Under review as a conference paper at ICLR 2022

DISTRIBUTED ZEROTH-ORDER OPTIMIZATION: CON-
VERGENCE RATES THAT MATCH CENTRALIZED
COUNTERPART

Anonymous authors
Paper under double-blind review

ABSTRACT

Zeroth-order optimization has become increasingly important in complex opti-
mization and machine learning when cost functions are impossible to be described
in closed analytical forms. The key idea of zeroth-order optimization lies in the
ability for a learner to build gradient estimates by queries sent to the cost func-
tion, and then traditional gradient descent algorithms can be executed replacing
gradients by the estimates. For optimization over large-scale multi-agent sys-
tems with decentralized data and costs, zeroth-order optimization can continue
to be utilized to develop scalable and distributed algorithms. In this paper, we
aim at understanding the trend in performance transitioning from centralized to
distributed zeroth-order algorithms in terms of convergence rates, and focus on
multi-agent systems with time-varying communication networks. We establish a
series of convergence rates for distributed zeroth-order subgradient algorithms un-
der both one-point and two-point zeroth-order oracles. Apart from the additional
node-to-node communication cost due to the distributed nature of algorithms, the
established rates in convergence are shown to match their centralized counterpart.
We also propose a multi-stage distributed zeroth-order algorithm that better uti-
lizes the learning rates, reduces the computational complexity, and attains even
faster convergence rates for compact decision set.

1 INTRODUCTION

Various machine learning tasks ultimately boil down to solving optimization problems of different
forms, where the cost functions are formed jointly by the data accumulated in experiences and
the model used in representing the learning framework. Gradient descent algorithms have been
playing a foundational role in practically solving such optimization problems. However, for learning
tasks with high-dimensional data and involved learning representations, access to the gradient of the
cost function may turn out not possible: the cost function supporting the learning may not have
a closed analytical form; or it is simply too computationally costly to be properly differentiated.
Zeroth-order optimization provides a systemic way of facilitating gradient descent without direct
access to gradient information, where oracles query the cost function values and generate gradient
estimates. Zeroth-order methods have shown a number of successful applications, e.g., searching
for adversarial attacks in deep learning |Chen et al.| (2019); [Liu et al.| (2019) and policy search in
reinforcement learning [Vemula et al.[(2019).

The literature has also explored the potential in extending the standard (centralized) zeroth-order
optimization to distributed settings over multi-agent systems, where the data and cost functions are
scattered across a network of decentralized agents. With the help of a communication network,
the agents may collaboratively solve the network-level optimization task by iteratively exchanging
decisions obtained from local zeroth-order descent. The rates of convergence of centralized zeroth-
order optimization algorithms are now well understood for several sub-classes of convex functions.
We are interested in systematically investigating these convergence rates scale for the corresponding
distributed algorithms, and focus on the case of time-varying communication networks.
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1.1 PROBLEM DEFINITION

Consider a network of agents (nodes) V = {1,..., N}. The agents aim to collectively solve the
following distributed optimization problem

N
minimize f(x):= Z fi(x) (D
subject to  x € X.

Here x € R? is the decision variable, X C R% is a convex decision space, and f; : RY 5 Risa
private convex objective function associated with agent i.

The communication network connecting the nodes is described by a time-varying graph G(¢) =
(V,E(t)), where E(t) is the set of activated links at time ¢. Let A(¢) be a weight matrix at time ¢
for the graph G(t): for each link (4, j) € £(t), a weight [A(t)];; > 0 is assigned, and [A(¢)];; = 0
for (4, 7) ¢ E(t). We impose the following assumption on the communication network &(¢) and the
weight matrix A (¢).

Assumption 1 (i) There exists a positive integer B such that the union graph (V,E(kB+1)U---U
E((k+1)B)) is strongly connected for all k > 0; (ii) A(t) is doubly stochastic, i.e., Zf\il [At)]:; =
1 and z;-v:l[A(t)}ij = 1; (iii) [A(t)]ii > & forall i, and [A(t)];; > £ if (j, 1) € E(t), where & > 0.

1.2 FUNCTION CLASSES

Let F,« denote the set of all convex functions on R?. We define the following three classes of
convex functions in Fey.

o The Lipschitz continuous class Ji, (L, X) contains the functions in T, that admit a finite
Lipschitz constant L over X, i.e.,

Fiip(Ly,X) == {g € Fewx : ¥x,x" € X, [g(x) — g(x')| < Ly[lx — x[|}.

e The smooth class Fgmo(sf, X) contains the functions that admit a s ¢-Lipschitz continuous
gradient over X, i.e.,

Famo(s,X) = {g € Fow: Vx,x" € X, [Vg(x) = Vg(x)|| < s¢llx — x|}

o The strongly convex class (1 r, X) contains the functions that are i -strongly convex,
ie.,

Fac(pg, X) = {g € Tew 1 ¥x,x" € X, g(x) > g(x') + (Vg(x'), x —x) + %le -x/|*}.

1.3 CONTRIBUTIONS AND RELATED WORK

Contributions. We first present MAZOPA, a multi-agent zeroth-order projection averaging algo-
rithm. In MAZOPA, the agents iteratively carry out local zeroth-order descents for their private
costs to generate intermediate decisions, send these intermediate decisions to their neighbors over
the graph G(t), and then update their decisions by projecting the average neighboring intermediate
decisions onto X. For distributed zeroth-order oracles based on one-point or two-point estimates, a
series of convergence rate results are established for the three basic function classes. Remarkably,
the convergence rates for distributed algorithms are found to be matching their centralized coun-
terpart, and sometimes even tighter rates are obtained, as summarized in Table 1. These results
show that by paying the price of node-to-node communication, distributed zeroth-order optimiza-
tion provides equal performance guarantees as those of centralized approaches. Next, we generalize
the MAZOPA to a multi-stage setting, where the local zeroth-order descents take place for multiple
steps before the projected averaging in a sequence of epochs. Such multi-stage MAZOPA is shown
to be able to reduce the computational complexity, while providing improved convergences rates
compared to MAZOPA when the decision set is compact.
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Table 1: Convergence rates established for MAZOPA

700 Lipschitz Class [Centralized Counterpart] Strongly Convex Class [Centralized Counterpart]
One-point Fiip: O(#) [0(F) [Flaxman et al.|(2005)] Fiip N Fsc: O(T’ﬁﬁ) [ O(%) Agarwal et al.|(2010) |
Fiip 1 Famo: 077 ) Fip N Famo N5t 0 () [0(dy/20) [Agarwal et al. o10)] |
Two-point | T (/) [o(\/;) Shamir|(2017) | Fiip N Foe: (120 [ 0(L12D)) |A garwal et al.|(2010) ]
Fiip N Fsmot O(\/%) Fiip N Fomo N Foe: O(H2D) [O(%) Agarwal et al.|(2010) |

Related Work. Recently, many types of centralized zeroth-order optimization algorithms have been
studied, and their convergence rates (and the way they depend on the dimension) have been estab-
lished in different settings. For unconstrained convex optimization, Nesterov & Spokoiny| (2017)
develops several types of two-point gradient estimators and achieves convergence rates that scale
with dimension as O(dz). For constrained stochastic optimization, Duchi et al.| (2015) establishes
that the convergence rates are sharp up to factors at most logarithmic in the dimension. Zeroth-order
optimization has a natural connection to bandit online optimization, where the latter focuses on dy-
namic environment where the objective functions are varying over time (see, e.g., Flaxman et al.
(2005)); |Agarwal et al.|(2010); |Shamir| (2013;2017); |Bubeck et al.|(2017); Lattimore| (2020); Hazan
& Levy|(2014)). In particular, the seminal work Flaxman et al.|(2005)) constructs a one-point gradi-
ent estimator (or one-point bandit feedback model) and achieves an O(d/T"/*) average regret. For
two-point gradient estimator, [Shamir| (2017) establishes the tightness of the dimension-dependent
factor O(v/d) in the framework of zeroth-order stochastic mirror descent.

It is worth zooming into the literature on distributed zeroth-order/bandit online optimization. Due
to the absence of a central coordinator, the algorithms developed should always rely on local com-
putations and communications (e.g., 'Yuan & Ho| (2015); |Yi et al.| (2020); Jakovetic et al.| (2018));
Hajinezhad et al.|(2019); Wang et al.[(2019); Pang & Hu| (2019); [Hajinezhad & Zavlanos| (2018));
Wan et al.|(2020)). This makes the convergence analysis of the distributed zeroth-order/bandit on-
line optimization algorithms more challenging. In|Yuan & Ho| (2015), the authors develop a class
of distributed zeroth-order optimization algorithms that require two functional evaluations at each
iteration, and establishes asymptotic convergence of the algorithm. Non-asymptotic convergence
is established in Jakovetic et al.| (2018)); |Hajinezhad et al.| (2019); [Wang et al.| (2019); Pang & Hu
(2019); Hajinezhad & Zavlanos| (2018)), but the dimension-dependence factors are either O(dz) or
far from optimal. The work Y1 et al.|(2020) considers distributed online optimization with long-term
constraints and establishes bounds on regret as well as constraint violations. To avoid Euclidean
projection onto the constraint set, [Wan et al.| (2020) develops a distributed bandit online optimiza-
tion algorithm based on conditional gradient descent and one-point bandit feedback, and achieves a

regret scaling of O(7%/4\/InT).

2 THE MAZOPA ALGORITHM AND ITS CONVERGENCE RATES

In this section, we present the MAZOPA algorithm and establish the convergence rates for the three
function classes.

2.1 DISTRIBUTED ZEROTH-ORDER ORACLES
Let n be a random vector in R? drawn from some probability distribution. Then
fi(x;8) = En [f:(x + 6n)] 2)

is a smoothed function for f;. Here § > 0 is a parameter setting the level of the smoothing. We
introduce the following definition on distributed zeroth-order oracles (DistZOO).

Definition 1 (DistZOO) A vector g;(x;0) € R? is called a distributed zeroth-order oracle at node
1 if the following conditions hold:

(i) E[g;(x;0)] = Vfi(x;0) forall x € R%;

(ii) If fi € Fiip(Ly), then fl € Fiip(Ly) as well, and there holds ’fi(x;é) — fi(x)‘ < paLyé,
with pq being some positive constant;
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(iii) If fi € Fsmo(Sy), then |fl (x;0) — fi (x)‘ < %ﬁdsf52 with pq being some positive constant.

A number of DistZOO satisfying Definition 1 can be obtained using existing gradient estimators,
see, e.g., [Liu et al.[(2020). In the paper, we provide two representative gradient estimators that are
commonly adopted in the literature. Let u; be a random vector independently generated from a unit
sphere B, in R?. Then (e.g., Flaxman et al.[(2005))

g9P(x;0) := fi(x + dyu;)ud/s 3)

is a one-point DistZOO satisfying Definition 1. Moreover,

- d

&"(x;0) = %(fi(x +du) — fi(x — du))u )
is a two-point DistZOO satistying Definition 1 (e.g., Shamir (2017)).

2.2 THE MAZOPA ALGORITHM

We present the following Multi-Agent Zeroth-Order Projection Averaging (MAZOPA) algorithm,
which consists of two steps, a local zeroth-order optimization step and a distributed averaging step.
MAZOPA, whose pseudo-code is presented in Algorithm [I] is a variation of the multi-agent sub-
gradient averaging algorithm proposed in|Nedic et al.|(2008); Nedic & Ozdaglar| (2009)); [Nedic et al.
(2010), where the local optimization step is executed by sub-gradient descent.

Algorithm 1 MAZOPA: %;(T) = MAZOPA (x;(1), 1, 0z, X)
Require: step size 7, DistZOO g;(x; d;) with exploration parameter d; for all i € V
Ensure: x;(1) € X,Vi eV

1: fort =1toT do

2:  Node i queries the DistZOO at point x;(t) and receives g;(x;(t); )

3:  Node ¢ computes

vi(t) = xi(t) — n¢ - 8i(xi(t); 6t)

4:  Node 7 updates its state by using the information received from its instant neighbors

N

x;(t +1) = projy ( > [A@®)];v; (t))

Jj=1

5: end for
Output: %,(T) = % 37, x,(t)

2.3 MAIN RESULTS

Let %;(T") be the output of Algorithm [I|at agent i. We denote the optimal solution of problem
by x* = arg mingcx f(x). Defining X° := {x +u : x € X, u € By}, we present the following
results on the convergence rate of the MAZOPA algorithm.

Theorem 1 Let Assumption || hold. Let DistZOO take the form of g?P(-). Further assume that
|fi(x:(t) + 0ru;(t))| < C foralli € V. We have the following convergence results for every i € V
and all T > 1.

(i) Consider f; € Fiip(Lys,X°) forall i € V. Setting 1, = dT%/‘L and §; = tl% t=1,...,T,
it holds that E[ f (%;(T))] — f(x*) = O(74%).

(ii) Consider f; € Fiip(Ly, X°) N Femo(sf, X°). Setting ny = dT%N and 6; = tll/ﬁ., t =
1,..., T, it holds that B[ f (%;(T))] — f(x*) = O(7s).

Theorem 2 Let Assumption |I| hold. Let DistZOO take the form of ] °(-). Set n; = —A= and

VdT
0y = % t=1,...,T. Consider f; € Fip(Ls,X°),i € V. Then, for everyi € Vand all T > 1, we

haveE[f(fci(T))] - f(x*) = O( %)
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With strong convexity, the convergence rates established above can be further strengthened.

Theorem 3 Let Assumption |I| hold. Let DistZOO take the form of g?P(-). Further assume that
|fi(x:(t) + 0su;(t))| < C foralli € V. We have the following convergence results for every i € V
and all T > 1.

(i) Consider f; € JFiip(Ly,X°) N Foe(pug, X°) for all i € V. Setting n, = — and 6; = 1 D
t=1,...,T, it holds that E[f (3,(T))] — f(x*) = O(5%55).

(ii) Consider f; € Fip(Lys, X°)NFemo(sy, X°)NFsc(paf, X°). Setting n, = fand(St v
t=1,...,T, it holds that E[ (%;(T))] — f(x*) = O(-%).

Theorem 4 Let Assumption|l|hold. Let DistZOO take the form of g1 (-). Set n, = it — and §; =
t=1,...,T. Consider f; € Fiip(L¢, X°)NTsc(ptf, X°), i € V. Then, for everyi € VandallT >
we have B[ f(%;(T))] — f(x*) = O(‘“%(T)).

1
0
1

3 MULTISTAGE MAZOPA: ADAPTIVE LOCAL DESCENT

We now propose a multi-stage variant of Algorithm [I} We impose the following compactness as-
sumption on the constraint set X.

Assumption 2 There exists 0 < Ry < oo such that ||x|| < Rx forall x € X.

3.1 THE ALGORITHM

The basic idea is to divide the optimization process into a sequence of epochs, each of which has an
exponentially decreasing step size and an exponentially increasing iteration number. The updates in
the inner loop of each stage are just made according to Algorithm [I] with fixed step size. In each
stage only the average point is maintained and used as the starting point of the next stage. This idea
of setting up multi-stage optimization algorithms was originally explored in [Hazan & Kale| (201 1).
Take positive integers m > 1and a > 2. Let k" = |log, (£ + 1), where |z represents the largest
inter with value no greater than = € R. We divide the T time steps into k% epochs by

Epoch 1: 1,...,T(1);
Epoch 2 : T 4+ 1,...,T(2);

Epoch kf: T® =D 11 70,

Here TV = m, T® = am,...,T*) = ¢**m. For the jth epoch, all agents will run the MAZOPA
algorithm, and denote output of the j-th epoch at agent ¢ by fcl(-J ) (T9)). The pseudo-code of the
resulting multi-stage MAZOPA is presented in Algorithm 2]

Compared to the MAZOPA algorithm, the multi-stage MAZOPA has the following advantages:

(i) Multistage MAZOPA only requires each node projects its estimates onto the ball Br,,
rather than the constraint set X in each epoch. In particular, multistage MAZOPA algorithm
significantly reduces the number of Euclidean projections onto the constraint set X from T’
to k%. This makes the algorithm more computationally efficient.

(ii) Multistage MAZOPA better utilizes the step size rules, in the sense that at earlier epochs
of the algorithm, larger step sizes are adopted to facilitate convergence, while smaller step
sizes are adopted to achieve better accuracy at later epochs.

3.2 OpPTIMAL CONVERGENCE RATES

We now modify the definitions of Fjip, Fsmo and T by replacing X with Br., with slight abuse of
notation. As it turns out, the multistage MAZOPA enjoys refined convergence rates.
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Algorithm 2 Multistage MAZOPA

Require: exploration parameter 61, step size "), 7)) = m, total number of iterations 7', integer
a > 2, and scalar b > 1

Ensure: xgl)(l) € Xforalli € V,andsetk =1
1: while j =1,...,k" do
2:  Call Algorithm I]to obtain

%9)(70)) = MAZOPA (x§j>(1),n<j>,5<ﬂ'),BRx)

Update n(*+1) =
Update TU+Y = q7)
Update j =7+ 1

end while

Output: x,(T) = projx(&(kh)(T(kh)))

)

Compute x 7 (1) = projy (x) (1))
én(k) and 6(j+1) = %5(])

AN A

Theorem 5 Let Assumptions || and |2| hold. Let DistZOO take the form of & (-). Set a = b,

T =m =1, 790 = ;T“f and 6V = 1. Consider f; € Fip(L,Bry) N Fec(pps,Bry), 1 €V. We

haveE{maXiev {lI%:(T) — X*HQ}} = O(TL_H).

The idea of the analgsis leading to Theorem 5 can also be extended to one-point oracles. If DistZOO

takes the form of g¥7 (), one needs to impose the following assumption on the objective functions,

that is, |f;(x;(t) + dpu;(t))| < Cforalli € V. For f; € Fiip(Ly,Bry) N Fec(piy, Bry ), set-

ting @ = b, the final estimates enjoy a convergence rate of E[max;ev {||%;(T) — x*[|?}] =
2 .

9] ((TEW) For f; € Fiip(Ly,Bry) N Fsmo(ss, Bry) N Fsc(tty, Bry ), setting a = b*, there holds

E[max;ev {||%:(T) — x*|]*}] = O(\/%)

4 NUMERICAL EXAMPLES

In this section, we evaluate the performance of the proposed algorithms on a distributed ridge re-
gression problem.

System setup. The optimization problem has the following form:

N
minimize  f(x) = 3 (3(alx —b;)? + plIx[|?) )
subject to x| < k

where x € R? is the optimization variable, the data pair (a;,b;) € R? x R is only known to node i
with a; and b; being generated uniformly from the unit normal distribution.

Network setup. We implement the proposed algorithms over a randomly generated network that
consists of N = 50 nodes, which is shown in Fig. 1. In the simulations, we set d = 10, k = 3/4,
p = 1/2, and Ryw = 3/4. We evaluate the performance of the algorithms via the average of
10 implementations. The weight matrix associated with the graph is generated according to the
maximum-degree weights:

ma (]72) € Et
A®); = ( 1-min, =
0, (j,Z) ¢ &

where dpax = max;ev{d;} is the maximum degree of G; (d; denotes the degree of node ).

Results. The performance of algorithms MAZOPA and multistage MAZOPA is illustrated via plot-
ting the maximum function errors, max;ecy f(£;(7T)) and max;ev f(Z;(T)), as a function of the
number of iterations 7" in Fig. 2. As a benchmark, the convergence performance of the gradient
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N/

X
Fig. 1. A random network of 50 nodes.

algorithm is displayed in Fig. 2 as well. From the numerical results it is clear that the maximum
function errors are vanishing for all zerroth-order algorithms. In fact, the convergence performance
of two-point MAZOPA is even comparable to the gradient method. Moreover, the multistage vari-
ants in general exhibit better convergence performance, and this is more obvious for the case of
two-point MAZOPA. These numerical results are in compliance with the theoretical findings in the

paper.

—6—gradient method

—&— one-point MAZOPA
two-point MAZOPA

—%—MS one-point MAZOPA

{ MS two-point MAZOPA

o

/

Maximum Function Error

o
°
T

10-1 L L L 1
0 50 100 150 200 250 300

Iteration number T

Fig. 2. Convergence performance of the algorithms.

Reproduction of the results. The code used for producing this numerical example is provided in
the suplementary material.

5 CONCLUSIONS

We have established a series of convergence rates for distributed zeroth-order subgradient algorithms
that match their centralized counterpart for Lipschitz, smooth, and strongly convex function classes.
These results provided the theoretical benchmarks for zeroth-order approaches over complex dy-
namic networks. We also proposed a multi-stage variant of the algorithm that better utilizes the
learning rates and attains even improved convergence rates. In future work, it is worth exploring
the connection between the convergence rates and the underlying communication complexity for
distributed zeroth-order algorithms.
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A KEY LEMMAS

We first establish the basic convergence result for Algorithmthat is based on DistZ0O0 g;(x; d;),
which plays a crucial role in subsequent analyses. We will sometimes use i® to denote a node in V
just to highlight the focus on a given node (but 7® indeed may take any value in V and therefore it is
a generic node).

Lemmal Let Assumptionhold. Let g;(x;(t); 6¢) be a DistZOO that satisfies Deﬁnition (i) and
(ii). Then, for any i® € V and all T' > 1, there holds

S (€7 ()] - F0x)) < 3 S B[ fi6x) — fixtsd0)]

t=1 t=1 i=1

+ ]EHfl Xje fz(xl ( ) )H

Il
_

MH
HMZ

t =1

EA*(t)] - E[A*(t + 1)]
1 2,
T N

> Y E[&i(xi(t); 60|

t=1 i=1

+p1Lf

M=

~
Il

+

N~

N

T—1
+p2LontZJE I1&: (xi(2); 60)1l]

where pi = 2N maxiey {|Xawg (1) —xi(1D)]]} + 2¥27 (Zizl Ixs(1)|

and A*(t) = vazl i (t) — x*||* with Xayg(1) = %Zil x;(1), a = (1— 41%2 , and
1/B

s=(1-2%)"

Before presenting the proof of Lemma [I} we provide the following two supporting lemmas. The
first lemma characterizes the convergence property of the transition matrix induced by weight matrix
A (t) (seeNedic et al.[(2008)).

Lemma 2 Define the transition matrix as A(t : £) = A@R)A({t —1)--- Al + 1)A(L) for all
t >0 >1, andwrite A(t : t) = A(t). A(t: {) satisfies

a0 -

S OéBtiEJrl

. e\
where o = (I_W) and 3 = (1_W) .
The second lemma establishes the accumulated disagreement for every node in the network.

Lemma 3 (Disagreement) Let Assumption[I|hold. For every node i € V, we have

af N
Z [%avg () = xi ()] < [[Xavg (1) — xi(1)[| + -5 (Z 1% (1 )ll)

where Xayg(t) = % Zfil x;(t).

Proof. To simplify the presentation, we denote
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Step 3 in Algorithm T|can be rewritten as
Our analysis relies on the estimate of ||s;(¢)||, which can be bounded as follows:

N N
sl < [projx (V1) = Y IAW]isx; (1) + (AW Imes (s (080
j=1 j=1
where the inequality is based on Step 3 in Algorithm || I and A(t) is double stochastic (cf. As-
sumption ' Using the non-expansiveness of the Euclidean projection projy(-) and the fact that

Zjv:l[A(t)]ngJ( ) € X, we have

N

Isi (2) Z i 1m:85 (% (£); 0¢)]| - (6)

We now derive the general expressions for X, (t + 1) and x; (¢ + 1), respectively. For X,yq(t + 1),
we have

Xavg(t + 1) = Xavg N Zntgz Xz % Z

Applying the preceding inequality recurswely, we get

t N t N
1 N 1
Xavg(t + ]-) - Xavg(l) - Z N angz(xz(g)a + Z Z Sz (7)
=1"" i=1 =17 i=1
Similarly, for x;(¢ + 1), we have
N t N t—1 N
Xi(t+1) = > [Alt: D]ixi(1) = > Y (A 0]ijmeg; (x;(0);00) + > > [A(t: £+ 1)]ijs;(£) +s4(t).
J=1 =1 J:1 =1 j=1

®)

Combining (7) and (B)), gives

ol 1
[[Xave (t +1) — x;(t + 1) Z (t:1)] ||Xg H+ZZ i — 7y | Mell&; (x5 (0); 8¢l
(=1 j=1
t—1 N
+ [A(t: £+ 1)) llsg( )+ st H+—Z|Isz
=1 j=1

&)

Combining the results in (§), (9) and Lemma 2} leads to

N N
[[Xavg (t + 1) = xi(t + 1)[| < ap* <Z i (1 ||> +30425t KWZ 1&: (xi (£); o) | + 4me > 18 (xi(£); 64) |
=1 =1

where we used the following relation, based on @:

N
Isi®l + %= Z Isi(®)]l < QZ Isi ()] < 422 i 17085 (5 ()3 )| < 4me Y 18 (xi(2); 601

i=1 j=1 i=1
This implies that
N
Z [Xave (t) = %: ()] < [[Xavg (1) = xi(D]| + (Z (1 ) Zﬂt
T—1 t - N (10)
+3a >N B ‘nzZH& x;(£); 60)| |+4Z77t2”g1 X, (t
t=1 ¢=1 i=

11
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This, in combination with (T0), leads to the final bound. O
[Proof of Lemmal(I]|. Denote

= k() —x[?,  vxeXt>1L (11

We follow the standard analysis by deriving the general evolution of A(t),

N 2

At+1) =)

i=1

N
projy | Y [A()]i;v,(t) | —x

Jj=1

N
Z v (t) — x]|? (12)

where the inequality follows from the non-expansiveness of the Euclidean projection and the con-
vexity of norm square function. Expanding the term further gives

N

A(t+1) ) + Z e (s (1); 6)I1* = 2m0 Y (@i (xi(1); 60), xi(t) — %) (13)

i=1

Taking the expectation on both sides and using the following property of DistZOO (cf. Definition
[Mi): A
E[gi(xi(t); 6:)] = V fi(x:(t); )
we further obtain
N

E[A(+1)] = )]+ 7 ZE &3 (x:(2); 0,1 ] —QUtZ (B[fi(xi(t); 60)] — fi(x:6y))

i=1
(14)
which implies

T N T T N
S S B[] - foxa) < 30 A EREEL %Z Bl ]

t=1 i=1 t=1 "t

(15)
We turn our attention to the left-hand side of 1i By adding and subtracting the term f;(x;e (t); d¢)
and using the Lipschitz continuity of f; (cf. Definition ii)), it follows that

T N
> filkxi(t) @zZ LfZanz ) — e (8)]]

t=1 i=1 t=1 i=1

which, together with (T3), yields

ET:E[J?(Xr(t); 8)] — f(x;6,) < Z E[A ]E[A(t+ 1)]

t=1 T

(16)

N
s 30001 4Ly S falt) — e (0]

t=1 i=1

L\J\H
IIMﬂ

The desired result follows by relating the left-hand side to the original function f, using the dis-
agreement estimate in Lemma[3] and setting x = x*.

B PROOFS OF THEOREMS [[IAND 2]
We first provide the the following lemma that characterizes the properties of the DistZOOs in

and @]) Its proof can be derived by resorting to [Flaxman et al.| (2005); |Shamir (2017)), which we
omit here to save space.

Lemma 4 Suppose that f; € Fip(Ly) for all i € V. We have the following.

12
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(i) For g9F(-), there hold py = 1 and

2
E[lg (x0i0l) < (5°)

where C = max;ev | fi(x;(t) + 0,u;(t))| with x;(t) € X and w;(t) uniformly drawn from
By. We have pg = 1 when f; € Fomo(sy).

(ii) For g]"(-), there hold pg = 1 and
E[[1&]" (x:(t); 81)||°] < eLjd

where c is some universal constant. In addition, pg = 1 when f; € Fomo(sy).

Now we are ready to prove Theorems [T]and 2}

(i) First, using the property of the DistZOO g (-) (cf. Definition iii)), it follows that

Z‘fl Xis fz(xz (t);6 )’SNLf(St
A7)

Z|fz — fi(x*;6,)| < NLyé,

We now focus on the case of f; € Jip(Lys, X°). Combining with inequality , the results in
Lemmas [4{i) and[T] gives

T T
> (B[f(xie(t)] = f(x*)) <p1Lg+2NLy Z S+ QLE [A*(1)]
t=1 ., (18)

+ N02d2 52+p2NLdeZm

t=1 t=1

where we used the fact that 7, is a function of T" and Jensen’s inequality, i.e.,
Cd

B[ 6" e 0] < (B g enan)’]) " < S

Substituting the explicit expressions of n = 7 and §; = t11/4 into 1i and dividing both sides

dT3/
by T', we find that

T
13 Elfn )] - Fx) =0 (17 ) 19)

t=1
where we used the following inequality thet Z;F:l t¢ = O(T'*%),Va # —1. The desired result
follows by using the convexity of function f, i.e., 7 Zthl f(x0 (1)) > f(Xie (T)).

When f; € Fiip(Ly, X°) N Famo(sy, X°), it follows from the property of the DistZOO g9P (1) (cf.
Definition [I[iii)) that

1
Z\f; xio (1)) = fil(xie (1):6)] < 5 Nsy7
(20)
1 2
Z|f’ fo 5t)|<2N3f5 .
We then combine the preceding 1nequa11ty and the results in Lemmas [4]i) and[I]to get
T T 1
Y (E[fGxi ()] = f(x) < prLs + Ny 253 * o E [A*(1)]
t=1
ey

T
+ NO%PZ 5 —&—pgNLdeZZ—:.
t—

13
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In contrast with the bound in (I8)), the second term on the right-hand side of (ZI) now becomes
Ns; Zthl 62, which gives us much more space when choosing d;; we can show that the choices of
1 = 27575 and 6 = Y5 yield the optimal convergence rate O (7).

(ii) When f; € Fiip(Ly, X°), we have the following result for Algorithm (1| running with DistZOO
gl ():
T T 1
D (E[f(xie ()] = f(x*)) <prLp+2NLp Y 6+ 5 E[AT(1)]
t=1 t=1 Mt (22)
1
+ (cd + p2\/6\/g> NL?mtT

where we have used the bounds in (T7), Lemma[ii) and Lemma[l] Then we can deduce from the
terms - and n T that the optlmal choice of 7, is % Hence, substituting the explicit expressions
forn, = \/ﬁ and §; = \/{ into ( , 2)), dividing both sides with 7', and using the convexity of function
F', the desired bound can be concluded.
When f; € Fiip(Ly, X°) N Fsmo(sy, X°), it can be shown that the term (2N Ly Zle d¢) on the
right-hand side of is replaced by (Ns; Z;T:l §2), because of . As we discussed in the case

of f; € 3"|ip(L £ X°), the convergence rate is determined by the terms involving % and 7, T". Hence,

the convergence rate is the same as that of the case when f; in only Lipschitz continuous. The proof
is complete. ]

C PROOFS OF THEOREM 31 AND [4]

First, we claim that for the DistZOOs g9F(-) and g/F(-), the strongly convexity of f; implies the

strongly convexity of its smoothed variant fi, and its proof is straightforward. We now establish the
basic convergence results for Algorithmmnning with g9P(-) and g7 (). It follows from that

N
EA(+1)] = )]+ Z]E 18 (i (£); 601 ] — 2ne ZEKVﬁ(Xi(t); 8¢), % (t) — x)]

i=1

2

<E ;> E[&(xi(t); 60| —2mZ [fixi(1);6,)] = fi(x))

i=1

— B [A(D)]
(23)

where in the equality we used the relation E [g;(x;(t); 6,)] = V f;(x(t); 6;) (cf. Definition i)) and
in the inequality we used the strongly convexity of function f;. Summing the inequalities in |i
over t = 1 tot = T and regrouping the terms, we obtain

T N

(B[fixi(0);8)] - %ZmZE [ a0 60)11

T
#5330 (5 BG5BT + ).

Ne  Me—1
(24)
By substituting the expression for 7, = ﬁ into lb and dropping the negative term, it follows

ZZ [fixi();60)] = fi fQZmZE 18 (x:(2); 611 . (25)

t=1 i=1

14
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Then, following the same lines as that of the proof of Lemma we have that, for DistZOOs g?P )
and g/ (-),

T T T
S TEf(xie ()] = £(x4) <D OE[[F(x*) = Fx*500)[] + D B[] f(xie (1) — F(xie (£):61)]]

N
+piLly+ 5 ZntZE ll&:(xi(t); 0¢) H +p2Ly Znt ZE & (xi(t 5t)||]
i= i= 26)

(1) We now derive the convergence rate results for Algorithm |l runnmg with DistZOOs g P().
When f; € Fiip(L, X°) N Foc (12, X°), we combine the results in 26) and Lemma i) to get

)] - f(x ))<p1Lf+2NLfZ6t+ NOQdQZ +p2NLfC'dZm

M=
=

t=1

By substituting 1, = p t and d; = /3 into the preceding inequality and using the convexity of F',
it yields the following optimal bound

ng )| - f(x") =0 (ng)

When f; € Fiip(Ly, X°) N Femo(syr, X°) N Fsc(pty, X°), it follows from an argument similar to that

of (ZI) that

> (B[S ()] — f(x ))<p1Lf+st252+ NOZ‘d?Z —|—p2NLfC'dZm

t=1

. . . . 2
It can be proven that the choice of §; = tl% yields the optimal convergence rate, that is, O (%)

(ii) The proof for Algorithm [1|running with DistZOO g () can be obtained in a similar way by
exploiting the properties of the DistZOO g/ P ().
O

D PROOF OF THEOREM [3

We provide the basic convergence result for each stage k, and we start by deriving a similar bound
as that of Lemma/[T] as follows:

(k) 0 -
3 (E[f(x§?>(t)) ) ZE 1£(x*) — Fxt; 6] +Z]E B @) — Fo® (060
t=1

~ E[AO()] ~E[AD-(+1)]

+Z 2nF) nLs+ g Z”(k)ZE :6)||"]
(k)

+p2LfZ77(k)ZEHg MOl

27
where AF)* () = ZZ 1 ||x(k)( t) — x*||? and p(k) satisfies the following bound, according to
compactness of the set X,

N

PP = 2Nmax{|\xg’3>g( ) —xB )+ Qlj\iag (Z ||x§k)(1)ll> = ( ﬂﬁ )Rx
i=1

(28)

15
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The left-hand side of (27) can be further bounded by using the strongly convexity of F, that is,

ﬁ Z (f(XE?)(t)) - f(X )) <Vf( ) k)( (k) ) X*> + Mf || (T(k)) *”2

Applying the first-order optimality condition to the preceding inequality, i.e., <VF (x*), xfx*> >0
for any x € X, yields

(k)

= > (1620 — £6)) = TR (1) 2 29)

where the second inequality follows from the non-expansiveness of the Euclidean prOjeCthH
pro Jx< ), and the last equallty from Step 3 in Algorithm 2} Combining the inequalities (27]
and (29), we have for any i® € V,

NIt g S+ 1) - x| < i 1Eg|;k’:)(()) x* ] +<4N+12§66N2) Lkt
k)
+ 7 2 Bl + 7 ZE £ (8) = Fe (): )]
T(k) (k) N
2T(k) Z”(k)ZE 1);0™) H ]+p2LfT(k> Zn(k)z;]E |&: (= 1)) )]
:
(30)

From (30) we find that the convergence depends on the propertles of the DistZOO0s, and we first
derive the dimension-dependence error bounds for DistZOO g9 (-) and the bounds for g; " (-) nat-
urally follows from the derivations.

For DistZOO g9F(-), when f; € Fiip(Ls,Bry) N Fec(pif, Bry ), it follows from , and
Lemmald|i) that

E{max x(kJrl)(l)—X*H2 } SE[maX ||xz(-k) x* }
icV {H } i V{ H } ufn(k)T 1)
Lf aﬁ Lf 1 Lf ’17 k) 1 n(k)
4=L50R) L4 (2 R 2py—LCd~— + —C?d* ———.
+42 00 44 (24 5N o + 2 Ol + - O
On the other hand, we have
1 1
k) _  k—1p(1 k) _ 1 k) _ 1
T®) = g1, n*) = F77( ), 5 — bk715( ) (32)
This, together with inequality (3T)), gives
1
IE[ (k+1) * (|2 } <:IE{ (k) (1) _ x*|2 ]
mage {10 1) = 17} < B mag {10) =12}

1 Ly af Ly 1
+ x [ 4=L6MW 44 ( ) “LRy——
(min {a,b, ¢, & })k_l ( K 1-p pr T TM® (33)

(1) (1)
n 2,2 n
+2p2—Cd6(1) C (5(1))2)

By substituting 71 = m = 1, nM) = % and 6(Y) = 1 into the preceding relation, we

arrive at
(k+1) 1y _ o*121] < ®) (1) —x* s
E [ max { %" (1) = P} | < B | ma {[x" (1) — '] }}4mln{b, & (i (o2

(34)

16
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where we have used the fact that min {a,b, ¢, %} = min {b, %}, due to a > b* (because of
7z > Dandb > 1, and

Ly af Lf Ly ,nM 1 n®
Ry =4=L5M 14 (2 R 2p Cd + —C?d? .
v=a e Y v+ P2 5(1) PP TO)E
We next show by induction that
2
S PR— <4max{R1,Rx} 35
B[ max {|x{" (1) - x*|2}] < === (35)

where h = min {b, b2 } For k = 1, we can use the following bound to deduce that inequality

holds, max;cy {Hx V(1) — x*||? } < 4R% < 4hmax{R;y, R3}. We then assume that inequality
(33) holds for k and show it holds for k + 1 as well,

* * R
E [ma {0 (1)~ x*17}] < B[ max (19 (1) - 77} + 5
< 3max{Ry, R} max{Rl,R } 4max{R1,R%C}
= PE—1 BE—1 = Rk—1

Wthh leads to the conclusion in (33)). It is easy to verify that the total number of stages in Algorithm
1s Kt = Lloga (7 + 1)J and the final estimates returned by Algorlthm are Z;(T'), ¢ € V. Hence,

applying k% + 1 to (35), we have
B 4max{R;, R2 4h? max{R,, R? 4h? max{R;, R?
E[maX{HJ),(T) —X*||2}:| S k§+1_2 I)C} < {1 x} — { : x}
i€V h thga(m +1) (Z + 1) logy, (a)

(36)
where we used the inequality that k¢ > log, (% + 1) — 1. We are left to find the minimum of
log,(a) =log,_.. (b5} (a), which is achieved when b = 5. This yields the following final conver-

’b

gence rate, that is, E[maxiev {llz:(T) - x*||2}} < % =0 (ﬁ) , where the
equality follows from R; = O (dQ).

When f; € Fiip(Ls,Bry) N TFsmo(sf, Bry) N Foc(per, Br, ), the dimension-dependence bound can
be obtained in a similar fashion.

For DistZOO g!"(-), when fi € Fip(Ls,Br,) N Fec(pty, Bry ), it follows from (17), and
Lemma[4]ii) that

B [mas {Ip" 0 0) ' I7}] < B [ma (1 1) 1P}
(37)

44250 4y (2 4 9P N) Lipe 1 4 L (cd + 2p2¢6\/&) ).
iy L=p" ) g "T® g
4a

By setting b = a and then substituting 71 = 1, (1) = e
inequality it follows that

* . 3 R
B[ mae {1010 =17} ] < B[ max (167 0) - P} o+ 2

and 6() = 1 into the preceding

(38)

2
where Ry = 4 f5(1 +4 (2 + aﬁ N) Lr Ry T<11) + i—]{ (cd + 2p2\ﬁ\/&) 7). Then, following
an argument 51m11ar to that of part (1), we obtam

4a® max{ Ry, R3} d
= o *||2 < y Ll _ % )
B (1) -1} < == o(r%3)

Similarly, when f; € Fiip(Ls,Br,) N Fsmo(sf, Bry) N Fec (i, Br, ), we have

E{I?G%X{H@(T) _X*||2}:| < 4a® max{R}, R3} _ O( d )

T+1 T+1

where R, = 22—’;(5(1)) +4 (2 + aﬁ N) Li Ry L 7o T oy (cd + 2p2\/5\/8) 7). The proof is
complete. (]
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