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Abstract

The renowned difference-in-differences (DiD)
estimator relies on the assumption of ‘parallel
trends,” which may not hold in many practical
applications. To address this issue, economists
are increasingly considering the triple difference
estimator as a more credible alternative. Both
DiD and triple difference are limited to assessing
average effects exclusively. An alternative av-
enue is offered by the changes-in-changes (CiC)
estimator, which provides an estimate of the en-
tire counterfactual distribution by relying on as-
sumptions imposed on the distribution of potential
outcomes. In this work, we extend the triple dif-
ference estimator to accommodate the CiC frame-
work, presenting the ‘triple changes estimator’
and its identification assumptions, thereby expand-
ing the scope of the CiC paradigm. Subsequently,
we empirically evaluate the proposed framework
and apply it to a study examining the impact of
Medicaid expansion on children’s preventive care.

1. Introduction

In the domains of econometrics and quantitative social sci-
ences, the difference-in-differences (DiD) estimator and its
extensions have emerged as indispensable tools for estimat-
ing causal effects in observational studies. With its roots
traced back to the work of Snow (1855) and further pop-
ularized by seminal works such as Ashenfelter and Card
(1984) and Card and Krueger (1993), DiD has provided a
reliable method for evaluating the effect of policy interven-
tions over time. In particular, DiD stands out in studies
where inference based on controlling for confounders or us-
ing instrumental variables is deemed unsuitable, and where
pre-treatment information is available. Researchers have
actively pursued various extensions of the DiD estimator,
aimed at enhancing its applicability and robustness (Athey
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Figure 1. No drift assumption of CiC framework. Mappings 7o
and 717 are assumed to be identical.

and Imbens, 2006; Sofer et al., 2016; Callaway et al., 2021;
Roth and Sant’ Anna, 2023).

The DiD estimator hinges on the assumption of parallel
trends, which states that the (average) outcome of both the
control and treatment groups share exactly the same evolu-
tion trend in the absence of the treatment. Mathematically
speaking, this assumption translates to

E[Y°(t1) = Y°(to) | D = 1] = E[Y°(t:) — Y°(to) | D = 0],

)]
where Y9(¢) denotes the potential outcome associated with
the absence of the treatment at time ¢, and D denotes the
assigned treatment. In particular, D = 1 and D = 0 rep-
resent the treatment and control groups, respectively. The
validity of this assumption can be challenged, and parallel
trends might get violated due to unobserved time-varying
factors or dynamic changes in the study context. This vi-
olation may result in biased estimates. As a response to
potential deviations from parallel trends, researchers have
turned to more flexible models, such as the triple difference
framework (Gruber, 1994). The triple difference estimator
can be formulated as the difference between two DiD es-
timators. Intuitively, the difference of two DiD estimators
is unbiased, provided both estimators have the same bias.
Indeed, sole purpose of of subtracting the second DiD esti-
mator is to debias the first one. Despite the prevalent use of
the triple difference estimator, especially over the last two
decades (Raifman et al., 2018; Sakurai and Theodoro, 2020;
Han et al., 2016; Chen et al., 2020; Tai-Seale et al., 2001),
only recently a formal presentation of the framework and its
identification assumptions was provided (Olden and Mgen,
2022).



Triple Changes Estimator

The triple difference framework guarantees only the iden-
tification of the average treatment effect (on the treated).
Another issue that arises is that the triple difference estima-
tor is biased if the outcomes in the pre- and post-treatment
or among control and treatment groups are measured on
a different scale. The changes-in-changes (CiC) frame-
work (Athey and Imbens, 2006), on the other hand, is scale-
invariant and yields the identification of the counterfactual
outcome probability distribution. To do so, CiC framework
requires imposing assumptions that differ from Eq. (1). It
postulates that there exists a unique monotone mapping Ty
which maps the probability measure over Y° () to that over
Y (1) within group D = d for d € {0,1} (see Figure 1.)
Moreover, these two mappings are assumed to be identical.
That is, T1 (y) = To(y) for every y, or since the mappings
are bijective,

TyoTy ' =1d, )

where Id represents the identity map. Eq. (2) states that
there is no drift in the evolution trend across groups. Note
that Eq. (2) was not explicitly stated in Athey and Imbens
(2006) as an assumption but can be derived as a consequence
of the following four assumptions:

Assumption 1.1 (Model assumption). The potential out-
comes Y Y(t) can be modelled using a production function
h of a latent variable U, which models the individual char-
acteristics:

vt e {0,1}:  YO(t) = h(U;1t).

In particular, 1.1 posits that i does not depend on the group
assignment (D).

Assumption 1.2 (Strict monotonicity). The function h(- ;)
is strictly increasing in U for every ¢ € {tq, t1}.

Assumption 1.3 (Time invariance). Within every subgroup,
the distribution of the latent variable U does not change over
time.

Assumption 1.4 (Latent support overlap). The support of
the latent variable U in the treatment group is a subset of its
support in the control group.

In the case of a one-dimensional outcome, mappings 7}; can
be expressed as

Ty = F3701<t1) | p=d © FYo(to) | D=d 3)

where Fyoy | p—d(+) represents the cumulative density
function of Y°(¢) in group D = d. Under regularity condi-
tions, T} is the unique monotone map that pushes forward
the probability measure over Y°(¢) to that over Y°(¢1) in
group D = d (Villani et al., 2009; Santambrogio, 2015).
Combining Equations (2) and (3), it is straightforward to

identify the counterfactual distribution of Y°(#1) in the treat-
ment group, Fyo(, | p=1(y). Specifically,

Fyou,y | p=1(y) =

Fyo(ty)| =1 ° Fyo(sy)| p=o © Fyo() | p=0(¥),

which matches Eq. (9) in the original work of Athey and
Imbens (2006).

The no-drift assumption specified in Eq. (2) can be chal-
lenged in practice, especially in scenarios where the
treatment or exposure is directed toward a specific sub-
population. This situation arises in studies on the impact of
targeted interventions, such as a criminal justice initiative
(D), on recidivism rates, where this intervention is exclu-
sively administered to individuals with specific criminal
histories or risk profiles. Naturally, it is expected that the
time evolution of counterfactual recidivism rates will ex-
hibit significant disparities between the control and treated
groups. Similar challenges arise when the eligibility crite-
ria is narrow within the context of social programs such as
welfare or housing assistance, which target specific demo-
graphic groups.

Recognizing the strengths and weaknesses of both the triple
difference and CiC frameworks, we propose a novel esti-
mator that combines the best of both worlds. Our proposed
‘triple changes’ estimator aims to overcome the limitations
of DiD and the triple difference estimator by leveraging
the scale invariance and strong identification results of CiC,
while introducing a more flexible mapping assumption that
allows us to relax the constraint of (2). The triple changes
framework is closely linked to data fusion and causal identi-
fication from multiple sources (Bareinboim and Pearl, 2016;
Akbari et al., 2022; Abouei et al., 2024), as identification
is achieved by combining datasets from separate sources,
while this identification would not be achievable using one
of the datasets alone. We briefly present the contributions
of this work.

* We formally present and analyze the triple changes
estimator as an extension to CiC, and provide the nec-
essary assumptions for its point identification first in
the scalar case. We then discuss how to generalize our
results to high-dimensional outcomes by harnessing
theory of optimal transport.

* We provide several partial identification results under
relaxed versions of our proposed point identifiability
assumptions. These results showcase the robustness of
our identification results to slight violations of the as-
sumptions. Further, we show the validity of analogous
results for the classic CiC framework as a special case
of our derivations.

* We introduce a finite-sample estimator for the average
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treatment effect on the treated within our framework
and analyze its asymptotic behaviour.

* We conduct an empirical evaluation of our estimator
on both synthetic and real datasets.

This paper is organized as follows. Section 1.1 reviews the
necessary background and the setup of the study. In Section
2, the identification of our estimand of interest is studied
for a scalar outcome. Section 3 provides an estimator for
the latter and studies its asymptotic properties. In Section
4, we extend our work to high-dimensional outcomes using
the theory of optimal transport. Numerical evaluations are
presented in Section 5.

1.1. Causal model

We consider a study where we have access to data from two
sources, €.g., two states of the united states, or two cities, or
any two separate populations. These two sources of data will
be denoted by S = sg and S = s; throughout. We assume
that a treatment (e.g., a health-care policy) is administered
in one state, without loss of generality in S = s1, and not in
the other. In both states, the individuals are partitioned into
two cohorts, namely, D = d; and D = dy, signifying the
individuals that are eligible and not eligible for receiving the
treatment, respectively'. The outcome is measured in two
time points, namely ¢y < ¢;, where the eligible individuals
in state s; receive the treatment at an infinitesimal amount
of time after ¢y>. We denote by YP=40(t) and YP=41(¢)
the potential outcome variables associated with the outcome
at time ¢ in the absence, and in the presence of treatment,
respectively. To improve readability, we will often use the
short-hands Y°(t) and Y () for YP=40(t) and Y P=% (¢),
respectively. We denote the observed outcome at time ¢
by Y (t). Throughout, we make the following standard
consistency assumption (Rubin, 1980).

Assumption 1.5 (Consistency). At each time ¢, the realized
outcome Y (t) is determined as

Y(t)=> 1{D=d} Y =),

d

where 1{-} denotes the indicator function.

The estimand of interest is the effect of treatment on the
treated, i.e., the group corresponding to S = s;, D = dj.
As such, we target learning the probability measure over the
counterfactual outcome Y within this subgroup:

FY°|S=s1,D=d),

'In a classic controlled trial, these would correspond to the
treatment and control groups, respectively.

Note that we do not limit our setting to panel data. In particu-
lar, the individuals for which the outcome is measured may differ
across time points.

where F' denotes the cumulative density function. When
clear from context, we use the shorthand Fyo|,, 4, instead.
Throughout, we assume that random variables are defined
over a compact domain, and that densities are absolutely
continuous with respect to the Lebesgue measure.

2. One-dimensional Estimator

We commence our analysis by considering cases where the
outcome of interest, Y, is one-dimensional, i.e., a scalar.

In contrast to Athey and Imbens (2006), we posit that the
outcome of an individual can be determined by a combi-
nation of the latent variable U (with a common support
across groups), and the group to which the individual be-
longs. This adjustment relaxes the model assumption of the
CiC framework, as outlined below.

A1’ (Model assumption). At each state S = s and treatment
group D = d, the potential outcomes Y°(t) can be deter-
mined through a production function hs 4(- ;t) of a latent
variable U, which models the individual characteristics:

vt € {to,t1}:  YO(t) = hsa(U;t).

A key distinction between our setup and the classic CiC
framework lies in relaxing 1.1 to A1’, allowing the produc-
tion functions h 4(-) to be group-specific. In applications
involving targeted treatment assignments, A1’ emerges as
a more sensible assumption. Assumptions 1.2 and 1.3 are
adapted analogously:

A2’ (Strict monotonicity). The production functions
hs,a(-;t) are strictly increasing in U for every t € {to,t1},
and every s, d.

A3’ (Time invariance). Within every subgroup, the distri-
bution of the latent variable U does not change over time.
That is, Yu,Vs, d,

Fyis=s,p=d,7=t, (W) = Fy|s=s,D=d,T=t, (1)

Additionally, we prefer to formulate the overlap assumption
in relation to the potential outcomes rather than the latent
variable U. This preference arises from the broader accessi-
bility and interpretability of the support of the outcome, as
opposed to that of latent characteristics.

A4’ (Outcome support overlap). The potential outcomes
YO(ty) and Y°(t1) are defined over domains Yo and Y1,
respectively, which are common across subgroups S €
{s0,81}, D € {do, d1}. Moreover, Yy C Y.

Assumptions A1’ through A4’ establish the existence of
four distinct monotone maps that push forward the density
of YO(t) to that of Y°(#;) in each subgroup. In particular,
let T q denote the monotone map that pushes forward the
density of Y(¢,) in the group corresponding to S = s, D =



Triple Changes Estimator

YO(to) YO(to)
0
< 5 TSOadU (Y (to))
= = *
[ ] [ ] Cl‘*
YO(ty) YO(t)

Figure 2. Tllustration of the state-independent non-overlap effects assumption (2.1). The drift mapping 7™ highlighted in red is identical

among both states.

d to the density of Y°(¢1) in the same group (see Figure
2.) Specifically, T, 4 can be expressed in terms of the h(-)
functions as’

Taa(y) = hs.a(hy y(yito);t1), )
or equivalently, in terms of the cumulative density functions,
&)

It is noteworthy that under 1.5, Fyo(y)s,¢ = Fy(1)s,c for
every subgroup except {s1,d; }. Consider the map T =
Ts,4, © Ts_,dlo’ T can be interpreted as the non-linear drift
between the maps from Y°(() to Y°(#;) among control and
treatment groups in any state s (see Figure 2.) Identification
in CiC is achieved by assuming that there is no drift, i.e., T}
is the identity map (see Eq. 2). We shall proceed by relaxing
this assumption as follows.

Assumption 2.1 (State-independent drifts). The drift be-
tween the mappings of potential outcomes Y °(to) to Y (#1)
in the control and treatment groups is independent of the
state. Formally,

-1
Tsa = FYO(tl) s,d © Fyo(i)|5,d-

oT 1

* . —1
T = So-,d1oT s1,do "

so,do — Tsy
Specifically, rather than assuming no drift, we have relaxed
the assumption to equal drift across the two states.

Remark 2.2. As mentioned earlier, our focus is on poli-
cies that target specific sub-populations. For example, the
Medicaid expansion discussed in Section 5 targets the low-
income population. While the treated (low-income) and
control (high-income) groups may have inherent differences,
we expect these differences to be invariant across neighbor-
ing states in the US. Therefore, while it may not be plausible
to impose the same mappings for the control and treatment
groups (as in Eq. 2), it is more credible to impose the same
correction map (7™ as introduced above) across states.

3For the purposes of this section, Eq. (4) can be considered as
the definition of maps 7T’ 4.

2.1 can also be expressed in terms of the production func-
tions, albeit at the cost of interpretability:

ooty { Pty {Psondo (1514, (5 0)i o) o} | =
h31,d1 {h;{dl {hshdo (h;ll,do (7 t1)7 tO) ; tO}y 1 } (6)

We are now ready to state our identification result. The com-
plete set of proofs for our results can be found in Appendix
D.

Theorem 2.3. Under assumptions Al’ - A4’ and 1.5 - 2.1,
the cumulative density function of the missing counterfactual
YO(ty) in the group S = s1, D = d; is identified as:

Fyot))[s1,a, (Y) =
FY(t(J)lsl,dl © T_l

s0,d1

@)

o TSQ,do © Té_hldo (y)7

where Ty g is given by Eq. (5).

Remark 2.4. To avoid unnecessarily heavy notation, we did
not discuss the observed covariates. However, an identical
analysis can be done after adjusting for the observed covari-
ates, X. In particular, production functions may depend on
the observed covariates, as long as their monotonicity in U
is maintained for every x in the domain of X. A3’, A4’ and
2.1 need to be valid conditioned on X in this scenario, and
Eq. (7) must hold when every term is conditioned on X .
Remark 2.5. We articulated our identifiability assumptions
in accordance with the original work of Athey and Im-
bens (2006). An alternative way of presenting the assump-
tions would be to do it akin to the quantile-quantile equi-
confounding bias assumption proposed by Ghassami et al.
(2022). In our context, this would translate to directly assum-
ing the existence of monotone maps T’ ¢ based on Eq. (5)
instead of drawing conclusions from A1°-A4’ to establish
it.

Remark 2.6. We formulated production functions to model
the potential outcomes under no treatment (Y'°), whereas
we left the other potential outcome, Y1 unrestricted. Due
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to symmetry, one could model Y'! using production func-
tions and leave Y unrestricted. This scenario might arise
for instance, in an study where 3 out of 4 cohorts receive
treatment. One should exercise greater caution in such cases
however, since in practice, the treatment may have effects
that significantly alter the composition of the population
under study. Under these circumstances, assuming mono-
tone production functions for Y! could be a more drastic
assumption.

2.1. Relaxing monotonicity

As mentioned earlier, A2’ (and its counterpart, 1.2 in Athey
and Imbens (2006)) is an untestable assumption, and might
be drastic to impose in certain applications. The mono-
tonicity of functions h; 4(-;t) in U has two implications:
(i) these functions are bijective, establishing a well-defined
inverse for them; (ii) the property that P(h, 4(U;t) < y) =
PU < h:(li(y, t)), which is repeatedly utilized in proving
the point identification result in Theorem 2.3 (see Appendix
D). While the bijectivity of h, 4(-;¢) appears to be essen-
tial for our framework to work, we can relax (ii). Let us
first rephrase the monotonicity assumption in the equivalent
form:

(uo — w1, hs,a(uost) — hsa(ur;t)) >0, Vug,ui. (8)

This assumption can be relaxed as follows.

Assumption 2.7 (e-monotonicity). Functions h_’ L(-st) are
well-defined. Additionally, for any u in the support of U,

P((U =, hea(Ust) = hya(uit)) <0 s,d) < 5. (9)

l\.’)\m

For example, the monthly income of an individual in terms
of her age after adjusting for the other covariates can be a
e-monotone function. In general, monthly income increases
due to promotions and inflation. However, temporary unem-
ployment and retirement can affect this trend. See Figure 3
for a visualization.

We expect that under this relaxation, point identification
cannot be achieved. However, the following partial identifi-
cation result holds.

Proposition 2.8. Under assumptions Al’, A3’, A4’ and 1.5
-2.7, foranyy € Yy,

FY(t0)|51~,d1 ogs_ol,dl Oéso,do ogs_ll,do (y) —€
< Fyo(ey)ss,a, (y) <

Fy Y (to)|s1,d1 © (I)so dy © (I)So do © (I>sl,d0 (y) +e

Retirement

Monthly income ($K)
®

Unemployment

20 25 30 35 40 45 50 55 60 65 70 75 80
Age

Figure 3. Gross monthly income versus age after adjusting for
other covariates.

where
Qs,d(y) Y(1f1)|g7d (FY (to)ls, d(y) - 6)7
@;31(3/) = Fy(lto)|s d(Fy)s.ay) =€),
P5,4(y) = Fy(ltl)|8 d(Fy (t0))5,a(y) + ),
—1
(I)s d(y) Fy(lto)|sd(FY(f1)|e d(y)—l—e).

Remark 2.9. Note that strict monotonicity is a special case
of 2.7, which corresponds to e = 0. Accordingly, Proposi-
tion 2.8 reduces to Theorem 2.3 with the choice of € = 0.

Remark 2.10. An analogous result applies to the original
framework of CiC when 1.2 is relaxed to e-monotonicity.
See Appendix A.1 for details.

2.2. Relaxing time invariance

In certain applications, A3’ may also be violated. In par-
ticular, in repeated cross-sections, it might be challenging
to maintain the same distribution among the cases under
study. Even if possible, this may both reduce the number
of available samples and result in selection bias, making
inference more complicated. As such, we consider a re-
laxation of A3’ and derive a partial identification result in
this setting. We assume that the distribution of the latent
variable may change over time, but this change is bounded
in Kolmogorov (aka KS) distance (Kolmogorov, 1933).

Assumption 2.11 (d-invariance). Within every subgroup,
the Kolmogorov distance of the distribution of the latent
variable across T' = tg and T' = t; is bounded by . That
is,

Sup | Fy|s—s,p=d.7=t, () = Fuy|s=s D=d,1=1,(w)| < 0.
u

Note again that when 6 = 0, 2.11 reduces to A3’.
Proposition 2.12. Under assumptions Al’, A2’, 2.11, A4,
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and 1.5-2.1, for any y € Y1,

—1 —1
FY(tO)“‘lvdl ogso,dl Ogso,do Ogsl,do (y) ey
< FYO(tl)IShdl (y) <

—1 — —1
Fy (10)1s1,d1 © Ysg,dy © Vsg,do © Vs a0 (¥) + 6,

where
gs,d(y) = F;(ltlns,d(FY(to)\s,d(y) - 5)»
Yo aW) = Fy iy .a(Fyeolsaly) = 0),
Es,d(y) = F;(ims,d(FY(to)\S,d(y) + 5)7
——1 _
\I/s,d(y) = Fy(1750)|5)d(FY(t1)\s d(y) + 5)

Remark 2.13. Even more generally, we can simultaneously
relax A2’ to 2.7 and A3’ to 2.11. See Proposition A.3 in
Appendix A for the partial identification result for this case.
Moreover, Proposition A.6 provides an analogous result in
the context of the original CiC framework.

2.3. Marginal contrasts and joint counterfactuals

Theorem 2.3 guarantees the identification of the probability
density of the missing counterfactual, Y°(¢;) in the group
corresponding to S = s;, D = d;. Having access to this
density, we can compute any marginal contrast estimand
(Franks et al., 2019). A marginal contrast estimand is an es-
timand that can be expressed as a functional of the marginal
distribution of the counterfactual outcomes. This includes
a vast majority of commonly used estimands, such as aver-
age treatment effects, conditional average treatment effects,
quantile treatment effects, risk ratios, etc. However, in cer-
tain applications, more information is desired. Examples
of estimands that are not marginal contrasts include the
distribution of the treatment effect, individual-level treat-
ment effects, or the quantiles of the treatment effect. As a
concrete example, consider Z := Y1(t;) — Y°(¢;). The
density of Z is not identifiable from merely the marginal
densities of Y'!(#1) and Y°(¢y). In particular, the treatment
may have non-zero effects on a fraction of the population
even if the two potential outcomes have identical distribu-
tions. Estimands that are not marginal contrasts require
stronger identifiability assumptions in general. In this sec-
tion, we discuss a stronger version of A3’ that can lead to
the identification of such estimands.

A3” (Strong time invariance). The latent variable U does
not change over time, and there is no loss to follow-up.

A3” is equivalent to a rank invariance assumption across
time points within the same group (Doksum, 1974; Lehmann
and D’ Abrera, 2006). This is stronger than A3’, in the sense
that it completely rules out the possibility of any changes
in the latent variable itself, or the cohort of the study. In
contrast, A3’ would allow for loss to follow-up, as long as

similar individuals were recruited for the study. A3’ even
accommodates a repeated cross-sections study. A3’ also
allows for the evolution of the latent variable, as long as its
distribution among the study population remains the same.
On the other hand, the stronger assumption A3” allows for
the identification of a wider range of causal estimands. In
particular, under A3”, the joint density of the counterfactuals
(Yo(tl), y! (tl)) is identified.

Proposition 2.14. Under assumptions Al’, A2’, A3”, A4’,
and 1.5 - 2.1, the joint density of Y°(t1) and Y1 (t1) in the
group corresponding to S = s1, D = d; is identified as

Fyo() vi())sd (¥°:9") =
-1
By (o) v 0151y (Fy e sy © Fyo@ s (8°):91),

where Fyo,)(s, .4, (-) is given by Equation (7).

3. Inference

In this section, we discuss the estimation aspect of our frame-
work with a focus on the average effect of treatment on the
treated. More formally, we consider the estimation of

T = E[Yl(tl) - Yo(t1)|S = Sl,D = dl]
Note that under the identifiability assumptions of Section 2,
T is identified as

T = E[Y(tl)lsl, dl] - E[F}:(ltlﬂso,dlo

By (t0)l50,dr © B (1) s0.d0 © FY (t1)150,d0©
By iy jor.dy © Y (to)lsr.do (Y (t0))[51,da]. - (10)

We make the following assumption on the data generating
mechanism to render estimation feasible.

Assumption 3.1. Conditioned on S = s,D = d,T = t,
variables Y (¢) are continuous random variables defined on
a shared bounded domain [y, 3], with continuously differen-
tiable density functions fsq:, where foq; is bounded from
above and away from 0, and O f4: /0y is bounded. For all
s,d,t, psat = P(S=s,D=d,T=1t) > 0, and given
s,d, t, the samples Y;(¢) are independent draws from f;.

Let N be the total number of observed outcome samples.
Akin to Athey and Imbens (2006), we build a finite-sample
estimator for 7 based on empirical estimators of cumulative
density functions. In particular, let {Y,q;(t)} ¢ denote
the independent samples of the outcome at time ¢ in group

S = s,D = d. We define

Nsat

Fy (1s,a(y) = N 1{Ysa,:(t) <y},
=1

Fylyea(w) = inf{y € Yo, Fyealy) > u}. (12)

and, (11)
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Finally, the estimator for 7 is built as:

Nsydyty

Sldltl : : Kldh tl

Nsyaito

91d1t0 : : F t1)|so dloFy(tO)‘smdlo

Fy iy tsonn © E¥ 10,0 © Py (i) 1,0
By (o) s,do (Yorari(to)).  (13)

The following theorem establishes the consistency and
asymptotic normality of 7.

Theorem 3.2. Under 3.1, 7 — 7 = O,(N~%), and
% Vi Vs
VNG -7) BN@O,—— + —— + 24
psldltl p30d1t1 p50d1t0
V: Vi Vi Ve Vi
3 TN £ TR (I £ ), (14)

DPsodoto  Psodoti  Psidota DPsidoto  Psidito
where {V;}_ are given by Eq. (57).

Due to space limitations, the expression for the variance and
the discussion on its estimation are postponed to Appendix
B.

4. Optimal Transport Representation and
High-dimensional Extension

So far, we focused on the special case of scalar outcome for
ease of presentation. However, in many applications, the
researcher may be interested in simultaneously analyzing
the effect of a policy on several outcomes. For instance,
in a study examining the impact of a job training program
on both earnings, Y, and job satisfaction, Z, applying our
method separately to each outcome would only identify the
marginal distribution, and would simply overlook potential
dependencies or interactions between earnings and job satis-
faction. This is because the copula term is left unrestricted.

In this section, we discuss the generalization of our results
to cover multi-dimensional outcomes. To this end, we first
review the one-dimensional case from an optimal transport
point of view. Let 1, 4 and ps 4 denote the probability mea-
sures over () and Y(#1) in the group corresponding
to S = s,D = d, respectively. Brenier’s theorem (Bre-
nier, 1991) implies that there exists a unique mapping T'
such that Tiun, 4 = ps,q4, i.e., T pushes forward 7, 4 to
Ws.d, and 7' is the gradient of a convex function. Moreover,
T is the optimal transport map with quadratic cost. More
precisely, let I' denote the space of joint distributions over
(YO(to),YO(t1)) conditioned on S = s, D = d, that agree
with the marginal densities 7, 4 and s ¢. The optimization
problem

inf/IIyo — 1| 2dy(yo, v1) (15)
yel

has a unique solution v*, where (Y(ty),Y%(t1)) ~ 7* if
and only if YO (t9) ~ 15,4 and YO(t1) = T(Y°(t0)), ns,a—

5.4 It is straightforward to verify that a one-dimensional
function is the gradient of a convex function if and only
if it is monotone. Therefore, the monotonicity of hs 4(-)
and the monotonicity of T; 4(-) (as a consequence of the
latter) imply 7T ;4 = T'. In other words, the mapping T 4 is
identified as the optimal transport map with quadratic cost
that pushes forward 7 q to fis q.

Indeed, monotonicity can be slightly relaxed. The identifia-
bility of the map T’ 4 in one dimension is guaranteed under
co-monotonicity of hg 4(-;to) and hs g(-;t1):

(uo — u1, hs,a(uo; to) — hs,a(ur;t1)) >0, Vug,ur. (16)

In order to achieve identifiability results in higher dimen-
sions based on Brenier’s theorem, we need to make sure
that T 4 is the gradient of a convex function. It is known
that a function is the gradient of a convex function if and
only if it is cyclically monotone (Rockafellar, 1970). A func-
tion h is said to be cyclically monotone if for any sequence
Tg, ..., Ty, in its domain,
n

> (h(w:), x;

=0

—xiy1) >0, a7
where x, 11 = 9. For n = 1, Eq. (17) reduces to Eq. (8).
With this preliminary discussion in place, the identification
result in higher dimensions can be stated as follows.

A2” (Co-cyclic monotonocity). Functions hs 4(-;to) and
hs,a(+;t1) are co-cyclically monotone. That is, for any se-
quence Uy, . . . , Uy, in their common domain,
n
D (s aluisto), he a(uistr) = hs a(it1sth)) > 0,
i=0
where up 11 = Uo.

Theorem 4.1. Under assumptions Al’, A2”, A3’, A4’, and
1.5 - 2.1, the probability measure over the missing counter-
factual, i.e., pg, q,, is identified as

'ushdl = (T* © TSl,do)#nshdw (18)

where T q is the Brenier map that pushes forward 1) 4 to
Ws.a for every s € {so,s1},d € {do,d1}, and T* is the
Brenier map that pushes forward (T, 4, #Mso.,dy ) 10 Hsg,dy -

Theorem 4.1 is in essence a generalization of Theorem
2.3. To see this, note that the Brenier map that pushes for-
ward 75 4 to (i 4 in one dimension is precisely Fy, 0 YO0 (t1)]s,d ©
Fyo(ty)s,4- However, the co-cyclic monotonicity assump-
tion A2” is not as easy to interpret as A2’. To address this
challenge, we follow the proposition of Torous et al. (2021)
based on the following result.

*Note that we have omitted the implicit conditioning on S =
s, D = d in our notation to improve readability.
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Figure 4. Relative bias of the estimators evaluated on (a) a linear, and (b) a non-linear model.

Proposition 4.2 (Saks and Yu, 2005). Let K and F be a
convex and a finite subset of R? respectively. A function
T : K — F is cyclically monotone if and only if it is
monotone.

Proposition 4.2 implies that in our setting, if the densities
15,4 are supported on convex sets and Y°(¢; ) is finite-valued
in every subgroup, then A2” reduces to co-monotonicity
(16). In other words, restricting 7, 4 and s ¢ densities to
be defined over convex and finite sets, respectively, As-
sumption A2” of Theorem 4.1 can be replaced by the easily
interpretable assumption of Eq. (16).

5. Simulation Studies

Our empirical analysis is structured into two main sections”.

In the first part, we compare the estimation error of the
triple changes estimator and DiD, triple difference, and CiC
estimators using synthetically generated datasets, where
we know the ground truth: i.e., the treatment effect on the
treated. To evaluate the performance of each estimator, we
focus on the relative bias metric, defined as ¢ = ‘1 — ;f,
where 7 is the average treatment effect on the treated, given
by (10), and 7 represents the estimate provided by the re-
spective estimator. In the second part, we apply our esti-
mator to data from National Survey on Children’s Health
(NSCH)® to assess the effect of Medicaid expansion under
Affordable Care Act (ACA) in the united states on preven-
tive care for children.

>The code for reproducing the simulation results of this paper
are accessible at https://github.com/SinaAkbarii/Triple-Changes.

Shttps://mchb.hrsa.gov/national-survey-childrens-health-
questionnaires-datasets-supporting-documents

5.1. Synthetic data

We begin with a simple linear model where the latent vari-
able U given s, d is sampled from a Gaussian distribution
with mean v, 4 and variance 1 (see Appendix E for a com-
plete table of parameters v g, as well as further details of
our experiment setup,) and the production functions are
defined as

d—0.5

1+s
1 +72 )t.

hs,a(u;t) == 2u+ ( (19)
The actual outcome at time ¢; in the treated group (s1,d;)
is also sampled from a Gaussian distribution with mean 2.75
and variance 1.

CiC and triple changes estimators use estimates of the cumu-
lative density functions and their inverses. We implemented
two versions of each of these estimators, namely a non-
parametric estimator using the empirical estimator of density
functions (see Eq. 11 and 12,) and a model-based version
using the maximum likelihood estimator given a class of
distributions. The class of distributions in this section are
specified correctly, i.e., the true model lies in the class. See
appendix E for a setting where this class is misspecified.

In Figure 4, the triple difference and triple changes esti-
mators are denoted by DDD and CCC, respectively. As
depicted by Figure 4(a), DiD and CiC estimators exhibit
persistent bias, not converging to zero even with increasing
sample size. In contrast, the biases of triple difference and
triple changes estimators approach zero as the sample size
grows. Furthermore, since the triple difference estimator
only relies on empirical averages, it shows slightly lower
bias in small sample sizes.

To add non-linearities to the previous model, we modified
the data generating mechanism, including two of the produc-
tion functions. Specifically, for (sg, d1,t1), and (s1,d1, 1),



Triple Changes Estimator

the production functions were modified to

hsa(u;t) = 0.1exp (2u + (1 Z 4 d 20'5)15),
whereas the other six groups were generated according to
Eq. (19). The outcomes for this model are illustrated in
Figure 4(b). Notably, under the nonlinear model, the triple-
difference estimator yields biased estimates, while the triple-
changes estimators remain (asymptotically) unbiased. Fur-
thermore, owing to the complexity of the model, empirical
estimators of density functions exhibit more bias compared
to their MLE-based counterparts, particularly in low-sample
regimes.

5.2. Application to NSCH data

The Medicaid expansion under Affordable Care Act was
designed to extend Medicaid coverage to more low-income
citizens in the US. This expansion raised the income thresh-
old for Medicaid eligibility to 138% of the federal poverty
level (FPL). While Louisiana (s1) adopted this expansion
in 2016, the neighboring states of Mississippi and Texas
(sg) are yet to do so. We utilized publicly available anony-
mous NSCH data for the years 2016 (tp) and 2017 (¢;)
to assess the impact of Medicaid expansion on children’s
access to preventive healthcare, specifically analyzing the
change in the frequency of doctor visits. Individuals with
FPL < 100% were classified as eligible for the expansion
(d1), while those with FPL > 140% were considered not
eligible (dy). Data within the uncertainty margin between
these thresholds was excluded.

Applying the triple difference and triple changes estima-
tors on the frequency of doctor visits for preventive pur-
poses with 1000 bootstraps resulted in means of 0.170
and 0.145, respectively, with 90% confidence intervals of
[—0.004, 0.344] and [—0.01, 0.331], respectively. Our find-
ings suggest that the adoption of Medicaid expansion in
Louisiana increased the likelihood of children undergoing
an annual preventive care visit, compared to those in non-
expansion states. This aligns with the conclusion of Roy
et al. (2020).

6. Concluding Remarks

We formally presented the triple changes estimator for as-
sessing the treatment effect on the treated in observational
studies. We derived a set of necessary assumptions for point
identification and discussed partial identification results un-
der relaxed versions of these assumptions. Future research
avenues could include exploring partial identification under
alternative assumptions, investigating extensions to time se-
ries settings, and conducting statistical analyses to enhance
the robustness and applicability of the estimator.

Impact Statement

The primary contribution of this work is a novel estimator,
the ‘triple changes’ estimator, which combines the strengths
of both triple difference and changes-in-changes (CiC)
methodologies. This work aims to enhance the method-
ological foundations of causal inference, thereby supporting
research practices across various domains, including policy
evaluation (e.g., assessing regional impacts of new legis-
lation), public health (e.g., evaluating interventions across
different communities), economics (e.g., analyzing effects
of market reforms across sectors), and environmental studies
(e.g., studying the impact of conservation efforts in differ-
ent areas). We do not foresee any specific ethical concerns
or negative societal implications arising directly from this
methodological contribution.
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Appendices

The appendices are organized as follows. We begin with providing a general partial identification result that was promised
in the main text in Section A. We review the consistency and asymptotic normality of the estimator 7 given by Eq. (13) in
Appendix B. Appendix C provides twelve lemmas that form the basis of the proof of Theorem 3.2. Appendix D includes the
omitted proofs of the claims made in the main text. Some of these claims are corollaries of the general result provided in
Appendix A. Finally, Appendix E provides further experimental results, as well as complementary details of the experimental
setup used in the main text.

A. Supplementary Findings on Partial Identification of the Missing Potential Outcome

Propositions 2.8 and 2.12 given in the text are in effect corollaries of the result given below. We later provide an analogous
result for the classic CiC framework. For completeness, we include the relaxed assumptions here.

Assumption A.1 (e-monotonicity). Functions /. d( t) are well-defined, and for any w in the support of U,
P((U = u, hya(Ust) — hea(u;t)) <0 | S=s,D=d,T=t) < % (20)

Remark A.2. A.1 is slightly different from 2.7 in that we have also conditioned on 7" = ¢ in Eq. (20). Clearly, under A3’,
the two are equivalent. However, we are relaxing A3’ to 2.11 in this section, and it is imperative to highlight this difference.

Assumption 2.11 (d-invariance). Within every subgroup, the Kolmogorov distance of the distribution of the latent variable
across T' = tg and T' = t; is bounded by 4. That is,

Sup | Fy|s—s.p=d.7=t, () = Fuy|s=s D=d,1=1, ()| < 0.
Proposition A.3. Under assumptions Al’, A.1, 2.11, A4’, and 1.5-2.1, for any y € Y,

FY(t0)|31,d1 Ogs_ol,dl Ogso,do ois_ll,do (y) —€—0
< Fyoy)sy,as () <

FY(t0)|S1 dy © \Ilso dy © \Ijéo do © \Ilsl do( ) +e+ 57

where
o a¥) = Fy oy joa (Fy to))s.a(y) — € = 6),
Vo) = Fo iy o (Fyi)s.a(y) — e = 9),
Vaa¥) = Py, o0 (Fy to)lsa(y) + € +6),
@;;(y) Fy )1s.0(Fy (t)1s.a(y) + € + )

Proof. Suppose t € {to,t1}.

Fyo(t)‘s’d(y) = IP(hS’d(U; )<y ‘ S=s,D=4d,T=t)
(hs,a(U;t) <y, U <h_g(y;t) | S =s,D=d, T =1t) 1)
(hsa(Ust) <y, U >h_g(y;t) | S=s,D=d, T =1),

+
RN =

which implies the following inequalities:
Fyows,a(y)
Y pw < hoMyit) | S =s,D=d,T =1)
+ P(hea(Ust) <y, U>h_y(y;t) | S=5,D=d,T =t) 22)
Ypw < W Myit)| S =s,D=dT=1) +§

= Fyjsai(hy a(yit) +

€
27
11
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where (a) is a basic probability manipulation and (b) follows from 2.7, and

Fyo))s,a(y)

L Plhaalst) <y, U <hIMyit) | S = 5,D = d,T = 1)
=P(U <h_y(y;t) | S=s,D=d,T=t)

—P(hsa(Ust) >y, U< h j(y;t) | S=s,D=d,T =t)
Yrw < hoiyit) | S =s,D=dT=1t) —%
= Fupeaa(hoifv:1) = 5.

where (¢) is a consequence of (21), and (d) follows from 2.7. To summarize, we got

_ _ €
Fuisae(hy yuit) — 5 < Fyoys.a(y) < Fupsae(by g(yst) + oL

€
2
and using 2.11,

_ € _ €
FU|s,d,£(hs,31(?J§ t) — 5 6 < Fyoys,a(y) < FU|s,d,t‘(hs,31(y§ t)) + 3 + 0,

where ¢ € {tg,t;}. Eq. (25) can also be written as

€ - €
Fyowea(y) = 5 =6 < Fyjsai(hsa(w:t)) < Frowysay) + 5 +9,

and consequently,

Fppai(Fyowsa®) =5 = 0) S halit) < Fyy s (Fyowsa(y) + 5 +9).

Also, choosing y = h q(u;t) in Eq. (24), and applying FYO(t)|e () toits sides, and renaming ¢ to ¢:

€ €
Fyol(t)| d(FU|s,d,f(u) - 5) < hs,d( 7t) < F (t)|s d(FUls dt( ) + 5)

Finally, choose u = h;}l(y; t) in Eq. (28), and utilize Eq. (27) to get

F;ow A(Frowysaly) —e—0) < hga(hy calyt)it) < F Yow J(Froys,aly) +e+9).

Note that we utilized the fact that CDFs and their inverses are increasing.

In 2.1 (see Eq. 6), choose y = Ay, 4, (R} "

o4, (W5 t0); 1), and take inverses which results in

hsl,dl (hs_lldl (y; tl); tO) = hSo,d1 (h;) dq (hSQ,do{ s0,do {hsl,do (h’sl ) (y7 tl) tO) tO} tl} ) ; to) )

12

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)
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Using the inequalities of (29),
-1
FYU(tO)\sU dy <FY0(t1)so,d1 (FYU(t1)|so do {FYO(to)ISO '10{ YU(tU)\sl do (FYO(M)\Slvdo (y) - 6)} —€- 6}) —€- 5)
< Fy O(t0)|so dy (FYO(n)so dy (Fyo(tlneo,do{FY°<to)Iso do 1 Pis1.do (hS1 ao (Wi t1); to)} —e— 5}) —€- 5>

= F 0(to)ISO dy <Fyo(t1)90 di ( 505 do{hso do{hslvdo (hsl do (y,t1) to) to} tl}) —€— 5)
< sy dy (hgll,dl (s t1)3t0)

S F O(fo)lso,d1 <Fyo(t1)éo dq ( SO»dO{h;O do{hglvdo (h81 do (yit1); to) to} t1}> te+ 5)
< F 0(t0)|so,d1 <FY0(7‘1)§0,F11 (FYO(t1)|so,d0{FYO(t0)|90 do {h’slvdU (h51 do (y’ tl to)} te+ 5}) te+ 6)

-1
< FYU(tU)|so dq (Fyo(tl>507d1 (FYU(t1)|50 dO{FYO(to)ISD do{ O(to)\sl do (FYO(tl)\Sl do( ) e+ 6)} te+t 6}) tet 5)

(€2))
and finally applying (29) to the term hg, 4, (hs_l1 d (y;t1); to) itself, we get the two inequalities
FYO(tO)l.sl,dl (FYO(tl)IShdl (y) - 6) <
1 (32)
FYU(t0)|so,d1 Fyo(1,)1s0,1 FYO(tl)\so,do{Fyo(to)ISO,do{ O(to)lsl,dg (FYO(tl)\Sl do( ) e+ 6)} te+ 6} +e+d
and
-1
FYO(tO)\so dy (FYU(tl)ISO,dl (FYO(tl)\so dO{FYO(to)\So,do{ O(to )|s1,do (FYU(tl)ISLdo(y) _6_5)} _6_6}> _6_6> (33)
< F O(t())‘sl,dl (Fyo(tlﬂsl?dl( ) tet 6)’
which complete the proof by applying Fyo(4.)|s, 4, (+) to their sides and applying 1.5.
O

A.1. Partial identification for changes-in-changes

In this section, we present the partial identification result for the conventional framework of changes-in-changes under
relaxed versions of monotonicity (1.2), and time invariance (1.3). Serving as a counterpart to Proposition A.3 within our triple
changes framework, this result stands on its own merit, given the significance and wide applicability of changes-in-changes.
We begin with stating the relaxed assumption.

Assumption A.4 (e-monotonicity). Functions h~!(-;t) are well-defined, and for any u in the support of U, and any
de {do7 d1 1},
]P((Ufu,h(U;t) —h(w;t)) <0|D=d,T = t) < g

Assumption A.5 (§-invariance). Within every subgroup, the Kolmogorov distance of the distribution of the latent variable
at T = tg and T = t; is bounded by 4. That is,

sup |FU\D:d,T:t1(U) — Fy|p=d,7=t0 (U)’ <é.
Proposition A.6. Under assumptions 1.1, A.5, A.4, 1.4, and 1.5, for any vy in the support of YO,

Fy (t9))a, (FQ(ltondo(FY(tl)\do(y)—6—5))—6—5§FY0<t1)\d1( )<FY(to)|d1( Fy oo (FY (1110 (Y )+6+5))+6+5-

13
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Proof. Suppose t € {to,t1}.

Fyoway) =P(h(Ust) <y | D=d, T =t)
P(h(U;t) <y, U<h Y y;t) | D=d, T =t) (34)
+P(h(U;t) <y, U>h"y;t) | D=d, T =1),

which implies the following inequalities:

(@)

Fyogyaly) < P(U <™ (yit) [ D=d,T =t) + P(h(U3t) <y, U> 7 (y;t) | D=d, T =1t)

®)
gIP(USh_l(y;t)\D:d,T:t)—&—% (39)

€

= Fyjau (b (y;1) + >

where (a) is a basic probability manipulation and (b) follows from A.4, and

©
Fyouyaly) > P(MU;t) <y, U<h Yyt) | D=d, T =t)
=P(U <h My;t) | D=d,T=1t)—P(h(Ust) >y, U< h '(y;t) | D=d, T =1t)

() € (36)
>PU<hy;t) | D=d, T =t)— 3
_ €
= Fyja (b~ (y;1) — ok
where (c) is a consequence of (34), and (d) follows from A.4. To summarize, we got
_ € _ €
Fuiae(h™ (1) = 5 < Prowia(®) < Fojae(h™ (1) + 5, (37)
and using A.5,
_ € _ €
Fyiai(h Yy;t) — 5~ 6 < Fyowya(y) < Fypai(h Yy;t) + 5T g, (38)
where ¢ € {to,t;}. Eq. (38) can also be written as
€ _ €
Fyowyaly) — 5~ 6 < Fyqi(h Yy; 1) < Fyowya(y) + 5t d, (39)
and consequently,
Fl (Fyowa(y) — < —0) < h = yit) < F L (Fyoa(y) + < +0) (40)
Ula,i\FYemdly) = 5 = Yt = Fypai\Fyelaly) - 5 :
Also, choosing y = h(u;t) in Eq. (37), and applying F;(Jl( )] () toits sides, and renaming ¢ to ¢:
1 € " 1 €
Fyo(g)‘d<FU|d,f(u) - 5) < h(uvt) < Fyo(g)‘d<FU|d,f(u) + 5) 41)
Finally, choose u = h~!(y;t) in (41) and use (40), choosing t = t(,t = t; to get
Fa;ol(to)u(FYO(tl)ld(y) —e=0) < h(h™(y;t1)ito) < F}jol(to)\d(Fyo(tlﬂd(y) +e+9). (42)

Note that we utilized the fact that CDFs and their inverses are increasing. Note that Eq. (42) holds both for d = dj, d;.
Combining Equations (42) for d = dy and d = d; yields the following two inequalities, concluding the proof after applying
Fyo(t,4, to both sides.

Fy oty 1a0 (Fyoe)1do () = € = 8) < Fyatyyan (Froyia, (9) + € +6),
and,

—1 —1

Fy oty ay (Fyog,)a, (y) —€—0) < Eyoto)do (Fyo(t1)ldo (y) + €+ 6).

The result follows by 1.5. O
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B. Asymptotic Normality of 7

Due to space limitations, we discuss the details of our estimator and its asymptotic properties in this appendix. For simplicity
of notation, we adopt Fig; to denote Fy (4)|5,q throughout. We use the same convention for Fy (t)ls.d and their corresponding
estimators. In particular, the empirical estimators were defined as

Nsat
Fsdt(y) = Nsdt ]]-{st z( ) < y}, 43)
=1
and R R
Fi(u) = inf{y € Yy, Faur(y) > u}. (44)
Our estimator for 7 was also built as
Nsydqty Nsydytg A R
sldltl Z Yoidii tl Sldlt(] Z sodltl Sodlto OF OFSodotl OFsld ty o Fs,doto (Y;ldl,i(to))-

(45)

For ease of notation, in what follows, we adopt the notation [E,; to denote expectation conditioned on .S = s, D = d. We
define the following functions:

92() = Fét)illtl ()7 93() =020 Es‘odltg(')7 g4() = g30° Féolljoto( )7

(46)
95(:) =940 Fogape, (), 96(-) =950 Fgldotl( )s 97(-) = g6 © Fs doto (),
as well as
T5(') = FSldoto(')v T4( ) Fs1ilot1 ° T5(')7 ’/‘3(') = F‘Sodotl © T4(')’ (47)
T2 ( ) Fa_odoto T3(')’ 7ﬂl(') = Foodito © TQ(')'
Accordingly, define Qo(y) = y — Es, 4, [Y (¢1)], and
1 FSO 1t1 < —
a(y. ) = Wt W OB 1) g ) = 5, 0. (1)
f80d1t1 o Fsodltl o 7“1(,2)
qQ(yv Z) = (]]'{y < TQ(Z)} - E‘?odlto © TQ(Z)) : (gé © E90d1t0 o T2(2)>7 QQ(y) = Esldl [QQ(y,Y(to))]
1{ Fsodoto <rs — 7 , _
43(y, 2) = {Fadoto (y) 7{3(2)} ra(z) (95 © Foodoto © Frntioo ©73(2))s Q3(y) = Es,a,las(y, Y (t0))]
fSOdoto °© Fsodoto ° 7‘5(2) (48)
q4(ya Z) = (]l{y <7y (Z)} - FSodoh ° 7“4(2:)) : (gzll o FSod0t1 © 7“4(2)), Q4(y) = Esldl [Q4(y7Y(t0))]
_ YFsa0(y) <15(2)} —715(2) 1 .7
q5(y7 Z) = f81d0t1 5 Fb:}i()tl o 7’5(2’) (95 © fsldoh © FSldOtl © 7"5(2)) Q5(y) = ]Esldl [QS(y, Y(to))],
q6<ya ) = (]l{y < Z} FSldoto (2)) : (gé © FSldoto (z))v Qﬁ(y) = IE:S1dl [QG(?L Y(t()))]?
Q7(y) = 97(y) — Es,a, [97(Y (t0))]-
Also define
flo = 3— Z Yeyari(t1)), (49)
and,
1 1 Nsydytg Nsgdytq Nsgdytq
i = Nowr Noan, ; ; @1 (Yspdyt,5(t1), Ys,a,.i(t0)), = Noan Z Q1(Ysoart,i(t1)), (50

15
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1 1 Nsydytg Nsgdqtg 1 Nagdsto
flo = Ysodit,i(t0), Yerdyi(t0)), fio = Ysodit,j(to)), (51)
N51d1to NSoLhto 1221 ; ot o Nsodlto g ot
1 1 Nsqditg Nsgdgto 1 Nsgdoto
i3 = @3(Ysodot,j(t0), Ys,d,,i(t0)), i3 = Q3(Ysodot,j(t0)), (52)
NSldlto NSodgtU i=1 =1 NSgdoto j=1
1 1 Nsldlto Nsodotl 1 Nsodotl
fu =+ i 4 (Ysodor (1), Ysrari(t0)), M= & Q1(Ysodor,5(t1)),  (53)
sidito +Vsodot:r ;T i=1 sodot1 J=1
1 1 Noyditg Nsjdgty 1 Nsydgty
la5 = Q5(Y50d1t7j(t1)7y;1d17 (to)) }15 = Q5(Y:5‘od1t7j(t1))7 (54
NSldlto Nsldotl i=1 J=1 NSldotl j=1
1 1 Nsldlto Nsldoto 1 Nsldoto
fig = N N q6(Ysodyt,5(t0), Ys,dy,i(t0)), fie = N Q6(Ysoat,5(t0)), (55)
sidito +Vsidoto ;T J=1 s1doto J=1
and,
1 Nsldlto
fi7 = Q7 Ysidyi (tO) (56)
Nsldlto i=1 ( )
Finally, define the variance terms {Vj, ..., V7} as
2
Vo = E81d1 [QO (Y(tl)) ]7
2
Vi = By, [Q1(Y (t0)) ],
2
Va = Egpa, [Q2(Y (t1)) ],
2
Vs = Eapa, [Q3 (Y (t1)) 7], 57)
2
Vy= IEé‘odo [Q4 (Y(to)) ]a
2
V5 = Esodl [Q5 (Y(to)) ]7
2
Vo = Eupa, [Qs (Y (1)) ],
2
Ve = Eq,a, [Q7 (Y (t0)) -

For the sake of completeness, we review the consistency and asymptotic normality result from the main text for 7:
Theorem 3.2. Under 3.1, 7 — 7 = O,(N~%), and
\% Vi Vz
VNG#E-7) BN, —2 L 2y

psldltl pSgdltl pSodth

Vs V. \% Ve \%
Ly ST (14
pSod(}to pSgdotl psldotl psldgto psldlto

where {V;}_, are given by Eq. (57).

In order to estimate the asymptotic variance, one can substitute expectations with sample averages. This involves utilizing
empirical distributions and their inverses for camulative distribution functions, as well as employing any uniformly consistent
non-parametric estimator for the density functions.

Twelve lemmas are in order within the next section which will be used to prove Theorem 3.2 in Section D.
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C. Preliminary Lemmas

Throughout this subsection, we suppress the subscripts sdt and replace Ny, by N whenever it does not affect the statements.
Note that since Nyt /N — psar > 0 (see 3.1), if a term is O, (N_7) (0p(N ), itis also O, (N =) (0,(N~%)). For the

following four lemmas, let X be a random variable with twice continuously differentiable cdf F(-), where F has bounded

first and second derivatives. Suppose the pdf of X is bounded away from 0. Let F' and F'~! be empirical estimators of the
CDF of X and its inverse, analogous to Eq. (43) and Eq. (44).

Lemma C.1 (Athey and Imbens, 2006). For any § < 1/2,

sup N° - |F($) — F(x)] Lo, sup N°- ’ﬁ_l(“) — F7H(u)| 5o0.
z u€0,1]

The following lemma is a slight generalization of the latter.

Lemma C.2. Let g(-) be a continuously differentiable function with a bounded derivative. For any § < %

sup N? - |gof7'(x) —go F(z)| Lo, sup N°. |goﬁ’71(u) —go F(u) Lo
x u€[0,1]

Proof.

sgpN‘s |lgo F(x) —go F(x)| <supN°-|g'(&)] - |F(z) — F(x)| < sup 9'(7)| 'St;pN‘S | F(x) - F(x)],

x,T

and the result follows from Lemma C.1. The proof for the second part is identical. [

Lemma C.3. Let {X;}¥_, be random variables with twice differentiable cdfs {F;(-)}¥_,, where F;s have bounded first and
second derivatives. Suppose also that all X;s have pdfs that are bounded away from 0. Then for any § < %,

. P
SupN‘s-|g1o~--ogk(x)—glo~-~ogk($)’—>0,
xr

where g; € {F;, F[l}, and §; is the empirical estimator of g;, analogous to Equations (43) and (44).

Proof. Using triangle inequality,

SupN5.|g10---ogk(z)—g10"'°9k($)| <
xr

gro-ogp(x) —grogao-ogu(z)|

supN5~
x

+sup N° - |g1ogr 00 gi(x) — g1 0 ga(z) 0 gz 0 -+~ 0 Gy ()|
x

+...
+supN° - [g1o-+0gr_10Ge(x) —g1o--- o gplx)],
xT

and every term on the right hand side is 0, (1) due to Lemma C.2. O

Lemma C4. Let g(-) be a twice continuously differentiable function, with bounded first and second derivatives ¢'(-) and
9" (+), respectively. Then for all 0 < n < 5/7,

/ -1
sup N". goﬁ'fl(u)fgoFfl(u)Jrg ofoF (u)(ﬁ'oFfl(u)fu)lg(). (58)

uel0,1] foF~1(u)
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Proof. Using triangle inequality,

sup N ‘goﬁ—l(u) —goFMu)+ glofo—F_l(“)(ﬁoF—l(u) —u)‘

u€[0,1] foF~(u)

"o fo 1 o o A~

< sup N7-Jgo Pl w)—go P o Fo i)+ L0l W (oo pory — po i)

u€l(0,1] foF~u)

.g/ofOFil(u) Ao—10y 79/OfOF71(U) A=l 1

+u21[101)>1]m eI (FoF~'(u) — u) 5 = (FoF~Y(u)—FoF (u))'

+ sup N" )goF 1ols“oﬁ_l(u)—goF_l(u)‘, (59)
u€(0,1]

where we shall show each of the three terms on the right hand side are o,,(1). The first term is bounded as

Sgp]\ﬂ? |g(x) —go F! oF(x) + ‘(]I;(J;()x)(ﬁ‘(x) - F(x))‘

= sgpN” . ’goF_l(F(x)) —goF_l(ﬁ‘(:v)) - %(F(w) - ﬁ'(m))‘

ﬁg o F=1(#)) (F(x) - F(x))

1 of

P o o

(2)g' o F~H(@) +

SsupN"~’(—

|
where we used the expansion of the function g o F~1(+) around the point F'(x). The latter is 0,(1) for every n < 1 due to
Lemma C.1 and smoothness assumptions over g and f. Next, the second term of Eq. (59) can be bounded using triangle
inequality by

gofoF (), g ofoF () :

uzl[lol?l]m- o) (FoF~(u) — u) S =T (Foﬁ—l(u)—FoF—l(u))(
< s N7 g;of;ﬂ(;()“) (FoF'(u) - u) - g;f;i_(;()“) (£0 P~ (u) )
+u21[10;?1]N”- W(FOF_l(u)—u)—W(Foﬁ_l( )—FoF‘l(u))'
< . N2 ‘ FoF'(u)— u‘ s N2 g’; fFi (;()u) g’; prl(;()U) ‘
+ sup ’g';(‘igx)‘ 'uil[]bl’)u N"FoF Y (u)—u— (FoF *(u)—FoF~'(u)], (61)

where the first term is op(l) due to Lemma C.1, Lemma A.3 of Athey and Imbens (2006), and the smoothness assumptions
over f and g, and the second term is 0, (1) as shown in the proof of Lemma A.6 of Athey and Imbens (2006). Finally,
consider the third term of Eq. (59):

sup N"-|goF Yo FoF Yu)—goF ‘(u)| (62)
u€[0,1]

Since |F' o F'~1(u) — u| < 1/N for all u (Athey and Imbens, 2006), and due to smoothness assumptions over g o F~1, this
term converges uniformly to zero. O

Lemma C.5. Let {/i }S_, and {{}_, be given by Equations (50) through (55). Under 3.1, for any k € {1, ...,6},
. .\ P
\/ﬁ(,uk — uk) — 0.
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Proof. We give the proof for k = 1. The proof is identical for the rest. fi; is a twp-sample V-statistic, and standard V-statistic

theory implies

1 Neodia Nsyaytg
= > Eoa [0 (Yoo i), Y (to))] + D Eepa [01(Y(t0), Yayar.ilto))] + 0p(N7?)
Neparts i Noyarto =
Nsgdqtg
- D QuVaara(h)) + 0+ 0,(N7H2) = fuu + 0, (N1/2),
NSodltl i=1
which completes the proof. 0
Lemma C.6. Define i3 as given by Eq. (52). Under 3.1,
Nsidqtg A A )
Z Sodltl © Fsodlto © Fs_o<1ioto © Fsodot1 Fs dot1 © E91dot0 (K§1d1,i(t0))
Sldltg
Nsydytg
dit Z Sodltl Sodlto Fgod to © Sodotl °© Feld t © s1dot0 (YYS1d1 z(tO)) —I—,U3’ — 0. (63)
31 1to i=1
Proof. For ease of notation, define §; = Fy 4., © Fsld 4 © 2 doto (Yoyar,i(to)), and q; = Fyyaqe, © Fs:(110t1 o
Foydote (Ysrdr.i(to)). Also, define g(-) = Fé_odltl o Fs,d4,t,(+). Using triangle inequality, Eq. (63) can be bounded
as
Nsyaytg 1 Noydqtg
1 ~
ge oF di +u3‘ <
Ns1d1t0 Zl 5odot0 ) N81d1to Zl éodoto( 1)
Neyditg Nsydqtg
v ‘ goF q goF il
Ngldlto lz Sodoto 91d1fo lzl sodoto )
Ns dyt Ns dpt
1 1 1d1tg UOO]le Yo do it < g} —d
+ Z { S0 oto( sodo j_( 0)) z} i (g/ o fsodoto o FSodoto(q ))’
NSldlto NSOdUtO =1 j=1 f‘gﬂdoto (Fsodoto (ql))

N, N = i j f ol d q
1 1410 ZOdOtO { sodoto (Y;odmj(to)) < Qi} d (9/ © Jsodoto s (A )) ﬂ ‘ ( )
F - dot ‘ 3
Ns1d1to sodoto i=1 j=1 Jsodoto (1 SodOtO( )) o

+\F(

The first term on the right hand side of (64) can be bounded by

Nsydytg

m.l.z

s1dito i—1

0 F ot (@) = 90 Fiy iy ()

sodoto \d

Ns dpt A
+ 1 000H{Fsodoto(YSUdo’](to))Sq}_ql(g o fsodot oF ) (Q))’<
= - s s =
Nsodoto j=1 fsodoto (Fsodoto i ) o e
\/N 5up ’go sodato( ) sodoto(u)
Nsgdot
1 3R I{ Fsydoto (Yeodo,j(to)) < !
N | ’ 90 Fuodoto © Foghosy ()]
Nsodoto ; fSOdUtO( 90d0t0< )) ( o e )
E, oF "L (u)—u
CVF ototo ® Frnata ) % p oot w)| 69)
odoto sodoto

s ( ) —g° Fs_l (U) N
odoto odoto Fsodoto (Fsodot0< )

Lemma C.4 implies that the latter is 0, (1).
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The second term on the right hand side of (64) can also be rephrased as follows.

s dqt Ns dgt N R
i 0 i 0 ]l{Fsodoto sodo,](to)) < q; } q; (g/ O Feodots OF,_(li . ((jz)) _ fia
N81d1t0 sodoto 51 fsodoto (Fszdoto di ) sodoto
Nsyaytg Nsgdoto ~ N
L{Fygdoto (Ysodo,j (o)) < di} — di
e o ) 58061
N51d1t0 sodoto Z Z f90doto( s;llioto q; ) ( Sodoto sodoto )
N, N,
_ 1 1 1ditg odoto ]]_{Fsodoto (Y;odo j(tO)) < qz} —q; (g, o f o - (q))‘
— s i
Nsldlto NSOdOtO =1 =1 fsodoto (Fsodoto (q )) oTone SOdOtU
N,

1 s1dytg Fs dot F71 (qu) _ ql
_m" Tt 9" © fsodoto © Figor, (@)
Nsuiltg i—1 fSOdOto (Fsotlioto (d )) ( sodoto sodoto )

N,

1 o Fsodgto Fjﬂlioto (Q7,) -4, , 1
. s Fl o (g ‘ 66
Nsldltg ; fsodoto (FSD}iOtO (qz)) (g o fsodoto © sodoto (Qz)) ( )

which can be bounded further by

1 8 Fagdoty © Fipaore (i) — G
\/N‘ L —sudil 9’ © Fsodoto © Foyuoo (Gi)
— fsodoto (FSO,letO (%)) ( sodoto odoto )

N ¢ _
1 L0 B dote © Fso,ljoto (@) — Qi(

Nsldlto i1 fsodoto (Fsozloto(A ))

Nsldltg

g/ o fsodoto o F‘ST)iQto (C]'L))’

s1dito fo o F 1L ( N — .
sodot doto (i) — @i - 7
+ f ) — - (i — (g/ 0 fsodoto © Fsmlioto ((h))
51d1to i—1 fs(JdOtU (Fsodoto (C] ))

N 3
]. L7 E‘S‘Odoto o Féodoto (ql) — 4 (

Ns1d1t0 i=1 fSOd()t[) (F‘Boéoto (q ))

g Fantotn © Fioor, (@))] (67

The first term of Eq. (67) is bounded by

N U _
°© Fsodgto (Gi) —d4i  Feodoto © FSO,liotO(qi) —qi

s1dytg F
\/N . 1 sodoto
Nsldlto i—1 fSodoto (Fso(lioto (qA )) fSodoto (Fs;iloto (QZ))

—1
= 0
fsmioto (Fsodoto( ))

~ —1 —
- (Fsodoto Fs(Jd to © L'sodoto © E90d1t0 ° FSodltl (y) - FSOdoto Fs dito Fsodltl (y))’ -

' |gl o fsodoto © Fs;(ljoto ((j1)| <

R A1 R
odoto Fsodot FSodoto Fs dito FSOdltl (Y) — Fsodoto OFsodlto o Fyydyt, (Y)

|'Sup’Fs
Yy

\/N . sup |gl o fSOdoto °© Fsgdoto( ) | )
fsodoto (Fsoiloto( ))
F.Sodoto F_

1
sodoto

. _q . . .
sodoto © Fsodoto °© Fsodoto °© Fsodltg ° F80d1t1 (y)_

-1

0 FSodoto © Fsod1to © F80d1t1 (y)

—(F oF"L oF o F~ oF (y) — F. oF Y oF oF 7Y oF ()) =
sodoto sodoto sodoto S0 d to sodita \Y sodoto sodoto sodoto sodito sodit1 \Y =

! -1

= 9" © fsodota © Fyyae, (1) - _ A - _

N - S]ip | fz; dot O(OF,_dSO (0 3) | : Sgp ‘Fsodoto © Fsoiloto 0 m(y) - Fsodoto © Fsotlioto ° m(y)
$0@oto \ ™ spdoto

- (Fsodoto 0 Fsodoto 0 ﬁl(y) - Fsodoto ° Fsodoto ° m(y))‘v (68)

g Ofiodotg OFSOdOtO (’“‘)

sodoto ( sgdoto (“))

is bounded due to 3.1. Choose § = 1/3. Due to Lemma C.3, (y) — m(y) = 0,(N~°) and F }1 +, has the required

where m() = Foodot, OFS_uliotl OFsldoto(')’ and m() = Fsodotl oF OFSldoto(')' The term sup,, |

Sldotl
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smoothness properties due to 3.1, F do 1o ©TU(Y) — FSDlliO 10 0 MU(Y) = 0p(N ~9). Therefore, Lemma A.5 of Athey and

Imbens (2006) with the choice of = 1/2 implies that the right hand side of Eq. (68) is 0,,(1).
Finally, the second term of Eq. (67) is upper-bounded by

Nejdqtg

/ A~ / —
Z ‘FSOdOtO s <1i t (Qz) — 4| - ’g © Jrodoto © Fsodoto (q ) _ 9’ © fsodoto © FSodoto (q )
sldlt() i=1 ororo fS[)d()t() (FSOdOtO (QZ)) std()t() (FSOdOtO (QZ))

< (N1/4 sup Fsodoto ° F:o(ligto (m(y)) - m(y)D
Yy

—1 N _
% (N1/4 sup ‘ g/ o fsodoto FSod()t() o m(y) . g/ © fsodoto Fsodoto o m(y) D
Y fsodoto FSodoto m(y) fsodoto FSodoto om y)

(
= (N1/4 sup Fsodoto FSodoto( ) - Fsodoto Fsodoto (m(y)) D
Yy

gl © fsodoto Fsodot(, m(y) - gl © fsodoto © FS_odoto om y) D

(
fsodoto 0 Fsodoto 0 m(y) fSodUto 0 Fsodoto © m(y)
= (N1/4 sup Fsodoto (y) - Egodoto (y) D
Yy

X (N1/4sup‘
y

/ —1 ~ / —1
% <N1/4 sup ’g © fsodoto © Fsodoto (j m(y) _ g’ © fsodoto © Fsodoto ° m(y) D’ (69)
Yy fS()d()tg o FS doto m(y) fSOdOtO o FSgd to o m(y)

where the first term is 0,,(1) due to Lemma C.1, and the second term is 0, (1) due to Lemma C.3 and Assumption 3.1. [J

Lemma C.7. Define [i1 as given by Eq. (50). Under 3.1,

Nsqpdyt
1%1%0
1

- « . N
E : Fsod1t1 © FSodlto © Fs odoto © FSodotl © Fs doty © Fsldoto (Ysldh (to))
—

N51d1t0

Nsyaitg

- . - . - | P
Z sod1t1 0 Fsodlto © Fsotlioto ° Fsodotl ° F81tliot1 © Fsldoto (Yﬁdhi(to)) + /‘1’ — 0. (70

Sldlto i—1

Proof. The proof is analogous to that of Lemma C.6. To adapt the proof, we ]ust need to replace the following definitions:

1 - 1 1

Define qZ = F90d1t0 ° F‘;odot O Hsodoty © FS dot1 © Hsidoto (Ysldlﬁl(to)) T FSodlto F?od()fo © Lsodots © F€1d0t1
Fyydoto (Ysydy,i(to)), and g(-) is the identity function. Finally, the subscripts sodoto are replaced by sod;t;. The rest of the
proof is identical. O

Lemma C.8. Define [i5 as given by Eq. (54). Under 3.1,

Nsyaitg

Z sod1t1 © Fsodlto 0 Fsodoto © Fsodotl ° Fsldotl ° Fsldoto (Y31d1,i(t0))

‘ Sldltg

Nsydqtg

—1 —1 - ~ P
Z 90d1t1 Sodlto ‘Fsodotg °© Fsodotl ° F51d0t1 ° Fsldoto (szldl,i(to)) +is| = 0. (71)

31d1t0

Proof. The proof is analogous to that of Lemma C.6. To adapt the proof, we just need to replace the following definitions:

Define g; = ASldoto (ifsldhi(to))’ ¢ = Fs doto (}/'811117i(t0))’ and g( ) Fsoilltl 0 Fyydyto © Fs_ozlotg 0 Fyydot, () Finally,
the subscripts sodytg are replaced by s;dyt;. The rest of the proof is identical. [
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Lemma C.9. Define i as given by Eq. (51). Under 3.1,

Nsydqtg

N E : sod1t1 Sodlto o Fsodgto Sodotl o Fsldotl O L'sydoto (Y;Idh (to))
s1dito .

Nsyaitg

- - .| P
Z SOdltl o E90d1t0 FSOdOtO © FSUdotl Fsldotl o Fsldot() (K‘ﬁdl,i(to)) - NZ’ — 0 (72)

Sldlt[)

. R ~ ~ . 1
Proof. For ease of notation, define §; == F : cdoto © Fodots © Fsld 1 © Fadoto (Yeyar.i(to)), and ¢; == F_; 0 Feyagt, ©

Fsl¢1iot1 Fadoto (Yerds,i(to)). Also define g(-) = Fsgéltl( ). Using triangle inequality and plugging in fi2, Eq. (72) can
be bounded as

N, N,

\/7 1 s1dytq R ] 1 d1to
N" g0 Fsyayt0(Gi) — g0 Fuyaviy (i) — fio
N51d1t0 ; S0 1t0( z) Nsldlto ; S0 1t0( 1)
Nsidqtg

< f ‘ (g o FSodlto (q/\l) - g o FSodlto (qu))

51d1t0 i—1

N, N,

s1ditg “Vsodito
- N Z Z l{Ysodl »J (to) < di} — Fooduto (fiz)) ’ gl ° Fydyto (4:)
Sldlto Sodlto i=1
sldlto Nsodlto
+ \/N : N Z (]]'{Y&‘;Udlaj (to) < (jl} - Fsodlto ((jl)) . g, © E%dlto (qu)
s1dito Sodlto 1 j=1
1 1ditg Nsgdytg
- N Z Z ]l{}/sodhj to) < qZ} F80d1t0 (Qi)) ’ g/ © FSodlto (%) (73)
sidito Nsodato —1 J=1

The first term on the right hand side of Eq. (73) can be bounded by

Nsqdqt
s0d1to
].

\/N - sup ‘ (g © Fsodlto (y) —go FSodlto (y)) - (l{noduj (to) < y} - FSodlto (y)) ' g/ © Fsodlto (y)‘
Yy

N,
sodito J=1

= \/N - sup ‘g © Fsofhto (y) —go Fsyayt, (y) - (FSUdﬁo (y) = Fsodyto (y)) ’ g/ o Fsqdyto (y)‘
Y

(a) .
< \/7 Sup ’g// | sup |F50d1t0 (y) - FSodlto (y)’2
)

/N7 A~ 2
= N - sup |g”(u)’ - sup |FSOd1t0 (y) - FSOdlto (y)‘ ) (74)
u y

1 Ofsqdyty . . — -1
T O by (u). Note that in (a) we used the expansion of g = F'

where ¢ (u) = — sodity
right hand side of Eq. (74) is 0,,(1) due to Assumption 3.1, and Lemma C.1.

around Fj q,¢,(y). The

Now consider the second term of Eq. (73), which is equal to

1 Nsydytg
\/N : ‘ ot (Fsodlto (qAZ) - FSodlto (QZ)) ' g/ © FSodlto (QZ)
S1d1to i=1
1 Nsidqtg .
- N (Fsodlto (qz) - F80d1t0 (qz)) . g/ o Fsodlto (QZ) . (75)
s1dito =1
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The latter can be bounded using triangle inequality by:

N,

s1ditg
\/7‘ Z (qudlto (QZ) - Fsodlto ((jz)) . g/ e} F‘Sodlto (dz)
Nsldltg i—1
1 Nsydqtg
- Ns dit Z (Fsodlto (ql) o FSOdltO (qz)) ' gl o FSod1t0 ((jz)
1dito ;¢
N

s1ditg

Z (Fsodlto (Qi) — Fsodyto (Ql)) . g/ °© Flodito (le)_

Sldlto =1

+\f’

N,

1 s1dytg .
N Z (Feodto(€i) = Feodito (@) - 9" © Fagayto(ai)|- (76)
sidito ;T4
The first term on the right hand side of Eq. (76) is bounded by
\/N - sup ’g/ °© Fyodito (y)’ . ASodlto o m(y) — Fogdyte © m(y) - (Fsodlto o m(y) — Fogdyte © m(y)) ) (77)
Yy

where m( ) F50¢110t0 Fiodot, © Fs_lzlotl o Fy doto (y)’ and m(y) = Fs_géotg ° FSodotl ° Fsld t1 Fsldoto (y) The latter is
0p(1) due to Assumption 3.1 and Lemma A.5 of Athey and Imbens (2006) with the choice of n = 1/2, = 1/3. Note that
m(y) — m(y) = 0,(N~%) due to Lemma C.3 for any § < 1/2, and the conditions of Lemma A.5 of (Athey and Imbens,

2006) are satisfied.
Finally, the second term of Eq. (76) is bounded by

\/N - sup ‘Fsodlto (y) — Fsodyto (y)’ : HliaX ‘g/ °© Fsodito (dl> - g/ o Fsdyto (qi)
Yy

< (NY450p | Frpanta (9) = Fooanto 0)]) - (N4 50D |9 © Fugsty 0 12(y) = g © Frgartg om(y)] ), (78)

Y y
where the first term is 0,(1) due to Lemma C.1, and second term is 0,(1) due to Assumption 3.1 and the fact that
m(y) — m(y) = op(N~/*) as above. 0

Lemma C.10. Define [i4 as given by Eq. (53). Under 3.1,

Nsyaito

Z s0d1t1 sodito © Fs odoto Sodotl o Fs dit; © Sodlto (Y;ldl,i(to))

Nsldlto

Nsydytg

~ ~ P
Z Sodltl © F50d1t0 ° Fsodgt(] © F50d0t1 o Fsod t, © Fsodlto (}/Sldlai(t0>) - /1’4‘ — 0. (79

Sldlto i=1

Proof. The proof is analogous to that of Lemma C.9. To adapt the proof, we just need to replace the following definitions:

Define g; = Fsl}iotl F@ldoto (Y91d1,z(t0)) qi = F81¢110t1 Fs, dot, (Ysldl,Z(tO)) and g(-) = Fsolljltl Fsyayto 0 FSO}iotD( )-
The rest of the proof is identical. O

Lemma C.11. Define [ig as given by Eq. (55). Under 3.1,

Nsydytg
—1 —1 n
‘ E : sod1t1 Sodlto Fsodgto © Fsodotl °© Fsldotl °© FSldoto (}/Sldh (to))
Gldlf[) i=1
Ny

s1dyto

_1 ~ P
> Fobit, © Faatuto © Fiohoty © Fradots © F5y b, © sty (Vasarito)) = fis| 530, (80)

Sldlt[) i=1
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Proof. For ease of notation, define y; := Y5, 4, i(to), and g(+) := FS_Oilltl o Fsydyte © F_oiloto 0 Fyodoty © FL (+). Using

s s1dot
triangle inequality and plugging in fig, Eq. (80) can be bounded as e

N, N,

s1d1to R 1 o1d1to
\/N ' ‘N Z ge Fsldoto(yi) - N go Fsldotu(yi) — /lﬁ
sidito sidito 3
1 Nsydyto R
B \/N . ‘ Ns1d1to z; (g ° FSldOtO (yl) —9° FsldOtO (yl)
i=
1 Nsydgtg /
— NSldOtO 2 (]l{}éldo,j(to) < yz} - FSldoto(yi)) -g © FSldoto (yl))‘
Jj=1
. 1 Nsydgtg
< \/N . Sgp ‘g o Fs1d0to (y) —go Fs1dot0 (y) - Nsldoto Z (]l{ifsld()}j(tO) < y} — FSldoto(y)) . g/ o Fs1doto (y)’
1 p st

= \/N - sup ‘g © Fsldoto (y) —go FSldoto (y) - (Fsldoto (y) - FSldoto (y)) : g/ © Fsldoto (y)‘
Yy

(a) - 2
< VN -sup ’g//(u)| - Sup ‘Fsldoto (y) - FSldoto (y)’
u y

/ ~ 2
= VAN -sup ‘g”<u)’ * sup ’Fsldoto (y) - FSldoto(y)‘ ;81
u y

where in (a) we used the expansion of g around F, 4,4, (). The right hand side of Eq. (81) is 0, (1) due to Assumption 3.1,
and Lemma C.1. O

Lemma C.12. Let {{1}]_, be given by Equations (50) through (56). Under 3.1,

1 Nsyditg
— A1 ~ -1 N - A
N- (N dit Z FSodltl © FSOdltO © Fsodgto © Fsodotl © F51d0t1 © Fsldoto (}/sldl,i(to))
sidito
=1

—1 —1 —1
—Esyq [Fsodltl 0 Fyqdyto © Fsodoto 0 Fyydot, © Fsldotl 0 Fy,doto (Y(to))]

. ...\ P
+H1—H2+H3—H4+H5—H6—H7)—>0- (82)

Proof. Using triangle inequality, the absolute value of the left hand side of Eq. (82) is bounded by

Nsjagt
1 1d1tg . R . ) . )
\/N ’ ‘ gt Z F50¢111t1 0 FSodlto © Fsotligto ° Fsodotl o Fsligtl ° FSldoto (Yrsldhi(to))
sidito ;¢
- ]Esldl [Fs;illtl O L'sgdito © Fszzlotg ° Fsodotl ° stéotl ° Fsldoto (Y(t()))]
6
i fia + fig — fua + fis — fis — Rir| + VN - | — ful. (83)
i=1
The term /N - Z?:1 |ft; — [ is 0p(1) due to Lemma C.5. The first term of Eq. (83) is bounded by O
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D. Omitted Proofs

Theorem 2.3. Under assumptions A1’
YO(ty) in the group S = s1, D = d; is identified as:

Nsyditg
~ I N A
' ‘NS dit Z Sodltl © Fsodyto © Fsodgto 0 Fyqdot, © Fs doty © F,doto (Ysldh (to))
wdito ;4
Nsydytg
dit Z sodlt sodlto ] Fs doto Sodot1 o Fs dot1 S1d0t0 (}/sldhi(tO)) + ,Ufl‘
61 1to
i=1
Nsydytg
N - ‘N — S b 0 Faaite 0 Fh 0 Fadon © Eh s 0 Fydaty (Yorar.i(to)
s1dito
i=1
Nsyageg
gt E : 50d1t1 OFSodlto OFbodotO OFSodotl OFbld th OFS1doto (Y51d17i(to)) *:U'QI
81 1to
Nsyaytg
N- ‘N dit Z Sodltl S0d1t0 ° F to © FSodot1 o Fs dot1 © Fsldoto (5/51d1, (to))
s1aito
=1
Nsydqto
—1 ~ A—1 ~ ~
dit Z 50d1t1 gUdltﬂ Fsodoto ° F30d0t1 © F81dot1 ° F31d0t0 (Ysldl,i(to)) + ﬂs’
81 1to
=1
Nsydytgy
71 kal
+ VN - ‘N i Z sodltl snd1t0 Fsodoto O L'sydyt; © FS dot1 © Sldoto (Ysldl, (to))
s1a1to
i=1
Nsldlto
—1 A .
dit 2 : sod1t1 ° éodlto Fsodoto o Fsodotl o Fsld t; © Fsldoto (Yéldh (tO)) - /14‘
51 1to
=1
Nsydito
/ S ~
tVN- ‘N dit Z 30d1t1 sodito © Fs()d to O L'sodoty © F81dot1 O L'sydoto (Y—sldl,i(to))
s1dito —_
=1
Nsydytg
gt 2 : 50d1t1 ° Fsodlto o Fsodoto ° Fsodotl o Fsldotl o FSldoto (K91d17i(t0)) + MS‘
81 1to
i=1
Nsldlto
+ VN ‘N gt Z 5gd1t1 o Fsodlto o Féodoto o ]‘71;0d0t1 o Féldotl o Fsldoto (}/sldl,i(to))
sidito
=1
Nsiaytg
E -1 -1 ~
dit Sodltl o SodltO FSodotQ o FSOdotl o Fsldotl o FsldOtO (Ysldh (to)) - ILLG‘
91 1to
=1
Nsydito
VN 1 1
+ ‘N gt Z sodltl Fsod1to o FSodoto o] Fsodotl o Fsld0t1 o Fgldoto (Y;ld17 (to))
sidito
=1
1 —1 1
—Esya, [Fsodltl © Fspdyto © Fsodoto 0 Fsydot, © FSldOtl

where the first through sixth terms are op(l) due to Lemmas C.7, C.9, C.6, C.10, C.8 and C.11, respectively, and the seventh
term is O by definition of {17 (see Eq. 56.)

-A4’ and 1.5 - 2.1, the cumulative density function of the missing counterfactual

Fyot,))s1,d, (¥) =

oT 1

80,d1

FY(t0)|517d1 © Tq TS_1 do (y)7

0,do ©
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where T g is given by Eq. (5).

Proof.
Fyouys,a(y) = P(hsa(Ust) <y | S =s,D=d)
=PU < h_4(y;t) | S=5,D =d)
= Fyjsalh, o(y;t),

and consequently,
h;};(y;t) = F§|1S,d(FY0(t)\s,d(y))~

Choose y = hs 4(u;t) in Eq. (85), and apply FY°(t)|s 4 () to both sides:
hs,a(u;t) = F;ol(t”&d (FU\s,d(U))
Finally, combine Eq. (86) and (87) to get

h ( Sd y7 ’) yo(t)hd(FYO(t)\s,d(y))'

In 2.1 (see Eq. 6), choose y = hs, 4, (hs_ll 4 (W5 t0); tl), and take inverses which results in

sy (hy g, Wit1)ito) = hso.ay (hs_ofdl <h8,d{h;(1j{h31,do (hyla, (wita)ito)sto } 751}; t1>§t0>7

or equivalently, in terms of cumulative density functions,

Fratoandn (Fyolssa () =

F;O(to)\so,dl (FYO(tl)So,dl (Fyom)s d{FYO(to)\"‘ d{ Yo(to)\sl do (FYO(t1>|81»d0 (y)) }}>> ’

which results in the identification of the density of the missing counterfactual:

Fyo(t,))sy.d, (y) =
Fyo(to)ls1.1 ©Fo(ty) 50,1 O F¥0 (1) 150,01 OBy 011 9,0 O FY 0 (t0) 50,6
The rest follows from 1.5.
Proposition 2.8. Under assumptions Al’, A3’, A4’ and 1.5 - 2.7, for any y € Y1,

FY(t0)|81~,d1 ogs_ol,dl OQso,do ogs_ll,do (y) — €
< Fyo(ey)si,a, (y) <

Fy Y (to)|s1,d1 © (I)so dy © cI)SO do © (bsl,do (y) +e

where
Pya(¥) = Fy )0 (Fyo)1s.a(y) =€),
@5 3(¥) = Fyhyea(Fyansa(y) =€),
Ps,a(y) = Fyh)a(Fy o)1s,a(y) +€),
6s_,:z(y) FyGoea By asa(y) +€).

(85)

(86)

(87)

(88)

(89)

(90)

0 Fyo(4))|s1,do (¥)-

O

Proof. Under A3’, 2.7 is equivalent to A.1. Further, A3” implies that 2.11 holds for § = 0. The result follows from

Proposition A.3 with § = 0.
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Proposition 2.12. Under assumptions Al’, A2’, 2.11, A4’, and 1.5-2.1, for any y € Y,

1
F Y (to)ls1,d1 O\Ijso dy 0\1/50 do o‘psl do ( ) -4
< Fyogy)s,a; () <

——1 — —1
Fy (1)151,d1 © Vsg,dy © Wsg,do © Wiy ,d0 (Y) + 0,

where
gs,d(y) Fy(ltl)|s d(FY(to \s,d(y) - 5)7
gs_,(li(y) Y(t0)|s d(FY(t1 )ls, d(y) - 6)7
@s,d(y) Y(tl)lq d(FY(to \s,d(y) + 6)7
—1
\I/s,d(y) Y(t0)|s d(FY(tl )]s, d(y) + 5)
Proof. A2’ implies that A.1 holds for ¢ = 0. The result follows from Proposition A.3 with e = 0. [

Proposition 2.14. Under assumptions Al’, A2’, A3”, A4’, and 1.5 - 2.1, the joint density of Y°(t1) and Y (t1) in the group
corresponding to S = s1, D = dj is identified as

Fyog) vt )sna (00, 9') =
Fy (t0),v (t1) 151, (F§(1t0)|shdl o Fyo(uyysi.ar (U°) v,

where Fyoi,)|s, .4, (-) is given by Equation (7).
Proof. Under the listed assumptions, latent variable U is a function of Y°(¢y):
YO(to) = hsy.a, (Usto) = U = h !y (YO(to)s to),
and consequently, Y°(¢1) can be expressed as a function of Y°(¢():
YO(t1) = hay a, (Ustr) = b, a, (hy, g, (YO (t0)i t0); t1). 1)

Analogous to the proof of Theorem 2.3 (see Equations 86 and 87), the following hold for every s, d, ¢:

hs_ﬁdl (y;t) = Fl}\il,dl (Fyo)sian (), and  hy, g, (ust) = F;O(t)\sl 1 (Furjsya, (),
and combining the two, therefore, for any s, d:

hvar (P a, (W to)sth) = F;O(tlﬂsl & © Fyoceo) s, (¥)- 92)
From Equations (91) and (92),
Y1) = Fyagyjsy.a, © Fyocolsa (Y (o). (93)
Note that CDFs and their inverses are strictly increasing, and so is Y9(¢1) in terms of Y°(ty). As a result,
Fyo(), v (t))sn.ds (4°59")
=PY°t) <y, Y'(t1) <y' | S=s1,D=dy)
= P(Fyo(,yer.a, © Fyotio)sra (YO(t0) <97 Y () <y' [ S =51,D=di)
=P (Y(to) < Fyo(y)er.ar © Fyonisna (8, Y () S y' | S =s1,D = di)
= Fyo(10),y1 (1) 51,1 (Fyogag)jsr.ar © Fyoclsr.dr (4°):y)
= Fy (t0), (t)ls1.s (Fy ()11 © FYoen)isn,a (0°):4")-

Since the assumptions of Theorem 2.3 are satisfied, Fyo¢,)|s,,d, (+) is identified as in Equation (7) of Theorem 2.3. O]
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Theorem 3.2. Under 3.1, 7 — 1 = O,(N~%), and

\% Vi \%
VNGE-7) B N@O, —2 ¢ L 2
Psidit1 psodltl ps(]dlto

Vs Vi Vs Ve Vz

Psodoto Psodoty Psydoty Psydoto Psqdito

), (14)

where {V;}_ are given by Eq. (57).

Proof. Consistency. The estimators F' converge uniformly to their corresponding F, and the estimators F1 converge
uniformly to their correspondmg r1! (see Lemma C.1.) As such, FQ dyt; © Fsodito OFg doto © Fsodots OF‘;ldO,1 Fsldot0 (y)
F sodoty ¢] F

converges to F'__ dlt Oqudlfo oF, 51d0t1

Sodoto
Ng,dqt 1 A
191t0 .
numbers and 3.1 that Nﬂdm > 1 stllt1 o Fsydyto © Fs doto © Fsodots © Fsld . FSldoto (Ysldm(to)) converges to

Eé]dl |:F_ F&odltg o F_ o FSOdOtl F ;

sodit1 sodoto s1doty
Nsydapt . .
convergence of - o S Y g a(t) o Eg g, [Y(t1)] , which completes the proof of consistency.

o Fs,doto (y) uniformly in y. It follows from the law of large

o Fy,doto (Y (to))]. Further, the law of large numbers also implies the

Asymptotic normality. Note that each of {[i;}7_ is a sample averages of i.i.d. random variables. Under 3.1, the central limit
theorem applies and

. . . . . . . ..\ D
VN (fto + fu — fio + 13 — fiu + {15 — fs—ft7) = N(0,Vo/Dsyart, + Vi/Psodrtr + Va/Psodito
+ V3/Dsodote + Va/Psodots + Vo /Psvdots + Vo/Psidoto + V7 /Psrdits)-

%94

Also, due to Lemma C.12 and definition of {1y (Eq. 49),
VN (7= 7) = (fo + fu — fio + i3 — fta + {15 — flo—ii7)|
>141to ~ . .
= \/N ' ( Z Sodltl © FSDdltO FsodgtooFsodotl F81d0t1 © Fsldoto (}/sldl, (to))
Ngydyto i— 95)
—E,,q, [F7} F, Fl F, F1 F, Y (t
81d1[ sodity © Fsodito L sodoty © Fsodots O L's dgt, © Sldoto( ( 0))]
i = e fly — s — g — fir) = 0,(1),
which concludes the proof. O

Theorem 4.1. Under assumptions Al’, A2, A3’, A4’, and 1.5 - 2.1, the probability measure over the missing counterfactual,
i.e., s, d,, IS identified as

Hsy,di = (T OT‘?l,do)#nShdu (18)

where T _q is the Brenier map that pushes forward ns q to pis q for every s € {sg, s1},d € {do, d1}, and T* is the Brenier
map that pushes forward (Ts, d,#Ms0.dy) 10 fhso,dy-

Proof. T* is the Brenier map that pushes forward (Ts,, d,7s,,d; ) 1O fso,dy - BY 2.1, T is also the Brenier map that pushes
forward (T, dy#7s,,d, ) 1O s, 4, - The result follows by uniqueness of these maps under the given assumptions. O
E. Further on Empirical Evaluations

We begin with providing the complete details of the data generating mechanism we have used for our illustrations on
synthetic data in the main text. We later provide an additional result which is postponed to this appendix due to space
limitations.
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~— DiD Estimates
—4— CiC Estimates (Empirical)
—4— CiC Estimates (MLE)

DDD Estimates
—¥— CCC Estimates (Empirical)
1 —— CCC Estimates (MLE)

Relative abs. bias

0 1 2 3 4 5
# Samples x10°

Figure 5. Relative bias of the estimators evaluated on a linear model. The models for maximum likelihood estimation are misspecified.

E.1. Data generating mechanism

To produce Figure 4(a), we sampled the latent variable U given s, d from a Gaussian distribution with mean v, 4 and
variance 1, where v, 4s were chosen as follows:

Vso,do = 0,
l/,;md1 = 025,
Vsi,do = —0.25,
Vsi,dy = 0.5.

We also generated the Y°(¢) counterfactuals as
YO(t) = hs.a(ust),
where h, 4 was defined as a linear function:

1+s d—-0.5

hsa(u;t) = 2u+ ( T )t.

Finally, the actual outcome Y (¢1) in the group (s1,d;) was sampled from a Gaussian distribution with mean 2.75 and
variance 1, and the true ATT was calculated as 7 = E, 4, [Y (t1)] — Es,a, [YO(21)].

For producing Figure 4(b), the model above was slightly modified as follows. First, we sampled U from a Gaussian
distribution with the following means and variances given each group:

Vsoudo = 0, Osgdo = 1,

Veo,dy = 0.25, 0450, = 1,

Vg, .do = —0.25, 04, 4, = 1,

Ved, = —0.5, 04,4, = 1.25.
Second, to add non-linearities to the model, two of the production functions were modified as:

1
hsg.dy (u;t1) = 0.1exp (2u + 5), and,

3
hso,dl (’lﬁtl) =0.1 exp (211, + i)

Note that these are the same functions as the ones given in the text, after evaluating at d = 1,¢ = 1, and their corresponding
s € {0,1}. Moreover, the corresponding maximum likelihood estimators were accordingly adapted to the choice of
log-linear distribution instead of Gaussian. Third, the actual outcome was sampled from a Gaussian distribution with mean
10 and variance 1.

29



Triple Changes Estimator

E.2. A complementary plot

Throughout the main text, the models were correctly specified when using maximum likelihood estimators. For the sake of
completeness, herein, we provide the estimation results under a setting similar to that of Figure 4(a), with the distinction that
we sample the latent variables U from an exponential distribution. Specifically, U given s, d is sampled from an exponential
distribution with parameters specified as follows.

Aso,do = 1,
Asordy = 2,
sy do = 3,
Asy,dy = L.

The outcome in the treated groups is also sampled from an exponential distribution with parameter %. However, we use
the Gaussian distribution for maximum likelihood estimation, causing a model mismatch. As a result, it is expected that
the CiC and CCC estimators that are based on MLE are biased due to model misspecification. Figure 5 coincides with
our expectations. Note that even the CiC estimates with MLE exhibit larger biases compared to their empirical estimator
counterpart. As such, caution is advised when using model-based estimators. Note that since the production functions are
linear, DDD is unbiased in large samples.
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