the cyclic
754 coalescent algorithm implemented in Python. As shown in Fig.[I0a] the measured time to generate
755 a tree of size n scales slightly superlinearly, with a measured slope of about 1.1, rather than 1
756 as expected for a linear-time algorithm. This observation is consistent with O(nlogn) scaling.
757 We believe that the theoretical time complexity is obscured in practice by details of the Python
758 implementation, rather than a fundamental issue. Specifically, the tree is constructed by iteratively
759 inserting edges into adjacency dictionaries associated with each node. As the tree is built up using
760 random-access edge insertions, an extraneous logarithmic slowdown may result due to cache misses
761 among these heap-allocated dictionaries.

762 To see this, we compare the performance to two baselines with known O(n) time complexity. First,
763 we compare to random_labeled_tree() from the networkx library [Hagberg et al.l |2008]], which
764 constructs a random tree from a Priifer sequence using the optimal O(n) algorithm from [Wang et al.,
765 [ 2009]. Second, we compare to a trivial baseline with transparently linear algorithmic time complexity,
766 shown below as the function build_random_graph ().

import networkx as nx
import numpy as np
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Figure 9: Correctness validation for the cyclic coalescent. Panel @) shows that 500,000 trees
generated with the cyclic coalescent have a uniform distribution over the 1296 Priifer sequences for
size n = 6. Panel (b) shows the degree distribution of a tree of size 10°. Measured counts are shown
in blue with Poisson error bars. The empirical counts match the theoretical distribution, shown with a
black dotted line.

def build_random_graph(n: int, rng: np.random.Generator):
G = nx.empty_graph(n)
edges = rng.integers(0, n, size=(n - 1, 2))
for u, v in edges:
G.add_edge(int(w), int(v))
return G

As can be seen in Fig.[I0a] the slopes of all three methods are consistent within error. The reported
error bars are underestimates, as they do not incorporate variation in measured wall-clock time
from run to run. In Fig.[TOb] we show the ratio of the measured time of the cyclic coalescent to
the build_random_graph() baseline. The ratios appear roughly constant and have no apparent
trend, consistent with equivalent to linear performance. Running the cyclic coalescent takes about
60% longer than a pure graph-construction baseline. This is expected because the cyclic coalescent
constructs an additional binary coalescence tree containing O(n) nodes alongside the random tree.
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(a) Absolute time required to generate one cluster. (b) Relative time required to generate one cluster.

Figure 10: Performance validation for the cyclic coalescent. Panel @) shows the time required to
generate a random tree as a function of tree size for the cyclic coalescent and two O(n) baseline
methods, described in the text. The data points show the mean and standard deviation over 20 trials.
The black dashed lines show linear fits. The slopes are consistent among the methods. Panel (b))
shows the performance ratio of the cyclic coalescent to the linear baseline build_random_graph()
as a function of tree size. No clear trend is apparent. The black dashed line shows a constant fit.
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